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SYNOPSIS

Abstract evolution problems of type

d

I (Beu) = Aeu, t>0 1)
lim B u = Y,
t-0+*

are considered in this study. The e-subscript is used to indicate that
these problems are seen as perturbations of an evolution problem

d

Bu) = Au, t>0
dt ( ’
(2)
lim Bu =y,
t-0+

where the pair of operators <Ae’Be> tends, in some sense, to the pair

<A,B> as ¢ tends to zero. All operators are linear and have domains in
a common Banach space X. Af and Be map into a Hilbert space Y6 and

A and B into a Hilbert space Y.

One aspect of this study is to identify sets of initial conditioms for
which unique solutions for (1) and (2) exist. If solutions for (1) and (2)
exist, both map (0,0) into the Banach space X and the convergence, with
respect to some norm in X, of the solution of (1) to that of (2) as ¢
tends to zero, is feasible.

As Y6 and Y need not necessarily be the same, another aspect of the
study is to identify initial values y_e€ Y  for (1) and y e Y for (2)

such that the above convergence can be established.
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To show that unique solutions exist the notion of a B-evolution, as
developed by Sauer in [S1] is used. This is a generalization of the
concept of a semigroup. A B-evolution of ©bounded operators
{S(t) : t > 0}, with generating pair <A,B> can be interpreted as a
solution operator for the evolution problem (2) as the solution for (2) is
given by

u(t) = S(t)y, t>0.

In [S2] Sauer constructed a Friedrichs extension <A,B> for a pair
<A, ,B,>, with respect to a third operator C;,. For the special case

C, = B, the closed pair <-A,B> is shown to be the generating pair of a

holomorphic B-evolution in Y.

In this study this procedure is adapted for more general situations. The
two special cases C, =B, and C, = A, + vB, are considered separately

and sufficient conditions are given for the Friedrichs extension to be the
generating pair of a holomorphic B-evolution.

These results are then applied to prove existence results for
(i) Sobolev equations, including pseudo-parabolic and generalized
biharmonic equations, and
(ii) dynamic boundary value problems.

For all these examples the solutions are given by holomorphic B-evolutions
for which contour integral representation exist [S1]. These will be used
to establish convergence results for the evolution equations (1) and (2).

For strongly continuous semigroups a corollary of the Trotter-Kato Theorem
states that the pointwise convergence of semigroups is equivalent to the
pointwise convergence of the resolvent operators for the infinitesimal
generators.

For a B-evolution S(t) the concept of a generalized resolvent operator

P(1) for the generating pair  <A,B>  was introduced in [S1] as
P(A) = (AB - A)"L.
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In this study is shown that for holomorphic B-evolutions the convergence of
B-evolutions may be linked to the convergence of generalized resolvent

operators. As Ye and Y need not necessarily be the same space, this

result lacks the simplicity of the Trotter-Kato Theorem.

This result is applied to three examples. In all three cases equations (1)
and (2) are of different types. Also, in the first example Y = Y6 for

all €. In the second example YE CY for all ¢ with Y6 # Y6 if
‘ 1 2

€, # €5. In the final example Y Y with Y  independent of .
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SAMEVATTING

Abstrakte evolusie vergelykings van die volgende tipe word in hierdie
studie ondersoek:

d
(Bu) =Au, t>0
dt ‘e € (1)

%i3+ Beu Ve

Die e-onderskrif dui aan dat die probleem beskou word as ’n steuring van ’n
evolusie vergelyking

d
Bu) = Au, t >0
dt ( ’
(2)
lim Bu =
t-0" d

vaar die paar operatore <A€,B€> neig na die paar <A,B> as € neig na

0. Alle operatore is lineér en het definisieversamelings in ’n
gemeenskaplike Banachruimte X. Aﬁ en B, het waardes in ’n

Hilbertruimte Y€ en A en B het waardes in ’n Hilbertruimte Y.

Een aspek van hierdie studie is om beginwaardes te bepaal, waarvoor
eenduidige oplossings vir (1) en (2) bestaan. Oplossings van (1) en (2)
beeld (0,0) af in die Banachruimte X en dit is dus sinvol om die
konvergensie van die oplossings van (1) na die oplossing van (2) te
ondersoek. Aangesien Y, en Y nie noodwvendig dieselfde ruimte is nie,

is deel van die ondersoek om beginwaardes y, € Y  vir (1) en yeY vir

(2) te bepaal, waarvoor die konvergensie aangetoon kan word.
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Om aan te toon dat eenduidige oplossings bestaan, word die begrip van ’n

B- evolusie, soos ontwikkel deur Sauer in [S1], gebruik. Dit is ’n
veralgemening van die semigroep-begrip. ’n B-evolusie van begrensde
operatore {S(t) : t > 0}, met genererende paar <A,B>, word

geinterpreteer as ’n oplossingsoperator vir die evolusie vergelyking (2)
want die oplossing vir (2) word gegee deur

In [S2] word ’n Friedrichs-uitbreiding <A,B> vir ’n paar operatore
<d,,B,> met betrekking tot ’'n derde operator C;, gekonstrueer. Vir die

spesiale geval C, = B, word aangetoon dat die geslote paar <-A,B> die

genererende paar vir ’n holomorfe B-evolusie in Y is.

In hierdie studie word die prosedure in [S2] aangepas vir algemener
toepassings. Die twee spesiale gevalle C, =B, en C, = A, + vB; word

afsonderlik beskou en in elke geval word voorwaardes gegee waaronder
<-A,B> die genererende paar vir ’n holomorfe B-evolusie is.

Hierdie resultate word dan toegepas om bestaanstellings te bewys vir

(i) Sobolev-vergelykings, wat pseudo-paraboliese en veralgemeende
biharmoniese vergelykings insluit, en

(ii) dinamiese randwaarde probleme.

Vir ’n holomorfe B-evolusie bestaan ’n kontoerintegraalvoorstelling [S1].
Hierdie voorstellings word gebruik om die konvergensie van oplossings van
(1) na die van (2) aan te toon.

Vir sterk kontinue semigroepe volg uit die Trotter-Kato-stelling dat die
puntsgewyse konvergensie van semigroepe ekwivalent is aan die puntgewyse
konvergensie van die resolventoperatore van die infinitesimale generatore
van die semigroepe.

Vir ’n B-evolusie met genererende paar <A,B> word die veralgemeende

resolventoperator P()) in [S1] gedefinieer deur P(A) = (AB - A)"!. Vir
holomorfe B-evolusies word in hierdie studie aangetoon dat die konvergensie
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van B-evolusies verband hou met die konvergensie van die ooreenstemmende
veralgemeende resolventoperatore van die genererende pare. Omdat Ye en

Y nie noodwendig dieselfde is nie, is die resultaat minder eenvoudig as
die Trotter-Kato- stelling.

Die konvergensie-stelling word op drie voorbeelde toegepas waar (1) en (2)
in elke geval van verskillende tipes is. 0ok is Y = Ye vir alle €, in

die eerste voorbeeld; Y CY vir alle e met Y #Y = vir ¢ ¢ ¢,
1 2

in die tweede voorbeeld; en, Ye cY vir alle e, in die laaste

voorbeeld.
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CHAPTER 1
INTRODUCTION

Abstract evolution problems of type

d
Bu)=4Au, t>0
dt ( € €’
(1.1)
lim B u
t-0+

"
<
[2)

are considered in this study. The e-subscript is used to indicate that
these problems are seen as perturbations of an evolution problem

d
Bu) = Au, t>0
1 ( )
(1.2)
lim Bu =y,
-0+

where the pair of operators <A€,BE> tends, in some sense, to the pair

<A,B> as € tends to zero. All operators are linear and have domains in
a common Banach space X. A6 and B6 map into a Hilbert space Y€ and

A and B into a Hilbert space Y.

One aspect of this study is to identify sets of initial conditions for
which unique solutions for (1.1) and (1.2) exist. If solutions for (1.1)
and (1.2) exist, both map (0,m) 1into the Banach space X and the
convergence, with respect to some norm in X, of the solution of (1.1) to
that of (1.2) as ¢ tends to zero, is feasible.

As Ye and Y need not necessarily be the same, another aspect of the
study is to identify initial values yo €Y, for (1.1) and y e Y for

(1.2) such that the above convergence can be established.
The existence of solutions is dealt with in Chapter 2. The notion of a

B-evolution, as developed by Sauer in ([S1] is used. This is a
generalization of the concept of a semigroup. A B-evolution of bounded
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operators {S(t) : t > 0}, with generating pair <A,B>, from a Banach
space Y into a Banach space X can be interpreted as a solution operator
for the evolution problem (1.2) as the solution for (1.2) is given by

u(t) = S(t)y, t>0.

A summary of results from [S1] that are used in this study is provided in
Section 2.1. An important property of the gemerating pair <A,B> is that
the operators are jointly closed. This joint closedness does not imply
that both operators are closed.

In [S2] Sauer constructed a Friedrichs extemsion <A,B> for a pair
<Ay ,By>. The procedure includes introducing a third operator C;, for

which the expression

(Apu,Cyu) + w(Byu,Cyu) (1.3)

yields a norm |[ ]| in a subspace of the Banach space X. The inner
product in Y is denoted by (,) and & is a non-negative constant. If
(1.3) yields a strong enough norm a closed extemsion <A,B> of <4,,B;>,

with respect to C,, exists.

For the special case C, = B, the closed pair <-A,B> is shown to be the

generating pair of a holomorphic B-evolution in Y. A review of these
results is provided in Section 2.2.1.

In Sections 2.2.2 - 2.2.4 a generalization of [S2] is presented. For the
expression in (1.3) to be a norm certain conditions of symmetry have to be
satisfied. Using ideas from [LM] the procedure in [S2] is adapted for
situations with less symmetry. The two special cases C, =B, and

C, = A, + vB, are considered separately and sufficient conditions are

given for the Friedrichs extension to be the generating pair of a
holomorphic B-evolution.
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These results are then applied to prove existence results for
(i) Sobolev equations and
(ii) dynamic boundary value problems.

Evolution equations of Sobolev type

Mu’+Lu=0, t>0 (14)

lim u=a
t-0+

were first introduced by Sobolev [So]. Except for the difference in
initial conditions, evolution equations of type (1.2) are equivalent to
Sobolev equations of type (1.4) if M is a closed operator.

A systematic treatment of the Sobolev equations is presented by Showalter
([Sh 1], [Sh 2]). His approach is to find conditions for the operator
-¥"!'L  to be the infinitesimal genmerator of a semigroup, after having
extended the operators L and M separately.

In our approach L and M are extended jointly. For these extended
operators the properties of the operator LM™! yield stronger results than
those in [Sh 2]. This fact is illustrated in Section 2.3.3 with an example
supplied by Showalter [Sh 3].

Existence and regularity results for the Dirichlet problem for an elliptic
partial differential operator of arbitary order are needed for these
examples. [P] and [F] are used for reference purposes.

In [S2] the dynamic boundary value problem

dou=Iu in 0 x (0,0)
¢ (10u) =-Lu on 60 x (0,m) (1.5)

lim <u,7,u> = y € L2(0) x L2(an)
t-0+*
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is considered. f is a bounded open set in R™ with smooth boundary 41.
L 1is a second order symmetric differential operator. L, is the co-normal

derivative associated with L at the boundary dft, and 9, is the trace

operator. In [S2] is shown that a unique solution for (1.5) exists for
every y € L2(0) = L2(a0); L2%2(0) and L2(d0) Dbeing spaces of square
integrable functions on { and 4 respectively.

In Sections 2.4.2 and 2.4.3 evolution problems of type (1.5) are
considered, with L

(i) not necessarily symmetric and

(ii) having additional lower order terms.

In both these cases it is proved that a unique solution for (1.5) exists
for every y € L2() = L%(an).

Finally, in Section 2.4.4, a dynamic boundary value problem of type

5tu =Lu in 0} x (0,&) (1.6)

d, (7ou + k2(x)Lyu) =-Lu on 4 x (0,0)

is considered. This type of boundary condition results from a contact
condition between the domain @ and the boundary df. A one-dimensional
example was solved in [Fu] by means of eigenfunction expansions of boundary
value problems involving a spectral parameter which also occurs in the
boundary condition.

In Section 2.2.4 we apply results from Section 2.2.2 to show that (1.6) has
a unique solution for every initial condition in L2(R) x i 2(40). The
space Hl/z(ﬁﬂ) is a Sobolev space defined in [L]. Existence and
regularity results for regular elliptic boundary value problems as
developed in [L] are used.

In Section 2.2 several special cases are considered depending on the
boundedness and symmetry properties of the different operators. The
examples that are presented in Section 2.3 and 2.4 cover the whole spectrum
of these cases.
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The question of convergence is the next issue to be considered.

For all the evolution equations that will be presented in Sections 2.3 and
2.4 the solutions are given by holomorphic B-evolutions. From [S1] follows
that contour integral representation exist for those B-evolutions. These
will be used to establish convergence results for the evolution equations
(1.1) and (1.2).

For strongly continuous semigroups (C,-semigroups) a corollary of the
Trotter-Kato Theorem [P, p 87] states that if ©E_ (t) 1is a sequence of
equi- continuous C,-semigroups in a Banach space X and E(t) 1is a
C,-semigroup in the same Banach space X, then the pointwise convergence
of E (t) to E(t) for t > 0 is equivalent to the pointwise convergence
of R(A,A)) to R(},A); R(A,A,) and R(A,A) denote the resolvent
operators for the infinitesimal gemerators A, and A of E,(t) and

E(t) respectively.

For a B-evolution S(t) the concept of a generalized resolvent operator
P(1) for the generating pair <A,B> was introduced in [S1] as
P(A) = (OB - A)°1.

The Trotter-Kato Theorem suggests the possibility that the convergence of
B-evolutions may be linked to the convergence of generalized resolvent

operators.

For holomorphic B-evolutions a result of this nature is presented in
Section 3.2. As Ye and Y need not necessarily be the same space, this

result lacks the simplicity of the Trotter-Kato Theorem.
The result in Section 3.2 is applied to three examples:

(i) the convergence of the solutions of pseudo-parabolic equations to the
solution of a related parabolic equation;
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(ii) the convergence of the solutions of generalized "biharmonic"
equations to the solution of a related parabolic equation; and

(iii) the convergence of the solutions for dynamic boundary value problems
with imperfect contact to the solution of the related problem with perfect
contact.

In the first example Y = Ye for all e. In the second example Ye cy
for all € with Yel # Ye2 if € # €. In the final example Y cY

with Ye independent of .

A special case of the first example has been solved in [T]. The Yosida-
approximation for the semigroup generated by the elliptic operator was used
and only self-adjoint operators are considered.
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CHAPTER 2
EXISTENCE OF SOLUTIONS

2.1 Evolution equations and holomorphic B-evolutions.

In this section results on B-evolutions from Sauer [S1] are quoted. Only
the holomorphic case is dealt with as this is sufficient for the examples
ve consider later.

Let X and Y be complex Banach spaces and let B be a linear operator
with domain D(B) ¢ X and values in Y. A family {S(t) : t > 0} of
bounded linear operators defined on Y is called a B-evolution [S1, p 298]
if

S(t)[Y] ¢ D(B) for all t >0
and

S(t + s) = S(t)BS(s) for all s,t > O.

Associated with any B-evolution is a semigroup {E(t) : t > 0} of linear
. operators in Y defined by

E(t) = BS(t), t > 0.
S(t) 1is called strongly continuous if E(t) 1is a semigroup of class C,.
S(t) is uniformly bounded if there is a constant M > 0 such that

[S(t)]] < ¥ for t > 0.

