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ABSTRACT. We consider the representation of forward entropic risk measures using the
theory of ergodic backward stochastic differential equations in a jump-diffusion framework.
Our paper can be viewed as an extension of the work considered by Chong et al [6] in
the diffusion case. We also study the behaviour of a forward entropic risk measure under
jumps when a financial position is held for a longer maturity.

1. INTRODUCTION

The purpose of this paper is to study an ergodic risk representation for the forward
entropic risk measure in a discontinuous setting, the jump-diffusion framework. In this
framework, we investigate the behaviour of the forward entropic risk measure when the
underlying stock price process is driven by an independent Brownian motion and the
Poisson processes. This risk measure is in a category of maturity-independent risk measures
introduced by Zariphopoulou and Zitkovi¢ in [34]. The weakness of the classical coherent
or dynamic risk measures is that of the fixed time horizon. It is set at the beginning of the
investment period. If not this presents a challenge to determine whether the risk measure
is still the same after the fixed time horizon. This was the focus of the discussion in Chong
et al [6] we want to revisit and discuss it in a different framework.

Zariphopoulou and Zitkovié in [34] proposed maturity-independent risk measures to ad-
dress how to assess risk positions when the time horizon is not fixed. They formulated
the forward entropic risk measures using the forward exponential performance processes.
These forward performance processes are introduced and developed by Musiela and Za-
riphopoulou in ([22], [23], [24], [25]) to measure investment performance across all times
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t € [0, 00), which makes the forward entropic risk measures to be defined for all times. Re-
cently, Liang and Zariphopoulou in [16] proposed the use of the ergodic backward stochastic
differential equation (ergodic BSDE) to construct the forward performance processes.

Kobylanski introduced BSDEs with the quadratic growth and random terminal time in
[15] and her work was developed by Briand and Confortola in [5]. Later, Morlais in [19]
proved existence and uniqueness results for the BSDEs with quadratic growth in a jump
framework (see also [20], [21] for further contributions).

Fuhrman et. al [11] introduced the notion of ergodic BSDE in and developed further
by Debusshe et. al [8]. The ergodic BSDEs are an asymptotic limit of the infinite horizon
BSDEs (as shown in [11] and [8]) and are represented as follows

dYy = (=g(Vi, Zt) + N)dt + ZdWs,

where A € R is part of the solution. Cohen and Fedyashov [7],[10] extended the ergodic
BSDE to a jump-diffusion framework and is represented as follows

dY;g = (—g(Vt, Zt, \I/t) + )\)dt + thWt + / \I’tN(dt, dC),
R\{0}
where 0 < t < T < oo. We adapt this jump model with a different generator. In
our analysis, we extend and study with a quadratic growth in the control variable. The
structure of our paper is similar in some respects to that of Zariphopoulou and Zitkovié
[34]. We further study the behaviour of a forward entropic risk measure as the terminal
time of the investment period goes to infinity.

The rest of the paper is organized as follows. In Section 2, we introduce the jump-
diffusion model and all the notations that will be used in the rest of the paper. Section 3,
we provide the representation of the forward entropic risk measure using the classic BSDE
and the ergodic BSDE in a jump model setting. Section 4 analyzes the behaviour of a
forward entropic risk measure over a long-term horizon. Finally, we conclude the paper.

2. PROBLEM FORMULATION

Suppose that (2, F, {F:}i>0, P) is the filtered probability space satisfying the usual con-
ditions (completeness and right-continuous) [33]. The filtration is generated by two in-
dependent processes, d-dimensional standard Brownian motion {W;,¢ > 0} defined on
Q x [0, 00) and the compensated Poisson random measure N (dt, d¢) = N(dt,d¢) — v(d¢)dt
defined on Q x [0, 00) x R\{0}. Here, N(dt,d() counts the number of jumps that occur on
or before t, and v is a positive Lévy measure satisfying the conditions

/ IC(dC) < o0
[¢|<1

and

/|C|21 v(d¢) < oo.



3

The last condition implies that the stock process has finite number of jumps with absolute
value greater than one [32] (Section 3.4).

Throughout this paper, we consider the following spaces of random and stochastic pro-
cesses:

(i) £2(F) is the space of Fi-measurable, essentially bounded random variables. We
denote by L := U0 L>(F;) the space of all risk positions.

(ii) S*°(R) is the space of adapted processes Y : R? — R with cadlag path such that
esssup |Y (V)| < oc.
t

(iii) L?(W) is the space of predictable processes Z : R? — R such that
t
E[/ 1Z(V,)[2du] < oo,
0

(iv) L2(N) denotes the space of predictable processes T : R? x R\{0} — R, satisfying

E[/O /R\{O} 1T (Vi O)Pv(dC)du] < .

Furthermore, we present the concept of bounded mean oscillating (BMO) martingale also
found in [19] (Page 3) and also in [14]. A process M := (M (t),0 <t < T < o0) belonging
to Fi-local martingale is said to be a BMO martingale if it is a square integrable cadlag
R-valued martingales and if there exists a constant C' > 0 such that

E(M)r — (M).|F;] <C and [|AM.|<C

for all F-stopping times 7, with (M) denoting the quadratic variation of M. The second
condition is to ensure boundedness to the jumps of M.

We recall from [34] (Definition 3.1) the definition of maturity-independent convex risk
measure.

Definition 2.1. A functional p : £ — R is a maturity-independent convex risk measure if

it satisfies the following properties for all £, £ and o € (0,1) :
(i) Anti-positivity: p(§) <0,V & <0, )
(i) Convexity: p(a& + (1 — a)8) < ap(€) + (1 — a)p(),

(iii) Translation invariance: p(§ —¢) = p(§) +¢, V c € R,

(iv) Replication and maturity independent: V¢ > 0 and admissible investment strategies

ﬂ-’
bt ds,
p(é)—p(€+/0 Ty Su)'

As asserted in [34] (Section 2), the difference between maturity independent and stan-
dard risk measure is the choice of the domain £ and the case that in Definition 2.1(iv) is
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valid for all maturities ¢t > 0.

