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Abstract: This article demonstrates the feasibility of including simple reagent addition models
in an existing observable dynamic model of a froth flotation circuit. The existing model has
full state observability and parameter identifiability using measurements that are commonly
available on flotation circuits. This article qualitatively evaluates the possible impact of varying
frother dosage on the model parameters. A Sobol sensitivity analysis indicates that the air
recovery model parameters are most influential in the determination of grade and recovery.
The model is expanded with two different reagent effect models. Both expansions include mass
balance models of the frother concentration in each cell. The first model expands an empirical
parameter in the air recovery model, related to the froth height at which peak air recovery
(PAR) is achieved, as a linear function of frother concentration. The second model adds a linear
frother concentration term to the existing air recovery model to modify the steady-state air
recovery directly. Observability analyses of the expanded models show that all states and the
important time-varying model parameters are observable (and identifiable) from the available
on-line measurements. Most importantly, the frother concentrations are shown to be observable
without concentration measurements. Simulations of the model expansions show that the second
model can qualitatively predict the impact of increased frother dosage on air recovery, grade,
and recovery, while the first model can only predict the correct effect under certain conditions.

Keywords: Froth flotation, frother, observability, Sobol sensitivity analysis, reagent model

1. INTRODUCTION

Significant research effort has been dedicated to under-
stand and control flotation since its development in the
1890s as a mineral separation technique. The scale of
flotation utilisation means that even slight improvements
in efficiency could have a large impact on the global
minerals processing industry (Quintanilla et al., 2021a).
Of the operating parameters involved in flotation circuits,
the reagents and their dosages are especially important
(Harris et al., 2013). Reagents affect true flotation, en-
trainment, and froth stability significantly, even though
they are typically added in very small quantities. These
phenomena are commonly identified in literature as the
most important mechanisms that determine grade and
recovery (Oosthuizen et al., 2021; Quintanilla et al., 2021a;
Steyn and Sandrock, 2021; Wills and Finch, 2015).

Recent models specifically aim at the development of
model-based control strategies for the flotation process
(Oosthuizen et al., 2021; Quintanilla et al., 2021a; Steyn
and Sandrock, 2021; Shean et al., 2018). The control of
froth flotation is especially challenging due to severely
limited process measurements (Oosthuizen et al., 2017;
Shean and Cilliers, 2011) and complex interactions in the
flotation process which are not yet fully understood, such
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as the dynamics in the froth phase (Quintanilla et al.,
2021b). In this regard, the model developed by Oosthuizen
et al. (2021) is especially promising. By developing a semi-
mechanistic model with observable states and parameters
that are identifiable from typically available on-line mea-
surements, poorly understood processes do not need to
be modelled phenomenologically. Instead, state-estimation
can update the parameters in real time to expand the long-
term accuracy and operating range of the model (Oost-
huizen et al., 2021).

A model-based control strategy that includes reagent ad-
dition as a manipulated variable (MV) requires explicit
modelling of reagent effects – which is not included in
the Oosthuizen et al. (2021) model. According to the
knowledge of the authors, the explicit modelling of reagent
effects are also not available in other recently developed
dynamic models (Quintanilla et al., 2021a; Steyn and San-
drock, 2021). Furthermore, only a handful of older models
include such considerations to a some degree (Casali et al.,
2002; Hodouin et al., 2000; Maldonado et al., 2010; Putz
and Cipriano, 2015).

The purpose of this work is to expand on the utility of the
Oosthuizen et al. (2021) by adding simple reagent addition
models to it for use in model-based control strategies.
Only a brief overview of the model by Oosthuizen et al.
(2021) is given, with an emphasis on which parameters
could be affected by changing reagent concentrations. For
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1890s as a mineral separation technique. The scale of
flotation utilisation means that even slight improvements
in efficiency could have a large impact on the global
minerals processing industry (Quintanilla et al., 2021a).
Of the operating parameters involved in flotation circuits,
the reagents and their dosages are especially important
(Harris et al., 2013). Reagents affect true flotation, en-
trainment, and froth stability significantly, even though
they are typically added in very small quantities. These
phenomena are commonly identified in literature as the
most important mechanisms that determine grade and
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Steyn and Sandrock, 2021; Wills and Finch, 2015).

Recent models specifically aim at the development of
model-based control strategies for the flotation process
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and Sandrock, 2021; Shean et al., 2018). The control of
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limited process measurements (Oosthuizen et al., 2017;
Shean and Cilliers, 2011) and complex interactions in the
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as the dynamics in the froth phase (Quintanilla et al.,
2021b). In this regard, the model developed by Oosthuizen
et al. (2021) is especially promising. By developing a semi-
mechanistic model with observable states and parameters
that are identifiable from typically available on-line mea-
surements, poorly understood processes do not need to
be modelled phenomenologically. Instead, state-estimation
can update the parameters in real time to expand the long-
term accuracy and operating range of the model (Oost-
huizen et al., 2021).

A model-based control strategy that includes reagent ad-
dition as a manipulated variable (MV) requires explicit
modelling of reagent effects – which is not included in
the Oosthuizen et al. (2021) model. According to the
knowledge of the authors, the explicit modelling of reagent
effects are also not available in other recently developed
dynamic models (Quintanilla et al., 2021a; Steyn and San-
drock, 2021). Furthermore, only a handful of older models
include such considerations to a some degree (Casali et al.,
2002; Hodouin et al., 2000; Maldonado et al., 2010; Putz
and Cipriano, 2015).

