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Some new inequalities for generalized convex
functions pertaining generalized fractional
integral operators and their applications
A. KASHURI, M.A. ALI, M. ABBAS AND M. TOSEEF

Abstract

In this paper, authors establish a new identity for a differentiable function using generic integral operators.
By applying it, some new integral inequalities of trapezium, Ostrowski and Simpson type are obtained.
Moreover, several special cases have been studied in detail. Finally, many useful applications have been
found.
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1. INTRODUCTION AND PRELIMINARIES

DEFINITION 1.1. [49] A:1C R — R s called convex function on I, if
A((1=8)by+Eby) < (1=8)A(b1)+EAD), Vbi,bael, £ e]0,1].

THEOREM 1.2. (Trapezium inequality) Suppose that A : I C R — R be a convex
function, b;,b, € I with b; < b,, then

by +bs I AGy) +A(,)
A( > )sz_bl./blA“)d“f- M

Interested readers are referred to [4]-[6],[15; 19; 20; 22; 25; 26; 28],[33]-[38],[45; 47;
52;53; 55; 56].

THEOREM 1.3. (Ostrowski inequality) Assume that A : T — R be a differentiable
function on I°, by, b, € I° with by < b,. If |A'(€)| < 27, then
1 ( [t )2

_ AN 2 T
4 o)

123
A0~ [ A

< A (by—by)

:|a VL€ [by,by]. 2

For other recent published papers about Ostrowski type inequalities, see [1]-[3],[7]-
[141,[17]1,[29]-[32],[39]-[41].,[43; 44; 50; 54; 57].
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THEOREM 1.4. (Simpson inequality) Let A : [b;,b,] — R be four times
differentiable on (b,b,) and suppose that
AW := sup [AW] < 4oo.
te(b1,h2)

Then

by _
A(0)dl — 2=
by 3

A(bl);/\(bz) +2A(b142rb2)

About Simpson type inequalities, see [27; 42; 51; 57].

2880

EENRY
’ < MHAM)HW 3)

In our paper we will establish some new trapezium, Ostrowski and Simpson type
inequalities pertaining generalized convex functions with respect to another function.
Moreover, many useful applications will be given. Hence, it is important to recall

some essential facts relevant to fractional integrals.

DEFINITION 1.5. [34] Assume that A € Z[by,b,], then k—fractional integrals,
n,x >0 with b, >0 are

1 a3 n
PG = o [ @ -6 IA)dE, b <&

kTe(N) J,
and
1 b2 1
NG = oy L €80T IAEAE, b g, @
respectively.

DEFINITION 1.6. [35; 36] S is called @—convex set, if
o(by+(1—@(y))b, €S, Vby,by €8, 5€][0,1].
DEFINITION 1.7. A:S — R on @—convex set S is called @—convex function, if

A1 +7e7 (02 =b1)) < (1=2)A(b1) +3A02), Vhi,ba €S, 7€ [0,1].

Raina, in [48], defined for p,d > 0 and |z| < R, the following class of functions:

v_ok)

ya z :yo'(()).o'(]),... 7) = .
p,é( ) p,6 ( ) - F(pk+5)

&)
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Choosing |z] < 1, we take hypergeometric function. For o = (1,1,...) with
p=1,(R(n)>0),6 =1and z € Cin (5), we obtain Mittag—Leffler function

oo 3
Z

‘”@”(Z):Zr(lmk)'

k=0

DEFINITION 1.8. S # 0 is called generalized convex set, if
mb1+Cﬁ;5(b27mb1)€S, Vb, €8, me(0,1], £€]0,1]. (6)
DEFINITION 1.9. A is called generalized convex function, if

A(mby+ 8.7 5(by—mby)) < (1=C)A(mby) +LA(by), Vbi,by €S, me(0,1], £€l0,1].
(N

REMARK 1.10. Taking m =1 and 9;5(b2 —by) =by —b; > 0, we get definition

1.1. For suitable choice of .77;(-), we obtain definition 1.7. This describes the
reasons and motivations of newly defined notions and the relation with these known

definitions.

DEFINITION 1.11. [23; 24] Assume that A, : [b1,b,] — R is an increasing and
positive monotone function on [b;,b,], with continuous derivative on (b;,b,). The left-

right- fractional integrals of A, with respect to A, on [by,b,], 7 > 0 are

A L M)A
MG =1y, e e < ©
and
nAs _ Lo MEAE)
T, (5')*r(n)/, A8 Al ST ©
respectively.