We consider a financial market with n risky investments, with price processes, S} for
i=1,...,n, satisfying the following stochastic differential equation (SDE)

asi 4 , ) |
L — i (V)dt + o' (Vi) dW, +/ Yi(V,,O)N(dt,d¢),  Si> 0. (2.1)
St R\{0}

The coefficients of the stock price S? are affected by a stochastic factor, which is modelled
by a d-dimensional stochastic process V, satisfying:

AV, = n(V,)dt + kdW,. Vo =g > 0. (2.2)

We impose the following assumptions to the coefficients so that Equations (2.1) and
(2.2) have solutions.

Assumption 1. The drift ;’(v) € R, volatility o?(v) € R and jump rate Yi(v, () > —1
are F;-predictable and bounded processes for v € R?, satisfying the following condition

T
| ol +a*@+ [ (1P eope)dt <oe,  as
0 R\{0}
Assumption 2. There exists a large enough constant C, > 0, for vy, vy € R? such that

the drift coefficient n(v) € R of the factor model satisfies:
(n(v1) = n(v2))(v1 — v2) < =Cylvr — waf.

Furthermore, the volatility matrix x € R is positive definite and normalized to || = 1.

Let 7 be a self-financing portfolio representing the amount of wealth invested in stock
1. The wealth process X solves

" ridS!
dX, = Lt
¢ Si

= (Ve o)W+ [ XVON).  Xo>0, (23)
R\{0}

where the initial wealth is given by Xg = 2z € R. An investment strategy m; € R" is said to

be admissible if it is R valued F;-progressively measurable satisfying E( f(f |72|ds < 00).

The process X; is a unique strong solution of Equation (2.3) using 7, such that X; > 0

for all ¢ > 0, a.s. The set of all admissible strategies is denoted by A.

i=1

We now recall from [6] (Definition 2) the notion of forward performance process.

Definition 2.2. A process U(t,z), (t,x) € [0,00) x R, is a forward performance process
if:

(i) for each x € R, U(t, x) is Fy—progressively measurable,

(ii) for each t > 0, the mapping x — U(t, z) is strictly increasing, strictly concave, con-
tinuously differentiable and satisfies the Inada conditions, i.e. lim, . U'(x) = 0 and
lim, , o U'(z) = +oc.



(iii) forall me Aand 0 <t <,

U(t, X[) > Ep[U(s, XJ)|F],
and there exists an optimal © € A such that,

U(t, XT) = Ep[U (s, X])|F),
with X™, X™ solving Equation (2.3).

We derive the associated stochastic partial differential equation (SPDE) for the perfor-
mance process by applying the [t6-Ventzell formula to U(t, x) for any strategy m € A (see
[26] on deriving the SPDE and [28] for the It6-Ventzell formula for a jump process). We
first assume that U(t, z) admits the Lévy decomposition

dU(t,x) = b(t, z)dt + a(t, x)dW; + / O(t, 2, O)N(dt,dC),
R\{0}
where the processes b(¢, z), a(t, x) and (¢, z, () are J;—progressively measurable processes
and N(d~t,d() represents a forward integral. Then we obtain

dU(t, X,)
1
= b(t, Xt)dt ‘I— a(t, Xt)th + Ux(t, Xt)dXt ‘I— §wa(t7 Xt)d<X>t + a/m(t, X)d(VV, X>t

T / U(t, X+ 70(t,0)) — Ut X2) — Un(t, Xo)m X (t, C)Jp(dO)dt
R\{0}

T / [B(t, X, + 7L, C)) — B(t, X)]w(d)dt
R\{0}

+/ [U(t_a Xt* + WT(t7 C)) - U(t_v Xt*)
R\{0}
(™, X, + 7Y (t, )| N(d ¢, dC)

= {b(t, Xp) + mu(Vo)Uu(t, Xy) + mo(Vi)ag(t, X;) + %W%Q(Vt)Um(t, X))
+/ ([U(ta Xt + 7TT<t7 C)) - U(t? Xt) - Ux(ta Xt)WT(tﬂ C)]
R\{0}
+[®(t, X, + 7X(t,C)) — B(¢, Xt)]u(dg)} dt

+ <a(t, X,) + mo(V)U,(t, Xt)> dW; + /R o [U(t, X~ +7Y(t,Q))

U@, X-) + (7, Xy + 7Y (t, Q)| N(d ¢, dC). (2.4)
The volatility a(t,z) and the process ®(¢,x,() for ¢ > 0 are model inputs determined by
the investor’s preference.



From Definition 2.2, we know that the process U(t, X[) is a super-martingale for any
admissible investment strategy m, that is

U(t, X™) > E[U(¢,2)].

Hence, there exists an optimal strategy 7 when the process U(t, X]) is a true martingale.
The process U(t, X[) is a true martingale when the drift term in Equation (2.4) is zero.
Therefore the optimal strategy is given by

T =

[WM(X/;)Ux(t, X,) + no(Vy)au(t, X,) + %W%Q(W)Umu, X,)

i
+/ ([U(t, Xy 4 7Y(t,0)) — U(t, Xi) — Un(t, X)) 7Y (¢, )]
R\ {0}

HIO(, X+ 7T(0,0)) = (60 Joldc)
We consider an exponential forward performance process given by
Ult,z) = —e H O (¢ 2) € 0,00) x R (2.5)

where v > 0 and a function f : [0,00) x RY — R. By the application of It6’s formula
to U(t,x) and setting the resulting drift term to zero, we see that the function f solves a
semi-linear partial differential equation of the form

o 1
0= f+n(V)V S+ 5wV f +g(v, 5V, T),

with ¢ defined as

0951 = Lo n - MO O L L) + dncry
- / {e—’ﬂ(f@ — 14+7Y(t, g)} v(dQ). (2.6)
R\{0}
We consider the following ergodic backward stochastic differential equation
dY, = (—g(Vi, Zy, W) + N)dt + ZdW, + /R\{O} U (V;, Q)N(dt, d¢), (2.7)

for 0 <t < T < oo and a given function g : R¢x R x R? — R and Z; € L*(W), ¥(V;, () €
L%(N). To ensure the solution to (2.7) exists and it is unique we have to impose certain
assumptions on g.