The purpose of this work is to expand on the utility of the
Oosthuizen et al. (2021) by adding simple reagent addition
models to it for use in model-based control strategies.
Only a brief overview of the model by Oosthuizen et al.
(2021) is given, with an emphasis on which parameters
could be affected by changing reagent concentrations. For

Observable Dynamic Models of Reagent
Effects for Model-based Froth Flotation

Control �

Jaco-Louis Venter ∗ Johan D. Le Roux ∗,1 Ian K. Craig ∗

∗ Department of Electrical, Electronic and Computer Engineering,
University of Pretoria, Pretoria, South Africa.

Abstract: This article demonstrates the feasibility of including simple reagent addition models
in an existing observable dynamic model of a froth flotation circuit. The existing model has
full state observability and parameter identifiability using measurements that are commonly
available on flotation circuits. This article qualitatively evaluates the possible impact of varying
frother dosage on the model parameters. A Sobol sensitivity analysis indicates that the air
recovery model parameters are most influential in the determination of grade and recovery.
The model is expanded with two different reagent effect models. Both expansions include mass
balance models of the frother concentration in each cell. The first model expands an empirical
parameter in the air recovery model, related to the froth height at which peak air recovery
(PAR) is achieved, as a linear function of frother concentration. The second model adds a linear
frother concentration term to the existing air recovery model to modify the steady-state air
recovery directly. Observability analyses of the expanded models show that all states and the
important time-varying model parameters are observable (and identifiable) from the available
on-line measurements. Most importantly, the frother concentrations are shown to be observable
without concentration measurements. Simulations of the model expansions show that the second
model can qualitatively predict the impact of increased frother dosage on air recovery, grade,
and recovery, while the first model can only predict the correct effect under certain conditions.

Keywords: Froth flotation, frother, observability, Sobol sensitivity analysis, reagent model

1. INTRODUCTION

Significant research effort has been dedicated to under-
stand and control flotation since its development in the
1890s as a mineral separation technique. The scale of
flotation utilisation means that even slight improvements
in efficiency could have a large impact on the global
minerals processing industry (Quintanilla et al., 2021a).
Of the operating parameters involved in flotation circuits,
the reagents and their dosages are especially important
(Harris et al., 2013). Reagents affect true flotation, en-
trainment, and froth stability significantly, even though
they are typically added in very small quantities. These
phenomena are commonly identified in literature as the
most important mechanisms that determine grade and
recovery (Oosthuizen et al., 2021; Quintanilla et al., 2021a;
Steyn and Sandrock, 2021; Wills and Finch, 2015).

Recent models specifically aim at the development of
model-based control strategies for the flotation process
(Oosthuizen et al., 2021; Quintanilla et al., 2021a; Steyn
and Sandrock, 2021; Shean et al., 2018). The control of
froth flotation is especially challenging due to severely
limited process measurements (Oosthuizen et al., 2017;
Shean and Cilliers, 2011) and complex interactions in the
flotation process which are not yet fully understood, such

� This work is based on research supported in part by the National
Research Foundation of South Africa (Grant Number: 137769)
1 Corresponding author, E-mail: derik.leroux@up.ac.za
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et al. (2021) is especially promising. By developing a semi-
mechanistic model with observable states and parameters
that are identifiable from typically available on-line mea-
surements, poorly understood processes do not need to
be modelled phenomenologically. Instead, state-estimation
can update the parameters in real time to expand the long-
term accuracy and operating range of the model (Oost-
huizen et al., 2021).

A model-based control strategy that includes reagent ad-
dition as a manipulated variable (MV) requires explicit
modelling of reagent effects – which is not included in
the Oosthuizen et al. (2021) model. According to the
knowledge of the authors, the explicit modelling of reagent
effects are also not available in other recently developed
dynamic models (Quintanilla et al., 2021a; Steyn and San-
drock, 2021). Furthermore, only a handful of older models
include such considerations to a some degree (Casali et al.,
2002; Hodouin et al., 2000; Maldonado et al., 2010; Putz
and Cipriano, 2015).

The purpose of this work is to expand on the utility of the
Oosthuizen et al. (2021) by adding simple reagent addition
models to it for use in model-based control strategies.
Only a brief overview of the model by Oosthuizen et al.
(2021) is given, with an emphasis on which parameters
could be affected by changing reagent concentrations. For
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et al. (2021) is especially promising. By developing a semi-
mechanistic model with observable states and parameters
that are identifiable from typically available on-line mea-
surements, poorly understood processes do not need to
be modelled phenomenologically. Instead, state-estimation
can update the parameters in real time to expand the long-
term accuracy and operating range of the model (Oost-
huizen et al., 2021).

A model-based control strategy that includes reagent ad-
dition as a manipulated variable (MV) requires explicit
modelling of reagent effects – which is not included in
the Oosthuizen et al. (2021) model. According to the
knowledge of the authors, the explicit modelling of reagent
effects are also not available in other recently developed
dynamic models (Quintanilla et al., 2021a; Steyn and San-
drock, 2021). Furthermore, only a handful of older models
include such considerations to a some degree (Casali et al.,
2002; Hodouin et al., 2000; Maldonado et al., 2010; Putz
and Cipriano, 2015).

The purpose of this work is to expand on the utility of the
Oosthuizen et al. (2021) by adding simple reagent addition
models to it for use in model-based control strategies.
Only a brief overview of the model by Oosthuizen et al.
(2021) is given, with an emphasis on which parameters
could be affected by changing reagent concentrations. For

Observable Dynamic Models of Reagent
Effects for Model-based Froth Flotation

Control �

Jaco-Louis Venter ∗ Johan D. Le Roux ∗,1 Ian K. Craig ∗

∗ Department of Electrical, Electronic and Computer Engineering,
University of Pretoria, Pretoria, South Africa.

