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Abstract: A semi-autogenous grinding mill is simulated with an extremum seeking controller
to maximize the performance of the mill using grind curves. Grind curves map the essential
performance measures of a grinding mill to the manipulable variables. The curves vary with
the changes in the feed ore characteristic but show generic parabolic features with extremums.
The extremum seeking controller searches along the unknown input-output map using periodic
perturbations to steer the process towards an unknown optimum. In this study the controller
searches along the grind curves to either optimize the mill throughput or grind by means of the
mill feed or rotational speed. The proposed controller will reduce the need for a plant operator
to select the optimal operating region. Since the controller is agnostic to the process model, it
will also eliminate the tedious process of developing an accurate plant model for model-based
control.
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1. INTRODUCTION

Comminution is the primary operation within mineral
processing plants where the run-of-mine ore material is
reduced to fine particles to liberate the valuable minerals
within the ore. In run-of-mine mineral processing plants,
the feed ore composition is regularly changing and the
feed ore characteristics such as hardness and size distri-
bution vary, affecting the throughput and grind quality
(Maritz et al., 2019). Manually operating a grinding mill
requires frequent monitoring and setpoint adjustments
to compensate for these disturbances and maintain the
process at suitable operating conditions to maximize the
net economic benefit. A significant source of economic loss
in process plants is typically attributed to poorly chosen
operating conditions, and further losses are due to the
deviations from the chosen operating conditions (Hodouin,
2011). Grinding mill circuits are challenging to operate
manually and to run at optimal operating conditions due
to the complex process behaviour, various unknown pro-
cess disturbances and strongly-coupled variables (Zhou
et al., 2016). In the absence of a high-level supervisory
controller, the plant operator is often responsible for choos-
ing suitable operating conditions for the grinding mill.
However, insufficient knowledge of the process behaviour
in addition to the unknown time-varying factors such as
the feed ore variation results in sub-optimal operation of
the grinding mill.

Grinding mills are controlled to satisfy operational ob-
jectives, which are interrelated due to the inverse rela-
tionships that exists between the controlled variables. A
trade-off has to be considered between improving the grind
quality, maximizing the throughput and decreasing power
consumption (Wei and Craig, 2009). Increasing the rate

1 Corresponding author, E-mail: derik.leroux@up.ac.za

at which the material is processed through the grinding
mill can be achieved at the expense of decreased grind
quality, but it is crucial that the ore material is sufficiently
ground to a specific consistent particle size to achieve
effective separation in downstream processes. However,
over-grinding produces a product that may be too fine for
separation, while reducing the throughput and increasing
the energy consumption. Consequently, a poor recovery
rate, increased energy consumption or decreased through-
put results in diminishing economic gains (le Roux and
Craig, 2019).

There is an incentive to employ a real-time supervisory
controller that ensures the process is continuously tracking
the optimal operating conditions that satisfy the opera-
tional objectives. The optimizer would operate in a region
nearer to the optimal operating region compared to the
periodic setpoint choices of a plant operator as illustrated
in Fig. 1. Lu et al. (2020) illustrates how extremum seeking
control can be applied to optimize grinding mill perfor-
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Fig. 1. Economic performance of a grinding mill as a
function of the operating conditions.
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to the complex process behaviour, various unknown pro-
cess disturbances and strongly-coupled variables (Zhou
et al., 2016). In the absence of a high-level supervisory
controller, the plant operator is often responsible for choos-
ing suitable operating conditions for the grinding mill.
However, insufficient knowledge of the process behaviour
in addition to the unknown time-varying factors such as
the feed ore variation results in sub-optimal operation of
the grinding mill.

Grinding mills are controlled to satisfy operational ob-
jectives, which are interrelated due to the inverse rela-
tionships that exists between the controlled variables. A
trade-off has to be considered between improving the grind
quality, maximizing the throughput and decreasing power
consumption (Wei and Craig, 2009). Increasing the rate

1 Corresponding author, E-mail: derik.leroux@up.ac.za

at which the material is processed through the grinding
mill can be achieved at the expense of decreased grind
quality, but it is crucial that the ore material is sufficiently
ground to a specific consistent particle size to achieve
effective separation in downstream processes. However,
over-grinding produces a product that may be too fine for
separation, while reducing the throughput and increasing
the energy consumption. Consequently, a poor recovery
rate, increased energy consumption or decreased through-
put results in diminishing economic gains (le Roux and
Craig, 2019).

