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Abstract

The skew-normal distribution was popularised by Azzalini [4] to model skewed data. However, the
skew-normal distribution is always unimodal. Kundu [24] recently presented the geometric skew-normal
distribution by considering a geometric compounding sum of normal random variables. This distribution
is more flexible than the skew-normal distribution since it can be multimodal.

In this dissertation we present a new distribution namely the geometric skew-Cauchy distribution.
The idea follows a similar approach to that of Kundu’s. The difference, however, is that we consider a
geometric compounding sum of Cauchy random variables.

The inclusion of a simulation and application chapter demonstrates the practical use of this new
distribution. It turns out that the geometric skew-Cauchy distribution is also more flexible than the
skew-normal distribution.

It is concluded that this new distribution can be used as an alternative to the geometric skew-normal
distribution since both distributions can be multimodal. The advantage over the geometric skew-normal

distribution, is the ability of the geometric skew-Cauchy distribution to model fatter-tailed data.
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1 Chapter 1

1.1 Introduction and rationale

Developing an alternative distribution to the skew-normal and geometric skew-normal distributions serve
as a clear motive for exploring this topic. The motive to delve into the theory is sustained by the fact
that there is no literature that explicitly propose a distribution that entails the compounding sum of
independent random variables that involve the geometric and Cauchy distributions. Establishing an
extensive understanding of the theoretical construction of the skew-normal and geometric skew-normal
distributions, form the basis for further investigation into an alternative consideration of a compounding
sum of independent random variables. The rationale includes the fact that conducting research to develop
an alternative distribution, will yield value in the financial and medical fields (among others). These
include right-skewed income distributions of a population in a life assurance environment [13] as well as
the right-skewed survival times of guinea pigs infected with tubercle bacilli [24].

This dissertation will follow a descriptive research approach with elements of experimental research
present in the form of outcomes produced through simulation. Findings in the dissertation will be

supported through implementation on real data.

1.2 Aims and objectives

The main goals of this dissertation that are expected to sustain the rationale are as follows:
e Discussing the skew-normal distribution.
e Discussing the geometric skew-normal distribution.

e Developing a new alternative distribution to the skew-normal and geometric skew-normal distribu-

tions.
e Investigating and developing the estimation of the alternative distribution.
e Providing an overview of the multivariate skew-normal distribution.
e Providing an overview of the multivariate geometric skew-normal distribution.
e Demonstrating a simulation study involving the new alternative distribution.
e Illustrating findings on real data.

e Providing consideration for future work that includes the multivariate extension of the new alter-

native distribution.

12



1.3 Literature review

The skew-normal distribution is presented by Azzalini [4]. The fundamental characteristics and other
mathematical properties of Azzalini’s skew-normal distribution received significant attention due to its
flexibility [4]. This distribution includes the standard normal distribution as a special case. Moreover,
the skew-normal distribution has a unimodal density function having both positive and negative skewness
in attendance. A method to simulate random numbers from the skew-normal distribution is discussed by
Henze [20]. Existing symmetric probability density functions (PDFs) can be skewed using the skewing
methodology that is presented by Azzalini and Capitanio [6].

In contrast to the several attractive properties that the skew-normal distribution has, it presents a
problem in expanding statistical inference procedures. The inferential issues regarding Azzalini’s skew-
normal distribution is highlighted by Pewsey [32], Gupta and Gupta [I8], Yalcinkaya et al. [4I] and
Kundu [24]. In addition to the latter, Pewsey [32] also provided reasons to consider a more appropriate
parameterization of the skew-normal distribution. Azzalini and Capitanio [6] noted that the skew-normal
distribution cannot be used to model fat or moderate-tailed data and that the skew-normal distribution
is well-known to have thin tails. Gupta and Gupta [18] noted that the maximum likelihood estimates
(MLEs) for the unknown parameters may not exist for the skew-normal distribution in several cases.

A skew flexible-normal distribution is derived by Gomez et al. [I5] as an extension to the skew-normal
distribution which provides support for both unimodal and bimodal distributions.

To address the problem of modelling fat-tailed data, literature suggests the use of other skewed dis-
tributions frequently called skew-symmetric distributions. However, these skew-symmetric distributions
do not accommodate for multimodality [18] [32]. Azzalini and Capitanio [6] provided and excellent piece
of work with detailed discussions on different skew-symmetric distributions.

Kundu [24] proposed a new three-parameter skewed normal distribution to address the inferential
issues regarding Azzalini’s skew-normal distribution and the lack of accommodation for multimodality.
The new distribution is called the geometric skew-normal distribution and is based on a construction
of variables involving the geometric and normal distributions [24]. The distribution yields the MLEs of
the unknown parameters quite conveniently using the expectation-maximization (EM) algorithm [24]. It
is noted that the geometric skew-normal distribution is very flexible and the PDF can be unimodal or
multimodal. Moreover, the geometric skew-normal distribution can be written as an infinite mixture of
normal distributions [24].

No literature has been found up till now that explicitly propose a distribution that entails the con-
struction of random variables involving the geometric and Cauchy distributions that accommodate for

both multimodality as well as fatter tails in the data. It is of interest to utilize the Cauchy distribution

13



since the Cauchy distribution is well-known to accommodate fatter tails than the normal distribution
[40]. In fact, the Cauchy distribution accommodates fatter tails than the double-exponential distribution
[40] and thus fatter tails in the data could be modelled more conveniently.

Extensions of the univariate distributions to multivariate distributions have been investigated. The
multivariate extension of the univariate skew-normal distribution is presented by Azzalini and Valle [7].
Another extension of the univariate skew-normal distribution to the multivariate case is presented by
Gupta and Chen [I7]. The latter extension includes the multivariate extension of Azzalini and Valle [7]
as a special case. Furthermore, Harrar and Gupta [19] derived a matrix variate skew-normal distribution.

Kundu [25] introduced a multivariate extension of the univariate geometric skew-normal distribution.
The multivariate case addresses the inferential issues encountered in the multivariate skew-normal dis-
tribution by Azzalini and Valle [7]. Furthermore, the multivariate geometric skew-normal distribution
compensates for the lack of skewed distributions available in higher dimensions [25]. The multivariate
geometric skew-normal distribution yields a PDF that can be unimodal or multimodal and the MLEs of
the unknown parameters can be obtained in a convenient manner in high dimensions [25].

It is of interest to consider future work on other multivariate extensions to address multimodality and
fatter tails in the data. No literature has been found up till now that propose a multivariate extension
to a distribution that entails the construction of random variables involving the geometric and Cauchy
distributions. Providing consideration of the multivariate extension creates a basis for development of an

additional skewed distribution in higher dimensions.