Assumption 3. There exist constants K > 0, K >0 C, > 0 and C, > 0 such that the
generator g satisfy
|9(#,0,0,0) < K.
|g(U17Z’1/}) - g<02727¢)| < C”U(l + |Z|)|U1 — V2,



and
l9(v, 21,%) — g(v, 22,¥)| < C.(1+ [21] + [22])|21 — 22 (2.10)
for any vy, vs, 21, 22 € R.

Furthermore, there exists —1 < K; < 0 and K5 > 0 such that
oo, 00) = glv,2.02) < [ PR R ORTS (211)
R\{0

where ?#¥1%2 1 QO x [0, T] x R x RY x R\ {0} — [~1, 00) is P ® B-measurable and satisfies
Ki(1AC]) < o(C) < Ky(1 AC]) (see Section 2 of [31]). With P denoting the predictable
o-field and B the Borel o-field on R.

Theorem 2.1. Suppose Assumption (1), (2) and (3) hold. Then, the ergodic BSDE (2.7)
with generator given by

u(vt)/0<1j;> mEiCO) (o) fow) = =(0)” + 222w

,}/2
00,200 W0 ) = [wo(0) -

+ /\{ } |:e'Y7TT(Ut7C)+\IJ(Ut,C) —1—7Y(v,¢) + ¥(v, () |v(dC), (2.12)
R\{0

has a unique Markovian solution
(Y, Z,9,0) = (y(V2), 2(V2), (Vi) A),
for 0 <t <T < oo, with
Cy 2K

< — .
o —c, and | (v, Q) > (2.13)

Proof. For the proof, we adapted the method in [6] (see also Appendix section of [16], Page
27) to jump framework. We start by establishing that the driver g satisfies Assumptions
(3). We consider truncation functions q : R? — R? defined as

min(|z|, C,)
q(2) := B
and define a truncated ergodic BSDE

K
Vi< S, 1Zl<Cm

zlgzop, and  G(Y) = 1<

dY; = (—9(Vi, ¢(Z1), q(V)) + N)dt + ZdW; + / U(V;, C)N(dt, dC), (2.14)
R\{0}
for t > 0. We verify that the generator ¢g(v, q(z), ¢(¢)) satisfies Assumption (3), i.e.
l9(v1,4(2), G()) — g(v2, 4(2), G())| < Co(1 + C)fvr — val, (2.15)
l9(v,q(21), G()) — 9(v, 4(22), G(¥))] < Co(1+2C%) |21 — 2 (2.16)

and

1900, 4(2), 4n)) — g(v, q(2), d(12))] < / e Quae). a)
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We now, have to prove that there exists a Markovian solution (Y;, Z;, ¥4, A) to the truncated
ergodic BSDE (2.14) that satisfies | Z;| < C, and |¥(v;, ()| < 2 for t > 0, then ¢(Z;) = Z,
and ¢(¥;) = ¥,. As a result, this solution (Y, Z;, ¥y, ), will also solve the ergodic BSDE
(2.7). For this part of the proof, we consider a strictly monotonic BSDE with a constant
of monotonicity « > 0, on a finite horizon [0, n], i.e.

veer = [ oWaa(ziem).quen) - avpendu [ zieraw, (@)
t t

WU (Vo QN (du, dC).
+/t/w} (Vi )N (du, dC)

We deduce from Cohen and Fedyashov [7], Theorem 8, (see also [4] for the diffusion case),
that BSDE (2.18) has a unique solution (Y,"*", Z2o" ¥uen) satisfying Y| < £ with

zven e L2(W) and W2 € L2(N). Moreover, we conclude that (Y,”", Zven povon) g
a unique adapted square integrable solution to the BSDE (2.18) for ¢ > 0. Hence, there
exists an adapted square integrable limiting processes (Y%, Z>® ¥%) such that

lim (Y;v,oz,n’ Z;)’am’ ‘I’Z’a’n) = (th’aa Zﬁ’a7 quﬂ)’

n—oo
with V3| < % Furthermore, the solution is Markovian, that is, there exist functions
y*(+), 2%(+) and *(-) such that
(Y;wa? Zzz)’a’ ‘I’f’a) = (ya(%)v Za(v;f)7 77006(‘/;5))7
is a solution to the infinite horizon BSDE
AV = (~g(V (207, GV ) + )+ Z0dWet [ W@ d). (219)
R\{0}
The next part of the proof is to demonstrate that the Lipschitz continuity property

(Vi) =y (V)] < LV = Vi,

for all vy,v, € R? with the Lipschitz constant C,. Let Y, = Y% — Y,*"? §Z, =
Z1 — 700" and 00, = WY — W2 for £ > 0. Subsequently

dsYy = —(g(Vi" q(Z"), qu (V™)) — g(Vi?, a(Z77), qU(Vi™™)))dt + adYidt + 0 Z,dW,
+ / SW, N (dt,dC)
R\{0}
= =gV a(Z77), qu (V™) — g(Vi?,a(Z7™), qU (V™)) dt + adYidt
+6Z,(dW; — Bydt) + / SU,(N(dt,d¢) — "= ¥2u(dC)dt), (2.20)
R\{0}
where

_ 9V a(Zm™), g (V) — 9V, a(Z77), gV (V™)

B AL

0215740
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By Inequality (2.15), £ is bounded. From the Girsanov’s theorem we define Wtﬁ =W, -
fot Budu and N#(dt,d¢) = N(dt,d¢) — fot @V Y12y (dC)du, for 0 < t < T, where @v=¥1¥2
is defined in Assumption (2.11). Therefore taking conditional expectation with respect to
Qon Ffor 0 <t<T < oo, we get