There is an incentive to employ a real-time supervisory
controller that ensures the process is continuously tracking
the optimal operating conditions that satisfy the opera-
tional objectives. The optimizer would operate in a region
nearer to the optimal operating region compared to the
periodic setpoint choices of a plant operator as illustrated
in Fig. 1. Lu et al. (2020) illustrates how extremum seeking
control can be applied to optimize grinding mill perfor-

Operating region Time

E
conom

ic
P

erform
ance

Optimal setpoints Optimizer setpoints Operator setpoints

Fig. 1. Economic performance of a grinding mill as a
function of the operating conditions.
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Fig. 2. A semi-autogenous (SAG) mill.

mance, albeit not with the use of grind curves. Grind
curves are useful as it maps the performance measures of
a grinding mill to the mill load and rotational speed, and
indicates where the extremums exist (Powell et al., 2009).
The contribution of this paper is to demonstrate the value
of grind curves combined with extremum seeking control
to maximize the performance of a grinding mill, without
requiring detailed knowledge of the process behaviour. The
grinding process is described in Section 2, grind curves are
discussed in Section 3 and the process model is described
in Section 4. The extremum seeking controller is presented
in Section 5 and the simulated results are presented in
Section 6. Section 7 concludes the paper.

2. PROCESS DESCRIPTION

A SAG mill is illustrated in Fig. 2. The nomenclature is
shown in Table 1. The mill receives three streams: mined
ore (uo), water (uw), and steel balls (ub). The mill charge
is a mixture of grinding media and slurry. Grinding media
refers to the steel balls and rocks which break the ore,
and slurry refers to the mixture of solids and water. The
fraction of the mill filled with charge is denoted by JT .

The mill is rotated along its longitudinal axis at a fraction
of the critical mill speed (uφ) which creates a cascading
motion of charge inside the mill. The cascading motion
causes the ore to break through impact breakage, abrasion,
and attrition. The ground ore in the mill mixes with water
to create a slurry which is discharged through an end-
discharge grate. Ore too large to pass through the end-
discharge grate are referred to as rocks and must be broken
further. All ore small enough to pass through the end-
discharge grate are referred to as solids. The flow rate of
solids and water discharging from the mill is given by Qs

and Qw respectively. Qs is the volumetric throughput of

Table 1. Description of comminution circuit variables.

Variable Unit Description

JT (-) Fraction of mill volume filled with charge
PM (kW) Mill power draw
Qw (m3/h) Water discharge flow rate
Qs (m3/h) Solids discharge flow rate
Qf (m3/h) Fines discharge flow rate
ρo (t/m3) Ore density

ψ (-)
Grind (volume fraction of particles in
discharge < 75 µm)

ub (t/h) Feed rate of steel balls
uo (t/h) Feed rate of ore
uw (m3/h) Flow rate of feed water
uφ (-) Fraction of critical mill speed

solids through the mill and is equal to uo/ρo at steady-
state where ρo is the ore density.

The aim of the grinding mill is to grind the ore to below
a specification size, e.g., 75 µm. The mill grind (ψ) is the
volume fraction of material in the discharge of the mill
below the specification size. The broken ore below the
specification size are referred to as fines. Note, whereas
solids refer to all ore small enough to discharge from the
mill, fines refer to the portion of solids smaller than the
specification size. The discharge flow rate of fines from the
mill is given by Qf .

Grinding mills are typically operated to maximizeQs while
keeping the grind particle size within an acceptable range.
The net revenue generated from an increased throughput
is often perceived to exceed the economic value that could
be generated from the losses incurred in the separation
process due to the decreased grind quality. However,
depending on the market and ore availability it could be
beneficial to maintain a set throughput and minimize the
product particle size variation to increase recovery rates
(Bouffard, 2015; le Roux and Craig, 2019). The mill charge
is primarily controlled to achieve the desired throughput
by manipulating uo and uw. However, in situations where
the feed ore hardness or size varies and the mill charge
cannot be effectively controlled to compensate for the
disturbances, manipulating uφ adds an additional degree
of freedom to control Qs or ψ (Edwards et al., 2002;
le Roux et al., 2016).

