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Abstract

In this study, we discuss derivatives, Lie symmetries and invariant solutions of the Black
Scholes equation. We combine the Lie group methods with the Adomian decomposition
method to solve the Black and Scholes equation via the heat equation.

We further discuss several examples to illustrate the theory in this study.
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1 Introduction

In the corporate business world, finance is one of the most rapidly changing and ex-
panding industries. The valuation of options contracts has been a topic of interest to
researchers. There are various types of mathematical models for pricing different kinds
of options. Paul Samuelson wrote an unpublished paper titled “Brownian motion in the
stock market”, in 1955. Many other mathematicians like Sprenkle, Ayes, James Boness
[6] and Chen etc. worked on the valuation of options and developed valuation formulas of
the general form but their formulas were not complete. In the year 1973, F. Black and M.
Scholes developed the original option pricing formula in the paper titled “The pricing of
options and corporate liabilities” [5]. In the same year Black and Scholes transformed the
option pricing problem into a new partial differential equation with variable coefficients.

Partial differential equations (PDEs) play an important role in mathematics and physics,
PDEs falls under both abstract mathematics, in particular operator theory and also un-
der applied sciences, for example in finance. In this study, we focus our attention on
mathematics of finance, we consider a particular type of a PDE called the Black Scholes
equation. The main idea of Black Scholes equation is to construct a risk-less portfolio
taking positions in cash (bonds), options and the underlying stock. The Black Scholes
equation is also utilized in the calculation of the theoretical price of the European style
option (put or call option). This does not consider any dividends paid during the life of
the option. It is only considered at the time of expiration. However, this equation can
be modified to take into account the effects of dividends paid during the option’s lifetime
by determining the ex-dividend date value of the underlying stock. There are various
ways of deriving this equation, using various types of mathematics and different levels of
complexity. Some of the derivations that have been published in literature include the
Capital Asset Pricing Model (CAPM), which was originally due to Cox and Rubinstein
(1985). We also have the Martingale approach and the Nume-raire approach, among
other derivations. Recently, S.Grandville derived the Black Schole equation from basic
principle he assumed no knowledge of stochastic calculus in [20].

It is known that probability theory, Lebesgue’s integration and Ito calculus are the main
ingredients for Black Scholes equation and these rely on set theory analysis and an ax-
iomatic approach to mathematics. The other equation that will be discussed and used
in this study is the Stochastic Differential Equations (SDEs). These equations are very
important in the modelling of evolution, finance, biology and oceanography. The SDEs
can be defined as a differential equation where one or more of the terms is a stochastic
process or is a differential equation whose coefficients are random numbers or random
functions of independent variables [31]. The SDEs contains a variable which is referred
to as a derivative of Brownian Motion. The theory and the study of SDEs was first done
in the 1940s. In particular, K. Ito introduced this theory to study and describe motion
due to random events [27]. Thereafter, many developments of this theory followed, and
recently, M.C Lopez-Diaz and M. Lopez-Diaz [9] studied SDEs in an ordered theoretic
setting. In their case, they considered a partially ordered set (also called a poset). A
partially ordered set P is a non-empty set equipped with a binary relation < satisfying
the following properties,
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1. If x € P, then # < x in P (Reflexive property).
2. fz,ye P,x <y € Pand y <z € P, then z = y (Anti-symmetric property).

3. fz,y,z€ P,x <y € Pandy<z€ P, then z < z € P (Transitive Property).

That is, (P, <) is a partially ordered set. The theoretical results in [9], can be applied
to the comparison of Maritime areas with respect to chemical component of sea weeds.
They also showed that their results to the search of Maritime areas with values of chemical
components can be applied in Maritime fields. This indicates the importance of the theory
of stochastic differential equations in both abstract and applied settings.

One of the most studied stochastic partial differential equation is the stochastic heat
equation and is represented by

ou

where ) is white noise (chaotic behaviour of a solution as t — o) in both space and time
and A is the Laplacian. In this study, we will be focusing on the one dimensional heat
equation, given by

ou  0%u

ot da?
The heat equation has been well studied in literature. The first person to develop and
solve the heat equation was Joseph Fourier in 1822. This equation has many application
in various branches in the scientific field, for example in the field of financial mathematics
it is used to solve the Black Scholes partial differential equation. D. V Widdder (1976)
[35] list a few methods of generating or producing the solution of the heat equation and
because of the great advancement in computing, numerical solutions of the heat equation
have also been derived (see Anis Zafirah Azmi [3]).

In our discussion of the invariant solutions of the Black Scholes equation, we use the
notion of symmetries. This notion play an important role in solving differential equa-
tions [31]. We discuss both the classical Lie point symmetries and the non-classical
symmetries. The notion can be applied in solving some problems of fluid draining, epi-
demiology of AIDS and meteorology. It is known that for problems that gives rise to a
number of three dimensional non-linear PDEs of Black Scholes type, it is best to reduce
such problems by finding the symmetry of the equation using Lie Group analysis [7]. In
the study of differential equations using symmetries, Nucci [31] showed that the iterations
of the non-classical symmetries method yields new non-linear equations, which inherits
the Lie symmetry algebra of the given equation.

We organise our work as follows:

In Chapter 1, the preliminary results that are needed in our discussion and some basic
assumptions are defined.

In Chapter 2, we present assumptions that must be considered before deriving the Black
Scholes equations. We discuss two different derivations of the Black Scholes equation and
consider some examples, forward contract, Perpetual and Tradeable derivatives.

© University of Pretoria
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In Chapter 3, we discuss a method of solving nonlinear partial differential equations,
the Adomian Decomposition Method (ADM). We consider examples to demonstrate the
method.

In Chapter 4, we present symmetry analysis of the Black Scholes equation, commutators
are computed for the symmetries of the Black Scholes equation and symmetry transfor-
mation are constructed using the solution of the Lie equation and exponentiation.

In chapter 5, the Black Scholes is transformed into the heat equation. Lie symmetries
of the heat equation are calculated, and the Adomian decomposition method is used to
solve the Heat equation.

In chapter 6 we calculate the invariant solutions of the heat equation and Black Scholes
equation.

In chapter 7, we give a summary of the dissertation and we discuss the future work of
this study.

1.1 Preliminaries

Definitions

In this chapter, we recall some notions that will be used in our study.

1. Option ([33, Definition 2.1])
An option is a security that gives its holder the right to buy and sell an asset, within
a specified time frame, subject to certain conditions.
There are two types of options, we have the ”call option”, which is an option that
allows its holder the right to buy the underlying asset at a strike price at some
future time T, and the "put option” is another type of an option that allows its
holder to sell the underlying asset at a strike price at some future time T.

2. European Option ([33, Definition 2.2.1])
An option which cannot be exercised until the expiration date is called an European
option.

3. American Option ([33, Definition 2.2.2])
An American option is an option which can be exercised at any time up to and
including the expiration date.

4. Strike Price ([33, Definition 2.5])
A price that is determined in advance for an underlying asset is called a strike price.

5. Forward Contract ([23, Chapter 1,Section 1.3]) It is an agreement between two
parties to buy or sell an asset at a certain future time for a certain price.

6. Future Contract ([23, Chapter 1,Section 1.4]) It is an agreement between two
parties to buy or sell an asset at a certain time in the future for a certain price.

7. Volatility ([23, Chapter 15,Section 15.4])
The volatility of the underlying asset is the measure of uncertainty about the returns
provided by the underlying asset over time.

© University of Pretoria
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Hedge ([33, Definition 2.6])
A transaction that reduce the risk of an investment.

. Portfolio ([33, Definition 2.7])

An investment institution or company’s collection of financial assets, such as stocks,
bonds, and cash equivalents.

Delta-hedging ([10, Investopedia))
Delta-hedging is an option’s strategy that aims to reduce, or hedge, the risk asso-
ciated with price movements in the underlying asset, by offsetting long and short
positions. The value of the delta hedge portfolio is

0

II =u— Ax where A:—u.

Oz
This portfolio is made up of one position worth v and A units of the underlying
asset worth x.

Wiener Process (or Brownian Motion)([23], Chapter 14.2)
A continuous-time stochastic process with a variable z follows a Wiener process if
it has the properties listed below,

(a) The change dz for a very short amount of time dt is dz = evdt where €
has a standardized Normal distribution ¢(0, 1) with mean zero and standard
deviation of one.

(b) The values of dz for any two different short intervals of time, dt, are indepen-
dent.

Arithmetic Brownian Motion (ABM) ( [29])
An arithmetic Brownian motion is a Brownian motion with drift that is modelled
by a stochastic differential equation of the form.

dr = pdt + odz,
where p is called the drift and o is called the volatility.

Stochastic Differential Equation ([33], Definition 2.10)

Let (€2, F, P) be a probability space and let z(t),t € R, be a stochastic process
x: Qx Ry — R. Assume that a(z,t) : QxRx R, — Rand b(z,t) : QxRxR, — R
are stochastic-ally integrable functions of ¢ € R,. Then the equation

dr = a(x,t)dt + b(z,t)dz (1.1.1)

is called Stochastic differential equation. The symbolic notation of the stochastic
integral equation of (1.1.1) is,

x(t) :x(())—i-/o a(x(s),s)ds—l—/o b(z(s),s)dz (1.1.2)

where a(x,t) and b(z,t) are referred to as the drift term and the diffusion term,
respectively.

© University of Pretoria
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Geometric Brownian motion (GBM) ([33, Definition 2.8])
The Geometric Brownian motion describes a continuous-time stochastic process
where the logarithm of a randomly fluctuating quantity follows a Brownian motion.

dr = Az, t)zdt + B(x,t)zdz
where A represents the drift and B represents the volatility.

Ito’s process ([33, Definition 2.11])
A stochastic process x satisfying equation

dr = A(x,t)dt + B(z,t)dz
is considered to be an Ito’s process.

Ito’s Lemma ([, Appendix 10A])
Consider a continuous and differentiable function u of variable z. If dx is a small
change in x and du is the resulting small change in u, then

du

du ~ —dz. 1.1.
um ——de (1.1.3)

In other words, du is roughly equivalent to the rate of change of u in relation to x
multiplied by dz. If more precision is required, a Taylor series expansion of du can
be used: p L2 L
U u u
du = —dr + ~——dz* + —— + ...
dx 2 dz? 6 dz3

For a continuous and differentiable function u of two variables, x and t, the result
is similar to equation (1.1.3) is

(1.1.4)

ou ou

du ~ —dx + —dt 1.1.5
R T (1.1.5)
and the Taylor series expansion of du is
ou ou 10%u 0%u 1 0%u
du = —dx + —dt + = —dx® drdt + = —dt* + ... 1.1.6
YT T e T a2 T e ™ T e T (1.1.6)

If the limit of dzdt and dt* tend to zero, equation (1.1.6) yields

ou ou 10%u ,
= — — - . 1.1.
du &de + T dt + 28x2dx (1.1.7)

Now suppose that the value of a variable = follows the Ito’s process
dr = pdt + odz,

where dz is a Wiener process. The variable x has a drift rate or expected return of
p and has a variance of o2, Substituting dz in equation (1.1.7) yeilds,

ou ou 10%u

o= (dt + 0dz) + ot + 5 opda® 1.1.8

g (4 0dz) + Grdt 4 o5 do (1.18)
Expanding da? gives p?dt? + podtdz + podtdz + odt and using Ito’s multiplication
rule,

du =

© University of Pretoria
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X |dz | dt
dz | dt | 0
dt | 0|0
Equation (1.1.8) reduces to
du du 10%u ,
du = %(,udt + adz) + Sodt+ oot (1.1.9)

Simplifying equation (10), we obtain

dt + %adz.

ou  Ou  10%u , u
d“‘(%”JFEJran?U)

This is Ito’s Lemma.

Example (Stock prices) [15, Chapter 5, Example 3]

Let S(t) represent the stock price at time ¢. We model the evolution of S(¢) in time by

supposing that %%) evolves according to the stochastic differential equation

as(t) _

where dW is Wiener process or Brownian motion, g > 0 (the drift coefficient) and o
(the volatility) are constants. One needs to realise that “u” is usually used to model
deterministic trends and “o” is used to model a set of random events occurring during
this motion. The stochastic differential equation dS(t) = uS(t)dt + oS(t)dW has the
following analytic solution,

2

S(t) = speapV D=5t (1.1.10)

To give details on how the analytical solution was found, we first apply the Ito’s formula
to Ito’s lemma to get

dUn09@)D==(MNSTO)YdSW)+—%Unb9@)ﬁ"d9@)d9@)

_dS(t) 11
=5 " 5S(t)QdS(t)dS(t) (1.1.11)
= pdt + odW — % S (t)zdS(t)dS(t).

But,
dS(t)dS(t) = o2S(t)2dW? + 20.S(t)? udWdt + pS(t)*dt?

and from the ito’s multiplication table dWW? = dt, dWdt = 0 and dt*> = 0, Hence,

dS(t)dS(t) = oS(t)?dt.

© University of Pretoria



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(@

Thus, equation (1.1.11) becomes,

d(In(S(t)) = (u — %2)dt + odt

So the analytical solution is,

S(t) = so exp"W(tH(“’%)t :

© University of Pretoria
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2 Black Scholes Equation

In this chapter, we discuss some derivations of the Black Scholes, but we first recall some
assumptions needed to obtain the derivations.

Assumptions ([23], Chapter 15.5)
We assume the following,

1. The stock price (x) follows a stochastic process.

2. During the life of the derivative, there are no dividends and transaction expenses
or taxes. (We follow a European style option).

3. There are no risk-less arbitrage opportunities.
4. The trading of securities is continuous.
5. The interest rate remains constant.

