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Abstract The present paper investigates the magnetohydrodynamics Casson fluid flow with por-

ous medium. The Cu-water nanofluid is used to investigate further analytical results. Thermal radi-

ation is considered along with the Cattaneo-Christov heat flux model and then solved analytically,

then expresses the closed forms analytical solution in terms of two variables of hypergeometric func-

tion. The special form of Appell hypergeometric solutions are closed form of analytical solutions.

The results of normalized shear stress at the wall and temperature profile, and rate of heat flux can

be analyzed with suitable parameters, Viz., relaxation time parameter, Prandtl number, Radiation

parameter, Magnetic parameter, and so on. The newness of the current work’s novelty is to explain

a solution to issues with stretching sheets on the basis of Appell hypergeometric form and also

investigation takes place on a time relaxation parameter. The shear stress fgg 0ð Þ is also calculated

analytically. This problem has many industrial applications and engineering processes, namely

glass-fiber production, extrusion of rubber sheets and so on. Finding that an increase in the thermal

relaxation parameter and Prandtl number keeps the fluid temperature constant is the primary phys-

ical application.
� 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Due to the vast array of uses that non-Newtonian fluids have,

they have received a lot of attention, namely, crude oil extrac-
tion from petroleum products, cooling of engines etc., (See
Amin et al. [1]). Like this stretching sheet problems play a vital

part in the engineering fields. Study of laminar flow problems
first pioneered by Sakiadis [2] and later the work is extended by
Crane [3], in this work the fluid flow happened because of
stretching the sheet. Many researchers developed an examina-
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Nomenclature

a Positive constant

B0 Magnetic field strength ðTeslaÞ
CP Specific heat ðJKg�1K�1Þ
f Transverse velocity
K Permeability ðHm�1Þ
k Thermal conductivity ðWm�1K�1Þ
M ð¼ rfB0

2

qfa
Þ Magnetic field parameter

T Temperature ðKÞ

Greek Symbols
k Relaxation parameter
q Density ðKgm�3Þ
l Dynamic viscosity ðKgm�1s�1Þ

m Kinematic viscosity ðm2s�1Þ
g Similarity variable
h Dimensionless temperature field ðKÞ
r Electrical conductivity ðsiemens=meterÞ
K Casson fluid parameter

r� Stefan-Boltzmann constant ðWm�2K�4Þ

Subscripts
nf Nanofluids

f Base fluid
w Quantities at wall
1 Quantities at freestream
g First order derivative

Fig. 1 Schematic diagram of Casson fluid flow.
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tion into the issues with stretching sheets as a result of their
activities. Mahabaleshwar et al. [4–5], Tamayol et al. [6]

worked on stretching sheet problems along with different
mediums. Turkylmazoglu [35] explained usteady flow with
MHD in the presence of deformable surfaces, here he uses
the analytical method. See some other works of Turkyilma-

zoglu in the ref [36–37].
When a porous medium was present, fluid flow occurred.

This phenomenon has many industrial applications. Later

the stretching sheet problems are carried out with nanofluids
along with different fluids and boundary conditions. Sharifpur
et al. [7–9] worked on thermal characteristics of nanofluids and

magnetorheological characteristics of some nanofluids are also
reviewed. Mahabaleshwar et al. [10] and Benos et al. [11] stud-
ied on nanofluids with suction and laminar natural convection

along with the computational time. Some other examples
related to nanofluids are listed in [12–14]. The application of
nanofluid is explained in the work of Ahmadi et al. [15], Heat
transmission and free convection flow were studied by Aman

et al. [29] in the presence of CNTs Maxwell nanofluids with
a range of molecular liquids. The MHD nanofluid flow on
the surface of a thin film sprayed on a stretching cylinder with

heat transfer was investigated by Khan et al. [30]. View further
nanofluid examples in [31–33].

The above-mentioned works are only restricted to the

momentum and energy equations with the classical Fourier
law. Therefore, some investigation takes place on a time relax-
ation parameter, it is primarily studied by Cattaneo [16]. The
ordinary type derivatives are converted into Oldroyd’s upper

convicted derivative, which, as improved by Christove [17],
& it is recognized as heat flux of Cattaneo-Christov. Turkyil-
mazoglu [34] explained the heat transfer enhancement using

Cattaneo-Christove heat flux model in the way of enhancing
the heat transfer rate from the surfaces.