3. GRIND CURVES

The performance indicators of a grinding mill circuit are
defined by the throughput (Qs), grind (ψ) and power con-
sumption (PM ). Grind curves describe the relationships
between these performance indicators as a function of JT
and uφ (van der Westhuizen and Powell, 2006). A notable
characteristic of grind curves is that they are parabolic
and indicate the peaks of the performance indicators as
the mill load is varied for different constant mill speeds,
as shown in Figs. 3 and 4. Importantly, as the feed ore
characteristics such as hardness vary, the peaks of the
performance indicators shift while the parabolic trend is
retained for different ore types (Powell et al., 2001).

The peaks of the grind curve data in van der Westhuizen
and Powell (2006) are provided in Table 2 and used to
produce the 3-D surface map of the performance indicators
as a function of JT and uφ as shown in Figs. 3 and 4.
The performance indicators are fit separately as quadratic
polynomials as a function of JT for each mill speed.
Multiple linear regression is used to fit the performance
indicators as cubic polynomials as a function of uφ. The
surface map of the grind curves clearly indicate the trade-
off that has to be made when optimizing either Qs or ψ.

Table 2. Performance indicator peaks from
van der Westhuizen and Powell (2006).

Mill speed Throughput Grind
uφ (−) JT (−) Qs (m3/h) JT (−) ψ (−)

0.75 0.35 157.0 0.33 0.56
0.70 0.31 120.7 0.37 0.69
0.65 0.23 93.3 0.58 0.94
0.60 0.18 96.7 0.63 1.00
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Fig. 3. Grind curves for throughput (Qs) reproduced from
van der Westhuizen and Powell (2006) (top), 3-D
surface map of Qs (bottom).
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Fig. 4. Grind curves for grind (ψ) reproduced from van der
Westhuizen and Powell (2006) (top), 3-D surface map
of ψ (bottom).

Assuming that JT is kept constant, an increase in Qs can
be achieved by increasing uφ at the cost of a decrease in ψ
and vice-versa. Alternatively, by maintaining uφ constant,
Qs is maximized by increasing JT up to an extremum
after which Qs begins to decrease. As the grinding mill
begins to overfill, less breakage occurs and oversized ore
accumulates in the mill. Maximizing ψ is usually not as
beneficial as there is a maximum acceptable grind quality,
after which the product is too fine for the separation
process to perform optimally (le Roux and Craig, 2019).
In addition, over-grinding increases energy consumption,
therefore, it is common for the operational objectives of a
grinding mill circuit to maximize Qs until the minimum
acceptable ψ is achieved.

4. MODEL DESCRIPTION

A dynamic non-linear model of a grinding mill (le Roux
et al., 2013) is fit using the step-wise procedure as de-
scribed in le Roux et al. (2020) using the grind curve data
from van der Westhuizen and Powell (2006). The model

produces a realistic dynamic and steady-state response
over a wide range of operating conditions which is suit-
able for testing an extremum seeking controller chasing
an unknown optimum. The state-space description of the
model is,

ẋ = f(t,x,u), (1a)

y = h(t,x,u), (1b)

where the state vector is x = [xw, xs, xr, xf ]
T
, the input

vector is u = [uw, uo, uφ]
T

and the output vector is

y = [JT , PM , Qs, ψ]
T
. The state equations are,

ẋw = uw −Qw, (2a)

ẋs = (1− αr)
uo

ρo
−Qs +Qrc, (2b)

ẋr = αr
uo

ρo
−Qrc, (2c)

ẋf = αf
uo

ρo
−Qf +Qfp, (2d)

where xw, xs, xr and xf represent the volume of the
water, solids, rocks and fines in the grinding mill, αf is
the fraction of fines in uo and αr is the fraction of rock in
uo. The grinding mill discharge flow rates are defined as,

Qw = dqxwϕ

(
xw

xs + xw

)
, (3a)

Qs = dqxwϕ

(
xs

xs + xw

)
, (3b)

Qf = dqxwϕ

(
xf

xs + xw

)
, (3c)

where dq is the discharge rate constant. The grind of the
mill is defined as a ratio of the fines to the solids,

ψ =
Qf

Qs
. (4)

The fraction of the total mill filled with charge is,

JT =
xw + xs + xr + xb

Vmill
, (5)

where xb is the volume of steels balls in the mill and Vmill is
the total volume of the mill. The mill power consumption
is modelled as a function of JT and uφ,