1.4 Dissertation outline

e In Chapter 2 the skew-normal distribution is revisited. The chapter is split into two parts, with the
first part discussing the univariate case and the second part providing an overview of the multivariate
case. The chapter proceeds to give theorems, a collection of some characteristics, algorithms on

how to generate random numbers and outlines estimation theory.

e In Chapter 3 we revisit the univariate geometric skew-normal distribution that was presented by
Kundu [24]. In addition, an overview of Kundu’s [25] multivariate extension thereof is also provided.
The chapter revisits theorems and derivations, discusses some characteristics, gives some conditional

properties, outlines generation of random numbers and discusses estimation theory.

e An alternative distribution to the skew-normal and geometric skew-normal distributions is presented
in Chapter 4. The chapter is devoted to developing a new distribution called the geometric skew-
Cauchy distribution. The chapter proceeds to derive theorems, give a generation of random numbers

algorithm, derives conditional properties and investigates the estimation of the new distribution.

14



Comparisons among the alternative distribution and the skew-normal and geometric skew-normal

distributions are also given.

Chapter 5 is devoted to evaluating the performance of the new alternative distribution. This is
done by presenting a simulation study and also fitting the model to two real data sets. The models
in Chapters 2 and 3 are also fitted for comparison. It is noted that the new alternative distribution

is a competitive model against the skew-normal and geometric skew-normal models.

The dissertation is concluded in Chapter 6, where a summary on what has been done is given as
well as some conclusive remarks on the new distribution. Furthermore, consideration for future

work is also outlined in this chapter.

Two appendices (A and B respectively) are found at the end of this dissertation. Appendix A gives
some fundamental definitions, lemmas and results for use throughout the dissertation. Appendix

B gives some code that was used in the dissertation.
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2 Chapter 2

Chapter 2 will discuss the skew-normal distribution. In Section 2.1, the univariate skew-normal distri-
bution is revisited. An overview of the multivariate skew-normal distribution is presented in Section

2.2.

2.1 Univariate skew-normal distribution

This subsection will proceed to revisit the univariate skew-normal distribution. Figure[l]gives a summary

of how Section 2.1 will proceed and what is expected from this subsection.

Random
number
Preamble Characteristics generation Estimation
and shape
analysis

¢ Skewing ¢ MGF ¢ Stochastic ¢ MLEs
methodology * Expected value representation
s PDF * \Jariance * Generation of
random
numbers
* PDFs for
different
parameter
values

* CDF ¢ Skewness and
Kurtosis

Figure 1: Summary of Section 2.1.

2.1.1 Preamble

The skew-normal distribution can be obtained by utilizing the skewing methodology that is presented by
Azzalini and Capitanio [6]. A brief overview of the skewing methodology is stated in Proposition 1. This

methodology is used to skew existing symmetric PDFs.

Proposition 1. Denote by go(-) a PDF on R?, by Fy(-) a continuous cumulative distribution function
(CDF) on R, and by k(-) a real-valued function on R?, such that go(—z) = go(x),k(—z) = —k(z) and
Fo(—y) =1 — Fy(y) for all z € R%,y € R. Then

9x () = 2g0(x) Fo{k(x)} (1)
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is a PDF on R? [6].

It should be noted that the symmetric base PDF is termed by go(-) and that the skewing mechanism is
termed by 2Fy{k(x)}. Consequently, the skewed version of the symmetric base PDF is termed by gx (-).
In this subsection, using the notation that is stated in Proposition 1, the case where go(-) = ¢(+),
Fo(-) = ®(-) (with ¢(-) and ®(-) representing the standard normal PDF and CDF) and k(xz) = Az for

A € R, is used to obtain the corollaries below.

Theorem 1. A random variable X has the skew-normal distribution if its PDF is given by the following:
fx () = 2¢(x) () (2)

where A € R. This is denoted by X ~ SN (A\) [4]].

For use in applied work, location and scale parameters are introduced. The introduction is done via the

transformation:
Y=p+0X

where 1 € R and o > 0. The following corollary follows then immediately from .

Corollary 1. If X ~ SN(A) andY = p+0X then the random variable Y is said to have the skew-normal

distribution with location parameter u and scale parameter o. Its PDF is given by the following:

fy ) = 20 (y;“)cb(A (y;"‘» (3)

where —oco <y < oo, p € R, 0 >0 and A € R. This is denoted by Y ~ SN (u,az,)\).

Proof. Let X ~ SN () with the PDF as given in (2). Consider the random variable Y = ;i + ¢ X, where
the location and scale parameters are denoted by p € R and o > 0 respectively. If y = u + oz, then

ut(y) = L4 =z with %u‘l (y) = +. From Bain and Engelhardt [§] and using , it follows that

d

fr(y) = fx (u™'(v)) "

Thus, Y ~ SN (u, o2, )\). O

17



Theorem 2. A random variable X that follows the skew-normal distribution, that is X ~ SN (\) with

PDF given in (@, has a CDF of the following form:

Fy(z) = / " sme(M)dt

— 00

T At
. / 20t) [ o(u)dudt

- 2_/; /_ Z () (u) dudt

= &(z) — Tz, \) (4)

for x,\ € R, where T (z,\) is Owen’s T-function [30] which is defined as

e 30” (1447)

1 A
T A) = dt
(@) = —= /0 —

for x, A € R.

Proof. The full proof is provided in Azzalini [4]. O

2.1.2 Characteristics of the skew-normal distribution

The computation of the characteristics of Y ~ SN(u, 02, \) is done via the moment generating function

(MGF) or, equivalently but somewhat more practical, via the cumulant generating function (CGF) (see

(109) in Appendix A.1).

Moment generating function

Before presenting the MGF of a random variable with PDF given in , consider first the derivation of
Lemma 1 given in (113) (see Appendix A.2).

Theorem 3. If X ~ SN(\) then the MGF of the random variable Y = u + 0 X with PDF given in (@)

s given by
My (t) = 2e+27°7° $(50t) (5)

witht €R, § = ﬁ and ®(-) denoting the standard normal CDF [6].

18



Proof. Using ([108)) in Appendix A.1 and the PDF in , it follows that

My (t) = E [e"]
-E [et(waX)}

_ / OO0 () B(Aa)dar
R

1 12
= 26“‘/ etor e 2% ®d(\z)dx
[ et o)
1 1 2
= 2¢tH 6_5(3: —2tow) g Azx)dzx.
R V27 ()

It can be observed that

(x —to)? = 2% — 2tox + t?0?