The Laplace transform P(A) of a strongly continuous, uniformly bounded
B-evolution S(t) is defined for A with Re A > 0 by

PNy = f: e Ats(t)y dt for all y € Y.
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A strongly continuous, uniformly bounded B-evolution is called of type L
if

P(A)y € D(B) forall yeY and all A with Re A > 0

and

(1] 4]
BP(\)y = Jo e MBS (t)y dt - Jo e ME(t)y dt.

The infinitesimal generator A of a B-evolution S(t) is defined as
follows:

Ayx := h"!(BS(h)B - B)x for x € D(B) and h > 0
x € D(A) if Ax := lim Ayx exists.
h-0

A B-evolution S(t) of type L is determined uniquely by the pair of
linear operators <A,,B,> with A, and B, the restrictions of A and

B to D =Rg(P(A)), the range of P(A). D does not depend on A with
Re A > 0. [S1, p 292 & 293]

<A,,B,> is called the generating pair of the B-evolution S(t) and A,B;!

is the infinitesimal generator of the associated semigroup E(t).
B- evolutions yield solutions to certain evolution equations.

Theorem 1  [S1, p 293] Let 'y e Rg(B,) and u(t) =S(t)y. Then
u(t) € D and

d

I (Bou) = Aju
lim Bju =y.
t-0*

dlso, if y €Y such that S(t)y € D and wu(t) is any solution of the
inittal value problem then u(t) = S(t)y. By a solution we mean a function
u with values u(t) € D for all t >0, and Byu differentiable for all

t >0 with respect to the norm topology in X.
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A B-evolution is holomorphic if the associated semi-group  E(t) is
holomorphic [P, p 61 & 62].

For a holomorphic B-evolution Theorem 1 remains valid for any y € Y and
the B-evolution is also a Bj-evolution. [S1, p 298]

It is important to knmow if a given pair of operators <4;,B,> 1is the

generating pair of a holomorphic B-evolution of type L.

Theorem 2 [S1, p 296] Let <A,,B,> be a pair of operators with a common
domatn D C X and values in Y. <A,,B;> s the generating pair of a

holomorphic By-evolution of type L in Y if and only if

B, has a bounded inverse

A B;! generates a uniformly bounded holomorphic semigroup in Y.

Remark
The uniform boundedness of the semigroup is not a serious restriction. If
the semigroup E(t) is not uniformly bounded there still are v > 0 and
M > 0 such that

IEGt)] < e, t >0 [P, p 4, Th 2.2]

and then

is the infinitesimal generator of a uniformly bounded semigroup. Iy is

the identity map in Y.

From Theorem 2 it is clear that <A, - wB,, B,> is the generating pair of

a holomorphic B,-evolution S(t) of type L.
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10

Let y €Y and u(t) = S(t)y. From Theorem 1

(A - wBy)u(t), t>0

¢ (Byu(t))

lim Byu(t)
t-0+*

I
«

Let v(t) = e“tu(t). Then

& (Byv(t)) =

lim Byv(t) =
t-0+

|
[
o
<
—
ct
~—
ct+
v
o

]
«

2.2 Holomorphic B-evolutions and the Friedrichs extension of a pair of
operators.

2.2.1 Introduction

Sauer [S2] presented another set of sufficient conditions for a pair of
operators <A,B> to be the generating pair of a holomorphic B-evolution of
type L. The conditions were obtained by constructing a Friedrichs
extension of a pair of operators «<4;,,B;>.

For reference purposes the main results of [S2] are quoted.

Let X be a complex Banach space and Y a complex Hilbert space. A,, B,
and C, are linear operators with a common domain D, ¢ X and map into

Y. Define the bilinear forms R, and S, as follows:

Ry (u,v) := (Aju, C,v)

So(u,v) := (Byu, Cyv) 5 wu,v € D,

with (:,-) denoting the inner product in Y.

|l I and || |y will denote the norms in Y and X respectively.
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Assume that:

1. Ry and S, are Hermitian.
2. Ry and S, are nonnegative.

3. For some w20 the form [, ] with

[u,v] := Ry(u,v) + oS, (u,v)
15 positive definite on D, in the sense that there ezists ¢ > 0

such that
|[u]|? := [u,u] 2 c"u”% for all u e D,.

4. The mapping
x € <Dy, || lyp — x € <Dy, |[]]>

18 injective in the sense that if {x,;} ¢ D, 4s a Cauchy- sequence in

IL11 end ixlly — 0, then [[x,]| — 0.
5. Cy[Dy] is dense in Y.
6. B, and C, are bounded tn the norm |[ ]].

Under these conditions a closed extemsion <A,B> of  <A,,B,> is

constructed on a subspace D with D, ¢ D c X.

A pair of operators <A,B> is called closed if for a convergent sequence

{xa} in D with x, —x in X, Ax, —y and Bx, —z in Y it

follows that x € D, Ax =y and Bx = z. The operators A and B are
also called jointly closed.

In the special case C, = B, it was shown that <A,B> is the generating

pair of a holomorphic B-evolution of type L if the following additional
assumption is satisfied.
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7. For some k > 0
S (u,u) = ||Byul® 2 k*[luly for all wu € D,.

This technique will be extended to situations with less symmetry. An
approach similar to that of Lax and Milgram [LM] will be used. The special
cases C, =B, and C, = A, + ¢B, will be considered.

2.2.2 Construction

Let X be a complex Banach space and Y a complex Hilbert space. A4;, B,
C, and N, are linear operators with a common domain D, ¢ X which map

into Y. Define bilinear forms R,, S, and T, as follows:

Ry (u,v) := (A,u, Cyv)
Sy (u,v) := (Byu, C,v)
Ty (u,v) := (Nyu, Cyv) ; u,v € D,.
In this case a closed extension for the pair <A, + Ny, B> is

constructed. A, is regarded as the "symmetric" part of an operator in the
sense of Assumption F2 below. N, is regarded as the "anti- symmetric" part

of the same operator. The example in Section 2.4.2 serves as an
illustration.

This extension for <A, + Ny, B;> is constructed under a boundedness
condition on T,. See Assumption F8 below. A closed extension for
<A,,B,> can be constructed under the same condition with these extensions

not necessarily defined on the same subspace of X.

If a stricter boundedness condition on N, (see Assumption F9 later omn) is

assumed the closed extensions for <A, + N, B;> and <A;,B;> are defined
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on the same subspace of X. Also, A, and N, can be extended separately

and the sum of these extensions equals the extemsion of A, + N;. See

Theorem 4 below.

The example in Section 2.4.3 serves as an illustration. In that case the

operator N, is used for some lower order terms of a differential

operator.

Assume that:

F1.

F2.

F3.

F4.

F5.

F6.

F7.

F8.

For some w > 0 the form [-,-] with
[u,v] := Ry(u,v) + wS,(u,v) ;5 u,veD,

18 Hermitian.

Re S,(u,u) > 0 for all u € D,.

The form [ , ] 1is positive definite on D, <in the sense that there

18 some ¢ > 0 such that
|[]|? := [w,u] > cllu} for all u e D,.

The mapping x € <Dy, || [y> — x € <Dy, |[ ]J|> s injective in the
sense that if {x,} c Dy is a Cauchy-sequence in |[ ]| and

ally — 0, then | [xq]] — o.
Co[Dy] %5 dense in Y.
B, and C, are bounded in |[ ]].

For some 6 >0 and 0 < e <1
Re T,(u,u) > - €|[u]|® - 6 Re Sy (u,u) for all u € D,.

T, s bounded in |[ ]].
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Theorem 3
3.1 For some subspace D with Dy cDcCX there ezists a closed

extenston <A,B> on D of <A;,By>.

3.2 For some subspace D’ with D, c D/ ¢ X there ezists a closed

eztension <M,B’> on D’ of <A, + Ny, Bp>.

The proof of this theorem follows from the following lemmas.

Let D, denote the completion of D, with respect to |[ ]]|.

Lemma 1  The bilinear forms Ry, S;, T, and the operators B, and C,

may be ertended by continutty to R, S, T and B, and C, on D,.

Proof R;(u,v) = [u,v] - wS,(u,v) = [u,v] - w(Byu, C,v).

F6 and F8 imply that R,, S, and T, are bounded forms with respect to

|{-]| and B, and C, are bounded operators.

For complex X let
Q(u,v;A) := R(u,v) + AS(u,v)
W(u,v;4) := R(u,v) + T(u,v) + AS(u,v); u,v€D,.

For A real
Re Q(uﬂl;'\)

]

|[u]|? + (A - w)Re S(u,u)
and

Re W(u,u;A) = |[u]|® + (A - w)Re S(u,u) + Re T(w,u) for all u € D,.

Using F7
Re W(u,u;l)

v

(1- €e)|[u]|®2+ (A - w- 6)Re S(u,u) for all u € D,.
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For 2> w
Re Q(u,u;A) > |[u]|® for all u € D, (2-1)

and for A 2w, =w + ¢

Re W(u,u;A) > (1 - €)|[u]|® for all u € D,. (2-2)

By the Lax-Milgram lemma [LM] for X > v there exists for given y e Y a
unique qy € D, such that

Q(ay,v;4) = (v,C;v) for all v e D, (2-3)

Also for A > w; and given y € Y there exists a unique wy, € D, such

that

W(wy,vid) = (v,Cyv) for all v eD,. (2-4)

Define for A 2w the linear operators PQ(A) : Y — D, and

Pu(d) : Y =D, by

PQ(A)y = q, and Py(d)y := wy.

Lemma 2 For X 2 w; and p 2 w,

Po(d) = Py(e) + (b - A)Py(k)B,Py(})

and

Py(h) = By(w) + (1 - DRy()B.RG(A).

Proof From the identities
(YaC1V) = Q(qy9V;/\)

R(qy,v) + A5(qy,v)
Q(ay,vsp) - (k- A)S(qy,v)
Q(ay,vsu) - (b - A)(Byay,C,v)

we conclude that
Q(ay,v;k)

(y + (4 - A)Byqy,C,v)
(y + (p - A)BIPQ(A)y,Clv).
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From the definition of Pq(u)
4 = Pg(u) (v + (k- A)B,Pg(A)y)

or
Po(N)y = Palu)y + (b - N)Pg(n)B Py(d)y for all y e Y.

Similarly, for y e Y,
(y,Clv) W(Wyﬂ’;’\)

= R(wy,v) + T(w,,v) + AS(w,,v)
= W(wyavin) - (- D)S(HpY)
= W(vy,vsp) - (b - A)(Bywy,Cyv)
and therefore
W(wy,vip) = (v # (b - A)Bywy,Cyv)
= (y + (g - N)BPy(A)y,Cyv).

From the definition of Pw(u)

vy = Pu(u)(y + (k- 2)BPy(A)y)
or :
Py(D)y = Py(p)y + (b - 1)Py(p)BPy(d)y for all y e Y.

Lemma 3 For A > w, the operators PQ(A) and PW(A) are invertible and
the ranges Rg(PQ(A)) and Rg(PW(A)) are independent of A.

Proof If PQ(A)y =u, =0 for some y € Y it follows from the definition
of PQ()) that (y,C,v) =0 for all v € D;,. From Assumption F5 that
Co[D,] 1is demse in Y it follows that C,[D,] is also dense in Y as

C,[D,] > Cy[Dy]. Therefore y = 0 and PQ(A) is invertible for X > w,.

In a similar way it follows that Py (1) is invertible for A 2 v,.
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To prove the second statement let u € Rg(PQ(A)) for some X > w,. Then
u = PQ(A)y for some y € Y.
From Lemma 2 for u > v,
u = Po(u)y + (s - NPq(u)B,Ry(N)y
Pq(ﬂ)(y + (o - A)B1pq(A)Y)
Pq(ﬂ)yl

for
=y + (p- N)Buel.

Similarly, Rg(Pw(A)) is independent of A for X > v,.

Define D = Rg(PQ(A)) for A
D/

v

w,, and

Rg(PW(A)) for A

v

-
For X > w;, p > w, define the operators A and B on D as

A= (p - )T (kRg" (A) - ARt (W)
B:= (A- w7 (3" () - Bpl(w)-

Define, also, the operators M and B’ on D’ as

B o= (u - A)7H(BRt(A) - AR (W)
B’ := (A - p) ' (Ppt (V) - Pyt(k))-

Lemma 4 The operators A, B, M and B’ are independent of A and pu.

vB + A for v >uw, oand

Pyt ()
Pyt (v)

vB” + M for v 2> u,.
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Proof Forue D, veD and A and p as in the definition of A and B
Q(u,v;4) = ((AB + A)u,C,v)

and

Q(u,v;pu)
The identity

(o - v)Q(u,v;d) + (v - N)Q(u,v;e) + (A - p)Q(u,v;v) =0
yields
Pdl(v) =vB + A for v .

((uB + A)u,C,v).

Also, for uweD’, veD’ and A and p as in the definition of M and
BI

W(u,v;A) = ((AB’ + M)u,C,v)

and

V(u,v;u) ((pB’ + M)u,C,v).

The identity

(g - v)W(u,v;d) + (v - DW(u,v;p) + (A - p)W(u,v;v) =0
yields

W(u,v;v) = ((vB’ + M)u,C,v) for all v € D,

and thus
PLi(v) = vB” + M for v u.

Lemma 5 B, c BcB,, Ay cA, B, CB’ cB,, A, +N, M.

Proof For u,v € D,
Q(u,v;4) = ((AB, + Ag)u,Cyv)

and thus
PQ(A)(/\B0 + Aj)u =u € D.

This proves that D, ¢ D or B, cB and A, cA. D cD, follows from

the definition of D. From Lemma 4 PQI(V) =vB+ A forall v u,.
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For uwe Dy, v, 2w, vy2u, v #u,
Pél(ul)u = v,Bu + Au = v, Byu + A,u

and Pi'(v,)u

Q

vyBu + Au = v,Byu + Aju.

It follows that (v, - v,)Bu = (v, - v;)B,u.
Hence Bu = Bju
and Au = Aju.

A and B extend A, and B, respectively.

That B, extends B follows from Lemma 2.

For any ue D, u-= PQ(A)y for some y €Y.

Po(u)Byu = Po()BPa(A)y = (- A)7'(Bg(N)y - By(m)y)
or
Biu = (u- A)7"(Bg" (w)u - Pyt (A)u) = Bu.

Similarly, for wu,v € D,
W(u,v;4) = ((AB, + N, + Ay)u,Cyv)

or
Pu(A)(ABy + Ny + Aj)u =u

and therefore D, ¢ D’ or B, c B’ and A, + N, C M.

D’ ¢ D, follows from the definition of D’.
From Lemma 4 Pg'(v) = vB’ + M for all v 2 .

B’ and M extend B, and A, + N, respectively.

B’ ¢ B, follows from Lemma 2.

Lemma 6 The pairs of operators <A,B> and <M,B’> are both closed.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



20

Proof For 1 > w, the operators PQ(A) and Pp(d) are all bounded. We
prove this for Py(}). The proof for PQ(A) is similar. [S2, p 244].

For X > Wy and y € Y, from (2-2) and (2-4),
[Py (1)y] 12 < Re W(R,(A)y,Py()y;A) |
Re(y,C Py (A)y)

| (v,C,Py(1)y) |

Iyl e, 2y ()l

IN 1l IN

I

From Assumption F6
| Py (M) y]1? < Mllyll| [Py(A)y]]
and from Assumption F3 we conclude that

Py (W) yll3 < ¢ 'H|lyl|? for all y e Y.