PM (JT ,uφ)=Pmax(uφ)

(
1−δv

(
JT

JT,Pmax(uφ)
−1

)2

−δs
(

ϕ
ϕN

−1
)2

)
, (6)

where δv and δs is the power change parameter for the
volume of mill filled and for the volume fraction of solids
in the slurry, respectively, ϕ is the rheology factor and ϕN

is the normalization factor. JT,Pmax
(uφ) is a parameterized

function of the fraction of the mill filled at maximum power
draw given by,

JT,Pmax
(uφ)=−7.52u2

φ+9.06uφ−2.18, (7)

and Pmax(uφ) is a parameterized function of the maximum
mill power consumption given by,

Pmax(uφ)=
(
−2.70u2

φ+3.92uφ−1.02
)
×104, (8)

and ϕ is the rheology factor given by the function,

ϕ=





√
1− xs

xw

(
ε−1
0 −1

)
, if

xs

xw
≤
(
ε−1
0 −1

)−1

0 , if
xs

xw
>
(
ε−1
0 −1

)−1
(9)

where ε0 is the maximum fraction of solids by volume of
slurry at zero slurry flow. The ratio xs/xw describes the
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surface map of Qs (bottom).
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Assuming that JT is kept constant, an increase in Qs can
be achieved by increasing uφ at the cost of a decrease in ψ
and vice-versa. Alternatively, by maintaining uφ constant,
Qs is maximized by increasing JT up to an extremum
after which Qs begins to decrease. As the grinding mill
begins to overfill, less breakage occurs and oversized ore
accumulates in the mill. Maximizing ψ is usually not as
beneficial as there is a maximum acceptable grind quality,
after which the product is too fine for the separation
process to perform optimally (le Roux and Craig, 2019).
In addition, over-grinding increases energy consumption,
therefore, it is common for the operational objectives of a
grinding mill circuit to maximize Qs until the minimum
acceptable ψ is achieved.

4. MODEL DESCRIPTION

A dynamic non-linear model of a grinding mill (le Roux
et al., 2013) is fit using the step-wise procedure as de-
scribed in le Roux et al. (2020) using the grind curve data
from van der Westhuizen and Powell (2006). The model

produces a realistic dynamic and steady-state response
over a wide range of operating conditions which is suit-
able for testing an extremum seeking controller chasing
an unknown optimum. The state-space description of the
model is,

ẋ = f(t,x,u), (1a)

y = h(t,x,u), (1b)

where the state vector is x = [xw, xs, xr, xf ]
T
, the input

vector is u = [uw, uo, uφ]
T

and the output vector is

y = [JT , PM , Qs, ψ]
T
. The state equations are,

ẋw = uw −Qw, (2a)

ẋs = (1− αr)
uo

ρo
−Qs +Qrc, (2b)

ẋr = αr
uo

ρo
−Qrc, (2c)

ẋf = αf
uo

ρo
−Qf +Qfp, (2d)

where xw, xs, xr and xf represent the volume of the
water, solids, rocks and fines in the grinding mill, αf is
the fraction of fines in uo and αr is the fraction of rock in
uo. The grinding mill discharge flow rates are defined as,

Qw = dqxwϕ

(
xw

xs + xw

)
, (3a)

Qs = dqxwϕ

(
xs

xs + xw

)
, (3b)

Qf = dqxwϕ

(
xf

xs + xw

)
, (3c)

where dq is the discharge rate constant. The grind of the
mill is defined as a ratio of the fines to the solids,

ψ =
Qf

Qs
. (4)

The fraction of the total mill filled with charge is,

JT =
xw + xs + xr + xb

Vmill
, (5)

where xb is the volume of steels balls in the mill and Vmill is
the total volume of the mill. The mill power consumption
is modelled as a function of JT and uφ,

PM (JT ,uφ)=Pmax(uφ)

(
1−δv

(
JT

JT,Pmax(uφ)
−1

)2

−δs
(

ϕ
ϕN

−1
)2

)
, (6)

where δv and δs is the power change parameter for the
volume of mill filled and for the volume fraction of solids
in the slurry, respectively, ϕ is the rheology factor and ϕN

is the normalization factor. JT,Pmax
(uφ) is a parameterized

function of the fraction of the mill filled at maximum power
draw given by,

JT,Pmax
(uφ)=−7.52u2

φ+9.06uφ−2.18, (7)

and Pmax(uφ) is a parameterized function of the maximum
mill power consumption given by,