Function @ : [0, +) — [0,+c0) constructed from Sarikaya et al. in [45; 46], has the

following properties:

/l@d§<+w7 (10)

o &

1 o(¢€) 1 e

X]S w(&l) <A f0r§§a§27 (1m)

20 2,28 fore <, (12)
1

%f')—@ §A3|§1_8|6(§l)f0r%§é§27 13)
1 1
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where A;,A,,A; > 0 are independent of €,&, > 0. Moreover, Sarikaya et al. defined the

following useful operators:

&1 _
br’w/\(‘fl):/,l %A(é)d&, <& (14)
bglwA@l):_/;%A(@dé, > & (15)

About their efficiency, see [18; 21; 45]. Finally, Farid in [16], defined the following

generic operators:

GO A (&) = /bél o (A (&) —/\2(5))[\/2(6)/\1 (E)dE, by <&, (16)

o A2(81) —Aa(8)
and
orng) - [T B yon @ag 6. a)
respectively.

The paper is constructed in this way: In Section 2, we will find an interesting identity
with parameter A and using generic integral operators form auxiliary equality, some
new integral inequalities of trapezium, Ostrowski and Simpson type will be obtain.

Section 3 is devoted to useful applications.

2. MAIN RESULTS

Let & = [mb,,b,], where b, < b, for some fixed m € (0,1] with § € [0, 1].

(@ (T (mbl +§9‘,§fa(€—mb1)) —Y(mb1)>

H,"Z‘T(K,C):z'/o oo+ 75, i) T (18)
XY (mby +&.F5 5 (£ —mby)) d§ < oo,
and
E0T(0,8) = _/,I @ (¥ (e +75,02—m0)) ~Y (m+£75,0:—m0)) ) (19)

© T (met F 0 —me)) -Y (mE—i— EF55(0r—mb))
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XY (ml+&E.F7, (by—ml)) d& < oo.

The following lemma will help us to find new results.

LEMMA 2.1. Let A : & — R be a differentiable function on £?° and A € R.
Assume that A’ € Z(2) and F7,; (0, —mb,) > 0, then

Fo5(L—mb))A (mb. + gﬁ;s(umb.)) +. 725 (0—ml)A(me)
g:g(bZ - mbl)

A F s (L —mbr)A (mb. + 8T s (L—mby )) F 250y — ml)A(ml)
F (02 —mid) (¢, 1) En (£,0)
. A [ ZEalt—mpOAGb) Ty 0 = mE Al + T (52— mt)
ylfﬁ(bz_mh) HZ’Y(E,I) E;’j}r(é,O)
@Y
ot [ Gy M GRL At F5460—me))
T3 5(by—mby) g (,n) Z27(¢,0)

[(F5(0—mby)]?

1
(0 1) T 02— i) <) [0 2] (i + €750 mo) ag @0)
) P, 2 1

(73502 —mt)]’

ETT(0,0) 7,0 —mh) < [ B0 - a]a (e 8750 - m0) ag.

We denote

FO (b —mby)]*
TA_HmATEw.Y(A;Z,bl,bz) = 011”[ p.5( Gm l)] (21)
™ 2 Hm (€71)yp‘5(b2—mb1)

x ./; M7 (0,6) = 2] A (mb, + E Fg5(0—mb1)) d &

ATl a0y ] (e L5540 )

EnT(€,0).F 25 (by —mby)
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PROOF. By integrating by parts (21), we derive

[785(—m>y)]’
T (0,1).7 7 5(by —mby)

UN

aHE’Y,Eg‘Y(A’;€7b17b2) =

X{/Olng,r(&g)/\/(mbl+C9§5(€mbl))dCA/OIA/(mb]+Cﬂ;5(€mb|))dC}

(75502 —mt)]’
EnT(0,0).725 (0, —mby)

x { /01 BT, LN (ml+ LT 5 (b — ml) dC—l/OlA/ (mt+C 775 (b2 —mb)) d‘:}

_ [Fgse—m)) ) HZ'Y(&Q’)A(mbl+C9\p‘f§(€fmb1))17 |
I (0, 1).75 5 (b, — miby) F 50 —mby) o Tps(l—mh)

X/1 ® (r (mbl +§5f;5(4—mb1)) —Y(mbl))
I~ (mbl + T (- mb1)> —Y(mby)

XY (mby + §FC5(£—mby)) A (mby + S FS5(L—mby)) d§

(7502 —mt)]’
EnT(€,0).F 25 (by —mby)

A

- Fos(0—mby)

A(mby+ CFS5(0—mby)) ’;} _

1

{EW@A (me+C7g50.—m))
X
F 50y —ml)

0

) . | @ (r (me+7550; —me)) Y (m1z+ L7050 _mz)))
Foyor—ml) /0 Y (me+y;5(b2 —me)) - (me+§9;_5(b2 —me))

XY (ml+C.F5 5 (by —ml)) A (ml+ {75 5(b; —ml)) d §

A 1
 Fo5(02—ml) 0

A(ml+ TS5 (0 —mo)) ] }
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F35(0=mo )A (miby + CFZ5(L=m2)) ) + F 5502 — mE)A(mE)
j’;):a(bz — mbl)

