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Abstract

Diffusion processes are effective tools for modeling financial and economic phenomena. Diffusion
models have been implemented with great success in financial markets where stochastic calculus
based on such models allow researchers to probe the dynamics of processes ranging from stock prices,
yields and interest rates to volatility studies and exchange rates. These processes, according to [17],
allow for the investigation and quantification of the dynamics of various real world financial models.
The dynamics of diffusion processes are governed by stochastic differential equations (SDEs), which
dictate how these processes evolve over time. A key component in the analysis of such systems is the
transitional density, which allows one to make predictions about the state of the process, or functions
of the state of the process, when its parameters are known/fixed, or perhaps more importantly,
when the parameters are not known a transition density allows one to estimate parameters and
subsequently perform inference. Unfortunately, with the exception of certain processes, many of
these models’ transition density cannot be expressed by an explicit analytical expression. Therefore,
efficient and consistent approximation techniques, to obtain an analytical expression for the transition
density function, is of paramount interest and importance. The Hermite expansion method, of [3],
outlines one of the most effective methods of obtaining an approximation to the transition density. The
Saddlepoint, or Cumulant Truncation approximation method, provides a strong and robust alternative
approximation method, [21] and [17]. In the present paper, we explore how these techniques can be
used to analyse popular non-linear diffusion models from the world of finance. In particular, we focus
on construction of the transition density approximations for the Ornstein-Uhlenbeck (OU) model,
Cox-Ingersoll and Ross (CIR) model and the Heston model, and the application of these models
to real-world datasets, such as the CBOE volatility/VIX index and the S&P 500 stock index. The
Sapplepoint or Cumulant Truncated approximate transition density will be used to perform infernce

on the mentioned datasets.
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1 Introduction

[17] defines a diffusion process as the stochastic generalisation to ordinary differential equations. There-

fore, a general diffusion process, is defined by the following stochastic differential equation (SDE):

dXt :,U(Xt,t, 9)dt+U(Xt,t,0)th, (].)

s.t t € [s,T] represents the time domain over which the process continuously evolves. These models
inherit the Markov property, and the stochastic nature is driven by Brownian motion Wy, [1]. The
state variable of interest, X, is governed by the SDE, dX; the time- and state dependent functions
are given by u(X,,t,0) and o(Xq,t,0), respectively. 6 represents the parameter vector. Ito’s lemma is
often applied to X to investigate the dynamics of the state variable, and to approximate the stochastic
integrals in closed-form. Equation 1 can be viewed as the instantaneous change in the state of the
process, X;. dX; is governed by a time-dependent drift component p(Xy,t,0), which may depend on
the state vector of the process and/or the time, as well as a stochastic component o (X, t;0)dW, which
may depend on the state of the process through the diffusion coefficient o(X¢,t;0) and continuous time
stochastic process, W; which in this case we assume to be a vector of Brownian motions.

Contrary to the continuous nature of these models, data in finance and economics are mostly observed
in a discrete time epochs. As such, despite the model process evolving continuously in time, we conduct
the analysis of such models in the present context on discrete/finite time scales so as to interface discretely
observed real-world processes with continuous time models. Indeed, a field of interest where diffusion
models often find application is that of the modeling of (discretely observed) interest rate processes. The
analysis of short rates is of major interest in the economic and fixed income environment. The dynamics
of economic variables, such as price indices, exchange rates, stock indices and volatility indices; and fixed
income variables, such as yields and short rates are often modeled with great success by diffusion models
(in both the univariate and multivariate case). The Heston model, Ornstein Uhlenbeck (OU), Cox-
Ingersoll-Ross (CIR), [7] and Black-Scholes model, to only name a few, is some of the most important
models in the mentioned fields. In the present paper we focus on the analysis of the univariate and
bivariate OU and CIR processes.

In the financial field of bond finance the yield curve is of fundamental importance. Given a yield
curve is constructed by a sequence of interest rates, diffusion models can effectively be used as a modeling
technique for the yield curve. One of the most popular and most used methods for fitting the yield curve
is the Nelson-Siegel approach, as first introduced by [13]. In this methodology, optimization is used to
estimate the parameters for the level, steepness and curvature of the yield curve. However, using diffusion

processes to model yield curves have been an interesting field of research and provides new techniques to



produce promising results. The work of [5] indicates that diffusion models, can be used to estimate or fit
a yield curve through the estimation of the sources of steepness, level and curvature of the yield curve, in
which case the efficient method of moments (EMM) is utilized in to estimate the parameters and capture
the mean drift and stochastic volatility in the given short rate diffusion. [14] modeled the yield curve by
forecasting interest rates by the use of diffusion processes, more specifically CIR and Vascicek models.
This methodology is based on a partitioning approach. Future interest rates are being forecasted, for
each tenor of a given yield curve, based on partitioned financial market data. Diffusion processes provide
valuable insights into the evolution of the trajectory of short-rates over time. In an extension, this
evolution can often be attributed to an underlying process or processes, which can be modeled using a
multivariate diffusion process. Modeling individual short-rates or tenors (with each tenor of the yield
curve being an individual time-series of yields for a specific time to maturity, combining various tenors
constitutes a yield curve), through univariate diffusion processes, may provide a decent fit to the yield
curve, however an approach like this will not encapsulate underlying processes or the dependencies that
the various maturities has on the other. Therefore, a multivariate diffusion process, modeling a certain
tenor as the dependent process, and the most significant other tenor and/or other continuous rate may
provide a more reliable estimate to that specific point on the yield curve, at a specific point in time. The
latter will be showed in a multivariaty trajectory analysis of yield curve tenors.

The premise of the current paper is to model discretely observed interest rate time series using
diffusion models, which replicate salient features of interest rate processes. In order to study how these
processes evolve over time, the transition density function is analysed. However, an anlytical or closed-
form solution to the true transition density rarely exists, and therefore this paper will focus on the
approximation of this transition density function. Investigation into diffusion processes will include
trajectory studies, Euler-Maruyama schemes and transition density analysis and approximation. The
Hermite Approximation Method,[1, 4], will be compared to the Saddlepoint or Cumulant Truncation
Approximation Method, [17, 21]. The theory and derivation of these approximate transition densities
will be thoroughly explained. The Cumulant Truncation Approximation Method will provide the closed-
form approximate density, which will be used for inference on financial data..

The paper is structured as follows; first a discussion on the fundamentals and dynamics of diffusion
processes will be given, followed by the derivation and approximation of transition densities. The uni-
variate case will be discussed, followed by the multivariate case, where examples will be provided at the
end of each of the cases. The approximate densities will be applied for inferencial purposes on financial

data. Finally , concluding remarks will be given, summarizing key findings.
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2 Fundamentals of diffusion processes

For simplicity, the univariate instance will be explained prior to generalizing to the multivariate case.

2.1 Univariate difussion processes

[15], formally defines a diffusion process in Definition 1:

Definition 1. Consider a time dependent Markovian process,with state variable X;, and transition

density function p(dy, t|z,s). dX; is referred to as a diffusion process if, for all x with € > 0:
1. f\x—y|>e p(dy, t|z, s) = o(t — s) uniformly over [s,t] for s < ¢, (i.e continuity),

2. there exists a real-valued function u(zx,t), (drift coeflicient), s.t. ﬁ$7y|<€p(dy,t|x,s)(y —x) =

w(z, t)(t — s) 4+ o(t — s) uniformly over [s, t] for s < ¢,

3. there exists a real-valued function o(z,t), (diffusion coefficient), s.t. f|mfy‘<ep(dy’ tlx,s)(y —x)? =

o(z,t)(t — s) + o(t — s) uniformly over [s,t] for s < t.
Lemma 2. A real-valued function p(y) is o(y) if lir%p(y—y) =0
Yy—r
A transition density, is defined by [15]:

Definition 3. When considering a discrete state domain, the transition probability (density) of a shift,
from X, = x to Xy = y is defined as:
Pr(X, = y|Xs = x) = pay(s,t) = p(y, t|z, s) in the time-inhomogeneous case (time-dependent), and
Pr(X: = y|Xs = 2) = Pr(X¢y; = y|Xsqj = @) = pyy(t — s) for all j, in the time homogeneous case

(independent of shifts in time).
Where the probability measure function, Pr(.) is defined as:

Definition 4. Pr(.) is referred to as a probability measure function if a mapping of ¢ is made into [0, 1],

S.t:

1. Pr(£2) =1, for 2 the non-empty set of all attainable elements,

2. Pr(A) >0V Aev,

3. if Ay, As, As, ... € 1. is a sequence of mutually disjoint subsets, then Pr [Uf; AZ} =2, Pr(4)).
Definition 5. Revisiting Equation 1, which will serve as the official notation in this papers.

dXt :/,L(Xt,t70)dt+O'(Xt,t,0)th, (2)

11



s.t t € [s,T], with 0 the parameter vector. Therefore, a general diffusion process, is defined by a stochastic
differential equation (SDE), and inherits the Markov property, [17]. The diffusion process inherits both
a deterministic and stochastic nature, given by the drift coefficient, u(X;,t;8), and diffusion coefficient
w(Xy, t;0), respectively. Randomness, or the stochastic nature is driven by a sequence of Brownian
motions - Wy, s.t. Wy, t > 0[1], (seen as the continuous counterpart of a Random Walk), which is defined

as such:

Definition 6. [8] definesW;>( € Ras a Brownian motion or Wiener Process if:

for tg < t1 <t < .. <tp_1 <tythen Wy, , Wy, =Wy, Wy, =Wy, ..., Wy, —W,;, | are independent,

for s,t > 0, and A a subset of a o — algebra (please. see Definition 7), say ¢, then Wi,y — Wy~
N(O,t), ie Pr(Wt+5 — Ws = A) = (27rt)_1/2 fA e_%dy’

e Pr(t — W, is continuous) = 1, and

Wizo =Wy =0.

Definition 7. A collection of subsets, say ¢, of (2, is called a o — algebra/ - field if:
e for @ - the empty set - @ € 2,
e Acthen AY € 9,
e for a sequence of sets Ay, As, As, ... € ¥, then |2, A; € 9.

In the present context, consider the time-space or time-domain [s,T] s.t t € [s,T]. An single occurrence
(¢) of the sample path of the state space ({2), is given by X;(s) € R s.t ¢€ (2. Since the sample path
followed is assumed to be known the single occurrence can be denoted as X:(s).

A realisation of the process manifests as a solution to the SDE in Equation 2, via the integration of
dX; with respect to ¢, which through the trajectory of Wy, and the drift and diffusion coefficients gives
rise to the trajectory of the process. . [17], explains that diffusion processes, such as in Equation 2, can be
expressed through differential equations, where the deterministic part of the diffusion process is governed
by the change in time, dt, and where the stochastic/random part of the diffusion process is governed by

the change in a Wiener Process, dIW;. In consequence, the drift and diffusion coefficients can be defined

as, [12]:
- [(Xgs — X)Xy
X;,1:0) =1 Rt T A
ulXe, 1:6) = Jgl | == 7
and
[(Xps — X3)2|X
0%(X;,t;0) = limE (Xeys = Xo)7] t},
=0 | 1)

where E(.) denotes the expected value.

12



Therefore, Equation 2 can be viewed as:

X5 — X)X X5 — X,)2|X
dX; = limE Keys = Xo)| X dt + [ limE (Xevs — X0)?| X dW;.
5—0 5 6—0 5

Therefore the instantaneous variance of the process, is given by the diffusion coefficient. The movement in
the process, are dictated by the drift coefficient, with the intensity of the stochastic movements determined
by the diffusion coefficient. The randomness are reflected by the Brownian Motion. Solving Equation 2,
over an appropriate transition horizon, yields the trajectory of the stochastic process X;, provided the
process started in the initial known state of X at time s < ¢t. The solution can be obtained, by applying

Ito’s lemma (Lemma 9), through integration:

t t
X = X, +/ w(X,, 7 9)d7’+/ o(Xr,7;0)dW,. (3)

The drift and diffusion coefficients determine the existence of a solution to Definition 9. X; in Equation
2 has a unit diffusion if the diffusion-coefficient is the unit diffusion, that is o(X¢,¢;0) = 1. Ité Calculus,

used in the trajectory derivation, is explained by the following results, combined from [20], [11] and [19].

Theorem 8. Define p to be a continuous function, where p(W,) is the stochastic process, explained
through Brownian motion (or the Wiener Process).

If ng[p(WT)2]dT < o0, for T€ [0,t], then:
1 E(fy p(Wr)aw;) =0,

2. (| Jipwo)aws| ) = Ji [Elp(w,) 2] a-.

An Ito6 process can now be defined.

Definition 9. a stochastic process, X;,which can be denoted in the following form, is known as an Ito6
process

t t
Xt:XO+/ ¢7d7+/ 0,dW,, (4)
0 0

where ®and @ are driven by Brownian motion s.t

t
/ |®,|%dr < o0,
0

and

t
/ E[62]dr < oc.
0

13



When considering integrate function g : R— R, G : R— R is defined as

LG(t) = LG(0) + L [ g(s)drs,

leads the following direct implication of the Fundamental Theorem of Calculus

Which can be written in the standard SDE diffusion process form:
dX; = Qudt + O:dW. (6)

1to’s lemma naturally follows:

Theorem 10. It6’s lemma: for a Brownian motion, W€ R, where t € [0,T] with real-valued and twice

differentiable function g(x), it follows that:

FV) = 10+ 5 [ pvgas+ [ pavaw,

Lemma 11. [t6’s lemma in standard SDE notation: consider an Ito process - Xy ,with stochastic

differential equation:

dXt = Mtdt + O'tth. (7)

Define f(t,X:) R —>Riand t >0, Z; = f(t, X¢), then

0 0 1 02 9
dZy = Ef(taXt)dt + (TX]&f(tXt)dXt + iaithf(t,Xt)(dXt) : (8)
Substituting Equation 7 into Equation 8:
0 0 1 02 9 0
dZ; = (é%f(t’Xt) + af(tht)Nt + 28Xt2f(t’Xt)Ut>dt + ai)gf(tht)Utth- (9)

The following Examples will display the dynamics of two of the most acclaimed diffusion models in
Finance and Economics, [1, 7], that is the univariate Ornstein-Uhlenbeck (OU) and Cox, Ingersoll and

Ross (CIR) diffusion processes.

14
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Figure 1: one simulated trajectory for a univariate OU process.

2.1.1 Examples of univariate diffusion processes

Example 12. Consider the univariate Ornstein Uhlenbeck diffusion process:

dXt = KZ(OK — Xt)dt + O'th, (10)

s.t. t € [s,T], and with W; Brownian Motion, as in Definition 6. The parameter vector 8 = (k, o, 0),
consists of k, v, o the deterministic parameters, where « refers to the mean reversion level (that istlilgo X =
a), k the tempo of reversion and o the volatility factor. In terms of Equation 2, the drift and diffusion
coefficients are given by u(X¢,t;0) = k(a — X;) and o(Xy,t;0) = o, respectively. From the latter it can
be seen that the diffusion coefficient is constant and independent of the value of the process. The QU
model is a simple but effective model, regularly adopted in finance, especially in short rate modeling
Figure 2 illustrates the empirical distribution (histogram) of the process, constructed using simulated
trajectories under the .Euler Maruyama scheme.
Performing the simulation study on ¢ € [0, 5], X; € [12,19], 8 = (K, o, 0) = (0.85,15,0.75), with X, = 16,
and stepsize = 1/250 (approximate number of annual trading days) . Figure 1 displays one simulated

trajectory for a univariate OU process.

The effect and sensitivity of changing a single parameter value, whilst keeping all else equal, are given
in Figure 3. As can be seen, changing a changes the mean revering level, where the speed a reversion in

adjusted through changing «, and the larger o becomes, the more volatile the model becomes. Finally,

15
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Figure 2: histogram (through the Euler Maruyama shceme) of the simulated process trajectories (uni-
variate OU model).

the process can tend to a negative value if the mean reversion parameter - « - is negative. Please see
Algorithms 1 and 4.

Often the volatility of a process (depicted through the diffusion coefficient) is dependent on the value
of the process itself. Since diffusion coefficient is constant and independent of the value of the process in

the OU model, the CIR process will be considered next.

Example 13. Univariate Cox, Ingersoll and Ross (CIR) diffusion process:
Define the well-known CIR model, as in , as in [7, 1], through the SDE :

dXt = K/(Ot—Xt)dt-i-O'\/ Xtth, (].].)

s.t. t € [s,T), with W; denoting a standard Brownian motion, as in Definition 6 The parameter vector
0 = (k,a, 0), consists of k,«, o the deterministic parameters, where « refers to the mean reversion level
(that istliingo X; = a), k the tempo of reversion and o the volatility factor . In terms of Equation 2, the
drift and diffusion coefficients are given by pu(X,¢;0) = k(o — X;) and (X, t;0) = o/ X;,respectively.
The CIR model is an excellent model for capturing short rate dynamics, given the short rate is positive
at all times. However, given that international Financial Markets have moved into negative interest rate
environments in some domiciles (e.g European Fixed Income government bond yields), the drawback of

the model becomes evident. Nonetheless, with most short rates still being non-negative, the CIR model is

16



K=0.1 Kk =0.85 kK=15 K=4
0 — 20 — 20 —| 20 —
S_WW 15_.\'\4«',% 15—W 15_W‘W
0o — 10 — 10 — 10 —|
5 — s —f 5 — s —f
0 — o — 0o — o —
s — -5 — -5 —| -5 —
T T T T T T T T T T T T T T T T T T T T T T T
o 1 2 3 a B o 1 2 3 a 5 o 1 2 3 a B o 1 2 a
a=0 a=-3 a=15 a =25
o — 20 —f 20 —] 20—//
5 — 15 —| 15—% 15 —|
0 — 10 —f 10 —| 10 —|
s — s —f s — s —f
0 — o — 0 — o —|
s — -5 — -5 — -5 —
T T T T T T T T T T T T T T T T T T T T T T T
o 1 2 3 a s o 1 2 3 s o 1 2 3 s o 1 2 3 a
oc=0 c=0.15 c=0.75 o=2
0 — 20 — 20 —| 20 —
5_¥ 15_\‘\——\_.__.___,._. 15—W 15 —|
0 — 10 —f 10 —| 10 —|
s — s —f s —| s —|
0 — o — 0 — o —|
5o 1 2 3 4 5 S =lo 1 2 3 4 5 S o 1 2 3 a 5 S =lo 1 2 3 4

Figure 3: The effect and sensitivity of changing a single
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still worth analyzing and implementing in financial and economic problems. According to [7], for k,a > 0,
the defined process is equivalents to a continuous Autoregressive(1) model. Since tli)rgoXt|a2 >2ka =0
the parameters are constrained as o2 < 2xa to ensure }H&X’f = a, (provided a > 0), s.t. t € [s,T] for
all s > 0. If X; > 0 then X; > 0 for all £ > 0. Therefore X; will then eventually settle in a steady
state.The 75li)noloXt|U2 > 2rka = 0 makes practical sense when considering an actively traded asset, it the
assets volatility is in well in excess of 2xa, this will eventually lead to a sell-off the asset, i.e the price
and hence X; reaching 0.

Performing the simulation study on ¢ € [0,5], X; € [0,1],0 = (k,a,0) = (0.9,0.3,0.075), with X, =
0.15, and stepsize = 1/250 (proximate number of annual trading days). Note that 2ka = 0.27 > 0% =
0.005625. Figure 4 displays one simulated trajectory for the CIR process, the dotted reference line
indicates the mean reverted level, i.e &« = 0.3. Figure 5 gives the first view of a distribution for X}, that
is due to a histogram (through the Euler Maruyama scheme which will be discussed later in the paper)

of the simulated process trajectories.

The effect and sensitivity of changing a single parameter value, whilst keeping all else equal, are given
in Figure 6. As can be seen, changing « changes the mean revering level, where the speed a reversion
in adjusted throuh changing x, and the larger o becomes, the more volatile the model becomes. Lastly,
no change in parameter leads to the X; becoming negative, as expected through the model definition.

Please see Algorithms 2 and 4.
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Figure 5: histogram (through the Euler Maruyama shceme) of the simulated process trajectories (uni-
variate CIR model).

Lastly we will consider the famous univariate Black-Scholes model, which is synonymous with option

pricing:

Example 14. Black and Scholes diffusion process:

Define the option pricing Black-Scholes (BS) model as:
1
dX; = §¢2Xtdt + X AWy, (12)

s.t. t € [s,T], and with W; Brownian Motion, as in Definition 6 The parameter ¢ is the key deterministic
factor of the model. In terms of Equation 2, the drift and diffusion coefficients are given by u(Xy,t;0) =
30°X,; and o (X, t;0) = pX; respectively. Therefore both the drift and diffusion coefficients is dependent
on the value of the process. The model is very sensitive to changes in ¢, and tends to diverge quickly.
Figure 7, shows the divergent nature of the process, through the simulation of 100 trajectories.
Performing the simulation study on ¢ € [0,1], X; € [0,00),6 = 0.25, with X, = 1, and stepsize =

1/250 (approximate number of annual trading days) .Please see Algorithms 1.
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Figure 7: 100 simulated trajectory for a univariate BS process.

2.2 Multivariate diffusion processes

The dynamics of a general multivariate diffusion process , X, can be defined by the stochastic differential

equation:

s.t. X :m x 1 is the state vector, u(Xy,t) : n x 1 the drift vector, and X (X¢,t) : n x n the diffusion
matrix of the matrix, [17]. ®denotes the parameter space. The instantaneous covariance matrix of the

process is defined as

(X, t)o(Xi,t)" =~v(Xpt) :nxn,

s.t ol = transpose(o),W : nx 1 denotes the vector of Brownian Motions, as defined in 6. The dynamics
of the process in Equation 13 is therefore dictated by stochastic elements, through the diffusion coefficient,
as well as deterministic elements, via the drift coefficient. These coefficients can be expressed in terms of

the instantaneous moments of the system:

_Elx, x| Xt}
pi(Xgot) = }un

-0 1) (14)
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and

E X(i) _X(i) X(j) _X(j) |Xt
¥4y (Xet) = lim [( rs = X)Xy = XV) },Vz‘,jl,z...,k. (15)

—0 1)
The solution to Equation 13, is quite often focal point in the analysis of diffusion processes. The trajectory,
at time ¢, of the general diffusion process, X, at a known initial state of Xg, s.t. s < t, is provided by

the following equation, through the implementation of Ito calculus:
t t
Xt:XSJr/ u(Xv,v)var/ o(Xy,v)dW, (16)

For the premise of this paper it is assumed that the initial value of the process, under consideration,
and therefore the initial distribution, is always known. It is also assumed that the drift and diffusion
coefficients of are Lipschitz continuous, and therefore satisfies the accompanied linear growth conditions.
This implies continuity in the coefficients and that the coefficients inherit unbounded rates of change.
These assumptions ensure the existence of a solution to Equation 13, which is a fundamental requirement
for the methods to be considered in this paper. The distribution of the state vector, X; is of absolute

importance in the analysis of the dynamics of this stochastically driven process.

Definition 15. (£2,,Pr) is is referred to as a probability space, if

1. A non-empty set, {2, called the sample space, exists which includes all possible outcomes,
2. £ is a 0 — algebra, consisting of subsets of {2, and

3. Pr is probability measure function on (£2,¢), s.t. (£2,£) is a measurable space.

Let (£2,&,Pr) be a as a probability space, as per Definition 15, where 2 C R* is the sample space, ¢ the
o — algebra of subsets of {2,as per Definition 7, and Pr denotes the probability measures of events in the
o — algebra &. As per [4], the probability density function, of moving from states X, to X, denoted by

9(X¢| Xs),is obtained by solving the Kolmogorov forward equation (or Fokker-Planck equation), [17]:

0 "9
ag(XdXs) :—Z (i (Xg5t)g9( X X))

¢
! Sy > i (Xgot)g(Xe| Xs)) (17)
+§ZZW(U”( ts )g( t|Xs)),

i=1 j=1

where Xt(r)denotes the r*" element of the process X;. The Dirac delta function, which specifies the initial

conditions of the transition density, is defined by

g(ms|Xs) = A(ms_Xs)a
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where A(.) is defined as

oco if x=0

Alx) =

0 otherwsise.
The initial condition Dirac delta function implies that the dynamics of the general diffusion process, Xy,
are driven by drift vector p(X¢,t) and diffusion matrix o (X¢,t). Consequently the shape of the transition
density, g(X¢|Xs), are driven by the functional dynamics of the respective drift and diffusion functions.
Since the transition density function yields important inferential traits, an analytical expression for this
density function is paramount to this paper. However, to find a closed-form analytical solution to the true
transition density is a difficult, and often impossible task.The main complication lies in expressing the
dynamics of the process, probabalistically over finite transition horizons. When limiting the time-space

to small time epochs, the transition density is multivariate Normal:
9( X Xs) MV.NORM(XS + 6 p( X 54 8), 0150 (X sy 8)0 (X5, S)T),

with d;s = (t—s). Unfortunately, as the time horizon increase, the shape of the transition density diverges
from the normal distribution.