Abstract: This article demonstrates the feasibility of including simple reagent addition models
in an existing observable dynamic model of a froth flotation circuit. The existing model has
full state observability and parameter identifiability using measurements that are commonly
available on flotation circuits. This article qualitatively evaluates the possible impact of varying
frother dosage on the model parameters. A Sobol sensitivity analysis indicates that the air
recovery model parameters are most influential in the determination of grade and recovery.
The model is expanded with two different reagent effect models. Both expansions include mass
balance models of the frother concentration in each cell. The first model expands an empirical
parameter in the air recovery model, related to the froth height at which peak air recovery
(PAR) is achieved, as a linear function of frother concentration. The second model adds a linear
frother concentration term to the existing air recovery model to modify the steady-state air
recovery directly. Observability analyses of the expanded models show that all states and the
important time-varying model parameters are observable (and identifiable) from the available
on-line measurements. Most importantly, the frother concentrations are shown to be observable
without concentration measurements. Simulations of the model expansions show that the second
model can qualitatively predict the impact of increased frother dosage on air recovery, grade,
and recovery, while the first model can only predict the correct effect under certain conditions.

Keywords: Froth flotation, frother, observability, Sobol sensitivity analysis, reagent model

1. INTRODUCTION

Significant research effort has been dedicated to under-
stand and control flotation since its development in the
1890s as a mineral separation technique. The scale of
flotation utilisation means that even slight improvements
in efficiency could have a large impact on the global
minerals processing industry (Quintanilla et al., 2021a).
Of the operating parameters involved in flotation circuits,
the reagents and their dosages are especially important
(Harris et al., 2013). Reagents affect true flotation, en-
trainment, and froth stability significantly, even though
they are typically added in very small quantities. These
phenomena are commonly identified in literature as the
most important mechanisms that determine grade and
recovery (Oosthuizen et al., 2021; Quintanilla et al., 2021a;
Steyn and Sandrock, 2021; Wills and Finch, 2015).

Recent models specifically aim at the development of
model-based control strategies for the flotation process
(Oosthuizen et al., 2021; Quintanilla et al., 2021a; Steyn
and Sandrock, 2021; Shean et al., 2018). The control of
froth flotation is especially challenging due to severely
limited process measurements (Oosthuizen et al., 2017;
Shean and Cilliers, 2011) and complex interactions in the
flotation process which are not yet fully understood, such

� This work is based on research supported in part by the National
Research Foundation of South Africa (Grant Number: 137769)
1 Corresponding author, E-mail: derik.leroux@up.ac.za

as the dynamics in the froth phase (Quintanilla et al.,
2021b). In this regard, the model developed by Oosthuizen
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2021b). In this regard, the model developed by Oosthuizen
et al. (2021) is especially promising. By developing a semi-
mechanistic model with observable states and parameters
that are identifiable from typically available on-line mea-
surements, poorly understood processes do not need to
be modelled phenomenologically. Instead, state-estimation
can update the parameters in real time to expand the long-
term accuracy and operating range of the model (Oost-
huizen et al., 2021).

A model-based control strategy that includes reagent ad-
dition as a manipulated variable (MV) requires explicit
modelling of reagent effects – which is not included in
the Oosthuizen et al. (2021) model. According to the
knowledge of the authors, the explicit modelling of reagent
effects are also not available in other recently developed
dynamic models (Quintanilla et al., 2021a; Steyn and San-
drock, 2021). Furthermore, only a handful of older models
include such considerations to a some degree (Casali et al.,
2002; Hodouin et al., 2000; Maldonado et al., 2010; Putz
and Cipriano, 2015).

The purpose of this work is to expand on the utility of the
Oosthuizen et al. (2021) by adding simple reagent addition
models to it for use in model-based control strategies.
Only a brief overview of the model by Oosthuizen et al.
(2021) is given, with an emphasis on which parameters
could be affected by changing reagent concentrations. For

the purpose of this study, only the effect of collectors and
frothers are considered. These are the two most common
reagent types (Wills and Finch, 2015) and their impact is
often studied experimentally, albeit in most cases without
the development of an accompanying model (Casali et al.,
2002; Finch et al., 2008; Maldonado et al., 2010; Putz and
Cipriano, 2015; Wang et al., 2017; Wiese et al., 2011).

A Sobol sensitivity analysis is used to identify the most
important parameters for grade and recovery prediction.
Guided by the sensitivity results, two model expansions
of the air recovery model in Oosthuizen et al. (2021)
are proposed. Their state observability and parameter
identifiability (Villaverde et al., 2019) are analysed given
measurements generally available at a flotation plant.
Qualitative simulations are used to judge how appropriate
the expansions are.

2. EXISTING MODELLING FRAMEWORK

2.1 Model Description

Oosthuizen et al. (2021) models each mechanical cell
(subscript k), and hopper (subscript H) in a flotation
bank (see Fig. 1) individually, and considers any number
of mineral species (superscript i) and mineral classes
(superscript j). The cell and hopper levels (Lk and LH)
are modelled using simple volume balances with the initial
volumetric feed (QF1

) considered a measured disturbance
and the tailings flow-rates (QTk

), and hopper outflow (QH)
taken as MVs.

The concentrate volumetric flow-rate (QCk
) is calculated

from the superficial gas velocity (Jgk), air recovery (αk),
top of froth bubble size (DBFk

), and fluid properties using
the model developed by Neethling and Cilliers (2003). The
model makes use of the Plateau border drag coefficient
(CPB), which is one of the parameters Oosthuizen et al.
(2021) estimates from the plant measurements.

