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Introduction
In this article, two early ideas of F.R.N. Nabarro are combined

to introduce a new view of strain relaxation in endotaxial phases.
The first idea was one of Nabarro’s earliest contributions, a
calculation of the strain energy of a misfitting sphere.1–3 The
second idea, a later contribution of Nabarro’s, was a calculation
of the Peierls stress4 on a dislocation, later to be known as the
Peierls–Nabarro stress.5 By minimizing the sum of the strain
energy of a misfitting sphere and its interfacial energy between
matrix and inclusion, one may calculate an equilibrium configu-
ration of the system which includes misfit dislocations at the
interface to accommodate the misfit and relax the strain energy.
The focus of this article is on the energy barriers that inhibit
achieving the equilibrium configuration as a general consideration
and the role of the Peierls–Nabarro frictional stress in particular.

There are several mechanisms by which strain relaxation in
the inclusion may occur. Weatherly has shown that prismatic
dislocation loops may be ‘punched out’ to relax the strain when
the misfit between sphere and matrix is above about 5%.6 If the
inclusion forms at elevated temperatures, it was recognized that
in order to reduce the natural misfit, point defects may collect at
the interface, thereby enlarging or reducing the cavity in which
the inclusion forms.7,8 In the present paper, the concept of
Matthews and co-workers9–11 developed for epitaxial films will
be applied to endotaxial inclusions. Matthews showed that
threading dislocations move into the interface under misfit
stresses to become misfit-accommodating interfacial dislocations,
which also relax the film stress. The same concept applies to
endotaxial inclusions when pre-existing dislocations are attracted
to the interface to relax the misfit. While this concept has been
presented before,8,12 what is new is introducing the role of a
frictional stress in the mechanism of misfit dislocation generation
to show that equilibrium may be inhibited when the driving,
misfit stress drops to the level of the frictional stress. The intro-
duction of a frictional stress that inhibits the motion of
pre-existing dislocations has been applied to thin films13–18 to
show that a residual strain exists even for very thick epitaxial
overgrowths. In this paper, this notion will be applied to

endotaxial inclusions to show the same effect as for thin films,
namely, the achievement of full stress relaxation can be inhibited
and a residual stress and strain remain even in large inclusions.

Several mechanisms for inhibiting the complete relaxation of
stress in inclusions will be presented. First, the strain energy of
the inclusion and the interfacial energy of the inclusion/matrix
interface will be developed from the theories of Nabarro1–3 and
van der Merwe,19–21 including the contribution from chemical
bonding.22 For purposes of illustration of the principles involved,
the simplicity of a spherical inclusion of an f.c.c. crystal of one
atomic volume in an f.c.c. matrix having a different atomic
volume from that of the inclusion will be assumed. From these
beginnings, the equilibrium state that minimizes the sum of
strain energy and interfacial energy will be shown as a function
of size of the inclusion, and then the lack of achieving the equi-
librium state as a result of energy barriers will be presented.

Equilibrium energy considerations
The equilibrium state is derived by minimizing the sum E of

the interfacial energy Ei and elastic strain energy Es of inclusion
plus matrix. Assuming the elastic constants of the matrix and
inclusion are equal and denoting the shear modulus as G,
Poisson’s ratio as ν, the magnitude of the Burgers vector of the
misfit dislocations as b, and the unstrained radius of the spherical
inclusion as r, one may write12

Ei = Gb4πr2{1/10 + [1 + β – (1 + β2)0.5 – βln (2 β(1 + β2)0.5

– 2β2)]/2π2} (1)

with

β = πfo/(1 – ν) (2)

and the misfit fo in terms of the difference between nearest-
neighbour distances a of inclusion and matrix given as

fo = ∆a/ao . (3)

Here the subscript o denotes an unstrained value. The first
term in brackets, 1/10, is an estimate of the bonding energy
between inclusion and matrix and is taken as independent of
small strains.22 Following Nabarro’s strain energy calculations1–3

for the strain energy of a spherical inclusion of unstrained radius
(1 + δo)r derived by transforming a spherical volume of matrix of
unstrained radius r, one writes the total strain energy of dis-
torted matrix and dilated (δo < 0) or compressed (δo > 0) inclu-
sion as

Es = 8πr3Gδo
2(1 + ν) /3(1 – ν). (4)

The unstrained radius of the cavity in the matrix is r, but when
the inclusion of unstrained radius (1 + δo)r is fitted into this
cavity, the strained cavity radius and strained inclusion radius
both become (1 + ε)r. This corresponds to a hydrostatic strain in
the spherical inclusion of δ – ε for small strains. The matrix is
dilated by a strain ε which decreases with radial distance from
the interface of the inclusion. Nabarro showed that