Pmax(uφ)=
(
−2.70u2

φ+3.92uφ−1.02
)
×104, (8)

and ϕ is the rheology factor given by the function,

ϕ=





√
1− xs

xw

(
ε−1
0 −1

)
, if

xs

xw
≤
(
ε−1
0 −1

)−1

0 , if
xs

xw
>
(
ε−1
0 −1

)−1
(9)

where ε0 is the maximum fraction of solids by volume of
slurry at zero slurry flow. The ratio xs/xw describes the
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volume of the solids to water in the slurry. The grinding
operation results in the consumption of the grinding me-
dia, resulting in the production of fine and solid particles.
The ball filling (xb) is assumed to be kept constant during
the grinding operation, which is valid as the trend of grind
curves remain parabolic for a varying ball filling and only
the peaks of the performance indicators shift (Powell et al.,
2009). The rock consumption (Qrc) and fines produced
(Qfp) functions, respectively, are defined as,

Qrc =
PM (JT , uφ)

ρoKrc(JT , uφ)
, (10a)

Qfp =
PM (JT , uφ)

ρoKfp(JT , uφ)
. (10b)

The factors Krc and Kfp are functions which indicate the
energy required per tonne of rocks consumed and fines
produced, respectively,

Krc(JT ,uφ)=
(
(−0.478u3

φ−3.06u2
φ+1.55uφ−0.183)J3

T

+(2.68u3
φ+5.13u2

φ−2.92uφ+0.355)J2
T

+(−3.15u3
φ−2.61u2

φ+1.78uφ−0.226)JT

+(1.05u3
φ+0.361u2

φ−0.352uφ+0.0472)
)
×106,

(11a)

Kfp(JT ,uφ)=
(
(−3.73u3

φ+0.602u2
φ+0.301uφ−0.0487)J3

T

+(8.76u3
φ−1.97u2

φ−0.453uφ+0.0877)J2
T

+(−6.82u3
φ+1.91u2

φ+0.180uφ−0.05)JT

+(1.77u3
φ−0.581u2

φ−0.007uφ+0.009)
)
×106.

(11b)

5. EXTREMUM SEEKING CONTROL

Extremum seeking control (ESC) is an optimization tech-
nique that maximizes an objective function by exploring
through an unknown static map and steering the system
towards the optimal operating conditions. It is fundamen-
tally a gradient-search method that is dependent on a mea-
surable, convex objective function and does not rely on the
explicit knowledge of the process behaviour. Perturbation-
based ESC employs a periodic excitation signal added
to the input of the system, which is used to obtain the
gradient information of the objective function. The peri-
odic signal enables the controller to continuously track the
unknown time-varying optimum subject to disturbances.
The controller adapts the input based on the measured
change in the system output due to the perturbed input,
hence, the adaptation dynamics are based on the average
trend of the gradient.

The perturbation-based ESC scheme is shown in Fig. 5 and
the closed-loop system dynamics with ESC are described

ẋ = f(t, x, θ)

y = h(t, x, θ)

Unknown process

s

s + ωh

High-pass filter

×
ωl

s + ωl

Low-pass filter

k

s

Integrator

+

a

Dither amplitude

sin(ωt)

Dither signal

y

y − ηξθ̂

a sin(ωt)

θ = θ̂ + a sin(ωt)

Fig. 5. Perturbation-based extremum seeking scheme
(Krstić and Wang, 1997).

by (Krstić and Wang, 1997),

ẋ = f(t, x, θ), (12a)

y = h(t, x, θ), (12b)

˙̂
θ = kξ, (12c)

ξ̇ = −ωlξ + ωl(y − η)a sin(ωt), (12d)

η̇ = −ωhη + ωhy, (12e)

where the unknown process dynamics are described by
ẋ, y is the measurable output, ωl and ωh are the cut-
off frequencies for the low-pass and high-pass filters, re-
spectively. The state of the high-pass filter is indicated by
η, which separates the variation in the measured output
from the average value, resulting in the filtered output,
y − η. The signal is demodulated and the low-pass filter
extracts the gradient (ξ) of the optimized variable. The
sign of the gradient is used to determine the direction of
the extremum, which is driven to zero by an integrator
with gain, k, and the best estimate of the optimal input