The mineral masses in the cells (M i,j
k ), are modelled using

simple mass balances that assume a well-mixed pulp phase.
The mass flow-rates leaving a cell in the concentrate (Ṁ i,j

Ck
)

are calculated as

Ṁ i,j
Ck

= Ki,jM i,j
k Sbkαk + Enti,jFrac

M i,j
k

LkAk
QCk

, (1)

where Ak is the cell cross-sectional area, Ki,j is the
flotation rate constant and the bubble surface area flux
(Sbk) is

Sbk = 6
Jgk

DBPk

. (2)

Oosthuizen et al. (2021) takes the pulp bubble diameter
(DBPk

) as a constant parameter with value 0.6 mm.

The second term in (1) quantifies recovery via entrain-
ment using a simplified version of the entrainment fac-
tor (Enti,jFrac) model developed by Neethling and Cilliers
(2009). The entrainment depends on the minimum and
maximum particle diameters of all modelled particle sizes
(dp,min and dp,max), the fluid properties (including CPB),
αk, Jgk , and froth height (hfk). The froth height is taken
as the difference between the cell depth (Hcell) and Lk.

The top of froth bubble size and air recovery are modelled
as

dDBFk

dt
=

KBSJg
Jgk +KBSλ

λairk −DBFk

λairk

, (3)

dαk

dt
=
KαJg

(
Jgk −K0,αJg

)2

λairk

+
Kαhf

(
hf,k −K0,αhf

)2 − αk

λairk

,

(4)

where λairk is a measure of the froth residence time

λairk =
hfk

Jgk
. (5)

The parameters KBSJg
, KBSλ

, KαJg
, Kαhf

, K0,αJg
, and

K0,αhf
characterise the effects of Jgk and λairk (alterna-

tively hfk) on DBFk
and αk. The values of KαJg

and
Kαhf

are fitted to steady-state experimental data, and are

assumed to remain constant. It is known that changes in
both hfk and Jgk result in peaks in air recovery (PAR)
(Hadler et al., 2012). Oosthuizen et al. (2021) models this
behaviour with inverted parabolas in (4). The K0,αJg

, and
K0,αhf

parameters correspond to the values of Jgk and hfk
for which PAR is achieved.

Along with CPB and Ki,j , the parameters KBSJg
, KBSλ

,
K0,αJg

, and K0,αhf
are to be estimated from the available

on-line measurements: Lk, LH , DBFk
, αk, hopper grade

(GH), total mass flow from the hopper (ṀTot
H ), total final

tailings mass flow-rate (ṀTot
Tf

), and the final tailings grade

(GT ).

2.2 Impact of Reagents

Collectors are used to preferentially enhance the floata-
bility of the desired mineral, but can also increase the
floatability of gangue if used in excess (Wills and Finch,
2015). Wiese et al. (2011) have shown that changes in
bubble loading due to collector variations can also have
an impact on froth stability. However, for this study the
collector concentration is assumed to mainly impact the
floatability rate constants, Ki,j .

Frother addition is aimed at reducing the pulp bubble
size and improving froth formation and stability (Harris
et al., 2013; Wills and Finch, 2015). Increasing the frother
dosage only reduces DBPk

up to a point known as the
critical coalescence concentration (CCC), beyond which
DBPk

remains a function of the aeration rate and disper-
sion mechanism (Finch et al., 2008; Harris et al., 2013;
Wills and Finch, 2015). While the frother dosage typically
surpasses the CCC (Harris et al., 2013), and DBPk

is not
expected to vary much, it is included in the sensitivity
analysis in Section 3 for completeness.

The effects of frother dosage on froth stability would
likely be modelled best as part of the DBFk

and αk state
equations (see (3) and (4)), as these states are related
to the rates of bubble coalescence, bursting and froth
structure (Oosthuizen et al., 2021). Unfortunately, due
to the empirical nature of some of the parameters in
these equations (KBSJg

, KBSλ
, KαJg

, Kαhf
, K0,αJg

and

K0,αhf
) and the lack of experimental data with varying

reagent dosages for the simulated circuit, it is difficult to
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determine which of these parameters would change with
reagent concentration and to what extent.

The Plateau border drag coefficient is also considered.
Together with DBFk

and αk, CPB plays a role in determin-
ing the water recovery, QCk

, and entrainment of particles
(Neethling and Cilliers, 2009; Oosthuizen et al., 2021).
For the purpose of this study, CPB will be considered in
the sensitivity analysis as being affected by the frother
concentration.

3. SENSITIVITY ANALYSIS

The Sobol sensitivity analysis is a global variance-based
sensitivity analysis method that quantifies the relative
contribution of the variance in each input factor, Xi, to
the total variance in the model output Y (Saltelli et al.,
2010). The contribution is quantified by first-order and
total sensitivity indexes (Si and STi). The value of Si is the
fraction of the variance in Y that can be attributed to the
variation of Xi alone, while STi is the fraction of variance
in Y that can be attributed to any joint factor variation
that includes Xi (Saltelli et al., 2010). The indexes are
given as

Si =
VXi (EX∼i (Y |Xi))

V(Y )
, (6)

STi =
EX∼i (VXi (Y |X∼i))

V(Y )
, (7)

where E and V respectively denote the expected value
and variance operators, and X∼i denotes the matrix of
all factors except for Xi. The VXi

(EX∼i
(Y |Xi)) term

in (6) is the variance in the mean of Y , with all factors
except Xi varied, taken over the entire range of Xi. The
EX∼i

(VXi
(Y |X∼i)) term in (7) is the expected variance

of Y , with all factors except Xi fixed. Saltelli et al.
(2010) discuss how each of these sensitivity indexes can
be calculated from function evaluations in a Monte-Carlo
simulation and the use of the Sobol sequence, a low-
discrepancy quasi-random sampling method that aims to
sample the input factor space more completely.