T
3Y; = e TR [5Yp|F) + Eg| / e g, du|F,].
t

From condition (2.13), we note that the first expectation is bounded by 2K/, and therefore
will go to zero as T' — oco. We deduce from (2.15) that the second expectation is bounded
by
T T
EQ[/ e—a(u*tmgudu‘}-ﬂ] < Cy(1 —i—CZ)]EQ[/ e*a(u—t)‘vuvl _ Vf!du]}"u]
t t
eat(ef(aJrCn)t _ ef(aJrCn)T

a+ C,

< O(1+C) oy — o). (2.21)

The last inequality is based on the Grownwall Inequality. Hence, as T" — oo yields
[y (Vi) =y (Vi) < GV = Vi) (2.22)

To obtain the third inequality in Condition (2.15), we consider a stochastic factor with
a jump term !, this yields

dv, = n(V,)dt + kdW, +/ CN(dt,dC),
R\{0}

where the coefficients satisfy Assumptions (1) and (2). Suppose that y*(-) € C%(R?). By
[t6’s formula to y*(V}") we get

A V) = VYV )+ Ty (VW + S (Ve
[ @ =) - e
R\{0}

" / (W (V2 +O) — y* (V) N (dt, d).
R\{0}

(2.23)
Comparing terms in the infinite horizon BSDE (2.19) and Equation (2.23), we deduce that
zZ2" = Vy*(V?)k, (2.24)

INote that for this work we consider a stochastic factor in the diffusion case throughout the paper. If
we include a jump term in the stochastic factor then our generator will be dependent on the Y variable.
Hence, the stochastic factor with jumps will not be ideal for risk representation using BSDE, because the
translation invariance property will not hold.
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QY = VPV + TV [ O -y ) - Do)
R\{0}
(Vi a(Z), 4(W}") (2.25)

and
U(Vh, €)= 5 (V" + ) — 5 (V7). (2.26)

for v € R%. Equation (2.25) is a Partial Integro-Differential Equation (PIDE) with a unique
bounded solution, y*(-) € C*(R?). We conclude that |y*(v)| < £. Furthermore, using As-
sumption (2) and Equation (2.24) and from condition (2.22), we conclude that for ¢t < 0,
12" < C.. From Equation (2.26), we have that [¥(V;, ()| < 25,

To show that A is a constant, the proof follows similarly as in Lian and Zariphopoulou
[16] (Appendix Section, Page 30). O

In the following theorem, we connect the solution of the ergodic BSDE with jumps (2.7)
to the exponential forward performance process (2.5). To do this, we adopt the procedure
by Liang and Zariphopoulou [16] (in Theorem 11), where they made the same connection
under the diffusion case.

Theorem 2.2. Suppose that Assumptions 1 and 2 hold, and let (Y;, Zy, Uy, N), t >0 be a
unique Markovian solution to Equation (2.7). Then,
(i) the process U(t,x), (t,x) € [0,00) X R, is an exponential forward performance
process defined as
U(t,x) = —e 172 (2.27)
with volatility
a(t,z) = —e 1wViTA 7,
and jump rate
d(t,x,() = —e M (e 1),

(ii) The optimal investment strategy is given by

T = inf (f {na(v) - M(Ut)/d(?;t) - Z<Ut):| ’ N %(M(Ut)/o'(vt) ) %ZQ(%)
+ /R\{O} le—’YWT(vz,C)—O—\P(vz,C) —1—77Y(v,¢) + ¥(v, g)} y(dg)>_ (2.28)

Proof. We start by first showing that U(t,z) satisfies the super-martingale property for
any admissible investment strategy m € A for all 0 <t < s, that is

EP[_Q—'ym—I—YS—ASLE] < _6—’Y$+Yt—>\t,
and for an optimal investment strategy 7, U (¢, x) is a martingale, that is,

Bp[—e X YoM ] = X THYimN
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Based on the wealth process (2.3), e7X can be written as

X = e Muexpd _ [ Vi)du — 8 V) dW,, — 8 T ,CNd,dC}-
. ) ep{ /tww()U/twa() /H/R\{o}'”(“”“ )

(2.29)
On the other hand, the ergodic BSDE (2.7) is given by

YS—)\s:Yt—)\t—/ g(Vu,Zu,\I/u)du—I—/ Zuqu+// W(u, )N (du, d¢).
t ¢ t JR\{0}

Combining the above expressions yields

e_WXS—’—YS_)\S - e_ﬂfXH_Yt_At exXp { - / (’7/1(‘/1)71— + g(Vua Zu7 qju))du
¢
—/ (ymo (Vi) — Zy)dW,
¢

[ eeteq - ) dc) . (2.30)

Then we take expectation under the probability measure P, given F;, i.e.,

Eple X+ | 7] = XYE[p{— / (V) + g(Va, Zu, W) du
t
_/ (VWU(Vu)_Zu)qu
t

_/ts /R\{O}(WT(U,Q—\If(v,c))N(du,dC)Hﬂ]- (2.31)

We define a new probability measure Q, for s > 0 and 7 € A using the process Mu,
u € [0, s] defined as the Radon-Nikodym derivative of Q with respect to P, therefore

—~  dQ
M, =—

=E&(M),,
Fi
where

M, =ep{ = [(row) - zgaw, - [ [ R0 = T Q)N @}

Since the processes Z,, m, and W, belong to BMO(P), the process M, is a BMO-

martingale, and consequently the stochastic exponential £(M), is a true martingale (see
Lemma 2 in [19]). Hence

: M,

Ep[exp (/ (9" (Va, Zu, V) — g(Vai, Z, \Du))du> —

t

M,

7

= Eqg {exp (/t (" Vi, Zus ©) = 9V, Za, \Ilu))du)

]—“t} : (2.32)
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with
™ _ 7_ p(ve)/o(vr) — z(ve) ’
70200, 00, Q) = L [ -
( vy) /o (vy) z(vt))2 + %zQ(vt)

_|_/ |:e'yfr'r(vt,§)+¢(vt,§) —1—= ")/7TT(U, C) + qﬂ(v) C) y(c(@)33)
R\{0}

Since g™ (v, 2(V3), ¥(v,()) < g(v, 2(Vy), ¥ (v, ()), we can conclude that
]EP[_G—')/X"-%YS—)\S‘JT_%] S _e—’yX-i-Yt—/\t.

