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Preface

This work primarily provides some detail of results on domain properties of closed (un-
bounded) derivations on C*- algebras. The focus is on Section 4: Domain Properties
where a combination of topological and algebraic conditions for certain results are illus-

trated. Various earlier results are incorporated into the proofs of Section 4.

Section 1: Basics lists some basic functional analysis results, operator algebra theory
(of particular importance is the continuous functional calculus and certain results on the
state and pure state space) and a special section on operator closedness. Some Hahn-
Banach results are also listed. The results of this section were obtained from various
sources (Zhu, K. [24], Kadison, R.V. and Ringrose, J.R [8], Goldberg, S. [6], Rudin, W.
[20], Sakai, S. [22], Labuschagne, L.E. [10] and others). The development of the repre-
sentation theory presented in Section 1.1.7 was compiled from Bratteli, O. and Robinson,
D.W. [3], Section 2.3.

Section 2: Derivations provides some background to the roots of derivations in quan-
tum mechanics. The results of Section 2.2 (Commutators) are due to various authors,
mainly obtained from Sakai, S. [22]. A detailed proof of Theorem 45 is given. Section 2.3
(Differentiability) contains some Singer-Wermer results mainly obtained from Mathieu,
M. and Murphy, G.J. [13] and Theorem 50 is proved in detail. Section 2.4 deals with
conditions for bounded derivations (Sakai, S. [22]) and (Johnson-Sinclair, cf. (Sakai, S.
[22])), and Theorem 51 is proved in detail. Section 2.5 deals with the well published
derivation theorem (Sakai, S. [22], Section 2.5 and Bratteli, O. and Robinson, D.W. [3],
Corollary 3.2.47) and a slightly weaker version of the WW*- algebra derivation theorem as
published in Bratteli, O. and Robinson, D.W. [3], Corollary 3.2.47, is proved here.

Section 3: Derivations as generators first introduces some basic semi-group theory (ob-
tained from Pazy, A. [16], Section 1.1 and 1.2) after which the well-behavedness property
is introduced in Section 3.2. Some general results mainly obtained from Sakai, S. [22],
Section 3.2, is detailed. The proofs of Theorems 61 and 62 makes use of various previ-
ous results and were conducted in detail. Section 3.3 (Well-behavedness and generators)
draws a link between the well-behavedness property and conditions for a derivation to
be a semi-group generator. The results are obtained from Pazy, A. [16], Section 1.4, and
Bratteli, O. and Robinson, D.W. [3], Section 3.2.4. Special care was taken in the outlined
proof of Theorem 68. A proof of a domain characterization theorem (due to Bratteli, O.
and Robinson, D.W. [3], Proposition 3.2.55) is provided (Theorem 69) and used in the
construction of the counter example of Section 4.6.
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Section 4: Domain properties is occupied with un-bounded derivations on C*- algebras
and their domain properties. Some initial complex function theory is developed after
which four important domain preserving theorems are proved in full detail: the inverse
function (Section 4.2), the exponential function (Section 4.3), Fourier analysis on the
domain (Section 4.4) and C?- functions on the domain (Section 4.5). The non domain

preserving C! function counter example is presented in Section 4.6.

The results of Section 4 appear in Bratteli, O. and Robinson, D.W. [3], Section 3.2.2,
and Sakai, S. [22], Section 3.3, and the counter example is due to McIntosh, A. [11]. All
the results in Section 4 are presented in full detail not available in this format from any
of the sources used. Some Toeplitz operator theory is used with reference to Brown, A.
and Halmos, P.R. [4], 94, and the Fourier coefficients of a required function is calculated.
Some results on direct sum spaces and the core of a linear operator were used from Kadi-
son, R.V. and Ringrose, J.R. [8], Section 2.6 and page 160, as well as Zhu, K. [24], Section
14.2.

(@3]
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Notation

Unless otherwise specified, the following notation is adopted. Where symbols have more
than one definition, the relevant one will be clearly specified in the context of the appli-

cation.

¢ linear functional, state, pure state, multiplicative linear functional
p multiplicative linear functional
‘H  Hilbert space
¢ element of a Hilbert space

B(H) bounded linear operators on a space H

A, B C*- algebra or a Banach algebra
7 a *-morphism

a *-automorphism
a *-isomorphism
a *-homomorphism
C continuous functions
X, Y, W, K normed linear spaces
z,y elements of a Banach algebra
elements of a C*- algebra
elements of a normed linear space
elements of R
D(T) the domain of a linear operator T
p,n, m, 1 indexing numbers
R(T) range of a linear operator T
N(T) kernel of a linear operator T
G(T) graph of a linear operator T’
C(T) core for a linear operator T

A a, elements of C
R real numbers
C complex numbers
C'(R) once continuously differentiable functions on R
C?(R) twice continuously differentiable functions on R
Co(R) continuous functions on R vanishing at & infinity
Li(R) integrable functions on R ([ |f] < o)
Ly(R) square integrable functions on R ([ |f|* < o)
f Fourier transform of f
f inverse Fourier transform

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



1 Basics

1.1 Operator algebra

This section lists some of the standard operator algebra results used later in this work.
The most important results are contained in the subsections on states and representations
and the continuous functional calculus which is used in a number of proofs throughout.

1.1.1 Banach algebras

Definition 1 (Banach algebra) A Banach algebra is a unital algebra A with unit 1

and with a complete norm || - || satisfying the following conditions:
lj =1
llzzll < ll=llllyll Vz,y € A

The complex field C with ||z]| = |z| is the simplest example of a Banach algebra. B(H),
the space of bounded linear operators on a Hilbert space H together with the operator
norm is another example of a Banach algebra.

The spectrum (denoted as o(z)) of an element z in a Banach algebra is defined as the
set of all complex numbers A such that I\ — z is not invertible in 4. The compliment of
o(z) in C is called the resolvent of z. The spectrum of any z € A is non-empty (Zhu, K.
[24], 17), is a compact subset of the complex field C and is contained in the closed disk
{z € C||z| < llzll} (Zhu, K. [24], 18). The spectral radius r(z) for z € A is defined as

r(z) = sup{]/\||)\ € o(x)}

1.1.2 Multiplicative linear functionals

Definition 2 (Multiplicative linear functional) A linear functional ¢ on a Banach
algebra A is called a multiplicative linear functional if ¢ is non-trivial and ¢(zy) =
o(x)p(y) for every z,y € A. Denote

My = {9 € Ao(zy) = ¢(z)¢(y) forz, y € A}

It will be shown later that in the case of A commutative, M 4 corresponds to the maximal

ideal space of the algebra A.

Theorem 1 For a multiplicative linear functional ¢ on a Banach algebra A we always
have that ||@|] = 1.
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Proof: From [lgl] > [¢(1)] = [#(1)] = [$(W)]? we have [o()] = 1 and [|¢] > 1.
Now assume [[¢|] > 1. Then there exists an element z € A with ||z|| = 1 with |¢(z)| >

L. Put zp = = — ¢(z)L. Then ¢(z0) = ¢(z) — ¢(z) = 0. Also ||I1 + F5ll = |55 =
l%(iz”)_l < 1 which implies that 3¢5 is invertible. Thus #(zo)p(z5") = 1 which contradicts

¢(xg) = 0 earlier.

Remark 1 From Theorem 1, it is clear that M 4 is contained in the closed unit ball of the
continuous dual space A*. Naturally, M 4 is topologized by the weak™ topology inherited
from the continuous dual A*. The following result follows from Alaoglu’s theorem.

Theorem 2 M 4 is a weak™- closed and compact Hausdorff space contained in the closed
unit ball of A*.

Proof: It is easy to verify that M 4 is closed in the weak* topology of A*. From
Alaoglu’s theorem, it follows that B4+ is weak*- compact. Since M4 is a closed set
contained in a compact Hausdorff set B 4~, it follows that M 4 is weak*- compact and
Hausdorft as well.

1.1.3 Maximal ideal space

Proposition 1 If T is a proper mazimal ideal in a unital Banach algebra A, then T is
norm closed and the quotient algebra A/T is a Banach algebra. If A is commutative then

A/T is a division algebra isomorphic to C.

Proof: If Z is a proper maximal ideal in A, then no element in 7 is invertible. From
(Zhu, K. [24], 10) we have |1l — z|| > 1 for every € Z which shows that 1l is not in the
closure of 7 so that the closure of Z is a proper ideal in A. From the maximality of 7 it
follows that Z = 7 which implies that Z is closed. The quotient algebra .A/Z is a Banach
algebra with norm ||[z]|| = inf{||z — y|lly € T} where [z] € A/I.

If A is commutative and 7 a maximal ideal in A, then A/7 is a division algebra so that
from the Gelfand - Mazur theorem (Zhu, K. [24], 19) we know that A4/Z is isometrically

isomorphic to C.

Proposition 2 If A is an arbitrary Banach algebra and p is a multiplicative linear func-
tional on A, then the kernel M (= N(p)) of p is a proper mazimal ideal in A.

Proof: It is clear that A(p) is a proper ideal for all p € M 4. For maximality, let
z € A~ N(p). Then

et w

10
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The vector in parentheses is in A (p) so that the linear span of z and N (p) contains 1l
so that any ideal containing both AV (p) and x must be the whole algebra. Thus N (p) is

maximal.

Theorem 3 (Commutative Banach algebras) If A is a commutative Banach algebra
then the set of maximal ideals is in one-to-one correspondence with M 4, the multiplicative

linear functionals on A.

Proof: From Proposition 2 it follows that we can always associate a multiplicative
linear functional of 4 with a maximal ideal in A.
Assume that Z is a proper maximal ideal in A. From Proposition 1 it follows that Z
is closed. Since A is commutative and 7 is closed it follows from Proposition 1 that
A/Z is a division algebra. Again by Proposition 1 there exists an isometric isomorphism
¢ : A/T — C. Let 7 be the quotient mapping from A onto A/Z. Then the composition
¢ o w is a multiplicative linear functional on A with kernel Z. This correspondence is
one-to-one: Let p; and p2 be multiplicative linear functionals on A with common kernel

Z. For any z € A we can write
(m(z) = p2(e) = (z = p2(2)1) = (z — pu(z)1)

Both terms on the right are in 7 and therefore (p; (z) — p2(z))1 is in Z so that p;(p1(z) —
p2(z))1) = 0. Therefore p1(z) = p2(z) and p; = po.

Remark 2 The commutativity of the algebra A is important here: If A is not commuta-
tive and T is a mazimal ideal in A, then A/Z may not be a division algebra so that there

might be no multiplicative linear functional associated with 7.

The following result gives some more connections between the multiplicative linear func-
tionals and the spectrum of an element z € A:

Theorem 4 (Multiplicative linear functionals) Let x be an element of a commuta-
tive Banach algebra A, o(z) the spectrum of x in A, r(x) the spectral radius of z, ¢ € My
a multiplicative linear functional on A and G(A) the invertible elements in A. Then:

A€ a(z) & ¢(x) = X for some ¢ € My

z € GA) © ¢(z) #0 Yo € My

6(z) € o(z) Ve A ¢e My

6(@) < r(@) < ] Vie A ¢ e Ma
Proof: Rudin, W. [20], 364

11
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1.1.4 The Gelfand Transform

Definition 3 (Gelfand transform) Let A be a Banach algebra. The mapping T :
A — C(Ma), where M 4 is topologized with the weak™- topology inherited from A*,
defined by

L(z)(¢) = ¢(z) == (¢, )

mapping the Banach algebra A into the continuous complex valued functions on M 4, is
called the Gelfand transform.

Remark 3 From [(zy)(¢) = d(zy) = &(z)d(y) it is clear that the Gelfand transform
is a homomorphism. From ||T(z)(d)|| = llz(®)|] < ldlllzl|] = |lz]| (¢ is multiplicative)
it also follows that T is contractive.

Theorem 5 If A is a commutative Banach algebra, then x € A is invertible in A if and
only if I'(x) is invertible in C(M 4). It then follows that

oa(z) = oema(T(z)) = R(I(z))
where R([(z)) denotes the range of I'(z), and
r(z) = |T(@)lle = sup{l¢(z)|d € M}

Proof: If x is invertible in A4, then T'(z71)(¢) = ¢(z7!) and ¢(z71)¢(z) = ¢(ll) = 1
V¢ € My so that I'(z) is invertible in C(M 4).
If z is not invertible then z is in a proper maximal ideal Z in 4. By Theorem 3 there
exists a multiplicative linear functional ¢9 € M4 with Z = N(¢o). Now

[(z)(¢o) = ¢o(z) =0

so that I'(z) is not invertible in C(M 4).

Any z in the range of I'(z) will be in o 4(z) because if I'(z)(¢) = ¢(z) = z, we have that
é(zll — z) = 0.

Conversely take any z € o(z). Then the element 211 — = must be in a maximal ideal Z
of A so that by Theorem 3 there exists ¢ € M4 with ¢(zll — z) = 0. Then ¢(z) = =
so that z is in the range of I.

Theorem 6 (Spectral mapping theorem) If x is any element in a Banach algebra A

and f is an analytic function in |z] < ||z||, then

o(f(@) = {f(2)z € o(2)}

12
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Proof: Zhu, K. [24], 29.

Theorem 7 (Spectral radius theorem) For every element z in a Banach algebra A

we have
r(z) = lim ||z"|*
n-— o0

Proof: Zhu, K. [24], 31.

1.1.5 (*- algebras

Definition 4 (Involution mapping) A mapping ¢ — z* on a Banach algebra A is
called an involution on the algebra A if it satisfies the following:

(i) (z*)" =z forall z € A
(ii) (az + by)* = az* + by*  forall z,y € Aanda,b € C
(iii) (zy)* = y*z* forallz,y € A

Definition 5 (C*- algebra) A C*- algebra is defined as a Banach algebra A with an
involution mapping x — z* on A satisfying ||z*z|| = ||z||? for allz € A. The involution

preserves the norm and the mapping x — z* is therefore a continuous mapping on A.
Definition 6 (Special elements of a C*- algebra) For z in a C*- algebra A,

z 1s self-adjoint if z = z*

z is normal if zz* = z*z

x is positive if z = y*y for somey € A
For a C*- algebra A4, we have the following inclusions:

{z € Alz =y'y,ye A} C {z € Alz = 2"} C {z € Alz"z = 22"}

Remark 4 (General decomposition) Any general element x of a C*- algebra A has a
unique decomposition in terms of self-adjoint elements x,, 2 € A such that

T = x7 + 122

The real part of x is given by xy = (x + x*)/2 and the imaginary part is given by
zo = (z — z*)/2i. Clearly z, and z3 are self-adjoint.

13
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The square root /Z (or %) of a positive element z € A can be defined as the unique
positive element y € A such that y> = z. More specifically, for self-adjoint z € A,
the modulus (or absolute value) |z| can be defined as vz2. This leads to the following
orthogonal decomposition theorem:

Theorem 8 Let x = z* be a self-adjoint element of a C*- algebra A. Define xy =
(lz| £ x)/2 where |z| is defined as above. Then zy is a unique positive map under the

conditions listed below:
T =Ty — To
zyz_- =0
ol = max (Jlz-1l, lo—1)
Proof: Bratteli, O. and Robinson, D.W. [1], 35, or Zhu, K. [24], 37.
Theorem 9 Let z € A be a normal element in a C*- algebra A. Then r(z) = ||z||.
Proof: Zhu, K. [24], 52.
Theorem 10 Let x be a self-adjoint element in a C*- algebra A. Then o(z) C R.
Proof: Zhu, K. [24], 53.
From Theorem 9 and 10 and Remark 4, it follows that for any self-adjoint z in a C*-
algebra A,

[=ll=ll, ll=1]] and
[0, 1[I

o(z)

o(z?)

N N

1.1.6 States and Pure states

The states of a C*- algebra A is a special class of linear functionals that takes positive
values on the positive elements of A and one on the unit of A. The states and pure
states on A play an important role in representations of C*- algebras. First some basic

functional analysis:

Theorem 11 (Hahn-Banach) If f is a bounded linear functional on a subspace M of
a normed linear space X, then f can be extended to a bounded linear functional F' on X
o that ||| = |IF.

14
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Proof: Rudin, W. [20], 104.

The following corollary to the Hahn-Banach theorem is used in the proof of Theorems
62 and 63. Here d = d(z, M) = infyepm iz — .

Corollary 1 (Hahn-Banach) Let M be a subspace of a normed linear space X. For
every x € X with d(z, M) > 0, there exists a bounded linear functional f on X such
that

Il =1
fM) =0
f(z) = d(z, M)

Proof: Goldberg, S. [6], 20.

Definition 7 (Positive linear functionals and states) Let ¢ be a linear functional
on a C*-algebra A. Then:
¢ is positive if ¢(xz) > 0 for all z > 0 (positive)

¢ is a state if ¢ is positive and ¢(11) = 1

Positivity of a linear functional ¢ can also be defined by the requirement ¢(zz*) > 0 for
all z in a C*- algebra A. The Schwartz inequality holds for all positive linear functionals:

o z)? < $(@"z)d(y"y)

The following result for positive linear functionals is required in the proof of Theorem 62:

Theorem 12 If ¢ is a bounded linear functional on a C*- algebra A with ¢(z) = ||¢|||z||
for some positive x € A, then ¢ is a positive linear functional.

Proof: Sakai, S. [21], 9.

Theorem 13 A linear functional ¢ on a C*- algebra A is positive if and only if ¢ is
bounded with ||¢|| = ¢(11). Therefore, ¢ is a state on A if and only if ||¢}] = (1) = 1.

Proof: Zhu, K. [24], 80.
Let S(A) denote the space of all states on a C*- algebra A. Then S(A) is contained in
the closed unit ball of the dual space (linear functionals) of A. S(A) is topologized with

the weak star topology inherited from the dual space of A. S(A4) is always non-empty:

15
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Theorem 14 (State space) If z is any element in a C*- algebra A, then for each A €
o(x) there exists a state ¢ on A with ¢(z) = A.

Proof: Zhu, K. [24], 80.

This correspondence between the spectrum of an element z € A and the states allows
the following useful characterization of positive, self-adjoint and normal elements in terms

of S(A):
Theorem 15 (S(A)) Let A be a C*- algebra with S(A) the state space of A. Then for
z € A,

z=0s ¢(x) =0 V¢ € S(A)

z =z o) €R Vo € S(A)

>0 ¢(x) >0 Vo € S(A)

zz* = o' = 3¢ € S(A)|llz]| = |¢(z)|

Proof: Zhu, K. [24], 81.