To obtain an analytical expression for the transition density, allows for the identification of a closed-
form likelihood function, which in tern can be maximized over a financial data set to find parameters of
best fit. This allows for analysis, inference and forecasting/prediction on the particular dataset. Unfor-
tunately, as indicated, closed-form theoretical analytical solutions to the true transition density rarely
exist and warrants the investigation into consistent approximation techniques to obtain an expression
for this approximate transition density function. Approximation methods, of particular interest in this
paper, includes the Hermite Expansion” method, [3] and the Cumulant truncation method/Saddlepoint
approximation method, [21] and [17]. The use of Monte Carlo and Euler simulations, where kernel density

estimates can yield an approximate density, will also be briefly explored.

Example 16. Bivariate Cox Ingersoll and Ross (CIR) Diffusion Process applied to the South African
Reserve Bank’s Monetary Policy

Define the bivariate CIR model as, [16]:

dX; = (a1 (B1 — Xi) — MYy)dt + o1/ X dW

ay; = (012(ﬂ2 - }/t) - )\2Xt)dt + O’Qﬁth@)’
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or equivalently:

iz, — dX, _ (a1(fr — Xy) — \iYy) dit o1V Xy 0 th(l) ’

dy, (a2(B2 — Y2) — Ao Xy) 0 ooV ) \aw®
st. t € [s,T)], with s > 0 and X; € [X,, X7], V2 € [Vs,Yr] and with s > 0, and X;,Y; > 0
for all ¢ (due to /X;,1/Y; being in the Real space), and with thi) : ¢ = 1,2 the Brownian Mo-
tions, as in Definition 6 The parameter space 8 = (a, 3, A, o) consists of deterministic parameters

{Oéizl,g, ﬁizl,g, /\ij:172,0'i:1,2}.NOte 012 = 021 = 0 implying that the volatility sources (th(l) 1= 1, 2)

are independent . In terms of Equation 13, the drift and diffusion coefficients are given by

(a1(fr — X¢) — AiYy)

I'L(Ztat; 6) =
(a2(B2 = Y2) — A2 Xy)
and
o1v X 0
S(Zit@) =
0 ooVYy
respectively. Note that Z; is defined as
X
Zt == !
Y,

The South African Reserve Bank (SARB) are mandated to implement effective Monetary Policy to
maintain price stability (to keep headline consumer price inflation between (CPI) 3% and 6%). The
SARB performs this function, through monthly adjustments in the Repurchase (Repo) Rate. The ad-
justments are usually (but not constrained to) a binary move of of 25 basis points (0.25%). Economical
theory dictates that an expansionary/hawkish monetary policy - reduction in the Repo Rate - will lead
to expansionary consumer spending via credit cycles, resulting in future increased inflation. Similarly,
an contractionary/dovish monetary policy - increase in the Repo Rate - will lead to slowed consumer
spending, resulting in future decreased inflation. Therefore there is a strong relationship between the
two variables. Through a simulation study, this relationship is displayed and in line with expectation.
Performing the simulation study on ¢ € [0,24],X; € [0,5], Y; € [0,5]; 6 = (®i=1,2, Bi=1.2, Ai=1.2, Ti=12) =
(2,2,4.2,6.75,0.1,0.1,0.75,0.5), with Xy = 3.8 and Yy = 6.5, and stepsize = 1/30. Define

X, =CPI
Zt -
Y: = Repo Rate

In Figure 8 it can be seen, that there is clear bias in movement, i.e, a hike in the Repo Rate leads to a
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reduction in CPI in the coming months, and vice versa. The Repo Rate does not behave like a diffusion
process, as it clearly changes discretely, due to the Central Bank’s incremental 25 basis point (0.25%)
changes. Smoothing the Repo rate would enable the series to behave as diffusion process and ennable
further analysis. This is important to note, as in the market the data under review is not always in the

ideal format, and transformation may be needed. Please see R code in Algorithm6.

3 Obtaining closed-form transition densities for diffusion pro-
cesses

Having a closed-form true transition density for a diffusion process, simplifies the inference on diffusion
processes significantly. However, very little of these models’s true transition density can be obtained in
closed-form. Therefore, to develop a suitable and accurate approximation technique to enable inference

on a wider class of diffusion models, is of paramount interest.

3.1 Transition densities in the univariate state variable case

For this section, consider the general univariate diffusion process in Equation 2, i.e dX; = u(Xy,t;0)dt +

O'(Xt, t, G)th

3.2 Examples of diffusion processes with closed-form transition densities

Albeit rare, we are often privileged to obtain a true closed-form transition density for Equation 2. This
true transition density,provided such exist, can be obtained through applying Ito calculus and solving the
Kolmogorov Forward or Backward equation, [15]. Denote the true transition density by p(a¢,t | x5, s; 6),
s < t, the solution of following Kolmogorv equations:

Kolmogorov Forward Equation (KDE):

) ) 102,
ap(xtat ‘ 373,870) - _aixt[,u(mtate)p(xtat ‘ 373,870)] + 5@[0 (Z‘t,t, g)p(]}t,t ‘ Ts, S5 9)]) (18)

and the Kolmogorov Backward Equation (KBE):

2

D pfwt] 20 5:0) = (.. 5:0) S oot |n50). (19)

1
s (l'tat |.’ES,S;0)+§U2(.’ES,S;0)

0
axsp

Example 17. Univariate Ornstein Uhlenbeck diffusion process true transition density.
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Figure 9: true transition density of the univariate OU process, overlay-ed on the Euler-Maruyama scheme.

Consider the defined OU model, and parameter values, as in Example 12, that is

dXt = :‘i(Oé - Xt)dt + O'th, (20)
s.t. t € [s,T], with s > 0 and X, > 0.
Solving the KDE
9 ) 102,
ap(xtyt | .TS,S,O) - _%[K(a - .Tt)p($t,t | JTS,S,H)] + 53_x?[0 p(xht | xsa870)]7

yields the true (and Gaussian) transition density for the univariate OU process, X, [1] :

Nl

| 25:0) = (T2) 7 exp(~(5/42)((@1 - ) — (@ — o) exp(—rd))?).

s.t.

v = (02(1 — eXp(—Qﬁé))_l/Q,

with § increment in time. The true transition density is plotted in Algorithm 1 and displayed in Figure

9.

Example 18. Univariate CIR process true transition density.
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(sx[p)d

Figure 10: true transition density perspective plot of the univariate OU process,

Consider the CIR model, as in Example 13, [7, 1], with the SDE :

dXt = I{(OZ - Xt)dt + oy Xtth,

s.t. t € [s,T], with s > 0 andX; > 0 for all ¢ (due to v/X; being in the Real space).
Solving the KDE

0 1 02
&p(xht | 333,879) - _871}[&(06 - xt)p(ﬂlt,t | Ts, S5 9)] + 5871.%[0-\/@p(xt7t | msa370)]7

yields the true transition density for the univariate CIR process, Xy, [1] :

p(xtvt | 1'573;9) = cexp(—(u + U))(

SRS
o=

)21,(2(uv)?), (22)
m ,u = cryexp(—rd), § =t —s, v =cr; and ¢ = 252

o2
I,(2(uv)'/?) as a modified Bessel function of the 15 kind and of the ¢* order, with dynamics given by

where s < t , ¢

— 1. Denote
the following ODE:

2
tQaT?p(a:t,t | s,5;0) + ta%tp(xt,t | 25,5;0) = (£ + ¢*)xy,
solved, as in [22], yields
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Figure 11: true transition density of the univariate CIR process, overlayed on the Euler-Maruyama
scheme.

I,(2(w)Y?) = (w)1/2 372, lm(uv)k] :
with gamma function, T'(n) = (n — 1)\
Alternatively [7], X is non-centrally Chi-squared distributed:
2cX; ~ x*(2(q + 1), 2u),

The true transition density is plotted in Algorithm 2 and displayed in Figure 9.

3.3 Transition density approximation

The most important aspect of the given paper will now be discussed, that is the development a closed-form
transition density approximation. That is, to obtain p(x¢,t | x5, s;0) = p(xs, ¢ | x5, s;60), with precision
and generality. The methods to be discussed include the Euler-Maruyama (EM), [11], the Hermite series
expansion, [4], and the Cumulant Truncation / Saddlepoint, [21, 17] transition density approximation

methods.

29



(sxpad

Figure 12: true transition density perspective plot of the univariate CIR process,
3.3.1 Euler-Maruyama

The EM transition density approximation methods, [11], finds numerical solutions for a process, as in
Equation 2, by means of recursive simulation of the governing SDE. The method yields a distribution on
which a kernel density can be fit to obtain a closed-form approximate transition density.

Consider the time-space [s,T], define § = ==

o7 and g; = id. Let X;be a numerical approximation to

X (g;). Recursively the sequence of approximations is obtained

X, =X,_1+ ,u(Xi,l,i — 1 0)6 + O'(Xi,hi -1 0)(W51 — WEi—l)’ (23)

foralli=s+1,s+2,....s + M, X, = X, as initial condition.

As examples, the EM approximate distribution for the univariate OU and CIR process is displayed

in Figures 9 and 11 and coded in Algorithms 2 and 1.

3.3.2 Hermite-series transition density approximation

[1], developed a approximation technique, based on Hermite series expansions, which provides a closed-

from analytical expression for the process’s transition density.

The Hermite transition density approximation, is developed in orders of approximation, i.e. ﬁ(K) (2, t|zs, 57 0),

X
(K)

where K > 0,s.t p xt, t|zs, ; 0) is the k'™ order approximation of px (z, t|zs, s; 0). Before an approx-
X
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imation to the transition density for the process at hand can be obtained, i.e ]5(XK) (x4, t|zs, s;0), a Hermite

approximation for the transformed unit diffusion (where the diffusion coefficient is the unit diffusion, i.e.
o(v,t;0) = 1) process is obtained, namely ﬁg/K)(yt,ﬂys,s;B) . The transformation from X; to Y;, to
obtain the desired unit diffusion, is known as the Lamperti transform. [9] provides more information on

the Lamperti Transform. The transformation, to obtain the required unit diffusion is given by
Xt
A(X¢,t:0) =/ o (1, t:0)dy =Y, (24)
where 01(v,t;0) is the inverse of o(v,t;8). Applying Itd’'s-lemma yields the desired unit diffusion:
dYy = py (Ye, t;0)dt + 1dW, (25)

s.t o(v,t;0) = 1. By assuming o(X¢,t;0) > 0, implies the increasing and invertible nature of A\(X,,t;8)

in Equation 24. The transformed drift coeffiecient, uy (Y3, ¢; 0), in Equation 25 is determined as follows

. (AT (Y,4:0),t,0) Ao (A1 (Y4,1;0),t,0)
py (Ye,1:0) = g(k—l(Y:,t;G),t,e) - 295, :

The transformation allows for the derivation of a closed-form approximtion, py (yt, t|ys, s; 0), for py (y:, t|ys, s; 6).
As with the original process, the Hermite technique involves the approximation of the density increasing
orders of K, that isﬁng) (yt,t|ys, $;0), s.t K > 0. . The Jacobian formula, as given in [1], is imployed to
gain the required approximate density for X;, px(z¢,t|zs, s;0) from given the approximate denisty for

Yi, Py (ye, tlys, s; 0),was obtained. The Jacobian transformation follows as:

OPr[X; < x4 X5 = 4]

Px (x¢,t|zs, 5, 0) =

8Z't
_ OPr[Y; < My, 1;0)| X = M, 55 0)]
Ao t:0) - o (26)
_ 0T by (ys M (s, 5 0), 5 0)dy
3xt

= o_l(A(xt, t;0); 0)py (A(z4,t; 0), t| A (s, 5; 0), s; 0).

The approximation procedure is started with the Hermite-series expansion for density function of Y;

around a Gaussian density. For increasing orders of K, closed-form analytical approximations, ﬁg,K) (yt, t|ys, s; 0),

forpy (yz, t|lys, s;0) is derived as follow,[1]:

2
exp{é(ygl/g ) ] yt K k
~(K) ) — : 3 0" 9
Py (ytvt‘ysvsa 0) 51/2\/% €xXp |:/yS :U’Y(’%t'wo)d'@ k:OCk(yt7t|yS’870) L’ ( 7)
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where § = ¢ — s and %742 ~ N(0,1) and c,(ys, t|ys, s;0) = 1 for all n > s, otherwise:

, - 9 ;0 82cn—1(v,tylys,s:0
n i’(7—ys)” IHM%/t(yt,t;B)—i—lma(Zit) Cnfl(%tﬂys,s;@)-ﬁ-% dy

~
2(yt - ys)n

Cn(yta t|ysa S 0) =
(28)
The Kolmogorov forward and Kolmogorov backward equations, solve the sequence of equations, ﬁg,K) (yt, tlys, s; 0),

in Equation 27, for all K > 0:

OB (g tlys. 51 60) L Oy, (e, ;OB (e tlys, 5:0)] 1025 (yr, tlys, 51 60) — o(65) (29)
00 Oys 2 oy? ’

and
OB (e, tlys, 5:0)  10°5V° (. tys, 5:60)
T 2 By2

P (yi, tlys, 5; 6)
o))

— iy, (ys, 5, 6) = o(A%),

Finally, the approximate density function for the variable of interest, X;, can be obtained. Tha is

p~(§) (w4, t|z5,5;0), the K*" order approximation of px (zy,t|zs,s;0). This is achieved by applying the

Jacobian formula as in Equation 26 to obtain ﬁgg() (x4, t|xs, 5;0), from ﬁg/K)(yt, tlys, s; 0):

P (@, t|2s, 50) = 07 (X, 15 0)5) (N(Xy, 15 0), LA (X, 5:6), 5: 0), (30)

for increasing orders of K. Approximating ﬁ(;) (x4, t|zs, s;0) and/or ﬁg?) (x4, t|zs, s;0), has been proven ef-

fective in various financial settings, [1]. Higher orders of approximatio, will modelrately improve accuracy,
but exponentiate computational complexity.

3.3.3 Cumulant truncated transition density approximation (saddlepoint approximation)

Cumulant or moment truncation is a transition density approximation technique where the system of
ordinary differential moment equations, for the process under consideration, is solved and passed to a
surrogate density, such as the saddlepoint density, [17].

Considering the general diffusion process, as in Equation 2, i.e
dXt = M(Xt, t, O)dt + O'(Xt, t, B)th,

s.t t € [s,T]. The non-central moments of the diffusion process is obtained by solving a system of ordinary

differential equations (ODEs) , [17]. The moments equations will be in the general form of:

mi(t) = f(mi—1(t),m;(t),0), (31)
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s.t. f(.) is a real valued function, 8 a function of parameters, and i = 1,2, ... ,s.t E[X}|X,] = m;(t) the
i*" non-central moment. To obtiain the system of ODEs, in Equation 31, the methodology as in [17] is

imployed. Denote the moment generating function (MGF) of X; by:
M(X:,t) = Elexp(vXy)].

It follows that M (x,t) solves the partial differential equation (PDE):

OM (v, t) 0 145 570
O —yp( = )M, t) + = (—,t)M 1),
o = g ) M0+ 320 () M)
s.t ,u(%,t) and 02(8%,t> are the differential operators on M (v,t). The implication of this is that if
integer powers of X; are contained in u(Xy,t;0) and 02(Xy,t;0), a partial differential equation for the

moment generating function in terms of derivatives w.r.t. v (i.e. 9/0v) can be obtained. For, example,

by setting u(x¢,t;0) = By + Bizy + Box? and o%(z4,t;0) = B3 it follows that:

% —v|By+ Bla% + 3288722 M(v,t) + %VngB??M(V, t). (32)
Define
m;(t) = E[X]]
and .
Miv) = 32 ) (33)
=0

By substituting Equation 33 into Equation 32, we obtain a system ordinary differential equations for the
non-central moments of the diffusion process, i.e m}(¢t) = f(m;—1(t),m;(t), ). The number of moments
are truncated at a specific order, often at the second or fourth moment. Higher order moments may
improve accuracy, but the trade of against computational complexity, may deem it futile to do so.

The resulting system of ODEs can be solved by applying the Laplace transform (£{.}):

Com! ()} = /O " et (1)t

and solving the partial fractions. The resulting solution yields the desired moments for use in the

transition density approximation:
m;(t) = z(mi—1(t),..,m1(t), mo(t),0), (34)

Given that the cumulants are used in the saddlepoint approximation, the cumulants must be found
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from the moments. We simply calculate the cumulants by use of the following relation between the CGF
and MGF:
K(v,t)=1In [M(y, t)},

with M (v, t), the moment generating function. The saddlepoint transition density function approximation
is derived in closed-form, by substituting the calculated cumulants (k;) into the surrogate saddlepoint

density,[10]. Firstly, define the cumulant generating function as

K(vt) = [Z ”Zrﬁf(t)} , (35)
i=0 :
With the first four cumulants given by
kl (t) =m (t),
ka(t) =ma(t) — (ma(t))?,
ks(t) = 2(ma (1)) = 3(ma(t))(ma(t)) + ms(t),
ka(t) = —6(ma(t))" +12(ma(t))*(ma(t)) — 3(m2(t))* — 4(ma (1)) (ma(t)) + ma(t).

Following calculate the first two partial derivatives partial derivatives, in terms of t:

7!

K (1) = %m {2 ”i"f”(t)} (36)

and
2

K. (vt) = % In [i ”imf'(t)], (37)

7!

th "

with k., (v,t) denoting the m"” cumulant at time ¢. Next, Setting X; = K,,(v,t), t is determined as a

function of X4, that is:

t=((X0). (38)

Finally, substituing the resulting cumulant equations obtained in Equation 36 and 38, into the sad-

dlepoint surrogate density, as in [10], the closed-form cumulant-truncated transition density function

approximation, p3¢94€ (X, | Xy, s;0), is obtained as:

P ( Xy, X, 5,0)) = exp(Kom (v, 1) — ((X¢)zy) (QWK;;L(’# t)>_1/2, (39)

for the m** order of approximation.

3.3.4 Examples of fitting approximate transition densities to univariate diffusion processes.

Example 19. Hermite approximate transition density function derivation for a univariate CIR process
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Consider the CIR model in Example 13 :

dXt = K(O[ —Xt)dt+0\/Xtth, (40)

s.t.t € [0,5], X¢ € [0,1],0 = (k,,0) = (0.9,0.3,0.075), with Xy = 0.15, and stepsize = 1/250. The
Hermite approximate transition density function derivation for a univariate CIR process, as in [1] follows.
Firstly, since dX; does not have a unit diffusion, a transformation is to be made, in terms of a change of

variable, from X; to Y;, to obtain a unit diffusion. The required transformation follows as

Y, = 2(X;,t;0) = 201/ X,. (41)

To prove Y; has unit diffusion, It6’s lemma is applied

0 0 1 92
Y; = — (X4, t; (X, 1,0)dX; + = =5 2(X;, ;0)(dX;)? 42
d t ot ( t7t79)dt+ aXt ( tat70)d ¢+ 28Xt2 ( t7t70)(d t) ) ( )
with partial derivatives equal to
ot -
8Q(Xt7t7 0) _ -1
x (V) (a3
’QX,1:0) X2
0X}? B 20 '
yields the desired unit diffusion
k(o — X;) — o?
dYy = | ——————|dt + 1dWt. 44
! a4/ Xt + ( )

In Equation 44, Y; clearly has the unit diffusion, as required.

The Hermite-series expansion for of order K = 0 for Y; is given follows:

(ye—ys)? yi—y?
(0 exp(— - K )| d-zep || —i42ep
P2 (g, tlys, 5:0) = 20 = ! [yg o2 ] [yt 2 ] (45)

41 the Hermite-series transition density function approximation of order Xy, for K = 0, is given by means

of the Jacobian transformation:

P (@, t]s, 5:0) = 0 (@, 1 0)py) (2(we, t;.0),t|92(x4, 5:6), 5; ),
Q(xt’t;g)_%—‘r%g(xé)ys;e)%_%ﬁ

o\ 2mdx, ’
(46)

0} t;0) — 2 :0))2 22 t;:0) — 2°(x,, 5,0
ﬁg?)(xt,t\xs,s;e)zeXp(—( (xtaa ) (333787 )) —k (J"tvv ) (Z‘ ) )

20 4 )
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The Hermite-series expansion of order K = 1, for Y; is given by:

~(1 ~(0
B (e, tlys, 5:0) = B2 (y1, tys, 5:0) (1 + 8¢ (v, tlys, 53 6)), (47)
where
el ) = — B o sy o )

The Hermite-series transition density function approximation of order X;, for K =1, is given by means

of the Jacobian transformation:

P (1, tzs, 5;0) = 0wy, £ 0)p\) (224, 1 0), 1| 2(s, 5, 6), 5 6),

(1 5O (2(x4,1:0),t|2(2s,5:0),5:0) {1+6c1 (2(x¢,£:0),t|2(x5,5:0),5;0
pg()(ﬂcht\xs,s;e):p”( (z¢,t:0),t|02(z5,5;0),s )c;{\/?tm( (@0,4:0),t]2(xs,5:0),5:0)}

With the Hermite-series transition density function approximation, of order K = 1, for X3, given by:

0)— 2(wa.5:0))2 200, +:0)— 02 (z..s: _ 1, 2ar 1l_2ak
(Q(zt,t,9)2(.§(2( 5,5:10)) _K-Q ( t,f19)49 (zs, ’9))Q(mt,t;0) S+ Q(x.§75;0)2 o2

o\27méxy

B (st 5;0) = 22

x |1 480%Kk? — 48ako? + 9ot

)
T 240(x4,t;,0)2(x5,5;0)0F
Q(xy,t;0)k202 (=24 + Q(x4,1;0)%02) (25, 5; 0)

Q(wy,t;0)2k20402(x4, 5;0)% + (x4, t;0)k2042(z4, 5; 9)3)” )

The Hermite-series expansion of order K = 2, for Y; is given by:

. . 52
pg)(yht'yS? S 0) = pg/('))(yh t|ys» S; 0)(1 + 501(%7 t|y87 S 0) + ECZ(ytu t|y87 S 0))7
s.t
A(ytaﬂysa 870)
t Sy ;0 == —7
CQ(ytv |y S ) 576y752y§0'8
where

A(ye, tlys, 5;0) =9(256(ka)* — 512(ka)30? + 224(ka)o® + 32(ka)o® — 156°)
+6y; k%02 (—24a + yPo?) (160 K% — 16aka® + 30)y,
+y2K20% (67202 K2 — 48ak(2 + y2K)0? + (=6 + yir?)oh)y?
+2yk%0 (4802 K? — 24ak(2 + yiK)o? + (9 + yiw?)ot)y?

3.4 85 2 4 8 6

+3y; 100 (—16a + y7o®)ys + 247 k10 y] + yi Rt oyl

With the Hermite-series transition density function approximation, of order K = 2, for X3, given by:

(2 5 (02(24,t:0),t|2(25,5;0),5:0
pg()(ytvﬂyms;a) =& L U(itylt;o()z 0 )’
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_(2) P (2(24,4:0),t|2(ws,5:0),5:0) (1+6c1 (2(2,4:60),¢| 2(zs,5:0),5;0)

Py (z¢,tlzs,5:0) = o (@:,t:0) (48)
’ + %cz(Q(a:t,t;@),t\9($375§9)7559)
o(xz+,t;0) ’
with
o n(ze,t|zs,s;0)
02($t,t|$575a 9) ~ 576922(x4,t;0)22(x,,5;0)08
where

n(ws, t|zs, 5;0) =9(256(ka)* — 512(ka)?0? + 224(ka)o* + 32(ka)o® — 150°)
+602(x¢, t; 0)k20? (—24a + Q2% (24,15 0)0?) (160°K? — 16ak0? + 30*) (x4, 53 0)
+02%(24,;0)K%01 (6720 K% — 480k (2 + 22 (x4, t;0)k) 0% + (=6 + 2% (24, 1;0)K%)0?) 2% (24, 5; 0)
+20(x¢, t; 0) k20 (480 K% — 24ak(2 + Q2 (x4, t; 0)k)o? + (9 + 2% (24, t;0)K%)0*) 23 (24, 5; )
+30% (x4, t; 0)k 0% (=160 + Q22 (4, t; 0)0?) 2% (24, 5; )
+2023 (24,1 0)k 0 25 (25, 55 0) + Q2% (w4, t; 0)* 05 252, 53 0).