The parameters considered as input factors, their nominal
values and sensitivity indexes for steady-state grade and
recovery are summarised in Table 1. Only two mineral
groups were considered: the desired mineral, {0, 0}, and
gangue, {1, 0}. Ideally, each parameter should be varied
over the full range that can be achieved by varying the
reagent concentrations by a given amount. In the absence
of data on parameter values over a larger operating range
or other reagent concentrations, it is very difficult to spec-
ify realistic ranges over which to carry out the sensitivity
analysis. For the purpose of the current study, aimed at
showing the feasibility of this approach, the parameters
were all allowed to vary by 10 % of their nominal value,
based on plant data in Hadler et al. (2010).

There is a large difference in the concentrations of the
desired mineral and gangue (typically the desired mineral
mass fraction in a cell is less than about 0.015). The desired
mineral floatability constant (K0,0) is also much larger
than that of the gangue (K1,0). These factors result in
true flotation dominating the recovery of desired mineral
in the concentrate (Ṁ0,0

Ck
) and entrainment dominating the

mass flow rate of gangue in the concentrate (Ṁ1,0
Ck

). As

the recovery is mostly determined by true flotation, it is
expected to be sensitive only to factors that influence true
flotation. The grade will additionally be influenced by all
factors that have an impact on entrainment.

According to Table 1, the parameter with the highest
sensitivity for both grade and recovery determination is
K0,αhf

, followed by K0,αJg
. This implies that air recovery

is probably the dominating factor in the water recovery,
entrainment and flotation models. While CPB ,KBSJg

, and
KBSλ

were the next most important for grade, they had
no real impact on recovery as they only affect entrain-
ment directly. The grade sensitivity towards CPB warrants
future investigation into the impact reagents might have
on this parameter. The sensitivity indexes for K1,0, KαJg

and Kαhf
were small enough to justify assuming constant

values for these parameters.

4. FROTHER MODEL

The model of Oosthuizen et al. (2021) is expanded in
Sections 4.1 and 4.2 to explicitly account for reagent
effects. The observability and identifiability of the model
expansions were evaluated by calculating the rank of the
observability matrix (O) for a linearised version of the
model with parameters considered constant state variables
(Villaverde et al., 2019). This is a sufficient (although not
necessary) condition for the observability of a non-linear
system (Hermann and Krener, 1977). Although not used
in the observability analysis by Oosthuizen et al. (2021),

the frother addition rate to the first cell (Ṁf
F1
) is assumed

to be measured on-line and will be used in the current
observability analysis. The manipulated variables are: Jgk ,

QTk
, QH and Ṁf

F1
. The available measurements are: Lk,

LH , DBFk
, αk, GH , ṀTot

H , GT , and ṀTot
Tf

.

The frother mass in each cell (Mf
k ) was modelled using

simple mass balances

dMf
k

dt
= Ṁf

Fk
− Cf

k (QTk
+QCk

), (8)

where the frother mass in-flow rate (Ṁf
Fk
) will typically

be the out-flow rate from the previous cell. The exception

is the first cell in the bank, where Ṁf
F1

is an additional
MV. This assumes that the frother leaves the cell in the
concentrate and tailings based on the concentration in the

pulp, Cf
k , which is

Table 1. Sensitivity indexes (in percentage)

Parameter Nominal value
Grade Recovery
S1 ST S1 ST

CPB 12.0 13.0 13.4 0.0 0.0
DBPk

0.6 mm 0.9 1.2 5.1 5.1
K0,0 2.3 1.5 1.7 5.0 5.1
K1,0 2.14× 10� 4 0.0 0.0 0.0 0.0
K0,αJg

8.42 23.3 23.7 14.5 16.7

K0,αhf
94.9 49.3 49.8 70.7 74.6

KαJg
−1.9× 10� 2 0.1 0.4 0.8 0.4

Kαhf
−1.0× 10� 4 0.9 1.2 1.8 2.5

KBSJg
0.067 6.2 6.7 0.0 0.0

KBSλ
0.032 3.4 3.4 0.0 0.0
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determine which of these parameters would change with
reagent concentration and to what extent.

The Plateau border drag coefficient is also considered.
Together with DBFk

and αk, CPB plays a role in determin-
ing the water recovery, QCk

, and entrainment of particles
(Neethling and Cilliers, 2009; Oosthuizen et al., 2021).
For the purpose of this study, CPB will be considered in
the sensitivity analysis as being affected by the frother
concentration.

3. SENSITIVITY ANALYSIS

The Sobol sensitivity analysis is a global variance-based
sensitivity analysis method that quantifies the relative
contribution of the variance in each input factor, Xi, to
the total variance in the model output Y (Saltelli et al.,
2010). The contribution is quantified by first-order and
total sensitivity indexes (Si and STi). The value of Si is the
fraction of the variance in Y that can be attributed to the
variation of Xi alone, while STi is the fraction of variance
in Y that can be attributed to any joint factor variation
that includes Xi (Saltelli et al., 2010). The indexes are
given as

Si =
VXi (EX∼i (Y |Xi))

V(Y )
, (6)

STi =
EX∼i (VXi (Y |X∼i))

V(Y )
, (7)

where E and V respectively denote the expected value
and variance operators, and X∼i denotes the matrix of
all factors except for Xi. The VXi

(EX∼i
(Y |Xi)) term

in (6) is the variance in the mean of Y , with all factors
except Xi varied, taken over the entire range of Xi. The
EX∼i

(VXi
(Y |X∼i)) term in (7) is the expected variance

of Y , with all factors except Xi fixed. Saltelli et al.
(2010) discuss how each of these sensitivity indexes can
be calculated from function evaluations in a Monte-Carlo
simulation and the use of the Sobol sequence, a low-
discrepancy quasi-random sampling method that aims to
sample the input factor space more completely.