ε = δo/(1 +4G/3K), (5)

where K is the bulk modulus of the inclusion. In Nabarro’s
calculations, the inclusion and matrix are bonded across the
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the frictional stress to be overcome to move dislocations into the
interface.



interface, so that there is rigid atom to atom correspondence,
that is, the interface is coherent and Ei = 2Gbπr2/5. However, the
calculations of elastic strain energy would hold equally well for a
non-coherent interface. The situation of a non-coherent inter-
face can be modelled by introducing as variables the misfits f and
δ that depend on the degree of relaxation of interfacial coherency.
These variable misfit parameters are related to one another by

f = |δo – δ|, (6)

where the energy expressions (1) and (4) describe the relaxed
situation when fo and δo are replaced by f and δ, respectively. The
use of Equation (6) allows one to write the energy sum E = Ei + Es

in terms of one misfit variable, either f or δ, as shown in Fig. 1,
which shows schematically how E varies with interfacial misfit f.
The coherent interface corresponds to f = 0 (δ = δo) and
the completely relaxed inclusion (non-coherent interface) to
f = δo (δ = 0). A completely relaxed inclusion is one that resides in
an unstrained matrix cavity that has the same size as the un-
strained inclusion; e.g. in the case of an oversized inclusion (δo >
0), vacancies can migrate from the matrix to the interface to
enlarge the cavity.7,8

There exists a critical radius rc below which the equilibrium
state is a coherent interface, so Fig. 1 is drawn for the case r > rc.
As r increases, the equilibrium misfit at the interface feq increases
and the corresponding inclusion misfit δeq decreases in magni-
tude. The equilibrium state which minimizes the energy sum E is
represented in Fig. 2, which shows schematically the value of the
equilibrium misfit δeq of the inclusion as a function of its size r.

Analytically, the equations that describe the behaviour shown in
Fig. 2 are available in the literature.12 The expression for rc is
approximated by equating the interfacial energy Ei [Equation
(1)] evaluated at δ = 0 (i.e. f = δ ) to the misfit strain energy Es

[Equation (4)] evaluated at δ = δo to yield

rc = –3bln[(2β – 2β2)/e]/4π(1 + ν)δo (7)

and

δeq satisfies ∂E /∂δ = 0

and is given by

δeq = –3bln[(2β – 2β2)/8π( 1 + ν)r . (8)

Mechanisms of stress relaxation
There are a number of ways a misfitting inclusion can relax the

stress. The first one, already mentioned, is by accumulation at
the interface of vacancies or interstitials for δ positive or negative,
respectively.7,8 The cavity in the matrix is thus enlarged or reduced
to relax the elastic strain energy but correspondingly there is an
increase in the interfacial energy when coherency is lost. The
interface loses coherency through the accumulation of geometri-
cally necessary interfacial dislocations that form spontaneously
when the matrix cavity changes its size. Figure 2 shows the equi-
librium misfit that should be achieved in this way and one can
see that only for large inclusions will this mechanism lead to
negligible misfit at equilibrium. There is, however, a practical
complication associated with this mechanism. Essentially,
complete relaxation of the misfit, δeq = 0, is impractical because
one expects point defect migration to the interface to be effective
only at elevated temperatures. If the equilibrium misfit is
reduced essentially to zero at the elevated temperature, then
when the temperature is returned to room temperature a stress
and misfit develop as a result of differential thermal contraction
and the inclusion is left with a small residual misfit.

A second mechanism, prismatic dislocation loop punching,
leads to a dislocation loop punched out into the matrix and a
companion loop of opposite Burgers vector left at the interface.
This loop pair relaxes the inclusion strain energy and increases
the misfit dislocation density at the interface. While it should
follow the energy minimization depicted in Fig. 2, more impor-
tantly it is only effective at high misfits where δ ~ 0.05.6

Once the misfit drops below this critical value for dislocation
loop punching, the mechanism ceases to operate, leaving a
residual misfit that is perhaps the largest of all the possible
mechanisms for stress relaxation of the inclusion.