The state space S(A) is a convex, weak-star compact and Hausdorff subspace of A*
- the dual space of A (Zhu, K. [24], 81). Therefore, from the Krein-Milman theorem
(Zhu, K. [24], 6), S(A) is the weak-star closed convex hull of the set of extreme points of
S(A). The set of extreme points of S(A) is denoted by P(A) and elements in P(A) are
called pure states of A. Every ¢ € S(A) can therefore be approximated in the weak-star
topology by elements of the form t1¢; + tads +...+ tndp with ¢; € P(A)and t; € (0, 1)
with t; + t2 +...+ t, = 1. In other words, a pure state is a state that cannot be written
as a convex combination of other states.

Like the state space, the pure state space is sufficiently large to distinguish certain
properties of elements of A. Theorem 15 can be re-stated with S(.A) replaced by P(A).

Theorem 16 A non-trivial linear functional ¢ on a commutative C*-algebra A is a pure

state if and only of ¢ is multiplicative.

Remark 5 From Theorem 16 it can be seen that (for a commutative C*-algebra A) the
pure states (multiplicative linear functionals / mazimal ideals) is a weak-star closed sub-

space of the state space of A

16
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1.1.7 Representations

This section lists a short summary of basic representation theory. The main result is the
Gelfand, Neumark, Segal representation construction which states that every C* algebra
A is C*- isomorphic to a C*- subalgebra of B(H) for some Hilbert space H. First some
definitions: (B(H) denotes the bounded linear operators on a Hilbert space )

Definition 8 (- morphism) A *x-morphism between two *- algebras A and B is a map-
ping © defined for allx € A — 7(z) € B such that:

(1) m(ax + By) = an(z) + Br(y)
(ii) w(zy) = =(z)7(y)
(iii) w(z*) = w(z)*
forz,y € Aand a, B € C.
For C*- algebras, * - morphisms are continuous:

Theorem 17 (x - morphisms) For C*- algebras A and B, and a x - morphism 7 of A

into B we have
z > 0 = w(x) > 0 (positivity preserving)
7 is continuous with || (z)|| < ||z|| Ve A

Proof: Bratteli, O. and Robinson, D.W. [3], 42.

The range {r(z)|z € A} is a closed C*- subalgebra of B (in the setting of Theorem
17). If {n(z)|z € A} = B and each element of B is the image of a unique element in
A (onto and one-to-one), then = is called a *- isomorphism. A x - morphism 7 of a C*-
algebra A onto a C*- algebra B is a *- isomorphism if N'(7) = {z € A|n(z) = 0} = {0}.

The kernel N(w) = {z € A|n(z) = 0} is a two-sided ideal of A: For z,y € A
and y € N(x) we have n(zy) = w(z)7(y) = 0 and w(yz) = n(y)n(z) = 0. Also,
from the inequality || (z)|] < ||z|| it follows that N(r) is closed. This leads to the
construction of the quotient C*- algebra A, = A/N(m) with the equivalence classes
defined as £ = {z + k|k € N (m)}. The morphism 7 induces a morphism 7 from A, to B
by #(£) = n(z) and since N'(#) = {0}, 7 is a isomorphism between A, and 7#(A,) C B.

Definition 9 (Basic representation) A representation of a C*- algebra A is defined
as a pair (H, ©) where H is a Hilbert space and m a * - morphism of A into B(H), the
bounded linear operators on the Hilbert space H.

17
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A representation (H, 7) is faithful if and only if 7 is a * - isomorphism between A
and 7(A) (if and only if A'(x) = {0}). The terminology = is a representation of A on
‘H is also often used. Every representation (H, n) of a C*- algebra A defines a faithful
representation of the quotient algebra A,.

A %~ automorphism 7 of a C*- algebra A is a * - isomorphism of A into itself. = is a
* - automorphism if it is a * - morphism of 4 with range equal to A and kernel equal to
{0}. Each - automorphism is norm-preserving - ||7(z)}| = |jz]|Vz € A.

A trivial representation of a C*- algebra A is given by the trivial * - morphism 7 = 0
with m(z) = O0Vz € A. A representation may be non-trivial (in general) but still have
trivial (invariant) parts. If Ho C H is defined as Ho = {¢ € H|r(z)p = O0Vz € A}
then Hg is invariant under 7 and the corresponding representation mg = Py, 7Py, is triv-
ial (Py, is the orthogonal projector with range Hp). A representation 7 is non-degenerate
if Ho = {0}. In general, a set of bounded linear operators B acts non-degenerately on H
if {y € H|z(p) = 0Vz € B} = {0}.

An element ¢ € H is cyclic for a set B of bounded linear operators on # if the set
{z(p)|z € B} is dense in H.

Definition 10 (Cyclic representation) A cyclic representation of a C*- algebra A is a
triple (H, m, @) where (H, ) is a representation of A and ¢ € H is cyclic in the Hilbert
space H for the set {n(z)|z € A}.

Theorem 18 (Cyclic representation) FEvery non-degenerate representation (H, m) of
a C*- algebra A is the direct sum of a family (Ha, Ta)acr of cyclic representations of A.

Proof: Bratteli, O. and Robinson, D.W. [3], 46.

Theorem 18 allows a reduction from general representations to cyclic representation.
This is useful in the construction of representations.

Definition 11 (Irreducible representation) A set B of bounded linear operators on
a Hilbert space H is irreducible if the only closed subspaces of H invariant under B is
H and {0}. A representation (H, ) of a C*- algebra A is irreducible if the set n(A) is

irreducible on H.

The following theorem establishes some identification of irreducible sets of operators.
The commutant M’ of a set of bounded linear operators M on a Hilbert space H is
defined as M' = {y € B(H)|lzy = yz Vz € M}.
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Theorem 19 (Irreducible sets) Let B be a self adjoint set of bounded linear operators
on a Hilbert space H. Then B is irreducible if and only if B' consists of multiples of 1.

Proof: Bratteli, O. and Robinson, D.W. [3], 47.
Positive linear functionals, and in particular the states and pure states play an im-

portant role in the existence proof and construction of representations. Let (H, 7) be a
representation of a C*- algebra A and ¢ € H a non-zero unit vector. Define

wp(x) = (o, 7(2)p)

for all z € A. Then w, is a vector state on w(A). Every representation therefore has a
(vector) state associated with it. The following theorem shows that the converse is also
true: every state ¢ over a C*- algebra is a vector state in a suitable representation.

Theorem 20 (State representation) If ¢ is a state on a C* - algebra A, then there
ezists a cyclic representation (Hg, 74, ©g) of A such that

B(x) = (pg, Te(z)Py)
for all z = A, so that |lps]]® = ||¢]] = 1.
Proof: Bratteli, O. and Robinson, D.W. [3], 56.

This cyclic representation (Hg, 74, @) constructed from the state ¢ on A is defined
as the canonical representation of A associated with ¢.

The nature of pure states and their canonical representation is given in the following

theorem:

Theorem 21 (Pure state representation) Let ¢ be a state over a C* - algebra A with
(Mo, g, @o) the associated cyclic representation. Then (Hg, mg4) is irreducible if and only
if ¢ is a pure state.

Proof: Bratteli, O. and Robinson, D.W. [3], 57.

1.1.8 Commutative C*- algebras

Theorem 22 Let A and B be C*- algebras and 7 : A — B a C*- homomorphism. Then
for every x € A, o{w(z)) C o(z) and ||7(z)|| < ||z
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Proof: Zhu, K. [24], 55.

Theorem 23 Let w be a C*- isomorphism of C*- algebras A onto B. Then o(n(z)) =
o(z) and ||x(z)|| = ||z|| for every x € A.

Proof: Zhu, K. [24], 56.

Theorem 24 (Gelfand transform) FEvery commutative C*- algebra is x - isomorphic
to C(K) for some compact Hausdorff space K. In particular, for a commutative C*-algebra
A, the Gelfand transform is a C*- isomorphism from A onto C(M 4).

Proof: Let T : A — M be the Gelfand transform: I'(z)(¢) =< z, ¢ >= ¢(z)
for every ¢ € M4 and =z € A. From Remark 3 we know that I' is an algebraic homo-
morphism into C(M_4). It needs to be shown that I' is one-to-one, onto and involution
preserving.

Involution preserving: (To prove: T'(z*) = I'(z). Z denotes the complex conjugate for
z € C.) Define for every x € A

z + z*
T, = and
2
T — z*
Ty = -
21

Now z = z; + iz and z* = z; — iz9 and both x; and z» are self adjoint. Since A is com-
mutative it follows from Theorem 5 that the range of I'(z;) is o(x;) which is (by Theorem
10) contained in Rfor¢ = 1, 2. Now ['(z*) = I'(z1) —il(z2) = I'(z1) + il'(z2) = T'(x).

One-to-one: (To prove: ||I'(z)|lc = ||z||) From Theorem 5 we have r(z) = ||['()||co-
Now ||T(z)||Z, = |II'(z)* ()|l = |IT(zz*)||c = r(z*z). But clearly (z*z) = (zz*) so
that (z*z) is self adjoint and normal. From Theorem 9 it follows that r(z*z) = ||z*z| =

||z]]? so that T" is norm preserving and hence one-to-one.

Onto: (To Prove: Image T' equal to C(M 4())). Since A is a Banach algebra and I'
is an isometry, we know that the image of T in C(M4) is a closed *- subalgebra of
C(M _4) which contains the constant functions. Furthermore, for any two distinct ele-
ments ¢; and ¢y of M 4, we can choose an £ € A not in the kernel of ¢; — ¢2 so that
I(p1 — ¢o)(z) = (¢1 — ¢2)(z) # 0so that ¢1{z) # ¢2(x) which shows that the image
of I" separates points of M 4. By the Stone-Weierstrass theorem, I' is onto.

Remark 6 From Theorem 16 we know that M 4 = P(A) for a commutative C*- algebra
A where P(A) is topologized with the weak*- topology. Therefore, Theorem 24 can be
restated with M 4 replaced by P(A).
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Theorem 25 Let A be a C*- subalgebra of a C*- algebra B with x € A. Then z is
invertible in A if and only if x is invertible in B. From this it follows that o 4(x) = op(x).

Proof: Zhu, K. [24], 59.

1.1.9 Continuous functional calculus

Let A[z] denote the C*- subalgebra generated by z € A. If z is a normal element of a
C*- algebra A, then Alz] is commutative. The next theorem will make it clear that an
element y € A is in Afz] if and only if y can be approximated in norm by polynomials

in 1, z and z*.

Theorem 26 (Spectral theorem) Let z be a normal element of a C*- algebra A. Then
M 4(g) 48 homeomorphic to o(z). If we identify M a5 with o(z), then the Gelfand trans-
form T on Alz] has the property that I'(p(z, *)) = p(z, Z) for every polynomial p of two
variables (z € C).

Proof: From Theorem 24 and Remark 3 at the beginning of this section if follows that
I: Alz] = C(My,) is a surjective C*- isomorphism. From Theorem 5 and Theorem 25
we can define the mapping

UMy, — o(z)

with ¢ € My so that ¥ is well defined and onto. To show that ¥ is one-to-one,
suppose ¥ (¢1) = U(¢p2) or ¢1(z) = ¢2(x). From the proof of Theorem 24 we have that

¢1(z*) = ¢a(z*) so that
n(p(z, z%)) = ¢2(p(z, z*))

for every polynomial p of two variables. Such polynomials are dense in A[z] and hence
@1 = ¢ so that ¥ is one-to-one.

For ¥ to be a homeomorphism, we need to show that ¥ preserves convergence (the
topology). Therefore, take any net ¢ in M 4[,) converging to ¢ with respect to the
weak*- topology. Then clearly ¢, (y) — &(y) for every y € Alz]. Also ¢o(z) — ¢(x)
since z € Alz], so that ¥(¢,) — ¥(¢) which shows that ¥ is continuous. Now ¥ is
a one-to-one continuous function from one compact Hausdorff space M 4[] to another
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compact Hausdorff space o(z) and therefore ¥ is a homeomorphism.
By the above we can identify M 4;) with o(x) and then the Gelfand transform

I': Az} - C(o(z))

satisfies I'(x)(z) = z for all z € o(z). (Note that z € o(z) is identified with ¢ € M4
such that ¢(z) = z (Theorem 14)). Since I' is a C*- homomorphism, it follows that
T(p(z, £*))(z) = p(z, Z) for every polynomial p of two variables.

Theorem 27 Let ¢ € A be normal in the C*-algebra A and C(o(z)) the continuous
complex valued functions on o(x). Definer € C(o(x)) by(t) = t for allt € o(x). Then
there exists a unique *-isomorphism m : C(o(x)) — A such that 7(2) = z. For each
f € Clo(x)), n(f) is normal in A and w(f) is the limit of a sequence of polynomials in
1, z and z*. The set

Alz] = {7(f)|f € Clo(2)}
is the smallest commutative C*-subalgebra of A that contains z.

Proof: Existence of C*- isomorphism:
Let B be any commutative C*-subalgebra of A that contains z. Then (by Theorem 24)
there exists a *- isomorphism 7 from B onto C(X') where X is compact Hausdorff. With
u = 7(z) in C(X), it follows from Theorem 24 that

o5(r) = ocx)(m(z)) = oc@y(u) = {u(z)]z € X}

For every f € C(og(z)) = C({u(z)|z € X'}), the composite function f ou is continuous
on X. Thus the mapping f — fou is a *- isomorphism from C(o(z)) into C(X’). From
the *- isomorphisms f — fouand 7~! : C(X) — B, the composition v : f — 7~ (fou)
is a x- isomorphism from C(o(z)) into 4. Also

Y1) = 77 ow) = 17 (uw) =z

Uniqueness of the C*- isomorphism 7 follows from the fact that 7 : * — z implies that
polynomials in 2 are mapped to polynomials in z. By the Stone-Weierstrass theorem, this
determines the action of 7 on all of C(o(z)).

1.2 Closedness

Some very interesting parts of the study of derivations relates to unbounded, closed deriva-
tions. A short introduction to closed operator theory with definitions, properties and some
results are given here. Theorem 28 is used often throughout this work.
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1.2.1 Open mapping theorem

Assume throughout the rest of this section that D(T) C A and R(T) C Y, where X and
Y are normed linear spaces. Also, let T denote a linear operator mapping the domain
D(T) into V.

Definition 12 (Closed operator) Let X x ) be the normed linear space of all ordered
pairs (z, y) withz € X andy € YV and norm given by ||(z, y)| = maz{||z|], ||yl|}. Let
T be a linear operator mapping from X into Y with D(T') C X. Define the graph of T as
G(T) = {(z,Tz)|z € D(T)}. If G(T) is closed in X x Y then the operator T is said to
be closed.

Theorem 28 (Closedness) An operator T is closed if and only if: z, € D(T); z, =
and Tz, — y implyz € D(T) and Tz = y.

Proof: Foreveryz € D(T),z = (z, y)isinthe graph G(T) of T ifand only if Tz = y.
For every z,, € D(T), (zp, Tz,) — (z,y) € G(T) if and only if z, — z and Tz, — y.
Therefore, if T is closed, then z, — z and Tz, — y imply (z,, Tz,) — (z,y) €
G(T) = G(T) which implies Tz = y. Conversely, if z,, € D(T), z, — z and Tz, = y
imply z € D(T) and Tz = y, then (z,y) € G(T) and (zn, Tzn) = (z,y) € G(T) so

that G(T) = G(T).

Definition 13 (Closable operator) Let T be a linear operator mapping from X into
Y with D(T) C X. T is closable if there ezists a linear extension of T' which is closed in
X.

Theorem 29 (Closability) An operator T is closable if and only if for anyy # 0 in

Y, 0,y) ¢ 6(T).

Proof: Goldberg, S. [6], 54.

This result is often used to prove closability by assuming (0, y) € G(T') and showing

y = 0. The assumption (0, y) € G(T') implies the existence of z, € D(T) with z, = 0
and T(z,) = y # 0. Therefore, Theorem 29 can be restated as:

A linear operator T' mapping from a normed space A" into a normed space Y with
D(T) C X, is closable (pre-closed) if and only if the existence of a sequence {z,} € D(T)
with z, — 0 and Tz, — =z implies z = 0.
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Remark 7 (Partially defined inverse) In the following theorem the notation T~ refers
to a ‘partial inverse’ of T whereby T is only required to be 1-1. T is neither onto nor
defined on the whole of X. This inverse injectively maps R(T) onto D(T') and will exist
if T is 1-1.

Theorem 30 (T 1-1 and closed) If T mapping D(T) into Y is 1-1 and closed, then

T-1 is closed.

Proof: Suppose T is 1-1 and closed. Clearly T~} exists. Also T : D(T) — R(T)
is onto and T~ : D(T~1) —» R(T~!) is onto. Consider G(T~!) = {(Tz, T 'Tz)|zx €
D(T)} = {(Tz, z)|lz € DT)}. Since G(T) = {(z, Tz)|x € D(T)} is closed in X x Y
we have that G(T"1) is closed in ) x X so that T~ is closed.

Definition 14 (Open mapping) An operator mapping from X into Y is called open if
it maps open sets in X onto open sets in Y. An operator is called relatively open if it
maps open sets in X onto sets open in R(T). .

Remark 8 (Open mapping) The notion of openness (resp. relatively openness) of an
operator T mapping from X into Y can also be characterized as an operator that maps
interior points of an arbitrary set W C X onto interior points of TVW C Y (resp. interior
points of TW C R(T)). For if this is the case, then clearly all open sets in X will be
mapped onto open sets in Y (resp. R(T)).

Adopt the following notation:

Sx(r) {z]z € X,||z|| < 7} and
S¥(r) = {zlz € X |l < 1}

withr € R, r > 0. Note that S%(r) denotes the set of interior point of Sx(r) with Sx(r)
a neighborhood of 0 in X.