(θ̂) converges towards the unknown optimal input. The
input (θ) to the process consists of the best estimate of

the optimal input (θ̂) and the periodic dither signal,

θ = θ̂ + a sin(ωt), (13)

where a and ω is the perturbation amplitude and fre-
quency, respectively. Applying extremum seeking to a dy-
namic process requires a sufficient time-scale separation
between the perturbation frequency and the process dy-
namics to enable the optimizer to search through an un-
known static map. Therefore, it is required that a suitable
perturbation frequency is chosen such that the process
dynamics operate at the fastest time-scale, followed by the
medium time-scale dynamics of the perturbation signal,
and the optimization occurs at the slowest time-scale.
Further, the cut-off frequency of the high-pass and low-
pass filter should be lower than the chosen perturbation
frequency, and k needs to be chosen to be sufficiently small
(Krstić and Wang, 1997).

6. RESULTS

The simulations in this section demonstrate that the ESC
can act as a supervisory controller to steer the grinding
mill toward optimal operating conditions. The process and
ESC initial conditions are provided in Table 3 and the
parameters used in the simulations for the model described
in Eq. (1)-(10) are summarized in Table 4. A PI-controller
is used to regulate the water to solids ratio at xw/xs = 0.9
to ensure that the discharge slurry from the grinding mill
is a flowing mixture and another PI-controller is used to
regulate JT at a specified setpoint. The ESC optimizes
the mill performance by manipulating the setpoint of JT
or by directly manipulating uφ. If JT is used, the ESC
perturbations are added to the setpoint of JT and the PI-
controller aims to track the perturbed setpoint, whereas,

Table 3. Initial process and ESC conditions.

Optimization of Qs Optimization of ψ

u(0) [61.13, 183.4, 0.65]T [94.98, 284.95, 0.70]T

x(0) [6.96, 7.74, 41.7, 6.25]T [10.82, 12.02, 2.36, 6.80]T

θ̂(0) 0.35 0.20
ξ(0) 0 0
η(0) 67.93 0.57

Table 4. Parameter values.

Variable Value Description

αf 0.1 (-) Fraction of fines in uo

αr 0.5 (-) Fraction of rocks in uo

ρo 2.7 (t/m3) Ore density
dq 36.4 (1/h) Discharge rate constant
xb 16.4 (m3) Volumetric filling of balls in mill

Vmill 208 (m3) Total mill volume

δv 0.923 (-)
Power change parameter for the
volume of mill filled

δs 0.923 (-)
Power change parameter for volume
fraction of solids in the slurry

ϕN 0.509 (-) Rheology normalization factor

ε0 0.6 (-)
Maximum fraction of solids by volume
of slurry at zero slurry flow
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Fig. 6. Throughput (Qs) optimization. (The black ◦ indi-
cates the initial conditions, uφ is incremented at the
green ◦, the magenta ◦ indicates the ESC switch from
perturbing JT to uφ and the red ◦ indicates the final
conditions.)

for uφ, the ESC can directly perturb the mill speed. White
Gaussian noise with a noise level of −5 dB is added to
Qs, and −50 dB is added to JT and ψ to evaluate the
performance of the ESC subject to measurement noise.
Furthermore, the ESC is restricted to explore in a region
that is defined by the grind curves, JT ∈ [0.20, 0.45] and
uφ ∈ [0.60, 0.75].

6.1 Throughput Optimization

The ESC tuning parameters used to optimize Qs are
chosen as a = 0.001, ω = 2 rad/h, k = 25, ωh = 1.5 rad/h
and ωl = 0.1 rad/h. In Fig. 6, the ESC is initially set
to optimize Qs by perturbing the setpoint of JT while
maintaining uφ constant. The ESC converges to an average
peak of Qs = 90.5 m3/h. The mill speed is incremented to
uφ = 0.70 at t = 75 h over a 4 hour period and the process
converges to a new average peak of Qs = 121.7 m3/h. At
t = 125 h, the ESC is set to optimize Qs by perturbing
uφ while JT is regulated at JT,sp = 0.33. The mill speed is
driven toward the maximum of uφ = 0.75 and the process
converges to an average peak of Qs = 157.6 m3/h. The
optimal peak is Qs = 157.7 m3/h.
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magenta ◦ indicates the ESC switch from perturbing
JT to uφ and the red ◦ indicates the final conditions.)