Further, for 7 = & defined in (2.28), we have ¢ (v, 2(V;), ¥ (v¢)) = g(v, 2(V;), ¥ (v¢)) and
hence ) )
]EP[_G_WX”+YS—)\S|E] _ _6—7X7r+yt_>\t.
To show the second part of the theorem, we apply Ito’s formula to Equation (2.27) that
yields,

dU(t,x) = (---)dt + U(Z, — yro(V;))dW, + U / { }(eWT@vOW(”vO — 1)N(dt, dC).
R\{0
We then, compare the above equation to Equation (2.4) and obtain the following
a(t,r) = —e 1M 7,
and
O(t,x,() = —e TNV 1),
It is not difficult to see that the infimum function in Equation (2.28) is convex with

respect to m that is the second derivative respect to 7 of the infimum function is positive.
Therefore the minimum in Equation (2.28) exists. O

3. FORWARD ENTROPIC RISK MEASURE AND ERGODIC BSDE WITH JUMPS

In this section, we recall the definition of forward entropic risk measure. We then provide
the representation of a forward entropic risk measure as the solution of a BSDE and ergodic
BSDE.

Definition 3.1. Consider the forward exponential performance process

Uz, t) = —e @M with (¢,2) € [0,00) x R. Consider a risk position &7 € £, where
T > 0 is arbitrary and the risk position is entered into at the initial time ¢ = 0. Then,
the forward entropic risk measure p; (&7, T),t € [0, T}, is the unique F;-measurable random
variable that satisfies the indifference condition

ess sup Ep|U(XT + pu(ér;T) +&r,T)

ﬂEA[t’T]

for all (¢,z) € [0,7] x R.

]—"t} = sup EP{U(XJ,T)‘}}} (3.1)

7T€.A[t7T]
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If we let £ € £ and consider Tg := inf{T" > 0 : £ € Fr}, then the forward entropic risk
measure of £ is defined, for ¢ € [0, T¢], as

pi(§) = Pt(fQTﬁ)-
Therefore, for & € L2(Fr), we have p(§) := pe(&r; T).

The next theorem gives a representation of the forward entropic risk measure as a solution
of an associated BSDE, with a generator that depends on a solution of the ergodic BSDE.

Theorem 3.1. Let & € L2(Fr) be a risk position with an arbitrary maturity T > 0.
Supposes that Assumptions 1, 2 and 3 hold, and the processes Z and V in the ergodic
BSDE (2.7) are uniformly bounded. Consider, the BSDE

T T T
t t t  JR\{0}

) (3.2)
where the generator G(v, z, Z,1, 1) = %(g(v, 2+Z, YY) —g(v, 2,4)), with g(-, -, -) given
by (2.33). Then the following statements hold:

(i) The BSDE (3.2) has a unique solution (Y;"*, Z"* W) € S®(R) x L2(W) x L2(N),
fort e [0,T].

(ii) The forward entropic risk measure of a position in &r is given by

pt(ST) = Y;Tév
fort e [0,T].
Proof. Since the associated parameters are bounded and Lipschitz continuous (Assumption
(1) and (2)), and the generator ¢ in (2.33) satisfies Assumption (3). These assumptions
imply that ¢ is Lipschitz continuous in z and v, a.s.. Therefore, we know from Morlais [19]
(Section 3.2, Theorem 1 and 2), (see also Royer [31] and Guambe and Kufakunesu [12])

that there exists a unique solution to the BSDE (3.2) with a generator given by ¢ in (2.33)
and the risk position {7 € L®(F).

(i) For t € [0,T], the generator G(v, Z, %, ¥, 1)) is Lipschitz continuous in z and 1, that
is,
|G(U7 Zt7 517 \Ijt7 1;) - G(U, Zt7 227 \Ijta 1;)’ S Cz(l + 2Zt —+ ")/’,’Zvl‘ —+ ")/|§2‘)|21 — 22|
and
‘G(Ua Zyy 2, Wy, 7&1) - G(’U, Ly, 2, Wy, 1;2)’ < / ’@El — QzQ‘@U,Zﬂ/flﬂhy(dc)
R\{0}

where Z; and ¥, are uniformly bounded in L?*(W) x L?(N). Considering that G
is a linear combination of g, we deduce that G has the same form as g in (2.33).
Therefore, using the fact that & € L£(F;), we conclude (following Morlais [19],
Royer [31] and Guambe and Kufakunesu [12]) that Equation (3.2) has a unique
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solution for ¢ € [0, 7).

(ii) We consider the forward performance process in (2.27) and that p;({r) € Fi, t €
[0,7]. Then we have
ft]

T T
= ¢ lr)ess sup Ep { — exp { — fy(a: + / Tuft(Vy)dt + / w0 (Vy)dW,
t t

WGA[t’T]
T ~
+/ / T Lo N (du, dC)) +Yr — AT — 7§T} ’Ft}.
t R\{0}
(3.3)

In order to prove the second part of the theorem, we define for s € [t, T, the process

Pr = —exp{—7<x+/ ﬂsu(Vs)dt+/ wsa(Vs)dWS—l—// WSTSN(ds,dC))
: ¢ t JR\{0}

+Y, — As + ’yYST}. (3.4)

ess sup Ep [U(X:: T pul€n T) + €0, T)

TI'E.A[t’T]

As in [6] (Proof of Theorem 6, Page 12), we will show that the process P is a

super-martingale for all 7 € A7) and that there exists 7 € Ay 7 such that Pj is

a martingale.