— 2% = 2tox = (x — to)? — t?0>.
Therefore,

—eié((m7t0)27t2”2)®()\x)dx

My(t) = 2€tH/R m

1 1 2
_ 26w+%t202/ o~ 3(z—t0) fI)()\m)dx.
RV 271'

Now, let r = x — to, then x = r + to with ‘é—f = 1. Let ¢(-) denote the standard normal PDF as before,
then it is true that

1
V2T

_ getithite? / (B + t0))dr
R

My () = 2etht30°0” / e 3 BN + to))dr
R

= 237" ER[D(AR + Mo)| (6)

where R ~ N (0,1). Now, applying the result from Lemma 1 (see (113)) in Appendix A.2), it follows from

(6) that

My (t) = 2e 207" BR[®(AR + Mo)]

1 )\tU
= 2etrt3t’’ g < >
V14 N2

= 2! 51" @ (5ot
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A
where § = Favh O

Expected value, variance, skewness and kurtosis

The method used in this section follows in a similar fashion to that of what is described by Azzalini
and Captanio [6]. The method computes the expected value, variance, third central moment and fourth
central moment by using the cumulant generating function, Gy (t), as stated in in Appendix A.1.
The inverse Mills ratio, b(-), will be utilized in order to simplify the derivations of the central moments.
The definition of the inverse Mills ratio is given by in Appendix A.1.

Before proceeding with the derivations of the remaining characteristics, it is worthwhile to first con-

sider some of the properties of the inverse Mills ratio. These properties, as well as their respective

derivations are given in (118), (119) and (120) in Appendix A.3.

Expected value

Theorem 4. Consider Y ~ SN (u, o2, /\) with MGF given in (@), then the expected value is given by

EY]=p+ 60\/3

where § = —2—

VI+A2T

Proof. Using (109), (110), (111) in Appendix A.1, (116)), (118) in Appendix A.3 and the fact that the
first cumulant is the expected value [26], it follows from that
d

E[Y] = ZGy ()

t=0

= % (og My (1)

t=0

<log (2(3”‘Jr%t2("2 <I>(50t)) )

t=0

a
at
= A+ 2202 4 10s(20(001))
—a\"" T2 s —o
,u+02t

_ [ 260¢(60t)}

2®(dot)
= [n+ o®t+ dob(dat)]|,_,

t=0

= 1+ 60b(0)

2
:,u—&—éa\/»
™
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The following is worth noting on the above proof:

[1] this step is labelled as (A**) for later use.

Variance

Theorem 5. Consider Y ~ SN (p, a2, )\) with MGF given in (@), then the variance is given by

var[Y] = o? (1 - iﬁ)

DY
where § = NiESTE

Proof. Using (109), (110), (111) in Appendix A.1, (118)), (119) in Appendix A.3 and the fact that the
second cumulant is the expected value [26], it follows from that

var[Y] = —

d (d
7 (dt log MY(t)> -

60¢(50t))
O (dot)

dt

d 2
—|\p+ot+
t=0

d
= 0% + do—b(dat
a—i—adt(a)

t=0

=0+ o (—b(éat)[dat + b(50t)}:;(5at))

t=0

= 0%+ (00)*(—=b(6at)[dat + b(&at)])’tzo

_ A
where § = e O

The following is worth noting on the above proof:
[1] using (A**),

[2] this step is labelled as (B**) for later use.
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Skewness

Standardisation of the third cumulant leads to the well-known measure of Fisher-Pearson moments skew-

ness [31I]. The Fisher-Pearson moment skewness, 71, is given by

_ EB[(Y - E[Y])’]
7= 3 .

by

_ A
where § = NAESTR

Proof. Using (110) in Appendix A.1, (118), (120) in Appendix A.3 and the fact that the third cumulant

is the third central moment [26], it follows from that

dS
%GY (t)

B[(Y - EY))] B
w0

d
_ 2
== (0 +6adtb(5at)>

t=0
= (60)30" (d0t) |t=0

= (60)° (—b(6at) + (60t)*b(dat) + 3(d0t)(b(dat))* + 2(b(dot))?) |t:0

. —~

= (d0)° (=b(0) + 2(b(0))?)

= (60)? (— %+2 <\/Z>3

where § = ﬁ O

The following is worth noting on the above proof:

[1] using (B**).
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Utilizing the third central moment (i.e. the third cumulant), the Fisher-Pearson moment skewness is

then yielded as

Kurtosis

The fourth central moment of the skew-normal distribution can be obtained by utilizing the following

relationship
B[ - B =k +3(E v - BY)?])’ (7)

where k4 = %Gy(t)‘ is derived in a similar fashion to that of Theorem 6 (presented below) and

Ely - E[Y])ﬂ is the variance of the distribution [26] [6].

Theorem 7. Consider Y ~ SN (,u,az,)\) with MGF given in (@), then the fourth central moment is

given by
E [(Y - E[Y])4] 2o (= 3) 4300 (1 242 i
2 ™
_ _ A
where (S = ﬁ

Proof. Using (110) given in Appendix A.1 as well as (119) and ((120) given in Appendix A.3, it follows
that

k4

% [j;GY(t)]

= [—(60)'V/ (a6t) — (60)°tV" (Sat) — (50)* (06t) — (60) 20 (06t)b/ (a6t) — (60)*2b" (o 6t)b(c6t)]

li=o

= —(00)"V'(0) — (60)"t/(0) — (60)*2[b'(0)]* — 2(d0)*b" (0)b(0)

= (60)* [2/(0) — 2B/ (0)]? — 26(0)1"(0)]

o[22 2 (2) -]
IR

— 2(50)4% (1 — i)

= 2(50)4%@—3).
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Now, using the relationship in and the variance derived prior, it follows that

E [(Y - E[Y])4] =k +3 (E [(Y - E[Y])2D2

4 2 5\
- 2(50)4§(n —3) 4 30* (1 — ﬂ52)

Utilizing the fourth central moment produces the well-known measure of kurtosis, v, [36], given by

2.1.3 Generation of random numbers and illustration of PDF

In order to generate random numbers from the SN (u, 0%, A) distribution with PDF given in , it is
necessary to provide a stochastic representation of the distribution. This approach follows the suggestion

by Henze [20].
Theorem 8. If Wi ~ N (0,1) and Wy ~ N (0,1) are two independent normally distributed random

variables, then

AW+ Ws
X=""F———=-~5N()).
V1+ A2 ™)

n = rse and

Proof. Let W1 ~ N (0,1) and Wy ~ N (0,1) be independent and let m = \/13\rA2’

X = /\lVVlli\/%‘;‘@ = m|W;| +nWs. Then

P X <z]|=Ew, [P[X <z |W; =uw]

- / Plm wi| + nWs < ] 6 (wy) dw,
R

0 00
:/ P[m\w1\+nWQ§w]¢(w1)dw1+/ Pm|wi| +nWs <] ¢ (wi)dwr  (8)
—o0 0
noting that Wj is symmetric about w; = 0, therefore

0 ')
/ P[m\wlwnwgsw(wl)dwl:/ P lm ]+ nWs < 2] 6 (1) dun
0

— 00

= /OOO P [mw; +nWsy < z] ¢ (wq) dw;. (9)
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It can be observed from and @ that