The preceding works served as inspiration for the current

work, which describes the heat transfer properties of Casson
fluid flow through a porous media with radiation. Casson fluid
models usually describe the characteristics of non-Newtonian

fluid behavior. The novelty of the current work is to describe
the Casson fluid flow behaviour using analytical techniques,
and nanoparticles are added to the fluid’s surface to improve
thermal efficiency. Also the main methodology explains that
the stretching sheet problem on the basis of analytical method
by using Appell hypergeometric technique, with time relax-

ation parameter. In this ordinary type derivatives are con-
verted into Oldroyd’s upper convicted derivative by using the
Cattaneo- Christove equation. then the temperature equation
is solved by using direct integration. The main physical aspects

of the present are in the field of industrial, biomedical and
engineering processes. See the works of Mahabaleshwar
et al. [18] and Anusha et al. [19] on Casson fluid flow.

2. Mathematical analysis

The current analysis analyses a non-Newtonian fluid flow in

the presence of MHD and a porous media. Another fluid that
is introduced into the flow is Cu-water nanofluid. Fig. 1.
explains the schematic diagram used for this analysis. and

Table 1 indicates the nanofluid amounts.
The Maxwell’s equation

J
!¼ lmr q!� B

!� �
;

r � B!¼ 0;

r� B
!¼ rE

!
ind;

r� E
!

ind ¼ �lm
@B
!
@t

;

(a)

here E
!

ind ¼ lm q!� B
!

stands for the induced electric field
and others follow the nomenclature’s definitions. In magneto-



Table 1 Quantities of base fluid and nanofluid.

Nano liquid physical

properties

Liquid

phase

(water)

Copper Alumina

cP J=kgKð Þ 4179 385 765

q kg=m3
� �

997.1 8933 3970

k W=mKð Þ 0.613 400 40

r Sm�1
� �

0.05 5.97 �
107
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convection, the Maxwell equations are typically combined into
a single equation known as the magnetic induction equation.

However, using the constitutive Eq. (1), the magnetic Ray-
leigh number Rm ¼ lmr Vd << 1 (here V is Characteristic

velocity) and the Lorentz force lm J
!� B

!
for weak conducting

fluid can be written as.

l J
!� B

!� �
¼ �l2rB2

0u

This is referred to as the magnetohydrodynamic problem’s
Hartmann formulation.

The altered NAS equations of the present problem listed as

(See Siddheshwar et al. [23], Hussanan et al. [27], and Nadeem
et al. [28]).

@u

@x
þ @v

@y
¼ 0; ð1Þ

u
@u

@x
þ v

@v

@y
¼ mnf 1þ 1

K

� �
@2u

@y2
� rnfB

2
0

qnf

Sin2 sð Þ þ mnf
K

� �
u ð2Þ
Fig. 2 The impact of f gð Þ ver
qcPð Þnf u
@T

@x
þ v

@T

@y

� �
¼ � r q!þ qr

� � ð3Þ

here, K indicates the Casson fluid parameter, K indicates per-

meability, qr is the heat flux and q! is velocity vector.
The appropriate B.C s are

u ¼ uw ¼ ax; v ¼ 0; T ¼ Tw; at y ¼ 0

u ! 0; T ! T1 as y ! 1

�
ð4Þ

here, uw is the linear velocity, a is the positive constant, Tw and
T1 are the wall and for field temperature.

The suitable similarity transformation:

u ¼ a x fg gð Þ; v ¼ � ffiffiffiffiffi
am

p
f gð Þ; h gð Þ ¼ T� T1

Tw � T1
; g ¼ y

ffiffiffi
a

m

r
:

ð5Þ
the terminology defines the variables that are used in the

equations above.

3. Exact analysis of momentum equation:

Using Eq. (5), the momentum equation is transformed to

C2fggg 1þ 1

K

� �
þ C1 fgg � f2g

� �
� C3MSin2 sð Þ þ C2Da�1
� �

fg

¼ 0 ð6Þ
The suitable boundary condition reduces to

fg 0ð Þ ¼ 1; f 0ð Þ ¼ 0; fg 1ð Þ ! 0: ð7Þ
ses g for varying M values.
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Assume the solution of Eq. (6) is of the form

f gð Þ ¼ 1

b
1� Exp �bg½ �ð Þ; ð8Þ

By using this solution, the Eq. (6) can be reduced to

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 þ C3Msin2 sð Þ þ C2Da�1

C2 1þ 1
K

� �
s

: ð9Þ
Fig. 3 f gð Þ verses g fo

Fig. 4 Effect of f gð Þ verses g f
4. Exact analysis of energy equation:

Cattaneo-Christov model gives the following equation,

qþ k
@q

@t
þ V:rq� qrVþ r:Vð Þq

� �
¼ �krT: ð10Þ

By using Rosseland’s approximation the term @qr=@y can

be calculated (See Mahabaleshwar et al. [21–22]). Therefore,
the Eq. (3) transformed into
r various K values.

or varying the Da�1 values.
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u @T
@x
þ v @T

@y
þ k u @u

@x
@T
@x
þ v @v

@y
@T
@Y

þ u @v
@x

@T
@y
þ v @u

@y
@T
@x
þ 2uv @2T

@x@y
þ u2 @2T

@x2
þ v2 @2T

@y2

� �
¼ knf

qcPð Þnf
@2T
@x2

� 1
qcPð Þnf

@qr
@y

ð11Þ
On substitution of similarity variables defined in Eq. (5)

into Eq. (11), then the solution of above equations is trans-
formed into the following ordinary differential equation form.

1

C4

C5 þ Rð Þhgg þ Prfhg � Prc ffghg þ f2hgg
� � ¼ 0 ð12Þ
Fig. 5 The impact of fg gð Þ ver

Fig. 6 fg gð Þ verses g for c
where Da�1 ¼ l=qKa is inverse Darcy number, M ¼ rfB
2
0=qfa

is Magnetic parameter, Pr ¼ k=qcP is Prandtl number, c ¼ ak

is the relaxation time parameter, R ¼ 16rT31
3k�k is the radiation

parameter.

The boundary conditions of the energy equation reduced
to,

h 0ð Þ ¼ 1; h 1ð Þ ¼ 0

The nanofluid quantities used in the above results can be

defined as (See Ahmadi et al. [24])
ses g for altering M values.

hanging the values of/.
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C1 ¼
qnf

qf

; C2 ¼
lnf

lf

; C3 ¼ rnf

rf

; C4 ¼
qcPð Þnf
qcPð Þf

; C5 ¼ knf
kf

: ð14Þ

On rearranging Eq. (12) by using fg gð Þ ¼ 1� bf gð Þ into Eq.

(12) to yield the result as

hgg þ C4

Prcbf2 þ Pr� Prcð Þf
C3 þ Rð Þ � C4cPrf

2

� �
hg ¼ 0 ð15Þ

Put b fð Þ ¼ C4
Prcbf2þ Pr�Prcð Þf
C3þRð Þ�C4cPrf

2

� �
for further calculation.

Eq. (15) can be rewritten as

hgg þ b fð Þhg ¼ 0 ð16Þ
Fig. 7 fg gð Þ verses g fo

Fig. 8 h gð Þ verses g fo
Eq. (16) can be solved into the following form

h gð Þ ¼ 1þ hg 0ð Þ
Z g

0

e
�
R g

0
b fð Þdg

dg; ð17Þ

hg 0ð Þ ¼ � 1R1
0

e
�
R g

0
b fð Þdg

dg
ð18Þ

� R g
0
b fð Þdg ¼ � R f gð Þ

0

b fð Þ
1�bf gð Þð Þ df gð Þ;

¼ ln 1�bf gð Þð Þ�A

1�sf gð Þð Þ�B 1þsf gð Þð Þ�C

� �
:

ð19Þ
r various M values.

r varying R values.
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where,

A ¼ C4

C5þR

� �
Pr

cPrC4
C5þR�b2

;B ¼
b

ffiffiffiffiffiffiffi
PrC4
C5þR

q
þ ffifficp C4

C5þR

� �
prþb2�cPr

C4
C5þR

� �� �
2
ffiffi
c

p C4
C5þR

� �
�b2

� � ;

c ¼
�b

ffiffiffiffiffiffiffiffiffi
PrC4

C5þR

q
þ ffiffiffi

c
p C4

C5þR

� �
prþ b2 � cPr C4

C5þR

� �� �
2
ffiffiffi
c

p C4

C5þR

� �
� b2

� � ; s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cPrC4

C5 þ R

r
: ð20Þ
Fig. 9 h gð Þ verses g for

Fig. 10 The plots of h gð Þ verses
Therefore, we write:Z g

0

e
�
R g

0
b fð Þdg

dg ¼
Z f gð Þ

0

1� bf gð Þð Þ�A�1

1� sf gð Þð Þ�B
1þ sf gð Þð Þ�C

df gð Þ: ð21Þ

Eq. (21) is solved in terms of Appell hypergeometric func-

tion and it is given by
changing M values.