For 0 <t <r <s<T, the exponent of PI satisfies

—7<a7—l—/ Tulb(Vi u+/ wo(Vy)dW, +/ / T YN (du, d()>+Y —As + Y.
t R\{0}

= —7<x+/ Tt (V)du + | muo(Vy)dW, +/ / T Yo N (du, d()) +Y, = Ar+qYT
t R\{0}

— —i—suVud—l— w0 (Vi) dW,, + uTNd dC)
7(% [ muntvipia [wa< //R\{o}” (du,dC)
HY, V) = (As = M) + (VT — ),

Furthermore, from the ergodic BSDE (2.7) and BSDE (3.2), we have that

(Yo=Y,) = As—7r) = —/ g(Vu,Zu,\Ilu)du+/ Zuqu+/ / U, N (du, dC)
r r r JR\{0}

and

1 S S
YT YT = _;/ (g(Vu,Zu—i—’yZE,\Ifu—l—’y\Ifg)—g(Vu,Zu,\IJu))du—i—/ ZEdw,

r
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+ / / UIN(du, d¢).
r JR\{0}

Combining the above three equations and applying the conditional expectation,
yields

Ep [ — exp { — ’y(x + / Tuit(Vy)du + / w0 (Vy)dW,, + / / mTuN(du, d{))
t t t JR\{0}

+Ys — As + VY;T} ]—"T}

_ _exp{_v(ﬁ/t run(V, du+/ V)W, +/ /R\{O}mT N(du, do)

fr] |
(3.5)

We consider a process M := exp { frs (—’WTUO'(VU) —l—Zu—i-ng)qu—i-frs fR\{O} (—unTw—
\I/u+7\IfZ)N(du, dC)}, with —ym, Yo + W, +7¥T > —1 for a.s. (w,t,¢). From Assumptions

(1)-(2) and the fact that (Z]°, %) € L*(W) x L2(N,), we conclude that the process M,
is a BM O-martingale. Define a probability measure Q™ by

+/ (= ymuo(Va) + Zu + vZf)qu

+/ / (—kuTuvL\Ifu—i—y\Ilf)N(du,dC)}
r R\{0}

dQT
p ~ EMr,
on Fr, where
E(M)r
T 1 /T ,
= exp { / ( —ymuo (V) + Zu + ng)qu b / ( —ymyo (V) + Zo, + WZUT) du
0 0

T
-l—/ / [e(_W“T”\I””V‘I’E) — 1+ ( — v Yy + ¥, + 7@’5)] v(d¢)du
0 R\{0}

T
— Ay Yo + Uy + YUY N (du, dC) b,
+/O /R\{O}( v, Lo + Wy + UL ) N (du C)}
(3.6)

provided that fOT fR\{O}(e(_VWUT“+‘I’"+”"I’5) — 1)?v(d¢)du < oo {for more on exponential

martingale see [2], [27] and [29]}. Therefore, 2|z = £(M)r is uniformly integrable,



16

given that the process M, is a BMO-martingale. Now, we have that

exp { / (—ymuo (Vo) + Zy + 7 ZL)dW,, + / / (e ™ e 4, + WD) N(du, d()}
r R\{0}

— exp{l/s( Y7o (Vi) + Zy, +’yZT) du

/ / (Am Tt Vat W) _ | 4 (=, Ty + O, + 7 07)] y(d()du}
R\{0} 2

Hence, from (3.5),

Ep[—exp{ —y(x+[ Wuu(vu)du+/: m(vu)dWﬁ/: /R\{O} WuTuN(du,dC)>
]
= —exp{—7<x+/t Tuit(V, du+/ a0 (Vo) dW,, +/ /R\{O}mﬂf N(du, dg))

+Y, — Ar + WYTT} x Ep {exp { / (= ymut(Ve)) = Ve, Zy + 425, W, + VL)) du

+Y, — As +7YST}

+1/ (=m0 (Vi) + Zu +725) du

[ (T 0
R\{0} 5(N)

= —exp{—7<a:—l—/ ﬂuu(Vu)du—f—/ Wua(Vu)qu—i—/ / WUTUN(du,dC))
¢ ¢ ¢ Jr\{0}

+Y, — M+ vYTT} x Eqr {eXp { / (= ymup(Va) = 9V Zy + 725, 0, + 0] ) du

1
7|

+—/ ( Vw0 (Vi) + Zy —I—VZT) du
/ / [eComXut bt la) — 1 (= ym, Ty + Uy + 7)) V(dé)dU}
R\{0}
Following the same procedure as in [6] (Proof of Theorem 6, Page 12), we show that for
any u € [r, s,

(3.8)

1 s
—ym (V) + 5( — a0 (Vo)) + Zy + 725)2 _ / / [e(—unTu+\Ifu+v\I/5) 1
R\{0}
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+( = ymuYu + Vo + 7)) [0(dC) > g(V, Zu + 72y, Vo +7T1), (3.9)
then
EQ" |:eXp { / ( - ’}/WUN(Vu) - g(vu: Zu + ’YZga ‘IJu + ’y\pg))du

+1/5( yruo (V) + Zu +~Z7) du

/ / MVt 1 (=, + O, + 4 TT)] V(dC)dU}
®\ {0}

]—“r} > 1.

(3.10)

As a result the super-martingale property

Ep [ — exp { — (x + / Tuft(Vy)du + / w0 (Vi)dW,, + / / WUTUN(CZU, d())
¢ ¢ ¢ JR\0}

JT"r:| < —GXP{ - ’7($ +/ WuM(Vu)du +/ W“J(Vu)qu
t t

+/ / T YN (du, dg)) +Y, — \r + mT}
t Jr\{0}

will hold. Note that the left hand side of the equation (3.9) can be written as

+Y, — As + vYST}

—Ymup(Va) + 1( — w0 (Vi) + Zu +127)° - / / [emTututawl) g
: E\{0}
+( = 9m Y+ Uy + 907 |y (dg)

A AT AL
Y

/ / (—ymuLout T+ TL) 1+ ( — f}/ﬂ'u’ru —+ \I/u + ’y\I/Z)} l/(dC)
R\{0}

, 1
! ——}Z + 2L+ p(Va) Jo(Va)] +§|Zu+725\2

(3.11)
In particular, for any 7, € Ay,
2 Zu + 1
%’WU_(ZT_'_ M(V)/U | ——‘Z +7ZT—|—,u(Vu)/G(Vu)}2+§’Zu+725|2