6. The stock returns follows a normal distribution, hence volatility remains constant
overtime.

2.1 Derivation of the Black Scholes Equation

In this section, we consider the derivation of the Black Scholes equation. The Black
Sholes model assumes that the percentage changes in the stock price over a short period
of time are normally distributed, where else changes in the stock price at a future time
follows a log-normal distribution (see Figure 1 in the next page) and a variable with a
log-normal distribution can have any value between zero and infinity [23, Chapter 15.11].
This motivates us to consider the derivation of the Black Scholes equation via Geometric
Brownian Motion (GBM). However, this does not rule out the possibility of using Arith-
metic Brownian Motion (ABM) to derive the Black Scholes equation. In fact, Marek, in
[30], used the ABM to derive the Black Scholes equation, with the resulting equation

ou  10%u , Ju

In GBM,
dx = Azxdt + Bxdz (2.1.1)

where both A and B are proportional to the underlying asset . The asset follows a
log-normal random walk. A process like dx is a model usually used to model the price of
a stock and the variable z follows a Wiener process, with properties as in section (1.1).
If we take the squares of the GBM, we obtain,

(dz)? = (Azdt + Bxdz)?
which can be written as,

do® = A*2?dt* + B*2?dz* + 2BAx*dtdz (2.1.2)

© University of Pretoria
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Figure 1: Log-normal distribution

from stochastic calculus we know that dz? ~ dt, dt* ~ 0 and dzdt ~ 0. Therefore,
equation (2.1.2) reduces to,

de? = B*2*dt, (2.1.3)
Now suppose that u(zx,t) is the price of a call option. From Ito’s lemma,
di— Ly s Py 100 g2 1O e O
u=—dr+ — ———dr” + = —— x
e 1.
_ Oy Py 1O

Oz ot 2 0z
and by substituting the GBM, we get

du ou 10%u
du = —dx + —dt + ~— B*2*dt. 215
T T e g (2.1.5)
The Wiener process (2.1.1) is the source of uncertain (risk) in the Ito equation (2.1.5).

To eliminate it, we consider a portfolio II of stock and derivative such

0
[I=u— Az, where A= =, (2.1.6)
Ox
The holder of this portfolio is short an amount A = g—z of shares and long one derivative
(call option). We want to know the change in value of the portfolios, we then take the
derivative of the portfolio to get

dll = du — Adzx
ou 10%u (2.1.7)

ou
H: - - __BQ 2 —A
d aggdw%— 5 dt + 5 922 xidt dx

10
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where,
ou
Adr = —d
T e T,
so we obtain,
ou 10%u
dll = —dt + - — B*2*dt. 2.1.8
ot T aaat " (2.1.8)

Since there is no longer a source of randomness (z) in equation (2.1.8) then the IT will
earn a risk-free rate, thus dIlI = rlldt. Hence,

du 10%u 5 o
_ - -z - 2.1.9
r(u — Az)dt 5 dt + 28x28 xdt. ( )

Therefore, equation (2.1.9) can be re-written as:

8u(x,t)c _ ou(z,t) 182u(x,t)32 9

2.1.10
o " ot 2 g2 ( )

Du(x,t) —

where B is the standard deviation, C' and D are risk-free interest rate and B, C, D are
constants, x is the current value of the underlying asset (Stock Price) and ¢ represent
time, so equation (2.1.10) can then be re-written as,

ou(z,t)  10%u(z,t) o 5 Ou(w,t)
ot T2 a2 P o

Cz — Du(x,t) = 0. (2.1.11)

We will now discuss Grandville Sewell’s derivation of the Black Scholes model from basic
principle. In this derivation, no knowledge of stochastic calculus is assummed.

2.2 Derivation of the Black Scholes from basic principle

In this section, we consider another derivation of the Black Scholes equation that was
recently derived by Granville Sewell in [20].

Now, first let K be the strike price and S the price at expiration date. Then the payoff
of the call option value is determined by piecewise function,

— K, 1 K
p(s)= 407
0, if S < K.

This can be written as,
P(S) = max{0,5 — K}. (2.2.1)

Equation (2.2.1) implies that if S < K, then P(S) = 0. Hence, there is no need to
exercise the option, since there is no profit to gain. If K < S, then P(S) = K — S.
Hence, the option can be exercised. Note that if the stock price is zero at some time t,
the option will be given by P(0) = max{0, —K} = 0, when the stock price increases to
infinity, the option can be exercised in a case where K < S, the value of an option is
given by u(S,t) = S — Ke """ where t represents time and 7 the risk-free interest rate.

11
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The log normal distribution in the logarithm of price variable z = In(S) — « is

1 —2?
p(t, z) = ol T exp [m}, (2.2.2)

where z = In(S) — a = In(S) — In(s) + (307 — r)(T' —t), and s represents the current

price of the asset and S the final price of the asset, then current value of the option is

o) =0 [ i 2yas 2
Now,
0z 0 1 2
5= a(lln(S) —In(s) + (501 —r)(T - ﬂ) (2.2.4)
=7r — 50'1
and
dz 0 1 o
% 8_ﬁ<ln(S) —In(s) + (508 = )(T = 1)) (2.2.5)

The log normal distribution will be at its peak when the original price is the same as
the final price, that is, S = s. When s is not equal to S, then equation (2.2.3) will
not be at its peak. Moreover, z — oo when s — oo and z — —oo when s — 0, so
considering equation (2.2.3) and differentiating it with respect to ¢, in order to derive the
Black Scholes equation we get,

wp = Ty / _gs ) p(t, z)dS + e " / % [pt + %pz] S
0 * p(s) 10 (2.2.6)
up = ru(s,t) + e "I /0 5 [pt + (r = 50%)17,2] ds.
Now, when we differentiate equation (2.2.3) again with respect to s, we obtain,
ey [ P(S) 0z
_ r(T—t) -
w= e [ 200+ 9.5 a8
<P
s, = @D / PS) 4 (2.2.7)
0 S
<P
s(sug)s = e_T(T_t)/ ﬂpzzalS.
0 S

We shall now multiply the last equation of equation (2.2.7) with ¢%/2 so that we can be
able to combine the second equation of equation (2.2.6) and the last equation of equation
(2.2.7) to get

1 < P(S 1 1
up + =—02s(sug)s = ru+ e "I / PS) [pt +(r — =o})p. + —Ufpzz] ds.  (2.2.8)
2 . S 2 2
12
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Hence,
1 1 < P(S
up + =02s(sug)s = ru+ (r — —o2)e 7@ / LpZdS, (2.2.9)
2 2 . S
and using equation (2.2.7) we get
1, 1,
up + §als(sus)s =ru—(r— éal)sus, (2.2.10)
since (sug)s = Sugs + us. Expanding u we get the following
uy + L 22 L sy = ru— L2 2.2.11
" 2013 Ugs + 201su5 =ru — rsus + 2crlsus, (2.2.11)
which can simply be written as,
L 5 o
U + =0y ugs + rsus —ru = 0. (2.2.12)

2

Equation (2.2.12) is known as the Black Scholes equation. If we consider the assumptions
under section (2.2) then equation (2.2.12) will be the same as equation (2.1.11) provided
s=x, r=Cando=B8B.

We discuss an example of a forward contract on a non-dividend paying stock. This
derivative depends on the stock. First recall from [23], a general result, applicable to all
long forward contracts, is

u=(Fy— K)e™ where F, is the expected return on the stock. (2.2.13)

This result is applicable to the both contracts on investment assets and those on consump-
tion assets. It is also known that when considering a forward contract on an investment
asset and price Sy that provides no income, we have the following relationship between

F() and So,
Fy = Spe'™. (2.2.14)

For the value of a forward contract on an investment asset that provides no income, we
simply substitute equation (2.2.14) into equation (2.2.13) to obtain,

u=Sy— Ke . (2.2.15)
We are now in a position to consider an example. We want to illustrate the link between
the Black schole equation to fare price and arbitrage free prices of derivatives.
Example 2.2.1 ([23], Exzample 15.5)

We consider a forward contract on a non-dividend paying stock. We will use the equation
u=9—Ke T, (2.2.16)

for the forward contract u, at time ¢, given in terms of the stock price S, and K as the
delivery price. Now,

ou ) Pu
’ 2s 7 oS

ou

i —rKe "™

0, (2.2.17)
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so if we substitute into the Black Scholes equation.
1
uy + 50%521@5 +rSug —ru = 0. (2.2.18)
We obtain,

Tty | L
—rKe "I 4 50%52(0) +7rS(l)—ru=0 (2.2.19)
—rKe " T £ 1S(1) — ru = 0.

Therefore the Black Scholes equation is satisfied.

2.3 A Perpetual Derivative

A derivative is a type of a financial contract whose value is dependent on an underlying
asset, group of assets, or benchmark[1(]. A perpetual contract is a sort of derivative that
allows you to simply bet on an asset’s price. Consider a perpetual derivative that pays
off a fixed amount ) when the stock price equals H for the first time. This means that
the value of the stock in question does not depend on time, that is

1
up + 50%5%55 +rSusg —ru=20 (2.3.1)
becomes the following ordinary differential equation
1
—02S%ugg +rSug —ru =0, since u; = 0. (2.3.2)

2

Lets assume that S < H, where S is the stock price at time T and H is the stock price
at t = 0. The boundary conditions for the derivative will be

0, S=0
u =
Q S=H

u=mazr{H — S,0} when ¢=T.

or

We now find the value of the derivative that satisfy the boundary conditions as well

S
as equation (2.3.1). So, the value of the derivative can be u = %, since if S = 0,

(OXQ):0andifS:H,u:(Q—é{):Qoru:@: .

Now, if we assume S > H, the boundary conditions will be given by

{O, S — o
u =

Q S=H

and a function u that satisfies this boundary conditions is,

= Q(%) - (2.3.3)

14
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where « is positive and the differential equation (2.3.1) is satisfied when
1
—ra+ 50204(04 +1)—7r=0. (2.3.4)

Hence, the value of the derivative is
S\ —2r/c?
w= Q(—) . (2.3.5)

Example 2.3.1( [23], Problem 15.23)

We consider equation (2.3.5) to determine the value of a perpetual American put option
on a non-dividend paying stock with strike price K if it is exercised.

Solution:

If the perpetual American put option is exercised when S = H, it yields a payoff of
(K — H) and then we obtain its value by setting o = K — H in equation (2.3.5) as,

"y (K_H><%>—2r/a2

o < 20 (2.3.6)
~(K-m(3)
Now,
du H\2r/o? K —HN /2r\ (H\ %1
a5 F)EE)
H\% 2r(K — H)
— (V7 (21 —> 2.3.7
(S> ( + Ho? ( )
Pu —2rk <£>2T/02 N ( 14 2r(K — H)>2_7’<£>35_1
dH? H?02\ S Ho? o2s\ S
So j—;‘l is zero when, H = (2742;’; ey and the value of the perpetual American put option

is maximised if it is exercised when S equals the value of H. Hence, the value of the
perpetual American put option is given by

(K . H) (%) 7 when H— 02‘2:[(2r‘ (2.3.8)

2.4 Prices of Tradeable Derivatives
Theorem 1. Any function u(S,¢) that is a solution of the differential equation
1
Uy + 50%5%55 +rSug —ru=20 (2.4.1)

is the theoretical price of a derivative that could be traded. If a derivative with that price
existed, it would not create any arbitrage opportunities. Conversely, if a function u(S,t)
does not satisfy the differential equation (2.4.1), it cannot be the price of a derivative
without creating arbitrage opportunities for traders.

We consider, the demonstration of the theorem above, with the following examples.

15
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Example 2.4.1

We consider the function u(S,t) = €%, and show that it does not satisfy equation (2.4.1).
If u(S,t) = e, then

ou

ar

S—; = e, (2.4.2)
0%u s
952~ ¢

We now substitute equation (2.4.2) into equation (2.4.1) to get,

1
rS(e”) + 502(63) = TU. (2.4.3)
Equation (2.4.3) does not satisfy the differential equation (2.4.1) because when we de-
rive u(.S,t) we do not obtain all the terms in equation(2.4.1). This means the function
u(S,t) = e, cannot be one of the price of a derivative dependent on the stock price. If
an instrument whose price was always e existed, there would be an arbitrage opportunity.

Example 2.4.2

We consider the function

6(02 —2r)(T—t)

S,t) = 2.4.4
u(S, ) = (244
and show that it does not satisfy equation (2.4.1).
If u(S,t) = (e ~2)(T=1) /S then
ou 6T02—ta2—2TT+2tr(_O_2 + 27")
ot 3 !
(o2=2r)(T—t)
U (2.4.5)
oS S?
% 26(0'2721")(T7t)
052 S3
Substituting in equation (2.4.1) , we obtain
To?—to?—2Tr+2tr (_ -2 (02—2r)(T—t) (02 —2r)(T—t)
¢ (zo”+2r) _ L + 1(f2522€— = ru. (2.4.6)
S S 2 S

Equation (2.4.4) does not satisfy equation (2.4.1), so in theory, the function u(S,t) =
(e(Tft)

is a price of a trade-able security.

16
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Example 2.4.3 ( [23], Problem 15.12)

We consider a derivative that pays off ST at future time 7", where S, is the stock price
at the current time. When the stock pays no dividends and its price follows a geometric
Brownian motion, it can be shown that its price at time ¢ where (¢ < T') has the form
h(t,T)S™, where S is the stock price at time ¢ and h is a function of ¢ and T.

We show the following,

1. We derive a differential equation satisfied by h(t,T).

2. We find the boundary condition for the differential equation h(¢,T") using the Black
Scholes equation.

3. Show that h(t,T) = el®%n(n=D+r(n=D] where r is the risk-free interest rate and o is
the stock price volatility.

Solution:
If G(S,t) = h(t,T)S™, then

oG .
T heS

% = hnS" ! (2.4.7)
aQG n—2

0
where, h; = e Substituting into equation (2.4.1) we obtain

1
hy + rhn + 502hn(n —1)=rh (2.4.8)

The derivative is worth S™ when t = 7. The boundary condition for this differential
equation is therefore h(7T,T) = 1. The equation

h(t, T) — e(0.502n(n—1)—7“(71—1))(T—t) (249)

satisfies the boundary condition since it reduces to h =1 when t = T.

17
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3 Adomian Decomposition Method

In this chapter, we describe the method of solving nonlinear partial differential equations
involving two variables, namely, the Adomian Decomposition Method(ADM). The com-
putational efficiency and the type of solution of the proposed method will be discussed
and analysed with some examples. We will use the Adomian decomposition method later
in our study to solve the heat equation after transforming the Black Schole equation to
the heat equation.