A y F s (L —mbi)A (mbu + Cﬂza(#mbu)) F 35y — ml)A(ml)
FZ5(by—mby) ' (e,1) Z27(¢,0)

oA [ B m)Am) | Fyn =m0+ Fs (02— mO)
ysa(bz_mbﬂ HZ'Y(é,l) E,’;{‘T(&O)

@x
G(mbﬁ.?‘gf_ﬁ(umb]))’A(mbl) G(Ejr Aml+F7 (bsz))]

1
O [ I (4,1) E57T(¢,0)

REMARK 2.2. a. Takingm=1,A =0, F7;({—mb,) =L —mby, FJ5(b, —ml) =
b, —ml, ﬁgs(bz —mby) =by, —mb; and Y({) = { = @({) in Lemma 2.1, then

(e bs) = A~ - [ AL

b. Choosingm=1,4 =1, FJs({—mb,) =L —mb,, FJ5(0r —ml) =by —ml, F75(br —
mby) =b, —mb, and Y({) = = @({) in Lemma 2.1, then

(L=b)AG)+ (2 =OABy) 1 2
(é blva) bz_bl bz_bl /bl A(C)dC
c. Takingm=1,0="22 F0 ({—mb,) =L —mb;, FZ5(by—ml) = b, —ml, FZs (b, —

mby) =by —mb, and Y(C) ={=o({) in Lemma 2.1, then

AD) +A(D,)
2

N e e L3

"1

Ta(Ashy,by) =2

THEOREM 2.3. Let A: &7 — R be a differentiable function on &7° and A € [0, 1].
If |A’]? is generalized convex function on & and 7 5 (b, —mb,) > 0, then for g > 1 and

1 1 _
;—F;—l,wehave

orox(A:£,b1,b)]

’ Al Ew’

[ (E mby)
fl'lmr( T35 bzfmbl)

O/BET (A, p) x Y/ IN (b)) + N (O (22)
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bz—mf)
HW[Y(Z 0)72: (s — b ){/ B2 (47, p) \/|A’(m€ Ve + | A (Do) 4,
,—

where

1
B = [ e o-2] ag, B2 A = [ [z2re)-af ac @3

PROOF. Applying Lemma 2.1, generalized convexity of |A’|?, Holder’s

inequality, we get

I, ot o (A 6,01,b)]

260 = 4|8 (oo + €750 min) g

(5 (£—mby)]
§n2=r(4,1)y‘;5(b2—mbl) /0

N (ml+F2 (0 —me)) ‘dC

E2T(6,6) - A

725000 —ml)]’ !
[/ K} )X/O

EnT(0,0).725(by —mby

[Z5(L—mb))’
T4, 1) 85 (by —mby)

% (¢,8) )L‘pdg“); (/01

(75502 —m0)]"
EnT(0,0).725 (0, —mby)

x ( 01 E,‘}T(&C)l‘pdc)}) (/01

[Z25(t—mb))]*
T (6 1) 850y —miby)

N (mby + CF05(0—miby)) ‘%c)é

(L

N (ml+CF85(by —mi)) ’qu);

s ([ [0- oo+ gaor]ag)

1

i ] farean ([ [o-oweor - owonr]ac)

EnT(0,0).F 25 (by —mby)
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[ (f mby)
fn,";”(e 1).7 bz—mb

(bz—mﬁ )
qz:f;[“f(fo o (0, —mb) m VA (me)]a+ A (by)]e.

COROLLARY 2.4. Takmg p =2 = qin Theorem 2.3, we have

Br, (64, p) > /A (miby )|+ [ A/ (€)]¢

|T/\.rl,“n"r,zf,'{ﬂr (As€,b1,b2) |

B [(Z35(L—mby)]’
- \/EH,&;Z’T(& l)yga(bz — mbl)

B, (6:2,2) x /[N (mb) P+ N (O] (24)

(75 (bz—mé ]’ o
(0:2,2) x /A (O] + [N (52 .
f_m(“ 70— V 5o VIA )P+ A ()]

COROLLARY 2.5. Choosmg |A’| < ¢ in Theorem 2.3, we get

H
’T Hmr-mr(x 6 b],bz)‘ m (25)
Fos(b—mby)]” FOs(b—ml)]*
COROLLARY 2.6. Takingm=1,A =0, Z75({—mb,) =L —mb,, FJ5(0, —ml) =

by —ml, FJ5(0r—mby) =by —mb, and Y({) = C = @ ({) in Theorem 2.3, we obtain

| Ta(4,01,b2)| <

1
26
V2¢p+1(0,—b1) (20

X{(f—bn)zv’ A (1) + [A(O)]7+ (b2 = )/ A ()] + |A’(b2)|"}'

COROLLARY 2.7. Choosing ¢ = @ in Corollary 2.6, we have

(b2 —b1)
W21

x{\"/|A’(b1) A(@)]Hq '(b‘;bz>‘q+|~(b2)|q}.