P[X < z] :2/OOP[mw1 +nWy < z] ¢ (w1) dwy
0
2A Ph@<x77“%mmmw

2Am¢(xmm>¢mgmm. (10)

n

Using a well-known result from Bain and Engelhardt [§] (see (116]) in Appendix A.3), it follows from ([10))

that
d PIX <
frx(a) = L PIX <]
B < d T — mwy
= ; %(I) (n) 10} (wl) dwy

©-

ZQA ¢<x77M>i (w1 dun

2 /(X) 1 B (1272zmw;+m2w%) 1 1
¢ By _
0 2 n /27

1 22 o 1 w? (721'7nw1+7n2wrf)
=2 e 2n2 e 2 2n2 dwy
0

1,2
e 2"idun

V2n V2mn?
5 1 7% oo 1 B (/w%'rL272:1;'nL':24)1+7n2w%) J
= e 2n e 2n w
V2 o V2mn? !
2 1 7L22 oo 1 _ (w% ('m2+n2272zm,w1) d
= e 2n e 2n w1
V2m o V2mn?
2 2. 2
1 _i (o] 1 _ (w1 —2zmwqi+zm ) zt2m2 . ) $2m2
=2 e 2nZ e 2n2 e 202 dwq since m?2 + n? =1 and induced +
V2 2 22
™ 0 2mn n
1 732 7:27n2 e 1 (’w1777lf2)2
=2 e_m+ 2n2 — e 2 dw
Vv2r 0o V2mn2 !
9 1«2 /°° 1 _<w177;m>2d . 2 N 2m?2 72
= e =z e 2n w1 since — — ==
V2T o V2mn? 2n2 2n2 2

o0 1 (wy —maz)?
e 22 dws. 11
/0 V2mn?2 ! (11)

Let k = “1=™Z then it is true that u='(k) = kn 4+ ma = w; and “Lu~!(k) = n. It is important to note
that there is a change in the bounds of the integral in (1I)). If wy = 0 then it implies that the lower bound
becomes k£ = =**. The upper bound does not change. Applying the transformation it follows from

that

25



(mx) . (12)

A
Since 2t = ¥ L2 — ) it yields from 1) that
V1422

fx (@A) = 2¢(x)P(A\x).

Hence, it is true that X ~ SN (\) with PDF as given in (2). O

Corollary 2. If Wi ~ N (0,1) and Wy ~ N (0,1) are two independent normally distributed random

variables, then

Y=p+0X
AMW| + Wo
oML T T2

=pu+
K V14 M2

~ SN (p, 0% )) (13)

with PDF as given in (@

Theorem 8 and Corollary 2 provide a representation that can be used to conveniently generate val-
ues randomly from the skew-normal distribution. A short algorithm is provided that summarises the

generation from the SN (p,02, ) distribution.

Algorithm 1 Generating a random sample of size n from the SN (u, a2, )\) distribution

1: Required:
e Define the value of p for p € R.
e Define the value of o for o > 0.
e Define the value of \ for A € R.

2: Generate the independent values W1 and Wy from the N(0,1) distribution.

3: Recall the stochastic representation that is given in . Define the variable Y accordingly, using
steps 1 and 2.

4: Repeat steps 2 and 3, n times to obtain the n values from the distribution of Y.
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Using the PDF representation that is given in , Figure [2| gives a visual representation of the PDFs for
the SN (u, o2, )\) distribution. These PDFs are plotted with 4 = 0 and 02 = 1 kept constant throughout,

varying the values of \.

SN density functions

| Values of &

0.4- -4

- -2

f(x)

— 2
4

0.0

ra
n
n
(=1

0.0
X

I8
=]
o
m

Figure 2: PDFs of the distribution with PDF in for different values of A.

It can be observed from Figure [2| that the skew-normal distribution exhibits a positive skewness for
A > 0 and that the shape of the distribution becomes more skewed as the value of A increases. It can
also be seen from Figure [2 that the skew-normal distribution exhibits a negative skewness for A < 0. In
addition to the aforementioned, it can be observed that the skew-normal distribution exhibits a strictly
unimodal PDF' [6].

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table
[1] for different values of A with ;1 =0 and o = 1 kept constant throughout.

Table 1: Values of some characteristics of the skew-normal distribution for different values of A

A | ElY] | var|Y] 0! Y2

-4 | -0.774 | 0.400 | -0.784 | 0.632
-2 | -0.714 | 0.491 | -0.454 | 0.305
2 0.714 0.491 0.454 | 0.305
4 | 0.744 0.400 0.784 | 0.632

It can be observed from Table [I] that the expected value increases as the value of A increases. The same
observation holds for the skewness. However, as |A| decreases, the kurtosis decreases. It is observed that

the variance increases as |\| decreases.

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table
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2] for different values of p with A = 2 and o = 1 kept constant throughout.

Table 2: Values of some characteristics of the skew-normal distribution for different values of n

w | EY] | var[Y] | m Y2

-4 | -3.286 | 0.491 | 0.454 | 0.305
-2 | -1.286 | 0.491 | 0.454 | 0.305
2 | 2714 | 0491 | 0.454 | 0.305
4 | 4714 | 0.491 | 0.454 | 0.305

It can be observed from Table [2| that the expected value increases as the value of p increases. The
remaining characteristics remain unchanged as the value of i changes. This is due to the fact that the
expected value, skewness and kurtosis are not functions of u.

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table

B] for different values of o with = 2 and A = 2 kept constant throughout.

Table 3: Values of some characteristics of the skew-normal distribution for different values of o

o | ElY] | var[Y] | m V2
0.1 | 2.071 | 0.005 | 0.454 | 0.305
0.5 | 2.357 | 0.123 | 0.454 | 0.305
0.9 | 2.642 | 0.397 | 0.454 | 0.305
1.3 | 2.928 | 0.829 | 0.454 | 0.305

It can be observed from Table[3]that the expected value increases as the value of o increases. Furthermore,
the variance increases as the value of o increases. The remaining characteristics remain unchanged as

the value of o changes.

2.1.4 Estimation

The points which maximize the log-likelihood function in the parameter space of the distribution is known
as the maximum likelihood estimators [41]. Various literature note the difficulty that is encountered
with maximum likelihood estimates (MLEs) of the skew-normal distribution; see Gupta and Gupta [18],
Yalcinkaya et al. [41], Pewsey [32] and Kundu [24]. This section will proceed to give the log-likelihood

function as well as the normal equations of the skew-normal distribution.

Maximum likelihood estimators

Theorem 9. Let {y1,Yya2,...,Yn} be a random sample of size n fromY ~ SN (,u,az, )\) with pdf as given
in (@) The log-likelihood function is then given by

I(p,0,A\) =nln2 —nlno — §1n (2m0?) ;i( “)Zim {@ ()\ (y;“)ﬂ . (14)

i=1
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Proof. From Bain and Engelhardt [§] and using (3), it follows that

(1,0.0) =1n [ny y]

I
S
5
I
|
3
=3
S
+
3 I'M:
5
| —|
-
/\
Q
\/

nan—nan-l-iz_;[lnL/;r?e B(57) ”Jer[ ( ( lrfﬂ))]
n1n2—nlno+§: _211n(2wo2)—;<yigu)2 +iln [(D(A<yicju>)]
SR () 20 ()]

=1 ?

l\D\»—t

=nln2 —nlno — gln 271'0

O

It is proceeded to obtain the normal equations by taking the partial derivatives of the log-likelihood

function in with respect to the unknown parameters and equating them to 0. The normal equations

are subsequently given in , and .