g for changing the values of/.
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R f gð Þ
0

1�bf gð Þð Þ�A�1

1�sf gð Þð Þ�B 1þsf gð Þð Þ�C df gð Þ ¼ 1
Ab 1� bf gð Þð Þ�A

1� sf gð Þð ÞB 1þ sf gð Þð ÞC b�bsf gð Þ
b�s

� ��B

bþbsf gð Þ
bþs

� ��C

F1 �A;�B;�C;�Aþ 1; s bf gð Þ�1ð Þ
b�s

; �s bf gð Þ�1ð Þ
bþs

� �


f gð Þ

0
:

ð22Þ

On substituting the following property into Eq. (20)

F1ða; b; b0
; bþ b

0
; x; yÞ ¼ ð1� yÞ�a

2 F1ða; b; bþ b
0
;
x� y

1� y
Þ:
ð23Þ

Therefore, the result yields as

R f gð Þ
0

1�bf gð Þð Þ�A�1

1�sf gð Þð Þ�B 1þsf gð Þð Þ�C df gð Þ ¼ 1
Ab 1� bf gð Þð Þ�A

1� sf gð Þð ÞB 1þ sf gð Þð ÞC b�bsf gð Þ
b�s

� ��B

bþbsf gð Þ
bþs

� ��C

F1 �A;�B;�C;�Aþ 1; s bf gð Þ�1ð Þ
b�s

; �s bf gð Þ�1ð Þ
bþs

� �


f gð Þ

0
:

ð24Þ
Fig. 11 Plots of �hg 0ð Þ verses P

Fig. 12 Plots of �hg 0ð Þ verses K
On substituting integration bond 0 ! 1
b to get the finite

result

lim
g!0; f gð Þ!0

Z
e
�
R g

0
b fð Þdg

dg

� �
¼

b�s
b

� �B
b�s
b

� �C�A

Ab 2 F1 �A;�B;�B� C;
�2s

b� sð Þ
� �

ð25Þ

On consideringf gð Þ ! 1
b, then it is check that

lim
g!0; f gð Þ!0

Z 1

0

e
�
R g

0
b fð Þdg

dg

� �
¼ ! 1 A > 0

! 0 A < 0

�
ð26Þ

From Eq.(26) it is easy to conclude that A < 0 is the only
reasonable case.
r for changing the values ofR.

for altering the values ofR.



Fig. 13 (a,b): Streamline graphs forK ¼ 3; &K ¼ 5:.
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If; cPr
C4

C5 þ R

� �
< fgg 0ð Þ2 ð27Þ

By using Eq. (9)

c 1þ 1

K

� �
<

C5 þ Rð Þ C1 þ C3MSin sð Þ2 þ C2Da�1
� �

PrC2C4

0
@

1
A

ð28Þ

For incompressible 2D flow the results for for (6) and (12)
can be examined as

f gð Þ ¼ 1

b
1� Exp �bg½ �ð Þ; ð29Þ

On using Eq.(29) we can get the value of fgg 0ð Þ is

fgg 0ð Þ ¼ �b ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 þ C3Msin2 sð Þ þ C2Da�1

C2 1þ 1
K

� �
s

ð30Þ

If the condition fgg 0ð Þ2 > cPr

hg 0ð Þ ¼
Ab b

b�s

� �B
b

bþs

� �C�A

2F1 �A; B;�B� C; �2s
b�sð Þ

� � ð31Þ

h gð Þ ¼ 1þ S
b 1� e�bgð Þ
e�bg

 !
2F1 �A;�B;�B� C; �2sbe�bg

bþS 1�e�bgð Þð Þ b�sð Þ

� �

2F1 �A;�B;�B� C; �2s
b�sð Þ

� �
ð32Þ

where,

A ¼ C4

C5þR

� �
Pr

cPrC4
C5þR�b2

;B ¼
b

ffiffiffiffiffiffiffi
PrC4
C5þR

q
þ ffifficp C4

C5þR

� �
prþb2�cPr

C4
C5þR

� �� �
2
ffiffi
c

p C4
C5þR

� �
�b2

� � ;

c ¼
�b

ffiffiffiffiffiffiffi
PrC4
C5þR

q
þ ffifficp C4

C5þR

� �
Prþb2�cPr

C4
C5þR

� �� �
2
ffiffi
c

p C4
C5þR

� �
�b2

� � ,s ¼
ffiffiffiffiffiffiffiffiffi
cPrC4

C5þR

q
:

It is directly obtain the classic solutions by equatingc ! 0.