COROLLARY 2.8. Takingm=1,A =1, F75({—mb,) =L —mb,, F 750, —ml) =

ITu(51,b2)| < @7
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by —ml, FJ5(0r—mby) =by —mb, and Y({) = § = @({) in Theorem 2.3, we get

|TA(€7blvb2)| S (28)

1
\q/ix"/p—l- l(bz —bl)

X{(f—bl)zvq A ()7 + [A(O)]7+ (b2 = )/ A ()1 + |A’(b2)|"}'

COROLLARY 2.9. Choosing m = 1,4 = 5, Z75({ —mby) = £ —mby, FJ5(bs —
ml) = by —ml, FJ5(by —mb;) = b, —mb; and Y(§) = § = @({) in Theorem 2.3, we

obtain

1 1 2+ 4+ 1
Th| 550100 ) | < ¢ 29
A (3 1 2) ' \{ﬁ(bz—bl) 3p+l(p+1) ( )

g {(f =0 Y IN Go)le+ A ()] + (b — O/ IN ()]0 + |A/(b2)|"}'

COROLLARY 2.10. Substituting A =0 and @ (&) = { in Theorem 2.3, we have
1

Tamy ey (056,01,00) | < — o —— (30)
’ AN, }n( 1 2)‘ \‘ﬁgﬁfg(bzfmb])
x { (| F55(L—mb){/ BI(€:p) x /A (mby )]« + A (O)]¢
) F 55 (02 —ml) {/ By (£ p) x /| A (me)]« + IA’(bz)"},
where
. mb]-%—ﬂ;a((—mbl) »
Bl(tp) = [ [¥() = Y(m»))"d¢ (1)
Jmby
and
. mﬁ+§;5(72—m€) »
BI(t:p) = / £ [X(ml+Z2 (5, —ml)) —Y(£)]" d . (32)
COROLLARY 2.11. For A =0and @({) = riZ) in Theorem 2.3, we get
Ty o3 (036,51, : (33)

<
)‘ - Wﬁga(bz—mbl)
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{0 < TR

A (ml)]7+ IA’(bz)I‘f},
where

. mb1+ﬁ;6(57m)1) et
B (6:p,a) = /b [X(0) ~Y(mb,)]"d ¢ (34)
and

mé+=?§5 (bp—mt)

Bl (4;p, ) ::/

ml

[Y(ml+.Z (0, —meb)) =X ()] d¢. (35)

a
K

COROLLARY 2.12. Substituting A = 0 and @({) = —*— in Theorem 2.3, we

K[k ()
obtain
1
T =x (056,0,0)| < ————— 36
’ ang g 1 2)‘ \‘ﬁﬂﬁg(bzfmbl) 0)
" { o/ 75— BE(€:p.t, ) x TR )+ IO
) F 55 (02 —ml){/ By (£ p, o, 1) x /| N (m)]1 + |A/(b2)|q},
where
. -m71+~7;_5(k7mb1) pa
B(tpa)i= [ Y() = X(m)] ¥ 37
Jmby
and

;71(-%—,:”7;5 (hy—mt)

Bl (:p, 0, k) = / [X(ml+ 72500, —m0))— ()] ¥ dC.  (38)

Jml

COROLLARY 2.13. ForA =0,Y¢& €(0,8], @y (¢,8) = (Y (mb, + F ] 5(L—mby)) —
§)*tand V¢ €[, 1], @ (4, 8) = (X (ml + F5 5(b; —ml)) — §)* " in Theorem 2.3, we
have

(st —mo)]
V2[X (mb, + FZ5(L—mby)) =X (mby)]|.F 25 (by —mby)

X {/ B (6 p) x /IN (mby )|« + [ A (€)]7

’E\ﬂ}i},ﬁ (0§£7b17b2)| < (39
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N (2500 —mt)] T
V2[X (il + F 50— ml)) =X (m)] F75 (0, —mb)

% {/BY(t:p. ) x {/IN (D) T+ [N (),
where
. mb]+<?§6(l7mb1) »
B(tp):= [ Y(Z) ~Y(mo))])"d ¢ (40)
and
ml+. ’4‘“{5 (bp—mt) P
B(tpo)i= [ (Yt + F5500 - m)) - x2(0)] a8 an)

COROLLARY 2.14. Substituting A =0 and @({) = £ exp(—A{), where A = =2,
in Theorem 2.3, we get

g+l

[ s(£—mb, )] e
fﬁ" (by —mby)

*{/ By (6:p,A) x /IN (mby) o + [N/ (€))7

bz*mg
JMZW mb)van < /NGO + NP
5 —

(42)

| Ty zx (0:4,b1,05)] <

me=m

where
m71+,755(ﬂ—r;171) P
B(tpA)= [ {1—ewae)-T¢)]} e @3
and
mé’+.7’;’_5()27ml) P
By(tpa)i= [ {1=exp[A (Y() ~ Yt + 7550 —me)) ]} d L. (44)