The parameters considered as input factors, their nominal
values and sensitivity indexes for steady-state grade and
recovery are summarised in Table 1. Only two mineral
groups were considered: the desired mineral, {0, 0}, and
gangue, {1, 0}. Ideally, each parameter should be varied
over the full range that can be achieved by varying the
reagent concentrations by a given amount. In the absence
of data on parameter values over a larger operating range
or other reagent concentrations, it is very difficult to spec-
ify realistic ranges over which to carry out the sensitivity
analysis. For the purpose of the current study, aimed at
showing the feasibility of this approach, the parameters
were all allowed to vary by 10 % of their nominal value,
based on plant data in Hadler et al. (2010).

There is a large difference in the concentrations of the
desired mineral and gangue (typically the desired mineral
mass fraction in a cell is less than about 0.015). The desired
mineral floatability constant (K0,0) is also much larger
than that of the gangue (K1,0). These factors result in
true flotation dominating the recovery of desired mineral
in the concentrate (Ṁ0,0

Ck
) and entrainment dominating the

mass flow rate of gangue in the concentrate (Ṁ1,0
Ck

). As

the recovery is mostly determined by true flotation, it is
expected to be sensitive only to factors that influence true
flotation. The grade will additionally be influenced by all
factors that have an impact on entrainment.

According to Table 1, the parameter with the highest
sensitivity for both grade and recovery determination is
K0,αhf

, followed by K0,αJg
. This implies that air recovery

is probably the dominating factor in the water recovery,
entrainment and flotation models. While CPB ,KBSJg

, and
KBSλ

were the next most important for grade, they had
no real impact on recovery as they only affect entrain-
ment directly. The grade sensitivity towards CPB warrants
future investigation into the impact reagents might have
on this parameter. The sensitivity indexes for K1,0, KαJg

and Kαhf
were small enough to justify assuming constant

values for these parameters.

4. FROTHER MODEL

The model of Oosthuizen et al. (2021) is expanded in
Sections 4.1 and 4.2 to explicitly account for reagent
effects. The observability and identifiability of the model
expansions were evaluated by calculating the rank of the
observability matrix (O) for a linearised version of the
model with parameters considered constant state variables
(Villaverde et al., 2019). This is a sufficient (although not
necessary) condition for the observability of a non-linear
system (Hermann and Krener, 1977). Although not used
in the observability analysis by Oosthuizen et al. (2021),

the frother addition rate to the first cell (Ṁf
F1
) is assumed

to be measured on-line and will be used in the current
observability analysis. The manipulated variables are: Jgk ,

QTk
, QH and Ṁf

F1
. The available measurements are: Lk,

LH , DBFk
, αk, GH , ṀTot

H , GT , and ṀTot
Tf

.

The frother mass in each cell (Mf
k ) was modelled using

simple mass balances

dMf
k

dt
= Ṁf

Fk
− Cf

k (QTk
+QCk

), (8)

where the frother mass in-flow rate (Ṁf
Fk
) will typically

be the out-flow rate from the previous cell. The exception

is the first cell in the bank, where Ṁf
F1

is an additional
MV. This assumes that the frother leaves the cell in the
concentrate and tailings based on the concentration in the

pulp, Cf
k , which is

Table 1. Sensitivity indexes (in percentage)

Parameter Nominal value
Grade Recovery
S1 ST S1 ST

CPB 12.0 13.0 13.4 0.0 0.0
DBPk

0.6 mm 0.9 1.2 5.1 5.1
K0,0 2.3 1.5 1.7 5.0 5.1
K1,0 2.14× 10� 4 0.0 0.0 0.0 0.0
K0,αJg

8.42 23.3 23.7 14.5 16.7

K0,αhf
94.9 49.3 49.8 70.7 74.6

KαJg
−1.9× 10� 2 0.1 0.4 0.8 0.4

Kαhf
−1.0× 10� 4 0.9 1.2 1.8 2.5

KBSJg
0.067 6.2 6.7 0.0 0.0

KBSλ
0.032 3.4 3.4 0.0 0.0

Cf
k =

Mf
k

LkAk
. (9)

As the most influential parameters identified in the sen-
sitivity analysis (K0,αhf

and K0,αJg
) are primarily influ-

enced by the frother, the collector concentrations were not
modelled.

4.1 Model Expansion 1 (ME1)

At first a simple linear expansion

K0,αhf ,k = KCFC
f
k +KCF,0, (10)

of the most important parameter, K0,αhf
, was investi-

gated. Here KCF quantifies the impact of Cf
k on K0,αhf

and KCF,0 is the value of K0,αhf
when the frother concen-

tration is 0.

If KCF,0 is assumed to be constant, all states (including

frother concentrations (Cf
k )) are observable and all esti-

mated parameters (CPB , K
i,j , K0,αJg

, KBSJg
, KBSλ

, and

KCF ) are identifiable from the available measurements
and known MVs.

