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The Jost functions, constructed by fitting available partial cross-sections for the elastic
p 7Be scattering with Jπ = 3+, 2−, are analytically continued to complex energies,
where the resonances are located as their zeros. In addition to the resonance energies
and widths, the residues of the S-matrix at the corresponding poles, as well as the
Asymptotic Normalization Constants (ANC) are determined. The fitting is done using
the semi-analytic representation of the Jost function with proper analytic structure,
defined on the Riemann surface whose topology involves not only the square-root but
also the logarithmic branching caused by the Coulomb interaction.
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1. Introduction

The nucleus 8B plays an important role in nuclear astrophysics. In particular, the
rediative capture 7Be(p, γ)8B is one of the reactions constituting the pp-chain.1 It
is therefore necessary to have a good knowledge and a reliable understanding of all
the properties of this eight-body nuclear system. This requires the development of
various theoretical models of it as well as the corresponding experimental studies
and based on them phenomenological analyses of the data.

So far, most of the theoretical studies were focused on the ground-state proper-
ties of 8B and on calculating the astrophysical factor, S17, that is crucial for describ-
ing various processes induced by proton-7Be collisions at extremely low energies.
As far as the excited states (i.e., the resonances) of 8B are concerned, very few
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theoretical works were devoted to such a problem. The theoretical treatments of
8B vary from the so-called ab initio calculations to some semi-phenomenological
approaches. These treatments include but not limited to the quantum Monte Carlo
calculations,2 no-core, Gamow, and realistic shell models,3–5 a variety of micro-
scopic cluster,6 potential7 models, etc. Within some of these approaches (see Refs.
8 and 9) in addition to calculations of the low-energy 8B spectrum, the widths of
the low-lying resonances are evaluated.

The most reliable knowledge on the spectrum of 8B is accumulated from the
measurements of the elastic and inelastic scattering of protons from 7Be in con-
junction with phenomenological analyses based on the R-matrix theory. Recently,
it was suggested to complement the R-matrix approach by a new method based
on the Jost-matrix parametrization, which offers an alternative way of analytic
continuation of the scattering data to the domain of complex energies (see Refs.
10–14). In particular, Ref. 13 was devoted to locating the resonant state 0+ of the
Boron isotope 8B using the corresponding R-matrix data within that new approach.
This work is yet another application of such a parametrization for re-examining the
locations of two more resonances in 8B, namely, the states 3+ and 2−.

The p7Be-threshold is just ∼ 138keV above the ground state of 8B.15 This
means that the proton is loosely bound and thus the two-body model, p + 7Be,
should be good enough for describing the low-lying excited states of 8B as well as
the low-energy p7Be-scattering. Such a model needs the corresponding two-body
potential, which could be constructed based on available experimental data. An
example of such a potential can be found in Ref. 7.

The resonances that are formed in the p7Be-collisions, are among the important
data which are needed to construct a phenomenological potential. The R-matrix
analysis16 of the elastic and inelastic proton-7Be scattering at the collision energies
between 1.6MeV and 3.4MeV, provides the energies and widths of several low-
lying resonances. Any additional test or confirmation of these resonance parameters
would be useful and valuable. Doing such a test was the main goal of our present
work.

We use here the partial cross-sections in the states 3+ and 2−, obtained from the
R-matrix of Ref. 16, and construct the corresponding Jost functions with proper
analytic structure. Examining these Jost functions at complex energies, we deter-
mine the parameters of the resonances. In this way, we actually do an analytic
continuation of the scattering data available on the real axis. It is done to check
if the proper analytic continuation can give the parameters different from those
obtained in Ref. 16. It turned out that we obtained slightly different resonance
energies and widths.