THEOREM 2.15. Let A: & — R be a differentiable function on &° and 1 € [0, 1].
If |A’|? is generalized convex on & and 77 5(b, —mb;) > 0, then for g > 1, we have

(785 (¢—mby)]* — -
TR [BR(6:2,1)] (45)

| HwY—.wY l { bl,bz |7

\/ [BRN(E:2,1) = BN ()| |8 o) o+ ES T ()N ()
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[(F85(0,—m0)]*
EnT(6,0) .72 5(bs—mby)

1
q

[Bgf(&l7 1)}

x(/ [Bé’;f (6:2,1) —GE’X(M)] A (ml)|1+ G2, (G )| A (b)],
where

EQT(6:0) = / ¢

m m

IE7(66) - AldE, GET(EA): /g)—ﬁ”eq Alde. 46

PROOF. By Lemma 2.1, generalized convexity of |A'|? and power mean

inequality, we get

| HwYF.wT' 2. E b],b2)|

[gga(g_mbl)]z ! @Y / o
= T (0, 1) 7750 — 1) X./O T (6,6) = A||A (o + CF 550~ mon) | d €
[yc.a(bz—mf)}z - ,
EZ'T(&%)?;,;(bzmb,)x/o EIY(0,8) ~ &[N (e +EF 5500~ me)) | d

. 2
< [ypé(g —mb; )]
TR0, 1).F 55 (by —mby)

é(/

m

N (mby + L FE5(0—mby)) ’qdi,’)}l

1
X
0

() - 4] ¢

e (6,¢) - A|

[(F85(0,—m0)]*
EnT(0,0).725(0y —mby)

Efzw,o—x\dq)l‘]’ (f

[Z5(6—mb))’
IR ).Z o5 (by—mby)

N (ml+§.FZ5(bs —mb)) ‘qu) %

(0

(L) -2

By (62, p)

1

e(e.8) - A|[(1- O by 4 LN O] g )

(4
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[m (0 —me)]
wY(0,0)78 5 (b —miby)

(/BZT(¢;A,p)

1

=27 ()~ ][0 - DN+ I Gl at )

(L

[Z8s=mo)]" [y
= 15700 -8 [BR(:2.1)]

x (/[Bgf(z;x, D)= ESN(2)| [N oo+ ES ()N ()

(73502 —mt)]’ oy -1
Y2800, 7: (brmb)[Bw'(“l)}

J (B2 (6:2,1) = GZX(6:2) | IN (m) o+ GE (E:2) N (o) o
COROLLARY 2.16. For ¢ =1 in Theorem 2.15, we get

(7850 —mby)]’
T (€, 1). 25 (by — mby)

‘ ﬁfYHmTlgbhbz |_

x[ (BRI (6:2,1) = B (6:2)) |A (o) |+ ESF ()N (0)]]

(7502 —mt)]’
ERT(0,0)F 25 (02 — mby)

x| (BZT(6:2,1) = GE(6:2)) N ()| + GET ()N (62)]]

COROLLARY 2.17. Taking |A’| < .# in Theorem 2.15, we have

H

I, yor zox (A3 £,b1,5)] < F7300— )

[yfs(f ”lbl)]z @Y 7y
— = BT (A, 1)+ ——~——""B
HZ’Y(& 1) T ( ) Efg’Y(f,O) -

(47)

(48)
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COROLLARY 2.18. Choosing m = 1,4 =0, Z75({ —mb,) =L —mby, F75(b —
ml) = by —ml, yp.é(bz —mby) =by —mb, and Y(§) = C = () in Theorem 2.15, we
get
1

Ta(l,by,by)| < ————— 49
| A( 1 2)‘ Zﬁ(bz—bl) ( )
(6= P NG 2RO + s~ AN + WGl
COROLLARY 2.19. Taking ¢ = b‘% in Corollary 2.18, we obtain
(b2 —b1)
Ta(b1,b)| < 50
} A1 2)‘ =893 (50)

+1/2

N ()

4 , b]"‘bz q , b1+b2 q ,
x{ A< . > ( - >‘+|A(bz)q}.

COROLLARY 2.20. Choosing m = 1,A =1, Z7s({ —mb,) = £ —mby, FJ5(0> —
ml) = by —ml, FJ5(by —mb,) = by, —mb, and Y({) = § = @({) in Theorem 2.15, we
have
1

Ta(l,by, b)) < ———— 51
|A( 1 2)‘*2\"/§(b27b1) (51
X{ P2 G|+ A ()] + (b — )/ I (€ |‘1+2\A'("2|}

COROLLARY  2.21. Taking m o= LA = 3 F5( — mh) =
{— mbl, (bz—mé) = |72 gs(bz—mbl) = bz—mbl and Y(C) = C = a)‘(C) in
Theorem 2.15, we get

T (1~b b) < (52)
M3 | T 2924300, - b))

X {(e— b1)2 /185N (by)[7+ 58| A’ (£) |4 + (b, — £)*/195| A’ (£) |4 —|—48\A’(b2)|4}.