For 1 > w, the inverse operators PQ‘(A) and Py'(}) are closed.

[Y, p 79].

From Lemma 4 this implies AB + A and AB’ + M are closed for 1 2 v,.

But if AB + A is closed for at least two non-zero complex numbers the
pair <A,B> is closed [S1, p 295]. Similarly for <M,B’>.

Proof of Theorem 3 In Lemmas 1, 2, 3 and 4 the validity of the
definitions of the subspaces D and D’ and the operators A, B, M and
B’ is shown.

In Lemmas 5 and 6 it is shown that <A,B> and <M,B’> are closed
extensions of <A,,B,> and <A, + N,, B;> respectively. This completes

the proof.
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Under the additional assumpiion:

F9 N, <is bounded in |[]],

stronger results for these extensions are obtained.

Note that Assumptions F6 and F9 imply F8 which now becomes superfluous.

The operator N; may be extended by continuity to N, on D, and T,

may be extended to T with

T(u,v) = (N,u,C,v) for all u,v € D,.

The following result now holds.

Theorem 4 If F9 is satisfied
B’ =B and M=A+N
with Ny, ¢ N CN,.

Proof VWe first show that D = D’. For any u € D’ and X > v, there is

u.

a yeY with Py(d)y

Therefore from (2-4)
W(u,v;A) = R(u,v) + T(u,v) + AS(u,v) = (y,C,v) for all v e D,

and
Q(u,v;4) = R(u,v) + A§(u,v) = (y7C1V) - T(u,v)
= (y - Nju,C,v) for all v € D,.
From (2-3)
PQ(A)(y - Nju) =u
and
= D.

u € Rg (Py(d)) =

Similarly D c D’ and thus D =D’. As B c B, and B’ c B, this shows
that B’ = B.
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For any u € D,

Nu = Mu - Au = (4; + Nj)u - Aju = Nju
and

Ny CN.

For ueD =D

W(u,v;A) = ((AB + M)u,C,v) for all v € D,

H

and

Q(u,v;d) = ((AB + A)u,C,v) for all v € D,.

This yields
W(u,v;A) - Q(u,v;A) = (Nu,C,v) for all v € D,.

But also
V(u’V;'\)

R(u,v) + AS(u,v) + T(u,v)
Q(U,V;A) + (N1uac1v)

or
W(u,v;A) - Q(u,v;A) = (N;u,C,v) for all v e D,.

As C,[D,] 1is dense in Y from Assumption F5
(N;u - Nu,C,v) =0 for all v e D,

yields
Nju =Nuo for all ueD=0D

or
N CN,.

For the closed pairs <A,B> or <M,B’> to be generating pairs of B- or
B’-evolutions B or B’ must have a bounded inverse. The following
assumption is sufficient:

F10  For some k > 0, |Byull 2 k||u||X for all u € D,.
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Theorem 5 If F10 ¢s satisfied
Byull > klfully for all u € D.

Proof For any u €D, there is a sequence {u,} c D, with

|[u, - u]] — 0 as n — o.

From Assumption F3
clluy - ully € [[uy - v

and from Assumption F6 for some b > 0

2 _ 5,0 as n— o

IBou, - Byull = B, (u, - Wl <bl[u, - w]| =0 as n— a.

From Assumption F10
0 < [Byull? - K*fluylly — IByull® - k*[lufly as n — a.

This implies |Bjul|® > k*[lufl{ for all u € D,.

Corollary 1 B and B’ have bounded inverses.

Proof B c B, and B’ C B,.
In order to proceed the operator C, will have to be specified.

2.2.3 Special case 1 : C, = B,

In this case Ry(u,v) = (Au,Byv)
S¢(u,v) = (Bou,B,v)
T, (u,v) = (N,u,Byv).

Assumption F2 is satisfied as
Re S, (u,u) = |Byul|? > 0 for all u € D,.

Assumption F1 is satisfied if and only if R, is Hermitian.
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Theorem 6 Let C, = B, and assume that F1 - F8 and F10 are satisfied.

Then -M(B’)"! 4s the infinitesimal generator of a holomorphic semigroup
in Y.

Proof  Let L =-M(B’)"' - v I,. The operator L is well-defined as

Corollary 1 yields that (B’)"! exists.

For the domain D(L) of L is known that D(L) = Rg(B’) > B,[D,] = C,[D,],

and from Assumption F5 then follows that D(L) is demse in Y.

For 2> 0
ALy - L= (4 + o)y + M(B’)-!
= ((A + w,)B" + M)(B’)'1
= Ppt(A + ) (B)7!
and hence

(ALy - L)" = B'Py(d + u,)

is defined on Y.
We will now show that this resolvent operator is bounded.

For uweD’ and f = B’u let

p=((A+w)Bu+ Mu,B'u)
= A|B’ul|? + w;S(u,u) + R(u,u) + T(u,u)
= MI£I* + q
with
q = R(u,u) + ,S(u,u) + T(u,u), w, = v + 6.
Then

Re q = |[u]|? + 6S(u,u) + Re T(u,u)
and from Assumption F7
Re g > (1 - ¢)][u]]®.

From Assumption F8

|Im q| = |Im T(u,u)| < |T(u,u)| < m|[u]]?
for some m > 0.
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Define K(4) := {v € C : |arg v| < 6}.

For @ = arctan (ifgL?) < % we have shown q € K(4) for all u e D’.

The lemma in the Appendix now implies that for any ¢, 0 < ¢ < % -4

there is some c(¢¥) > 0 with

Ip[2 2 c(#)|AI2]I£1* for all A € K(g + ¢).

But |p|? < ||(A + ¢)B’u + Mu||?||[f||> and this yields
(A + w)B/u + Mul|® > c(y) |A]?|I£]1?

or, equivalently,
|(ALy - L)YE|l 2 c(#)/2|0f]| for all f e D(L) and all A € K(z + 9)-

This implies for the resolvent set p(L) of L that
p(L) 2 {4 : 1> 0}

and then from a well-known result in spectral theory ([F, p 73, problem 4])
p(L) 2 K(z + ¢).

This proves that L is the infinitesimal generator of a uniformly bounded
holomorphic semigroup in Y. [P, p 61 & 62].

-¥(B’)"' = L + v Iy is the infinitesimal generator of a holomorphic

semigroup in Y.

Theorem 7 Let C, =B, and assume that F1 - F8 and F10 are
satisfied. Then <-M- wB’,B’> s the generating pair of a holomorphic

B-evolution S(t) of type L in Y.

Proof From Corollary 1 B’ has a bounded inverse and from the proof of
Theorem 6 L =-(M + »,B’) (B’)"! is the infinitesimal gemerator of a

uniformly bounded holomorphic semigroup in Y. The result follows from
Theorem 2.
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Theorem 8 Let C, =B, and assume that F1- F8 and F10 are

satisfied. Forany y €Y let
u(t) = e’1%s(t)y.
Then u 1s the unique solution to

4 (Bru(t)) = -Mu(t)
lim_B’u(t) =y.

t-0
Proof See the remark in Section 2.1.
Remarks

1. Let C, =B, and assume F1 - F10. Then M(B’)"! = (A + N)B"! and

<-A - N- v,B,B> will be the generating pair of a holomorphic B-evolution

S(t) of type L. For yeY and u(t) = e“1S(t)y
d g - (A
Tt (Bu(t)) = - (A + N)u(t)
lim Bu(t) =y.
t-0
2. TFor N, =0 Assumption F7 is satisfied for 6 = 0. In the proof of

Theorem 6 m =0 and 6 = 0 imply that any value for ¢, 0 < ¢ < % may

be used. 1In this case these results specialize to the results of Sauer
[S2].

3. 1In the proof of Theorem 6 is shown that p(L) 2 K(z + ¢). This
implies that p(-M(B')"!) 2 {A : A - w; € K(5 + ¥)}-

2.2.4 Special case 2 : G, = A, + B,

In this case R;(u,v)

Sy (u,v) = (Byu,Ayv + wB,v)

(Agu,A,v + wB,v)

T, (u,v) = (Nyu,A,v + wB,v)
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Assumption F1 is satisfied for any w > 0 as
[u,v] = (Cyu,Cyv).

Assumption F2 is satisfied if and only if for some o > 0
Re (B,u,A,u) > -u|Byul? for all u € D,.

C, is bounded in |[ ]| as |[Cpul|® = |[u]]?-

A, = Cy - vB, and from Assumption F6 follows that A, is bounded in
[[ ]| and may be extended by continuity to A, on D,. In this case

R(u,v) = (4;u,C,v) for all u,v € D,.

Lemma 7 A C A,.

Proof Q(u,v;A) = (ABu + Au,C,v) for all ue D, v € D,
and Q(u,v;A) = R(u,v) + AS(u,v)

(Aju + ABju,C,v) for all u,v e D,.

1]

For ueDd
(Aju - Au,C,v) =0 forall veD,
and as C;[D,] is demse in Y, this yields A,u = Au for all wu € D.

The following two additional assumptions are needed.

F11 For some 6, 0 < # < %
So(u,u) € K(8) for all u e D,.

F12 B, [D,] %s dense in Y.

Note that Assumption F11 implies F2 which now becomes superfluous.
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In the results that follow we assume that N; = 0. This is done because

the bilinear form [, ] remains Hermitian even for nonsymmetrical

operators.

Theorem 9 Let Cy =4, + By, N, =0 and assume that F3 - F6,

F11 - F12 are satisfied. Then -AB™' 4s the infinitesimal generator of a

holomorphic semigroup in Y.

Proof

_ _AR-1 _
Let L = -AB wIY.

The operator L is well-defined as Corollary 1 yields that B! exists.

For the domain D(L) of L it is known that

D(L) = Rg(B) > Rg(B,)

and from Assumption F12 follows that D(L) is dense in Y.

For A >0
My - L=+ 0)Iy+ AB-!
= ((A + ¢)B + A)B!
| = PQI(A + w)B!
and hence

(My - L)™' = BRy(d + o)

is defined on Y.

We now show that this resolvent operator is bounded.

For ueD and f = Bu let

with

p = ((A + v)Bu + Au,Bu)
= M|Bu/[> + (Au + wBu,Bu)
= M + q
q = S(u,u), the complex conjugate of S(u,u).
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Assumption F11 implies that q € K(4) for all u € D and the lemma in the
Appendix that for any ¢, 0 < ¢ < % - 0 there is some c(¢) > 0 with

IpI? 2 c(H)IAIIEI* for all X € K(z + ¢).

As in the proof of Theorem 6 this implies that L is the infinitesimal
generator of a uniformly bounded holomorphic semigroup in Y.
[P, p 61 & 62].

-AB"! =L + wly 1is the infinitesimal generator of a holomorphic semigroup

in Y.

Theorem 10 Let Cy =A, + wBy, N, =0 and assume that F3 - F6,

F10 - F12 are satisfied. Then <-A - wB,B> s the generating pair of a
holomorphic B- evolution S(t) of type L in Y.

Proof  From Corollary 1, B has a bounded inverse and from the proof of
Theorem 8 L = -(A + «B)B"! 1is the infinitesimal generator of a uniformly
bounded holomorphic semigroup in Y. The result follows from Theorem 2.

Theorem 11 Let Cy, =A, + vB,, N, =0 wand F3- F6, F10 - F12 qre

satisfied. For any y €Y let u(t) = eth(t)y. Then u 1is the unique
solution to

It

& (Bu()) = -Au(t)

lim  Bu(t)
t-0

1}

Y.

Proof The result follows from Theorem 10 and the remark in Section 2.1.
Remark

In the proof of Theorem 9
p(L) 2 K(z + ¢).
This implies that p(-AB™') 2 {A : A - we K(z + #)}-
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2.3 Sobolev equations
2.3.1 Formulation of the problem

In this section the results of Section 2.2 will be applied to a Sobolev
equation

d, (M(x,D)u) = -L(x,D)u, u=u(x,t), xef, t>0,

% =0, 0¢< |a| < max {m,}, xedn, t>0, (2.5)
M(x,D)u(x,t)|t=0 = y(x), x €.

! is a bounded domain in R™ with a C®boundary . M and L are
uniformly strongly elliptic partial differential operators of order 2m
and 2{ respectively with coefficients sufficiently smooth. [F, p 1,2].

In order to formulate the initial boundary value problem as an evolution
equation of the type discussed in Sections 2.1 and 2.2 we need the
following function spaces.

H<(1)  denotes the Sobolev space of complex-valued functions with all
derivatives up to order k square integrable. [F, p 33].

HE(8) is the closure of C3(#) in H*(1), CJ(d) being the space of

infinitely differentiable functions with compact support in . The norm
in HX() is denoted by || |-

In the space L%()) of square integrable functions the norm is denoted by
| lly and the inmer product by ( , )q-

Define a linear operator M with domain D(M) c H2™(R) and range
Rg(M) c L2(0) by

(Mu) (x) = M(x,D)u(x).
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Likewise, the linear operator L with D(L) c H2f(R) and Rg(L) ¢ L2(n)
is defined by

(Lu) (x) = L(x,D)u(x) [F, p 70].

The initial boundary value problem (2.5) is then formulated as

& (Hu(t)) = -Lu(t), t >0

lim  Mu(t)
t-0

(2.6)

y

The boundary condition in generalized form is incorporated by the
requirement that u(t) € HS(R), k = max {m,{}.

The two cases m > £ and m < ¢ are treated separately.

In both cases we assume that M 1is positive definite in the sense that for
some ¢; >0

Re (Mu,u)y > c,fufl} for all u e HE(R) n H2"(D). (2.7)

For M and L the following a priori inequalities are well-known
(F, p 68].

For some k; >0 and k, >0

I

lullym € %y (IMullg + fully) for all u € HY(®) n H2"(R) (2.8)

and

I

1/ 14
Hu”ze k2(||Lu||n + [lully) for all ue Ho(ﬂ) n H2* (). (2.9)

From (2.7) and (2.8)

1
lMaftpm < Xy (Mufl + Z |Mufly)
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or
k(1 + ¢y)

Huﬂzm < k3“Mu"g’ ky = c,

for all u € HP(R) n HZ"(Q). (2.10)

It is also clear that for some m, > 0 and £, >0
[Mully < myllully, for all u e HF(R) n H"(R) (2.11)
and

ILully < £Jjull_, for all w e ié ) n m2tn). (2.12)

Also, for some m, > 0 and ¢, > 0,

IA

| (Mu,u)g| < mylfullf for all w e HY(R) n H2"(R) (2.13)

and

I

| (Lu,u)g| € Lllull} for all u e KE(R) n H2é(n). (2.14)

2.3.2 The case m > ¢

Note that the pseudo-parabolic equations (m = £¢) are included as a
special case.

We use the results of Sections 2.1 and 2.2 to prove the existence of a
unique solution to the initial value problem (2.6).

Using the notation of Section 2.2, let

X = H2®(R), Y =L%*() and D, = H"(R) n H2"(D)

and
B, = M,

MlD , the restriction of M to D,
0

Ay = Ly

LID , the restriction of L to D,.
0

For C, =A, + vB, and N, =0, we show that Assumptions F3 - F6 and

F10 - F12 are satisfied and that Theorem 11 applies.
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Assumption F3
We have to show that for some v > 0 there is a c¢ > 0 such that

| (u][? = ILou + oMyullf > cllull}, for all u € HF(R) n H2"(R).
For any w > 0, My, + L, 1is a uniformly strongly elliptic operator of
order 2m. From the a priori inequality [F, p 68] there is some
k, = k,(v) > 0 such that

llullym € ky4(w) (feMgu + Loufly + lufly) for all wuw e HF(R) n H™(R).  (2.15)

From (2.7) and (2.14)

Re (uMgu + Lou,u)g 2 wcyffully - Lyllully 2 (we, - £;)ullg,

for all u € HJ(®) n H2™(D). (2.16)

From (2.15) and (2.16) it easily follows that the assumption is satisfied
for w > ¢;/c; with ¢ =c(w) = 6,/k,(1 + 6,), 6, = wc, - £, > 0.