Remark 9 (Interior points) The following theorem makes use of the inclusion Sg,(r) C
TSx(1) withr € R, r > 0. This inclusion implies that 0 € X, an interior point of
Sx(1), is mapped onto the interior point 0 € YV of TSx(1), because clearly S(r) is a
neighborhood of 0 in Y that is contained in T Sx(1). Observe that for any open setV C X
and anyxz € X, x + V is also open. By linearity of T, it follows for any point z of D(T)
that T(z + Sx(1)) D Tx + S3(r) so that Tz is an interior point of T(z + Sx(1)).
Remark 8 and 9 together thus yield:

T open < SY(r) C TSx(1)

for somer € R, 7 > 0. T is called nearly open when S3(r) C TSx(1) for somer € R
andr > 0.
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Theorem 31 (Nearly open implies open) Let X be complete and T : X — ) be

closed. If for some r > 0, 83(r) C TSx(1) then S%(r) C T'Sx(1).

Proof: Assume first that for every 0 < € < 1 we have S%(r) C T'Sx(;L;). Since
83 (r) is open, y € S3(r) implies that t£- € S (r) for € small enough. Hence there exists
¢ € Sx(1X) such that Tz = £ or T((1 - €)z) = y. Since ||(1 — €)z|| < 1, we have
y € TSx(1). Therefore S3(r) C TSx(X;) VO < € < 1 implies SY(r) C TSx(1).

€

It needs to be shown that Sy (r) C TSx(1) implies SY(r) C TSx(1i;) for every
0<e<l

Assume S%(r) C TSx(1) and T is closed and let y € S3(r) be given. Since for ev-
ery sets K C X, aK = aK for a > 0 a scalar and S$(r) C TSx(1) given, it fol-
lows that S$(re”) C TSx(en). Taking n = 0, there exists 2o € Sx(1) such that
lly — Tzo|| < reory — Txzo € SY(re). Taking n = 1, there exists #; € Sx(e) such that
lly — Tzo — Tz1|| < re® ory — Txo — T'zy € S (re?). Proceeding in this manner, there
exists a sequence z; € Sx(ef) with |ly — Y0 T'z;|| < re™*'. Now define the sequence
Z2n = Yooz where ||z;|| < €. Then ||zof| < 1, |lz1]] < ¢, [|z2|l < €* and so on, so
that o0 lIzill < 1= < oo (geometric series). Thus, {z,} is Cauchy and since X is
complete, it follows that there exists € X such that z, — z with ||z|| < %. Clearly
Tz, = T(Y ., (zi)) = y, and since T is closed, z € D(T) N Sx(;%;) and Tz = y.
Thus y € TSx(;L;) and hence S$(r) C TSx (%)

Lemma 1 (T nearly open) Let Y be of the second category and T onto. Then T is

nearly open.

Proof: It needs to be shown that there exists r > 0 such that S3(r) C TSx(e). Since
R(T) = Y, we may write Y = US2;nTSx(1), and since Y is of second category, at least
one of the sets pT'Sx(1) has a non-empty interior. The map g, defined by g,(z) = px
is homeomorphic. Therefore TSx(1) must also contain an open set (non-empty). Also

9s(TSx(1)) = TSx(5) and thus T'Sx(5) also contains a non-empty open set V. Now

0eV—VcT&§y4mA§cT&@

The second inclusion above is justified by noting that TSx(5) — TSx(5) = T(Sx(5) —

Sx(%)) C TS;\:(E) C TSX(f).
Now V — V is an open set around 0, which indicates that there exists » > 0 such that

S%(r) € V -V C TSx(e).

With Baire’s category theorem in mind, the open mapping theorem now follows:
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Theorem 32 (Open mapping theorem) Let X' be complete and Y of second category.
If T is closed and onto, then T is an open mapping.

Proof: Goldberg, S. [6], 45.

1.2.2 Closed graph theorem

Theorem 33 (Closed graph theorem) Let X' and Y be Banach spaces and T a closed

operator mapping X into Y. Then T is continuous.

Proof: Since G(T) is closed in the Banach space X x Y, G(T) is complete. Define
the mapping f : G(T) — X by f((z, Tz)) = z. f is bijective and since ||f((z, Tz))| =
llz|| < ||(z, Tz)||, f is continuous. (The norm on X x Y is defined as ||(z, y)|| = (||z|* +
llylI2)2). From Theorem 32 we know that f~!: X — G(T) is continuous. Now

1Tzl < Nz, T)ll = IF7H @I < 1l

so that T is bounded (continuous).

Theorem 34 (Extension of closed graph theorem) Let X and Y be complete. Any
two of the following imply the third:

1. D(T) is closed
2. T 1is closed
3. T is continuous

Proof:(1,2 = 3) Let D(T) be closed and T mapping D(T) into ) be closed. Since
D(T) is closed, we have that D(T) is complete and by the closed graph theorem, T is
continuous.

(1,3 = 2) Suppose D(T) is closed and T continuous. Now for z, € D(T) and z, — =
we have x € D(T), since D(T) is closed. Furthermore, if also Tz, — y, then since by
continuity, Tz, — Tx, we get Tx = y. Thus by Theorem 28 we have that T is closed.

(2,3 = 1) Let T be closed and continuous. Now for = € D(T), there exists z, € D(T)

such that z, — z. Consider
Tz, — Tl = | T(zn — zo)ll < WTzn — znll-

Therefore Tz,, is Cauchy and Tz, — y(€ ) since Y is complete. Since T is closed,

it follows from Theorem 33 that z € D(T) (and Tz = y). Therefore D(T) = D(T)

because x € D(T) was arbitrary.
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Theorem 35 (Kernel of a closed operator) The kernel N(T) of an operator T 1is
closed if T is closed.

Proof: Suppose T is closed. Take any z € N(T). Then there exists {z,} € N(T) C
D(T) such that z,, = z. Clearly Tz, = 0 for all n and therefore T'z,, — 0. Since T is
closed, it follows from Theorem 28 that z € N(T) (since Tz = 0) so that N'(T) = N(T)
and NV(T) is closed.

Theorem 36 (Induced operator) Let N(T) be closed and T : D(T)/N(T) — Y the
1-1 operator induced by T defined as T([z]) = Tz where [z] € D(T)/N(T). Then T is
closed if and only if T is closed.

Proof:(=>) If T is closed, suppose [z,] — [z], with [z,] € D(T)/N(T), and T([z,]) —
y. Then there exists {v,} € N(T) such that z,, — v, = z. Now T'(z,) = T(zn — vn) =
T([zn])) — y. Since T is closed, z € D(T) and T(z) = y by Theorem 28. Thus
[z] € D(T) and T'([z]) = y. Hence T is closed.
(<) Let T be closed. Suppose z, — z and Tz, — y. Then [z,] — [z] and
T([zn]) = Tzn — y. By the closedness of T, it follows that [z] € D(T") and T(z]) = y.
Thus z € D(T') and Tz = y and hence T is closed by Theorem 28.

Theorem 37 (Existence of the inverse - 1) Let D(T) = X. T~ ezists and is con-
tinuous if and only if there exists m > 0 such that ||Tz|| > mi|z|| for every z € X.

Proof: (<) Suppose [|Tz|| > m|jz|. Then z # 0 implies Tz # 0 so that T is injec-
tive. Hence T~! exists. Now ||T'Tz|| = ||z|]| < m™}!||Tz||. Therefore T~! is bounded
and continuous.

(=) Let T~! be continuous. Then ||z|| = {|T'Tz|| < ||T7||||Tz|| for every z € X.
Choosing m = ﬂT_l—iT[’ the desired property follows.

Theorem 38 (Existence of the inverse - 2) Let X and YV be Banach spaces and T
closed. Then T~ exists (as a map from R(T) to D(T)) and is bounded if and only if T
is 1-1 and R(T) is closed.

Proof:(=) Suppose T has a bounded inverse. Suppose Tz, — y € Y. From the
existence of the bounded inverse it follows from Theorem 37 that there exists m > 0 such
that ||Tz, — Tzn|| > m|lz, — ;|| which shows that {z,} is Cauchy in X' and hence
converges to some z € X. Since T is closed, z € D(T) and Tx = y by Theorem 28.
Thus R(T) is closed.
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(<) Suppose T is 1-1 and R(T) is closed. Then T~ ! is closed (by Theorem 30) as an
operator from R(T") into X. Since R(T) is closed and hence complete in the Banach space
Y, it follows from the closed graph theorem that T~! is continuous.

1.2.3 Minimum modulus

The following consideration leads to the definition of a number v(T') associated to each
operator 7' having a closed kernel. Let T be a closed operator and A and ) com-
plete. Let T be the 1-1 operator induced by T. Since T is closed, we have from
Theorem 35 that N(T) is closed and hence D(T')/N(T) is a normed linear space with
norm ||[z]|| = d(z, N(T)). Now by Theorem 38, R(T) = R(T) is closed if and only
if T has a bounded inverse (T is 1-1). By Theorem 37, this means that there ex-
ists an m > 0 such that for every [z] € D(T), m||z]|] < ||T[z]ll. Equivalently
0 < 1nf{LLFr[-z‘M|[x € D(T),z ¢ N(T)}. Since |T[z]|| = ||Tz| and ||[z]|| = d(z, N(T))
it follows that 0 < inf {d—“W-(”T—))lz € D(T),z ¢ N(T)}. This infimum is called the
minimum modulus of the operator T'.

The following observation will be used in Theorem 39. Consider the normed linear
space D(T)/N(T) with elements [z]. Then y € [z] if and only if Ay € [Az]. This can be
seen by noting that y € [z] implies z —y = m for some m in N(T). Then Az — Ay = Am
and since \m € N/(T) if and only if m € N/(T) (from linearity), it follows that Ay € [Az].

Definition 15 (Minimum modulus) Let N(T') be closed. The minimum modulus y(T)
of T is defined as v(T) = inf ep(r) d—(z‘-\%-(”m where 3 is defined to be co.

Theorem 39 (Minimum modulus) T is relatively open if and only if y(T)) > 0.

Proof:(<=) Let v(T) > 0 and assume T # 0 to avoid y(T') = oo. By definition

of Y(T) = inf,enr) 7oy (= A > 0) we have —UTT(Uﬁ > AVz ¢ N(T) which
implies ||Tz|| > Ad(z, N(T)). Now if |Tz|| < X = mfyeD(T)d(y'W!Ty% then since
1Tz|| < A < (%([T—) it follows that ||Tz]} < @ |Tz(“T)) from which it follows that
d(z, N(T)) < 1. From ||Tz|]] < A we have that Tz € AS%)(1). Now let n € N(T)
be such that ||z — n|| < 1 (n exists, since d(n, N(T)) < 1). Then z — n € Spry(1).
Calz =z —n(z|| < 1). NowT(z) = T(x — n) = Tz — Tn, but Tn = 0. Thus
Tz = Tz where z € Sp(r)(1), so that ASg(r)(1) C TSp(ry(1). This shows that the
interior point 0 of Sp(ry(1), is mapped onto the interior point 0 of Sr(r)(1). It follows

that T is relatively open.
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(=) If T is relatively open then there exists a A > 0 such that
Sriry(N) € T(Spry(1)) (1)

Choose y = Tz € Sppy(A) (z € D(T)) so that A — e < [|Tzll < A (A > € > 0).
Then (from equation (1)) there exists z € S%(T)(l) (l|zll < 1) with Tz = Tz. But
Tz — Tz = 0sothat n = z — 2 € N(T). Now d(z, N(T)) = infren(m)llz — nf] <
llt — 2z — z|| = ||z]] < 1. Then

1 T'z]|
d(z, N(T))
Theorem 40 (Extension of open mapping theorem) Let X' and ) be complete. Any

0<A—-€e<

two of the following three imply the third:

1. R(T) is closed
2. T is closed
3. v4(T) >0

Proof: (1,2 = 3) Let R(T') be closed in Y and T closed. Since ) is complete, R(T') is
complete and by the open mapping theorem, T is relatively open so that v(T") > 0.
(2,3 = 1) Let T be closed and y(T') > 0. By Theorem 39 we have, since v(T') > 0, T is
relatively open. Now define the 1-1 operator T induced by T where D(T) = D(T)/N(T)
and T : D(T) into Y, by Tz] = Tz. Since N(T) is closed by Theorem 12, D(T)/N(T)
is a normed linear space with norm ||[z]|| = d(z, N(T)). Clearly R(T) = R(T). R(T)
will be closed if (and only if) T has a bounded inverse, by Theorem 38. Now

o) = it (e € D), 2 ¢ v

T
= G M)
= (T)>0

|z € D(T), z ¢ N(T)}

Therefore there exists v > 0 such that ||T[z]|| > ~||[z]|| for all [z] € D(T)/N(T). Since
T is 1-1, we have that 7! exists. Clearly ||[T~'T[z]|| = ||[z]]] < %”T[.'L']” which shows
(by Theorem 38) that 7~! is bounded. Therefore R(T) = R(T) is closed.

(3,1 = 2) Let v(T) > 0 and R(T) closed. Then T is relatively open. As before, let T
be the 1-1 operator induced by T. Since R(T) is closed and T is 1-1, 7! exists and
is bounded (by Theorem 38), and hence continuous. Furthermore D(T'~1) = R(T) is
closed in Y and therefore T-1 is closed by Theorem 34. Since 7-!is 1-1 and closed,
(T—4)~! = T is also closed (by Theorem 30). Hence by Theorem 36, T is closed.
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2 Derivations

2.1 Introduction

Definition 16 Let A be a Banach algebra and 6 a linear mapping in A. Then ¢ is a

derivation if:
1. D(6) is a dense sub-algebra in A

2. §(ab) = 8(a)b + ad(b) Va,b € A

If A is a *- Banach algebra, then & is a x- derivation if
3. 8(a*) = d(a)* Va € A

Derivations with the property d(z*) = &§(z)* are also referred to as symmetric deriva-
tions. Derivations that can be expressed as a commutator (6(b) = ab — ba) forallb € A
and for a € A, are called inner derivations.

Derivations in operator algebras originate from quantum mechanics where the coordi-
nates of particle momentum and position are identified with operators p and q respectively,

satisfying the commutation relations

pipj — pjpi = 0
949 — 9% = 0
and
pig; — ¢ipi = —thd;;ll

where h is Planck’s constant. These operators p and g were tentatively proposed (by
Heisenberg) in terms of matrix operators. It will be shown shortly that the relation
pg — gp = —ihll cannot hold for both p and ¢ bounded. Thus operators p and g were
assumed to act on an infinite dimensional Hilbert space H. Physically each vector ¥ € H
corresponds to a state of the system and for 1 normalized, the inner-product (v, A:v)
corresponds to the expected value of the observable A at time ¢t. The equation determining
the change of any such observable A with the time ¢ was specified as

dA (HA, — AH)
el — Aot e/ 2
dt ¢ h )
where
p?
H = Yy + V(g) (3)
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is the Hamiltonian, combining kinetic and potential energy as functions of p and g respec-

tively.

The theory of commutators in quantum mechanics stimulates the study of bounded
derivations on operator algebras in the following way: Let z,y € B(A) where A is a
Banach space. (B(A4)) denotes the algebra of bounded linear operators on A). Define the
derivation &, by

0.(y) = zy —yzx

That 4, is a derivation, follows from the associativity of the algebra B(A) and the obser-
vation that if §,(y) = zy — yz and 6,(z) = zz — zz then

z(yz) — (y2)z
= (zy)z - y(zz)
= (6:(y) + yx)z — y(zz — 0s(2))
= 6z + yrz — yzz + yéz(z)

02 (yz)

The observation ||0,(y)|| < 2||lzy|| < 2||z|||ly]] shows that §; is bounded.
Consider the Schrédinger operators p and g on the Hilbert space £2[—o0, +00] defined by

p(f) = —io
qo(f)(z) = =zf(z)
Then the commutation relation for p and q yields

(pqg —ap)f = (a)f — (p)f
= paf) - a(-i
= —1%(xf) + iw%f
= —if - iz:-j—xf + z’x%f

This study of derivations begins with some general results on derivations as commu-

tators.
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2.2 Commutators

The following result is used in the proof of some of the commutator results as well as

elsewhere in this work:

Theorem 41 (Kleinecke-Sirokov, cf. (Sakai, S. [22], Theorem 2.2.1)) Let A be a
Banach algebra and & a bounded derivation on A (D(8) = A). Suppose that 6%(z) = 0
for some z € A. Then 6(z) is a generalized nilpotent - i.e. (|6(z)*|)* — 0 asn — oo.

Proof: The proof that 6™(z™) = n!é(z)™ makes use of induction of §*(z™). Forn =1
we have 6'(z') = 1!§(z)!. Now suppose that §"(z") = n!d(z)". Consider Leibniz’s

formula:

0™(vu) = kX:; (Z) &% (v)6"* (u) where
n\ _ an-10n-2)..(n-k+1)
(k) B k!
Then, for the case n + 1 we have that
5n+1 (xn+1) — 6n+1 (:L'"il:)
W n+1
— 5"’(;1;")5""’1"’“ (:L')
> (")
_ (" N 1) 5(z")6"(z) + (" : 1) 2(z")6m () + ...

+ (Z * i) 571 (&")6% () + (" * l) 57 (e")8(z) + (2 N i) 5+ (z)e
= &M + (n+ 10" (M)(o)
= 5(6" (™) + (n+ nlé(z)™*!
= &(n!d(z)---8(z))z + (n + 1)!15(x)"
—_——

n times
= n[B@)8@)" " + 8(@)6*@)0(E)" 7 + .. + 5()" 8 (@)] +(n+ 1)!6(2)"
n—1 ‘t?nes
= (n+1)é(z)"
Thus
(™) = nlé(x)" forn =1,2,3---.
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Therefore

ll6(z)" |

ne..n 1 L
6" (&™) = I

IA

1.1
HﬂmﬂH;ﬂ" =0 n — oo

Theorem 42 (Wielandt-Wintner, cf. (Sakai, S. [22], Corollary 2.2.2)) Let A be
a Banach algebra. Then there exist no two elements a, b € A such that ab — ba = 1.

Proof: For z € A let 6,(z) = az — za = [a, z]. Then &,(z) is continuous since for
every d < 0 there exists € = 2||a||d < 0 such that if ||z — zo|| < § then ||d.(z) — da(z0)|] <
2||all||x — zo|| = 2|la|lé = €. Hence d,(x) is continuous at zg and linear; and thus bounded
on A.

Now if ab — ba = 1, then

82(b) = 06a(ab— ba)

= (sa(ll)
= a-a
= 0

But then 6,(b) is a generalized nilpotent (as in theorem 41) which contradicts the fact
that ||6,(b)"||7 = ||(ab — ba)*||* = 1 for all n.