3.1 Description of the Method
3.1.1 The Adomian Decomposition Method

Consider a nonlinear partial differential equation of the form [19, Section 3.1]
wa(2,9) + gz, ) + Rlu(z, ) + N(u(z,y)) = 0, (3.1.1)
which can be written as,
Lyu(z,y) + Lyu(x,y) + R(u(z,y)) + N(u(z,y)) =0, (3.1.2)
where,

1. L, = % for n = 1,2,3,... is the highest order in x and the inverse of L, is given
by Lyt = [ [()dzy - dxy,.

2. L, = g—r; for n = 1,2,3, ... is the highest order in y and the inverse of L, is given
Y
by Lyt = [ [()dzy - - - day.

3. R(u(x,y)) represents lower order terms in « and y.
4. N(u(z,y)) represents nonlinear terms in x and y.

The solutions to u(x,y) from the operators L, and L, are called partial solutions, because
either L, or L, can be used to get the solution. One can either choose to use the L,
or the L, operator at a time. The decision on which operator to use is based on the
following reasons.

1. Which one minimises the size of the computation? (Check the terms that are simple
to evaluate when applying the L, or the L, operator)

2. Which one has the best conditions (for example the coefficients of the differential
equation you are given) to evaluate the solution’s components more quickly?

Suppose that L, meets these two conditions (L, operator can still be used, even if it does
not meet the conditions, these conditions are just there to try to simplify computations),
then we write L, as the subject of the formula of equation (3.1.2),

Lyu(z,y) = =Lyu(z,y) — R(u(z,y)) — N(u(z,y)) (3.1.3)

and L, is invertible, that is, L' exists (when dealing with Adomian decomposition
method, it is always assumed that the operator L, and the operator L, are invertible)

18
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and its integral operator is a definite operator defined by, L ! = fo )dx. Apply the
inverse operator to equation (3.1.3) to get

L7 Lou(w, ) = u(0,y) — L' Lyu(e,y) — L R(u(e,y) — L7 N(u(z, ), (3.14)
where u(0,y) is a constant of integration. Re-writing equation (3.1.4) we get,
u(@,y) = u(0,y) — L' Lyu(w,y) — L7 R(u(z,y)) — Ly N(u(z,y)). (3.1.5)

If L' does not exists, the Adomian decomposition method becomes redundant. Now
lets carry on with the invertible operator L,. The solution u(x,y) of equation (3.1.5) can
be presented as an infinite series

x,y) = Zun(x,y). (3.1.6)

Applying equation (3.1.6) to equation (3.1.5) we get,

Zunxy =u(0,y)—-L,'L <Zunxy> ( (u(x,y))iun(x,y)>—L;1(iAn>
where .
- ZAn

where A,’s are known as the Adomian polynomials and they depend on wuq, uq, ..., Uy,.
The Adomian polynomials are given by the following formula

1 o -
A”_nla/\n [Z)‘]ua}\xo n=0,1,23,..

The first few polynomials are defined as follows,

1

5N () = N(uo)

~ 0 .
n=>0 AOZ——N Z)\juj ’)\:0:

10" I ] "
n=1 Al =——N Z)\Juj |)\:0: WN(UO + )\Ul) = N/(Uo + )\ul)(() + U1)|)\:0: N/(UO)Ul,

10 =y ] 19
n=2 Ag =——N _Z )\]U,j_ |)\:0: EWN(/\OUO + /\1U1 + )\2U2)|>\:0: U,QN/(U()) + 2} N”( ),

n=3 As=ugN'(uy) + uruaN"(ug) + 3} N"(uy).

(3.1.8)
19
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The above equations (3.1.8), were derived by Adomian [1]. Consider (3.1.7) and note that
it is possible to write the components u,(x,y), n > 0 of the solution u(x,y) iteratively
by

Uy = u<07 y)

Uest = — L Lyug(z,y) — L7 R(ug(z,y)) — L7 N (w(z, ). (3.1.9)

Using the Adomian polynomials A,, of the nonlinear term N(u(x,y)), the components
uy(x,y) are given as,

Uo(l‘, y) = U(O, y)

Ul(x7y) = _L;ILyuO(‘r7y) - L_IR(UO([E,y)> - LI_IAO

xT

usle,y) = —L; Ly (2, 5) — L7 R(un(,9)) — L7 Ay (3.1.10)
As a result, the solution as a series form is as follows,
U+ up +ug+ ... :u(O,y)—LI_lLyZun(x,y) 1RZun x,y)— ZA (3.1.11)

The solution of u is found as a series that converges rapidly to an accurate solution, that
means when we evaluate the terms we get the exact solution in a very short period of
time. ( [22, Section 2] explain these claim in details). [12] proposed a hypothesis that led
us to a theorem that proves that indeed the Adomian decomposition method converges,
and it is absolutely convergent.

3.1.2 Theorem of convergence [12, Section 2]

Let us consider the following nonlinear equation

u= N(u)+up (3.1.12)
where N and wug represent an operator and a function given in a suitable space, respec-
tively.

Theorem 2. [12, Section 2]
Assume that

1. A series of functions (u;) can be used to express the solution of equation (3.1.12),
where the series is assumed to be absolutely convergent, that is, Y |u;|< oco.

2. The nonlinear term N (u) in equation (3.1.12) can be developed on the entire series,
with a convergent radius equal to oo, that is

o un
= Z_:Ngﬁ

ouO 14 u! LU’

(3.1.13)

with |u|< oo.
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Then the solution of equation (3.1.12) is the series u, = Y ., u;, when u satisfy equation

(3.1.10).

Proof. Assumption (2) above assures us that the series Y N+ converges for any u. Since
uw =, is absolutely convergent, the equation (3.1.13) can further be expressed as

ZN” i= 0“’) (3.1.14)

and u™ in equation (3.1.13) is now defined as follows,

00 00
E UZ U0+U1+U2 E Anq Ug, --, U
1=0 q=0

due to u = ) .2 u; being absolutely convergent, we then have » .~ |u;|= U < oo or
ZZOZOIAME U™ < oo as a result. (A,, depends only on ug+u; +us....). We say equation
(3.1.14) is also, absolutely convergent because

o nOO

Z [ o Z o (Uos ooy )

n=0 =0

0o 00 n
E § ’LL(), auq)

n=0 ¢=0

(3.1.15)

so taking the absolute value of N(u), we get that
-0

E) U™ converges as a result of assumption (2). Hence, it indicates that

’I’L

where >
the equation (3.1.15) is absolutely convergent. Now, taking into account that u(x,y) =

ZZO:() U, (:L‘, y) and

n!

AO = N(Uo)
Al = ulN’(uo),

2
AQ = UQN/(U,Q) + 1N”( )

2! (3.1.16)
A3 = 'LLgN/(UQ) + U1UQN”(UQ> + 3} NW( )
then equation (3.1.12) becomes,
D ui= A=
=0 n=0
This completes the proof. n
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3.2 Application of the Method

In this section, we discuss some applications of Adomian decomposition method. We first
consider an example of a partial differential equation without initial conditions, and show
that in this case we get a series of solutions.
Example 1. [25, Ezercise 4.4.2] Solve the following nonlinear equation by Adomian
Decomposition Method

F=pg+xp+yqg—u=0. (3.2.1)

Solution: Note that equation (3.2.1) is the same as
UgUy + TUy + YUy —u =0 (3.2.2)
since p = Ou/dx and ¢ = Ju/dy, Writing equation (3.2.2) in an operator form
Lyu(z,y)Lyu(x,y) + vLyu(z,y) + yLyu(z,y) — u(z,y) =0 (3.2.3)
where L, = 0/0z and L, = 0/0y. Then
zLyu(z,y) = —Lyu(z,y) Lyu(x,y) — yLyu(x,y) + u(x,y)

1 y 1 (3.2.4)

Applying the inverse operator of L' = [7(.)dz to equation (3.2.4), we get

1 1
L' Lyu(z,y) = ==L, Lyu(z, y) Lyu(z, y) — nglLyu(w, y) + =L 'u(r,y)
T T x

1 Y. I
1 Y. 1
U(I,y) = U(O,y) - %Lylb(x, y)2 - ELleyU(LC,y) + ELx lu(x7y)

since the Adomian solution u(x,y) has a series form

T,y) = Zun(x,y)

equation (3.2.5) becomes,

0 1 e y oo - 1 oo
> un(a,y) = ul(0,y) - o Ly > A, - ELmlLy > un(x,y) + Lxlg > un(z,y) (3.2.6)
n=0 n=0

where A,, is the Adomian Polynomial and is evaluated by equation (3.1.8), so our solution
is given as

Ug + U + uo + ... (Oy)——L (A0+A1+A2—|—A3—|—) yL 1L <UO+U1

11
tug+.)+ LT 5(uo +uy +ug +...).
(3.2.7)
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Application of the methods for a nonlinear first order initial value
problem

In this section we consider a nonlinear partial differential equation with suitable initial
condition, namely the Inviscid Burgers equation.

Uy + uy = 0, (3.2.8)

with initial condition
u(z,0) = .

In the case where initial conditions are provided, the Adomian decomposition method
provides exact solution.
Example 2.( [13], Exercise 3.2) We solve the above mentioned equation (3.2.8) using
the Adomian Decomposition Method.
Solution: The nonlinear partial differential equation (3.2.8) in an operator form is given
as

Lyu(z,y) +ulyu(z,y) =0 (3.2.9)

where L, = a% and L, = a%. Then

Lyu(e,y) = —u(e,y) Lou(r, ) = —3 Lou(z, ) (3:2.10)

when we apply the inverse operator L, = [(.)dy to equation (3.2.10), we get

1
L, 'Lyu(z,y) = —5 L, Lyu(z, y)?
2 . (3.2.11)
U(I, y) = U(ZL‘, 0) - §L;1L1U(l’7 y)27
Using the initial condition we get that
1
u(z,y) =x — ELy_leu(x, y)? (3.2.12)
since the Adomian solution has a series form
ulz,y) =) un(,y)
n=0
equation (3.2.12) becomes
(o9} 1 B o0
> un(z,y) =2 — 5Ly LY A, (3.2.13)
n=0 n=0
where Y2 | A, = u(z,y)?. Equation (3.2.13) can be written as
1
U+ UL +Ug + . =T — §Ly_1L$(A0 + A1 + AQ + ) (3214)
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Evaluating each component of the series solution using equation (3.1.8) and (3.1.10), we
have

UO(xay) =z

1
w(w,y) = =5 L, LAy = —y

1
up(w,y) = =5 L, Lo Ay = y? (3.2.15)
T
us(z,y) = _ELyleAl = —xy’
Thus,
u(z,y) = Zun(x,y) =ug+u Fus ... =x —ay+ay’ —ay’ + .., (3.2.16)

n=0

The solution of equation (3.2.8) is

wz,y) =z(1+y) " = : (3.2.17)

Figure 2: This graph represent the solution to equation (3.2.8), u(x,y)=x/y+1

Application of the method to first-order ordinary differential
equation with one independent variable

In this section we discuss the solution of a first-order ordinary differential equation using
Adomian decomposition method.
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Example 3.
Solve the following differential equation using the Adomian.
d 2
% —1- 2[y(g;)} . y(0)=0, 0<z<l. (3.2.18)

Solution: Writing the equation (3.2.18) in operator form we get,

Loy=1-2 [y(a:)r. (3.2.19)

Applying the inverse operator L' = ['(.)dz to equation (3.2.18) yields,

() = () + — 2L [y()] g (3.2.20)

Since the Adomian solution has a series form, then
y(@) = yalx)
n=0
D ynlx) =yola) +x—2L71 ) A, (3.2.21)
n=0 n=0

2
where Y% A, = [y(x)} , and A,, are the Adomian polynomial. Expanding equation
(3.2.21) , we have,

yo(z) +y1(2) +1yolx) + ... =2 — 207" [Ao + A+ Ay + ] (3.2.22)
Evaluating each component y(x) and using the following
AO = N(Uo)
Al = UlN,(UO>,
Ay = usN'(ug) + U—%N"(u )
] 0/ (3.2.23)
3
A3 = U3N/(U0> + Uﬂth”(U(]) + %NH/(U()).
yeilds,
yo(x) =0
yi(x) =2 — 2L Ay =2 — 2L (y) > = =
r)=x—2L'A =1 —2L7(2 =z
y2(z) 1 (2y0y1) , (3.2.24)
ys(z) =2 — 2L Ay = 2 — 2L 2uoye + i) = 1 — gx?’
4
ys(w) =2 — 2L Az = 2 — 2L (2yoys + 2p11) = T — 5:1:3.

Therefore the particular solution is,

- 2 4
Yo=Y _Ynl(®) =yo+y1 +us + ... :O+w—l—x+(x—§x3)+(:v—§x3)+... (3.2.25)
n=0
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Application of the method to second-order partial differential
equation.

In this section we discuss the solution of a second order partial differential equation using
Adomian decomposition method. Consider the following second order partial differential
equation

ou  0%u

Example 4. Lets consider equation (3.2.26) in this form
F=—u,+tpy—u+tu’=0 (3.2.27)

Solution: Equation (3.2.26) in operator form is given as
Lyu(a,y) = Lyu(z,y) + R(u(z,y)) — N(u(z,y)?) (3.2.28)

where L, = % and L, = %. Applying the inverse operator Lyt = [7 [(.)dzdz to
equation (3.2.28), we get

L' Lyu(z,y) = L' Lyu(z, y) + L, '(u(z,y)) — L u(z, y)?

3.2.29
u(w,y) = u(0,y) +u(0,y)r + Ly Lyu(z,y) + Ly (u(z,y)) — L u(z,y)* (3229
since the Adomian solution has a series form
n=0
Equation (3.2.29) becomes
D un(w,y) = w(0,y) +u(0,y)r + L Ly > un(z,y) + LY unl(e, y))
n=0 _ n=0 =0 (3.2.30)
- L;1 (Z An)
n=0
where A,, = u(z,y)? is the Adomian polynomial. Hence, the solution is
Uy + uy + ug + ... = u(0,y) +uw(0,y)z + L, Ly (ug + uy +ug + ...) (3.2.31)

+ L (uo + ur +uz + ) — Ly (Ao + A+ As + ...
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4 Symmetries of the Black Scholes equation

4.1 Lie symmetries

The study of Lie symmetries is a branch within the Lie group theory. The Lie Group the-
ory is a mathematical theory developed in the nineteenth century by Sophus Lie to study
the solutions and group symmetries of differential equations. We will start by defining
certain terms that will be useful later in this section.

Definition 4.1: Symmetry ( [//, Section 1)
A symmetry of a differential equation is a transformation that transforms any solution
of the differential equation to another solution.