Figurel3 shows the decreasing significance in the cpcoefficients as the order of approximationincrease.

Algorithm 7 and Figure 16 contains the plotted Hermite Approximate CIR transition densities for K =

1,2.

Example 20. Cumulant Truncated (saddlepoint) approximate transition density function derivation for
a univariate CIR process

An alternative strategy for approximating the transitional density of the CIR process is by the so-called
cumulant truncation procedure developed in [17]. The true transition density is plotted in Figure 16 for
comparison.

Consider the CIR model in Example 13 :
dXt = n(a — Xt>dt + o/ Xtth, (49)

s.t.t € [0,5], X; € [0,1],0 = (x,,0) = (0.9,0.3,0.075), with X, = 0.15, and stepsize = 1/250. The

derived system of ODEs are given by:
m () = Lo — ma (t),

/

my(t) = 2k(amy (t) — ma(t)) + o?my (1),

my(t) = 3k(ama(t) — ma(t)) + 302ma(t),

my(t) = 4r(ams(t) — ma(t)) + 652ms(t).
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Figure 13: decreasing significance in the cycoefficients as the order of approximation - k- increase.
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The system of ODEs is solved by applying the Laplace transform and partial fractions, to obtain the

non-central moments of the proces:

E[X{|Xs] =mq(t) = Xsexp(—kt) + a(l — e "),

2
E[X?|X,] =ma(t) = X2 exp(—2kt) + (o + g—)(a +2(X, —a)e " + (a — 2X,)e 2R,

a (51)
E[X}|Xs] =ms(t) = X2 exp(—3kt) + 3(ka + 0%)(A 4 Be " + Ce 2" 4 De 351,

B[X}X,]) =ma(t) = X2 exp(—4nt) + (4ka + 60%) |E + Fe " + Ge " 4 He 35t 4 Jem 45t

where
3(ka + 0?)(6K3A)
E= 7
24r4
iii 2v3 2 2 2 2 2 7&3("{0[—'_0—2)(6%314)
I = 6K3<(4/€X3+3(/<;a+0)[HRAJFGK B+ 3Kk2C + 2k D} = - )
2 3
— 12x? (5/<6X§’ + 3(ka + 0%) [6KA + 56 B + 4kC + 3kD] — 3(ka +QZ 2(6/{ A))
K
3
— 45((5/<;X§’ + 3(ka + 02)[6kA + 56 B + 4kC + 3kD] — 23(/{a + UK ) (6K A))
3(ka+ %) (6K3A)
_ 3 5 B
7/{(5me + 3(ka 4 0%)[6kA + 55B + 4kC + 3kD| o ))
3
H _ (5/{XS3 +3(ka+o )[6}@4—4— 5kB + 4rkC + 3kD)] — 33(ka+o 2)(6k A))
2k2 . d

2 3A
—7&(5/€X§’ + 3(ka + 0%)[6kA + 56B + 4kC + 3kD] — 3o +22 25(6'% )) - 6,%2]>
K

F=—(E+G+H+I),

A:a(a—i—%)
3k 7
1 , o2 o2 o2 ,
C=- 4(@(H(XS + (a+ %)(a —2X,)) + 3ra(a+ o —) +4r(a+ 2—)(Xs —a),—9x°A)
1, o2 o2 o2
- %(Xs + (o + ﬂ)(a —2X,) + ala+ 2—) +2(a+ 2—)(XS — ), —3kA)),
g Xt ) (a—2X,) +ala+ L) +2(a+ ) (X, — a) — 3kX2
2K ’
+73/—1X52 + (a+ g—)(a —2X,) tala+ 3 )+2(a + 2%)(Xs —a) —kC
2K
=—(A+B+0).

As the cumulants are of main interest for the saddlepoint approximation, and given the following moment

to cumulant conversion equations: Figure 14 depicts the empirical moments plotted againts the theoretical
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moments, illustrationg the accuracy of the cumulant truncation procedure.

Kq(t) = ma(t),

K (t) = ma(t) — (ma(t))?,
(52)
Ks(t) = 2(ma(t))* — 3(ma (1)) (ma(t) + ms(t),

K3(t) = —6(ma(1))* + 12(ma (t))* (ma(t)) — 3(ma2(t))* — 4(ma (1)) (ma(1)) + ma(?).

Therefore substituting the moments into the cumulant equations yields:

Ky (1) = Xy exp(—rt) + a(l — ),

2
Ka(t) = X2 exp(—2rt) + (a + o) (@ + 2(X, — a)e ™ + (a = 2X,)e ")
K

2
— (X2 exp(=26t) + (@ + 2-) (@ + 2(X, — a)e ™™ + (a — 2X,)e ™))%,
K

K3(t) = 2(X, exp(—kt) + a(l — e "))® + ms(2),
— 3(X, exp(—kt) + a(l — e ")) (X2 exp(—2xt) + (a + ;T{)(oz +2(X, —a)e " + (a — 2X,)e™ "))

+ X3 exp(—3rt) + 3(ka 4+ 0?)(A + Be ™ 4+ Ce 2t 4 De™351)

K3(t) = —6(X, exp(—#t) + a(l — e "))*

+12(Xs exp(—rt) + a1l — e )2 (X2 exp(—2rt) + (a + %)(a +2(X, — a)e ™™ 4+ (o — 2X,)e %))

2
— 3(X7 exp(—2t) + (a + %{)(a +2(X, —a)e ™ + (a —2X,)e” )2

— 4(X, exp(—kt) + a(l — e ")) (X3 exp(—3rt) + 3(ka 4+ 0?)(A + Be " + Ce 2 4 De™3))
+ XY exp(—4rt) + (4ka + 607) [E + Fe ™™ 4+ Ge 2t  He™ 3" 1 1674Nt:| .
(53)
We can now differentiate and start plugging the expressions into the surrogate saddlepoint density ap-
proximate.
Figure 14, with the code contained in Algorithm 9, displays the theoretical cumulants of the CIR, process,
given in Equation 52, with the empirical cumulants. As the order of the cumulants increase, the empirical

cumulants drift further apart from the theoretical cumulants.

, - 1 1 1
K,(v,t) =~ Ky(v,t) = tK,(t) + 51t2K2(t) + §t3K3(t) + I754K4(t), (54)

for K;(t) for i = 1,2, 3,4 as in Equation 52. A Taylor-series is applied to get I~(4(V, t). Where the exact
cumulant generating function of the CIR process is K(v,t) = In(M(v,t)), provided M (v,t) exists and

M (v,t) > 0 for all values of ¢, where M (v,t) is the exact moment generating function of the CIR process.
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Consider the first and second order partial derivatives of Equation 54, in terms of ¢:

Ki(X;,t) = K (t) + tKy(t) + %t%@ (t) + ét3K4(t), (55)
K} (X, t) = Ka(t) + tK3(t) + %t2K4(t). (56)

Setting X; = K1 (t) 4+ tKa(t) + 5t K3(t) + 3 K4(t), we solve for t:

| —Ko(t) + /(Ka(1)? — 2K5 () (K1 () — Xy)
= K3(t) : ' (57)

Finally substituting all expressins into the saddlepoint approximation, yields the final cumulant truncated
approximate transition density:

P (X 11X 5:0) = 2r(Bolt) + 1K(0) + L2, (1)

X exp {tKl(t) + %tng(t) + %thg(t) + i!t‘lel(t)} (58)
| ) + V(E2(1)? — 2K5()(Ka () — @) |
Ks(t) v

Algorithm 7 and Figure 16 contains the code and plot for the Saddlepoint Approximate CIR transition

density p3¢ddle( Xy, t| Xy, 5; 0)).

3.3.5 Hermite-series transition density function approximation compared to the moment-

truncated saddlepoint approximation

The work of [21] indicates that the Hermite-series transition density function approximation can only be
applied to reducible (i.e Y; — X; is a one-to-one transformation) diffusion processes, although all uni-
variate processes are reducible, not all multivariate diffusion processes are reducible. The Hermite-series
transition density function approximation is difficult to implement and there is significant improvement
needed in the accuracy from that provided by the Hermite-series transition density function approxima-
tion. Since a simpler, more general and accurate transition density function approximation is required,
the saddlepoint approximation is ideal since it only requires the first few moment trajectories of the given
diffusion process. The saddlepoint approximation also seems to be more robust to changes in the un-
derlying parameters. Although neither the Hermite-series transition density function approximation, nor
the moment-truncated saddlepoint approximation integrate to 1, this can be corrected for by normalizing

constants.

Example 21. Univariate Ornstein Uhlenbeck diffusion processprocess’ Hermite and Saddlepoint/Cumu-
lant truncation approximate transition density comparison

Example 12 continued.
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Figure 15: univariate OU Process’s Theoretical density, EM distribution, Hermite transition approxima-
tion for K = 1, as well as the Saddlepoint/Cumulant truncation approximate transition density

dX, = r(a — X;)dt + cdW,, (59)

s.t. t € [s,T], with s > 0 and X; € [X;, X7], with s > 0, and X > 0 and with Wt Brownian Motion, as in
Definition 6. Performing the simulation study on ¢t € [0,5], X; € [12,19],0 = (k,a,0) = (0.85,15,0.75),
with Xy = 16, and stepsize = 1/250 (aprroximate number of annual trading days) . Algorithm 7 and
Figure 15 contains the plotted densities the Theoretical density, EM distribution, Hermite transition
approximation for K = 1, as well as the Saddlepoint/Cumulant truncation approximate transition den-
sity. It can be seen that the Saddlemoint method is the best fit to the true density, with the Hermite

approximate not perfroming well for K = 1, due to sensitivity to the size of increments. Algorithm 7.

The system of ODEs used for deriving the cumulant truncated approximate OU transition density is
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given by:

/

my(t) = wla —ma(t)),

my(t) = 26(ama (t) — ma(t)) + o2,
(60)

/

ms(t) = 3k(ama(t) —ms(t)) + 30?my(t),
my(t) = 4r(ams(t) — ma(t)) + 65°my(t).

Example 22. Univariate CIR process’ Hermite and Saddlepoint /Cumulant truncation approximate tran-
sition density comparison

Consider the CIR model, as in Example 13, [7, 1], with the SDE :
dXt = I{(OZ—Xt)dt+U\/ Xtth, (61)

s.t. t € [s,T], , and with dW Brownian Motion. With for ¢ € [0,5], X; € [0,1], 8 = (o, (,0) =
(0.9,0.30.075), Xo = 0.15 and , stepsize = 1/250 for fitting. Algorithm 7 and Figure 16 contains the
code and plotted true and approximate densities respectively (that is, the true density, EM distribution,
Hermite transition approximation for K = 1,2, and the Saddlepoint/Cumulant truncation approximate
transition density). It can be seen that the Cumulant truncated/ Saddlepoint approximation method is

the best fit to the true density.

3.3.6 Inferenece on a diffusion process

Once an anlytical expression is obtained, maximum likelihood estimation (MLE) can be executed on
the true, if available, approximate transition density. In this paper the sadlepoint approximation wil
be subject to MLE, in order to show the efficiency of the method when a true densioty is not available.
Assuming normality in the residual distribution, for an observed dataset with n observations the likelihood
function is given by:

n

i=1

for X = (X, ..., X7). Define the log-likelihood function as:

n

log(L(8]X)) = log{ [[(px (X:,ilX,i = 1:0)) } = Y- log{ (px (X il Xei = 1:0)) }. (63)

i=1 i=1

l
™ to obtain

max?

To find the maximum likelihood estimators, Equation 63 needs to be maximized, to obtainé

the maximum likelihood estimators. IL.e.

~mle ~ . .
0,0 & max <10g(L(0|X))> = max <Z log{pX(Xi,z|X5,z —1; 0)}),

=1
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Figure 16: univariate CIR Process’s Theoretical density, EM distribution, Hermite transition approxima-
tion for K = 1,2, as well as the Saddlepoint /Cumulant truncation approximate transition density
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is to be found which maximizes the log-likelihood function. Since diffusion processes have the Markov

property the likelihood function can also be defined as,[21]:
L(O‘X) = H?:l(pX(Xh Z.|)(Sa T — ) 0)) pX(X87 S5 9) Hz 1(pX(X17 Z|Xi—17i - 17 0)

For an approximate density px(X;,i|Xs,¢ — 1;0) is used instead of px(X;,i|Xs,% — 1;0). For example,
when perfroming inference by use of the cumulant truncated transition density approximation, parameter

estimates is obtained by:

6. i maxg <10g(L(0|X))>
—maxe< i 1log Saddle(Xt,z\Xé, —1,0)})

= maxg <Z?_1 log{exp(KX(t) — txy) (27TI~(;'( (t))1}> ,

Maximum likelihood estimation will be conducted for a model of a financial time series on financial data

in order to obatin the parameter of best fit for inferential purposes.

Example 23. Univariate CIR diffusion process inference on the Chicago Board Options Exchange Volatil-
ity Index (VIX Index)

The VIX Index is a volatility benchmark based on market estimates of th expected volatility of the
S&P500 Index, calculated using the mid option bid/ask price quotes.Consider the VIX index’s volatility
values from 31 August 2020 to 31 August 2021, as can be seen in the timeplot in Figure 17. MLE on
the Cumulant Truncated Approximate density for a univariate CIR model has been applied to the data,
with the CIR difussion process as the underlying model:

dXt = K?(O[ - Xt)dt + o/ Xtth' (64)

Based on the Saddlepoint approximation derived in Example 12, MLE performed on 1 year’s volatolity
~mle ~mle
values. 0g,441. coverged to the maximum likelihood estimators 0 g, g4, = (R, &, ) = (22.27,21.46, 32.65).

The MLE procedure was initiated at (50, 50,50). The data was obtained from Bloomberg.

Figure 17 plots the fitted cumulant truncated/saddlepoint density, based on égﬁ;dle = (k,&,6) =
(22.27,21.46,32.65). See Algorithm 12 for the R code used to plot the time series. Figure 18 displays
the univariate CIR fitted saddlepoint density based on the MLE values. See Algorithm 12 for the R code

used to plot the saddlepoint approximate density.
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4 Transition densities in the multivariate state variable case

To infer the implications of a process evolution over infintesmall time-epochs relies heavelly on the pro-
cess’stransition density. However a true transition density rarerly exists in closed-form. This section is
dedicated in exploring the methodologies for obtaining closed-form approximations for the true multi-
variate transition densities of om multivariate diffusion processes. The strenghts and limitations of the
method will be explored and utilized to develop an efficient method of getting an approximation to a
given multivariate process’ transition density function. An obtained closed-form expression for a true
transition density can be used for a variety of statistical procedures and inferences on data, i.e. financial
and rates data as will be explored in this paper. With many financial models encapsolating various state

variables, there is sufficient need to explore the multivariate case.

4.1 Multivariate Hermite Expansion method

Firstly the assumptions and model will be specified. Reducibility of a diffusion process and necessary
and suficient conditions for redulcibility of a multivariate diffusion process will be discussed. In the
current paper, the technique applied for getting explicit Hermite expansions, in the univariate diffusion
case will be expanded to multivariate diffusions. The Hermite expansion method can be easily extended
to the multivariate diffusion scenario, if the diffusion process is reducible, unfortately not alll of these
processes are reducible in natrue. Therefore, another method will be introduced, where the cofficients
(in closed-form) satisfying the Kolmogorov equations, are determined, [3].The method of closed-form
log-likelihood expansions, as developed in [3], is based on the explicit calculation of the coefficients of a
process’s expansion based on the process unique structure. It should be noted that this method, provided
that the multivariate diffusion process at hand is reducible, is an expansion to the univeriate Hermite
expansion method. The Markov property, which diffusion processes inheret, allows for the construction
of log-likelihood transition expansions over discretized time epochs to be reduced to the sum of the
log-likelihod transition expansion function over consequtive observations. Quasi-likelohood inference are

therefore made possible.

4.1.1 Assumptions and setup

The following time-homogeneous diffusion process are considered:

dXt = u(Xt,t,H)dt—4—0'(Xt,t70)th, (65)

st t € [s,T], with X; : m x 1 is the state vector of interest, u(X¢,t,0) : m x 1 and o(X4,t,0) :

m x m the diffusion vector and covariance matrix respectively. W, : m x 1 is a vector of independent
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Brownian Motions. This equation is equivalent to Equation 13, were 0 represents the parameter vector.
Independence, without loss of generality, through the structuring of o(X¢,t,8), is assumed. The time
variable, ¢ , can be studied in both the time-inhomogeneous case, as well as the time homogeneous case,
where t is considered as an additional state variable. The premise is to derive an approximate conditional
density of X5 = x, given the initial condition X; = xy. The determination of an approximate
transition density function, Px (z|zo,d), for Px (z|zo,d), allows for inference to be conducted on the
transition density profile and parameter structure, through maximum likelihood estimation, MLE.
Assume the parameterization of (X4, t), functionally dependent on 6, the parameter vector, where
X, is observed at dates {t =id,i = 0,...,n} s.t. § > 0. Considering Equation 65, inheriting the Markov

Property, it can be implied that the log-likelihood function can be represented as:
Ln(6,6) = In(Px(Xis| X (i-1)5,9)). (66)
i=1

It is of key importance to note the a closed-form function for Px (x|x¢, §), and hence, In(Px (x|xo, d)),does
not necessarily exist in closed-form, which emphasizes the importance to develop an approximate closed-
form function for the preceeding functions.

Now, let {(x CR™, represent the domain of X ;. Define the Jacobian, for function 7n(x), differentiable
in z. as

Oy, ()

on(x) = =5,
J

st.i=1,...,dand j=1,....m.

Assume that (x CR™ is the product of m intervals within open limits (—o0,+00).
The variance-covariance matrix, v(X¢,t) : m x m, can be parameterized for use instead of o(Xz,t),

where:

(X, t) = o( Xy, t)o T (Xy, 1), (67)

where o7 (X¢,t) denotes the transpose of o(X¢,t). As such the transition density of the process depends
on (u,v), and it can be shown that there exist exist a spectrum of solutions to Equation 67, for all o.
This can be viewed by the generator function, A x, of the process in which depends on v. For function,
f (6, x), differentiable on its domain, the function Ax e f can be defined as:
of(0,z) < of(0,®) 1 £ (4, x)
A = i - i . 68
xof = St ) T 5 Y@ o (68)

i=1

The domain of Ax includes sufficiently differntiable functions, which will be of importance in the speci-
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fication of the likelihood function. As result define A,(z) as:
1
Ay(w) = Sin(Detlu(x),
where the v(z) matrix is assumed to be positive definite for all x€ (x CR™.
Other assumptions to ensure that an unique solution to Equation 65 includes:
e dX, is reducible,

o [y(x) |=| ¥(X¢,t) [> 0 forall X € (x ,

e v(x) and o(x) are infinitely differentiable for all @ € (x, which implies the uniqueness of the

solution and that the coefficients are Lipschitz ,

o linear growth is satisfied in the drift and diffusion functions, i.e there exists a K s.t K € Nfor all
x € (xand for all 7,j s.t.

| pa(e) |< K(1+ | 2|)

and

| (@) 1< K (1+ || 2)).

where || z||, for all © € R™ denotes the euclidean norm. This assumption ensures the existence of

a solution to the equation,

e the diffusion process X is fully defined by the drift and diffusion functions, p(X4,t) and o(X4,t),

within and at the boundaries of (x.
.Where possible the diffusion, under consideration, will be transformed into a reducible diffusion.

Definition 24. Reducibility: a diffusion X is reducible if and only if a one to one transformation from
diffusion X into Y, where oy is the identity matrix. There exists an infinitely differentiable, invertible

function I'(X), for X € (x, s.t. Y3 = I'(X)satisfies the following SDE
dYt = Uy (Yt7 t)dt + th, (69)

on domain (y C R™.

Ité’s lemma implies that a for a reducible diffusion, the change of variable, v (also known as the
Lamperti Transform), satisfies:

V(@) = o7 (a), (70)
s.t 0~1(z) denotes the inverse of o(x).
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All univariate diffusion processes are reducible, through the implementation of the following transforma-

tion
Xt

Y, = A(X) = /ﬁdu (71)

Therefore for the univariate case, the Hermite expansion can be utilized to get a closed-form expansion
for the density of Y, and therefore by transformation, for X can be obtained. As a result a closed-
form expansion can be obtained for Py followed by Py. Unfortunately, not all multivariate diffusions
are reducible. The reducibility of a multivariate diffusion depends on the specification of the diffusion

matrix, . We can express reducibility in the multivariate case, by means of the following proposition.

Proposition 25. A diffusion, X is reducible, if and only if

o aO'ik 601
Z 31‘1 Z 8;35 )7

for all x € (& C R™, where i,j,k = 1,2,....m s.t k > j. If | o|> 0 then the above expression can be
expressed as
8 —1 a —1

Tmaij (z) = aTjUik

().

For example, in the bivariate case (m = 2), it follows that:

and

therefore

0 o _ o _ J _
81:20111( T) — 37610121(55) = 87:20211(@ - 87@0221(@‘

In the multivariate case, when the diffusion is reducible, two techniques will be discussed for deriving
closed-form expansions for the log-likelihood function. The first method focuses on the computation of the
coefficients for the Hermite expansion for the transition density of the Y, namely Py-. The coefficients are
determined through a series expansion in the timeepochs between observations, namely A . The second

method, also using the Hermite series expansion, determines the coefficients, by solving the Kolmogorov
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partial differential equations characterizing transition density function Py-. In both methods, the reversal

of the change of variable in the Jacobian formula yields the transition density approximation for Px.

4.1.2 Closed-form likelihood expansion of reducible diffusions

For a reducible diffusion process, two methods for the expansion of the log-likelihood function can be
constructed. Firstly, the coefficients of a Hermite expansion for Py can be computed. The coefficients
are observed and computed by means of a series expansion in §, the time between observations.The
second method, is in the form of a Hermite series, and relies on obtaining the coefficients by solving the
Kolmogorov partial differential equations (P.D.E), which specify the dynamics of Py .By reversing the

change of variable, ~, and the Jacobian, both methods yield Px, given the series for Pyis obtained.

4.1.3 Multivariate Hermite expansions

Consider the multivariate counterpart to the univariate Hermite expansion as done in [2]. Let 6(z)
denote the density function of an n-dimensional multivariate normal distribution, with mean zero and
the covariance matrix being the identity matrix. For every vector h = (hy, ..., h,) € N™. Denote Hj(x)

as the associated Hermite polynomials, such that

<—1>tr<h>] | 0" 9(x) |

H =
w(a) { 0@ | o e

which can be explicitly computed to an arbitrary order of ¢r(h). The polynomials are orthonormal, such
that [;, Hp(x)Hy(x)0(x)de = hy!...h,! if h = k and 0 otherwise. The Hermite series approximation for

py follows:

W) = a0 S s (L), (72)

1 1
Az heN™, tr(h)<J Az

where 7, (A, o), the Hermite coefficients, can be computed in the same manner as in the univariate

case. That is, via the orthonormality of the Hermite polynomials, the conditional expectation yields the

coefficients np:
1

(A 90) = 35—

1
E[Hh (A (Yisa —10) | Yo = yo)} (73)
This expression can be amended in computing an expansion in A, using a generator function. The
conditional expectation can be evaluated , by using the deterministic Taylor expansion:
K

AF
By, [f(Ya, Yo, A) Yo =yo] = > FA’?-f(%yo, 8)y=yo,5=0 + O(AKTT), (74)
k=0

52



such that Ayis an infinitesimal generator function of Ysuch that

Af(y, A - Af(y, A - 9?f(y, A
fgz )+Zﬂi(y)7f(y’ )-i-l vkl(y)afy%yj)

i,j=1

Ay.f = (75)

i=1

where Ay depends on v rather than o, where v is positive definite for all y € dy. Function f is differentiable

n (y,d) and iterable, by application of Ay K times in A% s domain. By the replacement of the unknown

function n,in Equation 72 by the expansion around A to order K the expansion of ﬁg/‘] ) can be obtained.

=(J,K)

The coefficients are obtained in increasing powers of A, which will be denoted by py'"’. A truncated

=(J,K)

series, in A, for py’" 7 can be obtained by rewriting the terms of Equation 72:

(J,K) m (Y — yo (Jk Ak
A ol 2) = A% 0L )Zc (o) (76)

Where the log-transition density function, for all J, similarly in the univariate case where the Hermite

series is obtained as J tends to infinity, the following expression can be obtained:

m yly k AF
19 3, ) = — Zin(ers) + S 5 o) A )
k=0
such that the coefficients C’i(/]C ), where k = —1,0, 1,2, ..., K, are combinations of the coefficients of Equation

72, through the identification of terms in A for the log of Equation 76. This approach is a natural extension
of the Univariate Hermite Expansion method. However, the Hermite expansion approach a requires a
reducible diffusion. Albeit all Univariate diffusions are reducible, not all multivariate diffusions are. This
leads to the development of the following alternative method, namely the Connection to Kolmogorov

Equations.