As noted in the introduction, the physical significance of this result is that the rela-
tion pg — gp = —ihll only holds for at least one of p or ¢ unbounded, which leads to the
unbounded-operators-on-Hilbert-space formalism proposed by Heisenberg.

In terms of derivations as operators on normed algebras, this result reveals that the iden-
tity element of A can not be expressed as the commutator of two elements in the algebra.
Also, if we define §,(b) = ab — ba, then no such derivation can map onto the identity op-
erator. We extend the trivial fact that if 4 is commutative, we have that ab — ba = 0 for
all a, b € A and therefore all derivations defined as 6,(b) = ab — ba will equal the trivial
operator. This result is formalized in Theorem 46 and following are some required results.

Theorem 43 (Rosenblum, cf. (Sakai, S. [22], Theorem 2.2.5)) Let A be a C* -
algebra and § a bounded, everywhere defined derivation on A. Suppose §(z) = 0 for some
normal z (z*x = zz*) of A. Then §(z*) = 0.

Proof: Consider the representation z + €**?. Then

6(61')\1:‘) — 6(61)\1*61'/_\18—2'5\1)
- é(ei/\z‘ei/_\z)e—i:\z + ei/\z‘eiiz(s(e—i:\r) NeC (4)
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It is given that 6(z) = 0. Now suppose §(z™) = 0. Then 6(z"*!) = §(z™)z + 2"6(z) = 0.
Thus by induction in n we have §(z") = 0 for (n = 1,2, 3 ---). We have 4(1l) = 0 and
since ¢ is bounded,

5(e=) O(1) 4 6(—iAz) + 5(—21—!(—in)2) + é(g—!(—z’/\x)S) + .-
= 0

Therefore (4) reduces to
5(81',\:::‘) — 5(ei/\x‘ei/—\z)e—i5\z
But
d(ei/\z‘ )e—i/\z' — 5(61',\1‘61';\:)6-—1‘:\16—1')\9:‘
— 6(ei()\z‘+/_\z))e—i(:\$+)\z')
Normality of z is used to show that ei*®’e*® = ¢i(A2"+32) Now put
fn = J(ei(/\z‘+:\1))e—i(:\z+/\z')

5(62')\1* )e—z'/\:c*

Then f(A) is differentiable on the whole plane C and

Ilé(ei)\z )e—iAm “

“(S(ei(/\z* + im))e—i(:\x + Az*) I

(I

A

”5”“61'(/\1* + Xz) ””e—i(;\z + /\:c*)”
= [é]|

so that f(\) is a constant by Liouville’s theorem. But f(0) = 6(e¥(92")e~#92" = ( since
6(11) = 0. Hence 6(e***") =0 and s0 0 = £(6(e**"))|x=0 = (%€ )a=0 = 6(iz”).

Theorem 44 (Fuglede, cf. (Sakai, S. [22], Corollary 2.2.6)) LetT be a bounded nor-
mal operator on a Hilbert space H and S a bounded operator on H. If[S, T] = ST-TS =0
then [S, T*]=ST* -T*S =0 forallz € H.

Proof: Consider the C*- algebra B(H) and define the derivation dg on B(H) by
6s(T) = ST ~ TS for T and S € B(H). We have that ds(7T") is bounded. Now by
Theorem 43, since dg is bounded on B(H), we have that given ds(T) = 0 it follows that
65(T*) = ST*-T*S =0.
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Theorem 45 (Sakai, S. [22], Theorem 2.2.7) Let A be a C* algebra and 6 a deriva-
tion on A. If [§(z), ] = O for some normal x € A, then é(z) = 0.

Proof: From Theorem 44 it follows that if [6(z), z] = O for normal = € A, then
[0(z), *] = 0. Then

o(z")r + z*0(z) = d(z*x)
= (zz™)
= d(z)z* + zo(z*)

From this we get

§(z")z — zé(z*) = &(x)z" — z"d(x)
[6(z"), 2] = [(z), 2] =0

so that again by Theorem 44 [§(z*), z] = 0 implies [§(z*), *] = 0. Now z is in the
center of the sub-algebra B of A generated by {1, z, z*, §(x), d(z*)}. The idea is to show
that ¢(6(z)) = 0 for every ¢ € P(A), the pure states on A, so that §(z) = 0.

Since B is a C*- algebra, we can write £ = z; + ixy where z; and z2 are both
self-adjoint (Theorem 8). From Subsection 1.1.7 there exists a pure state ¢ € P(B) and
an irreducible representation (H, my) of B generated by the GNS construction, which
implies that 7r¢(B)I (the commutant of m4(B)) consists of multiples of 1. Therefore,
the center Z(my(B)) = me(B) N 7s(B)" consists only of multiples of 1. (Note that

mo(Z(B)) = Z(74(B)))-

Since £ = 1, +1 1z is in the center of B, then (because by normality x;, z» € Z(B))
ng(z1) € Z(my(B)) which implies 74(z1) = All for some A. But theny = z; — Al €
N (7y), the kernel of 74 which is a closed ideal in B. Now y = z; — All = y4 — y_ and
by letting \/y+ = a1 and \/y— = a2, weobtainz; — Al = a? — a2 with a;, az € N(mp)
(because \/yx € N(7g)). Then

8(z1) = 6(z1 — Al) = 6(a1)a; + a1d(a1) — 6{az)az — a2d(az)
and d(ay), 6(az) € B. From the Cauchy-Schwartz inequality we get

< |g(8(ar)ar)| + [¢(ar8(ar))] + [¢(8(az)az)| + [$(azd(az))]
< B(8(ar)*8(ar)) Ed(ar?)® + ¢(8(az)*6(az))® $laz?)*

+¢(8(a1)8(ar) ") Fp(ar®) + ¢(8(a2)d(az)*) Fp(as?)®
= 0

1¢(8(21))]
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so that d(z;) € N(¢). Since this holds for arbitrary ¢, we have §(z;) = 0. Similarly
d(z2) = 0 so that é(z) = 0.

Theorem 46 (Singer, cf. (Sakai, S. [22], Corollary 2.2.8)) Let A be a commuta-
tive C*-algebra and let § be a bounded everywhere defined derivation on A. Then § = 0.

Proof: Since A is commutative, zz* = x*z and
[6(z), z] = d&(z)r—zdé(z) =0

for every £ € A. Then by Theorem 45 we have that §(z) = 0 for every z € A.

Theorem 47 (Putnam, cf. (Sakai, S. [22], Corollary 2.2.9)) Let T be a bounded
normal operator on a Hilbert space H and let S be a bounded operator on M. If[T, [T, S]] =
0 then [T, S] = 0.

Note that (by expansion) [T, [T, S]| = [[S, T}, T]-

Proof: Let B(H) be the C*- algebra of all bounded operators on H. Then T, S €
B(H). Put 65(X) =[5, X] where X € B(H). Now
6s(T) = [5,T]
= ST-TS

and therefore

[6s(T), T] = 6s(T)T —Tés(T)
[S, TIT — T[S, T
= [[S, 1], T}
= ~[T,[S, T
Now if {[S, T, T] = 0 then [65(T"), T] = 0 and by Theorem 45, since T is a normal element
of the C*- algebra B(H), we have that d5(T) =[S, T] = 0.

Corollary 2 (Putnam, cf. (Sakai, S. [22], Corollary 2.2.10)) Let A € B(H) and
suppose [A, [A*, A]] = 0. Then [A*, A] =0 -i.e. A is normal.
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Proof: Put §4(X) = [4, X] with X € A. Now consider

64(A%) = da([A4, A7)
= [A) [A’ A*H
= [4, (447 — 4% 4)]
= [4, —(4"A — AA4")]
= [4, -[47, 4]]
= —[A[A", 4] — [A", AlA]
= —[A7 [A*’ A]]
= 0

Then by Theorem 41, d4(A*) is a generalized nilpotent. Thus
r(AAT — A"4) = lim (44" ~ A*A)"||» =0

Now since (AA* — A*A)* = (AA*)* — (A*A)* = AA* — A* A, it follows that AA* — A*A

is self adjoint and hence normal. Therefore
[|AA* — A*A|| = r(AA* — A"A) =0

which leads to AA* — A*4 = 0.

2.3 Differentiability

After this brief look at derivations as commutators, we now investigate the differentiation
properties inherent in derivations. The conclusion from this section is that if a process
of differentiation behaves as intuitively expected and is everywhere defined and bounded,
then it is trivial (§ = 0). Therefore, any reasonable non-trivial process of differentiation
must admit elements which are not differentiable. The Singer- Wermer theorem is the

main result.
The commutation relation [a, é(a)] = ad(a) — d(a)a = O for every a, holds if and
only if §(p(a)) = p'(a)d(a) for every a and p a polynomial in a. This intuitive chain rule

can therefore be translated into the requirement [a, 6(a)] = 0.

First some commutative Banach algebra basics:

e Every maximal ideal M of a commutative Banach algebra A is the kernel of some
homomorphism of A onto the complex plane (multiplicative linear functionals).
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e For x € A we have A € o(z) if and only if h(xz) = A for some h € My

e From these two results and the spectral radius formula, lim,_,o0 [Jz"||* = 0 implies
that z is in the radical of A (the intersection of all maximal ideals of A).

The notation radA refers to the radical of a Banach algebra 4. A Banach algebra is
said to be semi-simple if rad4 = {0}.

The Singer-Wermer theorem states that bounded derivations on semi-simple commu-
tative algebras are trivial:

Theorem 48 (Singer-Wermer, cf. (Sakai, S. [22], Corollary 2.2.3)) If A is a com-
mutative Banach algebra and § a bounded derivation on A, then 6(A4) C radA.

Proof: Sakai, S. [22], 20.

The following two results derive a local version of the Singer-Wermer theorem for non-
commutative Banach algebras. The notation Q(A) denotes the set of all quasi-nilpotent
elements of A: Q(A) = {z € Alim, ||z"||* = 0}.

Theorem 49 (Mathieu, M. and Murphy, G.J. [13], Theorem 2.2) Letd be a bounded
derivation on a Banach algebra A. If [a,d(a)] = 0Va € A then §(A) C Q(A).

Proof: Let B = B(A) be the Banach algebra of all bounded linear operators on
A. If 5 € B is a derivation, then it can be extended uniquely to a bounded derivation
on the unitization of A by setting §(11) = 0. Now A may be considered as a closed
subalgebra of B by means of the representation a — L, defined by L,(b) = ab. Under

this identification ¢ becomes an inner derivation as Ls(q) = —[La, d].
Consider
5%3 (5) = [Laa [Laa 6]] = [Laa L&(a)]
= ~Lia,5a)
= 0
because [a, §(a)] = 0 is given. By the spectral mapping theorem we have r(é(a)) =

r(Ls(q))- It follows from Theorem 41 that r(Lsa)) = r(d(a)) = 0, or equivalently
(I6(@)*|D* — 0asn — oo.
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This result will now be used to somewhat relax the restrictions in the statement of

the Singer-Wermer theorem.

Theorem 50 (Mathieu, M. and Murphy, G.J. [13], Theorem 3.6) Let A be a Ba-
nach algebra and & a derivation on A. Suppose 6(A) C Q(A). Then 6(A) is contained
in the radical of A.

Proof: The following facts are used to reduce the proof to the invertible elements of
A: Obviously 6(11) = 0 and therefore for A > ||a|]| we have §(a + A1) = &(a) for every
a € A. Thus §(A) = (AN A1) ((a + Al) is invertible in A since A ¢ o(a)).
For X' a Banach space, consider the homomorphism 7 : A — B(X) defined by n(a)(z) =
a(z) for every a € A, z € X, which is an irreducible representation of A in B(X).
By composition of © and §, we may define the map 6 :==mod : A - B(X) by
7w(0(a))(z) = é(a)(x). Now, fora, b € A

7(8)(ab)

= 7(d(ad))

= 7(6(a)b + ad(b))

= w(8(a))m(b) + m(a)m(6(d))
= 4(a)n(b) + 7(a)d(D)

5(ab)

so that 4 is a ‘derivation-like’ operator from A to m(A).
It is given that 6(A) C Q(A). Since 7 is a continuous homomorphism, it follows that
1 L
[l (6(a))™ |12 llm(6(a)™)II™
1 1
]l llé(a)™ I

o0
=2 0

IN

which shows that 6(A4) = 7(6(A4)) C Q(w(A)) for every irreducible 7 : A — B(X).
Therefore, showing 6(A) = 7(6(A)) = {0} for every irreducible representation 7 of A,
is the same as showing 6(A) C rad(A). The intersection of the kernels of all irreducible
representations 7 is contained in the radical of A. We may therefore assume that A is
unital and that it acts irreducibly on a Banach space X'.

The proof is conducted in two steps: Step one shows that for any ¢ € X, az and é(a)z
are linearly dependent; and step two uses this fact to show that 7(d(a)) = 0 for the
invertible elements a in A, and for every irreducible 7.

Step one: We want to show that 7(a)(z) and 7(d(a))(z) are linearly dependent. Take
a € Aand x € & such that w(a)(z) = 0. Then 7(6(a))(z) = 0, because if not,
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then since 7 is irreducible, there exist b € A such that w(b(é(a)))(z) = z. Hence
w{d(ba))(z) = w(bd(a))(z) + w(5(b)a)(z) = z so that 1 is an eigenvalue of d(ba), which
contradicts r(d(ba)) = 0. Thus if 7(a)(z) = 0 then n(é(a))(z) = 0.

Consider for any x € X and a € A the vectors a(z) and §(a)(z). We claim that
there exists A(z) € C such that d(a)(x) = A(z)a(z). For if not, then by the Jacobson
density theorem (Palmer, T.W. [15], 465), there exists b € A such that ba(z) = 0 and
bé(a)(z) = —a(z). Then (6(b)a)(z) = (6(ba) — bd(a))(z). But from the previous para-
graph we have that 6(ba)(z) = 0. Thus (6(b)a)(z) = a(x) so that 1 is an eigenvalue of
4(b), which contradicts nil-potency.

Step two: Take a € A invertible, then for every € X we showed that 7(d(a))(z) =
Mz)w(a)(z) for some A(z) € C. We need to show that A is independent of x.
Choose any linearly independent z,y € X -ieif arx + fy = Othena = 8 = 0 for
a, f € C. Now

Mz + )z +y) = 7w(a)'7m(6(a)

so that
Az +y) — Az))z = (My) — Mz + y)y

From the linear independence of x and y it follows that A(z) = Az + y) = Ay).
Therefore

7(a)"17(d(a)) = Al (5)
Now if A # 0, then

r(r(a)"'7(3(a))) = liglnIl(ﬂ(a)"lﬂ(tS(a)))"II%
> Al >0

It is given that d(A) C Q(A) (for all a € A, I6(a)™]|= — 0). It follows from the
commutativity of 7(a)~! and 7(6(a)) (equation (5)) and the spectral radius theorem that

r(w(@) ™ )r(x(5(a)))
Jim (@) lim |lw(3(a)" |

= 0

r(r(a) "' (8(a)))

IA
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which contradicts A(x) # 0. Therefore w(6(a))(z) = 0 (for every z) whenever a is in-

vertible.

Remark 10 Let A be a Banach algebra and suppose that for every a € A, [a, 0(a)] €
rad(A) would imply §(A) C Q(A) without requiring § to be bounded. Then, from the
previous result, an unbounded version of the Singer- Wermer theorem would be proved.

2.4 Boundedness

This study of bounded derivations is limited (as will become evident later) and the focus
of this work is on unbounded derivations. This section briefly states when derivations can

be expected to be bounded.

Theorem 51 (Sakai, S. [22], Theorem 2.3.1) Let A be a C* algebra and § a deriva-
tion on A. Then ¢ is bounded.

Proof: It can be assumed that 4 has an identity because if not, then an identity can
be added to A to form the new algebra A. Define on A the derivation & with §(1) = 0 and
let 6*(z) = §(z*)* where z € A. Clearly §* is also a derivation. Then § = % +ii‘5—'§i‘i,
which shows that every derivation is a unique combination of *-derivations. Henceforth
we may assume J to be a *- derivation.

Take z € Ay, - i.e z = z*. Let ¢ be a state on A such that |¢(z)] = ||z||. We shall see
that ¢(6(z)) = 0 for z € Ag. (From |¢(z)| = ||z||, we may assume that ¢(z) = {|z||,

otherwise consider —z instead of x.)
Put ||z||Il — z = h? with (h > 0, h € A). Then

¢(h*) = ¢(llzl|1 - =)
= lzll¢(1) — o(z)
= |l=ll = [lzl} =0

From

S(ll=(I = ) (ll=(1) — &(=)
llzll6(1) — ()

—6(x)
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we have

| = ¢(6@)] = |é(6(ll=l|1 - z))]
= [¢(8(h%))]
= |g(hd(h)) + $(3(h)h)|
< |@(hd(h))] + 16(6(h)h)|
= (h?)2(3(h)%)* + ¢(8(h)*) 2 p(h%)F =0 (6)

by the Cauchy-Schwarz inequality. Hence ¢(d(z)) = 0.

We want to show that ¢ is a closed (or closable) linear operator. Then since D(6)
(= A) is complete, it will follow from the closed graph theorem (Theorem 33) that § is
bounded.

Therefore suppose that z, = z; — 0 and é(z,) — y. y is self adjoint since ¢ is a *-
derivation. From the discussion following Theorem 29 we need to show that y = 0.
Let ¢, € S(A) such that |¢n(y+zn)| = |ly+znll- Then by equation (6), |¢n(d{y+2z,))| =
0. Let ¢, be an accumulation point of (¢,) in the weak*- topology of S(A) (compact).
Now

6n; (U +2n;) = o) = |bn; (¥ + Zn;) = &n; (U) + ¢, (y) — G0 (v)]

< n; (¥ + Tn;) = O (W] + |dn; () — do(¥))]
= |, (Tn;)| + |6n; (¥) — do(¥))I
< el + 1o, () — do(y)| = 0

for some subsequence (n;) of (n).

Therefore |¢o(y)| = |ly|]| and from equation (6) we have ¢o(d(y)) = 0. But 0 =
On; (0(y + 2n;)) = én,; ((6(y) + 6(zn;)) = ¢0(8(y) +y) = bo(6(y)) + ¢o(y) which leads
to |ly]l = #o(y) = 0 so that y = 0. Therefore § is a closed linear operator and since

D(6) = A, by the closed graph theorem (Theorem 33) we have that § is bounded.