5. Results and discussion

An incompressible Casson fluid flow with MHD & containing
a medium of porous is analyzed in the present analysis. Cu-
Water nanofluid is taken into further investigation. Then the

obtained resulting equations are solved in the form of Appell
hypergeometric equation. Using Radiation parameter, mag-
netic parameter, and solid volume fraction etc., the results

can be checked. The range of physical parameters used in
the present problem is that the value
ofPr ¼ 6:2,/ ¼ 0:1,K ¼ 0 to 1, all other parameters varied
with suitable value to get suitable parameters. The current

study is based on Cattaneo-Christovs theory which took into
account the importance of downtime. These temperature-
dependent variations in thermal conductivity properties.

Fig. 2 indicates that the effect of f gð Þ verses g for different
M values. In this, f gð Þ values drop with raises M values. A sim-
ilar effect is observed in Fig. 3 when we vary the K values, i.e.

on raising the values of K the f gð Þ decreases. The impact of f gð Þ
on g for taking the values of Da�1 in increasing order is
observed at Fig. 4. It is seen that the f gð Þ is decreases for more

value ofDa�1, and it has more value at small values ofDa�1:.
Fig. 5 and Fig. 6 illustrated the effect of fg gð Þ verses g for

different M values, and / respectively. In Fig. 5, fg gð Þ is inver-
sely proportional to the values ofM. This same impact is seen
in Fig. 6, here fg gð Þ decays on raising the values of/. The

impact of fg gð Þ verses g for the values of K is taken in increas-

ing order represented in Fig. 7. In this, fg gð Þ is inversely pro-

portional toK, i.e. fg gð Þ is more for smaller values ofK.
Figs. 8 & 9 portrays the impact of h gð Þ verses g for varying

the values of R and M respectively. In Fig. 8, we conclude that

the h gð Þ raises with raising the values of R. similarly h gð Þ
increases with increases of M, it is indicated in Fig. 9.



Fig. 14 (a.b):3-D graphs for the functions ofc&Pr, c&R
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Fig. 10 indicates h gð Þ verses g for various values of/, in this
h gð Þ increases with increasing the values of/.

Figs. 11 & 12 represents the plots of �hg 0ð Þ for varying R

values as a function of Pr and K respectively. In this, it could
clearly conclude that �hg 0ð Þ is inversely proportional to R

andPr. Fig. 13(a,b) indicates the graphs with streamline for dif-
ferent valuesK. Also, Fig. 14(a,b) illustrate the 3-D graphs for
the functions ofc&Pr, c&R respectively.

6. Conclusion:

The present research examines the flow of a non-Newtonian

and incompressible fluid in the presence of MHD, a porous
medium with an inverse Darcy number, and heat radiation.
The resulting equations are analytically solved, and the Appell

hypergeometric equation is used to express the outcome. Cu-
water nanofluid is also employed to analyse the outcome.
We arrive to the following conclusions by utilising this
solution.

� Transverse and tangential velocities decrease by adding M
� f gð Þ increases with increasing the values of K
� / is inversely proportional to f g gð Þ
� Present paper is well argument with Amin et al. [20].

� The work of Crane is recovered from Eq. (9) if

M ¼ Da�1 ¼ 0; C1 ¼ C2 ¼ C3 ¼ 1; K ! 1; and,s ¼ 900.
� Mahabaleshwar et al. [25] is recovered from Eq. (9) if

M ¼ 1; Da�1 ¼ 0; C1 ¼ C2 ¼ C3 ¼ 1;K ! 1; and,s ¼ 900.

including Walter’s liquid B term.
� Mahabaleshwar et al. [26] is recovered if

M ¼ 1; Da�1 ¼ 0; C1 ¼ C2 ¼ C3–0; and, K ! 1; includ-
ing Walter’s liquid B term.

� Amin et al. [20] is recovered ifM ¼ 1; Da�1 ¼ 0; C1 ¼
C2 ¼ C3 ¼ 0; K ! 1, including Walter’s liquid B term.
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