6l(,u,a,>\)_1 - Yi — A g (b(/\
ou O'Z_Z( o >O’Z<I>()\

The solutions to the normal equations are called the maximum likelihood estimators of the unknown

parameters. Since the normal equations contain non-linear functions defined by w(z;) = 28\?% where

z; = ¥-E the exact solutions of the normal equations cannot be obtained [41]. This briefly outlines
the inferential problem that is evident with the skew-normal distribution. Furthermore, Azzalini and
Capitanio [5] noted that at A = 0 of the profile log-likelihood, there is always an inflection point. In
addition to the latter, the expected Fisher information matrix becomes singular at A = 0 [5]. Yalcinkaya
et al. [41] suggest the use of iterative methods to try and solve the normal equations. In addition to the
work from Yalcinkaya et al. [41I], other iterative methods to deal with the non-linearity of the normal
equations can be viewed in the excellent monograph by Kantar and Senoglu [22]. An example, is to resort

to the use of the quasi-Newton method by Dennis and More [12] in order to solve the normal equations.
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However, Kundu [24] developed the more flexible geometric skew-normal distributions to circumvent the
inferential issues encountered. Moreover, Kundu [24] developed the geometric skew-normal distribution

to address the fact that the PDF of the skew-normal distribution is strictly unimodal.

2.2 Multivariate skew-normal distribution

This subsection will proceed to provide an overview of the multivariate skew-normal distribution. A brief

summary of proceedings in Section 2.2 is provided in Figure [3]

Random
number

Preamble Characteristics ) Estimation
generation and
shape analysis
* PDF ¢ MGF * Generation of * MLEs
* Expected value random numbers
s Variance * PDFs for different

o Skewness and parameter values

Kurtosis

Figure 3: Summary of Section 2.2.

2.2.1 Preamble

The multivariate extension of was momentarily discussed by Azzalini [4]. The formal extensions
of () and was discussed by Azzalini and Capitanio [6]. The formal extension of the univariate
skew-normal distribution to the multivariate skew-normal distribution constitutes the most convenient
option that involves a modulation factor of Gaussian type. This modulation factor utilizes a multivariate
normal base density [6]. The multivariate extensions presented in the theorems below are still of the type

presented in Proposition 1.

Theorem 10. Consider the d-dimensional random variable Z = (Zy,Z,...,Zq)". Then Z has the

multivariate skew-normal distribution if its PDF is given by the following:

fa(z) =204 (2;9Q) @ (o 2) (18)
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where

of = NYTAT
(1+AT®-1))2

A = diag ((1755)%,~-,(1*52)%)

A=(AG1)se A6

Q=A(T+")A

(51-:Lfori:1,27...7d and \; € R

V1+ A2

W: d x d correlation matriz

and noting that ¢4 (z; ) represents the PDF of the d-variate normal distribution with standardised

marginals and the positive definite d x d covariance matriz 2. This is denoted by Z ~ SNy (2, )
[6].

It is proceeded to introduce location and scale parameters for the use in applied work. The introduction

is done via the transformation:
Y=p+wZ

where p € R? and w =diag(wy, ws, ...,wq) with w; positive, leading to the general form of SNy (+) variables.

The next corollary is immediate from the transformation [7].
Corollary 3. The d-dimensional random variable Y has the multivariate skew-normal distribution with
location parameter p and scale parameter w if its PDF is given by the following:

Faly) = 204 (y — p: %) ® (aT <y_“>) (19)

w

where p € R, w =diag(wy,ws, ...,wq) and Q* = wQw. The latter implying that the covariance structure
is not affected by the introduction of skewness since w is assumed to be diagonal. This is denoted by

Y ~ SNy(p, Q%, ).

Proof. Let Z ~ SNq(2, ) with PDF as given in (18). Consider the d-dimensional random variable
Y = p+wZ, where the location and scale parameters are denoted by u € R? and w =diag(wy, wa, ..., wq)
respectively. If y = p+wz, then u™!(y) = £ = z with %u‘l(y) = 1. Also,ifwu=(y) =y—p =

wz with %u_l(y) =1, then it is true that wz ~ SNy (Q2*, a) where Q* = wQw. Thus, from Bain and
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Engelhardt [§] and using (18), it follows that

Falys 1 Q@) = fulz 9, 0) ];;u*(y)\
— fau () Q) ]ddyu—l(y)]
1
"
(oo ()
w w

=204 (y — p; Q) @ (aT (y;“»

where the last step follows since wz ~ SNy (Q*, &) with Q* = wQw. Thus, Y ~ SNy(u, Q*, ). O

=2¢q (u™(y); ) @ (a"u"(y)) ‘ ‘

2.2.2 Characteristics of the multivariate skew-normal distribution

This section will proceed by revisiting select characteristics of the multivariate skew-normal distribution.
These characteristics include the likes of the expected value and variance (among others). Before revisiting

some of the characteristics, firstly the MGF of the random variable with PDF given in will be derived.

Moment generating function

Before deriving the MGF, it is worthwhile to consider the theory presented in Lemmas 2 and 3 that are
given in (114) and (115) respectively (see Appendix A.2). These Lemmas present convenient theory that
ease the derivations of some of the remaining characteristics of the multivariate skew-normal distribution

that will be discussed. Lemma 2 is an instantaneous extension of Lemma 1.

Theorem 11. The MGF of a d-dimensional random variable Y = p + wZ with PDF as given in @)

s given by
My (t) = 2e{tT 3672t} g (57 1) (20)
with t € R, Z ~ SN4(Q, ), 8 = \/% and ®(-) denoting the standard normal CDF.

Proof. Consider the d-dimensional random variable Y = g+ wZ where Y ~ SNy(p, Q*, ) and Z ~
SN4(Q2, ). Then from Johnson and Wichern [21], using and (|115)) in Appendix A.2 and the fact
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that wz = y — p, it follows that

My (t) = E [etTY}
- F [etT(quwZ)]
= etT“+tT“’z2¢d(z; 2)®0(a’z)dz
Rd

= [ 220, 2)0(aT )iz
Rd
T T
— ot Ad 26t ('y—#)2¢d(y — Q*)(I)(aTw_l(y — H))d(y - /J’)

— 9t M x 3 G (Eth)

_ 2€{tTu+%tTQ*t}(I) (5th)

where § = \/% and Q* = WwW. O
(o3 (a2

Expected value, variance, skewness and kurtosis

The method that will be used to derive the characteristics follows in a similar fashion to that of what
is described by Azzalini and Capitanio [6]. As before, the inverse Mills ratio will be utilized in order to

simplify the derivations. The definition can be viewed in (111)) (see Appendix A.1).