4.1.4 Connection to Kolmogorov Equations

As an alternative approach, a closed-form expansion for Iy (y|yo, A), can be obtained by using Equation

77 and solving the Kolmogorov equations. Therefore consider the forward and backward Kolmogorov

equations:
8 m 1 m
Py (Ylyo, A Z Y)py (ylyo, A *Z vy (Ylyo, A) (78)
A 2 2 2
0 ULRS 1< 52
— A) = — Uy, A — — A). 79
SAPy Wlye, &) ; Ty o)y (81, &) + 3 ; aygipY(myO’ ) (79)

Using the forward equation, the equivalent form for ly is:

w\»—‘

ZMY )y (ylyo, A Z Y (Ylyo, A Z(
=1 =1

8 m
37Aly y|y0a z::
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By substituting Equation 77 into Equation 80, the following set of equations is obtained:

9 (r) _ (1) = A’“‘l
87Al (ylyo, D) = —EC N (ylyo) — —~ + 2:: ylyo —1)
) K AF
6yil§/K)(y|y0’A) = K87%0( Y (ylyo) ; Y Y (ylyo) = o
& (x Lo, K AF
afyizlg/ '(ylyo, A) = K@ (ylyo) 2772 S (ylyo) = R

By Equating the coefficients of é on both sides of Equation 80 , the leading coefficient in the expansion

C}(,_l) solves the non-linear equation:

1 1/ 0 1 Tra 1
O o) =~ (505 wl) ) (5-C5 ol ) (s1)

The approximate solution is strictly maximized at y = yg,since transition density approximates the

Normal Density as A — 0, that is:

m

= _% Z(yz — y0i)*. (82)
i=1

—1 1
oy o) = =5 Iy —vo I

Considering the coefficients of % on both sides of Equation 80, it follows that:

Z —C O (ylyo) (i — yoi) ZMY — Yoi)

By integrating between yq and v, C}(,O) (y|yo) equates to

m 1

¥ (lyo) = D (s = y0i) [ v, () (wo + vy — o). (83)

i=1
The higher order coefficients are obtained in a similar fashion.

Theorem 26. The coefficients of lg,K)(y|y0, A) are given by Equation 82 and 83 and for all k > 1,
1
¥ (wlyo) = k[ Gy () (o + vy = o) | yo)o*~ o, (84)
k) ; .
where Gy’ is obtained by

Pl = =0 2y () = S0 v ()20 (ylyo)
m 2 2
S5 (£ )+ (00 ) ).
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and where k > 2

k m k—1 m 2 k—1
G (o) = =7 v ()52 O (o) + 3 001 2503 (ylvo)

k—1
m k—1 h k—1—h
ST ) el o)
The closed-form of Z;K) that solves the Kolmogorov equations for all orders of A, i.e Ak =1,2,.. K,

are then consequently obtained.

4.1.5 Change of variable

By use of the Jacobian formula, and given the obtained expression ly, the expression for lx is obtained

as such:
Ix(z|o,A) = —gin(Detfv(@)]) + Iy (A, ~(x)|y(x0)) (87)
= Dy(2) + Iy (A, v(2)|7(20))-
lg(K), for all orders K, in A is therefore defined as:
1 (alwo, &) = =Dy (@) + 1y (A, 1)y (w0) )

m oy V(= z ° k
= —ZIn2rA) - D, () + Q@D 5K OE (y(@) (o)) At

where lg/K) is given as in Equation 77, and by utilizing the coefficients, CSC), forallk =-1,0,1,.... K—1, K.

It therefore follows that the Kolmogorov equations is solved by lg(K) for X, forall k =-1,0,1,.... K—1, K.

4.1.6 Closed-form log-likelihood expansion of irreducible diffusions

For reducible diffusions, the Hermite method and solving of the Kolmogorov equations are equivalent.
Unfortunately the upfront transformation X — Y, followed by the computation of [x — Iy, via the
Jacobian formula, is no longer viable. However it it is possible to derive an expansion for [x and to
determine that the coefficients satisfy the Kolmogorov equations, for all kK = —1,0,1,..., K — 1, K. The
preceding can be accomplished by the following approach:

By considering the structure of the expansion around A, Equation 88 as per the reducible case, the

postulation of the for an expansion of the log-likelihood is obtained by:

(=1 x|z
1 (220, A) = —2In(2rA) — Dy () + S E2) L S o) () AT (89)

By using the Kolmogorov equations solutions for the coefficients can also be obtained. For the irreducible
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case, for the process X, the equations can be expressed as follow:

— N (@) + X g vis (@)
ZI (@lzo, ) = =S (@) I (@lwo, A) + Ty 5w (2) 52 1 (2o, A)
+3 (Z”‘ (v () 325 1 (alo, A) 4+ 215 (o, A () 52515 (o, A)))
(90)
2l (@], &) = S pi(0) 52157 (], A)
+1 (z;j;_l (l/ij(xo)#;xwlgf)(ﬂxo, A) + 52159 (@], A)Vij(xo)%lgf)(ﬂxo, A))),
(91)

In order to obtain a solution, the following method is applied: similarly to the reducible case, the
substitution of Equation 89 into Equation 90 yields an equation for all orders £k = —1,0,1,..., K —
1, K in A which is solved for the respective coefficients. Although the differential equation for lx is
nonlinear, through exponentiation it can be transformed into a linear equation, and hence the expansion
lg(K)(z|x0,A) will approximate lx. Begin with with equation with order A~2, which determines the
leading order coefficient C’g(_l) (z|xo). Where the leading coefficient, in the reducible case, is simply given
by

O alro) = —g (@) ~ (o)l

the irreducible case is more complicated. The equation determining the coeflicient C’g(_l)(xhco) is derived

by equating the terms of order A2 in Equation 90:

170 0

O D alwo) =~ (al,cgf_l)(ﬂ%))TV(x)(%Cég_l)(ﬂxo))a (92)

which yields a good geometric interpretation to the solution of the equation in R™.

4.1.7 Time and state expansion

The structure of C’g(_l) (z|xo) implies that it would be near impossible to get an explicit characterization of
the coefficients of the expansion in question, since Equation 92 won’t generally yield an explicit solution.
Therefore an explicit approximation in (z — xq) of C’g{l)(ﬂxo) will be derived:

Consider a quadratic approximation (around (x — xg)) for the solution of Equation 92, which deter-
mines Cg;l) (z). The non-singularity of v(x) implies the constant and linear terms are zero. The 2"%order

expansion is written as

_ 1
5 V(aleo) = =5 (@ = 20) V(@ — o) + (|| 2 — 20 [1*).
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Equation 92 implies the Equation
V =Vv(zo)V,

with solution

V =v"Y(x).

Consequently the leading term of C’g(_l)(a:kno) around (z — ) is
1 T
—§A(x —x9)" v(xo)(x — x0),

such that the leading term of the log-likelihood expansion corresponds to a N(zg, Av(zg)) distribution.
Generally, for each k = —1,0,1,..., K, a series around (x — xg), for each C’gc) at an order j; will be

derived, i.e. ng’“’k). Therefore, note that
Xa — Xo = Up(A2),

such that

Ik

O (Xa | Xo)A* = CYP (X | X)A¥| = Uy (1| Xa = Xo [+ AF) =1, (2% +4).

Setting % + k= K + 1, will yield an approximation error due to the expansion around (x — zg) of the

same order AX*! for each term in Equation 89. As result the expansion take form:

N C(j—lel) K ) Ak
I (o, &) = =5 (2mA) = D, () + XT(WO) + > P aleo) - (93)
k=0 '

Note that D, (x), which arises from the Jacobian transformation, in the reducible case, is independent of

A, and can therefore be incorporated in Cg?).

4.1.8 Determination of coefficients in the irreducible case

An explicit expansion of ng’“’k), around (x — o) will now be derived. Define a vector ¢ = (i1,%2,..., im)

of integers, and I = {z = (i1, 02,y 0m) E N1 0 < tr(i) < jk}, such that

LM (@lao) = Y B (x0) (1 — wo1)™ (w2 — 02) 2. (T — Tom) ™. (94)

i€l

The coefficients are then calculated recursively. From C’gg‘l’_l)the following term, C’g‘)’o) is derived.

From C’go’o), ngl,l) is calculated explicitly etc. In order to state the final result, the following functions
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are defined:

Qo) =  Z-21, m<x>io§;”<x|mo> + Y01 i (@)% O (o)
+ o E v (@) 52 O P alwe) — Ty vis ()2 CX Y (alwo) 52 D (2),

G (o) = X @) + 5 s il ()~ S it >( O (alao) ~ 5 Dya)) =
+ 3001 oo via (%) (( O (]ao) — ))
*% Zi,j:1 Vij(x)x
{2 O aloo) — 525 Dul) + (0 (wlto) — 52 D)) (52 D (alo) — 52 Dul)) )

and generally for k > 2:

G (@lzo) = 7y i) 52K~ (wlo) =
+ X0y v ()2 CY T (o)
+3 50 i (8) 5 O (o)
+5 Do Vig ()%
(32 0P (@lwo) — 252D (2) ) 52 CE ™ (wlo) + Lhd k; o X (l0) 5, O ™ 7" (o)
(95)

In order to determine the coefficients C’g’“’k), ie. 6i(k) fori € I, consider the following theorem.

Theorem 27. The coefficient, C;?) (x|zg), for k= —1,0,..., K, in equation

(=1) k
I (@lao, &) = 5 In(2mA) - Dy(a) + ST 4 5 OF (alwo) 4y
solves
h ™V (alro) = 0,
s.t
0 (-
h? (alwo) = —205 (o) mg_jluij<x>8m0§(”<x|xo>aj0§( (lo)
and
e (aleo) ijz_lumf%c;‘%x)a O alzo) ~ G2 (o)
and for k > 1
k-1 k 1 1) 9k k
h ™ (wlwo) = OF (aleo) %Z: c< (alao) 5 - O (alra) = G (alao),

J

where the coefficients Bfk) fori € Iy, explicitly solves a system of linear equations.
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Applying the above theorem, the coefficients are determined recursively. That is h%+1)(x|m0) =0
yields ng) which allows for G(}gﬂ)to be determined, for j = 1,2,...,k. That is ﬁi(k) fori € I, is
determined. Each of the equations are solved explicitly, by form of the expansion C’g’“’k) of Cgf) around
(z — xo) at order ji, where ﬂi(k) (zo) fori € I}, are determined by setting hy % * =1 of hgif_l) equal to
zero. A closed-form solution is obtained by solving a system of linear equations: for t¢r[i] = 0, Bi(k) is
determined, then for ¢r[i] = 1, Bi(k) is determined, continued until ﬂi(k) is determined for ¢r[i] = ji. Note
that the polynomial has no linear or constant terms, i.e. 61-(_1) = 0 for ¢r[i] = 0. For tr[i] = 2, with
J-1 22

(5 = 203)) = 5@ = 0) v (wo)(w — o).

s

Z BV (o)

tr(i]=2;3€l_1 j=1

For j_; > 3 only the terms Bffl) for tr[i] = 3,4,...,j-1. Hence the solution Bi(k)only depends on the
dynamics of the diffusion matrix, v(x).

Finally, in order to obtain an expansion for px,instead of [ x, the exponential of fg{K)can be determined,
or the exponential in A can be expanded to obtain the coefficients cx ,for the expansion of the density px,
from the coefficients C'x, for the expansion of the log-density [x. To ensure the density approximations

for Ix and px integrate to one, division by the integral over (x should be applied.

4.1.9 Application of the irreducible approach to reducible diffusions

Theorem 27 is more general than Theorem 26, in the sense that reducibility is not required. However,
explicit coefficients are only available in the series expansion of x around xy. In order to view the

relationship between the two approaches, the following proposition will be considered.

Proposition 28. Suppose a given diffusion process, X, is reducible; with the log-likelihood calculated by
applying Theorem 26, denoted by lg(K). Further, suppose the log-likelihood expansion, denoted by ig(K),
without the transformation of X to the unit diffusion of Y, i.e. by the direct application of Theorem 27.

Every coefficient, Cgk’k)(x | o) from the log-likelihood expansion INE(K), is an expansion around (x — xq),

at order ji of the coefficient Cgf)(x | zg) = C)(/k)('y(z) | ¥(x0)), from the log-likelihood lg(K).

Therefore, by applying the irreducible approach to a reducible diffusion, the expression for Cgf) (| zo)
is replaced by its series around (z — xg). However, this is not needed if the diffusion is reducible and the
transformation v : X — Y is explicit. When the diffusion is reducible, but the transformation v : X — Y
is not explicit, Proposition 28 is applied. Finally, when considering a reducible diffusion, the double
series in A and around (x — xg), is equivalent to the expansion produced by the Hermite series since its
coefficients are determined as a series in A by the computation of the conditional expectation. For each

order of A, the coefficients solve the Kolmogorov Equations. Hence the methods are equivalent.
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4.1.10 Approximate maximum likelihood estimation (MLE) and convergence to the true

log-likelihood

Let (u,0) be parameterized by parameter vector, 8. Suppose that (u,o), with its derivatives are con-
tinuously differentiable over 8. The differentiability of the coefficients also applies to the log-likelihood
Ix. Define the parameter space as ® C R", and true parameter value 6y. Assume, for fixed n € N and
A. A unique maximum likelihood estimator (MLE), én,A € @.OA",A, exists for @ — [,,(0,A). Define

approximate MLE, éiKA), which is obtained by maximizing lﬁlK)(H,A) (or ZN%K)(O,A) in the irreducible

)

case), with expansion ZE(K) (or ZNE(K in the irreducible case), instead of Ix (true log-likelihood transition

density function). Therefore, the following theorem is stated:

Theorem 29. For anyn € N

lim sup | Z%K)(o’ A) - ln(ea A) |:zn probability 0. (96)
60€0,A—0

The same holds for Z%K) in the reducible case. The approzimate Mazximum Likelihood Estimate sequence

. . A(K) )
exists, i.e 0, A and satisfies

. ~(K) ~
lim (0 -0 ) = o o7
0€6,A—0 n,A n,A in probability ( )
Further,
. AK) A
lim 6 = R
n—s 60 n,A —in probability Yn,A

There exist a sequence of matrices, | Sy A : 7 X1 |>0, s.t.
Suh(Bna — 60) = 0,(1). (98)

There then exists a sequence A, where lim, .., A, =0, s.t.

_ A(K) 5
Sk (0,,/,% — 6, An) =0,(1). (99)
Theorem 29 indicates that the approximation error is small, when sufficiently close to A = 0 (reducible
case) or x = xg (irreducible case), due to the Taylor expansion of the log-likelihood around A = 0 or

~(K ~
x = x¢. Lastly, 0;) A)n and 0,, A, has the same asymptotic distribution.
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4.2 Cumulant truncation transition density approximation method

The Cumulant (or Moment) Truncation transition density approximation method, based on the works of
[17, 21], is a consistent alternative for deriving a a robust closed-form density approximation to a general
multivariate diffusion process. The procedures relies in the evaluating moment trajectories of the model
process in consideration, which in turn is used in a saddlepoint density ( a surrogate density) function,
to get a final approximation. The moment equation of the process is derived by the evaluation of the

moment generating function (MGF)

Theorem 30. Partial differential equation (PDE) for the MGF of a multivariate diffusion process.
Denote the MGF by
o ,
0'E[X}
wo.n =y PENL

7!
i=0

it then follows that the MGF of a multivariate diffusion process is governed by the PDE:
0 0 0
—M(0,t) = 0u( =t | M(0,t) + 0*u*( =5, | M(0,1).
0.0 = 00 ) Mi6.0)+ %2 .0 ) 20,0

Consider the multivariate diffusion process in Equation 13. Consider 8., = (61,0, ...,6,,), the pa-

rameter vector of the process, with MGF
M(g) —F |:€91X1+92X2+---+9mxm:| i
and cumulant generating function (CGF)

K(0) = In (M(6))

—In (E(e91X1+92X2+-~+9me)) .
The moment truncation approximation method can therefore also be referred to as the cumulant trun-

cation method. The transformation from moment to cumulant generating function is given by

./ gn
K! 6

o i 0" o0 K(9)
M(a):l-}-ZT:e n=1"nl — ¢ ,
n=1

where g/, and x/,denotes the n'” central moment and cumulant respectively.
Assuming the existence of the MGF on its domain, upon evaluation, using the saddlepoint approximation,

as surrogate density, an approximate closed-form density can be obtained as:

m
2

f(z) = (2m)~ VQK(B)‘_%e(K(")“’Tw), (100)
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where V2K (0) : m x m denotes the Hessian Matrix for K(6) and VK (0 ) = x.

For the instances the CGF is unknown, it may be approximated by
n<m .
x T
K(0)=E[c™X|~ > —hn,
i=1

where (ky ks, ..., k,) denotes the first n < m cumulants of the process.[17]
Due to the fact that a diffusion process inherits the Markov property, the likelihood of the diffusion

process, at N discrete time epochs, is given by:
N
L) = f(z) [[ F(@e: | ,_,)s (101)
=2
where f(.) is the saddlepoint approximation to the true density.
Example 31. Bivariate Ornstein Uhlenbeck Process applied to the South African Reserve Bank’s Mon-

etary Policy

Define the bivariate OU model as:

dX; = (a1 (fr — X¢) — MiYy)dt + alth(l)

dY; = (a(Ba — V) — Ao Xy )dt + opd W2,
or equivalently:

iz, SANNICHEES ARER0 P L aw M

dYy (a2(B2 = Y;) — Ao Xy) 0 oo th(2)

st. t € [s,T], with s > 0 and X; € [X,, X7], Y; € [Y,,Yr], and with th(i) : ¢ = 1,2 the Brownian
Motions, as in Definition 6 The parameter space 8 = («, 3, A, o) consists of deterministic parameters
{aizl)g, Bizl.g, )\ij; Ui:m}.Note 012 = 0921 = 0 implying that the volatility sources (th(Z) 1= 1, 2) are

independent . In terms of Equation 13, the drift and diffusion coefficients are given by

(a1 (B1 — X¢) — M Y3)

N(Zt’t§ @) =
(a2(B2 — Y1) — Ao Xy)
and
g1 0
E(Ztat; 6) = )
0 g9
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Time

Figure 19: 100 simulated trajectories from the bivariate OU Process

respectively. Note that Z; is defined as

Xy
Zt =
Yy

Performing the simulation study on ¢ € [0,100],X; € [0,10],Y; € [0,10]; @ = (®=1,2, Bi=1.2, Ai=1.2, Ti=12) =
(4.5,6,0.2,0.15,0.09,0.25,0.5,0.25), with Xo = 3.8 and Y, = 6.5, and stepsize = 1/30. Note

X, =CPI
Z, =

Y: = Repo Rate
Figurel9 illustrates displays 100 simulated trajectories from the bivariate OU Process. Please see
Algorithm 11, as perfromed via R package Sim.DiffProc, [6].
Based on the simulations an Euler-Maruyama distributions is fitted to the process, which can be
viewed in the contour plot, perspective plot, and marginal kernel density estimates in Figures 20, 21, 22.

Fitting a bivariate Hermite Approximation, k = 1, at ¢ = 10 yields the Hermite approximate densities,
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Bivariate Transition Density at time t=10

0.4

6 —]
0.3

5 —]
> 0.2

4 —]
0.1

3 —
T T T T T 0.0

3 4 5 6 7
X

Figure 20: Euler approximate bivariate OU Process viewed at ¢ = 10 contour plot
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Joint Density att=10

Figure 21: Euler approximate bivariate OU Process viewed at t = 10 perspective plot

Marginal Density at t=10

If\(x
a
fly
0.6
>
o
<3
a
0.2 H
0.0 H

State variables

Figure 22: Euler approximate bivariate OU Process viewed at ¢ = 10 kernel-approximated /fitted marginal
densities
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Figure 23: bivariate Hermite Approximation, k =1, at t = 10

as shown in Figure 23 (X,;) and Figure24 (V;).

In order to obtain a Cumulant truncated approximate density, truncated at 2, the moments and cumulants
are calculated, as shown in Figure25, and plugged into the saddlepoint surrogate density.

The cumulant truncated (at 2 moments) approximated transition density for the bivairate OU model,
plotted as a contour plot at ¢ = 10, through the surrogate saddelpoint density, which can be seen in

Figure 26.

4.2.1 Inference on a bivariate diffusion process

Example 32. Bivariate Cox Ingersoll and Ross (CIR) Diffusion Process applied to the VIX index and
USDZAR Exhange rate

Consider the Chicago Board Volatilty Index/ VIX index as well as the daily USDZAR exhange rate
values, drawn from Bloomberg.

In an attemt to explain the data and relationship, define the bivariate CIR model as, [16]:

X, =VIX
Zt: 5
Y, =USDZAR

where
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Figure 24: bivariate Hermite Approximation, k =1, at t = 10

A —_——
54|~ E(Xt) ‘__,_/"’
E(Y) _-
~
— Var(Xy) P
A
- = Var(Yy) il
A
4 Cov(Xy, Yy) e

time

Figure 25: bivariate OU moment/cumulant equations as part of the cumulant truncation approximation
method (truncated at 2)
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Yt: Repo

Figure 26: contour plot showing the cumulant truncated (at 2 moments) approxiamted transition density
for the bivairate OU model.

dX; = (a1 (B1 — X3) — MYy)dt + o1/ X dW

dY; = (aa(Ba — Vi) — Ao Xy )dt + 00/ YedW, 2,

or equivalently:

iz, — x| [ (B = X) = AY)) w [ovE o aw
dy, (a2(Ba — V) — X Xy) 0 ov¥ ) \aw®

s.t. t € [s,T], with s > 0 and X; € [X;, X7], V; € [V, Yr] and with s > 0, and X, Y; > 0 for all ¢ (due to

v Xt,V/Y;: being in the Real space), and with W : i = 1,2 the Brownian Motions, as in Definition 6 The

parameter space 8 = (o, 3, X, o) consists of deterministic parameters {a;—1 2, 3i=1.2, Aij, 0i=12}.Note

o012 = 021 = 0 implying that the volatility sources (th(i) : 41 = 1,2) are independent . In terms of

Equation 13, the drift and diffusion coefficients are given by

(a1(fr — Xy) — \iYy)
(a2(B2 = Yy) — X2 Xy)

”’(th; 9) =
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Figure 27: theoretical and empirical evolution of the cumulants of a univariate CIR Process.
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Figure 28: marginal denisties fitted, by use of the MLE estimates, based on a bivariate CIR process.

and

o1V X 0
E(Zt7t7®) = ' ' )

0 oYy

respectively. Based on the Saddlepoint approximation or Cumulant Truncation Approximation tech-
~ml
nique MLE performed on 1 year’s volatolity and Rand/Dollar values. Bglazdle coverged to the maximum
~ml
likelihood estimators @a, . = (K1, da, 03, K1, ds, G6) = (22.27,21.46, 32.65, 5.89, 14.58,2.19). The MLE
procedure was initiated at (50, 50,50,16,15,5). Based on the MLE values the Marginal densities has

been plotted, as can be seen in Figure 28.

4.2.2 Inference on bivariate financial data

Example 33. Bivariate Heston model, eith inference on the Chicago Board Options Exchange Volatility
Index (VIX Index) and and teh S&P 500 Index.

The VIX Index is a volatility benchmark based on market estimates of th expected volatility of the
S&P500 Index (consisting of 500 leading US entities). Bothe indices are obtained from Bloomberg, and

plotted as seen in Figure29.
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Figure 29: observed and transformed S&P500 and CBOE VIX time-series.

71



Therefore, as defined in [18] the bivariate Heston model as

dX; = dS&P 500
dZ, =
dY; =dCBOE VIX

where X; denotes the S&P 500 spot price, and Y;denotes the CBOE Vix volatility value.

dX; = o1 Xydt + 0o Xy \/Yedw!"

dY, = (a3 — asY;)dt + agdw?,

A geometric Brownian motion is used to model the S&P 500 value, where its volatility component is

driven by a CIR process. Define the correlation between the Brownian Motion for the two process as:

Since we are interested in the log of the asset price, i.e Ry = log(X¢), by means of Ito’s lemma we find

the Heston Model under log-transform (also seen in Figure 29):

dX; = (a1 — 0.502Y;)dt + aoy/Yidw"

dY;, = (a3 — aqY3)dt + agdw!®

. . . . 1 2 . .
and in order to incorporate the correlated brownian motions, wi ),w§ ), we need to write the process in

terms of independent Brownian motions, i.e Wt(l), Wt@), defined as

dw'V 1 0 aw !

dw'® ag 1—aZ| |aw®

b

with diffusion tensor calculated as

T
@Y, 0 1 as| |2VY; 0 a3y  asasagY:

0 asVYi| lag 1 0 asVY; aasagYy a2y,
Performing maximum likelihood estimation, by use of R package DiffusionRgad [17] , yields fitted paa-

rameters

6 = (&i)im1.2.5.45.6 = (0.143,0.673,0.567, 8.154,0.725, —0.754).

initiated at (8,1,0.05,0.5,1,0) with AIC' = —3689.995. g = —0.752 implies the strong negative corre-
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lation between the VIX and S&P 500. This makes sense over the period the data was gathered, at the
economic correction phaseamidst the Covid-19 pandemic; as volatilities subsided returns strenghtened.