Theorem 52 (Johnson-Sinclair, cf. (Sakai, S. [22], Theorem 2.3.2)) Let A be a

semi-simple Banach algebra and § a derivation on A. Then § is continuous.

Proof: Sakai, S. [22], 23.
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2.5 Derivation Theorem

The derivation theorem is well documented in Sakai, S. [22], Section 2.5 and Bratteli, O
and Robinson, D.W. [3], Corollary 3.2.47. The version proved here was obtained from
Bratteli, O and Robinson, D.W. [3], Corollary 3.2.47, slightly relaxed by not requiring
the result to include [|h|| < ||9]|/2, where h is the element in M given below.

Theorem 53 (Bratteli, O. and Robinson, D.W. [3], Corollary 3.2.47) Letd be an
everywhere defined, bounded, symmetric derivation of a Von Neumann algebra M. Then
there exists a self-adjoint h = h* € M such that 6(z) = i[h, z] for every z € D(6) = M.

Proof: The proof of the derivation theorem depends on results in the next section and
is therefore deferred to after Corollary 3 in Section 3.
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3 Derivations as generators

Derivations arise as generators for various operator groups. This section provides some
basic semi-group theory required for the understanding of derivations as generators, and
the well known Lumer-Phillips theorems for derivations are only arrived at after the

introduction of well-behavedness.

3.1 Semi groups

Definition 17 A one parameter family ['(t) of bounded linear operators from a Banach
space A into A is a semi-group of bounded linear operators on A if:

roy =1
[(t + s) = T@)L(s) for everyt,s > 0

The linear operator A defined by

_ . T't)x —xz .
D(A) = {z €A ltlg)l — ezists}, and
. Tz —xz  d'T()z
Az = ltlﬁ)l ; = o |t=0 forz € D(A)

is the infinitesimal generator of the semi-group I'(t) and D(A) the domain of A.

3.1.1 Uniform continuity
A semi-group of bounded linear operators is uniformly continuous (continuity at I) if

I;Igllf(t) - I =0

Characterization of the generators and conditions that will ensure a linear operator to be
a generator is important and in the case of uniform continuity, the answer is quite simple:

Theorem 54 (Pazy, A. [16], Theorem 1.2) A linear operator A is the infinitesimal
generator of a uniformly continuous semi-group if and only if A is a bounded linear oper-

ator.

Proof: Pazy, A. [16], 2.

Thus, everywhere defined derivations will always be a generator of a uniformly con-

tinuous semi-group. It is easy to verify uniqueness of the generator, and uniqueness of
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the semi-group can be shown. By uniqueness of the semi-group we mean that if two

semi-groups have the same infinitesimal generator, then they must agree.

Theorem 55 (Pazy, A. [16], Theorem 1.4) If I'(t) is a uniformly continuous semi-
group of bounded linear operators, then there exists a unique bounded linear operator A
such that T'(t) = €' and A is the infinitesimal generator of T'(t).

Proof: From Theorem 54 we know that the generator A of I'(t) is bounded, and from
the (norm converging) series expansion

th _ N~ (@tA)"
- 7;) n!
it follows that A is also the generator of et/ so that by the uniqueness of the semi-group
we have ['(t) = et4.
From Theorem 51 (Bounded derivations) and Theorem 54, we have the following corol-
lary for derivations:

Corollary 3 (Uniform continuous generators) Let A be a C*- algebra. Then a lin-
ear operator § defined on A is an everywhere defined symmetric derivation of A if and
only if & is the generator of a norm-continuous one-parameter group of x- automorphisms

of A.

Proof: The proof of this result is a simplification of the proof of Theorem 68 and will
therefore not be expounded in any detail.

The derivation theorem (Theorem 53) from the previous section can now be proved:

Proof of Theorem 53 : Since § is a bounded * - derivation, it follows from Corollary 3
that ¢ is the infinitesimal generator of a uniformly continuous group of * - automorphisms
on M. Let ag, t (> 0) € R be the group of * - automorphisms on M. Then, by Theorem
55

ay = et‘s

k!

k=0

From (Pederson, G.K. [17], 324), the uniform continuity of «; assures the existence of a
uniformly continuous unitary group {u;} C M such that

a(z) = wruy
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for every x € M. Let A be the infinitesimal generator of the unitary group u;. Then
from Stone’s theorem (Pazy, A. [16], 41), it follows that h = h* where A = ih (since A
is skew adjoint) so that we can write

u = et vt
Uniform continuity of u; implies (from Theorem 54) that h is bounded and

1 1 .
Tl =) = 't'(elth—]l)

— ih

in the strong operator topology on M. Since u; — 11 € M Vt and M is strong-operator
closed, it follows that h € M. We now have

e(z) = wau}

— elth:z:e—lth

and with differentiation at t = 0:

d ts ts
a |t=Oe (:I:) = 66 (x)|t:0
= ()
and
d ithype—ith _  (;peithpe—ith _ ;poithgo—ith l
E|t=oe e = (ihe""ze — the™ze )t=0
= thx — izh

= ifh, z]

so that §(z) = i[h, z].

Since we are more interested in unbounded (closed and densely defined) derivations,
uniform continuity is too general and we therefore need to look at strongly continuous

semi-groups.

3.1.2 Strong continuity

A semi-group of bounded linear operators on a Banach space A is strongly continuous
(Co) if

IimI(t)e =2 Vz e A

tlo
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Theorem 56 (Pazy, A. [16], Theorem 2.2) Let I'(t), 0 < t < o0, be a Cy semi-
group of bounded linear operators on a Banach space A. There exists constants w > 0
and M > 1 such that

IT@)I < Me* for0 <t <o (7)

Proof: Assume that there exists a 7 > 0 such that ||I'(¢)|| is bounded for 0 < ¢ < 7.
If not, there is a sequence ¢, with ¢, > 0, lim,,0t, = 0 and [|I'(t,)|]| > n. From
uniform boundedness it follows that for some z € A, [|[I'(¢t,)z| is unbounded, which
contradicts the definition of Cy- continuity. Therefore, ||T'(¢)]] < M for 0 < t < 5. Since
IO =1, M > 1. Letw = In(M) > 0. Given ¢ > 0 we have t = nn + § where
0 < § < 7 and therefore by the semi-group property,

IT@N = ID@T M) < M™ < Me**

Characterization of the generator of a Co- semi-group is not so obvious and the Hille-
Yosida or Lumer-Philips theories needs to be developed to present a full account of the
generator character. The following ‘one-way’ result is however useful and sufficient for
the construction of the counter example in Section 4.

Theorem 57 (Pazy, A. [16], Corollary 2.5) If A is the infinitesimal generator of a
Cy- semi-group I'(t) then the domain D(A) is dense in A and A is a closed linear operator.

Proof: Pazy, A. [16], 5.

The ‘closed, densely defined’ character allows for unbounded derivations to be in-

finitesimal generators of Cy- semi-groups.

The proof of Theorem 57 requires the following standard semi-group result. A is a

Banach space.

Theorem 58 (Pazy, A. [16], Theorem 2.4) Let I'(t) be a Co- semi-group on A and

A its infinitesimal generator. Then:

(i) Forz € A,

1 t+h
im — r =T
,1113}) 5, (s)zds (t)z
with the convergence in norm Vz.
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(ii) Forz € A, %fot I'(s)zds € D(A) and
A(/0 [(s)zds) = T(t)z — z
(iii) For x € D(A), I'(t)z € D(A) and
%F(t)z = AI'(t)z = T'(t)Azx
(iv) For z € D(A),
Tty — I(s)z = / L(y)Azdy = / AT (vy)zdy

Proof of Theorem 57:

o (Denseness) Set foreveryz € A4, z; = %fot [(s)zds. Since z; € D(A) andzy —
ast | 0, D(A) is dense in A.

e (Closedness) Let z,, € D(A), z, — z and Az, — y asn — oo. From (iv) in
Theorem 58

t
rt)yz, — I'(0)z, = /0 L(y)Az,dy.

t
Letn — ©: 'ty —z = / T'(y)ydy
0

Since Az, — y in norm and ['() is continuous for every v > 0, we may write
lim,, fot [(y)Azndy = fot I'(v) lim, Az,dy to obtain the above. Then

I't)r — z 1/t
% = ;/ L (7)ydy.
0
Lett] O: Ar = .

So z € D(A) from (i) in Theorem 58 and the definition of the semi-group generator.

As mentioned previously, more semi-group theory is required for proper generator char-
acterization. More applicable to derivations would be the development of the well-

behavedness of derivations.

3.2 Well-behavedness

Before we can continue with the study of derivations as generators, the notion of well-
behavedness needs to be introduced. Well-behavedness properties are also relevant in
minima-maxima problems.

48

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



3.2.1 Definitions

Definition 18 (Well-behaved element) Let § be a - derivation in a C*- algebra A.
Then © = z* € D(J) is well-behaved with respect to & if there is a state ¢, on A such
that |, (z)| = ||z|| and ¢z(6(z)) = 0.

The existence of ¢, € S(A) with |¢p.(z)] = ||z]| is guaranteed by z = z* (or
[|z]| = r(z)) and the fact that the compactness of o(z) implies the existenceof a A € o(z)
such that ||z]] = |A| and the fact that for every A € o(z) there is a ¢ € S(A) such that
¢(z) = A. Well-behavedness therefore intuitively refers to the behavior of the derivation

at a minimum / maximum.

Definition 19 (Well-behaved derivation) A x- derivation 6 on a C*- algebra A is
well-behaved if every ¢ = z* € D(J) is well-behaved with respect to §. (0 is then also
called conservative and both —§ and +0 are dissipative).

Let Co(R) be the continuous functions on R (complex valued) which are vanishing at
+ infinity, and let C{(R) be the subset of elements in Co(R) that are once continuously
differentiable. If A = Co(R) and § = <% with D(§) = C§(R), then 4 is well-behaved.

Definition 20 (Quasi well-behaved derivation) A *- derivation is quasi well-behaved
if the self-adjoint portion in D(0) has a dense open subset of well-behaved elements.

If A =C([0,1]) and § = & with D(6) = C([0, 1]), then J is quasi well-behaved.
This follows from the observation that, for f € C1[0, 1] to be well-behaved, it must attain
its maximum or minimum on the interval (0, 1). Such functions are dense in C*[0, 1].

3.2.2 General results

The first result stated connects closability of a derivation to the well-behavedness prop-
erty. The proof of Theorem 51 can be simplified using this result:

Theorem 59 (Sakai, S. [22], Theorem 3.2.9) If a *-derivation é in a C*-algebra A

is quasi-well-behaved, then & is closable and its closure § is again quasi-well-behaved.

Proof: Sakai, S. [22], 60.

Theorem 60 (Sakai, S. [22], Corollary 3.2.10) If § is well-behaved, then d is also

well-behaved.
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Proof: Sakai, S. [22], 61.

Theorem 61 (Sakai, S. [22], Proposition 3.2.12) Let § be a *-derivation in a C*-
algebra A with identity. Then & is well-behaved if and only if for every x € D(§)*
(positive) there is a state ¢, € S(A) such that ¢,(z) = ||z|| and ¢,(6(x)) = 0.

Proof:(=>) Positive elements z € D(8)* are self-adjoint and the result follows from
the definition of well-behavedness.
(<) Let y be a self adjoint element of D(J) and y = y+ — y— be the orthogonal decom-
position of y. Then y; and y_ are positive (and self-adjoint), y+y— = y-y+ = 0 and
llyll = max(|ly+]l, |ly-]])- From the self-adjointness of y it follows that o (||y||1 + y) € R
so that the elements [Jy||1l £ y are positive. By assumption, there exist states @jy|u+y

with @)yjuxy (1YWL £ ) = [|lylIT £ y]| and ¢yjyjuty (G(y[IT £ ) = Pyusy(6(¥)) = 0.

If ||yl = lly+|] then consider

Py (Wl +9) = Iyl +yy =yl

By the continuous functional calculus we can assume that y; and y_ are real valued
functions, so that the right hand side can be reduced to

sup  |(ly+ll +y+ —y=-)B = 2lly+]]
te€supp(y+)
= 2|lyl|
But,
Suyin+y (WL + ) = Opyutry (Yl + dpyyuty (y)
and
Byuay Uyl = lyll
so that we get @jyju+y(y) = llyll. A similar argument shows that if ||y|| = |ly-|| then

Dyin - (¥) = llyll-

The following three theorems establish the connection between well-behavedness and
the requirements of a linear operator to be a generator of a strongly continuous group of
automorphisms, to be used in the Lumer-Phillips results (see Theorem 68).

Theorem 62 (Sakai, S. [22], Proposition 3.2.17) Let 6 be a *-derivation in A. An
element x € D(0)" is well-behaved if and only if ||[(1+ A\o)(z)|| > ||z|| for all X € R.
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Proof: (=) Suppose z (= z*) is well-behaved. Then (from Theorem 61)

I(W+A0) (2)l] > o= (1 + Ad)(2))] = |d2(2)] = ||l
(<) Given z > 0 and ||(1 + Xé)(z)|| > ||z|| for A € R, define B as the subspace of A
spanned by é(z). Then, since Re((1l + Ad)(z) + iud(z)) = (U + Ad)(z),
I(1+ A6)(z) + ipd(z)|l
> [+ 20) ()|l
> =l

W+ (A + ip)d) ()]l

forall A, 4 € Rsothatd(z, B) > ||z|]| > 0. From Corollary 1 we can choose a linear func-
tional ¢ on A with ||¢]| = 1, #(z) = d(z, B) and ¢(B) = 0. But ¢(z) = d(z, B) < ||z||
so that ¢(z) = ||z||. Since z > 0 and ¢(z) = ||#]|||zl, it follows from Theorem 12 that ¢
is bounded and positive. By the Hahn-Banach theorem (Theorem 11), ¢ can be extended
to a bounded, positive linear functional on A. ¢ is a state since ||¢}| = 1.

Theorem 63 (Sakai, S. [22], Proposition 3.2.18) If a *-derivation § in A with iden-
tity is well-behaved, then there is a ¢ € S(A) such that ¢(6(z)) = 0 for all z € D(9).

Proof: Since ¢ is well-behaved, we have that for every self-adjoint z(= z*) € D(6),
there exists ¢, € S{A) such that |¢.(z)| = ||z|| and ¢,(6(z)) = 0. Assume that for
z = a* € D(6), ||1-d(z)]] < 1. Then

= ¢z (11 - é(x))|

< = é(=)|

< 1
so that ¢, (1) < 1 which contradicts the fact that ¢, € S(A). Therefore d(1l, §(A)) =
inf{||1 = §(z){jlx = «* € D(5)} > 1. From the proof of Theorem 62, we can choose a

bounded linear functional ¢ on A with ||¢|] = 1, #(1) = 1 and ¢(6(a)) = 0 for every
a € D(6).

Theorem 64 (Sakai, S. [22], Proposition 3.2.19) Let § be a *-derivation in A and
suppose that § is well-behaved; then ||(11 + A6)(z)|| > ||z|| for all x € D(6) and X € R.

Proof: Take the state ¢+, as in the definition of well-behavedness. Then

Gzea (11 + A6)(2™) (1 + Ad)(x)) Pzea((z” + A0(z7)) (¢ + Ad(2)))

= ¢peo(T T+ No(z%)T + A*6(x) + A\26(2*)d(x))
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But §(z*)z + z*0(z) = é(z*x), thus
Pree (U + A) (@) (L + A0)(2)) =  ¢oee(z™z + ANo(z*2) + N?6(2%)6())
and since @g+(3(2*)6(x)) = de-2(]6(x)|?) > 0 we have

Gz (L + A () (U + A)(x)) > deeal(zx + A(2" 7))
= ¢geo(xT) + /\¢w‘z(6(x*z))
But ¢z, (d(x*z)) = 0 since z*x € D(d) and ¢ is well-behaved, so that
Gzea(1+ A0) (") (M + X0)(z)) 2 dave(2’7)

lle*zll = {l=lI”

Therefore ||(1 + Aé)(z)|]* > ||=||>.

3.3 Well-behavedness and generators

We now return to the classification of derivations as generators for strongly continuous
one-parameter semi-groups. The well-behavedness property and results from the previous
subsection is utilized in the Lumer-Phillips theorems.

First some definitions:

Let I'(t) be a Cy semi-group. From Theorem 56 we know that there exists constants
w > 0and M > 1 such that ||[[(t)]] < Me“!. When M = 1 and w = 0, then I'(t) is

called a Cy semi-group of contractions.

If A is a Banach space with dual A*, we denote the value of z* € A* at z € A by the
inner-product (z*, z) or (z, *). For every z € A the duality set F(z) C A* is defined
as

F(z) = {z*|z* € A% (2%, 2) = [lal® = ||=*|*}

From Hahn-Banach, F(z) # 0 for every z € A.

Definition 21 (Dissipativeness) A linear operator A is dissipative if for every r €
D(A) there exists a z* € F(z) such that Re(Az, z*) < 0.
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The following standard semi-group theory result is a useful characterization of dissi-

pative operators:

Theorem 65 (Pazy, A. [16], Theorem 4.2) A linear operator A is dissipative if and
only if

AL = A)z|| > Al|z]| forall z € D(A), X >0
Proof: Pazy, A. [16], 14.
The following three versions of the Lumer-Phillips theorem were compiled from Pazy,

A. [16], Theorem 4.3, and Bratteli, O. and Robinson, D.W. [3], Theorem 3.2.50. The
result for Banach space contractions is as follows:

Theorem 66 (Lumer-Phillips for contractions) Let A be a linear operator with a
dense domain D(A) in a Banach space A.

(i) If A is dissipative and there is a Ao such that R(M1l — A) = A, then A is the

infinitesimal generator of a Co semi-group of contractions.

(ii) If A is the infinitesimal generator of a Co semi-group of contractions on A, then
R(A\1 — A) = A for all X > 0 and A is dissipative.

Proof: Pazy, A. [16], 14.

The result for Banach space isometries is as follows:

Theorem 67 (Lumer-Phillips for isometries) If is an operator on a Banach space
A, then & is the infinitesimal generator of a strongly continuous group of isometries I'y if
and only if & is closed, D(d) is dense, and
(1 — ad)z|] llzll
RA~-ad) = A

v

for alla € R and z € D(J).

Proof: Pazy, A. [16], 14.