Assumption F4

We have to show that if {u,} c H}(0) n H2™(Q) is a Cauchy- sequence in

|01l and Jlupllyy — 0, then |[u,]] — 0.
Note that from Assumption F3, (2.11) and (2.12) for w > ¢,/c,
c(@)lufl3n < [Tu]l? < 2(¢ + o’mi)[ull}, for all u e HG(R) n H2™().

Hence, |[ ]| 1is equivalent to the H?™(})-norm and the assumption is
satisfied.
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Assumption F5
We have to show that

Co[Dy] = {wMyu + Lyu : u € H}(N) n HZ™(N)}

is dense in LZ(R).

Indeed, for v > ¢,/c,, wMy + L, is positive definite and oM, + L, 1is a
bijection from  HJ(R) n HI™(N) onto  L%(N). [F, p 71]. Hence
Co[Do] = L2(R).

Assumption F6
We have to show that B, = M; 1is bounded in |[ ]]|.
From (2.11) and Assumption F3 for w > ¢,/c,
Myully < m ¢ mec(w) /2| [u]| for all u e ET(D) n HZm(D).
Assumption F10

Ve have to show that for some k > 0,

Boull = [Moully 2 Klfull, ~ for all u e Hy(a) n H*"(Q).

It follows directly from (2.10).
Assumption Fi1

Ve have to show that for some #, 0 < < %
So(u,u) = (Myu,Lyu + uMyu)y € K(6) for all u e HF(R) n HE"(D).
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From (2.11) and (2.12)

|Im (Myu,Lou + wMyu)g|

| Im (Mou’Lo“)nl

|(Mou’Lou)n|
m ¢ |lull2, for all u e HI() n H2™(R).

IN

I

From (2.10), (2.11) and (2.12)

Re(Myu,Lou + oMyu)y > - | (Myu,Lou)g| + ofM;ull3
> m g,y + o/ ul3, for all u e HI(D) n HER(A).

For w>m ki let 6, = vw/k?- m¥¢, > 0. The assumption is satisfied

for w > m ¢,k with ¢ = arctan (m,¢,/d,).

Assumption F12

We have to show that Rg(M,) is demse in L2(0).

Rg(M,) = {Myu : uw e H}(0) n H>™(N)}. From (2.7) M, is positive definite

and therefore a bijection from HI(R) n H2™(0) onto L%2(). [F, p 71].

Remarks

1. In this case I [-]1 is equivalent to the H2™(Q)- norm.
D, = HI() n HZ"(Q) is a closed subspace in  H2™(0) and in the

construction in Section 2.2 D, =D, =D. Hence A=4A; =L, and

2. From Theorem 10 <Ly - oMy ,Mp> is the generating pair of a

holomorphic My-evolution S(t) of type L on L2(R).
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3. Note that for Assumption F3 to hold, we need

> Ly/c, (2.17)

and for Assumption F11 to hold, we need

v>mé ki (2.18)
4. If L is positive definite in the sense that for some c, > 0
Re (Lu,u)y 2 cyllul} for all u e KE(R) n K2E(R), (2.19)

condition (2.17) is superfluous since then

Re (oMju + Lou7u)n > weylufl + Cz”u“% > we,[lullg

for all u € H}(R) n H2Z™(R)

and Assumption F3 is satisfied for all w > 0.

Theorem 12 For m > £ and any y € L2(R) the unique solution to

¢ (fu(t)) = -Lu(t), t > 0
lim Mu(t) =y
t-0
18 gtven by
u(t) = e’s(t)y

with S(t) the holomorphic M,-evolution of type L with generating pair

<_Lo = NMO ’M0>-

Proof. The result follows directly from Theorem 11.
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Remark

In Theorem 12 the solution u may also be written as
u(t) = 5;(t)y
with S,(t) the holomorphic M;-evolution with generating pair <-L,,M;>.

From the remark on p 23
p(-LoMz') 2 {d : A - weK(z+ ¢)}

2.3.3 The case m < £

In this case we assume that L is positive definite in the sense that
(2.19) is satisfied. Choosing X, Y and D, is more involved than in the

previous case.

M is a bijection from HP(8) n H2™(2) onto L%(0) and L a bijection
from Hf(n) n H’Z(ﬁ) onto L2(R). Inequality (2.10) is used to show that

Assumption F10 is satisfied and hence we choose X = H2™(1). The boundary
condition implies that D, C Hf(ﬂ). Hence D, C Hf(ﬂ) n Hze(ﬂ). Note that

V= M[Hf(ﬂ) n H2£(ﬂ)] need not be dense in L2%(f) as the orthogonal

complement

V5= {f € L2(0) : (£,Mu)y = 0 for all u e Hi(R) n B2¢(R)}

need not be trivial.

Let Y = Cl(M[Hf(ﬂ) n H2Z(ﬂ)]), the closure being with respect to the
LZ(R)-norm. Let D, = L ![Y].

For this choice of Y and D, it has been shown in [V] that:
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Ry n m2é(n) ¢ x

D, C
Y = M[HZ"()] for £ > 2m
Y = H[HE@) n B2"(1)] for m< £ < 2m

Cl(Rg(M,)) = Y
Rg(wM, + L,) =Y for w > 0.

Ve assume that for some 4, 0 < 6 < %,
(Lou,Mgu)y € K(4) for all wu € D,. (2.20)

Ve will present examples of pairs of operators that satisfy this condition
at the end of this section and also in Chapter 3.

For A, =L,, By =M,, C =1L, + oM, and N, =0, we show that

Assumptions F3 - F6 and F10 - F12 are satisfied and that Theorem 11
applies.

Assumption F3
We have to show that for some w > 0 there isa ¢ > 0 with

|[u]|? = [Lou + oMyu||d 2 cllullj, for all u € D,.
For any w > 0, wM; + L, 1is a uniformly strongly elliptic operator of
order 2¢. From the a priori inequality [F, p 68] there is some
k, = k,(v) > 0 such that

”u“2£ < ky(v) (lloMgu + Loufly + flufly) for all u € D,. (2.21)

From (2.7) and (2.19), as |[lu|| < [[ull,

v

(vcy + ¢5)lullz

c,|lullfZ for all u € D,. (2.22)

Re(sMgu + Lyu,u),

v
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From (2.22)

Cz”u”ﬁ < cyllully < Re(uMyu + Lyu,u)g

IN

| (uMgu + Loyu,u)g|

I

[[oMgu + Loulglufl, for all wu € D,.

Combining this with (2.21)

Hu”zg < k4(1 + 1/c)|leMgu + Loufly for all u € D,.

The assumption is satisfied for any w > 0 with ¢ = cy/k,(1 + ¢c,), as

||u||2m < Hu”2£ for all u € D,.

Assumption F4

We have to show that if {u,} ¢ D, is a Cauchy-sequence in |[ ]| and

lugll;e — 0, then |[[u,]| — .

Note that from Assumption F3 and (2.11) and (2.12) for v 2 0

c()llul?, ¢ [Tu]l? € 2(¢f + o’nd)|ul?, for all u e D;.

Hence |[ ]| 1is equivalent to the Hze(ﬂ)-norm and the assumption is
satisfied as ||u||2 < "u”ze for all wu € D,.
m

Assumption F5
We have to show that

Co[Dy] = {eMyu + Lyu : u € Dy}

is dense in Y.
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The proof of this result is given in [V] and is repeated here.
For v > 0, from (2.7) and (2.19)

Re((alf + L)u,u) 2 (ue, + c¢,)llul} for all u e H(R) n H2é(n).

As oM + L is a uniformly strongly elliptic operator on Hf(ﬂ) n Hzg(ﬂ),

this implies that oMf + L is a closed bijection from HE(n) n E2€() ¢ L2()

onto L2(0) ([F, p 71]). Hence for any y € Y c L?() there exists a
u e B0) n 12ty with

wMu + Lu =y
or
Lu = y - wMu.

As MueY for ueH:(0) nB2Y(n) this yields LueY, i.e. ueD,.

This shows that wM; + L, is a bijection from D, onto VY.

Assumption F6

We have to show that By, = M, is bounded in |[ ]].

From (2.11) and Assumption F3, for w 2 0

-1
Moully € mllullyg € mc(e) /2] [u]] for all u e D,.

Assumption F10
We have to show that for some k > 0
Boull = [Mpully 2 k||u||2 for all u € D,.
m

This follows directly from (2.10) as

14

D, ¢ Ho(n) n m2é(0) c mB(R) n H2(R).
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Assumption F11

We have to show that for some #, 0 < 0 < %
S¢(u,u) = (Myu,Lou + oMyu)y € K(#) for all wu € D,.
For any » > 0 and 6 as in (2.20)

(Mgu,Lou + oMyu)y = (Myu,Lyu)g + olfMyul|3

is contained in K(§) for all ue D, as (Myu,Lyu)y = (Lyu,Myu)y , the

complex conjugate of (Lyu,Myu),.

Assumption F12

We have to show that Rg(M;) is demse in Y.

The proof of this result is given in [V] and is repeated here.

It is sufficient to proof that the orthogonal complement of Rg(M;),
Rg(My)* := {f € Y : (f,Myu)y = 0 for all uw € Dy}

is trivial.

For v >0 and any f e Rg(M;)" cY there is some u € D, with

(wMy + Ly)u = f. Then (f,Mju) = 0 reduces to
0 < ulMgullf = - (Lyu,Mgu)q < 0.

The last inequality follows from (2.20).
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From Assumption F10 ¥M,u =0, implies u=20 and hence

f = vMyu + Lyu = 0.

Remarks

1. In this case |[ ]| is equivalent to the Hzg(ﬂ)-norm. D, = L 1[Y]

is a closed subspace in Hze(ﬂ) and in the construction in Section 2.2
D, =D, =D. Hence A=A, =L, and B =B, = X,.

2. The choice w =0 1is allowed and from Theorem 10 <-L,,M;> 1is the

generating pair of holomorphic M;-evolution S(t) of type L on Y.

3. Note that the Hilbert space Y depends on the operator M.
4. All the assumptions are also satisfied for X = LZ(R).

Theorem 13 For m< ¢ and any y € Y the unique solution to

d

I (Mu(t)) = -Lu(t), t >0
lim Mu(t) =y
t-0
1S given by
u(t) = S(t)y

with S(t) the holomorphic M- evolution of type L with generating pair

<Ly, Hy>.

Proof. The result follows directly from Theorem 11.

Ve conclude this section with an example, supplied by Showalter [Sh3],
which illustrates that the joint extension of the operators leads to
stronger results than those in [Sh 1] where the operators are extended
separately.
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In [Sh 1] the evolution problem

Mu’ = -Lu, t >0

1im+ u=a
t-0

with M and L uniformly strongly elliptic operators, of orders 2m and
2¢ respectively, are considered. For the main existence result

[Sh 1, p 89, Th 3] one of the conditions is that there exists a 4,
0 <0 <5 such that

(Lu,Mu)y € K(4) for all ueV

with

V={aeC@ :d'u=0 on M, 0<j<{}.

HV is the normal derivative on dfl.

For the Laplace operator A, consider M = -a and L = aZ.

Then V={ueC’() :u=0u=0 on o} and

(Lu, ¥u) :j v (au) |2 - J 6 (su)su.
)] on

v denotes the gradient operator.

As there is no control on the last term the above condition cannot be
satisfied.

In (2.20) the same type of assumption is used but on the smaller set D,.

Consider the special case with M formally self-adjoint and positive
definite and L = M?. This includes the above example. We show that
Condition (2.20) is satisfied for this example.
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As ¢ =2m, D, c HZ™(Q) n H*™(R). Also, for u €D, it follows that

Lou = M2u € Y and there exists a sequence {w,} C HZ™(0) n H!™(0) with
| Mw,, - Mgu”ﬂ — 0 as n — a.

As M is positive definite this implies that {w,} converges to a

v € H2™(0) with M2u = Mw.

For u € Dy,

(Lou,Mgu)g = (Mju,Myu)y = (Mw,Myu),.

As M is self-adjoint

1]
"

(LouaMou)n (w,Mgu)n (WaMW)Q-
This yields, from (2.7),

Re(w,Mw)g > cjlwii3 .

Re(Lou,Myu)q

As Re(w,Mw) (v,Mw), this yields that Condition (2.2) is satisfied with

N Q

g = 0.

Finally we remark that in [Fi] the biharmonic case was solved by means of
eigenfunction expansions. The same set of permissible initial conditions
was found ([Fi, p 254}).

2.4 Dynamical boundary value problems

2.4.1 Introduction

In [S2] the following dynamic boundary value problem is discussed.
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d,u="Lu, u-=u(x,t), xell, t>0

9y (r0u) = -L,u, xedam, t>0 (2.23)

! is a bounded domain in R™ with smooth boundary 4. L is a symmetric
second order differential operator

n
Lu = E ai (alj (X) (3] u)
i,j=1

with the coefficients ay ; real-valued,

and

a;; € C°(M), i,j =1,2,...,n.

L is uniformly strongly elliptic in the sense that for some ¢, > 0

n
T oag;(x)6€ 2 ¢ ¢]? forall £eR® and xed.  (2.25)
]

i,

LV is the co-normal derivative associated with L at the boundary 4. v

is the unit outward normal vector on dfl.

n
L u = 2 a.H (X)Vi(X)aju.
J

7, 1is the trace operator. [L, p 41]

The problem is formulated as an abstract evolution equation by choosing

X = L2(R), Y=L(8) x L2(), D, = C2(f)

and defining A, and B, on D, by
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Aju <-Lu,LVu>,

and

Byu = <u,7,u>.

It is then shown that for C, = B, Assumptions 1 - 7 of Section 2.2 are

satisfied, and hence for any
y € L2(0) x LZ(an)

the unique solution to

& (Bu(t)) = Au(t), t>0

lim+ Bu(t)
t-0

1l
~

is given by
u(t) = S(t)y

with S(t) the holomorphic B-evolution of type L generated by <-4A,B>,
the Friedrichs extension of <-4,,By>.

In this section various generalizations of problem (2.23) are presented.
2.4.2 Non-symmetric case

The boundary value problem (2.23) is considered with smooth complex- valued

coefficients  a;; for the differential operator L. The symmetry

condition (2.24) is dropped and we assume that L is uniformly strongly
elliptic in the sense that for some c, > 0

n
Re X a;;(x)¢¢ 2 cyl€]® forall ¢ eR* and x el (2.26)
i,j=1
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Let L* denote the formal adjoint of L [F, p 3];

n
L'u := % ACHOLLE
1,])=

The co-normal derivative Li associated with L* at the boundary 4% is

given by

n
* =
Lu:= X &;(x)y(x)dju.
i,j=1

As in Section 2.4.1 choose

X =1L%(), Y=1L2(0) x L*(é0) and D, = C2(),
and define operators A,, By, C; and N, by

*
24pu = < (L + L)u, (L, + L)w
Byu = Cyu := <u,y,u>

2Ngu := <- (L - L*)u, (L, - L))u> for all u € Dy.