Expected value

Theorem 12. Consider the d-dimensional random variable Y ~ SNy(u, Q*, ) with MGF' given in

(@), then the expected value is given by

ElY]=pT + 5Tw\/z

Qo

V1+aTQa ’

where § =
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Proof. Using (109), (111) in Appendix A.1, (116)), (118) in Appendix A.3, it follows from that

ElY] = %Gy(t)

t=0

d
= %lOQMY(t)

t=0

= %tTu + %tTQ*t +log (2@ (6" wt))

=t 5 | (5emare)] + 4 ioa 20 (5;:(;))]

T
1
(m) ‘
2
1 1 499 (67 wt)
T T o*T T O* dt
= ~tTQ —tTQr 4t —
Bty t3 0% (6Tw)

t=0

+ % K;tTQ*) t] + % [log (2@ (67 wt))]

t=0

d
_ ., T el
SH T

R S B sy * 20Twe (6" wt)
=n +5t (T +0%) + 25 (6T wt)

= T T (T 4 07) + 6Twb (57wt

t=0

=uT + %tT (292%) + 6" wb (6T wt)

t=0

=puT + 0+ 6Twb(0)
™

where § = ——£2& O

V1+aTQa )
The following is worth noting on the above proof:

[1] Q* is a positive definite matrix.

Theorem 13. Consider the d-dimensional random wvariable Y ~ SNg(u,2*, ) with MGF given in

(@), then the variance is given by

varlY] = Q* — wddTw (2)
™

Qo

VitaTQa

where § =
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Proof. Using (109) in Appendix A.1, (118), (119) in Appendix A.3, it follows from that

var[Y] = Gy (t)

t=0
= dtiT (NT + % (T + Q*)T t+o6Twb (6th))

t=0
d 1., . d

t=0

N . d T
(@7 + Q%) + wTo—zb (7 (073)")

t=0

N = o~

(207) + w76 [=b (7 (@T8)") {7 (wT6)" +b (7 (w76)") }]
< (17 @79)7)

=Q* 4+ wT86Tw [-b(0) {0+ b(0)}]

t=0

= Q" + w867 w [(-6(0))?]

)

=0* +wl§6Tw <

~— |1
=

2

= Q" + wddTw (

™

where § = ——2o O
V1+aTQa

The following is worth noting on the above proof:

[1] w is a diagonal matrix and so w = w7,

The variance can also be written in another form:

var[Y] = Q* — wédTw <2>

= Q* — wdb(0)b(0)6Tw
= ww — wd[b(0)]?6Tw

=wX,w
where 3, = Q — 6 [b(0)]° 6T = var[Z] with Z ~ SNy(2, ) [6].

Skewness and kurtosis

The higher order derivatives of Gy (t) that are used to obtain the remaining cumulants (third and fourth)

are given by Azzalini and Capitanio [6]. The k" order derivative of Gy (t) for k > 2 takes the form [6]:

dk

—_ = bk (87 iWj.. . wWhO0j... = 21
a dtj...dthGY(t) b* (6" wt) wiw;..wpdib;...0n for h = 3,4, (21)
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where the expressions of b*(-) for k < 4 is given by the inverse Mills ratio Properties 1 till 4 respectively.
The multivariate skewness and kurtosis measures that were introduced by Mardia [27] are obtained by
the evaluation at ¢ = 0 of the derivatives obtained using . Particularly, the evaluation of at
t = 0 for k = 3 yields the third cumulant and therefore the third central moment. Using the third central

moment, Mardia’s [27] multivariate skewness measure is given by

4-7\> 3
7%:( 5 ) (=7 )

where p, = \/gé. In addition to the latter, the evaluation of at t = 0 for k = 4 yields the fourth
cumulant. Using the relationship in (7)), the fourth central moment is obtained. Mardia’s [28] multivariate

kurtosis measure is then given by

where p, = \/g(i.

2.2.3 Generation of random numbers and illustration of PDF

It is proceeded to provide an algorithm that describes how to generate from the multivariate skew-normal
distribution. In this case, the algorithm is specifically set to be implemented in R, although the idea can
be extended to be used in general. The steps that are given consider the particular case of the bivariate

skew-normal distribution, that is, the SNa(u, 2*, ) distribution.

Algorithm 2 Generation from the SNy (p, Q*, ) distribution in R. In this case specifically where d = 2

1: Required: Define the sample size to generate say N.

2: Required: Define two sequences. That is, define a sequence, say x, of length N that starts at —3 and
ends at 3 (start and end values are arbitrary values). Then define the second sequence, say vy, in a
similar manner.

3: Required: Combine the defined sequences into a grid. In R, this translates to a 2D grid.

4: Required: Define the parameters of the distribution. That is

o define p,
o define Q* and
o define .

5: Generate associated PDF wvalues from the bivariate skew-normal distribution by using the rmsn-
function, specifying the aforementioned parameter values.

6: Compress the numbers into a list object. This will yield the PDF values associated with the required
sample (grid coordinates).
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Using the PDF representation that is given in , PDFs of the bivariate SNa(u, 2*, ) distribution
are provided in Figures [4] and [5| for different parameter values. These PDFs are plotted with p = (0,0)7
and a = (5,—3)7 kept constant throughout, varying the values of €; for i = 1,2. It can be observed

from Figures [ and [5] that the multivariate skew-normal distribution exhibits a strictly unimodal PDF

171 [25].
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Figure 4: Bivariate skew-normal PDF with Q7, = Q3, = 1 with Q], = Q3;, = 0.7.
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Figure 5: Bivariate skew-normal PDF with Qf; = Q3, = 1 with Qj, = Q3; = —0.7.
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2.2.4 Estimation

The estimation section considers the approach where the location parameters have been assumed to be
different. The approach considers a direct regression environment where the location parameter p; is
related to a set of p explanatory variables x; [5] [6]. That is, a regression environment where the i'"
component y; € R of y = (y1, Yz, -+ yn)T is sampled from Y; ~ SNy(pu, 2*, ). There is independence

among the Y;’s; assuming p; has the following relation to x;:
wi=xl B, i=12..n (22)

for some p x d matrix 3 of unknown parameters, where the covariates vector x; has 1 in the first position

[6]. The covariate vectors @1, @2, ..., Ly, are then arranged in a n x p matrix X (with n > p) having rank

p [6]-

Theorem 14. Let y = (y1, Y2, ...,yn)T be a random sample from the SNy(pi, Q*, @) distribution for
i =1,2,....,n with PDF in (@ Assuming the relationship in , the log-likelihood function is then
given by

1(XB,9% a) = f%nln || — %ntr (@~ 'v) + Z b(a’w ! (y — XB)) (23)

where b(-) = In(2®(-)) and V =31 (y — XB)(y — XB)T.