We now discuss concept of symmetries. Symmetries in mathematics refers to any object
that is invariant under various transformations, scaling, rotations and reflection.We have
discrete and continuous symmetries. A basic equilateral triangle, is an example of an
object with discrete symmetries, since they do not depend upon continuous parameters
[21]. Consider an equilateral triangle with vertices A, B and C, after rotations of 2%, %”
and 27 about its center and some reflection through any one of the bisection axis, you
will realise that such transformation leaves the triangle unchanged or ”invariant” and we
can conclude it is invariant under such transformation.

Another example of an object with continuous symmetries is a unit circle. A unit circle

will remain invariant if it is rotated by any radians measure about its origin.

Definition 4.2 : Lie point symmetry

A Lie point symmetry is distinguished by an infinitesimal transformation that renders
the specified differential equation invariant under the transformation of all independent
and dependent variables.

Definition 4.3: Commutator( [2)], Section 7.3.1)
The commutator of any two operators X; and X is the differential operator [X;, X;] of
the first order defined by

(X, X;] = XiX; — XX,

or in the following equivalent form

X% = 3 (%) - X))

a=1

It follows from the above definition that the commutator is bi-linear:
[Cle + 02X27X] = Cl[XhX] + 02[X27 X]7

[X, Cle + CQXQ] = Cl[X, Xl] + CQ[X7 XQ]

skew-symmetric:
(X1, Xo] = —[X2, X4,
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and also satisfies the Jacobi identity:
(X1, [Xo, X3]] + [Xo, [ X3, Xi]] + [X5, [X1, Xo]] = 0.

Definition 4.4: Lie Algebra of operators. ( [25], Definition 7.3.1 )

The Lie algebra is a vector space L of operators X = & Z(a:)a— with the following property.
:1:7,

If the operators

i 0

Xl = 51(1') aﬂ:i’

are elements of L, then their commutator

.0
X2 = gé%a

0

(X1, Xo] = X1 Xa — Xo Xy = (X1(&) — X2(§§))%

is also an element of L.

Definition 4.5: Basis of the vector space( [2/], Section 1.1)

Let L, be a finite dimension Lie algebra and suppose that X, = §g(x)£i fora=1,..,r
be a basis of a vector space L,. In particular [X,, Xg| € L, hence [X,, X3] = C X, for
a, =1,...r. The constant coefficients C( 4 are called structure constants of the algebra
L,.

Definition 4.6: A Local Group( [2)], Section 7.1.2)

A set G of transformations T, (Z = f(z,a)) in R? given by 7' = f'(x,a), i=1,...,n.
is called a one parameter local group if there exists a sub-interval U’ C U containing ag
such that the function f*(z,a) satisfy the composition rule

fi(f(@,a),0) = fi(z,c),  irm,

for all values a,b,c € U'.

4.2 Construction of symmetries

In this section, we discuss the symmetries of partial differential equations. Since our aim
is to identify the symmetries of the one-dimensional Black Scholes equation, we limit our
research to second-order equation with ¢ and = as independent variables and u as the
dependent variable. Consider a partial differential equation of second order

F(taw7uautvuxauttau:m:autx) = 0.

The infinitesimal generator of the one-parameter group of transformation is defined as
follows,

0 0 0
_ el 2
Then we denote the first prolongation of (4.2.1) as X!
0 0 0 0 0
1 _ ¢l il 2 il il s i
X &z, t,u) e + & (2, t, u>8t +n(z,t,u) 50 + G Ja + G2 ou (4.2.2)
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and the second prolongation is denoted as X2 and defined below as:

X2 = x0 Cll@um + Ci2 85 + C2288tt (4.2.3)
where (i, 2, (11, Ci2, C22 are given by
= Dy(n) = us Do (€') — ur Dy (€7),
= Di(n) — uaDy(E") — uDy(E?),
Cll - Dz(gl) - Ume(fl) - Uxth(§2)7 (424)

Ciz2 = Dt(Cl) - Uth( 1) - ua:tDt<§2)a
Co2 = Dt(CQ) - uztDy( 1) - uttDt(£2)a

where D denotes the total derivatives of x and ¢, represented as D, and D, ([25],p.217),
that is,

§
§

0

a
D:CZ_ + Uy
o | Uagy T lang, tlUag, T (42,5
D, = a+u 8+u 0 +u i—l— ;
ot ou ' ou, | "ou

substituting equation (4.2.5) into equations(4.2.4) (also known as the prolongation for-
mula’s), one obtains the following;:

Gi= Mo + Ul — Uy — (Uz)*Es — W&l — uwis,
Co = My 4wy — o€y — (w)?&s — W& — ugudy,
(11 = Moo + 2taNou + Voo + (1) Tuu — 200l — ual, — 2(uy) 6N,
— Buatanly — (U2)*Epy — 2uai€l — w2, — 20 R, — (Ul
+ 2yt )& — (Ug)? uyfuua
C12 = Nt + WM, + Uy, + Uiy + U Uiy, — Uxt(fi + ft2) - Uxf;t - Umgtl
— gt (Egy, + E5) — (2)*Epy — (2Uptr A st )§ — (1) * iy, — w3,
— upl — ()*E2, — (Ut + Ugun) &l — g (ug)?Esys
Coo = Mot + 2y + U + (W) N — 2un&l — s, — 2(w)?E7,
- Bututtéﬁ - (ut)3€5u - 2uwt€t1 - u:vgtlt - 2uxut£t1u — (U un
+ 20tz ) €y — () ey, (4.2.6)

Determining equation

Definition 4.7: Determining equation
A determining equation is a linear system of partial differential equation with unknown
¢ and n with variables x and ¢.
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4.3 Symmetries analysis of the Black Scholes equation
We now compute the Lie symmetries of the Black Scholes equation. Consider the Black
Scholes equation in the following form:

1
ug + §BQm2um + Czxu, — Du = 0, (4.3.1)

where B, C' and D are constants. The infinitesimal generator of the Black Scholes equation
is as follows,

0 0 0
X = gl(I,t,U)— + §Q(x,y,u)— + n(tax7u)_

Ox ot Ju
then the determining equation is given below as
1 1
CQ -+ 5321'2(11 + 5321'611611 -+ CxCl + Cglux — 770 =0. (432)

Substituting (1, (11 and ¢, as defined in equation (4.3.2), we get the following determining
equations:

1
[nt + Uty — U:cgtl - (ut)2€7.2t - utth - uwutﬁi} + ~B*z? [nm’ + 2Ny

2
+ UgzTh, + (ux)277uu - 2“35:8&; - umgix - Q(Ux)Qgiu - 3U;vuacx§i

(€] 4 5B s+ O [ €l — ()€ — €
_ uxuyfz] 4 O, —nC = 0.
The following are simplified determining equations derived from equation (4.3.3),
1. B =0, B§=0, BE, =0, B(=§, +Cx(,) =0,
2. B(-2¢, +x(2(B* + O)& + B*x¢3,)) = 0,
3. B(2(C = D)& + N — Du&y, — 265, + 20283, =0,
4. B(4€' + x(2Dug2 + 287 — 4¢, + 4B*x&2 + 6Cx? + Ba*E2,)) = 0,

5. —2Dn + 2Dn, — 2D?*u?¢? + 2n, — 2Dué? + 2Dxn, — 2C Duxé? + B%2?n,,
—B?Duax? gm =0,

6. 20¢" — 2Dug}l + 2C Dux? — 28} + 2Cx&} — 2Cx€l + 2B*Ca?E? + 2C%a2¢2
— 2B?Da2¢% + 2B%2%n,, — 2B2Dux?2, — B2x%¢L + B2Ca3¢2, = 0.

1
Tx

(4.3.4)
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We solve the determining equations with “B”, “C” and “D” being non-zero. To obtain
the coefficients of the infinitesimal generator of the Black Scholes equations equation;

1
'z, t,u) = 2(cy +tes) + 51:(02 + 2tcg)ln,

52(37, t,u) = c1 + t(ca + tes),

1
n(z,t,u) = @U(B t(cy + teg) +4CHCO(cy + tes) — 2c5) — 4B (tes + Ct(co (4.3.5)

+tes) — 2Dt(ea + tes) — tes — 2c6) + 2(B(ca + 2tes) — 2C(ca + 2tes) + des)
Inx + 4eslna?) + Fy(x,t)),

under the following constraint
—2DFi(z,t) + 2F1 4 4 2CaFy , + B2 Fi 4 = 0,

with ¢, o, €3, ¢4, c5 and cg as constants. We consider the following symmetries of equation
(4.3.1) obtained using Symbolic package [11];

0 0
X1 = a, X2 = I%,
X3 =u((B*+4C? —4B*(C - 2D))t + 2(B* — 20) In a;)a2 + 432xlnxaa + 8B2t%
0 0
— 2 _ _ 240~
Xy =u((B 2C’)t+21nx)au +2B tmax,
X5 = u(t(B* + 4C?*t — 4B*(1 + Ct — 2Dt)) + 4(B? — 20)tInx + 4(In z) )88
u
0 0
2,2 Y 2 v
+ 8B~t BT + 8B tmlnxax,
0
XGZU,—, X]:oo:.Fl.
ou
(4.3.6)

We now consider a known basis of the same Lie Algebra of the Black Scholes symmetries
as derived in ( [17], Section 3.1),

Y; = Qt% + (Inz + Dt)x% + 2Dtu(,%,

Y, = thx% + (Inz — Dt)u%, (4.3.7)
Vs = 23%2; + 2B%* xlnx% + ((Inz — Dt)* + 2B*Ct* — B%)ua%,

Yo = U%, Yy = o(t, ﬂf)aau

2
where D = C' — u We note from our discussion that the basis for Lie algebra of

symmetries of Black Scholes are unique. However, each symmetry of the basis can be
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written as a linear combination of the other basis which means that they span the same

Lie algebra.

Yi=X4
Yo =Xy
1 D
Vo= — —
3= g T ape
B2
Yi= X,
B2
Ys = —X;
Ys = Xe
Y(;S:foo-

4.4 Commutators

We have already seen that one set of symmetries can be written as a linear combination
of the other, which means they span the same Lie algebra. We compute the commutators
of the set of operators (4.3.6) and (4.3.7) to further show that the symmetries produced

by the Symbolic package and those derived in the article |

We first consider the commutators of the operators (4.3.7),
1. The commutator between Y] and Y is;
Y1, Yi] =YY - Y1,
= (20 (2.9)
-~ \otot ot ot
= 0.

2. The commutator between Y; and Y5 is;
Y1,Y] = ViYs - VY,
_ (i,ci) _ (ﬁﬁ)
-~ \ot" ox Ox Ot
= 0.

3. The commutator between Y; and Y3 is;

Y1, Y3] = V1Y — Y3V,

_ <% (215% +(InY + Dt):ca% n 2Dtu%)> . ((275% +
+ 2Dtu§u> %)
= 2% + Dx% + 2Duaﬁu

= 2Y1 + DY, + 2DYs.
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4. The commutator between Y; and Y} is;

Y1, Yo =Y, - YaYs

- (% (B%x% +(Inz— Dt)ua%)) - ((thx% +(Inz— Dt)ua%) %)
= B%% — Dua%
— B?%Y, — DY,
5. The commutator between Y; and Y is;

Y1, Y5] = Y1Y5 = V5V,
- (% (232752% + 2Bz lnx(,% + ((Inz — Dt)? + 2B2CH — B%)ua%))
— ((232152% +2B%xIn x% + ((Inx — Dt)* + 2B*Ct* - B2t)ua%> %)
= 4B2t% + QBQxlnx% +2(lnz — Dt)(—D)ua% + (4B2Ct)ua% - B%a%
=282 (22&% + xlnx% + Dtm% + 2Ctua%> - 2'D<(1nx — Dt)ua%
+ B%x%) - 23%%

= 2B%Y; — 2DY, — 2B%Y;.

6. The commutator between Y; and Yy is;

7. The commutator between Y; and Y7 is;

Vi, Vi = iYs - VY3

= (Gt z,) - (o5 5)
= ¢(t, x)t -0
= (b(tax)t'

8. The commutator between Y5 and Y] is;
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9. The commutator between Y5 and Y5 is;

(Y5, V5] = YoV, — VY5
020y o
83:' Ox Oxr Oz

O/‘\

10. The commutator between Y5 and Y3 is;

[Y2, Y3] = YaY3 — Y3Y,
= ( 0 (2t2 + (Inz + Dt)x2 + 2Dtu£>> — <<2tg + (Inz + Dt)x2

0z \" ot or ou ot ox
0 0
=0+ (1 +1)2+ Dt3+0 0—(1 +Dt)£—0
= z(lnx ppe x pe nr I@I
0 0 0 0 0
—xlnx%—l—x%—l—xﬂ?t%—xlnx%—ﬂ)t%
0
11. The commutator between Y5 and Y} is;
Y2, Yy = YY) — YiYs
B 0 5, O 0 2, 0 0 0
= (x% <B tx% + (Inz — Dt)u%>> - <<B To- + (Inz — Dt)u%)a:%>
0 0 0
2, Y = 200 7
_];Btﬁx+u8u 0— Bm@x 0
0
=u— =Y.
u(?u 6

12. The commutator between Y5 and Yj is;

_ (.9 2,20 2 0 2 2 1,2 2y, 0
= (:E—(ZB t —t—I—ZB t:vlnma— (Inz —Dt)*+2B°Dt* — B t)ua—>>

Ox 0 x u
0 0 ay o
_ 2,20 2 o 2 2 1942 2., 9\ 9
((23 £ + 2B o + (e — Dt)* + 2B°DE* - B’ )uau>xa$>
= 22B%* Inr— 0 + xQBQt2 +2(lnz — Dt)ug —2B%z1In xﬁ
B Ox Ox ou Ox
0 0 0 0
= 22B*— + 2(Inz — Dt)u— = 2(B*tz— + (Inz — Dt)u——
x t8x+ (Inz t)uau ( tzvax—l—(n$ t)uau)

= 2Y}.

13. The commutator between Y5 and Yy is;
_ (xiuﬁ) ~(u ﬁxﬁ)
"oz Ou ou Ox
=0.
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14. The commutator between Y5 and Y7 is;

0 0 o 0
= ($%¢(tﬁ)%) - (¢(t75)%$%)

15. The commutator between Y3 and Y] is;
(Y3, V1] = Y3Y) — Y1Y3

= (212 + (ma+ Do)+ 20t 2 (2 (02 1 (s D

ot ox ou/ Ot ot\ Ot
0 0
x% + 2Dtu%>>
0 0 0

— —9Y;, — DY, — 2DY,.