The result for closed operators on C*- algebras and automorphisms is as follows:
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Theorem 68 (Lumer-Phillips for + automorphisms) Let § be a norm-closed oper-
ator on a C* algebra A with dense domain D(3). § is the generator of a strongly continuous
one-parameter group of x- automorphisms of A if and only if:

(i) D(d) is a *- algebra and § is a symmetric derivation
(i) (1 + A6)(D(6)) = A for every X € R\{0}
(iti) ||(1 + A6)A| > ||A]| for every A € R and A € D(9)

Proof outline: (=) Assume first that ¢ is the generator of a strongly continuous
one-parameter group ¢ — I'; of x- automorphisms of 4. Property (i) (the derivation
property) is arrived at by differentiation of the x- automorphism properties at ¢ = 0. Let

A, B € D).
Since
Ti(AB) = TM(A)Ty(B) then (®8)
INAB) L, = SEATBN,,
- §(AB) = %rt(A)|t=0ro(B) +F0(A)C%I“t(B)|t:0
- §(AB) = G(A)B + A5(B)
and since
T,(4) = TLy(A) then ©)
Irya) sy = To(4) = 5(4Y
AL, = To(A) = 5(4)* = 8(4")

Properties (ii) and (iii) of the theorem follows from the Lumer-Phillips theorem by noting
that T'; and T'_; are inverses of each other and hence isometric by Theorem 67 since both

are contractive.

(<) Next assume conditions (i), (ii) and (iii) hold. Again from the Lumer-Phillips the-
orem it follows that conditions (ii) and (iii) suffices for é to be a generator of a strongly
continuous one-parameter group I'; of isometries. It remains to be shown that condi-
tion (i) implies the *- automorphism properties 8 and 9. This is done by proving the
result on the dense set of analytic elements for §, from first principles. An element
A € D*®(5) = N, D(6"™) is analytic with respect to ¢ if there is a positive number ¢
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(depending on A) such that S0 £1]|67(A)|| < oo.

n=0 n!

oo

> ;—':5"(/1*)

n

(A"

t2 t3
= A" +t6(A*) + 552(,4*) + 553(/1*)...

2 . t3
— (A) 4+ t8(A) + %62(A)* + oA
- tn n *
Z H‘S (4)

n

= T (4)

The second property (9) requires the use of Leibniz’s formula:

[o9)

tn
I((AB) = ) —6"(AB)
n=0
(o] t" n n
n=0 k=0
£ t! tt 2 t? 2
= A8t GA)B + TO!A(S(B) + oard (A)B + 17770 (A)3(B) + 557 40°(B) +...
e d ~ )
n=0 n=1 n=2
= (2 ap+ LsaB+ LB
= [m + (A B + 507 (4) + .
k=0
t! 2 $
+ [ AS(B) + s (AS(B) + 3;0*(A)6(B) + ]
k=1
t* 2 t? 2 t* 2 2
+ (57548 (B) + 570(A)8%(B) + 555;8° (A)6*(B) + -] + .
k=2
S~ 0 )] S~ sy L S~ s 4y 5@
= [ X 0GB+ X M) 9(B) + [ZOH‘S (4)] 562(B) + ...
n=0 n=0 n=—
®© 4n ook
= [Z a5(11) (A)] [Z H(s(lc)(B)]
n=0 k=0

The un-conditional convergence (to allow inter changing the arrangement of n and k
terms above) follows from the absolute convergence of the series
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. . t" n! ek .
lim [|Sn]l = "}gnmllzm[Z———n,(n_k)@( £ (4)6W (B)])
n=0 "~ k=0 ;
m n tn
i —_||g(n—k) (k)
< ,,}g,nm;[;m(n_kﬂué (A)lIs® (B)]

< o0

The last step follows from the assumption that A and B are analytic. Note that con-
dition (iii) is equivalent to well-behavedness (from Theorem 64).

The following theorem characterizes the domain of a generator and is required in the
construction of the domain property counter example of Section 4:

Theorem 69 (Bratteli, O. and Robinson, D.W. [3], Proposition 3.2.55) Let H be
a self-adjoint operator on a Hilbert space H and let

at(A) — eitHAe—itH Ac B(H)

be the corresponding one-parameter group of automorphisms of B(H). If & is the in-
finitesimal generator of oz, then A € D(8) if and only if A(D(H)) C D(H) and
¢ — 6(A)¢ = i[H, Alp (¢ € D(H)) is bounded; i.e |HA — AH|| < .

Proof: Assume A € D(d) and ¢, ¢ € D(H). From Definition 17 we have

(0, 6(A)8) = Tim ~{(p, eH A g) — (o, AB)}

t—0 t

= }i_%%{@"“cp, Ae™M @) — (o, Ae™ M g) + (o, Ae™g) — (p, Ag)}

= Jm (e~ D, A7) + (o, AT - D))
= (=iHyp, Ad) + (p, A(—1H)¢)

which implies that the sesqui-linear form |o(p, ¢)] = [{(y,3(A)¢)| is bounded, since

lo(e, @) = K, 6(A)e)| = |i(Hp, Ad) — i(p, AH)]
< Al
Therefore,
o(p, 8) = (p, 0(A)9)
= —(iHyp, Ag) — i(p, AHQ) (10)
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This can be re-written as (Hp, A¢) = (v, AH@) — i{p, 6(A)¢) for ¢, ¢ € D(H). Then

o1 — w2, AH)| + i1 — @2, 6(A)9)]
llor — w2llllAHB|| + llor — wallll6(A)¢]]
llor = wall(JAH S| + [16(A)oll)

[(H(p1 — ¢2), Ag)|

IN A

so that the mapping ¢ — (Hyp, A¢) is continuous for fixed ¢ € D(H). Further, we then
have that A¢ € D(H*) = D(H), that p — {p, H*A¢) is continuous, and (Hp, A¢) =
(p, HA¢). Equation (10) can now be written as {p, 6(4)¢) = i{p, [H, A]¢). Therefore
¢ — 6(A)p = i[H, Al¢ is bounded.

Conversely, if A(D(H)) € D(H) and ||[HA — AH|| < oo, then (to prove A € D(d))
we need to show that

lim 22(4) = 4
sl0 S

exists.
If B is the bounded extension of HA — AH to all of H, then with a similar argument as

before one gets

d

5 (% an(A)¢) = (@, a(B)9)

for all ¢, ¢ € D(H). So on integrating (ap(A4) = 1(A))
(v lox(4) = ) = (g, | culB)oar)
By the density of D(H) we get

as(A) — A = /3 a(B)dt
0

Then
A) - A 1 /°
lim () = lim=- | a(B)dt
si0 s si0 8 Jo
= B

by Theorem 58(i) so that A € D(§) with §(4A) = B.
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4 Domain properties

This section investigates the domain properties, and specifically the so-called ‘chain-rule’,
on the domain D(4) of a closed *-derivation § defined in a general C* - algebra A. Consider
first the case where A is an Abelian algebra and let A = A* € D(d). (Unless otherwise
stated, in this section A, B will denote elements of a C*- algebra and z, y elements in R).

By commutativity we have
8(A™) = nAP=1§(A)
and thus for any polynomial P(A) with A € D(5) we have

o(P(A4))

5(ao) + a18(A) + a28(A%) + asb(A%) + ... + and(A™)
= ai5(A) + 12248(A) + a33425(a) + asdA3(A) + ... + apnA™16(A)
= J(A)[al + as24 + (l33A2 + (144A3 + ... + annA"_l]

j=n

= 6(4) Y (e A (11)
j=1

so that P(A) € D(d) and §(P(A)) = §(A)P'(A). From A = A* we know that A[A] (the
smallest C*- algebra containing A) is commutative and M 414, the maximal ideal space
of A[A], can be identified with o(A) C [—||4]l,||4]]]. The continuous functional calculus
mapping each f € C(o(A)) to an element in A[A], is defined by f(A4) = I''(f) (T the
Gelfand transform). For example, the function f(t) = ¢? is in C(c(A)) and therefore
there exists a (unique) B € A[A] with B = f(A) and B = A2

Because A = A*, we know that o(A) C Ris closed, bounded and hence compact and
(given f € C'(c(A))) from the Stone-Weierstrass theorem we can select polynomials P,
with P, — f and P, — f’ on the spectrum of A. Replacing P, into P earlier, it follows
from the closedness of § that f(A) € D(d) and

3(f(A)) = 6(A)f'(4)

This result relies heavily on two assumptions: the commutativity of D(é) C A and
the function f € C!. Firstly, if we drop the commutativity assumption, then equation
(11) above fails to hold and the argument is no longer valid. Section 4.6 provides an
example of an f € C! on a non-commutative algebra with f(A) ¢ D(J).

Less obvious, however, is the effect of the choice of functions f for which the result is
still valid. If we restrict the functions to f € C2?(o(A)) and maintain the commutativity of
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A then of course the property still holds, but relaxing commutativity immediately raises
the following questions:

1. Is the domain property valid for non-commutative A and f € C2?

2. If 1 holds, by how much can the restrictions on f be relaxed without ruining the
result for non-commutative A?

4.1 Background

Consider the complex function fy(z) = yZ5 where A, z € C - the complex plane. By

Taylor series expansion there exists a unique power series expansion of fy around a € C

of the form
o0
Z ak(z — a)f
k=0
where
_ £
= TR

If we consider a = 0, then a9 = 0 and a = Xk%,,—f for k > 1 so that

oo
_ Z\k
INCEEED S (12)
k=0
The limit limg 00 |a+1:i = 1 and the series converges on |z| < A and diverges on

lz| > A.

Let A = A* € A (aC*-algebra) so that o(A4) C [—]|All, |4}|] (C R) and consider the
element A(Al — A)~!. By the continuous functional calculus for A = A*, this element
corresponds to the element f : z = %= in C(0(A4)). Therefore, from equation (12) we
can write

BA) = Y At (13)
k=0

where A\ € C, A € A. This series converges for all |A| > ||A]| (outside the spectrum of
A). (Equation (13) is a so called Neumann series and its convergence can also be estab-
lished as a convergent geometric series for all |A| > || A]})

We now restrict the focus to the subalgebra D(d) - domain of a closed *-derivation
in a C*- algebra A - and we wish to investigate the behavior of functions on D(4). Both

the inverse and the exponential function are fundamental to functional analysis and the
following two sections deal with them.
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4.2 The inverse function on D(4)

Theorem 70 (Bratteli, O. and Robinson, D.W. [3], Proposition 3.2.29) Letd be
a norm closed derivation on a C*-algebra A with identity 1. If A = A* € D(J) and
A ¢ o(A), then AL — A)~! € D(8) and

S(AO — A)71) = A — A)~15(A) (A1 — A)!

Proof: This theorem is proved in three steps.
Step 1 proves the result for all [A| > ||A]} -i.e |A] larger than the spectral radius of
A= A%
Step 2 proves the result for A in a small neighborhood of each Ag with |Ag| > || Al}.
Step 3 consists of an analytic continuation argument proving the result for general A ¢

o(A).

First consider the function fy(A) = A(A1 — A)~! = A, (as before). By the contin-
uous functional calculus on o(A) for A = A* we know that A(All — A)~! corresponds to
the element in C[o(A)] defined by f : z — o(A). We then have

14x] = 4T = 7] = [Iflee = sup |5
vy Ea(A) -7

This representation always reduces the complexity of problems in that we only need to
investigate functions on C (the complex plane).

Step 1: Set Ay = A(MI — A)~! (= fa(A)) and let |A| > ||A||. As shown before, the
Neumann series (geometric series)
m
A n
n=1

converges to Ay = A(A\ll — A)~! and

A= 17 = 15+ G2+ G+ o+ (D +
AL . Al | DAl
S WO +(|l) e
=GN - DAl

because |A| > ||A,||. Furthermore, A"*! € D(6)Vn so that S, € D(d). Finally we
need to look at §(S,,). From §(A"+1) = 377 AP§(A)A™ P and the Neumann series
Sm = S0 o(2)"*1 we construct the double series (sum)

n>0
(0(5m)) : = ZZ )”5 ()""’

n>0p 0
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Now

16(Sma)l

|I—ZZ( )Pa(A) (L)l

n>0p—0

IAlZZn—upna e

n>0 p=0

= l|5 )l Z ZII—II"

n>0 p=0

= IR

n>0

IN

and with the ratio test

Sm+1 . (m+ 2)”%“"1“

m—oo Sy, m—co (ﬂl+])”%”m

A
151 < 1

this double series also converges. An expansion of §(Ay) yields

1 - ’ szA Ap=1 p=i)4 ' Ap:lA Ap=2
54y = x[[ (A)] + [6AE) + (K1A)] + [ + ToAT + (5)%6(4)] +]
=0 n=1 n;Z

and by grouping terms with equal p- indexes together, we get

1 A A, A A A A A

s g [[6(A) +OA)E) + AT -] + [(D8A) + (FIBANT) + (DFA)] + ]
so that for each fixed value of p (say p = 2), n can assume p, p+1, p+2.. (2,3,4,...). The

following matrix indexation helps to visualize the fact that no terms are gained or lost in
the re-arrangement. For any pair (p, n), there is only one term:

=]
W N = O
= W N =
[, BN U S o]
S U R W

The absolute convergence of §(S,,) implies its un-conditional convergence, which assures
the same limit irrespective of the arrangement. It follows from the closedness of § that
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Ax € D(6) and

5(A)) = Z( )PM)Z(

p>0 n>0

= AL — A)75(A)(A1 - A4)7!

Step 2: Assume now that 0 # X > [|A4]| so that A¢ is outside the disk in C with
radius equal to the spectral radius of A. From step 1 we know that Ay, € D(§) and

8(Axo) = do(Aol — A)7H6(A) (Aol — A)7

We will now prove the result of step 1 for all A with |i°;—’\| < ||Ax]|7Y, i.e we prove the
result for all X inside a (small) neighborhood of |Ag| > ||A|]. Since | /\0’\_ x| > 1 Ax |, we
A 5 for A into the Neumann series discussed in step 1 to get the series

i )n+1
5% /\0 - )\) -1

This can be expanded and manipulated as follows:
Ao — A Ao — Ao 40 )\0—/\

may substitute 3

Ao 3 43
+ ..
[/\0_)\][ b At\o + ( Y ) +( ) Ao ]
A Ao, Ao — )\ A — A
= N+ R, - DDA, +
A Ao /\ Ao — A A — A
= 'XO‘A)\O o+ (*/\—)AAO + ( 0/\ 243+ (B2 Ad, + ]
Ao Ay Ai A3
= —A, []l -+ 0 0 + + . ]
A ’ (/\0>‘—>\) (/\oiko)2 (Ao—)\)s
A A _ . — A B
= FAwo g e L <l
Ao —A
Ao (do = MNAx, 1
= 204, (-
— /\0 Al — ()‘0 - )‘)AAQ -1
= 3 A ) )

= odr (AT = (Ao — A)Ay) ™

XAl — A)T(AT = XAl — A)™! + AA(A1 — A7)
= MAOAol — A) — AA + AA)!
= AQL - A)7!

so that we have

Ao Ao — A
— A n+1
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Again by the closedness of 4 it follows that Ay € D(8) and

540 = OO YT H a5 3 (2 )"
p>0 n>0
Mrds (Mo = A)Arg 11 A (o = NAxg—
= 2oty Qo= Mibopotyq,yy - Lo = Mo
= (0ol - 4) - (2 - DA~ A7 6(4x,)
(Tl = 4) = (2 = DA - )7
- A/\_"A_AO[(AO]J — AL - A)‘l]é(AAO)/\—/\O[()\O]l — (A - 4)1]

From step 1, §(Ax,) = Ao(Aoll — A)716(A)(Aoll — A)~! so that
3(Ax) = A1 — A)7Ts(A) L — A)!

Step 8: Recall |\g] > ||A|| and the region |/\0’\_/\| > [|Ax, || from step 2. By the
continuous functional calculus for A = A*, A(M\¢ll — A) corresponds to an element
f: A= Ao — N7 !forall A € C(0(A)). This allows us to investigate the region in C
for which

|A = Ao -1
l/\l < “A/\U”

= Il

= ( sup |

Y l)—l
yea(A) Ao — Y

To continue the proof for general A ¢ o(A,), we need to be able to select a sequence A, ¢
o(A) with A, — X such that Ay, € D(d) and §(Ax,) = An(Anll — A)718(A)(N,1 -
A)~1, so that the result for general A ¢ o(A,) then follows from an analytic continuation
argument.

Therefore, we have to understand the region introduced in step 2 a little better. To
simplify matters we set ||f|l>! = a. Let Ao = (%o, %) and A = (z, y) with z, y, 2o, Yo
all real numbers. Then

I(wOa Z/o) - (17, y)l

= «
(z, v)
(o — ), (o — ¥)| = |z, 9la
g2 —2emo + 22 + Y — 2w + 0 = (¢ + 30’ (15)
Now investigate the following three cases:
Casel: a =1
xﬁ — 2230 + yg —2yy = O
2 2
Zo Ty + Yo
= —-——2 4 (———
y Yo ( 2yo )
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which describes a line perpendicular to the line joining (zo, yo) and (0, 0) and intersecting

it in (%zo, %yo).

Cases 2 and 3 require completion of the squares (a # 1) in equation (14):

22a? — 22 + y*a® — y® + 2zm + 2yyo = x?, + yg
becomes
2
2 Lo 42 Lo 2 Yo 2
-1 _ -1 _
2
Y
2 2 2 2
Zo 2 Yo 2 Ty Yo Zo Yo
[z+(a2_1)] +[y+(a2_1)] a2—1+a2—1+(a2—1)2+(a2—1)2
o®(zf + y3)
(@ = 12

This is a circular region with center on the line joining (zo, yo) and (0, 0) and radius

ay/z3 +v3
|

a—1] -

Case2: a>1

Select A\g on the positive imaginary axis. Then (a? — 1) > 0 so that 2~ > 0 and
=1 — 00 as a | 1 so that the center of the circle approaches —coi as a | 1. Also, the

. ar/z2 + 92
radius JI@ - coasall.

Case3: a<1

Here o — 1 < 0 so that #5 < 0 and #5 — —o0 as a 1T 1 so that the center
of the circle approaches +o0o0¢ as a 1 1.