Please see code in Algorithm 14.

5 Fixed income market simulation study

As the order of the difssion model increase, the mathematical and numerical computations becomes
exponentially larger and more complicated, and difficult to display in 2d or 3d space. Nonetheless, through
the simulation studies, such as simulation of trajectories in this paper can be efficiently en successfully
applied. The parameter values can be estimated through a variety of techniques, e.g maximum likelihood
estimation through linear regression, and a correlation analysis.. An excellent use case is the simulation
or construction of the yield curve in bond (fixed income) markets. A yield curve is constructed out of
numerous tenors, e.g {1day, 10days, lmonth, 3months, lyear, 2years, Syears, 10years, 30years}with each
tenor representing the market yield, however each tenor is dependent on the other. Therefore I attempt
to replicate a yield curve, including jumps, by studying the dynamics of each tenor to get an idea of the
parameters to use to define the diffusion model. Each tenor’s yield (as a forward rate in this case, however
spot rates could also be used), is modeled as a dependent factor, being dependent on the other tenors as
underlying processes. The model is composed of simulating the yield-trajectories forward for each tenor
and the combining them to form a predilection for a specified day. The yield curve for a specified date
is compared to the fitted curve, and visually it seems to be a good fit. The accuracy in jump detection
should be noted. Through more accurate and robust estimation of parameters and enhanced simulations
the model can provide an even more accurate fit. Accuracy of fit can be seen in Figure 30. A multivariate
CIR diffusion process, with jumps, are simulated. See Algorithm 30, for the R code used in generating
the plots in Figure 30.

The model is represented as

dX} = (ai(Bi — X]) = > NY?)dt + 03/ X[dW] + dP}, (102)
Vi#j

Vi tenors,
dt — change in time,
W} - Brownian Motion,
P} - Poisson Process (Jump),

«a; = Reversion speed,
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Bi = Reverting mean,

Ai = Dependence factor,

and

o; = Volatility factor.

Each tenor’s yield (as a forward rate in this case, however spot rates could also be used), is modeled as
a dependent factor, being dependent on the other tenors as underlying processes. The correct parameter
values can be estimated through a variety of techniques, e.g maximum likelihood, estimation through
linear or non-parametric regression, and even a correlation analysis. The model is composed of simulating
the yield-trajectories forward for each tenor and the combining them to form a predilection for a specified
day. The fitted /simulated, with the actual yields, are plotted, then combined to construct a full yield

curve. See Figure 30.
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The yield curve for a specified date is compared to the fitted curve, and visually it seems to be a good

fit. The accuracy in jump detection should be noted.

6 Conclusion

In this paper, it was shown that understanding the dynamics of diffusion models allows for the explanation
of various financial and economic phenomena. Building on that, the inferential strength attainable from
obtaining a closed-form transition density was illustrated. As discussed, a true transition density in closed-
form seldom exists, therefore the need to develop an effective closed-form approximation technique, proved
fundamental. Firstly, simulating a distribution through the Euler-Maruyama scheme, provided a good
visual view of the underlying density, however the method lacks in analytical and inferential power. The
Hermite approximation technique,[1], proved effective and accurate under certain conditions, however
lacked accuracy when the time domain was enlarged. This method also required substantial additional
complexity as the order of approximation was increased. Lastly, the Cumulant Truncation approximation
technique,[17], has proved to be the most accurate and robust under various conditions. By means of
the Saddlepoint approximation, with cumulants, as inputs, valuable inference on financial time series was

conducted.
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B  Algorithms

Algorithm 1 univariate OU process simulation and density study R Code.

rm(list=1s(all=TRUE))

set.seed (2021)

s =0
t =5
Xs = 17
kappa = 0.75
alpha = 15
sigma = 1.1
delta_t = 1/250
startingstate = 12
endstate = 19
simulations = 1000
timespace = seq(s,t,delta_t)
statespace = seq(startingstate,endstate,delta_t)
uni_0OU_trajectory = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,bendstate)
{
timeseq = (seq(s,t,delta_t))
uni_0U_dm = matrix(0,nrow = length(timeseq), ncol = 1)
Z1 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
Xt = Xs + kappa*(alpha-Xs)#*delta_t + sigmax*Z1

uni_0U_dm[1] Xt

for(i in 2:length(timeseq))

{
dWt = rnorm(l,mean = 0, sd = sqrt(delta_t))
Xtplusi = Xt + kappax*(alpha-Xt)*delta_t + sigmax*dWt
Xt = Xtplusl

uni_0U_dm[i] = Xtplusi

X = uni_0U_dm

plot (X~ seq(s,t,delta_t),type =’1°, col = "royalblue3",xlab="Time (e.g days)",ylab =
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(e.g Exchange Rate)")

abline (h=15, col="purple", 1ty = 3, 1lwd = 1)

trajectory_plot = uni_0U_trajectory(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,

endstate)

0U_perpective = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

{

}

timespace = seq(s,t,delta_t)
statespace = seq(startingstate ,endstate,delta_t)

uni_0U_dm

matrix (0, length(timespace),length(statespace))

for (t in s:length(timespace))
{
for (state in startingstate:length(statespace))

{

gamma = ((sigma~2)*(1 - exp(-2*kappax(timespace[t]-s))))~(1/2)
dens_point = ((pi*gamma~2)/kappa)~(-1/2)*exp(-(statespace[state]-alpha-(Xs-
alpha)*exp(-kappa*(timespace[t]-s))) ~2*(kappa/gamma~2))

uni_0U_dm[t,state] = dens_point

persp(timespace,statespace ,uni_0U_dm, col = "royalblue3",xlab="Times", ylab="States",

zlab="Surface", border = NA, shade = 0.9 , theta = 45, phi = 35, r = 35)

perspective_plot = 0U_perpective(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

OU_EM = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,simulations)

{

mufunc = function(Xt,t) { return(kappa*(alpha - Xt)) 1}
sigfunc = function(Xt,t) { return(sigma) 3}
histfunc = function(Xs,s,t,delta_t,simulations)
{
Xt = rep(Xs,simulations)
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timespace = seq(s,t,delta_t)

for(i in 2:length(timespace))

{
dWt = sqrt(delta_t)*rnorm(simulations)
Xt = Xt + mufunc(Xt, timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt
hist(Xt, freq = FALSE, col = ’royalblue3’, border = ’white’, breaks = 50, main =

) # ylim = ¢(0,2)

return(list (Xt=Xt,time = t))

plot = histfunc(Xs,s,t,delta_t,simulations)

EM_plot = OU_EM(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,simulations)

OU_theoreticall = function(s,t,Xs,Xt,kappa,alpha,sigma)

{

Xt

gamma = ((sigma~2)*(1 - exp(-2*xkappax(t-s))))~(1/2)

dens_point = ((pi*gamma~2)/kappa)~(-1/2)*exp(-(Xt-alpha-(Xs-alpha)*exp(-kappa*x(t-s)))

~2*(kappa/gamma~2))

return(dens_point)

= statespace

plot_theoreticall = 0U_theoreticall(s,t,Xs,Xt,kappa,alpha,sigma)

lines (plot_theoreticall“Xt,col = "black",lwd = 3)

0U_hermite = function(s,t,Xs,Xt,kappa,alpha,sigma,kK)

{

invsigxt = 1/(sigma)
gamxt = ((Xt)/sigma) # = Yt
gamxs = ((Xs)/sigma) # = Vs

partl = 1/sqrt (2*xpix*(t-s))
part2 = exp( - (((gamxt - gamxs)~2)/(2*(t-s))) - (((gamxt~2)*kappa)/2) + (((gamxs~2)x*
kappa)/2) + ((gamxt*alphaxkappa)/sigma) - ((gamxs*alpha*kappa)/sigma))

P = partl*part2
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118

119

120

124

125

126

127
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129
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137

138

139

140

141

142

143

144

147

148

149

150

151

152

153

154

155

157

cl = -(1/(6*sigma~2)) * (kappa*( 3*xalpha~2xkappa - 3*(gamxt+gamxs)*alpha*kappa*sigma
(-3 + gamxt~2*kappa + gamxt*gamxs*kappa +gamxs 2*kappa)*sigma~2))
hermitedens = invsigxt*p

if (K>0) | hermitedens = invsigxt*p*x(1+(t-s)*cl) }

return(hermitedens)

Xt = statespace
plot_hermite = OU_hermite(s,t,Xs,Xt,kappa,alpha,sigma,bKk)

lines(plot_hermite~Xt,lty = 3,col = "darkorchidi", lwd = 3)

library (expm)
Xs = initial

y0 =c(1, Xs, Xs~2, Xs~3, Xs~4)

a_x = 0.25

b_x = 0.07

s_x = 0.022-(0.5)

A = rbind(c(0,0,0,0,0),

c(a_x*b_x, -a_x, 0, 0, 0),
c(0, 2%a_x*b_x+s_x"2, -2%a_x, 0, 0),
c(0, 0, 3*a_x*b_x+3*s_x"2, -3*xa_x, 0),

c(0, 0, 0, 4*xa_x*b_x+6*s_x"2, -4*xa_x))

yt =expm(A*(Tmax-Tstart))%*%y0

res_package$moments[,dim(res_package$moments) [2]]

yt

Xt = states
u = yt[1:4+1]

mm = ux*x0

mm[1] = ul1]
mm[2] = u[2] - 1*mm[1]*ul[1]
mm[3] = wl3] - 1*mm[1]*ul2] - 2*mm[2]*u[1]

mm[4] = ul4] - 1*mm[1]*ul3] - 3*mm[2]*ul2] - 3*mm[3]*ul[1]

1/3 * (3*(mm[4]/6)*mm[2] - ((mm[3]1/2)°2))/((mm[4]1/6)"2)
1/27 *(27x((mm[4]/6)"2) *(mm[1]-xt) - 9*(mm[4]/6)*(mm[3]/2)*mm[2] + 2*((mm[3]/2)"3))
/((mm[41/6)"3)

o
]

Q
]
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158 c¢hk = (q~2)/4 + (p~3)/27

159 th = -(mm[3]1/2)/(3*(mm[4]1/6))+(-q/2 + sqrt(chk))~(1/3) - (q/2 + sqrt(chk))"(1/3)
160

161 k = (mm[1]*th) + (mm[2]*th~2)/2 + (mm[3]*th~3)/6 + (mm[4]*th~4)/24

162 ki

mm[1] + (mm[2]*th) + (mm[3]*th~2)/2 + (mm[4]*th~3)/6
163 k2 = mm[2] + (mm[3]*th) + (mm[4]*th~2)/2

164 k3 = mm[3] + (mm[4]#*th)

165 k4 = mm[4]

166 dens = 1/sqrt(2*pi*(k2))*exp(k-thx*xkl)

167 dens
168
169 lines(dens”xt, type =’1’,col = "green" ,xlab="Xt",ylab = "Density", 1lty = 1, lwd = 2)

170 lines(res_package$density[,dim(res_package$density) [2]]  states, 1ty = 2, lwd = 2, col = ’
red’)

171

172 labels = c("Theoretical", "Hermite approx", "Euler-Maruyama", "Saddle pt approx")

173 legend("topright", inset = 0.0005, title = NA,labels,lty = ¢(1,3,2,3), lwd = c(3,3,6,3) ,

col=c("black", "gray47","royalblue","green", "red"), bty = ’n’)

Algorithm 2 univariate CIR process simulation and density study R Code.

1 rm(list=1s(all=TRUE))

2 set.seed(2021)

3

4 s =0

5 t = b # years

6 Xs = 0.15

7 kappa = 0.9

8 alpha = 0.3

9 sigma = 0.075

10 delta_t = 1/250 #step length #trade days in year

11 startingstate = 0

12 endstate =1

13 simulations = 1000

14 timespace = seq(s,t,delta_t)

15 statespace = seq(startingstate ,endstate ,delta_t)
16

17

18 CIR_trajectory = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

19 {

20

21 timeseq = (seq(s,t,delta_t))

22 datamatrix = matrix(0,nrow = length(timeseq), ncol = 1)
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Z1

rnorm(1l,mean = 0, sd = sqrt(delta_t))

Xt

Xs + kappa*(alpha-Xs)*delta_t + sigma*sqrt(Xs)x*Z1

Xt

datamatrix [1]

for(i in 2:length(timeseq))

{
dWt = rnorm(l,mean = 0, sd = sqrt(delta_t))
Xtplusi = Xt + kappa*(alpha-Xt)*delta_t + sigmax*xsqrt(Xt)x*dWt
Xt = Xtplusl
datamatrix[i] = Xtplusl
}
X = datamatrix
plot (X~ seq(s,t,delta_t),type =’1’, col = "royalblue",xlab="Time",ylab = "Xt")

abline(h=0.3, col="magenta", 1lty = 3, lwd = 1)

trajectory_plot = CIR_trajectory(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

Algorithm 3 univariate BS process simulation and density study R Code.

library(Sim.DiffProc)

set.seed (2021)

phi <- 0.25
x0 <- 1
f <- expression(0.5 * phi~2 * x)

g <- expression(phi * x)

general _model <- snssdeld(drift = f, diffusion = g, x0 = x0, M = 100, type = "ito", col =
blue ,Dt=1/250)

general _model

plot (general _model, col = "royalblue", lwd = 1, ylab = "Xt")

lines(time (general_model) ,apply(general _model$X,1,mean),lwd=2,col = "magental")

lines(time (general _model) ,apply(general _model$X,1,bconfint,level=0.95)[1,],col = "black",
lwd=2)

lines (time (general _model) ,apply(general _model$X,1,bconfint ,level=0.95)[2,],col = "black",
lwd=2)

legend ("topright",c("mean path",paste("bound of", 95," percent confidence")),inset = .01,
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col=c("magental", "royalblue"),lwd=2,cex=0.8)

moments <- MEM.sde(drift = f, diffusion = g, type = "ito",)

moments

start <- c(m = x0, S = 0)

mem.general_model <- MEM.sde(drift = f, diffusion = g, type = "ito", solve = TRUE, parms
= c(phi = 0.75), init = start, time = seq(0, 1, by = 0.001))

summary (mem.general _model, at = 1)

plot (mem.general_model$sol.ode, ylab = "m(t)", select = "m", xlab = "Time", main = "",
col = "blue", 1ty = 1, las = 1, lwd = 2)

legend("topleft", expression(m[general_model](t)), inset = 0.01, «col = "blue", 1lty = 1,
lwud = 2, cex = 1.4)

plot (mem.general_model$sol.ode, ylab = "S(t)", select = "S", xlab = "Time", main = "",
col = "violet", 1ty = 1, las = 1, 1lwd = 2)

legend("topleft", expression(S[general_model](t)), inset = 0.01, «col = "violet", 1lty =
1, lwd = 2, cex = 1.4)

Algorithm 4 univariate OU process parameter sensitivity analysis R code.

rm(list=1s(all=TRUE))

set.seed (2021)

s =0
t =5
Xs = 16.5
kappa = 0.85
alpha = 15
sigma = 0.75
delta_t = 1/250
startingstate = 12
endstate = 19
simulations = 1000

timespace = seq(s,t,delta_t)

statespace = seq(startingstate ,endstate ,delta_t)

uni_CIR_sim_traj =

{

timeseq = (seq(s,t,delta_t))
uni_CIR_dm = matrix(0,nrow = length(timeseq), ncol =
Z1 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
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Xt = Xs + kappa*(alpha-Xs)*delta_t + sigmax*Z1

uni_CIR_dm[1] Xt

for(i in 2:length(timeseq))

{
dwt = rnorm(l,mean = 0, sd = sqrt(delta_t))
Xtplusi = Xt + kappa*(alpha-Xt)*delta_t + sigmaxdWt
Xt = Xtplusl

uni_CIR_dm[i] = Xtplusi

X = uni_CIR_dm

plot(X~“seq(s,t,delta_t),type =’1’, col

runif (1,0.55,0.7)) ,xlab="t",ylab =

= rainbow(l, start

"Xg",

= runif(1,0.55,0.8),

ylim = ¢(5,20))

par(mfrow=c(3,4),ps=9,cex.lab=1,cex.axis=0.75,mar=c(1, 1, 2

=1)

15

alpha

]
o

sigma .75

kappa = 0.2

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)
title(main=bquote (kappa ==

kappa = 0.85

. (kappa)))

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)
title(main=bquote (kappa ==

kappa = 1.5

. (kappa)))

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)
title(main=bquote (kappa ==

kappa = 2

. (kappa)))

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)

title(main=bquote (kappa ==

alpha = 12

. (kappa)))

, kappa

, kappa

, kappa

, kappa
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, 1), mgp=c(1.5, 0.8,
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,delta_t,startingstate

,delta_t,startingstate

end

0),

>

>

>

>
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trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

alpha = 5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

alpha = 15

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

alpha = 220

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

kappa = 0.85

alpha = 15

sigma = 0.05

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)
title(main=bquote(sigma == .(sigma)))

sigma = 0.45

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)
title(main=bquote(sigma == .(sigma)))

sigma = 0.75

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)
title(main=bquote(sigma == .(sigma)))

sigma = 1.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)
title(main=bquote(sigma == .(sigma)))

,kappa

,kappa

,kappa

,kappa

, kappa

, kappa

, kappa

,kappa

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha, sigma

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

>

>

>

>

>

>

>

>

Algorithm 5 univariate CIR process parameter sensitivity analysis R code.

rm(list=1s(all=TRUE))
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4 t = b # years

5 Xs = 0.15

6 kappa = 0.9

7 alpha = 0.3

8 sigma = 0.075

9 delta_t = 1/250 #step length #trade days in year

10 startingstate = 0

11 endstate =1

12 simulations = 100

13 timespace = seq(s,t,delta_t)

14 statespace = seq(startingstate ,endstate ,delta_t)

15

16

17 uni_CIR_sim_traj = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

18 {

19

20 timeseq = (seq(s,t,delta_t))

21 uni_CIR_dm = matrix(0,nrow = length(timeseq), ncol = 1)

22 Z1 = rnorm(1l,mean = 0, sd = sqrt(delta_t))

23 Xt = Xs + kappa*(alpha-Xs)*delta_t + sigma*sqrt(Xs)*Z1

24 uni_CIR_dm[1] = Xt

25

26 for(i in 2:length(timeseq))

27 {

28 dwWt = rnorm(l,mean = 0, sd = sqrt(delta_t))

29 Xtplusi = Xt + kappa*(alpha-Xt)*delta_t + sigmaxsqrt(Xt)x*dWt

30 Xt = Xtplusl

31 uni_CIR_dm[i] = Xtplusil

32 }

33

34 X = uni_CIR_dm

35

36 plot(X~“seq(s,t,delta_t),type =’1’, col = rainbow(l, start = runif(1,0.55,0.8), end =
runif (1,0.55,0.7)) ,xlab="t",ylab = "Xt", ylim = ¢c(-0.1,0.7))

37 %

38

39

40 par(mfrow=c(3,4),ps=9,cex.lab=1,cex.axis=0.75,mar=c(1, 1, 2, 1), mgp=c(1.5, 0.8, 0), las

=1)
41
42  kappa = 0.9
43 alpha = 0.3
44 sigma = 0.075
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kappa = -0.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote (kappa == .(kappa)))

kappa = 0.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote (kappa == .(kappa)))

kappa = 0.9

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote (kappa == .(kappa)))

kappa = 2

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)
title(main=bquote (kappa == .(kappa)))
kappa = 0.9
alpha = 0.3
sigma = 0.075
alpha = -0.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

alpha = 0.3

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote(alpha == .(alpha)))

alpha = 0.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs
endstate)

title(main=bquote (alpha == .(alpha)))

alpha = 1

trajectory_plot = uni_CIR_sim_traj(s,t,Xs

endstate)
title(main=bquote (alpha == .(alpha)))
kappa = 0.9
alpha = 0.3

, kappa

, kappa

, kappa

, kappa

,kappa

,kappa

,kappa

, kappa
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,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,alpha,sigma

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

,delta_t,startingstate

>

>

>

>

>

>
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20
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sigma = 0.075

sigma = 0

trajectory_plot = uni_CIR_sim_traj(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,
endstate)

title(main=bquote(sigma == .(sigma)))

sigma = 0.075

trajectory_plot = uni_CIR_sim_traj(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,
endstate)

title(main=bquote(sigma == .(sigma)))

sigma = 0.25

trajectory_plot = uni_CIR_sim_traj(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,
endstate)

title(main=bquote(sigma == .(sigma)))

sigma = 0.5

trajectory_plot = uni_CIR_sim_traj(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,
endstate)

title(main=bquote(sigma == .(sigma)))

Algorithm 6 bivariate CIR model simulation study applied to the SARB’s monetary policy implemen-
tation mechanism

#Bivariate CIR Diffusion Process Analysis

#General:

#1. dXt = mul(Xt,Yt,t)*dt + sigmall(Xt,t)=*dWtl

#2. dY¥t = mu2(Xt,Yt,t)*dt + sigma22(Xy,t)*dWt2

#Biv CIR:

#1. dXt = (alphal#*(betal-Xt)-lambdal*Yt)*xdt + sigmal#*sqrt(Xt)*dWtil

#2. d¥t = (alpha2*(beta2-Yt)-lambdal*Xt)xdt + sigma2#*sqrt(Yt)*dWt2

rm(list=1s(all=TRUE))

#Seed

seed = round(runif (1, min=0, max=10000))

set.seed(seed)

#Parameters

s =0

t = 24

Xs = 3.8

Ys = 6.5

delta_t = 1/30 #step length

0

startingstate
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endstate =5

numbsims = 10000
timespace = seq(s,t,delta_t)
statespace = seq(startingstate ,endstate,delta_t)

#Simulating the trajectory

CIR_trajectory = function(s,t,Xs,alphal,betal,sigmal,lambdal,Y¥Ys,alpha2,6beta2,sigma?2,

lambda2,delta_t,startingstate ,endstate)

{
timeseq = (seq(s,t,delta_t))
datamatrix = matrix(0,nrow = length(timeseq), ncol = 2)
zZ11 = rnorm(l,mean = 0, sd = sqrt(delta_t))
Z21 = rnorm(l,mean = 0, sd = sqrt(delta_t))
Xt = Xs + (alphal*(betal-Xs)-lambdal*Ys)*delta_t + sigmal*sqrt(Xs)*Z11
Yt = ¥Ys + (alpha2*(beta2-Xs)-lambda2#*Xs)*delta_t + sigma2*sqrt(¥s)*Z21
datamatrix[1,1] = Xt

datamatrix[1,2] Yt

for(i in 2:length(timeseq))

{
dWt1 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
dWt2 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
Xtplusi = Xt + (alphal*(betal-Xt)-lambdal#*Yt)*delta_t + sigmal#*sqrt(Xt)*dWtl
Ytplusi = round ((Yt + (alpha2*(beta2-Yt)-lambda2*Xt)*delta_t + sigma2*sqrt(¥t
}*dWt2)/0.5)*%0.5
Xt = Xtplusl
Yt = Ytplusi

datamatrix[i,1] = Xtplusl

datamatrix[i,2] = Ytplusi

X = datamatrix

par(mfrow=c(2,1) ,ps=9,cex.lab=1,cex.axis=0.75,mar=c(3, 3, 2, 1), mgp=c(1.5, 0.8, 0),
las=1)

plot(X[,1]1"seq(s,t,delta_t),type =’1’, col = "royalblue" ,xlab="Months",ylab=NA,ylim=c
(0,10) ,1wd=2)

lines(X[,2]"seq(s,t,delta_t),type =’1’, col = "magenta" ,xlab="Months",ylab = NA,ylim=c
(4,10) ,1wd=2)

labels = c("Headline CPI", "Repurchase Rate")
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legend ("bottomleft",

plot(X[,117X[,2],type

NA,labels, 1ty col=c("royalblue",k"

magenta"),

cex=0.5,col ,xlab="Repo Rate",ylab

}

betal =
sigmal =
alphal = 2
lambdal = 0.1
beta2 = 6.75
sigma2 = 0.5
alpha2 = 2
lambda2 = 0.1

trajectory_plot = CIR_trajectory(s,t,Xs,alphal,betal,sigmal,lambdal,Ys,alpha2,beta2,

sigma2,lambda2,delta_t,startingstate ,endstate)