16. The commutator between Y3 and Y5 is;
s, Y] = VY — YaYs
0 0 0 0 0 0
= ((2t=— + (I DtYx— +2Dtu— |Jo— ) — |z—(2t=— + (I D
(205 + (D2 + 2Dtz )oms) = (o5 (205, + (n + D)
x£+2Dtu£)>

Ox ou
—0+(lnx+Dt)x§+O O—mlnm% —x% —ZCDt% -0
— Y,
17. The commutator between Y3 and Y3 is;
Y3, V3] = Y3Y3 — Y3Y3
- <(2t% +(Inz+ Dt):ca% +2Dtu %) (215% +(Inz+ Dt)x% + 2Dtu%>>
((21&% + (Inz + Dt)xaﬁ + 2Dtu§> <2t% + (Inz + Dt)w% + 2Dtu€%>>
= 0.
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18. The commutator between Y3 and Y} is;

[Y3, Y] = Y3Y) — YaY3

B 0 0 0 5, O 0
= ((225@— (Inz + Dt)x% + 2Dtu%> (B tx% + (Inz — Dt)u%)>
0 0 0 0 0
j— 2 — —_— — — — —
((B m@m + (Inz Dt)uau) (2758 (Inz + Dt)xax + 2Dtu8u>)
0 0 0 0
— 2.7 _ _ 2p 7 —_
= 2tB o 2tDua + (Inxz + Dt)zB ta +(lnx+Dt)ua +0
0 9 0 2 0 9 0
— (Inx — Dt)u2Dt%
= B2t3172 — 2751)u2 + (Inzx + Dt)yu—
B Oz ou u
0 0 0
— R2p. - _ — =
= B“t xax +lnxuau Dtu@u Y.

19. The commutator between Y3 and Yj is;
[V3,Y5] = Y3Y;5 — Y5Y3

T 0 0 N I 0 ,
- ((Qtat + (Inz + Di)a- +2Dtuau) (23 £ + 2B e+ ((lnx - Di)

9 P 9
9B2D#? — B2 —>) _ ((232 29 L 9B%r a2 + ((Inz — DH)? + 2B2DE2
+ t t)uau tat+ tx nxax+((nx 1)+ t

0 0 0 0
—_— 2 — — — —
B*t)u 50 )(2158 (lnzlc—i-Dt)ava +2Dtuau))
5 0 0 0 0 0 0
_ e 2 o o o 2 2 _oyp2, 9
=8t*B*— e +4tB xlnxa 41)tln:vu(9 + 4(Dt)? um + 8t*B“Du e 2tB ug
+ 2Btz (Inz)? 62 +2B*#*zIn2D + 2B*(Inx + Dt)xaﬁ +2((Inz)* — (Dt)Q)ua—
u
0 0 0 0
_ 272 P2 2,2 2,2 v
+ 2Dtu((Inx — Dt)* + 2B*Dt* — B*t)u W™ — 4Bt — 5 — 2B*t*Dx lnxax
— 8B*t*Du—— 0 —2B%tz(Inz)* = 0 _ 2B%trInz—— 0 —2B**r1n acD2
ou ox Oz Oz
0 0
_ P2 2 1,2 2, 9 0
2Dtu((Inz — Dt)* + 2B“Dt* — B*t )uf)u 50
Yy T N (2(1n z)? — 4DtInz + 2(Dt) )
ot Ox ou

= 2Y5.
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20. The commutator between Y3 and Yj is;
[V3,Ye] = Y3Ys — YY3
= <<2t2 + (Inz + sz)x2 + 2Dtug) (u£>>

ot ox ou ou
0 0 0 0
— (u% <2t§ + (Inz + Dt)x% + 2Dtu%>>
:O—i—O—i-ZC'tug—0—0—0—2Dtu2
ou ou

=0.

21. The commutator between Y3 and Y7 is;
[V3,Y7] = Y3Y7 — Y7V3

= ((275% + (Inz + Dt)x(% + 2Dtu§)¢(t7x>%> _ (gzﬁ(t,x)%(%%

u

9] 0
+ (Inz + Dt)xa—x + 2Dtu%>>
0

= 2to(t, x)t% + (Inz + Dt)zo(t, x)x% — 20(t, m)Dt%.

22. The commutator between Y, and Y is;
Yy, V1] =YY = 1Y)
0 o\ 0 0 0 0
_ 2, O _ N9\ (9 (o O _ o
= <<B ta:a + (Inz — Dt)u ) > ( (B tr— + (Inz — Dt)u ))

s ou/ Ot ot ox ou

%) )
=0+0—-B?2— +0—Du—
+ xax—l— u&u

= —B?Y, — DYj.
23. The commutator between Y, and Y5 is;
[V, Y] = Y,Ys — Y3V
0 0 0 0 0 0
= ((Bgtac— + (Inz — Dt)u—)x—) - <az8— (Bth— + (Inz — Dt)u—))
x

ox ou/ Ox ox ou
0 0 0
_p2, 9 _ 2, 9 O
_th8x+0 $Bt8x u&u
0
= —u— = —Y;.
u@u 6
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24. The commutator between Y, and Y3 is;

Y1, V3] = YaYs = Y3Y)
= ((BQISSE2 + (Inz — Dt)u£> (Zt2 + (Inz + Dt)xg + 2Dtui))

Ox ou ot Oz ou
0 0 0 5, O 0
- ((2% + (Inz + Dhja -+ 2Dtu%) <B o=+ (Inz - Dt)u%»
=0+ Btz lnﬂz:2 + B2t:c2 + ththﬁ +0+0+0
Ox Ox Ox
0 5 O 0 5, 0
+ (Inz — Dt)u2Dt% —2tB Too 2tDu% — (Inz + Dt)zB t%
0 0
— (Inz + Dt)u% —0—2Dtu(lnz — Dt)%
— v,

25. The commutator between Y, and Y} is;

Yy, Ya] =YYy = YiY)

_ ((thxé% + (Inz — Dt)u%) (BQM% + (Inx — Dt)“%))

— ((B%g;a% +(nz - Dt)u%) (B%% +(Inz — Dt)U%))
=0.

26. The commutator between Y, and Y5 is;

0

0 0 0
B 9 B o 2,20 2 v
= ((B m_ﬁx + (Inz Dt)uau> <2B t pr + 2B*tx lnxax + ((Inz

0 0 0
B 2 2142 2 _ 2,2 2
Dt)* + 2B-Dt B t)u—au)> <(28 t ! + 2B%tx lnxax + ((Inz

0 0 0
— 2 2Dt? — B2t \u— 2 — — -
Dt)* + 2B*Dt* — B t)u u) (B tx x—i—(lnx Dt)u u))

= 2B*%*zIn az:3 + 2B4t2xﬁ +2B%tu(Inz — 'Dt)3 + (Inz — Dt)u((Inx — Dt)?

ox ox ou
0

+2B*Dt* — B2t)% - 23%%% +2B*u(lnz — D)% —2B**z1n x%
— ((Inz — Dt)* + 2B*Dt* — B*t)(Inzx — Dt)u%

=0

27. The commutator between Y, and Yy is;

Yy, Y6] = YaYs — Y5Y)

= ((B%w% + (Inz — Dt)u%)u(%) — (u% (Bth% + (Inz — Dt)u—

ou

0 0
=0+ (Inx — Dt)ua—u —u(lnz — Dt)%

=0
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28. The commutator between Y, and Y7 is;

(Y4, V7] = YaY7 — V7Y,

((B%x% + (Inz — Dt)u £L>¢(t a:)éi) — (gzﬁ(t x)aau <BQM:2

Ox
+ (Inz — Dt)ug)>

ou

0 0
_ 2 .
= B txd(t, I)xﬁ +0—-0—¢(t,x)(Inz — Dt)— 50

29. The commutator between Y5 and Y is;

Y5, V1] = Y5Y1 — Y15

- ((23%2 gt + 2B lnx% + ((Inz — D) + 2B2Dt* — B%) u—) 82)

(gt (23%2% + 2Bz lnx% + ((Inz — Dt)? + 2B2DE* — B) u—))
- —4B2tgt - 2Bzx1ng;§ n 2D(lnx - Dt>ua% - 4B2Dtu% + BQua%
— —2B? <2t88t +zln .T% + Dt:v(% + 2Dtu%) + 2D<<lnx — Dt)u%
+ Bgmag) + 232“8%

— —2B%Y; + 2DY, + B?*Yj

30. The commutator between Y; and Y5 is;
Y5, Y] = VY — VY5

- ((232152% + 2Bz lnx% 4 ((Inz — Dt)? +2B2Dt* — B )u£> (:caﬁ))

ou
- (( §x> (23%2; + 2B 1nxa% + ((nz — D)? + 2B2DE* — B%)u%»
— 9y,

31. The commutator between Y5 and Y3 is;

0 0 0
_ 2,2 2 P2 27,2 2
= ((QB t T +2B txlnxax + ((Inx — Dt)* + 2B“Dt* — B*t)u )

ou
) ) ) 9 ) )
B 9 )

2,29 2 a _ 2 212 p2a,, 9

(23t o+ 2B na— + ((lnx — DY) +2B°Di* — B t)uau))
) )
_ 242 7 2 — 2 2 .
= 4B —4BMrIno (2(lnx) ADtInz + 2(Dt) >uau
— _9V;
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32. The commutator between Y5 and Y} is;
[Vs, Y] = Y5Yy — YiY5

- ((23%2 g +oBr gl 4 (g — D) + 282D — B%)u@ﬂ)
u

o
( tx— + (Inz — Dt)u%)) (<B2 x% + (Inz — Dt)ua%)
(23%2— +2B%xIn x% + ((Inz — Dt)* + 2B*Dt* — B%)u%))
= —2B**z1In x(% —2B*%%*x aax 2B%*tu(lnx — Dt)a% — (Inz — Dt)
u((Inz — Dt)* + 2B*Dt?* — B%)a% +2B**x 88 + 2B*tu(lnx — Dt) ai
+2B**x lnx% + ((Inz — Dt)* + 2B?Dt* — B*)(Inx — Dt)u——

U
=0

33. The commutator between Y5 and Y5 is;
Vs, Ys] = Y5Y5 — Y5Y5

= <<QB2t2% + 2B%*x1n :L‘ag + ((Inz — Dt)* + 2B*Dt* — B2t)u£>

Xz U
) i) 0
2,20 2 9 _ 2 2 1942 2., 9
<QBt o+ 2B + ((nx — D) + 2B°De* - Bt )uau>)
- ((232t2 0 +2B%xIn 3:3 + ((Inx — Dt)* + 2B*Dt* — th)u£>
ot ox ou
) ) 0
242 7 2 I _ 2 2 2 2 _
(23 2 +2B% no— + ((Inz — Di)? +2B°Dt* — B t)uau>>
~0.
34. The commutator between Y5 and Yj is;
[Vs, Y] = Y5V — Y5Y5
— ((2}921522 CBaIng2- + (lnx — Db + 2B2Di? — )2)
ot Oz ot
a 242 a 2 a 2 2 2 2 a
<at<23t o+ 2B + ((Ina — Dt)? +2B°DE* — B*t)u s ))

=0.
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35. The commutator between Y5 and Y7 is;

[Y5,Y7] = Y5Y7 = Y7Y5

0 0 0
. 2,2 2 B 2 242 P2
= ((25 t e + 2B txlnx—ax + ((Inz — Dt)* 4+ 2B°Dt B t)u_ﬁu)

(qb(t, a:)%)) - ((gb(t, x)%) <232t2% + 2B%*xIn x% + ((Inz — Dt)?

Y 2B2Di? — B%)ua%))

= —¢(t,z)((Inz — Dt)* + 2B*Dt* — BQt)3 +2B*2¢(t, ) 0

ou tou

+ 2B%*x Inz6(t, x)z%
36. The commutator between Yy and Y] is;
[Ys, V1] = YsY1 — Y1 Y5
= () (1)~ () ()
=0.
37. The commutator between Yy and Y5 is;
[Y6, Yo = Y6Y2 — Y25
0 0 0 0
= ((vg2) (o32) = ((o32) (30)
=0.
38. The commutator between Yy and Y3 is;

[Ys, Ya] = Y3 — Y3Y5

= ((u%) (2t% + (Inz + Dt)xg + 2Dtu2)

Ox ou
0 0 0 0
- (<2t§ + (Inz + Dt)x% + 2Dtua—u> (u%>
:O+0+u20t£ —O—O—2Dtu2
ou ou
=0.
39. The commutator between Yy and Y is;
[Ys,Ya] = YeYs — Yu¥5s
B 0 ,, O 0
= ((u%> (B tx% + (Inz — Dt)u%>
0 0 0
— 2 [ES— — [ES— JES—
((B max +(Ine Dt)u&m) <u8u>
0
=0+ u(lnz — Dt)% —0—(Inz — Dt)u%

= 0.
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40. The commutator between Y and Y is;

[Ys, Y5] = Y55 — Y5Y5

_ 9 2,20 2 0 T2 272 p2py, O
- ((uau) (23 £+ 2B% e + ((Inw — Dt)* + 2B°De* — B t)uau)
0 0 0 9]
_ 2,20 2 9 2 212 _ p2iy,, 2\ (2
((23 t % +2B txln:z:ax + ((Inz —Dt)* +2B°Dt* — B t)uau) (u8u>
=u((Inz — Dt)*> + 2B*Dt* — BQt)a3 — ((Inz — Dt)?
u

0

2B%Ct? — B*u—

+ C )uau
= 0.

41. The commutator between Yy and Yj is;

[Ys, Y] = YsY5 — YsY5

= () () = () ()

=0.