L T g (X))
R\{0

2
Z’u u u
inf {l‘ﬂa—(ZT+ +M(v>/0(v))’2
WuGA[tﬂT] 2 Y

1 1
~5|Zu 2]+ 5V Jo (V)| + 5120+ 211

v
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—/ /R\{O} [e(_w“r“”’”ﬂ’g) — 1+ (—ym Ty + ¥, + ’Y\IJE)}V(CK)},

and using ¢(V,, Z, + vZL, W, + v¥1) as in (2.6), we conclude that the super-martingale
property holds true.
The martingale property of the process PT, holds true if 7 € Ap,r and

Zy + M(Vu)/o-(vu))f
Y

ﬂuGA[t,T]

- . v T
7 = inf 7’7‘(‘0’—(2 +
1 T 2 1 T2

- / /R - [eCrmXut ¥ty i) 1 4 (=1, Ty + T, + 70T V(dg)}.
T 0

Combining the results from above, we obtain that Ep|PJ|F;] < PF, and hence, for any
S A[t,T],
7|

Ep |: _ e (q:—&-ftT Wuu(Vu)du—‘rftT WuU(Vu)qu-‘rftT fR\{O} WuTuN(du,dC)) +Y7 AT —~ér

< _e—wm—l-Yt AtV

)

(3.12)
and for 7 = ™ € Ay 1), we obtain
E, [ e (247 mupVaddut [T w0 (V)dWart [T fon 107 T Yol (dudC) ) +¥r—NT—ver ]_-t]
— _ef'nyrth/\tJr'thT.
(3.13)
Subsequently,
—y (w—l—ftT Truu(Vu)dt+ftT Wua(Vu)qu-‘rftT fR\{o} WuTuN(du,dC)) +Yr— AT —~ér
ess sup E]p|:—€ ]-"t]
7T€.A[t7T]
— _ T
= —¢ yr+Yi—At+7Y; ,
(3.14)
and using condition (3.1), we obtain
_e—Wt(éT)—'yx-i-Yt—At-&-'thT — et M
and hence,
pt(gT) = Y;T>

which concludes the proof. [l
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Similar to [6] (Section 3, Page 15), the above representation also satisfies the time-
consistent property, which means any risk position defined at time 7" can be evaluated
indifferently at any intermediary time u for any 0 < ¢ < wu < T < co. See also Bion [3] for
construction of risk measures using BSDE with jumps. Chong [6], highlights the difference
between the traditional entropic risk measure and the forward entropic risk measure. The
first difference is that the forward entropic risk measure is defined for all time ¢ < 0, while
the traditional entropic risk measure is determined for a finite time ¢ € [0, T]. The second
difference is that the generator of the BSDE (3.2), depends on the process Z, which is part
of the solution of the ergodic BSDE (2.7) that gives the forward exponential process in
(2.27).

4. LONG-TERM MATURITY BEHAVIOUR OF THE FORWARD ENTROPIC RISK MEASURE

We consider a contingent claim written on the stochastic factor, this position is repre-
sented as follow

ér = —h(Vr), (4.1)

where h : R — R is uniformly bounded and is Lipschitz continuous function with a Lipschitz
constant Cj,. From Theorem 3.1, we know that the risk of the position is represented as
the solution for the BSDE (3.2), that is p(&7) = V' ¢, where Y;"* satisfies

T
v = h(Vp) + /

t

T T
G Vi, Zuy ZEM W, WM doy — / ZErqw,, — / / UM N (du, d¢).
t ¢ JR\{0}
To analyse the long term behaviour of the forward risk measure, we associate the above
BSDE to the ergodic BSDE given as

A

T T T
Y, = YT/+/ (G (Vs Zuy Zu, W, \ifu)—)\)du—/ Zuqu—/ / U, N(du,dC), (4.2)
t ¢ ¢ JR\{0}

for 0 <t < T’ < co. We analyze the approximation of YOT’h by Yo + AT for large T. In
Chong et al. [6] the driver of the ergodic BSDE (4.2) depends only on the solution Z; of
the ergodic BSDE (2.7) of the forward performance process. In our case, the driver of the
ergodic BSDE (4.2) will depend on the solution Z and V¥ of the ergodic BSDE (2.7). As
was pointed by Chong et al. [6], this creates technical issues, which results in examining
the Markovian and non-Markovian forward processes separately. Following a similar route,
we analyze the long-term maturity behaviour in the Markovian case. The non-Markovian
case follows closely as in Chong et al. [6].

4.1. Markovian forward performance process.
Let us consider the case

Ult,z) = —e 7ety()=-X (4.1.1)
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where (Y(V;), Z(Vr), ¥ (V2)) = (y(Vi), 2(V2),¥(V4), A), is the solution of the ergodic BSDE
(2.7). The driver G(Vy, Zy, Zy, ¥y, U,) of the ergodic BSDE (4.2) depends on z(V;) and
¥(V;). The functions z(-) and ¥(-) are bounded and hence the driver G is Lipschitz con-
tinuous in 2 and ¢ as in (2.10) and (2.11). However, the generator G may not be Lipschitz
continuous in v, which affects the existence and uniqueness of the solution to the ergodic
BSDE (4.2). To overcome this problem, we consider an auxiliary quadratic BSDE defined
by,

Tk Yp — AT ! STh Tk Yot
Y, " = hWVp)+ ——+ —g(Vou, v 2" v, " ) du — Z,)dw, (4.1.2)

Y t 7 t
T A~ ~
—// U N (du, d¢),
t JrR\{0}

v O Th STh & Tohy .
with (V2" ZI" B given as

N . A Y, — At A v
(7 20 o= (v B2 g B gy 20,
Y Y Y

and ¢ is given in (2.33).

We now recall from [6] (Proposition 7) the following proposition with some results for
the stochastic factor model.

Proposition 4.1. [6] If Assumption 2 holds, then for all t > 0,
(i) the stochastic factor process satisfies |V,;'* —V;2|? < 725 |vy —uy|? where vy, vy € RY.
(ii) If we assume that the process V'V satisfies the following SDE

AV = (V') + H(V;"))dt + kdW,",

where H : R + R is a measurable bounded function, Q and P are equivalent
probability measures, and W is a Q" -Brownian motion. Then, for some constant
C >0, Egu[[VAP] < C(1+ |vf).