4.2 Model Expansion 2 (ME2)

A more appropriate expansion (which considers process
knowledge) modifies the steady-state value of αk by adding

KFα(C
f
k −KFα,0) to the numerator of (4)

dαk

dt
=
KαJg

(
Jgk −K0,αJg

)2

+Kαhf

(
hf,k −K0,αhf

)2

λairk

+
KFα(C

f
k −KFα,0)− αk

λairk

.

(11)

The frother concentrations (Cf
k ) remain observable and

both of the additional parameters (KFα and KFα,0) are
identifiable in addition to the original parameters (CPB ,
Ki,j , K0,αJg

, KBSJg
, and KBSλ

). While it is unlikely that
the effect of concentration on the steady-state air recovery
would actually be linear, real-time parameter estimation
could update this simple model to track the operating
region of the system.

The fact that modelled frother concentrations are observ-
able implies that such concentrations can be estimated
without any concentration measurements. This is very
promising as reagent concentrations in flotation plants are
notoriously difficult to measure and on-line reagent con-
centration measuring techniques have yet to be developed
(Gélinas and Finch, 2007; Maldonado et al., 2010). While
Knight and Knights (2011) report some success with an
on-line xanthate probe measuring the residual collector
concentration, any such probe has yet to reach the market.
The lack of such measurements makes any control strategy
involving reagents very challenging. With concentration
estimates, it is possible to include frother addition rate
into a model-based control strategy.

Grade 

Recovery

Hopper

Air

 

Fig. 1. Four-cell rougher circuit, described in Hadler et al.
(2010), adapted from Oosthuizen et al. (2021). Green:
manipulated variables. Blue: measured variables. Or-
ange: variables not measured. Purple: intermediate
variables.

5. SIMULATION

5.1 Simulation Set-up

The expanded models of Sections 4.1 and 4.2 were simu-
lated using the variable values in Oosthuizen et al. (2021),
as summarised in Table 2 and Table 3. The nominal values
for the estimated parameters are given in Table 1. The
bank of cells and most important variables are shown in
Fig. 1. A solids content of 444 kg/m3 in the feed was as-
sumed. This translates to a solids mass fraction of 35 wt%.
To achieve a frother concentration in the slurry around
a typical 10 ppm (mass basis) (Harris et al., 2013), a
frother dosage of between 0.01 kg/m3 and 0.02 kg/m3 is

required. An initial concentration of Cf
k = 0.01 kg/m3 was

chosen for all cells and the feed composition. Without data
containing varying frother dosages, the parameters for the
model expansions could not be fitted properly. Instead,
their nominal values (see Table 3) were chosen such that
the model steady-state remains the same as in Oosthuizen
et al. (2021) for the chosen nominal concentration. The
following simulation results should therefore only be in-
terpreted qualitatively to determine whether the model
expansions have predictive potential.

Each run was simulated for a process time of 60min with

step changes in Ṁf
F1

as shown in Fig. 2. As the cells
are assumed to be well-mixed and there are no transport
delays in the model, the concentration in all cells react
immediately, albeit with dynamics which become slower
as one progress down the bank. The first cell reaches its

Table 2. Initial values of model variables for the
flotation cells and hopper (Oosthuizen et al.,

2021)

Variable Unit Cell 1 Cell 2 Cell 3 Cell 4 Hopper

Model states

αk – 0.21 0.19 0.14 0.10 –
DBFk

mm 1.83 1.54 1.91 1.43 –
L m 1.28 1.28 1.28 1.28 1.00

M0,0
k

kg 51.8 29.4 16.8 16.8 235.8

M1,0
k

kg 5118 5118 5118 5118 82.5

Mf
k

kg 0.11 0.11 0.11 0.11 –

Manipulated variables

Jgk mm/s 7.45 8.45 9.51 10.02 –
QTk

m3/h 729.3 728.1 727.4 726.4 3.6
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Fig. 2. Frother concentration in all cells with changes in
frother addition rate.

steady-state concentration within 5 min, while the final
cell takes about 10 min. The step durations mean that
for the first step all cells reach steady-state, but that only
Cell 1 is able to reach its steady-state value before the
third step is implemented. The change in all other cells is
interrupted by the third step. All further results are shown
for Cell 4, as it has the slowest, most complex dynamics.

The models were simulated for three different constant
pulp-levels, 1.28m, 1.30m, and 1.32m, which correspond
to froth heights of 120mm, 100mm, and 80mm respec-
tively. Henceforth, these simulations will be referred to as
Runs 1, 2, and 3 for ME1, and Runs 4, 5, and 6 for ME2.

5.2 Model Expansion 1 (ME1) Results

An increase in froth stability is expected with higher
frother concentrations, leading to higher air recover-
ies. However, during the ME1 simulation the calculated
K0,αhf ,k is either larger or smaller than the froth height,
depending on the simulation run, as shown in Fig. 3. ME1
incorrectly predicts an inversion in the effect of frother if
the calculated K0,αhf ,k is larger than the froth height (see
the simulation results in Fig. 4). This is especially clear in
Run 2, where K0,αhf ,k moves past the froth height half-
way through the response and the air recovery trajectory
changes direction (compare Fig. 3 and Fig. 4)

5.3 Model Expansion 2 (ME2) Results

Next, consider the results for ME2 shown in Fig. 5. The
direction of the frother effect is more in line with what is
expected from literature (Wiese et al., 2011; Wills and
Finch, 2015). Increasing the frother concentration im-
proves the froth stability resulting in higher air recoveries.
An increase in air recovery leads to an increase in mineral
recovery and heights closer to the PAR height (94.9 mm)
are shown to have higher air recoveries. This matches the
observations of Hadler et al. (2012).