42. The commutator between Yy and Y7 is;

[Y6, Y7] = YoY7 — Y7Y6

= () (s213,) - (ote017,) ()

0

43. The commutator between Y7 and Y] is;

Yo, i =Y:Y1 —YiY7

= ((o013) (50) - () (emiz,))
- _¢(t’ x)t%
44. The commutator between Y7 and Y5 is;

Y7, Yo] = Y7Y5 — V2Y7

= (7)) = (o) (17,)

0
= —z¢(t, x)m%

42

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

45. The commutator between Y7 and Y3 is;
Y7, V3] = Y7Y3 — Y3Y7
0 0 0 0 0
= <<q§(t, :13)%> <2ta + (Inz + Dt)x% + 2Dtu%>> — ((215&

+ (Inz + Dt)x% + 2dtu%> <¢(ta 95)%))

0 0 0
= ¢(t, x)QDt% — 2tgb(t,a:)t% — (Inz + Dt)a:gb(tw)x%.
46. The commutator between Y; and Y} is;

[Y7,Ya] = Y7Yy — YaY7

B 0 5, O 0 5, O
= ((qb(t, x)%> <B ta:% + (Inx — Dt)u%» — <<B t:r%
0 0

4 (Inz— Dt)u%> (¢(t, x)%>>

0 9 0
= ¢(t,z)(Inx — Dt)% — Btxo(t, x)x%
47. The commutator between Y7 and Y5 is;

[Y7,Y5] = Y7V5 — Y5Y7

_ 0 2,20 2 0 2 21,2
= <<¢(t,m)au> <2B t o +2B txlnxax + ((lnz — Dt)* +2B*Dt
o) 9] 9]
— RB2p\,, N 2,2 Y 2 v . 2 2 142
B t)uau>> ((23 t p +2B txlnxax + ((Inz — Dt)* + 2B* Dt

-2tz (o017,)

0 9,
_ 2 21,2 _ 2 _ op2y2
= ¢(t,z)((Inx — Dt)* + 2B*Dt” — B*t) 5 2B°t ¢(t,x)t8u
— 2Btz Inz¢(t, a:)m%

48. The commutator between Y7 and Yj is;
[Y7,Ys] = Y7Ys — Y5Y7

= ((o05) (1)) = (o) (e157)

0

49. The commutator between Y7 and Y7 is;
[Y7,Y7] = Y7Y7 — Y7Y7

= ((steng) (s03)) = ((ot170) (o000177)

= 0.

We present the commutators of the basis of the symmetries of Black Scholes equation,
with two tables below, Table 1 and Table 2.

+
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4.5 Symmetry transformations

In this section we use the solution of the Lie equations and Exponentiation to construct
symmetry transformations of the infinitesimal generators (4.3.7).

4.5.1 Lie Equations

We discuss the theorem for solving the Lie equations.

Theorem 3. ( [25],Section 7.1.5)

Let G be a local group and let ' &~ z' +af’(x), i =1,..,n be the infinitesimal transfor-
mation of the group G. The system of first-order ordinary differential equations (known
as Lie equations) is then solved using the function z° = f'(x,a).

dvi
d“(; —£(@),i=1,.n (4.5.1)

with the initial condition 7‘|,—o= z°, that is,

dzt
da

- f(%’), Qf‘a_—o— x. (452)
T'he corresponding transformations to generators (43 t) are:
1 = W lv
. ForY, = — € solve
1 ata )

dt

— =1, with initial condition #|4,—o=t, (1)
da1

dz e . _

— =0, with initial condition Z|4,—0= z, (2)

da1

du e o _

o = 0, with initial condition |4, —o= u. (3)
3]

From equation (1), ¢ = aj + ¢;, then we substitute the initial condition
tla,—0o=1t, t = 0+ ¢y thus, t = a; +t.

From equation (2), £ = ¢y, substituting the initial condition Z|,,—o= z,
T = co then, T = x.

From equation (3), u = ¢3, substituting the initial condition u|,,—o= u,
u = cg, then, u = u.

2. For Y, = xg, we solve,
Ox

at

= 0, with initial condition #|a,—o=t, (4)
dCLQ
dv .. o _
— =, with initial condition Z|,,—0= =, (5)
dCLg
du e o _
— =0, with initial condition |s,—o= u. (6)
da2
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From equation (4), ¢ = ¢4, we then substitute the initial condition

t|ay=0=t, t = ¢4 then, t =t.

From equation (5), Z = c5 exp{as}, substituting the initial condition Z|4,—0= z,
x = ¢ then, T = xexp{as} .

From equation (6), @ = ¢, substituting the initial condition @|,,—o= u,

ce = u then, u = u.

0 0 0
3. For Y3 = QtE + (Inx + Dt)x% + 2Dtu%, we solve,

dt _ _
—— = 2¢, with initial condition #],,—0=t, (7)
da3
dv . L » _
T TInZ + Ditz, with initial condition |,,—0= =, (8)
as
du L » _
e 2Dtu, with initial condition  @,,—0= u. 9)
as

From equation (7), Int = 2a3 + ¢7,t = ¢y exp{2as}, we then substitute the
initial condition t|,,—o= ¢, t = ¢; then, t = t exp{2as3}.
From equation (8) and ¢ = t exp{2a3} we let

v = InZ + Dt exp{2as}

1
dv = jdi’,
x

hence, Inv = a3 + cg,v = cgexp{az}, and substituting back v we have Inz
+ Dtexp{2as} = cgexp{as} substituting the initial condition Z|,,—o= z, Inx +
Dt = cg then,

exp{(Inz + Dt) exp{as} — Dt exp{2a3}}
From equation (9) and ¢ = texp{2a3} , we let

T

v = 2a3

dv = 2das.

Hence @ = cg exp{ (Dt exp{2as}}), substituting the initial condition |,,—0= u,
uexp{—Dt} = cg then,

u = uexp{Dt(exp{2as} — 1)}.

4. ForY, = B2t:l:2 + (Inz — Dt)ui, we solve,

Oz ou
dt s i, X
dar 0, with initial condition #|,,—o=t, (10)
dt o, L
dan B*tz, with initial condition Z|,,—o= z, (11)
du _ . . _
dar (Inz — Dt)u, with initial condition  @4,—0= wu. (12)
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From equation (10), ¢ = ¢19, we then substitute the initial condition
E|a4:0: t, t= C10 then, E: t.

From equation (11) and ¢ = ¢, InZ = B?tay + c11, T = c11 exp{(B?*tay)},
substituting the initial condition z|,,—o= x, = ¢;; then,

T = zexp{(B*a4)},

From equation (12) and £ =t and 7 = xexp{(B?ta4)}, Inu = Inzay
+ B?ta? — Dtay + c12, U = c19 exp{lnzay + B*ta’ — Dtay}, substituting the
initial condition u|4,—o= u, u = ¢15 then,

u = wexp{(Inzas + B*taj — Dtay)}.

0 0 0
. ForY; = 232t2§ +2B%*x1In To- + ((Inx — D)* + 2B*Dt* — BQt)ua—, we solve,
u

x
df 2—2 . . o, . o 7|
e 2B*t*, with initial condition {|,,—o= t, (13)
as
dz Ot et e - _
T = 2B*tz In z, with initial condition Z|4,—0= z, (14)
as
di
d_u = ((Inz — D)* + 2B*D#* — B?1)u, with initial condition |4,—o= u. (15)
as
_ _ 1
From equation (13), 7! = —2B%a5 — ¢3, t = Y Ep—— we then
substitute the initial condition t|,,—o=1t, t = then,
—C13
Fo t
- —2B%st+ 1
_ t
From equation (14) and t = B 1 we let
v=Inz, u=—2B%as+ 1,
1
dv = =dz, du = —2B*tdas,
T
_ 1 _ 1 o -
then Inz = 014(m>, T = exp cMm , substituting the ini-
tial condition Z|,,—0= @, Inx = ¢4, then,
(=mmr1)
T=o1 —23%(15 + 1 .
(o)
_ t T oDp2s. 11
From equation (15) and t = B 1 and 7 = ¢\ —2B%as +1/
i — — In 22 ~ 2DInz(ln (—2B%tas + 1)) LD, Dt
—2B%(—2B2as + 1) —9B? 2B2tas — 1
In —2B%*tas + 1
— ) C15.
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Thus,
— In 22 2D Inx(In (—2B%*tas + 1)) 9
o B D
= eXp{ —2B*(—2B%as + 1) 0B s
o Dt In —2B%tas + 1
X —_— —_—
P 2By — 1 —2

substituting the initial condition @|,,—o= u,

n 22 —Ina?
U = C15 exp{ 5By Dt}, C15 = uexp{—(_Qth — Dt) },

then
_ <— In 22 Dt) —Inz? 2D Inx(In (—2B%*tas + 1))
= uexpq — - ex —
e (5 52 P\ =2B2(—2B%a; + 1) —oB2
Dt In —2B%tas + 1
D?as — —
x eXp{+ “ T O Bay — 1 =
(4.5.3)
0
6. For Y5 = u—, we solve,
ou
dt e - .
— =0, with initial condition #|,,—o=t, (16)
da6
dz 1 o _
—— =0, with initial condition Z|,—0= z, (17)
dCLG
da . . _
pi with initial condition @.z—0= u. (18)
Qe

From equation (16), ¢ = c15, we then substitute the initial condition

tag=0=t,t = c16 then, t = ¢.

From equation (17), Z = ¢17, substituting the initial condition Z|.,—0= z,

r = c17 then, z = z.

From equation (18), @ = cigexp{ag}, substituting the initial condition |y,—0= u,
u = 13 then, u = uexp{ag}.

0
7. For Y, = (¢, a:')a—, we solve,
u

dt

Jar, = 0. with initial condition ]t (19)
T _ 0, with nitial conditi | (20)
_ = 1 mitial condition I, —=0=— T,
d(L? y W =0
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du _
d_(Z = ¢(t,7), with initial condition #|s,—0= u (21)

From equation (19), ¢ = cj9, we then substitute the initial condition

t_|a1:0: t, t=cyg then, t=t.

From equation (20), T = ¢, substituting the initial condition Z|,—o=

T = c9o then, 7 = .

From equation (21) andZ = zandt = ¢, u = ¢(t,x)a + o1, substituting the initial
condition @|y,—o= u,u = co1 then, u = ¢(t, z)a; + u.

4.5.2 The Exponential Map

Given a generator Y = £'(x) a?cz ,one can obtain the group transformation in the form of

an infinite series by using the exponential map
7' =exp{aY}(z"), i=1,..,n (4.5.4)

where
exp{aY} =1+

‘Y+ ‘Y2+ Y3

1! 2! 3!

Consider the generator Y; = the corresponding group transformation using exponen-

tial map is given by

8t’

t =exp{a1Y}(t), T = exp{a1Y }(x) @ = exp{a1Y }(u) (4.5.5)

so we now calculate Y*(t) for s = 1,2,..., Y(t) =1, Y?2(t) =Y (Y (1))
=Y(1)=0, Y30)=0 ---Y*(0)=0
substituting the above expressions into the exponential map formula

exp{a1Y}(t) =t +a; (1) +a3(0)+ - +a(0)+- =t +a (4.5.6)

calculating Y*(z) and Y*(u) for s = 1,2, ... we get T = exp{a;Y }(z) =2+ 0+ ... and
u=exp{aY }(u) =u+ 0+ .., then,

Yi:t=t+a, =2 u=u

For the generator Y, = x , the group transformation using exponential map is z =
exp{azY }(z). We compute YS( ) for s =1, ... as follows

Yiz)=2, Y()=YY(2)=Y(x)=2 Y 2)=2z,.Y@)=n2,.

Substituting all the expressions into the exponential map formula

asx  air  asw asx
exp{ax X }(z )-x—i—%—l—%—i—%—i—...—l— R
3 as
Qg
—$(1+1+§+§+ .+ '—i-...)
= zexp{as}
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and now, the group transformation are given as
Yo: T=xexp{as}, t=tu=u
Similarly ,we get
Y; 0 & = exp{exp{2a3}Dt + exp{as(—Dt + Inz)}}, t=exp{2as}t,
u = uexp{—Dt + D exp{2ast}};

_ Inz)* (1 B?tas})?
Yy : 7 =wexp{B’tas}, t =t, ﬁ:uexp{(—Dtcu— (nz) + (In 2 exp{ Ba,}) >}

2B%t 2B%t ’
(“apia =)
T opor- 11/) - t
Ys:z=a —2B%as +1/ §= a1 U = uexp <ln (1— ZBZta5)O'5
(Inx)2%as — 2InaDtas + D*t%as  2B?Dt?as )
1-— ZBQtCL5 1— QBQta5 ’

The exponential map and the solution of Lie equations yields the same transformations
of the generators.
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5 Transformation of the Black Scholes into Heat equa-
tion.

5.1 Symmetry Analysis of the Heat equation

In this section we discuss the Lie symmetries of the Heat equation, which is represented

by the following equation
Up = Ugyy. (5.1.1)

The invariance condition also referred as the infinitesimal generator is given by:

9, 0
_ el 2
X =¢ (:B,t,u)at + &% (x, t,u) 5 + n(z,t,u), (5.1.2)

the coeficient ¢ and 7 that depends on ¢, x and u will be found from following the deter-
mining equation,
X(ut - uﬂ?I)‘Ut:uzz: Gl — G2 =0.

We expand the above equation by substituting the prolongation formulas (see equation
4.2.4) we get:

Nz + Uy Th, — uxfi - (ux)zgi - utfg - uxutég - (ntt + 2utntu + Utt N + (ut)277uu
- 2Utt§t2 - Utgft - Q(Ut)fou - 3UtUtt§i - (Ut)ggiu - 2uxt§tl - Uzgtlt - 2uzut§tlu (5'13)

— (uguy + 2utuzt)£i - (ut>2uz€zlw) =0.

Thereafter, we find the following basis of the Lie algebra of symmetries of the Heat
equation.

P1:%, Pzzg szugu

P, = 2t% + x%

Py= 2t —ua

Ps = 4t2% + 4tx% - 2tua% — x2u%

Pr = Fi(t, :c)% given that Fy ., — Fi. =0 Fi(t, x)%

with /7 as an arbitrary solution of the heat equation.

5.2 Transforming of the Black Scholes equation to the Heat
equation

Any parabolic equations that admits the symmetry group of their highest order can be
reduced to the heat equation, [26]. We present the reduction the Black Scholes problem
to the heat equation since it is also a parabolic equation.
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Consider the Black Scoles equation in the following form,

ou 1 4, ,0% ou
§+§J x @—er% —ru =0, (5.2.1)

with 0<z<o0, 0<t<T

where z is the value of the underlying asset, o represent the volatility (we assume a
constant volatility through out the transformation) and r is a risk-less interest rate. The
boundary condition of u (the price of a call option) is given by,

u(z,T) = f(z) = max(z — K,0), (5.2.2)

where K is the strike price of the call option. We consider the following transformations
of the BS to the heat equation,

2T

r=¢e¥, t=T-— Pt (5.2.3)

2

u(z,t) =v(y,7) with y=Inz and T:%(T—t).