The final mechanism to be considered here is that of attracting
pre-existing dislocations to the interface through glide and
climb. The climb mechanism is just a modification in detail of the
point defect accumulation mechanism discussed first. One can
add here that there exists an energy barrier to point defects being
absorbed by the dislocation23 and hence this barrier will result in
a residual stress. The glide of dislocations to the interface to relax
the strain energy at the expense of increasing the interfacial
energy is subject to the geometrical requirement for misfit
accommodation given by the relation

be = b · y × n (9)

where be is the misfit-accommodating component of the Burgers
vector b and is given by that projection of the interfacial normal
n which is in the interface and normal to the dislocation line y.
This relation shows that if a small dislocation loop were to exist at
the interface with a Burgers vector such that one part of it is
attracted to the interface to accommodate misfit, then the
diametrically opposite part of the dislocation loop would be
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Fig. 1.Schematic drawing of total energy E = Ei + Es as a function of interfacial misfit
f for an inclusion of radius r greater than the critical radius rc below which the inter-
face is coherent (f = 0). For inclusion radii of rc and less, the dependence of E on f
increases monotonically with f.

Fig. 2. Schematic graph of the equilibrium misfit δeq of an inclusion versus its
radius r.



repelled from the interface as it would increase the misfit locally.
This occurs because y changes sign on the opposite side of the
loop and hence so does be. When the loop is near the equator of
the inclusion, n and y both change sign across a diameter and be

does not change sign. The result of this misfit accommodation by
the component be can lead to the attraction of part of the
pre-existing dislocation but repulsion of another part of the
dislocation. Weatherly and Nicholson have observed the glide
of dislocations to the inclusion interface to relieve misfit.24 Con-
sequently, one can find a disorganized array of dislocations in
the vicinity of an inclusion with the attracted part of the disloca-
tion lying in the interface but the repelled line length of the same
dislocation lying away from the interface. The attraction of
dislocations to the interface by glide will be hindered by the
Peierls–Nabarro frictional stress resisting dislocation glide.
When the attractive stress arising from the misfit stress is reduced
to the value of the frictional stress on dislocations, then this glide
process will stop and a residual strain, δr, will remain in the inclu-
sion. The ‘equilibrium’ misfit δ’eq of the inclusion is now a
constrained equilibrium, prevented by the frictional forces from
reaching the true mechanical equilibrium and hence δ’eq > δeq.

A comparison of the two values of strain is shown as a function
of the size r of the inclusion in Fig. 3. The critical radius rc above
which it is energetically favourable for the interface to lose
coherency, i.e. when the misfit stress is equal to the line tension,
is unchanged. However, the critical size at which the misfit stress
on the gliding dislocation overcomes both the line tension
and the frictional stress is r ’c , which is greater than rc . In other
words, the value of the misfit δ for which a force balance is
achieved between the driving stress and the resisting forces of
line tension and frictional stress is now higher than the equivalent
value obtained when total energy (excluding frictional stress) is
minimized. The value of δ for which the force balance is
achieved will be larger than that given by the minimization of
energy and the asymptotic value of δ will no longer be zero but
a finite value δr. This situation is shown in Fig. 3, where the
increased critical radius r’c is shown as well as the residual
strain δr, both values being marked by dashed lines. For compari-
son purposes the equilibrium misfit given by energy mini-
mization and sketched in Fig. 2 is superimposed on Fig. 3 and is

denoted by a dotted line. One sees that for a given inclusion size
the misfit strain is larger when frictional stress in added to the
model.

Estimation of residual strain
The foregoing analytical treatment of the elastic strain present

in an inclusion has been from the point of view of energy
balance; however, introduction of the Peierls–Nabarro frictional
stress into the model is more easily acccomplished in a model
based on balancing forces on dislocations. The energy or force
balance approaches are equivalent in principle but differ in
detail. The critical radius rc derived from an energy balance is
equivalent to a balance of forces between the misfit stress attract-
ing a pre-existing dislocation into the inclusion interface to
relieve misfit, on the one hand, and the line tension of the
dislocation to increase its line length, on the other hand. This
argument has been used successfully in epitaxial thin films as
pioneered by Matthews.9–11 In this model the line tension of the
dislocation, Ft , is given by

Ft = C[ln(d/b) + 1], (10)

where d is a cut-off radius of the dislocation strain field and C is a
constant proportional to b2 and a combination of elastic constants
and a geometrical factor.15 The misfit driving force on the disloca-
tion, Fε, for thin films of thickness h is given by

Fε = Dhε, (11)

where D is another constant proportional to b elastic constants
and another geometrical factor.15 Equilibrium is given by the
force balance

Fε = Ft . (12)

Equation (12) allows one to calculate both the critical thickness
for the introduction of misfit dislocations and the equilibrium
elastic strain.

Modification of this approach to include the effect of friction
and barriers to dislocation motion is accomplished by adding
frictional forces to that of the line tension, as has been accom-
plished for thin films.13–18 The force balance in Equation (12) is
replaced by another force balance equation, namely,

Fε = Ft +Ff , (13)

where the frictional force Ff includes the Peierls–Nabarro
contribution Fp and other pinning forces such as impurity
atmospheres around the dislocation axis.