Table 3. Nominal values of model variables for
the flotation bank

Variable Unit Value Variable Unit Value

Cf
0 kg/m3 0.01 KFα – 3.0

dp,min µm 2.77 KFα,0 – 0.01

dp,max µm 23.2 Ṁf
F1

kg/h 7.3

KCF – 3000 QF m3/h 730.0
KCF,0 – 64.9
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Fig. 3. Calculated K0,αhf ,4 compared to the froth heights
over the different simulation runs. Note that K0,αhf ,4

crosses the froth height in Run 2, resulting in an
opposite air recovery gradient.
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Fig. 4. Cell 4 results for the three simulations of ME1.
Results show the incorrect inversion of frother effect.

Deeper froths result in higher grades due to an increase
in drainage of entrained particles. Increased air recovery
also leads to increased recovery through true flotation (see
(1)). While more desired mineral is recovered through both
mechanisms (drainage and true flotation), the increase in
entrained gangue recovery causes the grade to decrease
during periods with increased frother concentration.

The predicted magnitude of variation in air recovery,
grade, and recovery is solely due to the specific model
parameters chosen for the simulations. To obtain more
realistic results and evaluate the predictive capabilities of
the model expansion, industrial data is required. Most im-
portantly, data is required where the frother concentration
is varied.

6. CONCLUSION

The work presented here aims to serve as a proof of concept
for the inclusion of reagent effect models in observable and
identifiable dynamic modelling frameworks of froth flota-
tion circuits. Of the two model expansions investigated,
ME2 was found to be the most appropriate frother effect
model. The fact that the concentrations can be estimated
from the model without any concentration measurement
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steady-state concentration within 5 min, while the final
cell takes about 10 min. The step durations mean that
for the first step all cells reach steady-state, but that only
Cell 1 is able to reach its steady-state value before the
third step is implemented. The change in all other cells is
interrupted by the third step. All further results are shown
for Cell 4, as it has the slowest, most complex dynamics.

The models were simulated for three different constant
pulp-levels, 1.28m, 1.30m, and 1.32m, which correspond
to froth heights of 120mm, 100mm, and 80mm respec-
tively. Henceforth, these simulations will be referred to as
Runs 1, 2, and 3 for ME1, and Runs 4, 5, and 6 for ME2.

5.2 Model Expansion 1 (ME1) Results

An increase in froth stability is expected with higher
frother concentrations, leading to higher air recover-
ies. However, during the ME1 simulation the calculated
K0,αhf ,k is either larger or smaller than the froth height,
depending on the simulation run, as shown in Fig. 3. ME1
incorrectly predicts an inversion in the effect of frother if
the calculated K0,αhf ,k is larger than the froth height (see
the simulation results in Fig. 4). This is especially clear in
Run 2, where K0,αhf ,k moves past the froth height half-
way through the response and the air recovery trajectory
changes direction (compare Fig. 3 and Fig. 4)

5.3 Model Expansion 2 (ME2) Results

Next, consider the results for ME2 shown in Fig. 5. The
direction of the frother effect is more in line with what is
expected from literature (Wiese et al., 2011; Wills and
Finch, 2015). Increasing the frother concentration im-
proves the froth stability resulting in higher air recoveries.
An increase in air recovery leads to an increase in mineral
recovery and heights closer to the PAR height (94.9 mm)
are shown to have higher air recoveries. This matches the
observations of Hadler et al. (2012).

Table 3. Nominal values of model variables for
the flotation bank

Variable Unit Value Variable Unit Value

Cf
0 kg/m3 0.01 KFα – 3.0

dp,min µm 2.77 KFα,0 – 0.01

dp,max µm 23.2 Ṁf
F1

kg/h 7.3

KCF – 3000 QF m3/h 730.0
KCF,0 – 64.9
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Fig. 3. Calculated K0,αhf ,4 compared to the froth heights
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crosses the froth height in Run 2, resulting in an
opposite air recovery gradient.
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Fig. 4. Cell 4 results for the three simulations of ME1.
Results show the incorrect inversion of frother effect.

Deeper froths result in higher grades due to an increase
in drainage of entrained particles. Increased air recovery
also leads to increased recovery through true flotation (see
(1)). While more desired mineral is recovered through both
mechanisms (drainage and true flotation), the increase in
entrained gangue recovery causes the grade to decrease
during periods with increased frother concentration.

The predicted magnitude of variation in air recovery,
grade, and recovery is solely due to the specific model
parameters chosen for the simulations. To obtain more
realistic results and evaluate the predictive capabilities of
the model expansion, industrial data is required. Most im-
portantly, data is required where the frother concentration
is varied.

6. CONCLUSION

The work presented here aims to serve as a proof of concept
for the inclusion of reagent effect models in observable and
identifiable dynamic modelling frameworks of froth flota-
tion circuits. Of the two model expansions investigated,
ME2 was found to be the most appropriate frother effect
model. The fact that the concentrations can be estimated
from the model without any concentration measurement
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Fig. 5. Cell 4 results for the three simulation runs of ME2.
Results show the model responding as expected.

is very promising indeed. Based on the results shown
here, real time model-based control that includes reagent
addition as a MV could be possible. Future work should in-
clude a sensitivity analysis using more appropriate variable
ranges, as well as the validation and/or improvement of the
model expansion. Both avenues rely heavily on obtaining
plant data where the reagent dosage is varied. The current
approach should also be expanded to consider the effect of
the collector on the flotation parameters.
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