Recall a = (SUPvea(AHﬁD_I = infve,,(A)j’\O;"l = inwaU(A)|%Q — 1| and re-
strict Ap to the positive imaginary axis. Then (since o(4) C R is compact) it follows
that I%l -1 = /1 + (®)? > lforally € o(A)sothat a > 1 for Ao on the imaginary
axis. This is case 2 above and we see that the circle will intersect the imaginary axis at

gl = B

a? -1 (a2 — 1)2

Yo QYo
= =+
Yt @ a2 — 1
a
y = — Yo, o

a2 -1 a2 -1
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2o
For )¢ on the positive imaginary axis, we have that & > 1 and therefore LZEM =1«
2

a shows that &21 is also in the region Ii\—ﬂl\_—’\[ < a. A similar argument shows that if Ag
is on the negative imaginary axis, then 5211 is also in this region. Furthermore, for any A
in the half plane given by sgnImX = sgnImlg and |[ImA| > |Im)g|, we have

'AO—’\I _ I(anO)_(z7y)|
Ao (z, y)

_ |22+ (o —y)?
z? + y?

< 1<a

because |[ImA| > |[ImXo| and (yo — y)? < y2.

To conclude, we now have the following: Given any A ¢ o(A), there exists a se-
quence A\, ¢ o(A) with A, — X such that Ay, € D(d) and 6(A4x,) = A,(Ap1 —
A)716(A) (A1 — A)~?! for all n. Thus

Ay, € D)
Ay, = A1 - A7
- A —- A)7! = A,
in norm as A\, — A (since (A, 1 — 4)~! = (A1 — 4)71).
Also
5(Ax.) = Aa(Aall = A)716(A) AL — A7
= A = A)7IsA)(A - A
so that by the closedness of § (Theorem 28), it follows that
Ay € D)
5(Ay) = A1 - A7TsA)AT - AT

for all A ¢ o(A4) and A = A4* € D(6).

Remark 11 If 11 € D(6), then the result of Theorem 70 can be restated with the element
AM — A)~! replaced by (A1l — A)~!. We write

(Al — A)(AL — A)7!

= AAL - AP — AN - 4)7

1

so that AT — A)™1 = Al — A)~1 — 1. Since I € D(), we have (A1 — A)~! € D(6).
Also, S(AMI — A)71) = AS((ALl — A)~1) since §(1) = 0.
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4.3 The exponential function on D(J)

Theorem 71 (Bratteli, O. and Robinson, D.W. {3], Lemma 3.2.31) Let ¢ be a norm
closed derivation of the C*- algebra A and let A = A* € D(). Define U, = e*4 for
2 € C. ThenU, € D(6) and 8(Us) = 2 [ Upd(A)U(1py.dt.

Proof: The proof follows the following steps:
Step 1 uses the binomial theorem for general r € R to show that lim, ,  ||U, — (1 —
)= = 0.
Step 2 sets f(t) = Uw6(A)Uq _ 1z, defines fo(t) = (1 — EA)=ng(4)(1 — L=DzAy-n
and shows that f,(t) — f(¢) uniformly on [0, 1].
Step & defines a partition Py of [0, 1] and shows that for all Riemann-integrable g(t) we
have S(FPy, g(t)) — fol g(t)dt where S(Py, g(t)) = anzo(pm — Pm—1)9(Pm). This step
involves looking at the adjusted left sums over the interval [0, 1].
Step 4 combines steps 2 and 3 and implements the double limit (iterated limit) theorem
to show that limg[S(Py, lim, fo(¢))] = limg[lim, S(Py, fn(t))] = limg[S(Pk, f(1))] =
2 [} f(t)dt.

Step 1: Consider the binomial series expansion for powers of general r € R: If [z] < 1,
then

(1+2)" = é (;) zk (15)

k

where (}) is defined as

r\ _ rir=1(r-2)..(r—k+1)
(k) a k!
—zA

Z4)|| < 1 so that we can replace ¢ := (=2

Jandr := —n

For n large enough we have ||{
in 15. Then

1+ (Edy)—= = i:j("k")(‘ff‘)k

> ()G ey

The first two coefficients of the right hand side is 1, and

H
g

For k = 2:

G)er = Za
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2!n2
w1
RO
For k = 3:
-n\,-ly3  —n(-=n-1)(-n-2) -1,
( 3 )(—n—) B 3! )
o on®+3nf+2n
- 3In3
oo 1
In general,
-n\, -1k _ (=n){(-n-1)..(-n-k+1) k
) = o =
_ ln(n+1) (n+k-1)
T ko on 7 n
1
Therefore,
Ay FAL, —~ lnn+l n+k-1 1 ne
le** = (@ - =)™ < ;O(k!n T, ) llz4ll
_ lzAll\-n  jza
= (1 " ) e
=2 0

so that lim, ,o ||U, — (11 — %)_"” =0

Step 2:
1?1{}1 1Uez8(A) U —pys — (1 = %)-nam)(n - g—"ntﬂ)“"ll =
i U264 Uy — @ = E2y sy - T0E8yn
(1 - %)‘"J(A)U(l_t)z + (1 - t—?)‘"é(A)Uu_t)zll =
ﬁ}jn 1 {Urz — (1 - tin“lr"]é(A)Uu-t)z + (- %ér"é(A)[Uu-t)z - (- (1__%)2_,4)_"]” <
10105 — (1= Z2) 150Uyl + KIS [Ua—eys — (1 = E=DE2y =y
= 0
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follows from step 1, the continuity of multiplication of the Banach algebra and the bound-
edness of {(1l — £2)~"}. K (above) is chosen as an upper bound for ||(1 — Z4)7||.

Step 3: Define a partition P of [0, 1] by to =0, t; = %, oy ti = 1 50 that t,, = 3.
Now construct the lower (left) sum as follows:

1 o z k—1
z/o Up20(A)U( -y dt = ll}r}lzmzon%zd(A)U(l_%)z

k—1

oz

llk{nE E Umi-‘s(A)U(k—m)(i-)
m=0

k-1
0o g z
= hin eFZAE Z U(m)i-fs(A)U(k—m)(%)

m=0

k-1

© z
= hlr:n - Z Uin+1) £ 0(A)Utk—m)(£) (16)
m=0

k

The last step above is achieved by multiplying (from the left) by Uz = e**4 without
affecting the limit in k, since limy_,00 €574 — 1.

Step 4: From the formula (Leibnitz) §(A™) = 773 A¥§(A)A™ 1=* and an applica-
tion of Theorem 70 (Remark 11) it follows that

n—1
5((1 - %)‘") = > - %)*ma((n - %)—1)(11 - %)—wmﬂ
m=0
n—1
= (;Z;) > (- %)—m—la(A)(u - %)—Mm
m=0
zn—l ZA_m zA__n_m
= <;>§:0<n—7> g4y - =)= (17)

We now construct a double limit from equations (16) and (17) and in each term of

n

the Darboux sum, we have (from step 2) (Il — 22)~(m+1) = [(1 — 24)=3](m+DT with
(1 — 2)=% 5 e4asn — oco. Also (Il — 24)=(n=m) = [(| — 24)-F]("=m)2 Consider

the sequence

k=1
vin = (5 (0= Zymmpme sy - Z2)-momt

m=0

In order for the iterated limit theorem to be applicable, we need to show that both
limg zx, = 2, and lim, T3, = yx exist, and that for at least one set of limits the con-
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vergence is uniform.

For the limit in k, we use the partition as defined in step 3 and construct an adjusted

left sum:
2/1(11 _ Zf) nt§(A)(1 — —) n(1-1) gy
= i Z[(n s - 2
k-1
= hlrcn(k)[(]l - 7‘4)—"]* - % ) ES(A)(1 - %) nE
m=0
- ip(d) 3 Sl - ) s - 2y
=0
so that
1
lim zgn = z/(, (- z—f) "e(A)(1 - %)“”“‘t’dt = zn
with

li’,l;n Thn = = Z elm+1) &t 5(A)e (b—m)z2 _ Yr

The uniform convergence of limy, f,(t) = lim, (1 — 22)~™ = e'*4 for t € [0, 1] assures
the uniform convergence in n of the series £,y — yi above, so that the iterated limit

theorem applies.
Now from step 3 and equation (17) it follows that

n-1

lim &((1 - %?) ") = li;p(g)mZ(ll - %)*"‘“M(A)(n - %)-M—m)
= limlm? ; @ - EA)mm sy - EA)-me-mi

k—
z zA zA
= limZ2 (m+1) 32 50 A)e(F—m) %
1Ircnkm2=0e 8(A)e

1
= Z/ Ut 06(A)U—t).dt
0
From the closedness of § (Theorem 28), we now have the following:

(1 - 24)=" € D)
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S[(1 — 22)"" = 2 [ U6(A)Ur_r).dt

which implies

U. € D(6)

$(U.) = 2 [, Up8(A)Uq_y.dt

4.4 Fourier analysis on D(9)

Theorem 72 (Bratteli, O. and Robinson, D.W. [3], Theorem 3.2.32) Let § be a
norm-closed derivation of a C* -algebra A with identity 1 and assume | € D(8). Let
f € LYR) be a function of one real variable so that f ezists, and assume further the
condition

/ 1F(@)llzldz < oo

is satisfied. If A = A* € D(d), then f(A) € D(d) and

f4) = @m0t / Fla)eAdz

) = ient [ e [ ! e 5 4) 007 gy

Proof: The proof follows the following steps:
Step 1 proves f € Co(R) by means of the dominated convergence theorem.
Step 2 proves that fe LY(R). )
Step 3 proves f exists, f = f a.e and f € Co(R). 5
Step 4 involves a Riemann sum construction of f = f, shows that YN (f(A) € D)
and then shows that 6(}" y f(A)) converges (the previous exponential function theorem
is used here). The result follows from the closedness of 4.

Step 1: By definition, f(t) = [ f(z)e~**!dz. If t, — t € R, then

1F(ta) = f(2)]

|/]R[f(l,)e—izt,. _ f(t)e_izt]dl'l

IA

/ f(@)|le 0 — e~iot)dz
R
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Now |e~#@tn — e~%t| < 2 implies the integrand is bounded by 2|f(z)| and tends to 0 for
every  as n — 0o. From the dominated convergence theorem (Rudin, W. [20], 29) we
have

lim|f(ta) — f(t)]

IA

]im/ |f(z)||e” " — e~ t|dz
nJr

[ tm @l - em)dz
R n
= 0VzeR

so that f (tn) — f (t) which implies f is continuous. To prove vanishing at infinity, note
that e™ = —1 so that

fe)y = /_ " f@)emeiTem it
= _/oo f(z)e @+ dy

- /oo flx - %)e'“zdm

(Note the substitution z := x + T). Hence
a oo i .
20) = [ {f@-fa-Dle
—00
The map ¥ — fx = f(z — %) is uniformly continuous (Rudin, W. [20], 182), so that

/)] < I -fzll =@ =0

Step 2: From step 1, f is continuous on the compact subset [—1, 1] so that f is

bounded. Now
[ - /_:|f|+/_’:1|f”|+/l°°1f‘|

and clearly |f(z)| < |z||f(z)] on R\[-1, +1] so that

/—llf(m)l < /__1 lz||f(z)| < /Z 12|1f(2)] < oo

— 00 o0 —_
by assumption. f1°° |f(z)] < oo follows from a similar argument.
Step 3: Since f, f € L1(R) (steps 1 and 2) it follows from the inversion theorem

(Rudin, W. [20], 185) that g(z) = [ f(t)e’*'dt, g € Cpand f = g = }a.e. Since f is
continuous on R, we can replace f by f if necessary and assume f to be continuous.
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Step 4: Since f € L£(R) NCo(R), we can construct a Riemann sum
N
D) =D (=5 — zj—1)f(zy)e=4
N j=1
From f € L1(R) it follows that Y_n(f) is convergent. Looking at 6(3° 5 (f)), it follows
from the exponential function theorem that
1
J(Cisz) — ixj/ eitz_-;Aa(A)ei(l—t):chdt
0

so that
N

8N = D (e = z-)f()iz; /0 1e"t”"‘é(A)e'f(l‘m"“‘clt

N j=1

From the closedness of §, we now have that the following (Theorem 28):
>_n(f(A)) € D(6)
2n(f(4) » X
S[Cn(fA)] =Y
imply
X = f(4)=f(A4) = [2, f@)eAdz € D)
3(X) = 8(f(4) =i [% f@)z [} eiteA5(A)ei 124 dg

which concludes the theorem.

Note that from first principles and step 3

-
"~

P = Sett) = o
— ’11-3%) l _o:o [ei(z+h)t _ eizt] f(t)dt

The integrand is bounded by 2|f(t)] (f € Li(R)) so that the dominated convergence
theorem implies

}I(:z:) /00 lim l[ei(z+h)t _ eizt] f(t)dt

oo h—0

~oo 0 b
= / itf(t)e*tdt
—00

Also | [ itf(t)e’tdt| < [ |t||7(t)|dt < oo by assumption, implying §(3" 5 (f)) con-
verges. This shows that the conditions for f in the hypothesis is stronger than C.
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4.5 (? functions on D(¢)

The following theorem illustrates the domain preserving nature of C? functions on D(4):

Theorem 73 (Sakai, S. [22], Theorem 3.3.7) Let A = A* € D(§) (4 is norm-closed)
and f € C3([-||All,14]l]) a twice continuously differentiable function. Then f(A) €
D(4).

Proof: The theorem can be proved by showing that the conditions for f given, implies
1= |z|| f(z)| < oo, which will imply the result from the previous theorem.

Define g(z) = |z +4|~! and h(z) = |22 + iz||f(z)|. Then

_ ® |z? + iz
<on> = [ EEjw)e

/ ”j_fim)

/_oo \/E)If(z)ldz
/_Z || f(z)|dz

|dz

Looking at ||gl|||2l};

([ @pas)( [ hoas)?
= (/_oo Ilw+il‘1l2dw)%(/_°° 122 + ]| (2)1 " da) &

lglll[Rl

The first integral can be reduced to [%_|z +i|72dz = [° t=dz = .

For the second integral, note that the function f € C2([—||Al|, ||Al]]) can be extended
to f € C?(R) with the support m compact, by adding polynomial pieces to the
end points (at x = —||A|| and £ = +]||4||) so that for some r > ||A]}, the polynomial
extensions are C? on the interval [—r, 7] with f&(£r) = 0 for i, = 0, 1, 2. If we set
f = 0on R\[-r, 7], then f extends to a C? function on R with compact support.

Now

() = (it)2f(t) —itf(2)
—( +it) f(t)

Il
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Applying Parseval’s identity (Rudin, W. [20], 187), the second integral therefore reduces
to
oo oA T d2f df
2, a2 2 2
dr = — — —|“d
| siapli@pae = [ 12 - Lpa

< o

where the support {z|f(z) # 0} C [-r, r].

By the Cauchy-Schwarz in-equality (| < g, h > | < ||gll/|hl]) it follows that f €
C*[—|IAll, l|All] implies [ |z]| f(z)|dz < oo, and hence f(A) € D(4).

4.6 A counter example

In this section it is shown that the results obtained in Section 4, can not be extended for
functions f € C!. The counter example uses a function of the form f(z) = |z| (suitably
smoothed at £ = 0) defined on a closed interval in R containing the spectrum of A = A*
and a derivation arrived at as the infinitesimal generator of a strongly continuous one-
parameter group of x- automorphisms of a C*- algebra A. A boundedness property for
the elements in the domain D(§) of the derivation is then violated by the element f(A),
proving the results of Section 4 false for general f € C!.

The function used is defined for all @ > 0 on [—-e~!, e71] as

_ || -1
fa(z) = TG VO < |z| <e

= 0 z=0

fo = |z| and f, € C! when a > 0.

The following three results are required in the proof of the counter example. We want
to construct two operators A and B in a Hilbert space with A bounded, A(D(B)) C D(B)
and AB — BA bounded, but f,(A)B — Bf,(A) un-bounded.

The proof of Theorem 74 requires some background on Toeplitz matrices and their
corresponding functions. A brief summary of (Brown, A. and Halmos, P.R [4], 89-94) is
listed here. Let T denote the unit circle in C and I the disk in C with radius 1 and consider
the orthogonal basis {e,} for £2(T) defined by the bounded functions e,(z) = z, for all
|z] = land n = 0, £1, £2, £3,.... A function f € £2(T) is analytic if the negatively
indexed Fourier coefficients vanish - i.e if [ fe;; = Oforn = —1, =2, —3.... The analytic
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functions in £2 is denoted by $2. A bounded function ¢ on T induces two operators in
the following ways:

For every f € £2, define the Laurent operator L = Ly : £2 — £2 by Lf = ¢f

For every f € £2, define the Toeplitz operator T = T : $% — $? as the compres-
sion of L to H2 by Tf = PLsf = P(¢f), where P is the orthogonal projection
from £2 onto H2.

Clearly |ILfll2 < [[@llollfll2- Thus ||Ty|| < [ILgll < llleo

Laurent operators

The special Laurent operator L, is called the bilateral shift - denoted by W. The
description ‘shift’ is evident from the fact the We,, = e+ for n, £1, £2, £3....

Result 1: An operator L on £% is Laurent if and only if L commutes with the bilateral

shift operator.

Every operator A on £2 has an infinite matrix [a;;] with respect to the basis {en}
given by [a;;] = (Aej, e;). Now if Ly = A for some bounded function ¢, then the matrix
[a;;] of A has an expansion in terms of the Fourier coefficients of ¢:

¢ = Zaiei'
i
where
a; = <¢3 ei)
For a Laurent operator L we have

aij = (Aej, ei) = (ge;, &) = (e, €:)
= (Wig, &) = (¢, We;) = (¢, €i—j) = i

which motivates the definition of a Laurent matrix:

Define a Laurent matriz as a two way infinite matriz [a;;] (i, j = 0, £1, £2, £3, ...)

with [ait1,j41] = [ai]
Result 2: An operator L on £% is Laurent if and only if the matriz [a;;] of L with

respect to the basis {en|n = 0, £1, £2, £3, ...} is a Laurent matriz.
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How do we recapture ¢ from the matrix of A? Since ¢ = Aeyp, it follows that the
Fourier coefficients of ¢ are the matrix (Aeg, e;} which is the 0- column of the matrix of A.

Toeplitz operators

The following results for Toeplitz operators follows from the preceding:
If ¢ =1, then T} is the identity.
If ¢ = ap + fythen Ty = o, + BT,.
If ¢ = ¢ then Ty = T;.
The mapping ¢ — Ty is one-to-one.
Ty is positive if and only if ¢ is positive.