6.2 Grind Optimization

The ESC tuning parameters used to optimize ψ are chosen
as a = 0.001, ω = 1.8 rad/h, k = 4000, ωh = 1.6 rad/h
and ωl = 0.1 rad/h. In Fig. 7, the ESC is initially set
to optimize ψ by perturbing the setpoint of JT while
maintaining uφ constant. The process converges to an
average peak of ψ = 0.685, the optimal peak for uφ = 0.70
is ψ = 0.69. The mill speed is incremented from uφ = 0.70
to uφ = 0.75 at t = 125 h over a 4 hour period and the
ESC searches along the grind curve by manipulating the
mill load setpoint to locate the new optimal peak for ψ.
The ESC converges to a new average peak of ψ = 0.56 at
JT = 0.33. At t = 150 h, the ESC is switched to optimize
ψ by perturbing uφ and JT is regulated at JT,sp = 0.33.
The ESC converges to an average peak of ψ = 0.781 and
the optimal peak is ψ = 0.795.

The grind curves (Fig. 4) indicate that ψ is maximized
at a higher mill load and lower mill speed. In Fig. 7, JT
is seen to be continuously increasing for t < 125 h when
manipulating the mill load. If the process were to be
initially set to operate at a lower mill speed (uφ < 0.65)
a similar trend would be observed if the ESC is used to
maximize ψ with JT . However, the process would converge
toward a peak located at a high mill load (JT > 0.45) and
result in the mill to overfill, requiring the operation to
stop. Therefore, there should be some precaution when
choosing the mill speed and using the mill load to optimize
ψ. Similarly, precaution should be taken when optimizing
Qs with uφ at lower mill fillings as the optimal peak of
Qs could result in uφ to converge to a high mill speed.
Consequently, the position of the toe and shoulder of
the mill load shifts, resulting in the grinding media to
make direct contact with the mill liners and damaging the
equipment (Liddel and Moys, 1988). Therefore, constraints
should be imposed to limit the extent to which the ESC
can adapt JT and uφ.
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Table 4. Parameter values.

Variable Value Description

αf 0.1 (-) Fraction of fines in uo

αr 0.5 (-) Fraction of rocks in uo

ρo 2.7 (t/m3) Ore density
dq 36.4 (1/h) Discharge rate constant
xb 16.4 (m3) Volumetric filling of balls in mill

Vmill 208 (m3) Total mill volume

δv 0.923 (-)
Power change parameter for the
volume of mill filled

δs 0.923 (-)
Power change parameter for volume
fraction of solids in the slurry

ϕN 0.509 (-) Rheology normalization factor

ε0 0.6 (-)
Maximum fraction of solids by volume
of slurry at zero slurry flow
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for uφ, the ESC can directly perturb the mill speed. White
Gaussian noise with a noise level of −5 dB is added to
Qs, and −50 dB is added to JT and ψ to evaluate the
performance of the ESC subject to measurement noise.
Furthermore, the ESC is restricted to explore in a region
that is defined by the grind curves, JT ∈ [0.20, 0.45] and
uφ ∈ [0.60, 0.75].

6.1 Throughput Optimization

The ESC tuning parameters used to optimize Qs are
chosen as a = 0.001, ω = 2 rad/h, k = 25, ωh = 1.5 rad/h
and ωl = 0.1 rad/h. In Fig. 6, the ESC is initially set
to optimize Qs by perturbing the setpoint of JT while
maintaining uφ constant. The ESC converges to an average
peak of Qs = 90.5 m3/h. The mill speed is incremented to
uφ = 0.70 at t = 75 h over a 4 hour period and the process
converges to a new average peak of Qs = 121.7 m3/h. At
t = 125 h, the ESC is set to optimize Qs by perturbing
uφ while JT is regulated at JT,sp = 0.33. The mill speed is
driven toward the maximum of uφ = 0.75 and the process
converges to an average peak of Qs = 157.6 m3/h. The
optimal peak is Qs = 157.7 m3/h.
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initial conditions, uφ is incremented at the green ◦, the
magenta ◦ indicates the ESC switch from perturbing
JT to uφ and the red ◦ indicates the final conditions.)

