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Appendix S8 - Elasticities of the population growth rate to vital rates and post-fire 

habitat states. 

 

 Data (Conquet et al. 2022a) are available in Dryad at 

https://doi.org/10.5061/dryad.hhmgqnkkc and code (Conquet et al. 2022b) is available 

in Zenodo at https://doi.org/10.5281/zenodo.7078560. 

 

 Previous studies have assessed the influence of the mean and variance of 

different vital rates to stochastic population dynamics in the marmots (Maldonado-

Chaparro et al. 2018; Paniw et al. 2020), meerkats (Paniw et al. 2019), and dewy pines 

(Paniw, Quintana-Ascencio et al. 2017). However, each study for each system used 

different approaches. Here we wanted to assess how sensitive each system is to 

changes in inter-annual (or habitat-state specific) variation in vital rates using a common 

approach of stochastic elasticities. This allows us to compare these elasticities to the 

perturbations of the strength of periodicity more systematically across the three 

systems.  

  

 Marmots and meerkats 
 

 To assess the importance of vital rates in shaping the dynamics of the marmot 

and meerkat populations, we calculated the stochastic elasticity (ES) of the population 

growth rate (λ) as well as its elasticity to the mean (ESμ) and standard deviation (ESσ) of 

each vital rate, following Tuljapurkar, Horvitz, and Pascarella (2003). We projected the 

dynamics of each population 100 times for 1000 years. For each vital rate xi and each 

year t (sampled randomly among the years in the study period), we used seasonal vital 
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rates to parameterize an unperturbed annual Matrix Population Model (MPM), At, and a 

perturbed MPM Pt with (1) 𝑥!,# = 𝑥!,# + 𝜇! to calculate the elasticity of λ to the mean ESμ, 

(2) 𝑥!,# = 𝑥!,# + (𝑥!,# − 𝜇!) to calculate the elasticity of λ to the standard deviation ESσ, or 

(3) 𝑥!,# = 𝑥!,# + 𝑥!,# to calculate the stochastic elasticity of λ, ES. We calculated the 

elasticity of λ to each vital rate using  

𝐸	 = 	 lim
$→	'	

-(
$
.∑ 𝐯!,#×𝐂!$,#×,$,#%&

-#×[𝐯#,𝐮#]
$
#	1	(       (Equation S1) 

for T = 500, using only the last 500 years of the simulation to remove the transient 

dynamics. 

 

We computed the perturbation matrix Ci,t = At - Pt for each vital rate xi and each year t. 

We obtained the left and right eigenvectors ut and vt by performing respectively forward 

and backward projections of the population vector nt using the unperturbed MPM At 

(see the R code for more detail).  

 

Following Morris et al. (2008), we calculated the “relative effect of variability” to evaluate 

the proportion of the stochastic elasticity ES attributed to changes in the variability of a 

given vital rate category (i.e., survival, transitions, recruitment, and emigration). That is, 

for each category of vital rates, we computed the ratio ∑ 𝐸234/∑ 1𝐸5
36 + 𝐸534252 , where j is 

a vital rate in a given category, v is a vital rate among all categories, and ESμ and ESσ 

are the elasticities of the population growth rate to the mean and standard deviation of a 

given vital rate (see the R code). 

 

For all vital rates in both the marmot and meerkat populations, the elasticities of the 

population growth rate λ to the standard deviation ESσ were largely smaller than the 

elasticities to the mean ESμ (Fig. S1a and S1c). This is supported by the relative effect 

of variability of all vital-rate categories, which shows a small contribution of the elasticity 

to the standard deviation ESσ to the stochastic elasticity ES (Fig. S1b and S1d). A low 

sensitivity of λ to the variation of vital rates confirms previous results (Paniw et al. 2019; 

Paniw et al. 2020) suggesting that the marmot and meerkat populations are buffered 
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against large inter-annual fluctuations in all vital rates (Pfister 1998; Morris et al. 2008; 

Hilde et al. 2020). 

 

  

Figure S1 – Elasticities of the population growth rate and relative effect of 
variability in the marmot and meerkat populations. We calculated the absolute 

stochastic elasticity ES of the population growth rate λ to each vital rate of the marmot 

and meerkat populations ((a) and (c), points). In addition, we calculated the absolute 

elasticities to the mean ESμ and standard deviation ESσ of the vital rates ((a) and (c), 

triangles and squares). For all vital rates in both populations, the elasticity to vital rate 

variability was largely smaller than that to the mean vital rate. This is confirmed by the 

small relative effect of variability for each vital-rate category ((b) and (d)), which 

represents the part of ES attributed to vital-rate variability. 
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Dewy pines 
 

 For the dewy-pine population, we assessed the response of the stochastic 

growth rate log λS to perturbations in each post-fire habitat state (TSF0 to TSF>3). 

Therefore, we calculated the elasticity of lambda to each post-fire state using the 

megamatrix approach as described by Pascarella and Horvitz (1998). We used five 

post-fire state-specific annual MPMs A1–5 to parameterize a 25 𝖷 25 block-diagonal 

matrix A15, with A1, …, A5 on the diagonal and zeros elsewhere, using the function 

bdiag from the R package Matrix (Bates and Maechler 2021). Then, using a post-fire 

state transition matrix, C, containing probabilities of transitioning between two post-fire 

states (see Appendix S7) and a 5 𝖷 5 identity matrix I5, we built the megamatrix M using  

 

M = (C ⊗I5) ×A15      (Equation S2) 

 

Each element mijaβ of the megamatrix represents the transition probability from the life-

history stage i in the post-fire state a to stage j in state β. We computed the elasticity 

matrix E of M using the elasticity function from the popbio R package (Stubben and 

Milligan 2007). We then obtained the elasticities of the population growth rate λ to each 

post-fire state by summing the elements eijaβ of E for each β across all ij and a as in  

∑ 𝑒!278!27 	= Eβ             (Equation S3) 

We replicated this analysis with 100 megamatrices, randomly sampling the annual MPM 

for the stochastic post-fire state A5 in each replication (see the R code). 

 

The dewy-pine population growth rate was substantially more sensitive to the last post-

fire state (TSF>3) than to the other states (0.50 [0.45 ; 0.55] in TSF>3 and 0.13 [0.11 ; 

0.15] on average for the other states; Fig. S2). Paniw, Quintana-Ascencio et al. (2017) 

showed that the population growth rate of dewy pines is most sensitive to the mean as 

well as variation in seed-bank parameters and that the magnitude of the elasticity of log 

λS to seed-bank parameters increased the longer the population remains in TSF>3. 

Consequently, the higher elasticity of λ to TSF>3 arises from high elasticities to seed-

bank parameters. The dewy-pine population can therefore tolerate and benefit from 
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fluctuations in seed-bank parameters. The population is thus not as strongly buffered 

against inter-annual variability in vital rates as the marmot and meerkat populations. 

 
 
 
 
 
 
 
 
 
  
 
 
Figure S2 – Elasticity of the dewy-pine population growth rate to the post-fire 
states. We calculated the elasticity of λ to each post-fire state (TSF0 to TSF>3) using 

100 megamatrices, following Pascarella and Horvitz (1998). The dewy-pine population 

was most sensitive to the last post-fire state, TSF>3.  
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