Note that for u,v € D, = C*(0) integration by parts is valid and if (,) 4

denotes the inmer product in LZ%(4f),

n
('Lu,V)n + (Lyu,'yoV)an = . g—l (alj alu,aJV)n (2.27)

' J=

and

n
(-L*u,v)n + (L;u,'yov)an = izj-l (3;;0;u,0;v),. (2.28)
,j=

Ve show that Assumptions F1 - F8 and F10 are satisfied and hence that
Theorems 7 and 8 apply.
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Assumption F1

We have to show that for some v >0, [u,v] = S;(u,v) + wRy(u,v) is

Hermitian.
So(u,v) = (Byu,Byv) is Hermitian.
2R, (u,v) = (24,u,B,v)

(-Lu - L*u,v)n + (Lyu + L;u,7ov)an.

From (2.27) and (2.28)

n
2R0(11,V) = 1 ?_1 ((a.u 31u,3jv)n + (ajlalu,aj‘/)n
,]=

which is easily shown to be Hermitian.
Assumption F2

We have to show that Re S,(u,u) > 0 for all u € D,.
This is satisfied trivially as S§,(u,u) = ||B,ujj®.

Assumption F3
We have to show that for some & > 0 there isa c¢ > 0 with

| [u]|? = Ro(u,u) + 0Sy(u,u) 2 clluflj for all w e C*(f).
For uweD, and w20

Ry (u,u) + &S, (u,u)

n
3% ((ay;0;u,00) + (810;u,0u)) + ol[Byul)?

i,j=1 i jivi
e 2
=Re ¥ . (a;;0;u,0;u) + offull§ + wllroulldy
1,]=
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From (2.26)

Ry (u,1) + 05 (u,u) 2 clfvull? + olfull? + ofl7,ull3,
with vu = (d,u,d,u,...,d,u) the gradient of u.

For any v > 0 this yields

|[u]|? > ollufl for all w e D, = C*(N).

Assumption F4

We have to show that if {u,} c D, is a Cauchy-sequence in |[ ]| and

luglly — 0, then |[u,]| — o.

From the proof of Assumption F3, for c¢ = min {c,,s},

o]

| [u]]? > cllu|? for all wu € D,. (2.29)
Also, for some k, > 0

I70ullgg € kyllufl, for all u e H' (0) (2.30)

as the trace operator 17, 1is a bounded operator from the Sobolev space

H!(R) into L2(80). [L, p 41].

Hence, for some k, > 0,
[[u]]? € ky|lull? for all u € D,.

This shows that |[ ]| is equivalent to the H!()-norm on D, and if

{u,} is a Cauchy sequence in |[ ]| there exists some u € H'(R) with
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| (o, - u]|? < Kylluy - uflf —0 as n — w.
If |luglly — O this implies that u =10 and [[u]| — 0 as n — o.
Assumption F5
We have to show that
Co[Dg] = By[Dy] = {<u,7ou> : u e C2(M)}
is dense in LZ(0) x L%(4n).
This is a special case of a result in [VR, p 58].

Assumption F6

We have to show that B, is bounded in |[ ]|.
For u € D, = C2()
IBoull® = flullg + [l7oull 3

and, from (2.30) and (2.29),

IBoull® < (1 + kD)l < (1 + k{)/c, | [u]]?.

Assumption F7
We have to show that for some 6 >0 and 0 < e <1

Re T,(u,u) > -¢|[u]|® - & Re Sy(u,u) for all wu € D,.
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For u € D,
2T, (u,u) = (2N,u,Byu)
= (-Lu + L*u,u)n + (Lu - L;u,70u)an
n
= X ((aijaiu>0ju)n - (5jiaiua3ju)g)
1,j=1
n
=iIm % (aj;0;u,d;u), .
1,j=1

This shows that Re T (u,u) =0 for all u € D, and that the assumption

is satisfied with 6 =0 and € = 0.
Assumption F8

We have to show that T, is a bounded form with respect to |[ ]].
From

2T0 (u,u) = 1 Im 2 (a.ljalu,aju)n
i,j=1

it is clear that T, is bounded with respect to the H!(fl)-norm which is

equivalent to |[ ]|.
Assumption F10
We have to show that for some k > 0

IBoull > Kflull, for all u e D,.

This follows directly as
Boull? = [lullf + lI7oull3g 2 llullg

for all u € D,.
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Remarks

1. As 6 =0 in Assumption F7, it follows that w, = w + § = w.

2. As |[]| 1is equivalent to the H!'(%)-norm, it follows that
D, =H!(d) and D’ c H'(?) in the comstruction of the Friedrichs

extension <M,B’> of <A; + Ny,B;>.
3. Note that A, + N, = <-L,LV> and that this operator is extended to M.

4. As D, = H!'() it follows that

B,u = <u,7,u> for all u e H!(0)
and, as B’ c B,, also that

B’u = <u,7,u> for all u e D’.

5. As N, = <% - L), % (L, - Lz)> and |[ ]| 1is equivalent to the

H!'(0)-norm the stricter boundedness assumption F9 will usually not be
satisfied.

6. If L is symmetric, in the sense that ajj = 8y for all i and j,
it follows that N; =0 and hence M =A. Also, as Assumption F7 is

satisfied for 6§ =0 and ¢ = 0, it follows from the proof of Theorem 6
that

p(-AB"Y) 2 {d s A-we K(% + ¢)}

for any ¢ with 0 < ¢ < % .

Theorem 14  For L and L, as above and any y € L(0) = L2(d0) the

unique solution to
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%f <U,7Tou> = -Mu, t >0

lim <u,7,uw> =y
t-0*

ts gtven by
u(t) = e“*s(t)y

with S(t) the holomorphic B’-evolution of type L with generating parr

<-M - wB’,B’>. The pair <M,B’> is the Friedrichs eztension of
<A, + Ny,Bp>.

Proof The result follows directly from Theorem 8.
2.4.3 Lowver order terms

In this section the boundary value problem (2.23) is considered with some
lower order terms added to the differential operator.

Let L =1L, + L, with

n
0; (a;; (x)d;u) and Lyu := ¥ a;(x)dju + a(x)u.
1 i=1

n
Liu := . 2
1,]

Assume that all coefficients are smooth real-valued functions on f and
that the symmetry condition (2.24) and the uniform strong ellipticity

condition (2.25) hold.

The co-normal derivative L associated with L at the boundary dft

remains unchanged.
As in Section 2.4.1 choose

X =L%(0), Y=1L2%(1) = L*(9M) and D, = C*(M),

and define operators A,, B;, C, and N, by
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Agu := <Lju,L u>

Byu = Cju :

<U, Tou>

<-Lyu,0> for all u € D,.

Nou :

Again, integration by parts is valid for wu,v € D, = C%(l) and

n
(-Lyu,v)q + (Lu,70v) g0 = . 2 (aj;0;u,0;v), - (2.31)

1,]=1
The operator A, is a special case of the operator A, defined in Section
2.4.2. This is clear by noting that L = L* in Section 2.4.2 if a;; 1is

real-valued and a;; = a;;. As the same operators B, and C, are used

in Section 2.4.2 this implies that Assumptions F1 - F6 and F10 are
satisfied in this case.

Ve proceed to show that Assumption F7 and the stricter boundedness
Assumption F9 are also satisfied.

Assumption F7
We have to show that for some 6 >0 and 0 < e <1

Re T,(u,u) > -€¢|[u]|® - 6 Re Sy(u,u) for all u € D,.
For u € D,

Ty (u,u) = (-Lyu,u)g

and
| Ty (w,u) | < “Lzu”n “u”ﬂ .

L, 1is a bounded operator in the H!()-norm and as |[ ]| is equivalent

to the H!(Q)-norm, for some c, > 0
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|To (w,u) | < cyf[u]] fluly for all w € D,.

The well-known inequality for real numbers a, b and 7 > 0

2ab < 7a? + % b2,

yields
[Ty (w,u)| < ncy/2 [[u]|? + cy/27 lullg-

Choose € =1nc,/2 <1 and 6 = c,/27 and note that

[ulld < lwll + lvoully = So(wsu).
Then

Re Ty(u,u) > -|Ty(u,u)| 2 -€|[u]]|® - 65,(u,u) for all wu € D,

and the assumption is satisfied.
Assumption F9

We have to show that N; is bounded in |[ ]]|.

For u € Dy, Nju = <L,u,0> and L, is bounded in the H'(f1)-norm. Hence

the assumption is satisfied as |[ ]| is equivalent to the H!(Q)-norm.
Remarks

1. As  |[]] is equivalent to the  H!(f)-norm it follows that
D, = H}(1) in the construction of the Friedrichs extension <M,B’> of

<A, + N,,B,>. As Assumption F9 is satisfied, from Theorem 4 D =D’ and

the extension <M,B’> = <A + N,B>.
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This extension is determined by the extension <A,B> of <A;,B;>. To find
N the operator N, is extended by continuity to N, on D, and then N

is restricted to D, the domain of A and B.

2. As D, = H'(R) it follows as in Section 2.4.2 that B,u = <u,7,w

for all uw e D, = H! (1) and hence that Bu = <u,7,,u> for all u € D.
3. Note that Aju + Nyu = <-ILu,L u>.

Theorem 15  For L and L as above and any 1y € L2(0) x L2(a0) the

unique solution to
d = -(A+N
I WLTw = -(A+Nu, t>0
%ig+ <U,T,u> =y
_.
18 given by

u(t) = “1%s(¢)y

wtth S(t) the holomorphic B-evolution of type L with generating pair
<-(A +N) - w,B,B>. The patr <A + N,B> is the Friedrichs eztension of

<Ay + Ny,Bp>.

Proof The result follows directly from Theorem 8 and the first remark in
Section 2.2.3.

2.4.4 Dynamic boundary condition for imperfect contact
Consider the following boundary value problem:

d,u = Lu, u=nu(x,t), xef, t>0 (2.32)
3,0 = -Lu, U= U(x,t), x€dt, t>0.
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The domain ! and the operators L and Lu are taken as in Section

2.4.1.

Note that U(-,t) is defined only on 0 and that (2.32) reduces to
(2.23) if U = q,u.

The dynamic boundary value problem (2.32) can be derived by using a
conservation law approach. The domain f and the boundary 0% are treated
separately with u and U representing the conserved quantity in # and
0l respectively.

A diffusion process in { gives rise to the first equation in (2.32).

In the boundary condition -Lyu represents the flux of the preserved

quantity into the boundary df.

The trace 9q,u of u on the boundary 40 and the value of U are

related through some contact condition. We assume that the flux into the
boundary is proportional to the difference between 17,u and U;

U- 7u=Kk(x)Lu xedl, t>0 (2.33)

with k a smooth function on % such that for some 6 > 0, k(x) > 6 >0
for all x € an.

Intuitively, k — 0 implies g,u — U on 42 which may be interpreted

as perfect contact between ! and df. On the other hand k — o« implies
Lu— 0 on 40 and therefore that 7,u and U are independent and that

there is no interaction between the processes in { and d%. The case
k — 0 is dealt with in Sectiomn 3.5.

This contact condition (2.33) yields the dynamic boundary value problem
(2.32) as
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u Lu
0, [ you + k2L u ] = [ Lu }
Choose X = L2(0), Y = L2(8) x H'/2(a0) and D, = C2(A).

The Sobolev space H1/2(6ﬂ) is defined in [L, p 34]. The norm in
1
H /2(3ﬂ) is denoted by || H1/2 and the inner product by ( , )1/2.

Define operators A;, B,, N, and C, by

Apu := <-Lu,L uw>

Bou := <u,U> = <u,7,u + k2LVu>
Nou := 0
Cou := Agu + wByu = <Lu + wu, Lu + oU> for all u e D, = C*(N).

Note that the notation U := y,u + k2LVu is used as it simplifies the

presentation of the calculations below.

Ve show that Assumption F3 to F6 and F10 to F12 are satisfied and that
Theorem 11 applies.

These proofs are based on standard results for the elliptic boundary value
problem

-lu+wa=f in 1 (2.34)

Lu+oU=(1+uk?)Lu+wpu=g on a0

with f ¢ L2(2) and g e H'/2(n).

Results from [L, p 148-165] may be used if the operator -L + v is
properly elliptic in 1 and the boundary operator (1 + ukz)LV + wy, is

normal on 0d and covers the operator -L + v on 4f.
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The operator -L + v is a uniformly strongly elliptic operator on { and
hence also properly elliptic, [L, p 110-111].

A boundary operator

Mu

I
I B

m d;u + myrou

j=1

with m; € c®(o0) for j =0,1,...,n is normel on 40 if

n
j§1 m; (x)¢; # 0 for all x € a0

and all ¢ # 0 and normal to dt at x. [L, p 113]

For the boundary operator (1 + wk?)L + w7,

m (x) = (1 + ok?(x)) .g a;; (x)v;(x), j=1,2,...,n

i=1
and
n n
Zom(x)é = (1 k¥(x) B ag;(x)v;(x)¢-
=1 1,j=1
If ¢ is normal to df at x
§ =z |{lv(x)
and
n n
S om(x)¢ = 21+ k(X)) N6 D ayy (%) €5¢;
1,)=1 i,)=1

The ellipticity condition (2.25) now yields that the boundary operator is
normal on Jf.

From a result (formulated as a problem) in [F, p 76] follows that if y is
a nontangential smoothly varying direction on 41 and
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Mu = g% + WY
then M covers any second order properly elliptic operator on 4. (In
[F] if a boundary operator M covers a differential operator it is said to

be complimentary.)

For the boundary operator (1 + wkz)Ly + w7, we choose the direction p(x)

at x € d by

b ) = () = (L+ ok (x) 3 ag; (1) (%)

i=1
£ 1is a nontangential direction as
n
p)v(x) = 5 (1 + ok (x)ay; () (%) (%)
1,j=1
> (1 + vk?(x))c, > 0.

This follows from (2.25).

The a priori estimate [L, p 149] yields that there exists some
c = c(v) >0 such that

lull, < c(@)(ll-Lu + wufly + L u + wU“1/2 + |lullg) for all w e HZ(R). (2.35)

Consider the set

N={aeC(@) :-Lu+wu=0, Lu+oU=0}.

Proposition N = {0}.

Proof For any u € C*(f)

n
(-Lu + wu,u)g = . ?_1 (ajjd5u,0;u)g - (L,u, 70u)459-
,j=
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For ueN
(1 + wk?)Lu + wyyu = 0
and hence
Lu-=- Y 7,0 .
v 1+ k2
This yields that for u € N
. w
i,?zl (ajjdju,d;u)y + (I_:_;£; 70u,70u)an = 0. (2.36)
From (2.25)
n n \
Y (ay;0;u,0;u)g 2 ¢, B [[05ully 2 0.
1,]=1 i=1

As ue C°(1), and k*(x) > 0 for all x € N equation (2.36) implies
that if v > 0

7ou=0 on (2.37)
and

n

) Haiu”ﬁ = 0. (2.38)

i=1

From (2.37) and a result in [F, p 39] we conclude that u € Hj(f).

But on H)() the expression

n
(5 llo;ul2)'/? for u e Hi(n)

i=1

is a norm equivalent to the usual Sobolev space norm. This follows easily
from the Poincaré inequality. [GT, p 157].