If ¢ is a bounded function, then Tyf = PLyf for every f € $?. Therefore, for
i, 7 > 0 we have (as before)

(Tyej, €)) = (PLgej, €i) = (Lgejti, €it1)
= (PLgej41, €ir1) = (Tyejt1, €it1)
which leads to the definition of a Toeplitz matrix:

Define a Toeplitz matriz as a one way infinite matriz [a;;] (i,j = 0,1, 2, ...) with

[@i+1,j+1] = [as]

Result 3: An operator T on $? is a Toeplitz operator if and only if the matriz [a;;] of
T with respect to the basis {ex|n = 0, 1, 2, ...} is a Toeplitz matriz.

The proof is listed in (Brown, A. and Halmos, P.R [4], 93), and the proof of sufficiency
is briefly as follows:

Assume A is an operator on $)? such that (Aeji1, eiy1) = (dej, e;) for i,j =
0, 1, 2, .... It needs to be shown that A is a Toeplitz operator. Consider the operator on
£2 given by

A, = WTAPW™ VYn >0

(18)

where W is the bilateral shift operator. It can be shown (Brown, A. and Halmos, P.R
[4], 93) that the sequence {A,} of operators on £2 is weakly convergent to a bounded
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operators Ao, on £2, that A, has a Laurent matrix which implies that A, is a Laurent

operator, and that
PAxf = Af Viesn

Therefore, A is the compression to $2 of the Laurent operator A and is hence a Toeplitz

operator.

How do we recapture ¢ from the matrix of A? If A = T, then A, = Ly (as in the
proof of Result 3) so that the Fourier coefficients of ¢ are the entries in the 0- column of
the matrix of As. An expression in terms of A is evident from the following: If 7, j > 0,
then

(Aej, ei) = (Axcej, €) = (@, €i—j)
so that
(¢, ei) = (Aeo, ;) Vi> 0
and
(¢, e—j) = (Aej, eo) Y73 >0

Therefore, ¢ is the function who’s positively indexed Fourier coefficients are the entries
of the 0- column of the matrix of 4, and who’s negatively indexed Fourier coefficients are

the entries of the 0- row of the matrix of A.

In particular, given the (Toeplitz) matrix W with

|
—
e
O = N

it needs to be shown (Brown, A. and Halmos, P.R [4], 94) that the function f(z) =
i(m — z)Vz € (0, n) has its forward Fourier coefficients (positive index) equal to the
terms in the 0 - column of the matrix of W and its backward Fourier coefficients (negative
index) equal to the 0 - row of the matrix of W.

The general Fourier series expansion of f(z) is as follows:

e}
flz) ~ Z cne'n® where
n=—oo
1 2m .
¢ = 5o | flz)e ™" dx
7
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Therefore, for f(z) = i(m — z)Vz € (0, 27) we have

1 2n
C = - A i(fr — z)dx =0
and
1 2m ) 1 2m )
Ch = — ime " dr — —/ ize "dx
27T 0 27(’ 0
7: 2w . i 27 .
= —/ e_”””dx——-/ ze "dzx (19)
2 Jo 2w Jq

~
1

2

Partial integration (factor integration) yields the following:

1, —1
2(m

) —znz 2m

Integral 1 : 0

1
= ——[cos(nz) — isin(nz ]0

1
= o [(1-0) = (1-0)]

and

Integral2: = —z/ —in%gy — —/[/ ""””dm]ldmlzn

iz —1 —inzg t / _ —inz
= —(— - dz
27 in Je o (G |

— __we_inz —Z —inz 2r

T 2nmw 2n2w 0

= [% + 2n27r](cos(n:r) - iSiIl(mf))‘?r

—27 s

_ oo i _ 1
[2n7r + 2n'27r] cos(2n) [0 + 271277]( )

_ 1 1 1

- n  2n m  2n2x

_ 1

- n

Replacing 1 and 2 back into equation (19) yields the required result

-1
chn = —
n

0-—
1
n
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Toeplitz matrix operators and their corresponding functions are useful in deriving the
norm of the matrix operator. The following theorem makes use of this connection:

Theorem 74 (McIntosh, A. [11], Theorem 1) For every integer m > 3 there is a
self-adjoint operator U = U* and a skew-adjoint operator V in the Hilbert space C™
satisfying el < U < e M1, [ UV + VU| < m, and ||fo(U)V = Vi U)|| >
F(log(zm))' = for 0 < o < 1.

Proof: Define a skew-adjoint operator W on C™ by W;; = (j — ¢)~! wheni # j and
Wl',‘ = [O] when ¢ = ]

_ 1 1 -
O 1 2 m-—1
1
-1 0 1 L
W = -‘% ~1 0 Tnl—3
—1 -1 -1
- -1 m—2 m—3 e 0 -

W is a m xm Toeplitz matrix with corresponding function g(8) = i(mr —68)on0 < 6§ < 2«
so that [|[W|} < .
Define U by the diagonal matrix U;; = u; = e™%:

Define the skew-adjoint operator V' by the matrix V;; = Wi;(u; +uj)™t = Wij(e™ +

e J)~

0 He'+e )™ et +e™ )™t Let+e ! ]
—1(e72 4+ e 1)1 0 e 2+e 31 e ?2+e !
V=] —33+e )t —1(e P +e?)! 0 Le=3 +e4)?
—tet+e )Tt (et +e )Tt —l(et )] 0
Then
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-1
0 [ —1+e—2] %[6—112—3]

—1 6—2
[ “‘1+e 53] 0 [e-2+e—3]
~1ie~

(UV+VU) = __5[ -‘1+e‘3] —[€ —2+e—3] 0

so that |[UV + VU|| < m. Now put S = fo(U)V = Vfo(U). Then S;; = (fale™?) —
fale))W;j(e™" + e77). We nced to show that S is unbounded as m — oo.

_,‘l

First, observe that f,(e™%) = In|1n||e‘1€"||“‘ = (]né:l))u so that

—i e_j

€
S, = (nG+D)e ~ n(G+1)°
N (=) (e~ + ed)

so that S;; > 0Vi,j = 1,2, ..., m. Looking at the upper triangle only (i < j), then
In(i+1) < In(j +1) and e > e~ so that

S et —ed
Y (7 —)2e~*[In(j + 1)]*
© 2 - 9)n(G + D)
1—e!
2(j —9)[In(s + 1))
Hence for 2 < 5 <m
mS > Sij > = 1 1‘+1—"1+1+1++1+1}
Z (¥} - Z 1] _e )[n(] )] { 5 § o ]__2 ]_1

> 5(1—6_1)[ln(j+1)]“°‘ /] %dt

- %(1_6—1)[1n(j+1)]~01n(j)

> 267%(In(j + 1))~

The last step follows from the fact that % > ::g; for 2 < j < m which is motivated
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by noting that log,(j) = :;1(;; and logs(j + 1) = %%l and setting x = log,(j). Then
for (j >2,22>1)

jo= 2
j+1 = 2°+1
< 3

which implies z > logs(j + 1).

Let L = [1, 1, 1, ..., 1] be a vector in C™ so that ||L]|> = m and

> 26|S(L)|* = Z{ZSU}“‘

1=1 i=1

> Y (In(j +1))*7%
Jj=2

26m||S|1* = 26|L|1*]|S|I?

\%

m

1 —2a
> >, (n(zm))*~?
j=L(m+1)/2]
1

> (zm)(In(zm)>>

1t follows that || fa(U)V = Vfa(U)Il = [IS]| > —k5(n(3m))'=> > L(n(§m))'—e.

Theorem 75 (MclIntosh, A. [11], Theorem 2) There exists for every integer m > 3
self-adjoint operators A,, and B,, in the Hilbert space C*™ satisfying e ™1 < |4,,] <
e ', [|[AnBmn — BmAm| < m but ||fa(Am)Bm — Bmfo(Am)ll > (ln( )~ for
0<a<l.

Proof: Define A,, and B,, as

U 0 0 Vv
Am = d Bm
0 -U o Vo0
with U and V as defined in Theorem 74. Then
AmBm = 0 ov and BmAm 0 Vv
-Uv* 0 V*U 0
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so that (since U = U™*) it follows that

0 Uuv +vU
AnBm — BpAp =
meme T UV + VU 0
Again from Theorem 74 we have
|AmBm — BmAm|| = ||[UV + VU|| < n. Also (since f, is an even function) we have

flU) 0 ]:lfa(U) 0 }

f“(A’”):[ 0 fu(-D) 0 falU)

so that

0 fa(U)V =V fo(U) }

fa(Am)Bm — Bmfa(Am) = ': —(fo(U)V =V fo(U))* 0

It then follows from Theorem 74 that

|[fa(Am)Bm — Bmfa(Am)” > %(ln(%))l_a

We now want to construct an infinite dimensional case from the cases C>™, A,, and
B, and some direct sum techniques for Hilbert spaces are required.

Suppose {Hm}men is a family of Hilbert spaces. The direct sum H = P, .y Hm
consists of elements z = {Z, }men With z,, € H,, such that

Izl = D lleml® < oo

meN

H = @meN H. is a Hilbert space with the inner product defined as

(z,y) = z (Tm, Ym) with z,y € H
meN
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If A, is a bounded linear operator defined on H,, for every m € N with sup,, [|[4n]| <

00, define

P A : P Hm - P Hnm

meN meN meN

as

P An({zm}) = {Amzm} = {A121, 4273, .., AT, ...}
meEN
Then ,,cn Am is linear on P, cy Hm With norm defined as
1D Anlly, = supllAmlinalm e N} = sup{ sup {|lAnenll}rn,|m € N}

mEN l[2ml=1

The direct sum of bounded linear operators have the following properties:

Padm + BAn) = a P Am + BEP Am

(D4n)" = D4
(D 4n) (D Bn) = €D AnBm

méeN meN meN

The notion of a core C(B) of a linear operator B is required in the proof of the following

theorem:

Definition 22 (Core) Let B : D(B) C H — H be a linear operator. A subset C(B) of
D(B) is a core of B if it is graph norm-dense (||-|lg = ||- || + ||B(:)||) in D(B).

Remark 12 (Core) The definition of a core can be re-stated as follows:
A subset C(B) is a core for a linear operator B if for every x € D(B) there exists a
sequence {xp} € C(B) such that

Ip — and

B(z,) — B(z)
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Definition 23 (Symmetric operator) Let B : D(B) C H — H be a linear operator
with dense domain in the Hilbert space H. If (Bx, y) = (z, By) Yz, y, € D(B), then B

is called symmetric.

Remark 13 (Symmetric operator) Since B* (the adjoint of B) is always closed (Re-
mark 2.7.6 Kadison, R.V. and Ringrose, J.R. [8], 157) and G(B) C G(B*), it follows
that B is closable if it is symmetric. If B = B* (self-adjoint), then B is symmetric and
closed. Conditions for a closed (closable) operator B to be self-adjoint is given in Theorem
2.7.10 of Kadison, R.V. and Ringrose, J.R. [8], 160.

Theorem 76 (MclIntosh, A. [11], Theorem 3) There exist self-adjoint operators A
and B in a Hilbert space H such that ||A]| < e~ !, A(D(B)) C D(B), ||AB — BA|| < =«
but fo(A)B — Bfs(A) is unbounded for 0 < a < 1.

Proof: Define H = ,,53C*™, A = @,,53 Am and B = @53 Bm with A,, and
By, as defined in Theorem 75. The proof is conducted along the following steps:

Step 1 Show that ||A]] < e7!

Step 2 Show that there exists a core C(B) for B with A(C(B)) C C(B).

Step 3 Show that ||[AB — BA|| <«

Step 4 Show that A and B are self-adjoint and hence closed.

Step 5 Show that AD(B) C D(B) from A(C(B)) C C(B), closedness of B and the
boundedness of A and AB — BA on C(B).

Step 6 Show that f,(A)B — Bfa(A4) is un-bounded.

Step 1: From Theorem 75

Il Al

sup{|| Amllcan | m > 3}
m

< et

Step 2: Consider the set C(B) = {z = {zm}|all but finitely many of the x,, are zero}.
According to Definition 22, this set is a core of B if for every z = {z,,} € D(B) =
D(6D,,>3 Bm), there exists a sequence z, € C(B) such that z, = = = {zn} (m > 3)
and B(—zn) — B(z) = @,,53 Bn({zm}). Choose z, = {z3, z4, 5, ..., 25, 0, 0, ...}.
Then clearly z, € C(B), z, Sz = {zm} € D(B) and

Bz, = {B3$3, By, B5.'E5, ...,Bn.’l?n, Bn+10, B,H_QO, } — Bz

asn — oo. From the boundedness of A it is clear that Az, — Az and B(A4z,) - BAz.
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Step 3: To show that ||AB — BA|| < , note that since AB — BA is densely defined
and bounded on C(B), @,,>3(AmBm — BnAp) extends AB — BA to ‘H and we have

| P (AmBm — BmAm)lln = sup{||AmBm — BmAm|lcem |m > 3}
m2>3 m
< 7

from Theorem 75.

Step 4: The sclf-adjointness of A follows from the sclf-adjointness and boundedness
of A,, Vm and Theorem 75:

A=PAn=P 4, = (P An) =4

Since || By || V m is un-bounded, the same argument cannot be used to show self-adjointness
for B. It needs to be shown that B is symmetric ((Bz,y) = (z, By), B C B*, B is
closable) and the operator B =+ i1l has a dense range, because then from Theorem 2.7.10
(Kadison, R.V. and Ringrose, J.R. 8], 160)) B can be extended to a self-adjoint (closed)
linear operator on D(B).

To show that B is symmetric (and closable), we know from Theorem 75 that B,, is
self-adjoint and hence (closed and) symmetric (Kadison, R.V. and Ringrose, J.R [8], 160).
By definition of the inner product on H = @,,; Hm it follows that (Vz,y € C(B))

(Bz,y) =Y (BmTm, Ym) = Y _(Tm, Bmym) = (z, By)

m m

so that B is symmetric.

To show that (B = ill) has a dense range, note that with B,, self-adjoint (symmetric
and closed), it follows from Theorem 2.7.10 (Kadison, R.V. and Ringrose, J.R. [8], 160)
that Vm,

(Bm £illyy)(Hm) = Hm

Then VN > 3
(B:ti]l)(é?-{m)ea( P () = (GN}(Bmii]l)”Hm>€9( P )
m=3 m>N+1 m=3 m>N+1

It
—~
D
X
3
o
—~
D
2
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so that the range of (B + i1l) is dense in ,,5; Hm = H. The closedness of B can now
be used in the following step:

Step 5: The following is true at this point: For any z € D(B), there exists a sequence
z, € C(B) with z,, —» z and Bz,, —» Bz and from the boundedness of A, we also have
ABz, —» ABz and Az, — Az.

If we can show that B{Az,) — y (for some y), then by the closedness of B (from
Step 3) it follows that Az € D(B) so that we have the result A(D(B)) C D(B).

To show that B(Az,) converges, consider (for z,, € C(B))

BAz, = BAz,— ABz,+ ABz,
= —(AB - BA)x, + ABz,

Now ABz, — ABz and (AB — BA) is bounded (step 3) so that BAx,, is convergent.
Step 6:
1fa(A)B = Bfa(DIl = |1fa(@D Am) P Bn — P BmfalED An)ll
= |EP (fa(Am)Bm — B fa(Am)) |l
= si:{llfa(Am)Bm = B fa(Am)|[lm > 3}

and un-boundedness follows again from Theorem 75.

The counter example is given in the following theorem:

Theorem 77 (McIntosh, A. [11], Theorem 4) There is a closed symmetric deriva-
tion § of a C*- algebra A with dense domain D(J), an element A = A* € D(4), and a
function f € C! on a closed interval containing the spectrum of A, such that f(A) ¢ D(d).

Proof: Choose A, B and H as above and define the one parameter family I'y : L(H) —
L(H) by T(C) = e*BCe™ B for each t € R, C € L(H). Let A be the C*- algebra gen-
erated by {I';(A)|t € R}. The construction of the counter example follows the following
steps:

Step 1 shows that I'; is a group of x- automorphisms of A.
Step 2 shows that I'; is strongly continuous.
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Step 3 shows that the infinitesimal generator § for I'y is a symmetric derivation with the
required domain properties D(§) = {C € A|C(D(B)) C D(B)and||BC — CB|| < oo}.
step 4 shows that ¢ is closed and D(9) is dense in A.

By taking f as one of the functions f, defined earlier with a € (0, 1), it then fol-
lows that A € D(4), but f(A)B — Bf(A) is unbounded (from Theorem 76) so that

f(4) ¢ D).

Step 1: To show that for any given ¢, Iy is x- automorphic on the larger algebra
L(H) is straight forward: For example for C, D € L(H), T4(CD) = e*BCDe "B =
eitBC[e—itBeitB]De—itB — Ft(C)Ft(D) and Ft(C)* — [eitBCe—itB]* — (e—itB)*(eitBC)* —
etBCre~#B = T\(C*). From Pt(e“’BAe““’B) = eilt+t)B 4e=i(t+t)B it is clear that
the generators of A is mapped into A. Also, I'_;(e*BAe~#8) = A, so that the map-
ping is one-one and surjective. The semi-group properties I'g(A) = A and I'y1;4(4) =
eltt9)iB ge—(t45)iB — T (eiB Ae=B) = I',(T',(A)) are easily verified.

Step 2: Strong continuity follows directly from the continuity of e*Z on the Hilbert
space H: limy_,o < e*PAe Bz, y > = lim;_,o < Ade #Bz, "By > =< Az, y >.

Step 8: The infinitesimal generator § of I'y is obtained by differentiating I'y at ¢t = 0:

d d itB —itB

Elt:OFt(A) = E{It:oe Ae
— ,L-B(eitBAe—itB) +eitBA(_iB)e—itBlt:0
= i(BA- AB)

for A € D(§). Then from Theorem 69, ¢ is a symmetric derivation with domain
D(6) = {C € A|C(D(B)) C D(B) and ||BC — CB|| < oo}.

Step 4: It follows from Theorem 57 section 3.1.2 that D(4) is dense in A and ¢ is

closed.

Now select A, B and H as in the previous theorem and a function f € C; from the
family f, with a € (0, 1). Clearly A € D(J), but f(A) will result in the unbounded
element f(A)B — Bf(A) (from Theorem 76), violating the domain restrictions so that

f(A) ¢ D).
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