Algorithm 7 Hermite and Saddlepoint approximate densities for the univariate CIR model

rm(list=1s(all=TRUE))

set.seed (2021)

s =0

t = 6 # years

Xs = 0.15

kappa = 0.9

alpha = 0.3

sigma = 0.075

delta_t = 1/250 #step length #trade days in year
startingstate = 0

endstate =1

simulations = 1000

timespace = seq(s,t,delta_t)

statespace = seq(startingstate ,endstate,delta_t)

16

17

18

20

CIR_perpective

{

#Creating the grid

function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)
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timespace = seq(s,t,delta_t)

statespace = seq(startingstate ,endstate ,delta_t)

datamatrix = matrix(0,length(timespace),length(statespace))

#Populating the matrix of densities

for (t in s:length(timespace))

{

for (state in startingstate:length(statespace))

{
c = (2*kappa)/((sigma~2)*(1l-exp(-kappax*x(timespace[t]l-s))))
u = cxXs*exp(-kappa*(timespace[t]-s))
v = c*statespace[state]
q = 2xkappax*alpha/(sigma~2) - 1
besselparameter = 2x(u*v)~(0.5)
logbessel = log(bessell(besselparameter ,q,expon.scaled = TRUE))+

besselparameter

logfXt_t = log(c) - (u+v) + (q/2)*log(v/u) + logbessel
datamatrix[t,state] = exp(logfXt_t)

}

#PLotting the perspective plot
persp(timespace,statespace ,datamatrix, col = "royalblue",xlab="t", ylab="Xt",zlab="p(xt

|xs)", border = NA, shade = 0.9 , theta = 45, phi = 35, r = 35)

perspective_plot = CIR_perpective(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate

)

CIR_EM = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,simulations)

{

mufunc = function(Xt,t) { return (kappa*(alpha - Xt)) }
sigfunc = function(Xt,t) { return(sigma*sqrt(Xt)) }
histfunc = function(Xs,s,t,delta_t,simulations)
{

Xt = rep(Xs,simulations)
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timespace = seq(s,t,delta_t)

for(i in 2:length(timespace))

{
dWt = sqrt(delta_t)*rnorm(simulations)
Xt = Xt + mufunc(Xt, timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt
hist(Xt, freq = FALSE, col = ’royalblue3’, border = ’white’, breaks = 50, main =
N4)
¥

return(list (Xt=Xt,time = t))

plot = histfunc(Xs,s,t,delta_t,simulations)

EM_plot = CIR_EM(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,simulations)

CIR_theoreticall = function(s,t,Xs,Xt,kappa,alpha,sigma)

{
3 = (2xkappa)/((sigma~2)*(1l-exp(-kappa*x(t-s))))
u = cxXs*exp(-kappa*x(t-s))
v = c*xXt
q = 2xkappax*alpha/(sigma~2) - 1
besselparameter = 2*(u*v)~(0.5)
besselfunction = bessell(besselparameter,q,expon.scaled = TRUE)
logbessel = log(bessell(besselparameter ,q,expon.scaled = TRUE))+besselparameter
logfXt = log(c) - (u+v) + (q/2)*log(v/u) + logbessel
return(exp(logfXt))

by

Xt = statespace

plot_theoreticall = CIR_theoreticall(s,t,Xs,Xt,kappa,alpha,sigma)

lines(plot_theoreticall~“Xt,col = "mavy",lwd = 2,1lty=3)
theodensity = function(Xs,Xt,s,t)

{

a = ((sigma~2)/kappa)*(exp(-kappa*(t-s))-exp(-2*kappa*(t-s)))
b = (1-exp(-kappa*(t-s)))

mean = Xs*exp(-kappax*x(t-s)) + alphax*b
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variance = Xs*a + alphax*((sigma~2)/(2*kappa))*(b~2)

theta = variance/mean

kappa = (mean~2)/variance

gammadensity = dgamma(Xt,scale=theta,shape=kappa)
return(list(density = gammadensity, Xt = Xt))

}

Xt = statespace

plot2 = theodensity(Xs,Xt,s,t)

lines(plot2$density~“plot2$Xt,col = "orchid",lwd = 4,1lty=1)
labels = c("Euler-Maruyama", "Th Bessel", "Th Chi-Sq")
legend ("topright", inset = 0.03, title = NA,labels,lty = c(2,3,1), lwd = c(6,2,2) ,col=c(

7n1)

"royalblue","white","orchid"), bty

CIR_hermite = function(s,t,Xs,Xt,kappa,alpha,sigma,K)

{

invsigxt = 1/(sigmaxsqrt(Xt))

gamxt = ((2xsqrt(Xt))/sigma) # = Yt
gamxs = ((2xsqrt(Xs))/sigma) # = Vs
pl = 1/sqrt(2*pi*(t-s))

p2 = exp(-((gamxt-gamxs)~2)/(2%x(t-s))-(kappa*(gamxt~2)/4)+(kappa*(gamxs~2)/4))*(gamxt

~(-0.5+2*xkappa*xalpha/sigma~2))*(gamxs~(0.5-2+xkappa*alpha/sigma~2))

p = plxp2

cl = -1/(24*gamxt*gamxs*sigma~4)*(48*(kappa*xalpha) ~2-48*kappa*alpha*(sigma~2)+9*(sigma
~4)+gamxt*(kappa~2) *(sigma~2) *gamxs*(-24*xalpha+(gamxt~2)*(sigma~2))+(gamxt ~2) *(
kappa~2) *(sigma~4) *(gamxs ~2) +gamxt x (kappa~2) *x(sigma~4) x(gamxs ~3))

hermitedens = invsigxt*p

if (K>0) { hermitedens = invsigxt*p*(1l+(t-s)*cl) ¥

return(hermitedens)

Xt = statespace

plot_hermite = CIR_hermite(s,t,Xs,Xt,kappa,alpha,sigma,k)

lines(plot_hermite~Xt,lty = 3,col = "gray47", lwd = 3)

del = Xs~2 + (alpha + ((sigma~2)/(2%kappa)))*(alpha-2*xXs)+alpha*(alpha + ((sigma~2) /(2%

kappa)))+2*(alpha + ((sigma~2)/(2*xkappa)))*(Xs-alpha)

gamma = kappa*(Xs~2 + (alpha + ((sigma~2)/(2+kappa)))*(alpha-2*Xs))+3xkappa*alpha*(alpha
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+ ((sigma~2)/(2*kappa)))+4*xkappax(alpha + ((sigma~2)/(2*kappa)))*(Xs-alpha)

kappa = 2*x(kappa~2)*alphax(alpha + ((sigma~2)/(2*kappa)))

A = kappa/(6*kappa~3)

C = -4x((1/(4*kappa2))*(gamma-9*A*xkappa~2) -(1/(2*kappa))*(del-3*xkappax4i))
B = (1/(2*kappa))*(del-3*xkappa*A-kappa*C)

D = -A-B-C

gamma_star = Xs~3 + 3x(kappa*alpha + sigma~2)*(A + B + C + D)

lambda_star = 3xkappa*Xs~3 + 3*(kappa*alpha + sigma~2)*(6*kappa*A + bxkappa*B + 4xkappax*C
+ 3*kappa*D)

omega_star = 2*(kappa~2)*Xs~3 + 3*x(kappa*alpha + sigma~2)*(11*x(kappa~2)*A + 6*(kappa~2)*B
+ 3*(kappa~2)*C + 2x(kappa”~2)*D)

nu_star = 3*(kappa*alpha + sigma~2)*(6*A*kappa~3)

E = nu_star/(24*kappa~4)

I = (-1/(6xkappa~3))*(((omega_star-(13*nu_star/(12xkappa))) -12*(kappa~2)*(gamma_star - (nu_
star/(24*kappa~3)))) -4*xkappa*((lambda_star - (3*nu_star/(8*kappa~2))) -7*kappa*((gamma_
star-(nu_star/(24*kappa~3))))))

H = (1/(2*kappa~2))*(((lambda_star-(3*nu_star/(8*kappa~2))) -7*xkappa*((gamma_star-(nu_star
/(24xkappa~3))))) - 6x(kappa~2)*I)

G = (-1/kappa)*((gamma_star-(nu_star/(24*kappa~3)))+ 2*xkappa*H + 3*xkappa*I)

FF = -E - G - H - I

theomomentl = Xsxexp(-kappa*(t-s)) + alphax(l - exp(-kappax*(t-s)))

theomoment2 = (Xs~2)*exp(-2*xkappa*(t-s)) + (alpha + (sigma~2)/(2xkappa))*(alpha + 2*(Xs-
alpha)*exp(-kappa*(t-s)) + (alpha - 2xXs)*exp(-2*kappa*x(t-s)))

theomoment3 = (Xs~3)*exp(-3*kappa*(t-s)) + (3*xkappa*alpha+3*sigma~2)*(A + B*exp(-kappax(t
-s8)) + Cxexp(-2*kappa*(t-s)) + Dxexp(-3*xkappax*x(t-s)))

theomoment4 = (Xs~4)*exp(-4*xkappa*(t-s)) + (4xkappa*alpha + 6*sigma~2)*(E + FFxexp(-1x

kappa*(t-s)) + G*exp(-2*xkappa*(t-s)) + H*exp(-3*kappa*(t-s)) + Ixexp(-4*kappa*(t-s)))

theocumulantl = theomomentl

theocumulant2 = theomoment2-(theomomentl) "2

theocumulant3 = theomoment3 - 3*%theomomentl*theomoment2 + 2%theomomentl1~3

theocumulant4 = -6*(theomomentl~4) + 12*(theomomentl~2)*(theomoment2) - 3*(theomoment2~2)

- 4*theomomentl*theomoment3 + theomoment4

>4
1]

statespace

12
]

(1/theocumulant3)*(sqrt(theocumulant2~2 - 2*theocumulant3*(theocumulantl-X)) -
theocumulant2)

Ksapprox = theocumulanti*s + theocumulant2*((1/2)*s~2) + theocumulant3*((1/6)*s~3) +
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theocumulant4*((1/24)xs"~4)

Ks2approx = theocumulant2 + theocumulant3*s + O.5*theocumulanté4*s~2

saddle_pt_approx = exp(Ksapprox-s*X)*sqrt(1/(2*pi*Ks2approx))

print (saddle_pt_approx)

lines(saddle_pt_approx~statespace,lty = 3,col = "firebrickl", lwd = 3)
labels = c("Theoretical", "Hermite approx", "Euler-Maruyama", "Saddle pt approx")
legend ("topright", inset = 0.0005, title = NA,labels,lty = c¢(1,3,2,3), lwd = ¢(3,3,6,3) ,

col=c("black", "gray47","dodgerblue3","firebrickl"), bty = ’n?’)

Algorithm 8 univariate CIR Hermite orders of approximation

rm(list=1s(all=TRUE))
library(RColorBrewer)

set.seed (2021)

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

statespace

par (mfrow=c(3),

s =0
t = b6 # years
Xs = 0.15
alpha = 0.9
beta = 0.3
sigma = 0.075
delta_t = 1/250 #step length #trade days in year
startingstate = 0
1
1000

seq(s,t,delta_t)

seq(startingstate ,endstate ,delta_t)

ps=10,cex.lab=1.5,cex.axis=1,mar=c(3.5,3.5,3.5,2.5), mgp=c(2.5,

#Hermite Approximation:

function (Xt ,K)

statespace

#Theoretical density (Sahalia 1999)

CIR_theoreticall

function(s,t,Xs,Xt,alpha,beta,signma)
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c = (2*alpha)/((sigma~2)*(l-exp(-alpha*(t-s))))

u = c*Xs*exp(-alpha*(t-s))

v = c*Xt

q = 2xalphaxbeta/(sigma~2) - 1

besselparameter = 2*(uxv)~(0.5)

besselfunction = bessell(besselparameter,q,expon.scaled = TRUE)

logbessel = log(bessell(besselparameter ,q,expon.scaled = TRUE))+besselparameter
logfXt = log(c) - (u+v) + (q/2)*xlog(v/u) + logbessel

return(exp(logfXt))

plot_theoreticall = CIR_theoreticall(s,t,Xs,Xt,alpha,beta,sigma)

plot (plot_theoreticall~“Xt,col = "royalblue", type = "1" , lwd = 2, ylab = "Density",
xlab="t")
CIR_hermite = function(s,t,Xs,Xt,alpha,beta,sigma,k)
{
Xt = statespace

invsigxt

1/(sigma*sqrt (Xt))

gamxt = ((2*sqrt(Xt))/sigma) # = Vt

gamxs = ((2*sqrt(Xs))/sigma) # = Vs

pl = 1/sqrt (2*pi*(t-s))

p2 = exp(-((gamxt-gamxs)~2)/(2*(t-s))-(alpha*(gamxt~2)/4)+(alphax(gamxs"2)/4))

cl

c2

*(gamxt~(-0.5+2%alpha*beta/sigma~2))*(gamxs~(0.5-2%alpha*beta/sigma~2))

pl*p2

-1/(24*gamxt*xgamxs*xsigma~4) *(48*(alpha*xbeta)~2-48*%alphaxbetax*x(sigma~2)
+9*(sigma~4)+gamxt*(alpha~2)*(sigma~2)*gamxs*(-24*beta+(gamxt~2) *(sigma~2))+(gamxt
~2)*(alpha~2)*(sigma~4)*(gamxs~2)+gamxt*(alpha~2)*(sigma~4)*(gamxs~3))

= (1/(576*gamxt ~2*gamxs ~2) ) *(9x(256*alpha~4*beta~4-512*xalpha~3*beta~3*sigma
~2+224*alpha*beta*sigma~6-15*sigma~8) +t+6xgamxt*alpha~2*sigma~2*(-24*beta+gamxt ~2%
sigma~2) *(16*beta~2%xalpha~2-16*beta*alpha*sigma~2+3*sigma~4) *gamxs+gamxt ~2%*alpha~2%
sigma~4*(672*%beta~2%xalpha~2-48*beta*alpha*(2+gamxt~2*alpha)*sigma~2+(-6+gamxt ~4x*
alpha~2)*sigma~4)*gamxs “2+2*gamxt*alpha~2*xsigma~4x(48*xbeta~2*alpha~2-24*beta*alpha
*(2+gamxt ~2*alpha)*sigma~2+(9+gamxt “4*alpha~2) *sigma~4) xgamxs ~3+3*xgamxt ~2*xalpha ~4x
sigma~6*(-16*beta+tgamxt ~2*sigma~2) *gamxs “4+2* gamxt “3*alpha~4*sigma~8*gamxs ~5+gamxt

~2%alpha~4*sigma~8*gamxs ~6)
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if (K==0) { hermitedens = invsigxt*p

if (K==1) {

if (K==2) {

}

hermitedens = invsigxt*p*(1+(t-s)*cl) }

hermite _plot = lines(hermitedens~Xt, 1ty = 3, col = "magenta",
return(hermite_plot)
}
call_hermite = CIR_hermite(s,t,Xs,Xt,alpha,beta,sigma,bk)
return(call_hermite)
}
call _main = CIR_main(Xt,0)
labels = c("Theoretical", "Hermite: K=0")
legend("top", inset = -0.095, title = NA,labels,lty = c(1,3), 1lwd
","azure4"), bty = ’n’)
call_main = CIR_main(Xt,1)
labels = c("Theoretical", "Hermite: K=1")
legend ("top", inset = -0.095, title = NA,labels,lty = c(1,3), 1lwd
","azure4"), bty = ’n’)
call_main = CIR_main(Xt,2)
labels = c("Theoretical", "Hermite: K=2")
legend ("top", inset = -0.095, title = NA,labels,lty = c(1,3), 1lwd

","azured4"), bty = ’n’)

CIR_hermite_diff = function(s,t,Xs,Xt,alpha,beta,sigma,K1,K2)

{
Xt = statespace
invsigxt = 1/(sigma*sqrt (Xt))
gamxt = ((2xsqrt(Xt))/sigma) #
gamxs = ((2xsqrt(Xs))/sigma) #

Yt

Ys

99

lwd

hermitedens = invsigxt*p*(1+(t-s)*xcl + (((t-s)~2)/2)*c2)

= 5)

c(2,3)

c(2,3)

c(2,3)

>

>

>

}

col=c("black

col=c("black

col=c("black
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124
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130

132

pl = 1/sqrt(2*pi*(t-s))

p2 = exp(-((gamxt -gamxs)~2)/(2%(t-s)) -(alpha*(gamxt~2)/4)+(alpha*x(gamxs~2)/4))
*(gamxt~(-0.5+2%alpha*beta/sigma~2))*(gamxs~(0.5-2%alpha*beta/sigma~2))

P = plxp2

cl = -1/(24xgamxt*gamxs*sigma~4) x(48*(alpha*beta)~2-48+xalpha*beta*(sigma~2)
+9*(sigma~4)+gamxt*(alpha~2)*(sigma~2) *gamxs*(-24*beta+(gamxt~2) *(sigma~2))+(gamxt
~2)*(alpha~2)*(sigma~4)*(gamxs~2)+gamxt*(alpha~2)*(sigma~4)*(gamxs~3))

c2 = (1/(b76*gamxt ~2*gamxs ~2) ) *(9*x(256*alpha~4*beta~4-512*xalpha~3*beta~3*sigma
~2+224*alpha*beta*sigma~6-15*sigma~8) +t6xgamxt*alpha~2*sigma~2*(-24*beta+tgamxt ~2%
sigma~2) *(16*beta~2*xalpha~2-16*beta*alpha*sigma~2+3*sigma~4) *gamxs+gamxt ~2*alpha~2%
sigma~4*(672*%beta~2%xalpha~2-48*beta*alpha*(2+gamxt~2*alpha)*sigma~2+(-6+gamxt ~4x*
alpha~2)*sigma~4)*gamxs “2+2*xgamxt*alpha~2*xsigma~4x*(48*xbeta~2*alpha~2-24*beta*alpha
*(2+gamxt ~2*alpha)*sigma~2+(9+gamxt “4*alpha~2)*sigma~4) xgamxs ~3+3*xgamxt ~2*xalpha~4x
sigma~6*(-16*beta+tgamxt ~2*sigma~2) *gamxs “4+2* gamxt "3*alpha~4*sigma~8*gamxs ~5+gamxt
~2%alpha~4*sigma”~8*gamxs~6)

if (K1==0) { hermitedensl = invsigxt*p }

if (Ki1==1) { hermitedensl = invsigxtxp*(1+(t-s)*cl) 3}

if (K1==2) { hermitedensl = invsigxt*p*(1+(t-s)*cl + (((t-s)"2)/2)*c2) 1}

if (K2==0) { hermitedens2 = invsigxt*p 1}

if (K2==1) A hermitedens2 = invsigxt*p*(1+(t-s)*cl) 3}

if (K2==2) { hermitedens2 = invsigxt*p*(1+(t-s)*cl + (((t-s)~2)/2)*c2) }

plot (hermitedens1~Xt, type = "1" , col = "azure4", 1lwd =2,ylim=c

(0.5000000002,0.5000000004), xlim = c(2.4941,2.49418) ,ylab="Density",axes = F)
axis (1, xaxp=c(2.4941, 2.49418, 1), las=2)
#axis (2, yaxp=c(0.5000000002, 0.5000000004, 1),outer = F, las=2)
title(main="Density in [0.5000000002, 0.5000000004]")
box ()
lines (hermitedens2~Xt, 1ty = 1 , col = "cornflowerblue", lwd = 2, ylim=c

(0.5000000002,0.5000000004), xlim = c(2.4941,2.49418) ,ylab=NA)
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CIR_hermite_coeff = function(s,t,Xs,Xt,alpha,beta,sigma,coeff)

{

Xt

statespace

invsigxt = 1/(sigma*sqrt(Xt))

gamxt = ((2*sqrt(Xt))/sigma) # = Vt

gamxs = ((2*sqrt(Xs))/sigma) # = Vs

pl = 1/sqrt (2*pi*(t-s))

p2 = exp(-((gamxt-gamxs)~2)/(2*(t-s))-(alpha*(gamxt~2)/4)+(alpha*(ganxs~2)/4))

*(gamxt~(-0.5+2%alpha*beta/sigma~2))*(gamxs~(0.5-2xalpha*beta/sigma~2))

p = pl*p2

cl = -1/(24*gamxt*gamxs*sigma~4)*(48*(alpha*xbeta) "2-48*alpha*beta*(sigma~2)
+9%(sigma~4)+gamxt*(alpha~2)*(sigma~2)*gamxs*(-24*beta+(gamxt~2)*(sigma~2))+(gamxt
~2)*(alpha~2) *(sigma~4) *(gamxs~2)+gamxt*(alpha~2) *(sigma~4)*(gamxs ~3))

c2 = (1/(576*gamxt ~2*gamxs ~2) ) *(9x(256*alpha~4*beta~4-512xalpha~3*beta~3*sigma
~2+224*alpha*beta*sigma~6-16*sigma~8) +6*gamxt*alpha~2*sigma~2*(-24*beta+gamxt ~2%
sigma~2)*(16*beta~2%xalpha~2-16*beta*alpha*sigma~2+3*sigma~4) *gamxs+gamxt ~2%*alpha~2%
sigma~4%(672*beta~2*xalpha~2-48*beta*xalpha*(2+gamxt~2*alpha)*sigma~2+(-6+gamxt ~4x%
alpha~2)*sigma~4)xgamxs ~2+2*xgamxt*alpha~2*xsigma~4x(48*xbeta~2*alpha~2-24*beta*alpha
*(2+gamxt~2*alpha)*sigma~2+(9+gamxt ~4*alpha~2)*sigma~4) *gamxs "3+3*xgamxt ~2*alpha~4*
sigma~6*(-16*beta+tgamxt "2*sigma~2) *gamxs "4+2*gamxt “3*alpha~4*sigma~8*gamxs ~5+gamxt
~2xalpha~4*sigma~8*gamxs ~6)

sum.cl.c2 = cl+c2

if (coeff == 1)

{

plot(c1~Xt, type = "p" , col = "blue", lwd = 2)

}

if (coeff == 2)

{

plot(c2”Xt, type = "p" , col = "skyblue", lwd = 2)

}

if (coeff == 7)

{

plot(sum.cl.c27Xt, type = "p" , col = "navy", lwd = 2)
}
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166 par(mfrow=c(3,1))
167 CIR_hermite_coeff(s,t,Xs,Xt,alpha,beta,sigma,l)
168 CIR_hermite_coeff(s,t,Xs,Xt,alpha,beta,sigma,b2)

169 CIR_hermite_coeff(s,t,Xs,Xt,alpha,beta,sigma,7)

Algorithm 9 univariate CIR diffusion Process Cumulants

1 rm(list=1s(all=TRUE))

3 set.seed(2021)

4

5

6 s =0

7Tt = b # years

8 Xs = 0.15

9 alpha = 0.9

10 beta = 0.3

11 sigma = 0.075

12 delta_t = 1/250 #step length #trade days in year
13 startingstate = 0

14 endstate =1

15 numbsims = 1000

16 timespace = seq(s,t,delta_t)

17 statespace = seq(startingstate ,endstate,delta_t)

18

19 par(mfrow=c(2,2),ps=10,cex.lab=1,cex.axis=1,mar=c(3.5,3.5,3.5,2.5), mgp=c(2.8, 1, 0), las

=1)
20
21
22 CIR_cumulantl = function(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
23 {
24 mufunc = function(Xt,t)
25 {
26 return(alpha*(beta - Xt))
27 }
28
29 sigfunc = function(Xt,t)
30 {
31 return(sigmax*xsqrt (Xt))
32 }
33
34 cumulantfunc = function(Xs,s,t,delta_t,numbsims)
35 {
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s

Xt = rep(Xs,numbsims)

timespace = seq(s,t,delta_t)

cumulantimat = matrix(Xs,nrow=length(timespace),ncol=1)

for(i in 1:length(timespace))

{
dWt = sqrt(delta_t)*rnorm(numbsims)
Xt = Xt + mufunc (Xt,
cumulantimat [i] = mean(Xt)

¥

timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt

plot (cumulantimat " timespace ,xlab=’t’,ylab="k1(t)’,type = ’p’,lwd = 1 ,col = ’magenta’
)
m_tl = Xs*exp(-alpha*timespace) + beta*(l - exp(-alpha*timespace))
K_tl =m_t1
lines (K_tl1~timespace ,col="royalblue",lwd = 2)
}
¢ = cumulantfunc(Xs,s,t,delta_t,numbsims)
}
CIR_cumulant2 = function(s,t,Xs,alpha,beta,sigma,delta_t,startingstate ,endstate ,numbsims)
{
mufunc = function(Xt,t)
{
return (alpha*(beta - Xt))
}
sigfunc = function(Xt,t)
{
return(sigmax*sqrt (Xt))
}
cumulantfunc = function(Xs,s,t,delta_t,numbsims)
{
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CIR_cumulant3 =