Proof. From Bain and Engelhardt [§], using and the fact that scalar(A) = tr(A) [21], the likelihood

is derived as

L(XB,Q%a) =[] faw)
=1
n d 1 1 T -1
= [[ 2wt @m)" % @2 2 =X =X0g (0w ™! (y — X))
=1

= 2| " (2m) T (@7 Ee i B @ XDTATGXD 37 g (oW (y - XB))

i=1

= 2w| " (2m) " F @[ Fe B XL = XDTAT =X N7 ¢ (0w (y — X))
i=1
= 2w| ™ (21) " F Qe 2T EL W= XB) (v XP)”] Z o (aTw™ (y — XB))

i=1

— olw| " (2m) Q| F e B0 T T - XB) (= X)) d @ (@w T (y - XB))

i=1
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and hence the log-likelihood is then obtained as

1(XB,9% a)=In[L(XB,0%, a)

1 1 1 1<
= —nlnfw| = Sndin(27) — JIn|Q*| = Sntr QHH > (y—XB8)(y—XB)"

=1

+ Zln (22 (a"w ™ (y — XB)))
i=1
x f%1n|ﬂ*| - %ntr (@ 'v) + ; b(a’w ! (y — XB))

where b(-) =In(2®(-)) and V =1 (y — XB)(y — XB)T. O

Maximization of should be conducted numerically over a parameter space with dimension size of
pd + @ It is proceeded to follow a provisional reparametrization that will ease the maximization of
the log-likelihood [5].

Let n = w™la as a parameter replacing « in the final term of . Now without the final
summation is the same as the Gaussian log-likelihood [6] [2I] . Therefore, the maximization of with

respect to Q* is equivalent to maximizing the Gaussian log-likelihood for fixed B [5]. The well-known

solution is given as

where u = y — X3 [5]. Substituting into yields the profile log-likelihood as

1 (B,m) = 5V (B)| — ynd + 15b(un) (25)

which will also be maximized numerically, however with lower dimensions. The parameter space has
been reduced to d(p + 1) parameter components [6]. Numerical maximization of is accelerated by
supplying partial derivatives to the quasi-Newton algorithm [5]. The quasi-Newton algorithm is fully
explained by Dennis and More [12]. The partial derivatives of are given as [5]

al*éZ9 ’I’[) — XTUV(ﬂ)_l _ XTb/(u,r’),’,’T
ol* (B,m) _ Ty
on u b (un).

Once the value for 3 and 1] are obtained using the quasi-Newton algorithm, the MLE of €2* is obtained as
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. N\T ~
Q* =n7! <y — X,B) (y — Xﬁ) From here, it is proceeded to obtain & following convenient notation,

with the MLE of a then obtained as & = @7 using the equivariance property of MLEs [5].
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3 Chapter 3

Chapter 3 will discuss the geometric skew-normal distribution. In Section 3.1, the univariate geometric
skew-normal distribution is revisited. An overview of the multivariate geometric skew-normal distribution

is presented in Section 3.2.

3.1 Univariate geometric skew-normal distribution

This subsection will proceed to revisit the univariate geometric skew-normal distribution. The geometric
skew-normal distribution was presented by Kundu [24]. This distribution is conveniently more flexible
than the skew-normal distribution as its PDF can be multimodal and the MLEs can be obtained in

explicit forms [24]. Figure |§| gives a summary of how Section 3.1 will proceed.

Preamble Characteristics

s Construction of * MGF * Generation of * Conditional
variables * Expected value random properties
e Joint PDFs and e Variance numbers * MLEs
CDFs o Skewness and * PDFs for
s PDF Kurtosis different
« CDF parameter
values

Figure 6: Summary of Section 3.1.

3.1.1 Preamble

Throughout this section a normal random variable with mean p and variance ¢? will be denoted by
N (,u, 02). A geometric random variable with parameter p will be denoted by GE (p). The functions ¢(-)

and ®(-) represent the standard normal distribution PDF and CDF respectively.

Theorem 15. A random variable Y that follows the geometric distribution with parameter p, that is

Y ~ GE (p), has a probability mass function (PMF) of the following form [8]:

) =pa-p’"! (26)
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fory=1,2,... and 0 < p < 1.

Theorem 16. Let {X; :i=1,2,...} be independent and identically distributed (i.i.d.) N (u, 02) random
variables and suppose that N ~ GE(p), with N and X[s independently distributed. Then define

N

x4 S x; (27)

i=1
where & indicates equal in distribution. It is then observed that X is a geometric skew-normal random

variable with parameters p,o and p [24)]. This will be denoted by GSN (u, o, p).

Theorem 17. Let X ~ GSN (u,0,p) given in where N ~ GE(p). The joint PDF of the variable
(X, N) is given by

1 —5tg (@—np)? n—1
€ zne p(1—p) if0<p<l1
_ oV2tn
fx.n(w,m) = o e? o (28)
e 202 ifp=1

o2

using the convention that 0° = 1 when p = 1 and noting that —oo < x < 00, t €ER, o > 0 and n is any

positive integer [Z]]].

Proof. Let N ~ GE(p). The proof will be given for the case where 0 < p < 1. If p =1, then P(N =n) =1
since it is assumed that 0° = 1. The result for p = 1 is then immediate using the N(u,o?) distribution
PDF that is stated and proved in Bain and Engelhardt [8].

Recall that if X ~ N(p,0?), then X|(N =n) =>" | X; ~ N(nu,no?) [§]. Hence, from the latter,
Bain and Engelhardt [§] and (26), it follows that

fxn(z,n) = fxn(zn) X fn(n)

1
- oV Qﬂne_ﬁ(m_nufp(l - p)n_l

noting that —oo <z < 00, p € R, ¢ > 0 and n is any positive integer. O

Theorem 18. Let X ~ GSN (u,0,p) given in where N ~ GE(p). The joint CDF of the variable
(X, N) is given by

g

% x—kp k-1
Fyn(z,n)=p) @ (1-p) (29)
X,N pkz::l < NG > p

for —co <z <oo, ueR,0>0,0<p<1 andn is any positive integer [2])].

Proof. Making use of conditional probability (112) in Appendix A.1 and the fact that X|[(NV = k) ~
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N(kpu, ko?) [§], it follows that

FX7N($,TL)=P(X§$,NSTL)
=P(X<az,N=1)+P(X<a2,N=2)+

-+ P(X<x,N=n)

[
NE

P(X<z,N=k)

>
Il

1

I
NE

P(X <zIN=k)P(N=k)

o (”” — k“) 1-p)Ft.
1

o

1
n

I
S

oVk

k=

O

Naturally, the question arises of what would happen to the CDF if p=1? If p =1, then P(N =1) =1

and FX’N(x,n) = (ﬂ)

g

Theorem 19. Let X ~ GSN (p,0,p) given in where N ~ GE(p). The CDF of the random variable

X is given by

= x—kp
Fx(z) = )
X PkZ:l ( NG

g

) 1—-p)* (30)

for—co<z<oo,u€R,0>0and0<p<1 [Z]]

Proof. From Stewart [37], it follows that

Fx(z) = nhﬁrr;o Fx n(z,n)

. . xku) k—1
= lim i} 1-—
tm e (%) ap

O

As, before the question arises of what would happen to the CDF if p =17 If p =1, then P(N =1) =1
and Fy(z) = ® (£4£).