The corresponding derivatives of equation (5.2.1) with respect to the new variables
Ju  Ovor o? v
A= sor (5:24)
and
ou_ovoy 100
Oor Oydx x0y
Pu 0 <8u)

912~ Ox\ox

0 r10v
a %(Ea_g)
10v 10 0yodv
= —ﬁa—y‘i‘gaga—y (525)
1ov 1 0 0v
T2y R0y oy
1ov 1 02

2oy 2 op
substituting equation (5.2.4) and (5.2.5) into (5.2.1)
028U+122< 18@+182)+ <18v> 0
———+ - ==+ )+trz(—-—=) —rv=
207 2 220y 22 0y? x Qy

dy  Oy? -

20T 2 oy

o?0v % 0v N o? 0? ov 0
— - r— —rv =

20 20y 2 0y? dy

2

azav+<_a_+ >@+0282U
2 0t o 77 dy 2 0y?

(5.2.6)

23
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rearranging the last equation

ov 2< o )(% 30282 2

o\ 2 gy T e 2
simplifying,
v 2r\ v 0% 2r
—=(-1 —)— — - = 5.2.7
or ( o2/ dy * oy? o2 ( )
setting Kk = —Z to simplify calculation and letting ¢ = 7 , then (5.2.1) becomes
v o 0?
P (-1 )— 7 5.2.8
g ( +K 8y+8y2 KU ( )
o2
with —oco<y<oo Ogtg;T
and (5.2.2) becomes
v(y,0) = u(e”,T) = f(e*) = max(e® — K, 0).
. 2r\ Ov ]
In order to eliminate ( -1+ —2> 90 and ku in (5.2.8), we need to transform one more
0°/ 0y

variable
v(y,t) = exp{ay + B}V (y,1)

where a and 3 are arbitrary constants. Computing the partial derivatives of V' with
respect to y and ¢, we get

0 ov
—: = exp{ay + B1}BV + exploy + 5t} 7 (5.2.9)
ov oV
8_3/ = exp{ay + ft}aV + exp{ay + ﬁt}a
Pv 0 oV
8_3/2 = 8_y ( exp{ozy -+ Bt}OzV + exp{ay + Bt}a)

2
= exp{ay + ft}a?V + exp{ay + ﬁt}a%—‘; + exp{ay + Bt}a%—‘; + exp{ay + /Bt}%
9 ov 0?
= exp{ay + Bt}a’V + 2 exp{ay + 6t}a—y + exp{ay + 6t}a—y2
(5.2.10)
substituting (5.2.9) and (5.2.10) back into equation (5.2.8)

ov v
explay + 5115V -+ explay + 5t} 5 = (= 1+ 5) (explay + BrlaV +expfoy +pr) g )
ov
+ exp{ay + Bt}a®V + 2aexp{ay + Bt}a—y
2

0*V
+ exp{ay + ﬁt}a—y2 — kexp{ay + ft}V

o4
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simplifying and dividing both sides by exp{ay + [t} we get,

2
5v+a—v:—aV—8—V+mv+f<;6—v+a2v+2aa—v+a—Z—ﬁv
ot oy dy dy Oy (5.2.11)
a—V—<—1+ +2 )8_V+82_V+<_ +ra+a? -k - §) -
at— K (% 8y 8y2 (0% RO (0% K

since « and [ are arbitrary constants, we set

11—~

o =
2
—k% =2k —1 — 1)
4 4
substituting back into equation (5.2.11), the resulting equation is a heat equation

v 9*V
—_— == 5.2.12
ot 0y? ( )

2
with y >0 and OgtS%T.

In this chapter and chapter 4, we have determined the Lie symmetries of the Heat equation
and the Black Scholes equation. In the following chapter we will find the invariant
solutions corresponding to the Lie symmetries that where found.
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6 Invariant solutions

In this sections we discuss the invariant solutions of the symmetry generators of the Black
Scholes equation and the Heat equation. Invariant solutions are exact solutions that are

invariant under a subgroup of the full symmetry group.
Definition 6.1( [25], Chapter 9.4)
Let a system S of differential equations

Fo(x,u,uay, . umy) =0, 0 =1,...,s, (1)

where the order k refers to the highest derivatives appearing (1), admit a group G, and
let H be a subgroup of G. A solution of equation (1)

u®=h%z), a=1,..,m, (2)

is called an invariant solution of the system S if (2) is an invariant manifold for H.

We start by demonstrating how to get invariant solutions using the heat operators as in
section (5.1).

6.1 Invariant solutions of the Heat question

We recall the symmetries of the heat equation below

Plz(%, PQZ% p3:ua%

P, = Qt% + x%

Ps = Qt% — uxaﬁu

Ps = 4t2% + 4tx% - 2tu0% - x%%

Pr = Filt, x]% given that  F 4. — F1, = 0F1[t, x]%

with F; as an arbitrary solution of the heat equation.

0
1. The invariant solutions for the symmetry generator P, = — is as follows

Ox
The characteristic equation is given by
dv dt  du
1 0 0

which can be reduced into two equations as shown below

| do_dt oy dedu
10 T 10
56
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We solve equation (1), t = M; where M is a constant of integration, and the second
equation (2), u = My. Thus, the invariant solution is given by

My = ¢(M,), that is, u = ¢(t) (6.1.1)
when we compute the derivatives of equation (6.1.1) with respect to ¢ and x
u = ¢'(t), uy =0 ug, = 0.

Now we substitute these equations into the heat equation (5.3.1), to obtain

Ft)=0 — —-=0. (6.1.2)

We now integrate equation (6.1.2) , ¢ = Cy. Thus, the invariant solution of P; is

u = Cy, where C' is a constant. (6.1.3)

o . 0 .
. We compute the invariant solution of the symmetry generator P, = e to obtain

the characteristic equations
dt dr du
1 0 0
Therefore, we obtain, x = M; and u = M, and expressing M, in terms of My, we

obtain

Taking the derivatives of u with respect to t and =z , uy = 0 , u, = ¢'(x) and
Uz = ¢"(x). Substituting back into the heat equation (5.1.1),

¢"(z) = 0. (6.1.5)

Upon integration, ¢ = Cix + (5, so the invariant solution is

u=Cix + Cy (6.1.6)

were (1, Cy are constants.
. For the symmetry generator P; = 2ta + :c(?—, the characteristic equation of this
x

generator is,

dt dr du

26t x 0
Then we separately solve

2t x x 0

We considering (1) and integrate
1
51nt+ M, =Inz,

o7
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which can be written as

x = MVt (6.1.7)

We consider equation (2) and integrate to obtain, u = M,. Designating M, as a
function of M,

My = ¢(My) — My = cb(%)-
Then u = ¢(%) Taking the derivatives of u with respect to x and ¢,
, x
u=¢ (%)< 2t3/2>

,, T 1

— (ﬁ(%) (6.1.8)
w1

wee = (7)(3)

Now we substitute the derivatives back into the heat equation (5.1.1)

(=~ 5im) =S D(G) — S =0 (619)

this is a second order homogeneous differential equation. Now let ¢’ = y(M), then

, x dy x
+—y=0 — — = —=dM,, 6.1.10
W y 2Vt ( )
which yields the following derivation,
MliC lelf)
Iny = + Ky — y=Kex . 6.1.11
Yy W 1 Yy 1 p( W ( )
We substituting back ¢, to obtain ¢/ = K; exp(é{l/f), thus
do Mlaz) (Mw)
= Kjex — d¢p = Kjex dM;. 6.1.12
dM; ' p(2\/¥ ¢ LD 2/t ' ( )
We solve again
2/t Mz
=Ki—e + K. 6.1.13
o= 12 e (300 4 1 (6.1.13)

We obtain, the invariant solution as

24/t M
u:Kl\_/_exp( 13;) + K. (6.1.14)
x 2/t
. ) . : 0 0
. We consider invariant solution of the symmetry generator Ps; = Qta— — uxa—
x U
We compute the characteristic equation,
dt dr  du
0 2t —ux
28
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and we separately solve

ﬂ_d:v 5 dx du

0 2’ % “ux

We obtain ¢ = M; from equation (1) and equation (2) yields

z? 7
—4—t—M2:1nu — u:Mgexp(—4—t>. (6.1.15)

Now we write My as a function of My, My = ¢(t), thus equation (6.1.15) is written
as,

u = p(t) exp (-Z-j) (6.1.16)

Then we differentiate u with respect to t and u to obtain

T exp(—j—j) o0t eXp(—j—j) (%)
Uy = B(t) exp (—Z—j) ( - i—f) (6.1.17)

2

e = (1) exp (-Z-i) (%Z) + (t) exp (—Z—t) (- 2%)

we then rewrite equation (5.1.1) in terms of u; and u,,

2 2 4 2 2 1
#(t) exp (—j—t) — () exp (—4—t) () exp (—j—t) .

22N g2 (6.1.18)
t — )=
+ ¢ )eXp( 4t) 1
2
Thereafter we divide both side of the equation by exp <—%),
2 2
, x dx 1
— = — — - — 1.1
which becomes,
¢ (4x2 1 x?
o \162 2 4t2>
dﬁ 1 (6.1.20)
L (- )a
) 2t
We then integrate and obtain ¢ = %, were (' is an integration constant. Hence,
the invariant solution of Ps is
C x?
= — —— . 6.1.21
v= oo (-5 (6-120)
59
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0 0
5. For the symmetry generator Py = 4t>— +4tx— — 2tu— —x*u—— the characteristic

ot ox ou ou
dt dx du

equation is,

2 tr (—ltu— lz%u)

which can be written separately as

dt dx dx du

2 g’ Cotr (-

Solving equation (1) we obtain,

M,

and solving equation (2) we obtain,

1
(———£>da::d—u.
2¢v 4t U

We then integrate to get u = My exp(—ln—x — g—) then write My = ¢(My) = ¢(%),

(L) a2

We differentiate “u” with respect to z and f,
S (R P (e B i P
= () o (<)~ () o ()~ o e o ()
o= () e () 4 (= st~ x) (%)
o) ol e(5) ey ()

22 . < x5/2) 22 >
P\ T 162) P\ "%t ) )

Now we re-write equation (5.1.1) as

(6.1.22)

¢"(162%) + ¢/ (—16tx + 82°) + ¢(12t* — z*) = 0. (6.1.23)

6.2 Solution of (5.2.12) via the Adomian Decomposition Method

We consider o v
" - 2.1
o2
with  y >0 and 0<t§7T

60
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The operator form is as follows,
LV(t,y)— LV(z,y) =0 (6.2.2)

2 and the inverse operator L' = [/ [(.)dydy, applying the

_ 02 _
where L, = R and L; = 3

inverse operator we get,
LML,V (ty) = Voly) + L, LV (2, y) (6.2.3)
simplifying we obtain
V(t,y) = Voly) + Ly LV (x,y). (6.2.4)

The Adomian solution has a series form

y) = ZVn(ZL‘,y)

so, equation (6.2.4) becomes
Zv z,y) )+L1LtZV z,y) (6.2.5)
n=0

thus equation (6.2.5) is written as
Vo+Vi+ Vot .. =Vo(y) + L, Li(Vo + Vi+ Va+ ) (6.2.6)

which is a sequence of solutions of (6.2.1). The infinite series (6.2.6) will also be a solution
of the heat equation, under appropriate initial or boundary conditions.

6.3 Invariant solutions of the Black Scholes equation

We consider the following symmetries of the Black Scholes equation.

0 0
a, X2 :IL‘O—I,
0

X3 = u((B*+4C? —4B*(C — 2D))t + 2(B* — 20) In x)aﬁ + 419255111336)g + 832t§,

X, =

Xy =u((B*-2C)t +2In x)g + 23215x2

ou ox’
0
X5 = u(t(B* + 4C?*t — 4B*(1 + Ct — 2Dt)) + 4(B? — 20)tInx + 4(Inz)? )0u
0 %)
B*t*— + 8B*zxInx—
+ 8B“t 6t+8 tx nxax,
Xﬁzug, X]-‘oo:.F]_.
ou
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0 . .
1. For the symmetry generator X; = — the characteristic equations are as follows

ot
dt dr du
1T 0 o
We separate the above equations into two linear equations
Lo de o dt
1 0o’ 1 0°

We solve equation (1), x = M; where M is a constant of integration,and solving
(2) yeilds u = M. Hence, the invariant solution is given by

My = ¢(M,), that is, u = ¢(z). (6.3.1)

Then now we take the derivatives of equation (6.3.1) with respect to ¢t and «

1

Ut = 07 Uy = ¢/(£I§'), Uy = ¢ (iL‘)
By substituting into the Black Scholes equation (4.3.1), we get,
1 1" ’
§Bzx2¢ (x) + Cx¢ () — Dp(x) = 0. (6.3.2)

The equation (6.3.2) is known as Cauchy-Euler equation of order 2 and its solution
is

(VO i < - RV
o(x) = 2v2B

(I e - 4D
+ Ccox 2\/§B

where ¢; and ¢ are arbitrary constants. Thus, the invariant solution of the Black
Scholes equation under X is

; B2 c C? V2B V2C
<<—z¢—16— B 5 Ry
2V2B
; 2B2 8C 8C? 2B 2v2C
(<—z¢—16— B % BB BENVD
2V2B

u(t,z) =z

+ oo

2. For the symmetry generator X, = xa% the characteristic equations are

dt dr du
0 =z 0’
then we separately solve
S R
0 x 0 0
62
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We consider (1) and integrate to get ¢t = M;. We also consider equation (2) and
solve u = M,. Then the invariant solution is

My = ¢(M), that is, u = ¢(t). (6.3.3)
Then now we take the derivatives of equation (6.3.3) with respect to ¢t and z
U = ¢/(t)7 Uy =0, Uge = 0.

We now substitute into the Black Scholes equation (4.3.1) to obtain

¢ (t) — Do(t) =0, (6.3.4)
then () ao(1)
3 = Do(t), — o) = Ddt,

upon integration
In¢ = Dt + ¢y, then ¢(t) = cie”".