COROLLARY 2.22. Substituting A =0 and @({) = ¢ in Theorem 2.15, we obtain

1
’TA,H};,E}; (0;€7b17b2)‘ < (53)

[F55(0—mb))] T F25(00—mby)
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<[mren] " f[sresn Zgse - my -t vl crOINOR

+ L (B
[ga/\gg(bz —mf)] a 9\;5@2 —mbl)

i [BE 0255002 - mt) ~ B O+ EFOIN G,

where
mb]+<?;6(é7mb])
cr= [ (§ = mb)(X(E) = T(mb)d L. (54)
. -m/,‘+~7;_5(72—m/{)
0= [ (§ = m)(X(mt+ F5500 ) ~X(E)dE. (55
COROLLARY 2.23. For A =0and @({) = % in Theorem 2.15, we have
1
’TA,H};,EL (0§€7b1;b2)‘ < (56)

[Z05(0—mby)] " F25(02—mby)

1—1

X [Bg(f;l,a)] !

\/[BY(z,l,a) 50— moy) = CF (£, @) I ()| + CY (€, @) AV ()

1
Ii

n [B}{(é;ha)] ’
(7050 —mb)]'T 5 (b,—mb))

x\/[ 16 1,@) 725 (02— mb) — ET(€,00)| [N ()2 + EY (€, @) A (52)]1,

where

mby +§“§_8((—m71)

Cl(t,a) = /

Jmb;

(& —mby)[X(&) = X(mby)]"d ¢, (57)

m/%?;s (by—mt)

Efa)= [ m) Xt 4 F5 - m0) Y@ AL 59)

ml

COROLLARY 2.24. Substituting A =0 and @ (§) = CE’Z in Theorem 2.15, we

KTk (o)
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53

get

’TA.HIL,EL(O;f,bl;bz)‘ < qu
[T 550 —mby)] @

Q=

[B;f(z;l’a,x)]l* (59)
y:jg(bz - mbl)

\/[BY(e 1,0, K).F 05 (0 —mby) - c}f(e,a,x)} A (mby) | +CT (€, o, k)| N (£)|

. .
[‘gﬂﬁs(bZ _mf)] !

B ar)]
ygﬁ(bz - mbl)

\/[Br(e 1,0, k) F 5 (02 —mi) — Er(e,a,x)] A (m)]s + EF (¢, 00, )| N (0,)]

where

mbﬁr?"_ (6—mby) a
cl(tar) = | (C—m)[T©)-Tem]Fag,  ©60)
m5+§;5(b2—m5) a
EX(4,a,K) = /[ (& —mO)[X(ml+ FC5(—mb) = Y(C)]FdS. (61)
COROLLARY 2.25. ForA=0,V¢&

€0, 8], @v((,8) = S (X (mby +.F 75 (L—mby)) —
§)*tand V& €[{, 1], @y (4, 8) = E(X(ml+ F 75 (by —ml)) — £)*~" in Theorem 2.15, we
obtain

1
’TA.H}Q,E}Q(O;f,bl,bz)‘ <
[F25(L—mb, )}

(62)
9 (0, — mby)

[mren)] [ 25 o) - O] Nl GO

1
+

— [B}{(E;La)}k
[‘gz;:s(bz—m@} T TS5 by —mby)

<=

\/ [BI(6:1,@). 75502 = mb) — LE(€, ) ||/ () o+ LE(£, @) A ()]

where

-+ 795 (0y-ml)
Ly(¢,a) ::/ (& —ml) [XY*(ml+.F 5 (0, —ml)) =Y*({)]d (63)
COROLLARY 2.26. Substituting 2 =0 and @({) = £

xp(—A(), where A = =4
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in Theorem 2.15, we have
1

!TA,HEA,@,T”(O;&bl,bz)} < prmy (64)
(1= a)[Zo5(0—mby)] T Fs(02—mby)
x{ B3 (6:1,4)] LA N o+ LEEA)A (O
1
+ s
(1= 0) [ 25002 —ml)] T F 40 —miby)
x[B(:1,4)] A N )+ Lg(e,A)w(bz)q},
where
o+ 5 ((—moy)
LI(6,A) = /mb (s + Z25(0—mby) — €) (65)
{1 —exp[A(X(mo) = Y(¢))] } L.
mb1+ﬁgs(ﬂ—mbl)
Liea)= [ (§—mo) {1=exp[A(X(mp) = X()] }dE,  (66)
L) = [ j”’g’f"s(brm@ (mt+F24(52—mb) — ) 67)
x{1—exp [A (X(0) = Tmt+ Fg5 (02— me))) ] } d,
mé+FG 5 (52 -me
L{(,A) = /mz ) (& —mo) {1 —exp [A (T(C) —X(ml+ 7750 fmﬁ))) ] } dg.