In addition to the resonance energies and widths, we also determine the residues
of the S-matrix at the corresponding poles as well as the Asymptotic Normaliza-
tion Coefficients (ANC) of the resonance wave functions. The ANC’s determine
the behavior of these functions at large distances that give major contribution to
the processes of radiative capture (see, for example, Ref. 17 which is rather old
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but very pedagogical). The knowledge of them is therefore important for nuclear
astrophysics. To the best of our knowledge there are no reported values of the
ANC’s for the states 3+ and 2− of 8B.

This work is a continuation of our previous publications,10–14,18,19 where the
reader can find all the details of the method we use here. To avoid the unnecessary
repetition, we therefore present it rather briefly.

2. Parametrization of the S-Matrix

When proton collides with the nucleus 7Be at the energies greater than 0.4291MeV,
this target nucleus can transit from its ground state with the spin 3/2 and negative
parity to the first excited state with the spin 1/2 and also negative parity.20 The

Fig. 1. Known low-energy resonances in the nuclear system 8B. The data are taken from Refs.
13,15 and 16. For the state 0+ Ref. 16 gives the energy of 1.90 MeV while in Ref. 13 two overlapping
resonances at the energies of 1.65MeV and 1.82MeV are found.
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Table 1. Coupled partial waves in the p7Be-collision for the
states 3+ and 2−. Here, � is the relative orbital angular momen-
tum, and s is the total spin of the proton-Beryllium system.

Jπ (�, s) for p 7Be( 3
2

−
) (�, s) for p 7Be∗( 1

2

−
)

3+ (1, 2), (3, 1), (3, 2), (5, 2) (3, 0), (3, 1)
2− (0, 2), (2, 1), (2, 2), (4, 2) (2, 0), (2, 1)

spectrum of known excited states of the corresponding compound nucleus, 8B, is
shown in Fig. 1.

The possibility of exciting the target means that in such a collision there are
two channels with different thresholds. Each of these channels consists of a number
of partial waves (degenerate sub-channels). Since the total angular momentum J

and the parity π are conserving, the number of coupled partial waves is limited.
For the states with Jπ equal to 3+ and 2− (which we consider in this work), all
possible combinations (�, s) of the orbital angular momentum � and the total spin
s of 8B are listed in Table 1.

As is seen, formally, there are six coupled channels for both states. As usual
in such a case, in order to simplify the problem, we assume that the partial waves
with the minimal values of � are dominant (because the higher centrifugal barriers
in the other partial waves make the formation of the resonances less probable).
Such a reasonable assumption allows us to ignore all the higher partial waves and
to consider the single-channel problems for both the 3+ and 2− states, namely, the
partial waves (1, 2) and (0, 2).

The corresponding single-channel S-matrix at the energy E can be expressed
via the Jost functions f (in/out)

� (see, for example, Ref. 18),

S�(E) = f
(out)
� (E)[f (in)

� (E)]−1, (1)

where in order to simplify notations, we drop the symbols J and π. For the Jost
functions in the above equation, we use the following exact semi-analytic expressions
obtained in Ref. 18:

f
(in/out)
� (E) =

eπη/2�!
Γ(�+ 1 ± iη)

{
A�(E) −

[
2ηh(η)
C2

0 (η)
± i

]
C2

� (η)k2�+1B�(E)
}
, (2)

where k is the wave number related to the collision (c.m.) energy as

k = ±
√

2μE/�2, (3)

with μ being the reduced mass, C�(η) is the Coulomb barrier factor depending on
the Sommerfeld parameter η,

C�(η) =
2�e−πη/2

(2�)!!
exp

{
1
2
[ln Γ(�+ 1 + iη) + ln Γ(�+ 1 − iη)]

}
−→
η→0

1 (4)

and

h(η) =
1
2
[ψ(iη) + ψ(−iη)] − ln η, ψ(z) =

Γ′(z)
Γ(z)

, η =
e2Z1Z2μ

�2k
. (5)
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The only unknown quantities in Eq. (2) are the functions A�(E) and B�(E) which
are determined by the dynamics of the physical system.