{

Xt = rep(Xs,numbsims)

timespace = seq(s,t,delta_t)
cumulant2mat =

for(i in 1:length(timespace))

matrix (Xs,nrow=length(timespace),ncol=1)

{

dWt = sqrt(delta_t)*rnorm(numbsims)

Xt = Xt + mufunc(Xt,

cumulant2mat [i] = mean(Xt~2) - (mean(Xt))"2
¥

plot (cumulant2mat ~“timespace ,xlab=’t’,ylab="k2(t)’,type =

)

’p’,1lwd

- exp(-alphax*timespace))

1

,col

beta)*exp(-alpha*timespace) + (beta - 2*Xs)*exp(-2*alpha*timespace))

m_tl = Xs*exp(-alphaxtimespace) + betax*(1
m_t2 =
K_t2 =m_t2-(m_t1)"2

lines (K_t2~ timespace,col="royalblue",lwd =

¢ = cumulantfunc(Xs,s,t,delta_t,numbsims)

2)

mufunc = function(Xt,t)
{
return (alpha*(beta - Xt))
}
sigfunc = function(Xt,t)
{
return(sigmaxsqrt (Xt))
}
cumulantfunc = function(Xs,s,t,delta_t,numbsims)
{

104

timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt

‘magenta’

(Xs~2)*exp(-2*alpha*timespace) + (beta + (sigma~2)/(2xalpha))*(beta + 2*(Xs-

function(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate ,numbsims)



119

120 Xt = rep(Xs,numbsims)

121 timespace = seq(s,t,delta_t)

122

123 cumulant3mat = matrix(Xs,nrow=length(timespace),ncol=1)

124 for(i in 1:length(timespace))

125 {

126 dWt = sqrt(delta_t)*rnorm(numbsims)

127 Xt = Xt + mufunc(Xt, timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt

128 #K_t3 =m_t3 - 3*m_tl*m_t2 + 2*m_t1°3

129 cumulant3mat [i] = mean(Xt~3) - 3*mean(Xt)*(mean(Xt~2)) + 2%*mean(Xt)"3

130 }

131

132 plot (cumulant3mat “timespace ,xlab="t’,ylab="k3(t)’,type = ’p’,lwd = 1 ,col = ’magenta’
)

133

134 #theoretical Moment

135 del = Xs~2 + (beta + ((sigma~2)/(2%alpha)))*(beta-2*Xs)+beta*x(beta + ((sigma~2) /(2%

alpha)))+2*(beta + ((sigma~2)/(2xalpha)))*(Xs-beta)
136 gamma = alpha*(Xs~2 + (beta + ((sigma~2)/(2*%alpha)))*(beta-2*%Xs))+3xalpha*beta*(beta

+ ((sigma~2)/(2*alpha)))+4*alpha*(beta + ((sigma~2)/(2*alpha)))*(Xs-beta)

137 kappa = 2*(alpha~2)*beta*(beta + ((sigma~2)/(2*alpha)))
138 A = kappa/(6*alpha~3)
139 C = -4x((1/(4*alpha~2))*(gamma-9*A*xalpha~2) -(1/(2*alpha))*(del-3*alphaxA))

140 B = (1/(2xalpha))*(del-3*alpha*A-alpha*C)

141 D = -A-B-C

142

143 m_t1 = Xsxexp(-alpha*timespace) + beta*(1l - exp(-alpha*timespace))

144 m_t2 = (Xs~2)*exp(-2*xalpha*timespace) + (beta + (sigma~2)/(2*alpha))*(beta + 2x(Xs-
beta)*exp(-alpha*timespace) + (beta - 2*Xs)*exp(-2*alpha*timespace))

145 m_t3 = (Xs~3)*exp(-3*alpha*timespace) + (3*alpha*beta+3*xsigma~2)*(A + B*exp(-alphax
timespace) + Cxexp(-2%alpha*timespace) + D*exp(-3*xalpha*timespace))

146

147 #theoretical Cumulant

148 K_t1l =m_t1

149 K_t2 =m_t2-(m_t1)"2

150 K_t3 =m_t3 - 3*m_tl*m_t2 + 2*%m_t1"3

151 lines (K_t3~timespace,col="royalblue",lwd = 2)

152

153 }

154

155 ¢ = cumulantfunc(Xs,s,t,delta_t,numbsims)

156}
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157

158

159

167

168

169

170

171

172

173

174

178

179

180

181

182

183

184

187

188

189

190

CIR_cumulant4 = function(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
{

mufunc = function(Xt,t)

{

return(alpha*(beta - Xt))

sigfunc = function(Xt,t)

{
return(sigmaxsqrt (Xt))
}
cumulantfunc = function(Xs,s,t,delta_t,numbsims)
{

Xt = rep(Xs,numbsims)

timespace = seq(s,t,delta_t)

cumulant4mat = matrix(Xs,nrow=length(timespace),ncol=1)
for(i in 1:length(timespace))
{
dWt = sqrt(delta_t)*rnorm(numbsims)
Xt = Xt + mufunc(Xt, timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt
#K_t3 =m_t3 - 3*m_tl*m_t2 + 2*m_t1°3
cumulanté4mat [i] = -6*(mean(Xt)~4) + 12*%(mean(Xt)"2)*(mean(Xt~2)) - 3*(mean(Xt~2)"2)

- 4xmean (Xt)*mean (Xt~3) + mean(Xt~4)

plot(cumulant4mat “timespace ,xlab="t’,ylab="k4(t)’,type = ’p’,lwd = 1 ,col = ’magenta’

)

#theoretical Moment

del = Xs~2 + (beta + ((sigma~2)/(2*alpha)))x*(beta-2xXs)+betax(beta + ((sigma~2) /(2%
alpha)))+2*(beta + ((sigma~2)/(2xalpha)))*(Xs-beta)

gamma = alpha*(Xs~2 + (beta + ((sigma~2)/(2%alpha)))*(beta-2%Xs))+3xalpha*beta*(beta
+ ((sigma~2)/(2*alpha)))+4*alphax(beta + ((sigma~2)/(2%alpha)))*(Xs-beta)

kappa = 2x(alpha~2)x*betax(beta + ((sigma~2)/(2*alpha)))

A = kappa/(6*alpha~3)

C = -4%((1/(4*alpha~2))*(gamma-9*%A*xalpha~2) -(1/(2*alpha))*(del-3*xalphax*4))
B = (1/(2%*alpha))*(del-3*alpha*A-alpha*C)

D = -A-B-C
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196

197

198

199

203

204

205

210

211

212

213

216

217

218

219

220

221

222

223

224

m_

m_

gamma_star = Xs~3 + 3%(alpha*beta + sigma~2)*(A + B + C + D)

lambda_star = 3*alpha*Xs~3 + 3*(alpha*beta + sigma~2)*(6xalpha*A + b*alpha*B + 4x
alpha*C + 3*alphax*D)

omega_star = 2x(alpha~2)*Xs~3 + 3*(alpha*beta + sigma~2)*(11*(alpha~2)*A + 6*(alpha
~2)*B + 3x(alpha~2)*C + 2%(alpha~2)*D)

nu_star = 3*(alpha*beta + sigma~2)*(6xAxalpha~3)

E = nu_star/(24*alpha~4)

I = (-1/(6xalpha~3))*(((omega_star-(13*nu_star/(12*alpha))) -12*(alpha~2)+*(gamma_star
-(nu_star/(24*alpha~3)))) -4*alpha*((lambda_star -(3*nu_star/(8xalpha~2)))-7*alpha
*((gamma_star-(nu_star/(24*alpha~3))))))

H = (1/(2*alpha~2))*(((lambda_star-(3*nu_star/(8*alpha~2)))-7+alpha*((gamma_star-(nu_
star/(24*alpha~3))))) - 6*(alpha~2)*I)

G = (-1/alpha)*((gamma_star-(nu_star/(24*%alpha~3)))+ 2*alphaxH + 3xalpha*I)

FF = -E - G - H -1

_t1 = Xsxexp(-alphaxtimespace) + beta*(l - exp(-alpha*timespace))

_t2 = (Xs~2)*exp(-2*%alpha*timespace) + (beta + (sigma~2)/(2%alpha))*(beta + 2%(Xs-

beta)*exp(-alpha*timespace) + (beta - 2*Xs)*exp(-2*alpha*timespace))

t3 = (Xs~3)xexp(-3*alpha*timespace) + (3*alphaxbeta+3*sigma~2)*(A + Bxexp(-alphax*
timespace) + C*exp(-2*alpha*timespace) + D*exp(-3*xalpha*timespace))

t4 = (Xs~4)xexp(-4*alpha*timespace) + (4*alphaxbeta + 6*sigma~2)*(E + FF*exp(-1%
alpha*timespace) + G*exp(-2%*alpha*timespace) + Hxexp(-3*alpha*timespace) + I*exp

(-4*alpha*timespace))

#theoretical Cumulant

K_tl =m_t1

K_t2 =m_t2-(m_t1)"2

K_t3 =m_t3 - 3*m_tl*m_t2 + 2*xm_t1°3

K_t4 = -6x(m_t1°4) + 12%(m_t1"2)*(m_t2) - 3*(m_t2"2) - 4*m_tl*m_t3 +m_t4

lines (K_t4~timespace ,col="royalblue",lwd = 2)

= cumulantfunc(Xs,s,t,delta_t,numbsims)

#Plots

Cli_plot = CIR_cumulanti(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
labels = c("Theoretical", "Emperical")

legend ("bottomright", title = NA,labels,lty = c¢(1,3), lwd = c(2,3) ,col=c("royalblue","
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231

232

238

239

240

241

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

magenta"), bty = ’n’, inset = -0.025)

C2_plot = CIR_cumulant2(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
labels = c("Theoretical", "Emperical")
legend ("bottomright", title = NA,labels,lty = c¢(1,3), lwd = c(2,3) ,col=c("royalblue","

magenta"), bty = ’n’, inset = -0.025)

C3_plot = CIR_cumulant3(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
labels = c("Theoretical", "Emperical")

legend ("bottomright", title = NA,labels,lty = ¢(1,3), 1lwd = ¢c(2,3) ,col=c("royalblue","

magenta"), bty = ’n’, inset = -0.025)
C4_plot = CIR_cumulant4(s,t,Xs,alpha,beta,sigma,delta_t,startingstate,endstate,numbsims)
labels = c("Theoretical", "Emperical")

legend ("bottomright", title = NA,labels,lty = c¢(1,3), 1lwd = c(2,3) ,col=c("royalblue","

magenta"), bty = ’n’,inset=-0.025)

Algorithm 10 OU Hermite and Saddlepoint approximate densities

#Univariate 0U model:
#General model: dXt = mu(Xt,t)dt + sigma(Xt,t)dWt
#dXt = kappa*(alpha-Xt)*dt + sigma*dWt

rm(list=1s(all=TRUE))

library (RColorBrewer)

# col = brewer.pal(3, "GnBu")

set.seed (2021)

s =0

it =5

Xs = 16.5

kappa = 0.85

alpha = 15

sigma = 0.75

delta_t = 1/250 #step length
startingstate = 12

endstate = 19

numbsims = 500

timespace = seq(s,t,delta_t)
statespace = seq(startingstate ,endstate ,delta_t)
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OU_perpective = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,bendstate)
{

#Creating the grid

timespace = seq(s,t,delta_t)

statespace = seq(startingstate,endstate,delta_t)

datamatrix = matrix(0,length(timespace),length(statespace))

#Populating the matrix of densities

for (t in s:length(timespace))

{

for (state in startingstate:length(statespace))

{

gamma ((sigma~2)*(1 - exp(-2*kappa*(timespacel[t]-s))))~(1/2)
dens_point = ((pi*gamma~2)/kappa) " (-1/2)*exp(-(statespace[state]-alpha-(Xs-alpha)x*
exp (-kappa*(timespace[t]-s))) "2*x(kappa/gamma~2))

datamatrix[t,state] = dens_point

#PLotting the perspective plot
persp(timespace,statespace ,datamatrix, col = "dodgerblue3",xlab="Times", ylab="States",

zlab="Surface", border = NA, shade = 0.9 , theta = 45, phi = 35, r = 35)

0U_perpective(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate)

OU_EM = function(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,numbsims)
{

mufunc = function(Xt,t)

{

return (kappa*(alpha - Xt))

sigfunc = function(Xt,t)
{

return(sigma)
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66 }

67

68 histfunc = function(Xs,s,t,delta_t,numbsims)

69 {

70

71 Xt = rep(Xs,numbsims)

72 timespace = seq(s,t,delta_t)

73

74 for(i in 2:length(timespace))

75 {

76 dWt = sqrt(delta_t)*rnorm(numbsims)

77 Xt = Xt + mufunc(Xt, timespace[i])*delta_t + sigfunc(Xt,timespace[i])*dWt

78 hist(Xt, freq = FALSE, col = ’royalblue’, border = ’white’, breaks = 50, main = NA)
# ylim = ¢(0,2)

79 ¥

80

81 return(list (Xt=Xt,time = t))

82

83 }

84

85 plot = histfunc(Xs,s,t,delta_t,numbsims)

86 }

87

88 EM_plot = QU_EM(s,t,Xs,kappa,alpha,sigma,delta_t,startingstate,endstate,numbsims)
89

90 0U_theoreticall = function(s,t,Xs,Xt,kappa,alpha,sigma)

91 {

92 gamma = ((sigma~2)*(1 - exp(-2*kappa*(t-s))))~(1/2)

93 dens_point = ((pi*gamma~2)/kappa)~(-1/2)*exp(-(Xt-alpha-(Xs-alpha)*exp(-kappa*x(t-s)))
~2%(kappa/gamma~2))

94

95 return(dens_point)

96 }

97

98 Xt = statespace

99 plot_theoreticall = QU_theoreticall(s,t,Xs,Xt,kappa,alpha,sigma)
100

101 lines(plot_theoreticall~Xt,col = "navy",lwd = 3)

103 OU_hermite = function(s,t,Xs,Xt,kappa,alpha,sigma,K)

104 {
105 $oooon
106 invsigxt = 1/(sigma)
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107 gamxt = ((Xt)/sigma) # = YVt
108 gamxs = ((Xs)/sigma) # = Vs
109 partl = 1/sqrt(2*pi*(t-s))
110 part2 = exp( - (((gamxt - gamxs)~2)/(2%(t-5))) - (((gamxt~2)*kappa)/2) + (((gamxs~2)+*

kappa)/2) + ((gamxtxalphaxkappa)/sigma) - ((gamxs*alpha*kappa)/sigma))
111 P = partl*part2
112 cl = -(1/(6*sigma~2)) * (kappa*( 3%*alpha~2%kappa - 3*(gamxt+gamxs)*alpha*kappa*sigma +

(-3 + gamxt~2*kappa + gamxt*gamxs*kappa +gamxs 2*kappa)*sigma~2))

113 hermitedens = invsigxt*p
114 if (K>0)

115 {

116 hermitedens = invsigxt*p*(1+(t-s)*cl)
117 X

118

119 return(hermitedens)

120 Bocas

121

122}

123

124 K =1

125 Xt = statespace

126 plot_hermite = 0U_hermite(s,t,Xs,Xt,kappa,alpha,sigma,k)
127

128 lines(plot_hermite~Xt,lty = 3,col = "purple", lwd = 3)
129

130 #Parameters

131 s =0

132t =5

133 Xs = 16.5

134 kappa = 0.85

135 alpha = 15

136 sigma = 0.75

137 delta_t = 1/250 #step length

138 startingstate = 12

139 endstate = 19

140 numbsims = 500

141 timespace = seq(s,t,delta_t)

142 statespace = seq(startingstate ,endstate ,delta_t)
143

144

145 states <- statespace
146 initial <- Xs

147 Tmax <- b
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148 Tstart <- 0

149 increment <- 1/250
150

151

152  library (expm)

153 Xs = imnitial

154 y0 =c(1, Xs, Xs~2, Xs~3, Xs~4)

156 a_x = kappa#kappa tempo

157 b_x = alpha #alpha mean

158 s_x = sigma

159 A = rbind(c(0,0,0,0,0),

160 c(a_x*b_x, -a_x, 0, 0, 0),

161 c(+s_x"2, 2%a_x*b_x, -2*a_x, 0, 0),

162 c(0, +3*s_x"2, 3xa_x*b_x, -3%a_x, 0),

163 c(0, 0, +6*s_x"2+6*xs_x"2, 4*a_x*b_x, -4%a_x))
164

165 yt =expm(A*(Tmax-Tstart))%*%yo0

167 res_package$moments[,dim(res_package$moments) [2]]
168yt

169

170 xt = states

171 u = yt[1:4+1]

172 mm = ux*0

173

174 mm[1] = u[1]

175 mm[2] = ul[2] - 1xmm[1]xul1]

176 mm[3] = ul3] - 1*mm[1]*ul2] - 2*mm[2]*u[1]

177 mm[4] = ul4] - 1#mm[1]*ul[3] - 3*mm[2]*u[2] - 3*mm[3]*ul[1]

178
179 p = 1/3 * (3*x(mm[4]1/6)*mm[2] - ((mm[31/2)-2))/((mm[4]1/6)"2)
180 q = 1/27 *(27x((mm[4]/6) ~"2)*(mm[1]-xt) - 9*(mm[4]/6) *(mm[3]/2)*mm[2] + 2*((mm[3]/2)"3))

/((mm[41/6)"3)
181 chk = (q~2)/4 + (p~3)/27
182 th = -(mm[31/2)/(3*(mm[4]1/6))+(-q/2 + sqrt(chk))~(1/3) - (q/2 + sqrt(chk))~(1/3)
183
184 k = (mm[1]*th) + (mm[2]*th~2)/2 + (mm[3]*th"3)/6 + (mm[4]*th~4)/24
185 k1 = mm[1] + (mm([2]*th) + (mm[3]*th~2)/2 + (mm[4]*th~3)/6
186 k2 = mm[2] + (mm[3]*th) + (mm[4]*th~2)/2
187 k3 = mm[3] + (mm[4]#*th)
188 k4 = mm[4]

189 dens = 1/sqrt(2*%pix*(k2))*exp(k-thxkl)
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190 dens
191

192 res_package$cumulants[,dim(res_package$cumulants) [2]]

193 mm[1]
194 mm[2]
195

196 dens = dnorm(states ,mm[1],sqrt(mm[2]))

198 lines(dens”states, type =’1’,col = "magenta" ,xlab="Xt",ylab = "Demnsity", 1lty = 1, lwud

2)

199 #lines(res_package$density[,dim(res_package$density) [2]] " states, 1ty = 2, lwd = 5, col
’red?)

200

201 labels = c("Theoretical","Euler-M", "Hermite", "Cumulant T")

202 legend("topright", inset = 0.0005, title = NA,labels,lty = ¢(1,3,2,3), lwd = ¢(3,3,6,3) ,

col=c("navy", "royalblue","purple","magenta"), bty = ’n’)

Algorithm 11 bivariate OU CPI-Repo analysis and densities.

1 #Multivariate CIR Jump process

3 rm(list=1s(all=TRUE))

5 library(readxl)

6 Forward0 <- read_excel("C:/Users/P523119/Dropbox/Thinus/SARB/FMD/RESMAN/Team/Byran/
YieldCurvePCA/Forward.xlsx")

7 BondTermCorrelations <- read_excel("C:/Users/P523119/Dropbox/Thinus/SARB/FMD/RESMAN/Team/
Byran/YieldCurvePCA/BondTermCorrelations.xlsx")

8 Forward <- Forward0[1000:2500,]

9

10 #n = nrow(Forward)
11

12  #Seed:

13 #set.seed(7)
14

15 #Parameters

16 s =0

17t = 6

18 delta_t = 0.004 #step length
19 startingstate = 0

20 endstate =5

21 numbsims = 10

22 timespace = seq(s,t,delta_t)
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statespace =

alphal
alpha?2
alpha3
alpha4d
alphab
alpha6
alpha?
alpha8
alpha9
alphal0
alphall
alphal?2

alphal3

betal
beta2
beta3
betad
betab
betab
beta7
betal8
betad
betall
betall
betal2

betal3

sigmal
sigma2
sigma3
sigma4
sigmab
sigma6
sigma?7
sigma8
sigma9
sigmall

sigmall

0.12
0.17
0.14
0.15

0.15

-0.02

-0.05

2.07745
2.30683
2.44751
2.57561
2.65372
2.73313
2.78896

2.81654

2.85736
2.98396
3.04719

3.110562

seq(startingstate ,endstate ,delta_t)
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66 sigmal2 = 0.1
67 sigmal3 = 0.1
68

69 lambdal = 0.01
70 lambda2 = 0.01
71 lambda3 = 0.01

72 lambda4

]
o

.01
73 lambdab = 0.01
74 lambda8 = 0.01
75 lambda7 = 0.01
76 lambda8 = 0.01

77 lambda9 = 0.01

78 lambdal0 = 0.01

79 lambdall = 0.01

80 lambdal2 = 0.01

81 lambdal3 = 0.01

82

83

84 gamma = as.matrix(BondTermCorrelations ,nrow=13,ncol=13) #adjust acordingly if required
85 gamma = gammax*0.1

86

87 #Simulating the trajectory

88

89

90 timeseq = (seq(s,t,delta_t))

91 datamatrix = matrix(0,nrow = length(timeseq), ncol = 13)
92 Y = datamatrix

93 Z =Y

94

95 for( k in 1:numbsims)

96 {

97 j11 = rnorm(l,mean = 0, sd = sqrt(delta_t))
98 j21 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
99 j31 = rnorm(l,mean = 0, sd = sqrt(delta_t))
100 j41 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
101 jb1 = rnorm(l,mean = 0, sd = sqrt(delta_t))
102 j61 = rnorm(l,mean = 0, sd = sqrt(delta_t))
103 j71 = rnorm(l,mean = 0, sd = sqrt(delta_t))
104 j81 = rnorm(1l,mean = 0, sd = sqrt(delta_t))
105 jo1 = rnorm(l,mean = 0, sd = sqrt(delta_t))
106 j101 = rnorm(l,mean = 0, sd = sqrt(delta_t))
107 ji11 = rnorm(l,mean = 0, sd = sqrt(delta_t))
108 j121 = rnorm(l,mean = 0, sd = sqrt(delta_t))
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109 j131 = rnorm(1l,mean = 0, sd = sqrt(delta_t))

110 poill = rpois(1,lambdal*(timespace[1]1-0))
111 poi21l = rpois(1l,lambda2#*(timespace[1]-0))
112 poi3l = rpois(1l,lambda3*(timespace[1]-0))
113 poi4i = rpois(1l,lambda4*(timespace[1]1-0))
114 poibi = rpois(1,lambdab*(timespace[1]1-0))
115 poibl = rpois(1l,lambda6*(timespace[1]-0))
116 poi71 = rpois(1l,lambda7*(timespace[1]-0))
117 pois8i = rpois(1l,lambda8*(timespace[1]1-0))
118 poiol = rpois(1,lambda9*(timespace[1]1-0))
119 poil01 = rpois(1l,lambdalO*(timespace[1]-0))
120 poililil = rpois(1,lambdall*(timespace[1]1-0))
121 poil21 = rpois(1l,lambdal2*(timespace[1]1-0))
122 poil31 = rpois(1l,lambdal3*(timespace[1]-0))
123 z11 = rnorm(l,mean = 0.25%(1 + sin(2*pi*timeseq)), sd = 0.25%(1 + 0.5%sin

(2*pi*timeseq)))

124 z21 = rnorm(1l,mean = 0.15*%(1 + sin(2*pi*timeseq)), sd = 0.156%x(1 + 0.2%sin
(2xpi*timeseq)))

125 z31 = rnorm(l,mean = 0.25*%(1 + sin(2*pi*timeseq)), sd = 0.25%(1 + 0.5%sin
(2*pi*timeseq)))

126 z41 = rnorm(1l,mean = 0.15*%(1 + sin(2*pi*timeseq)), sd = 0.156%x(1 + 0.2%sin
(2xpi*timeseq)))

127 z51 = rnorm(l,mean = 0.25%(1 + sin(2*pi*timeseq)), sd = 0.25%(1 + 0.5%sin
(2*pi*timeseq)))

128 z61 = rnorm(1,mean = 0.15*%(1 + sin(2*pi*timeseq)), sd = 0.156%x(1 + 0.2%sin
(2xpi*timeseq)))