(68)
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3. APPLICATIONS

For b,,b, € R and 0 < b, < b, we recall:

(1) arithmetic mean:

Ay b) = 22,
(2) harmonic mean:
H(o1,52) = ;i,‘f
(3) logarithmic mean:
L(by,by) = ﬁ;

(4) generalized log-mean:

r+1 r+1
by by

L, (by,b,) = MM] . reR\{-1,0}.

From the main results in Section 2, we get

PROPOSITION 3.1. Letrb;,b, € R with 0 <b, <b,, then forr,q > 1 and % +$ =1,
we have

< r(bz—bl)
S AUpEl

(r=1) (r=1)
e R (G )

PROOF. Takingm=1,A=0,0="22 F0 ({—mb,) =l —mb,, FI5(o,—ml) =

by —ml, FJ5(by—mby) =by —mby, A({) = " and Y({) = § = @({) in Theorem 2.3, we
get (69).

‘A’(bhbz) —Li(by,b) (69)

PROPOSITION 3.2. Let7b,,b, € R with 0 < b, < b,, then for ,¢ > 1 and % +§ =1,
we obtain

AQ}b5) — L (o1.hy)| < 2=)

S NER (70)
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(r=1) (r=1)
i) () ) |

PROOF.  Choosing m = 1,A = 1,€ =02 . FS (L —mb,) = L —mby, Fy(by —

ml) = by —ml, F7s(by —mby) =by —mby, A(§) = " and Y(§) = § = @() in Theorem
2.3, we have (70).

PROPOSITION 3.3. Letby,b, € R with 0 < b; < b, then for ¢ > 1 and i +$ =1,

we get

1 1

SRCT)
S ayprl

(71)

A(by,by)  L(by,b)
1 1
_|_

G ey

PROOF. Takingm=1,A=0,0="32 F%,((—mb) =L —mby, FIs(by—ml) =
by —ml, FJ5(0y—mby) =by —mby, A(§) = % and Y(§) = =@ ({) in Theorem 2.3, we
obtain (71).

PROPOSITION 3.4. Letb,,b, € R with 0 < b; < b,, then for ¢ > 1 and % + é =1,

we have
1 1 (b —by)
- < 7
HO10) L) |~ 4¢p+1 (72)
1 1

X{ \(,/H (bf‘f, (b%)zq) ' (/H ((b%)zq,bgq) }

PROOF.  Choosing m = 1,A = 1,0 =02 . FI (L —mby) = L —mby, Fy(bs —
ml) =by —ml, F75(b2 —mby) =by —mby, A({) = é and Y(§) = ¢ = @ (&) in Theorem
2.3, we get (72).

PROPOSITION 3.5. Let r,b;,b, € R with 0 <b; < b, and r > 1, then for ¢ > 1, we

q 2 r(bz—bl)
e o

obtain

A"(b1,by) —LI(by,by)
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. by + by at=1) by 4by a1
q g(r—1) 1 2 q 1 2 q(r-1)

PROOF. Takingm =1, =0, 0= 2322 F2({—mb) =L —mby, F5(b, —ml) =

by —ml, FJ 5 (b —mby) = by —mby, A(§) = §" and Y({) = § = @({) in Theorem 2.15,
we have (73).

PROPOSITION 3.6. Let r,b;,b, € R with 0 <b; <b, and r > 1, then for ¢ > 1, we

of21(02 =b1)

<37 a4
(r=1) (r=1)

X{VA(Zb?<,1>’(b1;bz)q 1)+\0/A((blzbz)q 172%(,1))}_

PROOF.  Choosing m = 1,4 =1, = "2 F (L —mb,) = L —mby, FZ4(bs —

ml) = by —ml, F5s5(by —mby) =by —mby, A(§) = §" and Y(§) = & = @({) in Theorem
2.15, we obtain (74).

get

‘A(b{,b;) —Li(by,bs)

PROPOSITION 3.7. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we have

[3005)
S\/;T (75)

1 1

A(b1,by)  L(by,b2)

+

X{</H<2b?",(“§’2)zq> \q/H((blyz)zq,zbgq> }

PROOF. Takingm =1, =0, (=232 F2 ({—mb,) =L —mby, FZ5(b, —ml) =

by —ml, F 25 (b —mby) =by —mby, A(§) = 1 and Y(§) = { = @ (&) in Theorem 2.15,

we get (75).

u™x

PROPOSITION 3.8. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we obtain

1 1

H(b1,by)  L(by,b2)

o4 (b2 —b1)

— V3 8

(76)
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+

{\/H(bz()) ¢H(z()b>}

PROOF.  Choosing m = 1,4 =1, = "2 Fo (0 —mb,) = £ —mby, 40, —

ml) = by, —ml, F p5(b2 —mby) =by —mby, A() = nd Y(§) =¢ =o@({) in Theorem
2.15, we have (76).

m\»—u-

Finally, we will find some new error estimations pertaining quadrature formula. Let
denote 2 :b, =¢ < ¢ < ... < G =b,. The following quadrature formulas are very
useful in the sequel.