(iii) For any measurable function ¢ : R4 — R with polynomial growth rate 9 > 0, and
U1, U2 € Rd7

[Eon[[9(V) = (V)] £ CL+ fon |7 + fua] +)e 0,
where the constants C' and én depend on the function H only through sup,cgra|H (v)].

The proof of (i) and (ii) follows from the Gronwall’s inequality and application of the
Lyapunov argument respectively (see [6] and [9] Lemma 3.1). For the proof to the third
part of the proposition (basic coupling estimate) is given in Lemma 3.4 of [13] and also see
Theorem 2.4 of [8] and Theorem 5 of [7].

Theorem 4.2. Let Assumption 1 and 2 hold, and assume that the forward performance
process U(t,x) is given by (2.27). Then

(i) there exists a unique solution (Y, ZF" Wty = (470(V,), 270(V,), ¥T"(V,)) of the
quadratic BSDE (4.1.2) for t € [0,T].
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(ii) For (t,v) € [0,00) x R?, we have that
g (t,v)] < Or(1 + |u])

and 27", lﬁT’g are uniformly bounded such that,

. 2K
‘ZT’h(U:t)‘ <, [P (vy, Q)] < o

Proof. The existence and uniqueness of the solution to the quadratic BSDE (4.1.2) follows
from Morlais [19] (Section 3.2, Theorem 1 and 2). Analogous to Chong et al. [6], the linear
growth condition of the function §79(¢,v) follows from the boundedness of ¥;"" and the
linear growth condition of y(-). We consider a truncated BSDE version of (4.1.2)

T Yr— AT [1 TRy 6T "o

Y t t
T A ~
- / / BTN (du, dC),
¢ Jr\(0)

where the truncation functions ¢(+) : R — R? and ¢ : RY — R? are defined as

o) = LG

Now, it then follows that the generator g of the truncated BSDE (4.1.3) is Lipschitz i.e.
19(v1,74(2),74(¥)) — g(v2,v4(2), v4(¥))| < Culvr — val, (4.1.4)
19(v,7q(21), ¥4(¥)) — 9(v,74(22),74(¥))| < C:lz1 — 2 (4.1.5)

zlgzop, and  G(Y) = 1<

and

19(0,7(2), 74(2)) — g0, 79(2), 14(12))]| < /

1 — Yol VY20 (dC),  (4.1.6)
R\{0}
for any vy, va, 21, 22, ¢1, 2 € R Consequently, we have
}A/;Tytﬂ)l _ }A/;T,t,’l)g

1
= BV = OVE) + - v

T
- / %[g(VJ”“,vq(Zf’t’”l),W(\Tff’t’”l)) — g(VE2 yq(Z542), yq(UE2)) | du
t

T T
- / (ZTton = ZTb)qW, — / / (WTt0r — GTh2) N (du, dC)
t t  JR\{0}

U1 v2 1 ;U1 ,U2
= h(Vy") = h(Vy )+;<y(Vf~ ) = y(VE"™))

T
1 . . . .
+ / ;[Q(VJ’”WQ(ZE”*“),vq(\lff’t’”U) — gV, vq(Z0072), vq(V ™)) | du
t
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T A A~
_ / (Z740 — ZT4) (AW, — Bdu)
t

T
[ ) (V) — ()
¢ Jr\{o}

(4.1.7)

and denote

4 = gV va(Z0t) 1a( W) — (Vi va(Z5), 1a(Wit2)]
¢ =

7|Zg,t,vl _ ZAZ“,t,vg |2

ATvtvvl _ AT7t7v2
X|Zu Zu ‘1{Zg,t,vl7ézg",t,v2}

Using the Girsanov’s theorem we can define W/ = W, — fot Bdu and N¥(dt,d¢) =
N(dt,d¢) — [y p"*¥1¥2p(d¢)du for 0 < t < T, where p"*¥1%2 is defined in Assumption
(2.11). For all t we define 67, := Z""* — ZI'""> and 6%, := U] — U] and introduce

t t
M, = / 6 Z, dWP + / / SU, N®(du, d¢),
0 0 JR\{0}

which is a local martingale under the measure Q, equivalent to P, defined on Fr. Thus,
taking conditional expectation under the QQ measure on F; and using the Lipschitz condition
of h(v), in (4.1), y(v) in (2.13) and g(v,vq(2),vG(¢)) in (4.1.4) to (4.1.6), we obtain the
following results

D}tT,t,vl _ }A/;T,t,vg‘ _ ’gg”,t,vl _ ytT,t,vg‘

V1 v K v1 v
< CpEq[|Vy™ = Vg 2||ft]+7E@HV%’ — V|| A

C T
+70EQ|:/ |VJ’U1 —VJ’U2||E:|~ (418)
t

Furthermore, using the results from Proposition 4.1 we conclude that

e T K C
[y -y | < <Ch+ -t 7“>|v1 — vy

O

The proof of the asymptotic behaviour of the forward entropic risk measure is the same
as the diffusion can in Theorem 10 of [6], where they show that the forward entropic risk
measure converges to a constant as the time horizon increases.

5. CONCLUSION

In this paper, we have introduced jumps into the ergodic BSDE with quadratic growth
in the control variable. We have proved that under certain conditions there exists a unique
Markovian solution for a quadratic-exponential ergodic BSDE with bounded jumps.
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The solution of the quadratic-exponential ergodic BSDE with bounded jumps was used to
derive the representation of a forward entropic risk measure. We have noticed that when
the stochastic factor includes jumps, the corresponding generator of the ergodic BSDE
contains Y; and consequently the translation invariance property is not satisfied.

We have also, derived the connection between the ergodic BSDEs with jumps and the
PIDE. which allowed us to determine the representation of a forward entropic risk measure
using the solution of a quadratic-exponential ergodic BSDE with bounded jumps. This
work can be extended to study the differentiability of the ergodic BSDE with jumps in
order to determine capital allocation representation of the forward entropic risk measure
in the spirit of [17].
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