129 z71 = rnorm(l,mean = 0.25*%(1 + sin(2*pi*timeseq)), sd = 0.25%(1 + 0.5%sin
(2*pixtimeseq)))

130 z81 = rnorm(1,mean = 0.15*%(1 + sin(2*pi*timeseq)), sd = 0.156%x(1 + 0.2%sin
(2xpi*timeseq)))

131 z91 = rnorm(l,mean = 0.25%(1 + sin(2*pi*timeseq)), sd = 0.25%(1 + 0.5%sin
(2*pixtimeseq)))

132 z101 = rnorm(1l,mean = 0.15*%(1 + sin(2*pi*timeseq)), sd = 0.15%(1 + 0.2%sin
(2xpi*timeseq)))

133 z111 = rnorm(1l,mean = 0.25*%(1 + sin(2*pi*timeseq)), sd = 0.25%x(1 + 0.5%sin
(2*pixtimeseq)))

134 z121 = rnorm(l,mean = 0.15%(1 + sin(2*pi*timeseq)), sd = 0.15%(1 + 0.2%sin
(2xpi*timeseq)))

135 z131 = rnorm(1l,mean = 0.25*%(1 + sin(2*pi*timeseq)), sd = 0.25%x(1 + 0.5%sin

(2*pixtimeseq)))

136
137 Xsvec = matrix(0,nrow = 13, ncol = 1)
138 Xsvec[1] = Forward$‘1°‘[1]
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149

150
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154

157
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159

160
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165

Xsvec [2] =
Xsvec [3] =
Xsvec [4] =
Xsvec [6] =
Xsvec [6] =
Xsvec [7] =
Xsvec [8] =

Xsvec [9] =

Xsvec [10] =
Xsvec[11] =
Xsvec [12] =

Xsvec [13] =

Xt1

delta_t
Xt2

delta_t
Xt3

delta_t
Xt4

delta_t
Xt5

delta_t
Xt6

delta_t
Xt7

delta_t
Xt8

delta_t
Xt9

delta_t

Xt10

Forward$ ‘2 ‘[1]
Forward$“3°¢[1]
Forward$ ‘4 “[1]
Forward$ 5 [1]
Forward$ ‘6 ‘[1]
Forward$ ‘7 ‘[1]
Forward$“8°[1]

Forward$ ‘9 ‘[1]

Forward$ 10°¢[1]
Forward$ ‘15°¢[1]
Forward$ ‘20 “[1]

Forward$ ¢30°¢[1]

= Xsvec[1] + alphal*((betal-Xsvec[1])-(gammal[1,]%*%Xsvec-Xsvec[1]))*
sigmal*sqrt(Xsvec[1])*j11 + zllx*poill

= Xsvec[2] + alpha2x*((beta2-Xsvec[2])-(gamma[2,]%*%Xsvec-Xsvec[2]))*
sigma2*sqrt (Xsvec [2])*j21 + z21*poi21l

= Xsvec[3] + alpha3*((beta3-Xsvec[3])-(gammal[3,]%*%Xsvec-Xsvec[3]))x*
sigma3*sqrt(Xsvec[3])*j31 + z31*poi3il

= Xsvec[4] + alphadx*((betad-Xsvec[4])-(gamma[4,]%*%Xsvec-Xsvec[4]))*
sigmad*sqrt (Xsvec[4])*j41l + z41*poidil

= Xsvec[5] + alphab*((betab-Xsvec[5])-(gammal[5,]%*%Xsvec-Xsvec[5]))*
sigmab*sqrt(Xsvec[5])*j51 + zBl*poibil

= Xsvec[6] + alpha6*((betab-Xsvec[6])-(gammal[6,]%*%Xsvec-Xsvec[6]))*
sigmab*sqrt (Xsvec[6])*j61 + z61*poibl

= Xsvec[7] + alpha7x*((beta7-Xsvec[7])-(gammal[7,]%*%Xsvec-Xsvec[7]))*
sigma7*sqrt(Xsvec[7])*j71 + z71*poi7il

= Xsvec[8] + alpha8x*((beta8-Xsvec[8])-(gammal[8,]%*%Xsvec-Xsvec[8]))*
sigma8*sqrt (Xsvec[8])*j81 + z81l*poi8l

= Xsvec[9] + alpha9*((beta9-Xsvec[9])-(gammal[9,]%*%Xsvec-Xsvec[9]))*
sigma9*sqrt(Xsvec[9])*j91 + z91*poigil

= Xsvec[10] + alphalOx((betal0-Xsvec[10])-(gamma[10,]%*%Xsvec-Xsvec

[10]))*delta_t + sigmalO*sqrt(Xsvec[10])*j101 + z101*poil01l

Xt11

= Xsvec[11] + alphali*((betall-Xsvec[11])-(gamma[11,]1%*%Xsvec-Xsvec

[11]))*delta_t + sigmall*sqrt(Xsvec[11])xj111 + z1ll*poilll

Xt12

= Xsvec[12] + alphal2*((betal2-Xsvec[12])-(gamma[12,]%*%Xsvec-Xsvec

[12]))*delta_t + sigmal2*sqrt(Xsvec[12])*j121 + z121%*poil21l

Xt13

= Xsvec[13] + alphal3x((betal3-Xsvec[13])-(gamma[13,]1%*%Xsvec-Xsvec

[13]1))*delta_t + sigmal3*sqrt(Xsvec[13]1)*j131 + z131%poil31l

datamatrix[1,1]

datamatrix[1,2]

Xt1

Xt2
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169

170

171

172

173

174

179

180

181

182

183

184

185

190

191

192

193

194

195

196

197

200

201

204

datamatrix[1,3] Xt3
datamatrix[1,4] Xt4
datamatrix[1,5] Xt5
datamatrix[1,6] Xt6
datamatrix[1,7] Xt7
datamatrix[1,8] Xt8
datamatrix[1,9] Xt9
datamatrix[1,10] = Xt10
datamatrix[1,11] = Xti11
datamatrix[1,12] = Xt12
datamatrix[1,13] = Xt13

for(i in 2:length(timeseq))

{
dWtl
dWt2
dWt3
dWt4
dWt5
dWt6
dwWt7
dWt8
dWt9
dWt10
dwt11l
dWt12

dWt13

z1

rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm(1,mean
rnorm (1, mean
rnorm(1,mean

rnorm(1,mean

rnorm (1, mean

z2

z3

z4

z5

z6

z7

z8

sin(2xpi*timeseq)))

= rnorm(1l,mean

sin(2*pi*timeseq)))

= rnorm(1,mean

sin(2xpi*timeseq)))

= rnorm(1,mean

sin(2*pi*timeseq)))

= rnorm(1l,mean

sin(2xpi*timeseq)))

= rnorm(1,mean

sin(2*pi*timeseq)))

= rnorm(1l,mean

sin(2xpi*xtimeseq)))

= rnorm(1,mean

0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0, sd =
0.25*(1
0.15%(1
0.25%(1
0.15*(1
0.25%(1
0.15*(1
0.25%(1
0.15*(1
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sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))
sqrt(delta_t))

sqrt(delta_t))

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pi*timeseq)),

+ sin(2*pix*timeseq)),

.25%(1

L16% (1

.26% (1

.15x%(1

.26% (1

.15x%(1

.26% (1

.15x(1

.b*



205

206

210

211

212

213

218

219

220

221

222

223

224

225

229

230

231

232

sin(2*pi*timeseq)))

z9 = rnorm(1,mean .26* (1 sin(2*pi*timeseq)), sd L26* (1
sin(2xpi*timeseq)))

z10 = rnorm(1l,mean L15% (1 sin(2*pi*timeseq)), sd L16% (1
sin(2*pi*timeseq)))

z11 = rnorm(1,mean .26* (1 sin(2*pi*timeseq)), sd .26* (1
sin(2xpi*timeseq)))

z12 = rnorm(1l,mean L16% (1 sin(2*pi*timeseq)), sd L16% (1
sin(2*pi*timeseq)))

z13 = rnorm(1,mean L26% (1 sin(2*pi*timeseq)), sd .26* (1
sin(2xpi*timeseq)))

poil rpois (1, lambdal*(timespace[i]-timespace[i-1]))

poi2 rpois (1, lambda2*(timespace[i]-timespace[i-1]))

pois3 rpois (1,lambda3*(timespace[i]l-timespacel[i-1]))

poi4 rpois(1,lambdad*(timespace[i]-timespace[i-1]))

poib rpois (1, lambdab*(timespace[i]-timespace[i-1]))

poi6 rpois (1, lambda6*(timespace[i]-timespace[i-1]))

poi? rpois (1,lambda7*(timespace[i]l-timespace[i-1]))

pois8 rpois(1,lambda8*(timespace[il-timespace[i-1]1))

poi9 rpois (1, lambda9*(timespace[i]-timespace[i-1]))

poilo0 rpois (1, lambdalO*(timespace[i]-timespace[i-1]))

poill rpois(1,lambdall*(timespace[i]-timespace[i-1]))

poil2 rpois(1,lambdal2*(timespace[i]-timespace[i-1]))

poil3 rpois (1, lambdal3*(timespace[i]-timespace[i-1]))

¢ = as.matrix(datamatrix[i-1,],nrow=13,ncol=1)

Xtiplusi Xt1 + alphalx*((betal-Xtl)-(gammal[1l,]%*%c-Xtl))*delta_t +
sqrt (Xt1)*dWt1 zl*poil

Xt2plus1 Xt2 + alpha2*((beta2-Xt2)-(gammal[2,]%*%c-Xt2))*delta_t +
sqrt (Xt2)*dWt2 z2%poi2

Xt3plusi Xt3 + alpha3*((beta3-Xt3)-(gammal[3,]%*%c-Xt3))*xdelta_t +
sqrt (Xt3)*dWt3 z3%poi3

Xt4plus1 Xt4 + alpha4x*((betad-Xt4)-(gammal[4,]%*%c-Xtd))*delta_t +
sqrt (Xt4)*dWt4 z4*poi4d

Xt5plusi Xt5 + alphab*((betab-Xtb)-(gammal[5,]%*¥%c-Xt5))*delta_t +
sqrt (Xt5) *dWt5h zb*poib

Xt6plusi Xt6 + alpha6*((betab6-Xt6)-(gammal[6,]%*%c-Xt6))*delta_t +
sqrt (Xt6)*dWt6 z6*poib

Xt7plusi Xt7 + alpha7x*((beta7-Xt7)-(gammal[7,]%*%c-Xt7))*delta_t +

sqrt (Xt7) *dWt7

zT7*poiT
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235

236

240

241

242

243

248

249

250

251

252

253

254

255

261

262

263

264

265

266

Xt8plusi = Xt8 + alpha8x*((beta8-Xt8)-(gammal[8,]1%*%c-Xt8))*delta_t + sigma8x
sqrt (Xt8)*dWt8 + z8*poi8

Xt9plus1 = Xt9 + alpha9*((beta9-Xt9)-(gammal[9,]%*%c-Xt9))*delta_t + sigma9x*
sqrt (Xt9)*dWt9 + z9%poi9

Xt10plusi = Xt10 + alphalOx*((betal0-Xt10)-(gamma[10,]1%*%c-Xt10))*delta_t +
sigmalO*sqrt (Xt10)*dWt10 + z10*poil0d

Xtliplus1 = Xt11 + alphali*((betall-Xti11l)-(gamma[11,]%*%c-Xt11))*delta_t +
sigmall*xsqrt(Xt11)*dWtll + zll*xpoill

Xt12plusi = Xt12 + alphal2*((betal2-Xt12)-(gamma[12,]%*%c-Xt12))*delta_t +
sigmal2*sqrt (Xt12)*dWt12 + z12%poil2

Xt13plusi = Xt13 + alphal3*((betal3-Xt13)-(gamma[13,]%*%c-Xt13))*delta_t +

sigmal3*sqrt (Xt13)*dWt13 + z13*poil3

Xt1 = Xtlplusl
Xt2 = Xt2plusi
Xt3 = Xt3plusl
Xt4 = Xtd4plusli
Xtb = Xtbplusl
Xt6 = Xt6plusl
Xt7 = Xt7plusl
Xt8 = Xt8pluslil
Xt9 = Xt9plusl
Xt10 = Xt10plusi
Xt11 = Xtllplusi
Xt12 = Xt12plusli
Xt13 = Xt13plusl
datamatrix[i,1] = Xtiplusl
datamatrix[i,2] = Xt2plusl
datamatrix[i,3] = Xt3plusi
datamatrix[i,4] = Xt4plusi
datamatrix[i,5] = Xt5plusl
datamatrix[i,6] = Xt6plusi
datamatrix[i,7] = Xt7plusi
datamatrix[i,8] = Xt8plusl
datamatrix[i,9] = Xt9plusli
datamatrix[i,10] = Xt10plusil
datamatrix[i,11] = Xtillplusi
datamatrix[i,12] = Xt12plusi
datamatrix[i,13] = Xt13plusli
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272

273 }

274

275 X = datamatrix

276 Y=Y + X

277 Z = (1/k)*Y

278

279 par (mfrow=c(5,3) ,ps=9,cex.lab=1,cex.axis=0.75,mar=c(3, 3, 2, 1), mgp=c(1.5, 0.8, 0),
las=1)

280

281 # nd = nrow(datamatrix)

282 # nf = nrow(Forward)

283 # ns = length(seq(s,t,delta_t))

284 # nd

285 # nf

286 # ns

287 #

288

289 plot(X[,1]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "1",ylim=c
(0,5))

290 lines (y=Forward$‘1¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "1")

291 labels = c("Actual", "Simulated")

292 legend("topleft", title = NA,labels,lty = c(1,1), 1lwd = c(1,1) ,col=c("red","dodgerblue
"), bty = ’n’)

293

294 plot (X[,2]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "2",ylim=c
(0,5))

295 lines (y=Forward$‘2¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "2")

296

297

298 plot (X[,3]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "3",ylim=c
(0,5))

299 lines(y=Forward$‘3°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "3")

300

301

302 plot (X[,4]1 seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "4",ylim=c
(0,5))

303 lines (y=Forward$‘4¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "4")

304

305

306 plot (X[,5]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "5",ylim=c
(0,5))

307 lines (y=Forward$‘5°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "5")
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308

309

310 plot (X[,6]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "6",ylim=c
(0,5))

311 lines (y=Forward$‘6°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "6")

312

313

314 plot (X[,7]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "7",ylim=c
(0,5))

315 lines (y=Forward$‘7¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "7")

316

317

318 plot (X[,8] " seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "8",ylim=c
(0,5))

319 lines (y=Forward$‘8°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "8")

320

321

322 plot (X[,9]1"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "9",ylim=c
(0,5))

323 lines (y=Forward$‘9°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "9")

324

325

326 plot (X[,10]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "10",ylim=c
(0,5))

327 lines (y=Forward$‘10°¢,x=seq(s,t,delta_t),type =17, col = "red" ,xlab="t",ylab = "10")

328

329

330 plot(X[,11] " seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "15",ylim=c
(0,5))

331 lines (y=Forward$‘15°¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "15")

332

333

334 plot (X[,12]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "20",ylim=c
(0,5))

335 lines (y=Forward$‘20¢,x=seq(s,t,delta_t),type =’1’, col = "red" ,xlab="t",ylab = "20")

336

337

338 plot (X[,13]"seq(s,t,delta_t),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "30",ylim=c
(0,5))

339 lines (y=Forward$‘30°¢,x=seq(s,t,delta_t),type =17, col = "red" ,xlab="t",ylab = "30")

340

341 plot (Z[1000,] seq(1,13,1),type =’1’, col = "dodgerblue" ,xlab="t",ylab = "Yield",ylim=c

(0,5),1wd=2)
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343

344
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11
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13

14
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16
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18

19

20

21

22

23

24

25

26

27

28

29

30

31

lines (y=Forward [1000,] ,x=seq(1,13,1) ,type =’1’, col = "red" ,xlab="t",ylab =
=2)

labels = c("Actual", "Simulated")

legend("topleft", title = NA,labels,lty = c(1,1), 1lwd = c(2,2) ,col=c("red","dodgerblue

n), bty = 7n1)

Algorithm 12 inference on VIX data based on the univariate CIR model

#Univariate UNI_CIR model:
#General model: dXt = mu(Xt,t)dt + sigma(Xt,t)dWt

#dXt = kappa*(alpha-Xt)*dt + sigma*xsqrt(Xt)dWt

rm(list=1s(all=TRUE))

library(RColorBrewer)

set.seed (2021)

library(readxl)

VixData <- read_excel("C:/Users/P523119/Dropbox/Thinus/MastersAppliedDataAnalytics_MSc/

Dissertation/FinalDissertation/VixData.xlsx")

dt = 1/262

X= VixData$‘VIX Index®

plot(VixData$Dates,VixData$‘VIX Index‘, 1ty = 1, lwd = 1, col = "navy", type="1",

"YIX", xlab = "date")

likelihood = function(theta)

{
N = length(X)
Xs = X[-N]
Xt = X[-1]

k1 = Xs*exp(-theta[1]lxdt)+theta[2]*(1-exp(-theta[1]*dt))
k2 = theta[3]1-2/(2*thetal[1])*(1-exp(-2*thetal[1]*dt))
ldens = dnorm(Xt,kl,sqrt(k2), log = TRUE)

return(-sum(ldens))

res = nlm(likelihood, ¢(50,50,50))
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33

34
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66

res

#Parameters

s =
t =
Xs =
kappa =
alpha =

sigma =

delta_t =

startingstate
endstate =
numbsims =
timespace =

statespace =

26
22.27057
21.46218

32.65406

1/250 #step length

5, for the R code generating the plots.
35

1000

seq(s,t,delta_t)

seq(startingstate ,endstate ,delta_t)

#Theoretical density 1: PLotted from the density given in Sahalia-paper

CIR_theoreticall = function(s,t,Xs,Xt,kappa,alpha,sigma)

{

gamma

dens_point =

((sigma~2)*(1 - exp(-2xkappa*(t-s))))~(1/2)

((pi*gamma~2) /kappa)~(-1/2)*exp(-(Xt-alpha-(Xs-alpha)*exp(-kappa*x(t-s)))

~2%(kappa/gamma~2))

return(dens_point)

Xt = statespace

plot_theoreticall = CIR_theoreticall(s,t,Xs,Xt,kappa,alpha,sigma)

plot(plot_theoreticall~Xt,col = "royalblue",lwd =2,ylab = ’Fitted Denisty’, xlab = "VIX

Value", type=’1’) #"p(xt|xs)"

Algorithm 13 bivariate CIR inference on VIX and USDZAR values.

#Univariate UNI

#General model:

_CIR model:

dXt = mu(Xt,t)dt + sigma(Xt,t)dWt

#dXt = kappa*(alpha-Xt)*dt + sigma*xsqrt(Xt)dWt
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43

rm(list=1s(all=TRUE))
library (RColorBrewer)

set.seed (2021)

library(readxl)

VixData <- read_excel("C:/Users/P523119/Dropbox/Thinus/MastersAppliedDataAnalytics_MSc/
Dissertation/FinalDissertation/VixData.xlsx")

USDZARData <- read_excel("C:/Users/P523119/Dropbox/Thinus/MastersAppliedDatalAnalytics_MSc
/Dissertation/FinalDissertation/USDZARData.xlsx")

dt = 1/262

X= VixData$‘VIX Index®

Y = USDZARData$‘USDZAR Curncy ¢

plot(VixData$Dates ,VixData$‘VIX Index‘, 1ty = 1, 1lwd = 1, col = "navy", type="1", ylab =
"Value", xlab = "date", ylim = c(14,40))
lines(VixData$Dates ,USDZARData$‘USDZAR Curncy‘, 1ty = 1, lwd = 1, col = "magenta")

labels = c("VIX", "USDZAR")
legend ("topright", inset = 0.0005, title = NA,labels,lty = c(1,1), lwd = c(1,1) ,col=c("

navy","magenta"), bty = ’n’)

likelihood = function(theta)

{
N = length(X)
Xs = X[-N]
Xt = X[-1]

k1 = Xs*exp(-theta[1]*dt)+theta[2]*(1l-exp(-theta[1]*dt))
k2 = theta[3]1-2/(2*thetal[1])*(1-exp(-2*thetal[1]*dt))

ldensl = dnorm(Xt,kl,sqrt(k2), log = TRUE)

Ys = Y[-N]
Yt = Y[-1]
k12 = Ys*exp(-theta[4]*dt)+theta[Bb]l*(1-exp(-theta[4]*dt))

k22 = thetal[6]~2/(2*thetal[4])*(1-exp(-2*xtheta[4]*dt))

ldens2 = dnorm(Yt,k12,sqrt(k22), log = TRUE)

ldens_bi = ldensl+ldens?2

return(-sum(ldens_bi))
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75

76

7

78

79

80

81

res = nlm(likelihood, ¢(50,50,50,16,15,5))

res

#Parameters

s =0

t =5

Xs = 26

kappa = 22.27057

alpha = 21.46218

sigma = 32.65406

delta_t = 1/250 #step length
startingstate = 5

endstate = 35

numbsims = 1000

timespace = seq(s,t,delta_t)
statespace = seq(startingstate ,endstate ,delta_t)

#Theoretical density 1: PLotted from the density given in Sahalia-paper

0U_theoreticall = function(s,t,Xs,Xt,kappa,alpha,sigma)

{

gamma

dens_point = ((pi*gamma~2)/kappa)~(-1/2)*exp(-(Xt-alpha-(Xs-alpha)*exp(-kappa*x(t-s)))

~2%(kappa/gamma~2))

return(dens_point)

Xt = statespace

plot_theoreticall = 0U_theoreticall(s,t,Xs,Xt,kappa,alpha,sigma)

plot(plot_theoreticall~Xt,col = "royalblue'

Value", type=’1’) #"p(xt|xs)"

((sigma~2)*(1 - exp(-2xkappax*(t-s))))~(1/2)

', 1lwd =2,ylab

Algorithm 14 bivariate Heston modelfitted to S&P 500 and CBOE VIX data.
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34

rm(list = 1s())

library(DiffusionRgqd)

library(readxl)
S_P<- read_excel("C:/Users/P523119/Dropbox/Thinus/MastersAppliedDataAnalytics_MSc/

Dissertation/FinalDissertation/spxvix.xlsx")

>
1]

S_P$SPX

-
1}

S_P$VIX

par (mfrow=c(2,2))

plot(S_P$Dates ,S_P$SPX, 1ty = 1, 1lwd = 1, col = "navy", type="1", ylab = "Index Value",
xlab = "date")

labels = c("S&P 500")

legend ("topright", inset = 0.0005, title = NA,labels,lty = c(1), 1lwd = c(1) ,col=c("navy"
), bty = ’n?)

plot (S_P$Dates ,S_P$VIX, 1ty = 1, 1lwd = 1, col = "magenta",ylab = "Volatility Value", xlab
= "date", type=’17)

labels2 = c("CBOE VIX")

legend ("topright", inset = 0.0005, title = NA,labels2,lty = c(1), 1lwd = c(1) ,col=c("

magenta"), bty = ’n’,)

plot (S_P$Dates ,log(S_P$SPX), 1ty = 1, 1lwd = 1, col = "royalblue", type="1", ylab = "log(
Index Value)", xlab = "date")

labels = c("Transformed S&P 500")

legend ("topright", inset = 0.0005, title = NA,labels,lty = c(1), 1lwd = c(1) ,col=c("
royalblue"), bty = ’n’)

plot (S_P$Dates ,(S_P$VIX/100) "2, 1ty = 1, lwd = 1, col = "purple",ylab = "(VIX/100) 2",
xlab = "date", type=’1’)

labels2 = c("Transformed CBOE VIX")

legend ("topright", inset = 0.0005, title = NA,labels2,lty = c(1), 1lwd c(1l) ,col=c("

purple"), bty = ’n?’,)

Z = cbind(log(X),(Y/100)"2)

Z

time_diff = diff (S_P$Dates)

time = cumsum(c(0,time_diff/365))
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GQD .remove ()

#X

a00 <- function(t){thetal[1l]}
a0l <- function(t){-0.5*xthetal[2]*theta[2]}
c01 <- function(t){theta[2]*thetal[2]}

d01 <- function(t){theta[2]*theta[5]l*thetal[6]}

#Y

b00 <- function(t){thetal3]}
b0l <- function(t){-thetal[4]}
e01 <- function(t){theta[2]*theta[5]l*thetal[6]}

f01 <- function(t){theta[5]*thetal[5]}

theta.start <- c¢(8, 1,

model_h <- BiGQD.mle(Z,

GQD.estimates (model_h)

GQD.aic(list (model_h))

theta <- ¢(0.143,0.673,0.566,8.138,0.726,-0.754)

theta.start)