/b * A0l = M(A, 2) +E(A, 2), /;2 A(D)dl = T(A, 2) +E*(A, 2)

where

+ )+ A(
(Ac@ ZA(GJ ng)(Qﬁl Qj) TAQ ZM(QH—Q),

and E(A, 2), E*(A, 2) are denoted their corresponding errors.
PROPOSITION 3.9. Let A : [b;,b,] — R be a differentiable function on (by,b,),
where b, <b,. If [A'|? is convex on [b;,b,], then for ¢ > 1 and | + | =1, we have

k—1

1 2
—_— 11— G 77
Wy Bem ) )

x{ /1A ()l + A (7‘5’+2gf*‘> "+ A’(g’+2g"+]> ]q+|A'(€j+1)l‘f}.

PROOF. From Theorem 2.3 for m = 1,1 =0,{ = b‘?z, Fos(L— mb, )

g mbh (bz—mg)_bz—mg (bz—mb)_bz—mbl andT(C)—Cfa)'(C)
[Gjan+l](J— e —l)on,weget

. . Sji+ 1 —Cs
A(Q,‘FQ;H) N 1 / 1A(1€)d1€ S (gj+1 gj) (78)
2 Gj+1—Gj Jg; 4\75\/” p+1
X{ (/1A (5;)

+ . q + . q
A/(QJ 29“)‘ 4 /(g./ 2€J+1)’ +|A’(€j+1)|q}~

[E(A,2)| <
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From (78), we have

P2

EA2)| = | | A“WM(A’Q)'
<0{[MA@M%A(QtfH>@“_Q%

k—1

1
< — % L c)?
= 4Y2yp 1 ]EZOL(GJJA S)

x{%w@w+A(QZ%)V+¢N<9§*jVHN@HW}

PROPOSITION 3.10. Let A : [by,b,] — R be a differentiable function on (b;,b,),
where b, < b,. If |A’|7 is convex on [b,b,], then for g > 1, we obtain

1 k—1 5
X 11— G 79
8% ;)(Gﬁrl g}) ( )

(SR P () o)

[E(A,2)| <

><{\"//\’(€j)f’+2

PROOF. The proof is analogous as to that of Proposition 3.9 taking m = 1,A =
O,EZ b];b27gga(£—mb1) :Z—mbl,(?‘ié(bz—m@ :bz—m€7 gga(bz—mbl) :bz—mbl
and Y({) = { = @({) using Theorem 2.15.

PROPOSITION 3.11. Let A: [by,b,] — R be a differentiable function on (by,b,),
where b, <b,. If [A'|? is convex on [b;,b,], then for ¢ > 1 and | + | =1, we have
k—1

1 PR
W Wx;}(gﬁl Si) (80)

A (Gj +2<;,~+1> “'+\1/A/ (G./ +2€j+1) ’q+|Ar(ng)|q}.

E'(A,2)| <

X{ (/1A ()1 +
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PROOF. By Theorem 2.3 for m = 1,A = 1,{ = b“’bz FIs(L —mby) =
f—mbhy’;}:{;(bz_mf) = bz—mf, ﬁp,s(bz—mbl) = bz—mbl and T(C) = C = (D'(C)
(sG] (1 =0,...,k—1) of 2, we get

Ag) +A(Gj11) 1 /g"*' (Gj+1—65)
- A0)yde| < 181 =80 @1
2 Gji+1— G ® 424/ p+1

+ q
(Q] QJH)’ +|A/(gj+1)|q}.

/ * A0l —T(A, g)‘

1

e

From (81), we get

csj+g,+1) ‘q

E(A,2) -

Sj 2

/gf+l A(O)dl— M(Qm - Qf)}

Sj 2

/§/+1A(£)d€/\(gf)+/\(€j+])(gj+lgj)}

k—1

1
< X —c)?
S AT JEZO(gm )

x{ /1 ()l + | (7"7" +2g’“> RN <79’+2‘5’*‘> ]q+|A'(€j+1)l‘f}.

PROPOSITION 3.12. Let A : [b;,b,] — R be a differentiable function on (by,b,),
where b; < b,. If |A'|? is convex on [by,b,], then for ¢ > 1, we obtain

+ q

k—1

* 1 _~)2
E'(A,Q)| < ik Y (gi—g) (82)

j=0
A (s,- +2€,-+1> "+

dc, q
x{\"/2|/\'(€j) N <%) ‘ +2A’(€j+1)q}~

PROOF. The proof is analogous as to that of Proposition 3.11 takingm=1,A =
l,ézb];b27y’gs(£—mb)—£ mbl, (bz—mﬁ)—bz—mf (bz—mb)—bz—mbl
and Y({) = { = @ (&) using Theorem 2.15.
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