As is seen, the S-matrix is not a single-valued function of the variable E. This
is because the Jost functions depend on the energy via the momentum, k, and its
logarithm, ln(k). For a single value of variable E, the momentum has two different
values depending on the choice of sign in front of the square root (3), while its
logarithm has infinitely many different values. This means that the S-matrix is
defined on a spiral Riemann surface, where the threshold energy, E = 0, is the
branch point of the square-root and the logarithm type at the same time (see, Refs.
12 and 13).

As is shown in Ref. 18, the functions A�(E) and B�(E) are single-valued analytic
functions of the energy. They are defined on a simple energy plane without any
branch points. All the complications related to the multi-valuedness of the S-matrix
and branching of the Riemann surface are caused by the explicit factors in the
representations (2).

It should be noted that these representations are exact, i.e., they are rigor-
ously derived from the Schrödinger equation. They are valid for any two-body sys-
tem. In a sense, all the explicit factors in them are determined by the kinematics,
while the unknown functions A�(E) and B�(E) describe the dynamics of a spe-
cific system. Apparently, these functions are more simple because they are single-
valued.

If we use any (reasonable) approximations for the functions A�(E) and B�(E),
the proper analytic structure of the S-matrix remains correct, i.e., the exact explicit
factors in (2) remain intact and thus correctly describe topology of the Riemann
surface. Having the correct analytic structure of the S-matrix is important when it
is analytically continued from the real axis to complex energies in search for possible
resonances.

Since they are analytic, as an approximation of the functions A�(E) and B�(E),
we can take the first few terms of their expansions in the Taylor series around an
arbitrary complex point E0,

A�(E) ≈ a
(0)
� + a

(1)
� (E − E0) + a

(2)
� (E − E0)2 + · · · + a

(M)
� (E − E0)M , (6)

B�(E) ≈ b
(0)
� + b

(1)
� (E − E0) + b

(2)
� (E − E0)2 + · · · + b

(M)
� (E − E0)M . (7)

The unknown expansion coefficients a(n)
� and b(n)

� can be used as the free paremeters
in fitting a set of experimental data. In Ref. 18, it is shown that these parametes
are real, if the central point E0 is chosen on the real axis.

Here, we use the same fitting procedure as was described in Refs. 10–14 and 19.
The point E0 is taken somewhere within the energy interval, for which the data
points for the cross-section in partial wave � are available. The optimal values of
the unknown parameters a(n)

� and b
(n)
� are found by minimizing the deviations of

the theoretical cross-section curve (obtained using the S-matrix (1)) from the data
points.
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When the optimal values of these parameters are found, we have a reliable
approximation for the S-matrix (1) with the correct analytic properties. This
S-matrix can be used at complex energies within a circle around E0. The more
terms are used in the Taylor expansions (6) and (7), the bigger is the radius of that
circle. The resonances can be found as zeros of the Jost function

f
(in)
� (E) = 0, (8)

on the nonphysical sheet of the Riemann surface. Choice of the sheet is done by
choosing the appropriate sign in Eq. (3).

The poles of the S-matrix are simple. Therefore, the residues of the S-matrix can
be found by numerical differentiation of the Jost function f

(in)
� (E) in the denomi-

nator of Eq. (1), as described in Ref. 13. Such a residue determines the asymptotic
normalization coefficient, A�, of the radial part, u�(E, r), of the wave function

ψ�(E,�r) =
u�(E, r)

r
Y�m(Ω), u�(E, r) −→

r→∞A�e
ikr−iη ln(2kr). (9)

A derivation of the corresponding relation

Res[S�, E] = i(−1)�+1 �
2k

μ
A2

� , (10)

can be found, for example, in Ref. 14.

3. Results and Discussion

As the data points to fit, we use the partial cross-sections in the channels 3+ and
2−, which we calculated with the help of the R-matrix published in Ref. 16. Since
these cross-sections are smooth theoretical curves, we can choose any number of
points and distribute them as we need within the energy interval where the given
R-matrix is reliable.