From (2.38) we conclude that u = 0 and hence N = {0}. Note that w > 0.
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This proposition has some important implications. Firstly, the a priori
inequality (2.35) may be improved ([L, p 161]) to

lull, € c(@)(-Lu + wufly + [ILu + wUH1/2) for all u € HI(R). (2.39)

Concerning the existence of solutions for the boundary value problem (2.34)
one must note that because of the symmetry condition (2.24) the same
problem may be chosen as a formal adjoint problem.

As N = {0} we conclude from the existence theorem [L, Th 5.3, p 164] that
the boundary value problem (2.34) has a unique solution in HZ() for
every <f,g> € L2(0) = H'/2(an).

Assumption F3

We have to show that for some v > 0 there is a ¢ > 0 with

| [ull”

lA,;u + wB,ul|?

2 2
|-Lu + wullg + [[Lu + wU||1/2

Iv

cllull? for all u e C2(f).

This follows directly from the a priori inequality (2.39) for any w > O.
Assumption F4

We have to show that if {u,} ¢ D, is a Cauchy sequence in |[[ ]| and

luglly — 0, then | [u,]| — 0.

From Assumption F3 {u,} is also a Cauchy sequence in H?() and as

H2(0) is complete there is some u € H*(fl) with

lu, - uf], =m0 as n — o.

From [fuy[ly — O we know that u = 0.
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Finally, there is a c, > 0 such that
| [w]?]| = ||-Lu + wufl§ + [ILu + uU”f/2 < cyllufl2 for all u e HZ(R)  (2.40)

as the mapping from u € H*(1) to <-Lu + wu, Lu+ o> e L2(0) x Hl/z(aﬂ)

is continuous. [L, p 148]

Hence |[u,]|? < ¢yl ll2 — 0 as n — o.

Assumption F5
Ve have to show that

Co[De] = {<-Lu+ wu, Lu+ oU> : ue C?(N)}

is dense in Y = L2(1) x K'/2(an).

For any <«f,g> € LZ(0) «x H‘/2(an) it has been shown that there exists a
unique v € H2(R) with

"
(=2

-Lv + wv

LVv + oV

I}
o

As D, = C*(l) is dense in H?(1) there exists a sequence {u,} c C%(M)

with
lu, - v, /0 as n — w.
This yields

ICouy - <£,e>[1* = llo(uy - v) - L(u, - V)i
+ L, (uy - v) + w(U, - V)“f/2

and from (2.40)
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ICou, - <£,8>]1? < cyllu, - vll;, = 0 as n — w.

Assumption F6

We have to show that B, is bounded in |[[-]].

For u e D, = C2(N)

1Boull®

2 2
R L

Cyllull?

IA

and as |[ ]| is equivalent to the H2(Q)-norm this shows that the
assumption is satisfied.

Assumption F10

We have to show that for some k, > 0
[Boull > kyflufly for all u € D, = cx(l).

This follows directly as

(A4

Boull? = flullg + 0N/, 2 lully for all w e D,.

Assumption F11

I

Ve have to show that for some 4, 0 < 6 < % ,

Sy (u,u) = (Byu, Aju + wByu) € K(4) for all u € D;.
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Consider (Aqu, Byu) = (-Lu,u), + (Lyu,U)l/2

n . =
= 3 (wlﬂm%uh- @Jh%uuﬂ+(HﬂJh/2
i,J=1
g (aij(?iu,c')ju)n - (l— (U - 70u),70u) gy + (l— (U - 7ou),U)1/
i,j=1 k2 k? 2
5 (atidu, £ roulldg + Il U2
C T (attdju,du)g + (I voullzy + llg ”1/2
i,j=1

) _
- (i; U,7ou)3n B (i; 7OU,U)1/2 for all ueD, = .

For any 7 >0

+

1 1 1.1
|(£; U,70u) g9 (i; 70u,U)1/2| < 5(llg U”%n

+

1 2 211 2 1 41 2
”E 70“”39 + 7 ”E ’70‘1”1/2 + ;;”E U“x/z)

and this yields

n
1,1
Re(Aqu,Byu) 2 c, ,21 ”ﬁju”ﬁ + §“K 7ou”én
J:
1 1.1 1 1
+5 (1- g U”f/2 - 5 1l 70“”%/2 :
n

The trace operator 7, is a bounded operator from the Sobolev space H! ()

into H1/2(0ﬂ) [L, p 41] and hence for some k, > 0
H70u“1/2 < ky|lull, for all u e H!(R). (2.41)
As k(x) > § > 0 for all x € A1,
k

1 —
Ig 7oulli/, € 5 ol for all ue Dy = €*().

This yields
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1 kym 2 2 2
(cy - 3 (=)%) lhullf - cqllullg

141 2 1 1 1 2
5 g 1oullly + 5 (1 - ;;) g itz /, -

Re(A,u,B,u)

v

+

k7
Choose 7 > 0 such that m=c, - % (——15—)2 > 0. Then

2 1 2 - C2(q
Re(Aqu, Bou) 2 - c|luflg - -y ||U||1/2 for all u e D, = C°(R).

Choose w > max {c,, L } then

27’2 52

Re S, (u,u) = Re(Byu, Aju + wBju)

= w[[Byull7 + Re(Au,Byu)

= o([lullg + VI /,) + Re(Aou,Bu)

> n(llull? + I UJ),) for all ue D,. (2.42)
Also

|Im Sy (u,u)| = |Im (Aqu,Bou)|

1 1
|(;; Us700) oo + (;; 70u,U)1/2|

I

1 1
my (Ilg U“f/2 + g 70““%/2)
and from (2.41)
I Sq (u,u)| < my(ffull? + lig Uj?,,) forall ueD,. (2.43)

m
Let 6 = arctan (ﬁz), then (2.42) and (2.43) yield

S, (u,u) € K(4) for all u e D, = C*(N).

Assumption F11

We have to show that
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B,[Dy] = {<u,U> : u e C3(M)}

is dense in Y = L2(1) = K'/2(an).
Assume that for some <f,e> € L¥(R1) «x H‘/2(an)

(<f,a>,Byu) = 0

or
(fyu)q + (a,U)1/2 =0 for all ue D, = C2(R). (2.44)

As Cj(") 1is demse in L?() there exists a sequence {w,} C Cj(8) c D,

such that

wo - fllg — 0 as n— w.

From (2.44)

(f,wp)g =0 for all n as W, =0.

This implies

I£11g

(f,f - wn)n

[£llg If - @nllyg — 0 as n—w

I

and hence

Equation (2.44) is reduced to

(a,U)l/2 =0 for all ueD, = C*(0). (2.45)

The boundary value problem
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-lu+u=£f in 0
k’Lu+ yu=g on a0

has a unique solution u € H?() for any <«f,g> € L%(R) «x Hl/z(ﬂﬂ). This
can be shown exactly as it was done for the boundary value problem (2.34).

Hence, for any o € H1/2(8ﬂ) there exists a u € H¥(R) with

-lu+u=0
U= kzLyu + 1,0 = a.

As C%() is dense in H?(N) there exists a sequence {w,} C D, with

flw, - ull, =m0 as n— o

and then also

”Wn - 0“1/2 = “wn - U“l/2 < c2”“7n - 11”2 — 0 as n — o.

From (2.45)

1

lal/, = (3 2 - ¥a)y,

”0"1/2 lla - Vn"1/2 — 0 as n — o

and hence
a = 0.

Ve conclude that B,[D,] = {<u,U> : u € C2(1)} is dense in L2(8) = H'/2(n).
Remarks

1. |[ ]| is equivalent to the H?(f)-norm and therefore D, = H2(R). The
regularity of solutions of elliptic boundary value problems yields that

D =D, = H(1).

2. Assumption F10 is satisfied for
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v > max {c,, L }
292 52

with ¢, as in (2.25)

6 such that k(x) > § > 0 for all x € a0
and 9? < 26%c,/k?, k, as in (2.41).

Theorem 16  For L and L, as above and any y € L?() ~ H1/2(60) the

unique solution to
d 2 _
T <WL7Tou + k LVu> = <Lu,-LVu>
%ig+ <u,7,u + k2LVu> =y
_’
1S given by

u(t) = e“ts(t)y

with S(t) the holomorphic B-evolution of type L with generating pair
<-A - wB,B>. The pair <A,B> 1is the Friedrichs exztension of <A;,B,>.
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CHAPTER 3
CONVERGENCE OF SOLUTIONS

3.1 B-evolutions and the convergence of solutions of evolution equations

Consider the following initial value problem for an evolution equation

& (o) = hu
1im+ Bu = y. (3.1)
t-0

Assume that <A,B> is the generating pair of a holomorphic B-evolution
S(t) in a Banach space Y. For any y € Y the unique solution to (3.1)
is given by

u(t) = 5(t)y, t>0.

Consider also a sequence of initial value problems

d

I (Byu) = Aju
Lin, Byu = ¥o- (3-2)

For n e N (3.2) is regarded as a perturbation of (3.1). Assume that the
pairs <A, ,B,>, n € N are generating pairs of holomorphic B -evolutions

S,(t) in the Banach spaces Y,. For any y, € Y, the unique solution to

(3.2) is given by

u () = S, (t)y,, t > 0.

In the examples the domains D, of <A ,B,>, ne€N and D of <A,B>

n

are subspaces of the same Banach space X while <A, ,B,>, n € N and

<A,B> may map into different Hilbert spaces Y neN and Y

n?’

respectively.
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Because the B, -evolutions S (t), n € N and the B-evolution S(t) all
map into X the question of the convergence of the solutions wu,(t) of

(3.2) to the solution wu(t) of (3.1) may be studied with respect to some
norm in X.

If Y, #Y part of the question is to identify initial values y, € Y,
n € N for (3.2) such that

1,(t) = $,(t)y, — S(t)y = u(t) as n — .

3.2 Convergence of holomorphic B-evolutions and generalized resolvent
operators

For C,-semigroups the convergence of a sequence of semigroups may be

obtained from the convergence of the resolvent operators of the
infinitesimal generators.

We quote the relevant results from Pazy [P].

We write A€ G(M,v) if A is the infinitesimal generator of a
C,-semigroup {E(t) : t > 0} with [E(t)]| < He’®, ¢ > 0.

For A complex, R(A,A) = (AI - A)"! 1is the resolvent operator for A.

Theorem 1 (Trotter-Kato theorem [P, p 87]) Let X be a complezr Banach

space with E_ (t), n € N a sequence of C,-semigroups in X. A, 18 the

infinitesimal generator of E_ (t) and A, € G(M,u), n e N. If for some
Ay with Re Ay > w

(a) R(Ap,A)x — R(A))x as n— o forall xeX

and
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(b) Rg(R(A,)) is dense in X, then there is a unique A € G(M,v) with
R(X,) = R(Ay,A). For the semigroup E(t) generated by A

E (t)x — E(t)x a5 n— o

for all x€eX and t > 0.
This convergence is uniform in t on bounded intervals.

Theorem 2 [P, p 85] Let A,A, € G(M,v) and E(t) and E_ (t) be the
semigroups generated by A and A, respectively. The following tuwo

properties are equivalent:

(a) For every x € X and A with Re A > v,
R(A,A))x — R(A,A)x a5 n — o.

(b) For every x € X and t 20
E,(t)x — E(t)x as n — o.

These results suggest that the convergence of B-evolutions may be linked to
the convergence of the generalized resolvent operators.

The examples which will be presented in the rest of this chapter fit into
the following abstract formulation.

Let X be a complex Banach space. Y and Y, n € N are complex Hilbert
spaces. <A, ,B > is the generating pair of a holomorphic B -evolution
S,(t) of type L on Y,. A, and B, are defined on D, c X. <A,B> is

n

the generating pair of a holomorphic B-evolution S(t) of type L on Y.
A and B are defined on D C X.

The Laplace transform P (A) of S (t) is defined for all A € p(A B;'),
the resolvent of A B-!, by |

n-n ?
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P,y = Jo e'AtSn(t)ydt for all y e Y.

P (1) is also the generalized resolvent operator of the pair <A ,B >.

[S1, p 292]

P,(A)y = (AB, - A ) !y for all yeY,.
Similarly for A € p(AB~!)

@
P(A)y = Jo e Mts(t)ydt = (AB - A)"'y for all y € Y.

If S(t) is a holomorphic B-evolution of type L in Y there is a
contour integral representation for S(t). [S1, p 298]

S(t)y = 5%1 J At P(A)ydd for all yeY. (3.3)

1\

If p(AB-1) 1 K(4,) with % < <y r may be chosen as
=T, url, UTl,; with

r, = {re'lal :0<r, T <o}

I, = {rpet? : -0, <0< 0} (3.4)

0,

r, = {rei :r, <r<o} [P, p 30, 61].

There is also a constant m > 0 such that

IP(Mylly < T§T lyll for all y eY and A € K(4,) . (3.5)

See [S3, p 36].
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If there is some @, with % < 8, < 7 such that

p(AB°1) 3 K(4,)
and (3.6)
?'%1 p(AB;1) 3 K(8,)

the contour integral representation of S (t) is

S,(£)y = g J eM'P_(N)yd) for all y € Y (3.7)

r
with T as in (3.4) independent of n.
Remark
The integrals in (3.3) and (3.7) are line integrals of vector valued
functions along the curve T and should be understood in the following

sense.

Define a function h with h : (-o,0) — I' by

sroe'lol, -0 <5< -1
h(s) = { r,elt | 1¢s ¢t
srpel?t | 1¢s<a.

Then T ={1e€eC:}=h(s), s€ (-m,w)} and h 1is called a paramete-
rization of T.

For a function f defined on T and with values in some Banach space X
the line integral along [ is defined by

@

J £(1)d) := Jm £(h(s))h’ (s)ds. (3.8)
) _
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See [R, p 217].

The vector valued integral in (3.8) exists if and only if

[” rE@E)m (G)ligds < a

@®

and then

I £y = 1] e sl < [ IEmE)N Glgs - (3.9)

4]
I\ -m ™
See [Y, p 133].

Ve quote Lebesgue’s dominated convergence theorem which will be used to
prove Theorem 4 below.

Theofem 3 [R, p 27] Suppose £, is a sequence of complex measurable

functions on a measurable space X such that

f(x) = lim £ (x)

N-w

erists for every x € X. If there is a function G weith J |G] <  such

X
that
[f,(x)] € |6(x)] for n=1,2,...,x €X
then
J|f|<m and limjfn:Jf.
X =e X
Remark

In [R] it is required that |f (x)] < G(x) for all x € X. The same proof

applies if |f_ (x)] < |6(x)| is required.

The following theorem is the main result of this section.
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Theorem 4 Let S (t), nelN and S(t) be holomorphic B, - and

B-evolutions of type L on Banach spaces Y, and Y respectively.

Suppose that S,(t) and S(t) all map into a Banach space X and that
(3.6) is satisfied for the gemerating pairs of S, (t) and S(t). If there

is a sequence {y,}, ¥y, € Y, and some y €Y such that
(@) [Pa(A)yn - PWylly =0 es n— o forall AeT (3.10)

and

(0) [Py (Myally € 8(A) for all A eT with g such that

J et R Ao ())ar ezists for all t >0 (3.11)
I
then
1S3 (t)yn - S(E)ylly = 0 es n— o forall t>0.

CProot  8,(8)y, - S(8)y = o | €' RalDya - PO
r

From (3.8) and (3.9)

I15,6)va - Sl < 5 [ e® e PR, (s, - Pa(s)yllgn (5) ds

= Jm £ (s)ds. (3.12)

For every s € (-w,o) Condition (3.10) implies that 1lim f (s) = 0.
N

Also, from (3.11) and (3.5)

£a(9)] < 55 e M P |n () ((a(s)) + riyT v
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1

Let G(s) := gz e* " MO (5) (g (a(s)) + rgriyy IWID-

This yields

|[f,(s)] < |G(s)] for all s € (-o,m).