In an analogous manner the inclusion may be modelled by
balancing forces as in Equation (13) but now taking into account
the inclusion geometry, which is different from that of the thin
film. The mechanism being considered here is that of a
pre-existing dislocation near the inclusion being attracted to the
interface by the strain ε that exists in the matrix. The maximum
value of this strain occurs at the interface and is given by Equa-
tion (5). The nearby dislocation can glide into the interface only
on one side of the inclusion because, from Equation (9), if it
circles the inclusion, it ceases to accommodate misfit on the other
side as the misfit-accommodating component of the dislocation
changes sign and increases the misfit rather than relieving it.
The force balance for the nearby dislocation is similar to that of
nucleating a half loop in thin films15 and is taken to be sufficiently
represented by the situation drawn in Fig. 4.

One can see that two line tension forces now resist attraction of
the dislocation to the interface because the dislocation line is
bent into a ‘U’ shape with the bottom of the U conforming to the
curve of the interface and the two arms of the U forming the line
tension that opposes the force of attraction to the interface. The
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Fig. 3. Schematic drawing of the misfit δ shown as a function of the radius of the
inclusion r. The critical radius below which interfacial coherency is energetically
favourable is r ’c > rc. The amount of strain that is unrecoverable as a result of the
misfit stress on dislocations being relaxed to the value of the frictional stress of the
dislocations is indicated by the horizontal dashed line at δr. The dotted line shows
the equilibrium value of misfit from Fig. 2 for comparison.



force balance now becomes

2rFε = 2Ft + 2rFp , (14)

where the expression of the line tension is taken to have the
same form as in Equation (10) but with a different value of C,15,25

Ft = C’[ln(r/b) + 1], (15)

where the cut-off radius is approximated as half the spacing
between dislocation legs, r. The misfit force attracting the nearby
dislocation is now

Fε = Dε (16)

and the frictional force is taken as the Peierls–Nabarro frictional
force, Fp. This force varies with the material class but a simplified
version for metals and semiconductors is

Fp = A exp(Ui /kT) (17)

with Ui the activation energy for a particular type of dislocation,
A a constant to be determined experimentally, and k and T are
Boltzmann’s constant and temperature, respectively.

One can use these equations to calculate the critical radius r’c
by substituting Equations (15–17) into Equation (14) and solving
for r. The result is

r‘c = C’[In(rc /b) + 1]/[Dδo /(1 + 4G/3K) – A exp(Ui /kT)]. (18)

While the constants C’ and D have been given in the literature,15

the values of A and Ui have to be determined by experiment. In
a similar manner the constrained equilibrium value of the misfit
δ’eq of the inclusion in its matrix can also be calculated from
Equation (14). It is expressed here as

δ’eq = {C’[ln(r/b) + 1] (1 +4G/3K)/D}/r + δr (19)

with

δr = (A/D) (1 + 4G/3K) exp(Ui /kT). (20)

Concluding remarks
The expressions presented here contain simplifications that

allow the ideas to be seen more clearly than when more detail
and exactness are included in the equations. The quantitative
use of the equations to evaluate a critical radius or a residual
strain requires experimental measurement of the frictional stress
constants A and Ui , both of which are material specific. It is
important to realize that when measurements of strain are
made, one should expect that true equilibrium will not be
achieved but, instead, once the critical radius has been exceeded,
the system will relax the elastic strain in an inclusion by generation
of misfit dislocations until the driving stress has been lowered to
the frictional stresses, at which point dislocation motion will
cease and further strain relaxation will not occur. This results in
a value of strain that may be small or not, depending on the

temperature of the material during ‘equilibration’. The conclusion
from this is that thick films or large inclusions cannot be used as
reference crystals that have bulk lattice parameters. Further-
more, even for a free material that has not been constrained by a
crystal in contact with it, there are surface stresses that can be
quite large. The strain induced by a curved surface of surface
stress σ will be compressed by a hydrostatic pressure P,

P = 2σ/r , (21)

which may be very large for small r. In the case of an inclusion,
the interfacial stress may cause pressures that exceed the misfit
pressure, which is

P = 3K(δ – ε). (22)

In the model developed in this paper, the strain induced by the
surface stress has been ignored but to first order it can be added
to that of the misfitting inclusion.26
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Fig. 4. Intersection of a slip plane with an inclusion showing a nearby dislocation
bent into a ‘U’ shape through attraction to the interface to relieve misfit. The shaded
circle denotes the inclusion of radius r and the heavy line, the dislocation axis. The
shape of the dislocation axis would not be as cusped as shown. Ft denotes the line
tension.
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    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