A possible question about the absence of error-bars in the data was discussed
several times in our previous publications (see Refs. 10–14). In particular, in Ref. 10,
using single- and two-channel models where the exact resonance parameters were
known, it was demonstrated that these parameters could be accurately reproduced
when the data had some error bars. In Ref. 11, we studied how the accuracy of our
analytic continuation depends on the size of the experimental errors. It was found
that the method is very stable and some inaccuracies only appear if the error bars
become huge.

In principle, the proposed parametrization could be used to analyze any raw
experimental data. However, in its present form, we apply the method as compli-
mentary (secondary) one to the R-matrix analysis. Within the R-matrix approach,
it is possible to do very accurate analysis of the data on the real axis (for real col-
lision energies). Using of the same parametrization outside the real axis is not rig-
orously substantiated. This is especially true when the Coulomb forces are present
and the Riemann surface has complicated topology. Our main task in this work
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was to check how a proper analytic structure of the parametrization used for the
analytic continuation, could influence the results. For the purpose of the correct
comparison, we therefore had to use the same partial cross-sections that follow
from the R-matrix analysis, i.e., the same curves that correspond to the R-matrix
parameters. These parameters have definite values and thus the cross-section curves
have no uncertainties. In a sense, this formally means that we use uniform (equal)
error-bars for all the data points. In such a case they are reduced to a common nor-
malization factor in the goal-function (chi-square) that we minimize, and therefore
do not influence either the minimization procedure or its results.

The cross-sections, we obtained from the R-matrix of Ref. 16, are given in Figs. 2
and 3, where they are shown by the dots. We consider these dots as the (indirectly
obtained) “experimental” points, which we fit by varying the parameters a(n)

� (E0)
and b(n)

� (E0) in Eqs. (6) and (7) that determine the Jost functions.

Fig. 2. Partial cross-section for the elastic p7Be scattering in the state with Jπ = 3+. The dots
are the “experimental” points obtained from the R-matrix taken from Ref. 16. The curve is our
fit with the Jost function parameters given in Table 2. The collision energy is counted from p 7Be
threshold energy E th

p7Be
= 0.1375MeV.
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Fig. 3. Partial cross-section for the elastic p7Be scattering in the state with Jπ = 2−. The dots
are the “experimental” points obtained from the R-matrix taken from Ref. 16. The curve is our
fit with the Jost function parameters given in Table 3. The collision energy is counted from p 7Be
threshold energy E th

p7Be
= 0.1375 MeV.

For the state 3+, we use E0 = 2.0MeV (counted from p7Be-threshold) and M =
4. The resonance in the state 2− was expected to be found at around ∼ 3.5MeV and
with a much larger width. This means that the corresponding pole of the S-matrix
is at a larger distance from the real axis. In order to have a wider circle where the
Taylor expansions (6) and (7) could be valid, we use more terms in them, namely,
M = 7 for the state 2−. The central point in these expansions for this state is
chosen at E0 = 3.2MeV.

In order to minimize the deviations of our theoretical curves (partial cross-
sections) from the data points, we use the MINUIT program developed in CERN.21

Thus found optimal values of the fitting parameters for the states 3+ and 2− are
presented in Tables 2 and 3, respectively. The corresponding theoretical curves are
shown in Figs. 2 and 3.

It should be noted that the cross-sections (as well as any other observables) are
expressed via the S-matrix (1), i.e., via the ratio of the Jost functions. In such a
ratio, any common factor in f (in)

� and f (out)
� cancels out. This means that the set of
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Table 2. Parameters of the expansions (6) and (7) for
the state 3+ with M = 4 and with the central point
E0 = 2.0MeV (counted from p7Be-threshold). These
parameters were used to generate the curve shown in
Fig. 2.

n a
(n)
� [MeV−n] b

(n)
� [fm3 · MeV−n]