Finally

Jf |G(s)|ds = me l%g%%} h’(s)ds = J L6 7())] dA

® h’ (h"1 (X))

with h"'! : I — (-0,0) the inverse function for h.
Note that

h, :=min {ry,r,0,} < |h’(s)| < max {r,,r,0,} :=h, forall s ¢ +1,

and therefore

6 TON] 1t Re A ™ () + .
IO b “Ht

Condition (3.11) yields that

Jw 1G(s)|ds < o.

®

From Theorem 3 we conclude that

(1]
lim J £ (s)ds = 0

- [u1]
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and from (3.12) that

lim |[S,(t)yn - S(t)ylly = 0 for all t > 0.

nN-o
Remark

If (3.10) and (3.11) are satisfied in another norm on X, the result
remains valid with the convergence being in that norm.

Theorem 4 will now be applied to some examples.

3.3 Pseudo-parabolic and parabolic equations

In [T] it is shown that a pseudo-parabolic initial value problem may in a
certain sense be regarded as a perturbation of a parabolic initial value
problem.

Two second order self-adjoint elliptic partial differential operators M

and L are considered. A parabolic and a pseudo-parabolic problem are
formulated on the same bounded domain G C R™ in the usual abstract way as

gf u=1Lu, t>0
lim u = u,
t-0+*

and

lim u, = u,.
£-0+ A

It is then shown that, under suitable ellipticity and boundedness
conditions on M and L, for t > 0 and wu, € Hi(G) n H*(G)

Lin [lu, (t) - u(t)lly = 0.

A-o
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Ve will show that similar results follow from Theorem 4. Ve consider
elliptic operators of arbitrary order and prescribe initial conditions as
needed for B-evolutions.

Ve use the notation of Section 2.3 and consider the pseudo-parabolic case
(m=2¢). VWe assume that the operators M and L satisfy all the
conditions in Section 2.3.1. We also assume that L is positive definite
in the sense of (2.19). This may be done without loss in generality.

Let X = L2(0)
Dy, = D, = H'(R) n H2"(R)

On

and Y, =Y =1L*(0) for n e N.

Choose A,

-1,
and B, =M, =M +1I
n - “n " n "0 0
with I, the restriction to D, of the identity operator in L2(R). M,

and L, are as in Section 2.3.1.

Note the difference in notation in Section 2.2 and Section 3.2. In the
construction of the Friedrichs extension the generating pair of the
B-evolution is <-A,B> whereas in Section 3.2 the typical generating pair
is taken as <A,B>.

From Theorem 12 in Chapter 2 and the subsequent’ remark <-L_ ,M > is the
generating pair of a holomorphic M -evolution S, (t) in Y, = L?(0). The

solution to

%f (Mju) = -Lyu, t >0
%ig Mou(t) =y
-0+

is given by

for all y € Y, = L*(D).
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For the parabolic problem
%f u=-Lu, t>0
lim u(t) =y
t-0*
the solution is given by
u(t) = E(t)y

for all y e Y = L2(0).

{E(t) : t > 0} is the uniformly bounded holomorphic semigroup on Y with
infinitesimal generator -L,. [P, p 211]

Intuitively, we expect for y € L?() and t > O that

lin S, (t)y = E(t)y

N-m

with the convergence in the L2?(fl)-norm. We prove this result by showing
that Theorem 4 applies to this situation.

The semigroup {E(t) : t > 0} is a holomorphic I,-evolution of type L on
Y = L2(0) with generating pair <-L;,I,>. The generalized resolvent
operator P()) reduces to the resolvent operator R(A,-L,) = (AL + L,)"!.

Also, for some 4,, with % <l <

p(-Ly) 3 K(6,)
and a contour integral representation for E(t) is given by

E(t)y = %{J eMR(),-L,)yd) for all y e ¥ (3.13)
r
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with T as in (3.4). [P, p 30, p 211]

Next we show that Condition (3.6) is satisfied for A B;! =-L M7!.

From Remarks 3, 4 and 5 in Section 2.3.2 follows that

p(-LM,) 2 {) 2 d - w, € K(5 + #,)} (3.14)

wvith v the parameter that is used in constructing the Friedrichs

n

extension <-L ,M >. This parameter depends on n as can be seen from the

following inequalities.

1
Re(Myu,u)y = = Re(Myu,u)y + (u,u)g.
Hence
Re(Mu,u)g > + c,flull2 for all u e H3() n H2"(A) (3.15)
and
Re(Myu,u)q > [lulj for all u € HY(R) n H2"(R). (3.16)

From (3.14) and (3.15)
[Mqully 2 v ¢y /n flully (3.17)

and

M ully > |[u], for all u e HF() n HZ™(R). (3.18)
n-lif) fl 0

From (2.10) and (3.18)

1
1/k3 ”u”2m S ”M()u”n n”ﬁ Mou + 1 - u”n

IA

n(”Mnu”ﬂ + ”u“n)
2n”Mnu”ﬂ

I
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and hence
Myullg 2 (2nk,) " !u]l,, for all wu € HP(R) n HZ™(R). (3.19)
From (2.11)
[Myully < (mg/n)flullyy + flully
< ((m; + n)/n)|lull,, for all wu € HF(R) n H2™(N). (3.20)

The parameter w, must satisfy Condition (2.17) which follows from (3.19)

n

and (3.20) as

w, > (my + n)¢,(2nk,)?/n = 4(m; + n)nf k3.

It is clear that v, — o as n — o and that (3.14) is not sufficient to

prove that Condition (3.6) is satisfied.

A slightly better result is obtained by noting that from (2.12) and (3.19)

[FaN

1831l < €151,
2,155l

2nk,¢,||yll; for all y e L*(f).

IN

I

This shows that L M:! is a bounded operator on  LZ(f1) with

L M-!|| < 2nk,¢, and hence
p(L M) 3 {4 = [A] > 2nky4, ). [Y, p 211]

As before this is not sufficient to prove that Condition (3.6) is satisfied
as 2Ilk3£1—im as n — wm.

We now show that Condition (3.6) is satisfied in some cases.
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From (2.7) and (2.14)

(Myu,u)y € K(p) for all u e HF(R) n H2"(R)
if 0<p« % with cos ¢ = c,/m,.

For neN
(Mau,0)q = S(Myu,u)y + (u,u), € K(p) for all u e HI(R) n H2™(D). (3.21)
Also, from (2.19) and (2.14) for n e N
(Lyu,u)g = (Loeu,u)y € K(6) for all wu e HE(R) n H*"(N) (3.22)
if 0< 0« % with cos 4 = c,/¢,.
Consider for ne N, 1 e C and v € HI(R) n H2™(N)
Q= A(M,v,v)g + (Iyv,v)g -
Assume that 6 + ¢ < %. From the lemma in the Appendix
1812 2 (1 - B%)|A(M,v,v)g|* for all ) € K(5 + ¥)
and
0O<p<g-0-p, -f=cos(g+0+p+9).
From (3.16)

|(an’v)nl 2 Re(MnV’V)ﬂ 2 “V”ﬁ

and this yields

MMy + Lovl2IvIZ 2 1012 2 (1 - ) AI2VIE for all X e K(E + 4). (3.23)

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



84

For ) > 0 the operator M, + L, is uniformly strongly elliptic of order

n

2m and positive definite in the sense that

Re((MM, + Ly)v,v)g 2 Acy|iv[ly for all v e HE(R) n H2™(D)

and the operator M, + L, is a bijection from HF(R) n H2™(Q) onto
L2(n).

From (3.23) it is clear that for A > 0, (AM, + L )"! exists and

(M, + L)1 € (]A] /1 - R

For 1 € K(z + ¥)
| (AM,, + Ln)V”n > AV 1 - B2 |[v||n for all v € HJ() n H2™(R)
and as in the proof of Theorem 6 in Chapter 2 this yields

K(G + #) < p(LM;') for neN.

This means that Condition (3.6) is satisfied for 4, = % + ¥ on condition

that 4 + p < %.

A contour integral representation for S (t) is given by

5,(t)y = gir f PO, + L) tyd) (3.24)
I

with T as in (3.4) with §< 0, <5+ ¢.

I' does not depend on n and the same value for ¢, may be used in (3.24)

and (3.13).
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We now proceed to show the conditions of Theorem 4 are satisfied for this
example.

For any fixed A el and yelL?() =Y, let 1y, be a sequence,
y, € Y, = L?(0) with

HYn - ynn — 0 as n — o.

Let v, = (’\Mn + Ln)-lyn = Pn(")Yn

and
v = (AL + Ly) 'y = R(A,-L,)y.
Then
1
(AM, + L)v, = A(v, + 3 Movp) + Lovy = ¥ (3.25)
and
Av + Lyv = y. (3.26)

The regularity of solutions of elliptic boundary value problems yields that
v € H'(?) n H2™(0) and hence that M,v is well-defined. [F, p 67]

Let w, = v, - v. Then
Mw, +Lw, =y, -vy- = Nyv

and from (3.23)

1= 8wl

IN

"Aann + ann”n

and

I

1
lya - vlig + 5 MGVl -

This shows that
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”Pn('\)yn - P(")Y“n = “wn”n — 0 as n —
if

lyn - ¥llg = 0 as n — o
or that Condition (3.10) is satisfied if [y, - yllp — 0 as n — o.

Also, from (3.25) and (3.23) for A €T

(Y1 - ) 1w, + Lvally
(MY 1= ) iyl

c|A]"! for all n € N

P2 (M)vally = lIvallg

I

IA

as {y,} is a convergent, and hence bounded sequence in L*(f1).

As J et®¢ A|)1-1d) < & for all t > 0 this shows that Condition (3.11)
r

is satisfied.
This completes the proof of the following result.

Theorem 5 Let M, and L, be positive definite uniformly strongly
elliptic operators of order 2m and let 0 + ¢ < % with 6 and ¢ as
in  (3.21) aend (3.22). For y, € L) end y e L*(R) with
Iyn - ¥llg =0 a5 n—w, and t>0

lua(t) - u(t)lg — 0 as n— o

if u, s the solution of

%f (% Myu + u) =-Lyu, t>0

Lin (5 ¥ou s w) = ¥,
:
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and u 18 the solution of

%f u=-Liu, t>0
lim u =y.
t-0*

For the case m > { most of the arguments above remain valid. Note that
in Section 2.2.3 the cases m = ¢ and m > £ are not treated separately.
The only difference appears when we have to show that Condition (3.10) is
satisfied. In this case for v 1in (3.26) the regularity of the solution
only yields that v ¢ Hf(ﬂ) n Hzg(ﬂ) and therefore M;v  is not

necessarily well-defined.

If yeB2m2(0) in (3.26) we know that v € H2"(R) [F, p 67] and the
same arguments as above apply and the following theorem follows.

Theorem 6 Let M, and L, be positive definite uniformly sirongly
elliptic operators of order 2m and 2, 2m > 2{, and let 0+ p < %

with 0 and ¢ as in (3.21) and (3.22). For y € Hzm'ze(ﬂ) and
Yo € L2(0) with |y, - yllg — 0 s n— o, and t >0

ua(t) - u(e)llg =0 a5 n— o

tf u, 18 the solution of

%f (% Mu + u) =-Lyu, t>0

. 1
lim (5 Meu + u) =y,
t-0*

and u 18 the solution of

%f (u) = -Lyu, t >0

lim u
t-0+

I
<

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



88

3.4 A generalized biharmonic equation
In this section we consider a Sobolev equation of the type discussed in
Section 2.3.3 and the convergence of solutions to the solution of a related

parabolic equation.

We assume that the operator M satisfies all the conditions in Section
2.3.1 and additionally that M is formally self-adjoint, i.e.

Mu,v), = (u,Mv), for all u,v € H™(Q) n H2™(N). 3.27
] 1 0

For n € N, consider the evolution problem

d 1 2
(> Mu + u) =-Mu, t>0
@t ' ’ (3.28)

. 1
lim (ﬁ Mu +u) =y
t-0+

Mu + u

I
Bl

Let M ou

and Lju = ¥%u.

]

As in Section 2.3.3 we choose

X = L2(0)
Y, = M [H2"(R)] = {£ € L2(R) : £ = I Mu +u, ue B"(R)}.
DOn = L-I[Yn]
= {u € HZ"(R) n H™(Q) : M%u = % Mv + v for some w e H3™(M)} c X
Mon = MnII)

0n

1]

LOn M2|D0n - M(MIDOn)

We still have to show that L, is positive definite in the sense of (2.19)

and that the pair <L, ,M,,> satisfies Condition (2.20).
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From (3.27) and (2.10)

Re (M?u,u)

Re(L,u,u)g 0

(Mu,Mu),
k;?||lul|3, for all u € HZ™(Q) n H'™(R).

v

For u e D,, c HZ™(R) n Hi™(N)

1
(Lopu,Mypu)q = (H2u, = Mu + u),
L (M?u,Mu), + (Mu,¥u)

1]

0

because of the self-adjointness of M. Also, for ue€eD there exists

0n

some

"

v € H2™(0) with M%u % Mv + w (3.29)

which yields

1,1
(Lg u My u)g = a (ﬁ MW,M“)Q +

(v,Mu)y + [[Mullg -

From (3.27)

1 1
(Lonu,¥oqu)g = 3 (w,Mzu)n + = (v,Mu)y + |[¥ul|§

and from (3.29)

bwlb—‘

1 1
(Loqu,Mypu)g (v,Mw)q + = IWll§ + 5 (w,Mu)q + [[Mully . (3.30)

From (2.7) and (3.27)

(Mu,u)q = (u,Mu)y = Re(Mu,u)y > cflufl} for all u e HF(R) n H2"(D).
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For u € D,, from (3.30)

c, 1
Re(Loqu,Mo0u)y > — IWllf + = IIwll§ - IIgllgIMully + [Mullf
] n3 ] 112 ] n'Ql ] ]
1 1
> — vl + 7 IMullg
2n
and
Im(Lyqu,Myqu)q < I(g’ M“)n|
1 1
e L e H
2n
and hence
(Loou,¥y,u)q € K(7) for all weDdy, , nelb. (3.31)

This shows that Condition (2.20) is satisfied for the pair of operators

Theorem 13 of Chapter 2 yields that <-L,,,M,,> is the generating pair of

On

a uniformly bounded M; -evolution S (t) in Y.
For any y € Y, the unique solution to (3.28) is given by
u(t) = S (t)y, t > 0.

Note that from the Remark on p 23 and Remark 2 of Section 2.3.3

p(-LoM;5) d K(z + 7) for all n e N. (3.32)

Ve compare the solution of (3.28) with the solution of the parabolic
problem
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d 2
u=-Mu, t>0
@t ’ (3.33)
lim u = y.
t-0*

Define the operator L by
Y
L= W{gzn(a) n wina) -

From (3.27) and (2.10) follow, as before that L is positive definite,
i.e. Re(Lu,u) > k;?|jul|?, for all wu e H3™(R) n H*™(Q).

The theory of elliptic operators then yields that -L is the infinitesimal
generator of a uniformly bounded holomorphic semigroup E(t) on Y = L%()
[P, p 211] and

p(-L) > K(4,) (3.34)
for some 6, with % <f <.

For any y € L2(f) the solution to (3.33) is given by
u(t) = E(t)y, t>0.