6.2 Grind Optimization

The ESC tuning parameters used to optimize ψ are chosen
as a = 0.001, ω = 1.8 rad/h, k = 4000, ωh = 1.6 rad/h
and ωl = 0.1 rad/h. In Fig. 7, the ESC is initially set
to optimize ψ by perturbing the setpoint of JT while
maintaining uφ constant. The process converges to an
average peak of ψ = 0.685, the optimal peak for uφ = 0.70
is ψ = 0.69. The mill speed is incremented from uφ = 0.70
to uφ = 0.75 at t = 125 h over a 4 hour period and the
ESC searches along the grind curve by manipulating the
mill load setpoint to locate the new optimal peak for ψ.
The ESC converges to a new average peak of ψ = 0.56 at
JT = 0.33. At t = 150 h, the ESC is switched to optimize
ψ by perturbing uφ and JT is regulated at JT,sp = 0.33.
The ESC converges to an average peak of ψ = 0.781 and
the optimal peak is ψ = 0.795.

The grind curves (Fig. 4) indicate that ψ is maximized
at a higher mill load and lower mill speed. In Fig. 7, JT
is seen to be continuously increasing for t < 125 h when
manipulating the mill load. If the process were to be
initially set to operate at a lower mill speed (uφ < 0.65)
a similar trend would be observed if the ESC is used to
maximize ψ with JT . However, the process would converge
toward a peak located at a high mill load (JT > 0.45) and
result in the mill to overfill, requiring the operation to
stop. Therefore, there should be some precaution when
choosing the mill speed and using the mill load to optimize
ψ. Similarly, precaution should be taken when optimizing
Qs with uφ at lower mill fillings as the optimal peak of
Qs could result in uφ to converge to a high mill speed.
Consequently, the position of the toe and shoulder of
the mill load shifts, resulting in the grinding media to
make direct contact with the mill liners and damaging the
equipment (Liddel and Moys, 1988). Therefore, constraints
should be imposed to limit the extent to which the ESC
can adapt JT and uφ.
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In both optimization cases, the noise level of the measured
output (−5 dB = 0.562 and −50 dB = 0.003) is higher
than the perturbation amplitude (a = 0.001). This demon-
strates the high-pass and low-pass filters are adequately
tuned and the ESC can effectively steer the process to-
wards the optimum. However, in Fig. 7, the ESC fails to
maintain the process near steady state for t > 200 h which
can be attributed to the influence of the noise.

Applying ESC to a multi-output process presents a sce-
nario where a single output is optimized and the remaining
outputs are uncontrolled. For example, in Fig. 6 the tra-
jectory of ψ is dependent on the operating conditions that
optimizes Qs, which due to inverse relationship between
Qs and ψ, results in the observed decrease in ψ. Ideally,
the variation in ψ should be minimized to achieve effective
separation of the product in downstream processes. Hence,
for a multi-input process, additional degrees of freedom
can be utilized to regulate the uncontrolled output at
a setpoint, i.e., an inner loop regulatory controller can
manipulate uφ to control ψ and the ESC can manipulate
the JT setpoint to optimize Qs.

7. CONCLUSION

The advantage of ESC is that at all times, the variable
being optimized is continuously steered in the direction
of the optimum subject to the disturbances and changes
in the optimization strategy. However, grinding mills have
slow dynamics, therefore, a low perturbation frequency is
required for extremum seeking to be effective. The slow
convergence rate can be seen in Fig. 7, where the process
converged toward the peak after 95 hours from its initial
conditions.

A shortcoming of perturbation-based ESC is that the
continuous perturbation is observed in the measured out-
put. For example, ψ should remain close to steady-state
conditions for improved separation in the downstream
processes, but the oscillations around the steady-state
optimum could disturb the separation process. Hence, the
advantages of employing ESC should ultimately outweigh
the potential economic loss as a result of the pertur-
bations. Additionally, the measurement noise can affect
the direction of the optimization if the ESC is not ad-
equately tuned. The perturbation amplitude should be
chosen large enough to overcome the measured noise levels
of the optimized variable, but small enough to obtain an
acceptable variation in the optimized output once the ESC
has converged. Further, increasing the ESC integrator gain
can improve the convergence rate performance but it also
increases the ESC sensitivity to noise.

Future work will consider optimization of the grinding mill
as a multivariable case using JT and uφ simultaneously to
achieve optimal performance between a weighted objective
function of Qs and ψ. The ESC will also be evaluated for
a closed grinding mill circuit.
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