0 1.0000 38.588
1 −1.4127 49.551
2 7.4547 −7.3743
3 11.577 205.77
4 3.7367 −13.477

Table 3. Parameters of the expansions (6) and (7) for
the state 2− with M = 7 and with the central point
E0 = 3.2MeV (counted from p7Be-threshold). These
parameters were used to generate the curve shown in
Fig. 3.

n a
(n)
� [MeV−n] b

(n)
� [fm · MeV−n]

0 1.00000 −0.47918
1 0.31405 −0.84971
2 0.18989 × 10−1 −0.11307
3 0.22203 × 10−1 −0.29998 × 10−1

4 −0.16700 × 10−1 −0.41213 × 10−2

5 −0.10862 × 10−1 0.17864 × 10−1

6 −0.96436 × 10−3 0.57073 × 10−2

7 0.90906 × 10−4 0.21659 × 10−3

the parameters a(n)
� and b(n)

� can be scaled by any convenient factor. Such a scaling
does not affect any results. In particular, we can always fix the value of one of the
parameters during the minimization procedure. This is why in both Tables 2 and
3 we have a(0)

� = 1. The units for the parameters are chosen in such a way that the
Jost matrices are dimensionless.

Having found (by fitting the data) the optimal values of a(n)
� and a(n)

� , we may
use the resulting Jost functions (2) at complex energies within a circle where the
truncated series (6) and (7) are sufficiently accurate. By doing this, we actually do
analytic continuation of the Jost functions from the real axis (where they reproduce
available data) to the domain of complex energies where we can look for resonances
as the roots of Eq. (8). These roots correspond to the poles of the S-matrix (1).
The results of such a search are given in Table 4, where in addition to the resonance
energies and widths the corresponding residues of the S-matrix and the Asymptotic
Normalization Coefficients of the resonance wave functions are presented.

Comparing the resonance energy and width given in Table 4 for the state 3+

with the corresponding results obtained in Ref. 16

Er(3+) = (2.32 ± 0.02)− i

2
(0.33 ± 0.03) MeV, Ref. 16, (11)
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Table 4. Resonance energies, the residues of the S-matrix at the corre-
sponding poles, and the Asymptotic Normalization Coefficients of the reso-

nance wave functions for the states 3+ and 2− of 8B, obtained in this work
with the help of analytic continuation of the Jost functions. The energy Er

is counted from the ground state of 8B.

8B Er [MeV] Res[S�, Er] [MeV] ANC [fm−1/2]

3+ 2.22 − i

2
0.369 −0.106 − i0.0561 0.0924

2− 3.66 − i

2
4.70 (0.365 − i1.02) × 10−3 7.34 × 10−3

we see that our numbers are not far but a bit outside one standard deviation.
This is despite the fact that we base our analysis on the same data taken on the
real axis of the energy variable. The difference emphasizes the importance of using
a parametrization with a proper analytic structure when a complex function is
analytically continued.

As to the state 2−, our results for the resonance energy and width are well
within the standard deviation intervals of the corresponding evaluation given in
Ref. 15, namely,

Er(2−) = (3.5 ± 0.5) − i

2
(8 ± 4) MeV, Ref. 15. (12)

In summary: Taking the data on the elastic scattering 7Be(p, p) 7Be in the states
3+ and 2−, we performed analytic continuation of the corresponding Jost functions
from the real energy axis to the nonphysical sheet of the Riemann surface where
located one resonance in each of these states. The resonance energies and widths
that we found turned out to be close to the values known before. However, in the
case of the state 3+, where previous evaluation of the resonance parameters was
based on exactly the same data, we found a noticeable difference which indicates
the importance of preserving proper analytic structure of the S-matrix when the
analytic continuation is performed. In contrast to all previous analyses, we found not
only the energies and widths of the resonances but also the residues of the S-matrix
at the corresponding poles and the ANC of the resonance wave functions that could
be used, for example, in calculations of electromagnetic transitions involving these
resonances.
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