So the invariant solution under X5 is

u = ceP. (6.3.5)
3. For the symmetry generator

X3 =u((B* +4C* — 4B*(C - 2D))t + 2(B* — 20) hm)2

5 5 Ou (6.3.6)
+4B%*r1n T + 832ta
the characteristic equations are,
dt dx du

8B AB’zInz  u(B% +4C2% — 40B% + 8B%D + 2B2Inz — 4CInz)’
We start by solving

dt B dx . dt B dx
8B2t 4B2rlnx 2t  xzlnz’

(6.3.7)
before we can integrate, we make the following substitution

1
v=lInz, dv=—dz,
x

thus equation (6.3.7) is written as,

dt_dv

2 v’
We now integrate the above equation to get M1tY/? = v, and finally we have

Inz

]\41151/2 =lnhx — Ml = m

63
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Then now we consider the second pair of equation from the characteristics equation

we computed earlier

dt du
8B2%t  u(B% +4C% — 4ACB% + 8B%D + 2B%Inz — 4CInz)’

This is then written as,

d
(B + 4C% — ACB% + 8B%D + 2B Inx — 4C Inx)dt /8B = —

<B_2+C_2_Q+D+ln_x_61nx) —du
8 2B2 2 41 2B2t

We now integrate equation (6.3.9) ,

BQt+C'2t C’t+Dt+1nxlnt clnxlnt+M |
_ — = Inwu.
8 ' 2B2 2 4 282 2

We solve for u,

B* C%* Ct
u=Myexp (S + 5 — 5+ D) (%%

Now we write M, as a function of M ,

Inx
My = ¢(My) = o(—=),
thus equation (6.3.10) can be written as,
¢<1naz> <B2t S Cc’t Ot Dt Inzint Clnxlnt)
u=¢(—)exp(— - :
/P Tapr T o 1 212
We now differentiate equation (6.3.12) with respect to t and x
(lnx)(—ln:c) <B2t+ C?t Ct+D Inzlnt
2t3/2 8 2B2 2 4
C’lnxlnt) + dex <32 N C?t Ct+Dt+lnxlnt
2B’ PR Tap T 2 1
Clnxlnt><32+ c? C+D+lnx clnx)
2B2 8 2B? 2 41 2B2t)’
(b,(lnx)( 1 ) (BQt+ C?t C’t+Dt+lnxlnt
’ux = E— — ] e _— _—
Vil \aos) TP Tapr T ) 4
C’lnavlnt)_st (th+ C?t C’t+Dt+1nz1nt
e — e —_— —_——
2B’ PR Tap T 2 1
Cln:z:lnt) Int C’lnt)
2B? 4r  2B%x
64
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y(Inxy /1 Bt C* Ct Inzint
“w:¢(7)(ﬁ) (5 gm0

Clhhzint ,nx s —1 Bt C* Ct
- ) O G e (gt

Inzlnt Clnxlnt ,Anz /02 Bt C*

T T T ) MW)(T\E) p(?*@

Ct Inzlnt Clnzlnt\ /Int Clnt B?*t 6.3.15
T PP T T T )(E_2B2x>+¢e’<p<? 0349
+C_2t B g+Dt+ Inzlnt Clnxlnt) (ln_t B Clnt>2

2B2 2 4 2B? 4r  2B%x
eXp(B_%+C_%_g+Dt+lnxlnt_Clnwlnt><—lnt

8 2B? 2 4 2B? 422

Clnt

232:152)

We substitute back into the Black Scholes equation (4.3.1) to obtain,

¢”(1634ﬂ> + ¢ (88415 Int — 16B% + 32B2Ct — 16B%Inz + 16Ct In t)

+ Vi <4B4t —16B2Ct + 16C% + 16C Inx — 4BY%Int + 8B2CtInt

(6.3.16)
+ B*(Int)* + 8B%Inx + 4Ctz Int(4C + B*Int) + 8Ctz(Int)?
—8B*Ctln t) = 0.
4. For the symmetry generator
X, =u((B*-2C)t+2In x)ﬁ + 2Bz (6.3.17)
ou oz’

the characteristics equation are;

ﬂ _dr du
0 2B%x u((B?-20)t+2Inz)

We separately solve

dt dx d
- = n
0 2B%z: -

dr du
2B2tr  u((B%—20)t+2Inx)’

Upon integration, equation (1), becomes t = M;, where M, is an integrating con-
stant. Similarly, we solve for equation (2) ,

((32 —20)t + ;;Qé)dx _ d—s,
( B*t 20t 21nx> du

_ dr = &
2B%tx  2B2%tx + 2Bty v uw’
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this can written as,
Inz Clnx . In 22
2 B? 2B2%t
We solve again to obtain,

+ Ms = Inwu.

Inz Clnx Inz?
M26Xp( > B Tapu

1 1 In 22
>:u0rM2:uexp(— nz Oz e )

> "TBT " Bm
Hence My = ¢(M;) = ¢(t), so the invariant solution is

Inz Clnx+lnx2)
2 B? 2B%t)°

We now differentiate u with respect to ¢t and z,

u = ¢(t) exp ( (6.3.18)

Inz Clnz Inx? Inz

w = & (t) exp < 5 IR 2th) + ¢(t) exp (T

Clnx+lnx2>( lnxz)
B2 2B2%t 2B22)’

ux:(b(t)exp(lnm_Clnx+lnx2><i_i+ lnx)
2 B2 2B%t) \2x B2z  B%*tx/’
. :¢(t)exp<lnm_Clnx+lnx2><i_£+ Inz >2
o 2 B2 2B%t/)\2x B?2x B?tx

i <lnx Cln$+lnx2>( 1 N C +(1—ln.91:)>
ex — - —
P\ T T T\ T 22 T B T B )

then we substitute back into the Black scholes equation (4.3.1) to get

() (lnx Clnx+lnx2>+¢(t)e (111:6 Clnx+lnx2)
X — X —
P\e " "B T 2B P\7e " "B T 2B

In 22 1 Inz Clnz Inz? 1 C
B Lefanen (BT (LG
< 2B2t2> B o) exp (3 52 "oy )\or T B

N Inz )2+¢(t) <lnx Clnx+lnx2)< 1 N C (1—1n:1:*)>]
Btx P\ T T T\ T 2w T B T B

Inz Clnz Inz? 1 C Inz
— CaBigg(o(t)exp (5 — s -5 )
xBigg(¢(t) exp 5 B2 T 2B2t) \2x B2z + B?tx
Inx Clnx+lnx2>>_0
9 B2 oB2t))

+D <¢(t) exp (
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We then simplify to obtain the following

- (i) 37l ) (e
+ )] = Ol 7 + o)
<_M>_EB%2[(L— C Inx C
2

- 2B2¢2 122 2822 | 2B%a? 2B
n C? Clhhz n Inz Chhz n In 22 > ( 1
B4x?2 B4tx?  2B2%tax? B%ta?  B42g2 212
C (1—Inx) 1 C Inx
_C <_ _ = ) D (6.3.19)
B2y2 + B2ta? )] v 2¢v B2z + B?tx +
In 22 B2 C Inz C C? Clhhze Inz

Y2 A R VR N Y= TR ST
Clnzx Inz> B> C (1-Inz) C C?

topy Topetd T2 o 2T
Clnzx

_ D

B T

B 2 1

_ C____Q+D

We now have the following equation from (6.3.19) ,

do B C? 1 C
L (T +om -5 -5+ D)t
& ( s Tom w2
We then obtain the following equation after integrating,
B* C*t 1 Ct
m¢p=—+— —=-Int— —+Dt+ K
nO=g top mphtm g T
K B* C*t Ct
= Zeap(S+ Sy — o+ D).
¢ \/ge‘”p<8 Top Tt

The invariant solution of X, is

K Inz Clnz Inz*> B* C* Ct
)= ( — _ = Dt). 6.3.20
wrt) = gem\ 5~ g Topyt g tam T2 T (6.3.20)
. For symmetry generator
X5 = u(t(B* +4C* — 4B*(1 + Ct — 2Dt)) + 4(B* — 20)tInz
(6.3.21)

+ 4(In x)Q)% + 832252% + 8B%*xIn x((%

the characteristics system of Xj is,
dt/8B*? = dx/8B%*xInz = duj/u(B*? + 4C?1? — 4B* — 4B%Ct? + 8B2Dt? + 4B%* Inx — 8CtInx + 4(In x)?)

which can be written in the same way as,

dt dx dt dx

= N =
8B2t2  8B%xlnx t rxlnz’
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and

dt du

8B2t2 (B2 + 4C%2 — 4Bt — 4B2Ct2 + 8B2Dt? + 4B2%tInz — 8CtInz + 4(Inz)?)’

Taking into account the first equation and making a substitution v = Inz, dv =
1

—dx,

x

We obtain the following,

1
M,+Int=Inv — Mjt=Inz —> M1=$.

Now, lets take a look at the second equation,

B> c* 1 C Inz Clnz (Inz)? du
- - _Zup )dt:—. 3.22
( 8 + 2B 2t 2 e 2t + B2t 2B%t2 U (6:3.22)
We then integrate to get,
B* C* Int Ct Inzlnt Clnxlnt (Inz)?
Stz oMt 2 p . M, =Inu (6.3.2
3 —1—232 5 5 + Dt + 5 + Iz 552 + My =Inu (6.3.23)
therefore,
Bt C?t Int Ct Inzlnt Clnzlnt (Inx)?
— M. (— e L o) - ) 3.24
mAReP Ty T T T T T T omr ) (6324

expressing M, as a function of Mj, we have that M, = ¢(M;) = ¢(™%), as a result,
equation (6.3.24) can be rewritten as,

u—(ﬁ(m—x)eaﬁ (B_Qt_i_C'_%_ln_t_@_i_Dt_'_lnxlnt_i_ Clnzlnt (lnx)Q)
SO\ )P U Tapr T o T 2 2 B2 2B )
(6.3.25)
We now differentiate u with respect to “t” and “z”,
Inx Inx B* C* Int Ct Inxint
= (—)) — — -+ - — — — — 4 Dt
e ¢<t>( tQ)eXp<8+2B2 ; 2 TP
ClnzInt (Inz)? Inx B C%* Int Ct
_ ne A
B? ) T (T m g g (6.3.26)
lnxlnt+01nx1nt_ (lnx)2><B_2+C’_2_i_g+D+ln_x o
2 B? 2B%t 8 2B2 2t 2 2t
Clnz (lnac)z)
B2t 2B2%t2 )
Inz, /1 B* C* Int Ot Inzint
—_ /_ - - —
ta = ¢S )<m)eXp< s "o 2 2 TP
Clnzlnt (Inz)? Inx B* C*t Int Ct
_ i S i 6.3.27
LT 23%) ¢(t)eXp(8 top g g (030

lnxlnt+Clnxlnt (lnx)2)<lnt Clnt lnx)

Dt - — -
+ + 2 B2 2B2¢ 2x + B2z B?tx
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hl_m)( 1) p(B_Qt C*t Int Ct Dt+lna:lnt

_ /! - - "
e = 9 ) 2,2 s Tap T2 T 2 2
n Clnzlnt (lnx)2> ¢,<lnx>< 1 ) <B2t C*t _ Int
B? 2B t t22) “P\g Top T

Ct Inzlnt Clnzlnt (Inz)? Inz /1
G Ty (L

2 + + 2 + B2 282t ¢< t ) tx
o (BQt n C?t B Int _ Ct L Diy Inzlnt n Clnzlnt
AT o T 2 T 2 B?

(Inz)?*\ /Int Clnt Inz ,nz /1 B?t
T
+C'2t_lnt_C’t+Dt+lnxlnt+C’lnxlnt_(lnx)z) o

2B2 2 2 2 B2 2B2%¢t
(lnt+C’1nt 1nx> (b<lnx)e (BQt+ C?*t  Int
= _ S Nexp (22 20 0

20 | Blr  Bltx ¢ P\ Tapr T
_Ct LD+ InzInt N Clnzlnt (1na:)2> (ln_t N Clnt

2 2 B2 282t 2x B2y

Inz )2 (Mlnx)e <32t+ C?*t Int Ct Dt+lnxlnt
_ S Nexp (22 2 0 0 0

Btz ¢ P T Tapgr T Ty T 2

N Clnzlnt (lnx)2)<_ Int  Clnt N Inz )
B? 2B%t 222 B%rx?  B?ta?)’

Now we substitute into the Black Scholes-equation (4.3.1) and divide by exp (B%t

+ G _Iot_ Gty pp loslnt | Cloglot (;;?f) to obtain,
Inz Inx Inz. /B? C? 1 C Inzx
/
TN bl Y (B T § O Rt
qb(t)( t2> ¢<t><8+232 2t 2+ +2t
Clnz (Inx)? , nz. /B2 ,Inz B? ., Inx s Bx
o tame) T (5e) HOCO(- 5) TG ()
<lnt n Clnt  Inz > +¢,(1n:p)<32x) <1nt n Clnt lnx)
21 B2x B?tx t 2t 2x B2y B?tx
+¢<lnx)<1nt Clnt Inz >2<32x2> +¢(1na:)<_ Int B Clnt
202 B2g2

t \2z "B T B 2 t
Inz B2z? ,nz /C Inz /Int Clnt Inzx
) (5) +0 () oG B )
1
Oz — DH(—E) = 0

t (6.3.29)
which is then written as,
¢"(4B*) + ¢/(—4B* + 8B*Ct + 4B*tInt — 16B*Inz + 8B*CtInt)
+ ¢(—8B?*t + B** — 4B%ct* + 4c*t* + 8tclnz — 2B** Int + 4B%*ct* Int (6.3.30)
+ B**(Int)? + 8B* Inx — 8ctlnz — 4B%* IntInz + 8(Inx)? + 4t Int(2ct '
+ B*Int — 2Inx) + 8Ct?z(Int)? — 4CB**Int = 0.
Note that operators X4 and X, do not provide invariant solutions because X4 and
Xy are independent of the variables ¢ and x.
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7 Conclusion

The research began with a study of the Black Scholes equation, which included a deriva-
tion from basic principles (a derivation that does not require pre-knowledge in calculus).
Then the Adomian Decomposition Method was then introduced as a method for solving
first-order differential equations. The research also shows an unpopular basis (computed
using SYM) that spans the Lie algebra of symmetries of the Black-Scholes equation.
Lastly, we determined the invariant solutions of the Black Scholes equation and the Heat
equation.

For future work, we will construct the optimal system of invariant solutions of the Black
scholes equations and also study the practical and theoretical implications of the optimal
system.
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