As in Section 3.3 the semigroup {E(t) : t > 0} is a holomorphic
I-evolution by type L on Y = L?(0) with generating pair <-L,I>. The
generalized resolvent operator P(A) reduces to the resolvent operator
R(A,-L) = (AT + L)-L.

Note that for the generalized biharmonic problem (3.28) only initial
conditions y € Y, ¢ Y = L?(8) may be prescribed whereas the parabolic

problem (3.33) is solved for all initial conditions y € Y = L%(%).
In this case we show that the convergence of solutions of (3.28) to the

solution of (3.33) follows from Theorem 4 for some specified initial
conditions.
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Clearly, from (3.32) and (3.34), Condition (3.6) is satisfied.

For y € H3™(0) c L?(8) = Y choose
YII = Mny E Yn = Mn[Hgm(n)], n e m'

For 1 e, let

v, = P,(A)y,, neN

and
v =P()y.
Then
(’\MOn + LOn)vn = ;\—f MVn + ’\vn + MZVn =Yn
and

Av + M2v = y.

Let w, = v, - v € HZ"(Q) n H'™(R).

Then

Mow, + vy + AWy =y, -y - A M. (3.35)

We now proceed to show that |wyl[ly — 0 as n — o which implies that

Condition (3.10) is satisfied.

For w € HZ™(0) n H*™(0) consider

0, = (Mw + dv + % Hw,w), - (3.36)
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From (3.27)

0y = IMwl2 + AW + & (w,w),) -

As |Mw||g > 0 and ”w”ﬁ + % (Mw,w)q 2 0, the lemma in the Appendix yields

10,12 > (1 - ) [A(IWI3 + £ (Mw,w)p) |2

with -£ = cos (% + ¢) for some ¢, 0 < ¢ < % .

Hence
10,12 2 c[A12wlld

and from (3.36)

A
25 + w2l > claflslly for all w e HE"(R) n H4n(R).

Combining (3.37) and (3.35) yields

A
lya - vilg + 124 v,

1
2 (Myllg + [A1lMvllg)

c|Afliwallg

IN

because of the choice of y,.

For fixed A € I' it is clear that |[wyflp — 0 as n — «.

From (3.37) also follows that

I

P2 (Myallg = lIvally

1]

(clAD) Hvallg -

- 1
(cl"') lllA(vn + n Mvn) + M?'Vn”n

(3.37)

(3.38)
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The sequence {y,} converges in L%(0) as

1
lya - ¥llg = 5 Myl
and hence {y,} 1is bounded in LZ2(0).

From (3.38)

IPa(M)yallg € (c]A])"" for all n € I.

As J et Re A|A|“dA <o forall t > 0 this shows that Condition (3.11)
I
is satisfied.

This completes the proof of the following result.

Theorem 6 Let M be a positive definite formally self-adjoint uniformly
strongly elliptic operator. For any y € HZ"() and y, = % My + y and

t>0

lua(t) - u(t)lg — 0 as n— o

if u, s the solution of

%f (% Mu + u) = -M%u, t>0

. 1
lim (5 Hu + u) =y,
t-0+
and u the solution of
U= -M%u, t >0

lim u =y.
t-0*
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3.5 A dynamic boundary value problem for imperfect contact

In Section 2.4.4 it has been shown that for any y € L%*(01) x H‘/2(an) a
unique solution exists for

d
I W7 + KL w = <Lu,-Luw, t>0 (3.39)
lim <u,7,u + kZLyu> =y.

t-0*

A condition we need to be able to apply the B-evolution theory, is that
k(x) > 6§ >0 for all x € d and some real 4.

In Section 2.4.2 was shown that for any y e LZ() x L?(d0) a unique
solution exists for

d

It WLTew = <Lu,-LVu>, t>0 (3.40)
%ig+ <W,Tou> =y .

_’

We assume that the symmetry condition (2.24) is satisfied.

Intuitively, we expect the solution of the initial value problem (3.39) to
converge to the solution of (3.40) if k(x) — 0 for all x € df.

For a special choice of k we now show that Theorem 4 applies.

Let k3(x) == for all x e o and n € M.

From Section 2.4.4 we know that for any y € LZ() x H‘/2(an) the unique
solution to

d 1

& Wru + g L= <du,-Lu>, >0 (3.41)
. 1

lim <u,you +  Lu> =y

t-0*

is given, for all n € N, by
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u,(t) = S,(t)y, t>0.

S,(t) is the holomorphic B,-evolution on Y, = L?(0) = H'/2(a0) with

generating pair <-A, - v B ,B >. <A ,B,> is the Friedrich extension of

<AynsBon>- Ay, and By, are defined by

On

u := <—Lu,LVu>

u = <u,U™> = <u,7,u + % LVu>
for all u € D,, = C*().
<A ,B,> is defined on D, = H2(R) c L%(R) = X.

w, 1is the parameter used in the construction of the Friedrichs extension.

n

From Remark 2 in Section 2.4.4

v, > max {c,, L }

with
ﬂi < 262 Ct/kf

and c, as in (2.25), k, as in (2.41).

and these conditions reduce to

=N L

For k2(x) = % we have 62 =

v, > max {c,, = }
292
with
, 2¢,
T/n<_
nk}
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For n large

and hence

v, —m o asS N — o.

As in Section 3.3 the construction of the Friedrichs extension yields
p(-4,B21) 2 {4+ X - vy € K(F + #,)}
and this is not sufficient to show that Condition (3.6) is satisfied.

We proceed to show that Condition (3.6) is satisfied.

For A € C and ue D, = H2(0) c X = L2(D)

Au+ ABu =y = <a,0> € L2(0) = H'/2(an)

and
(A,u + AB_u,B_u)
? UL ()<L (80)
= (-Lu + Au,u)g + (Lju + ,\U“,Un)an
n
= B (ggdiudyu)g ¢ A(wu)g - (Lusreu)gy + (LT gn + 407,07 g
1,J=
n
= A(fully + 0I5 + % ) (a5 05u,0;u)g + nl[U" - 7ou
1,])=
=Ar +q with ¢q >0, r > 0.

From the lemma in the Appendix for any ¥ with 0 < ¢ < %

(A,u + AB_u,B_u)
| nen L?(n)xv(an)I

2 c(#) A (lullg + ITNI5,)
= c(9)]4] |[Boull? for all X € K(z + ).
c($) Al | nu”L2(ﬂ)xL2(6n) or a €Kiz + ¥)
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This yields

[Aqu + ABul] > c(¢)[A] [|Byull
T L) «L2 (a0) " L2 (0)<L2 (an) (3.43)
for all u e H*(), A€ K(5+ ¢).
As ||JAju + AB_u|| > ||Aju + AB_u]|
i “Lry«n/zan) T "UL2 ()12 (00)
and
|IB_ul| > |lully for all u € HZ(R)
L2 (0) <12 (1) i
we conclude
[Aqu + AB,u| 2 c(9)[A] [ul
n n L2 (ﬂ)xH1/2(6n) i} (3.44)

for all we H2(R), A eK(5+9).

For 1 > 0 the regular elliptic boundary value problem

-lu+ du=f in 0
Lyu + AU =g on 40

has a unique solution u € H2(8) for every <f,g> € L2§ﬂ) x Hl/z(ﬁﬂ).
This implies that P (1) = (A, + AB,)"! : Y, = L2(0) = H /2(30) — L%(n)

exists for 1 > 0. From (3.44) follows that P, (A) is bounded. This

yields

p(-AB;1) 2 {} : A > 0}.

As in the proof of Theorem 6 of Chapter 2 from (3.44) we also conclude that
for all n e N

p(-4,B31) 2 K(5 + ¥)

for any ¢ with 0 < ¢ < 7. This shows that Condition (3.6) is satisfied

for the pair <4,,B>.
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Turning to problem (3.40), we know from Section 2.4.2 that for any
y € Y = L%(0) x L2(d0) the unique solution to (3.40) is given by

u(t) = S(t)y, t>0.
S(t) is the holomorphic B-evolution on Y = LZ(R) x L2(4M) with

generating pair <-A - wB,B>. <A,B> is the Friedrichs extension of
<Ay,By>. A, and B, are defined by

Aju = <ILu,L u>

Byu = <u,7,u> for all ue D, = C2(M) c L?(R) = X.

From the symmetry condition (2.24) follows that Ny =0 in the

construction of the Friedrichs extension.
Hence from Remark 6 in Section 2.4.2

p(-4B"1) 2 {} : A - weK(z+¢)} foramy ¢ with 0< ¢ < 7.

Any v > 0 may be used in the construction of the Friedrichs extension and
p(-AB1) 2 K(E + 9).

This shows that Condition (3.6) is satisfied.
Ve proceed to show that the conditions of Theorem 4 are satisfied.

Choose I' as in (3.4) with L < 8, <2 + ¢.

®ol
8ol

In the construction of the Friedrichs extension <A,B> the operator
C, = B, 1is used. This implies that for y = <a,a> € L*() x L*(o0) and

ueDcH(N)

P(A)y = (JB + A)"'<a,a> = u
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if and only if (in the notation of Section 2.2)

Q(u,v;A) = (y’B1V)L2(n)xL2(6ﬂ) for all v € D, = H' ().

In this case this reduces to

6iu,ﬁjv)n + /\(uav)ﬂ t ’\(7011970")6[] (3,45)

n
T (ay;
i

= (a,v)g + (a,70u) g for all v e H'(R).

For any y =<a,e> € L() x L?(d1) =Y there is a sequence {a,} in
B'/2(0) with
lla, - allgg — 0 as n—a. (3.46)
F 2 1/2
or y, = <a,a> € L*() x H/%(d0) =Y

let P ,(N)y, = u,.

n’

For this choice of y, we show that Condition (3.11) is satisfied.

For n € N, from (3.43), follows

yall_, = lAnuy + AByu,
L? (1) L2 (60) L2 (0)<L? (o0)
> e WBatall ;o (3.47)
> ¢(9) | lluglly for all A € K(z + 4)

or

1
Pa(Myallg ¢ crgymar l<@sanl :
” n( ) nlif) c n L2(Q)XL2((70)

The sequence {a,} converges in L?(d1) and is therefore a bounded

sequence.
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This yields, finally,
M
”Pn(A)yn”ﬂ S W for all A€ F, n € N.

As J et Re A]Al'ldA <o for all t > 0 this shows that Condition (3.11)
I
is satisfied.

To show that Condition (3.10) is satisfied, let
wy,=u, - u=P (N)y, - P(V)y.

Note that wu, = P (A)y, implies that
<Luy + dug, Louy + AR>S = <a,ap>
if U=l v oqu
n T pn yn ToUn

Hence

(-Lu, + Aug,v)g + (Lu, + AUg,7ov)aﬂ
= (a,v)g + (a5,70v) gy for all ve H'(R).

This reduces to

n
X (a;0;uy,0; v)g + Aug,v)q + A(Ug,yov)an (3.48)
1,j=1

= (a,v)g + (ay,7V) 5y for all v e H'(R).

From (3.45) and (3.48) follows

n
. g (alj i n’ajv)ﬂ + A( n’v)n + A(70 n77ov)an
i,J=1
+ A3 - 70up,70V)q = (an - a,7v) g for all v e H'(R)
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and if v=w for n € N,

n?’

n
¥ (a ;wa)q + AUlvallg + 7ovali3g)
ij=1 Ti¥as 0 ¥aly i T R Talon (3.49)

= (ay - o, 7own)an - A(U7 - 701y, 7own)an .

In order to show that |wly -0 as =n—ao ve need a bound on

U3 -

n

ToUqlly for n € N.

For any v € H2(0)

(-Luy + Auy,v)q + (L uy + AUR, V) 00

= (a,v)q + (2,V") 50 -
For v =u, this can be written as

n
AMlluallg + NVRN5) + 5 (a550;u5,0uy)g

»J=

|0 - pullyy = (ayup) + (2,U2) 5y -
For 1 e€¢C, ¢q>0 and r >0
la] < [Ar + q| + [Ar]

Hence

n
i “;,;_ (8'1] it ’ajun)[) + n”Ug - 70un"%n
s ]=

IN

|(<a say>, <up,UB>) + A1 (ually + NVRN5,)

L2 () xL? ( an)|
+ [A] [IByugi?

= | (Ynanun)L2 (ﬂ)xLz(aﬂ)| L2 (n)xL2 (6n)

From (3.47)

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



103

M
nf[UR - 7ounllfq < [Iyall? :
oA = AT e () en2 (an)

The sequence {a,} converges in L?(d0) and hence is a bounded sequence.

This yields
| - 7oun”§n < ET%T for all 1 € K(y + %). (3.50)

Returning to (3.49) we note that the left hand side is of the form Ar + q
with r >0 and q > 0. From the lemma in the Appendix for any ¢ with
0< ¢y« there is a constant c(¢) > 0 such that for all 1 € K(% +7)

N =y

() 1AL (vallg + N7o¥all3g) € 1(en - @5 70¥a) gy - AU - 7oy Yo%) gyl

or

IA

c(H) 1M (a3 + N7ovalldg) € (llag - allgg + 3] 102 - 7ougll)li70%all gy -

This yields

I

c(¥)[A] ”7ownnan llay, - a”an + [A]]I0g - 7oun|3n

and hence also

c(#) [A] Ilvallg € (llag - allgg + A1 VR - 71ounllgg) Hrovall oo
1
< SHTAT (lag - auan + [A] JI0g - 70un”aﬂ)2

or

1
Iwallg < SHTAT (llag - allgg + 1A UG - 7ougll 5q) -
For ) €T, from (3.46) and (3.50), we conclude that

[¥ally — 0 as n— o .
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This shows that Condition (3.10) is satisfied for y, = <a,e,> and

y = <a,a>.
This completes the proof of the following result.

Theorem 7 Let L and LV be the operators defined in Section 2.4.4.

For any y = <a,e> € L2(0) x L2(0) =Y and

Yo = <a,a,> € LE(R) x Hl/z(ﬁﬂ) =Y with e, - a”ﬁﬂ — 0 as n— a,

n n

and t > 0

lua(t) - u(®)lg — 0 as n—o
if u, s the solution of

%f <u,7,u + % Lyu> = <Lu,-LVu>, t>0
%ig+ <u,7,u + % Lyu> = <a,a,>
-

and u s the solution of

%f <U, 70> = <Lu,-Lyu>, t>0

lim <u,7,u> = <a,e> .
t-0*
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APPENDIX
AN INEQUALITY FOR COMPLEX NUMBERS

C denotes the set of complex numbers and K(4) = {z € C : |arg z| < 6}.

Lemma

Let Q) =Jr+q and re€ K(p), qeK(0) with ¢>0, 8 >0 and
0+ ¢ < %. For any ¥ such that 0< ¢« % -0-9 let
-£ = cos(% + 0+ ¢+ ¢). Then

|Q/\|2 > (1 - £2)]Ar|?* for all )€ K(% + ).
Proof. |[Qy]® = [Ar]? + |q|? + 2|ir||q|cos(arg(Ar) - arg q).

For ) € K(3 + ¢)

-%—¢-¢<arg(,\r)<%+¢+¢,

- f<argq< §
and
- % - 0- p- ¢ <arg(ir) - arg q < % + 0+ 9+ 9.
Hence
cos(arg(ir) - arg q) > cos(% +0+9+9)=-£,
and
10,12 2 [ar[? + [q]? - 2€]r]]q]
> (L]ar| - fa])? + (1 - £2)ar|?
> (1 - £%)]ir)?.
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