Theorem 20. Let X ~ GSN (u,0,p) given in where N ~ GE(p). The PDF of the random variable
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X 1is given by

fe@) =3 L (‘T - k“) 1 —p) (31)

for —co <z <oo,peR, 0>0and0<p<1[Z.

Proof. Using ([116]) in Appendix A.3, it follows that

fx(x) = %Fx(%‘)
_ i S € H _\k-1
dxpkz_:l<1>< T >(1 p)

O

If p=1, then X ~ N(u,0?) [24]. When p = 0 and o = 1, then the distribution of X is known as the

standard geometric skew-normal distribution denoted by GSN (0, 1, p), with the pdf in becoming

— 1 x k—1
T) = — — | (1 — . 32
fx(@) pkz_lﬁﬁ(ﬂ)( ) (32
The GSN (0,1, p) distribution is a symmetric distribution around 0 for all values of p [24].

3.1.2 Characteristics of the geometric skew-normal distribution

The computation of the characteristics of X ~ GSN(u,o,p) is done via the MGF or, equivalently but
somewhat more practical, via the CGF (see (109) in Appendix A.1).

Moment generating function

The MGF of a random variable with PDF as given in will be derived. Before deriving the MGF of
the geometric skew-normal distribution it is worthwhile deriving the MGF of the geometric distribution

first.

Theorem 21. The MGF of the random variable Y ~ GE(p) with PMF given in (@) 1S given by

My (t) = P

- 1— get

witht € R and g=1—p.

44



Proof. Using ([108)) in Appendix A.1 and the sum of geometric series, it follows that

O
Theorem 22. The MGF of a random variable X ~ GSN (u, o, p) with PDF given in is given by

peut+%02t2

1— (1 —perttzo®®

Mx(t) = (34)

where t € R [Z])].

Proof. From Bain and Engelhardt [g]

= En [E (¢"¥|N)] (35)
where N ~ GE(p). Since the X/s are i.i.d. N(u,0?) random variables, it follows that

E (etX\N = n) =F [@tZ?:l Xz}

= [My (t)]"

2,2

= [ertrie ]n (36)

Substituting into , using the fact that if ¥ ~ N(p,0?), then In(My (t)) = pt + $0°t* and using
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([33), it follows that

Mx(t) = En [eN“t+%N02t2]
— Ey [eNln(My(t))}

= My (In(My (t)))

put+Lio?t?

pe
T (g

where ¢ € R. O

Expected value, variance, skewness and kurtosis

This section will proceed by discussing the expected value and variance of the geometric skew-normal
distribution. The third- and fourth central moments are stated without proof, however a result is provided
that can be utilized to obtain them in a convenient matter. Consequently, the skewness and kurtosis are
also provided. The method that will be used for derivations in this section follows in a similar fashion
to that of what is described by Azzalini and Captanio [6]. The method derives the expected value and

variance by using the cumulant generating function, Gy (t), as stated in (109) (see Appendix A.1).

Expected value

Theorem 23. Consider X ~ GSN (u,0,p) with MGF as given in , then the expected value is given
in Kundu [Z]]] by
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Proof. Using (109) and (110) in Appendix A.1, it follows that

E[X] = %Gx(t)

t=0

d
= %thx(t)

t=0

d l pert+zo’t’ ]

= —hl 1 _qe/—"t"’_%thz

dt

t=0

t

t=0

d 12,2 d 12,2
= —1In (pe"“'fg t ) ——1In (1 — qetttzott )
dt dt 0

pe/n+%azt2 (,u + azt) _qeut—‘r%ath (M+ azt)

- 1
pe pt+3 o2t2

alm)
1-g¢g

pt+5o2t2 1—ge o

SR~
) +

Variance
Theorem 24. Consider X ~ GSN (u,0,p) with MGF as given in , then the variance is given in

Kundu [Z]] by

o?p+ p?(1 —p)

var[X] = 5
p
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Proof. Using (109) and (110) in Appendix A.1, it follows that

d2
var[X] = ﬁGX(t)

t=0

d (d
= a <dt lnMx<t)> o

dt 1— qe“t+%‘72t2

e,ut—&-%oztz
gt
1-— qe“ﬂr?"%2

d 9
= —\|\put+tot+
t=0

d

== ([u+02t]

t=0

;J,t+10'2t2
=t 1 - Ht:lo'QtQ + [+ UQt} [qeut+%02t2 (n+0°t) (1 - qeut+%02t2)}
—qe 2
_qeut+%02t2 (_qeut+%02t2) (u+02t)
X

[1 = gererioe] ’ ~
_ o2 F + 1]qq} { i [qw(}l —[1q>_ —q}g(—q)(u)}
_2 [t qputqzu

p

o?p? + o%pq + 1Ppq + pq?
p2
a’p(p+q)+pPq(p+q)
p2
[p+ (1—p)] [0+ p*(1 —p)]
p2

o?p+ p*(1—p)

p? '

The following is worth noting on the above proof:

[1] labelled as (A**) for later use.

Skewness

Standardisation of the third cumulant produces the well-known measure of Fisher-Pearson moment skew-

ness [31]. The Fisher-Pearson moment skewness, 71, is given by

_ B[(X - E[X))*]
"= .

Theorem 25. Consider X ~ GSN (u,o,p) with MGF as given in , then the third central moment
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is given in Kundu [Z4] by

E|(X - E(X))g} ! (12 (2% —p+2) + 24°p” + po”(3 — p)p) . (37)

The third central moment (which in turn is the third cumulant) can be obtained in a similar fashion
to that of the variance (second cumulant) by obtaining the derivative of (A**). The third central moment
as given in can otherwise be directly obtained using in terms of an infinite series as described

in Kundu [24]. The infinite series is used to obtain higher order moments and it is given as
E(X™) =p> (1—p)" 'y (np,no?) (38)
n=1

where wu,, (nu, no?) = E(Y™) with Y ~ N(nu,no?) [24]. Utilizing the third central moment, the Fisher-
Pearson moment skewness is then given in Kundu [24] as
(1—p) [ (20* — p+2) + 24°p* + po*(3 — p)p)

7=
(o2p + p2(1 = p))*"?

Kurtosis

Corollary 4. Consider X ~ GSN (u,0,p) with MGF' as given in , then the fourth central moment

is given in Kundu [Z4] by
E [(X - E(X))ﬂ = p*(1—p) (p* — 6p+6) — 2u°0*p(1 — p) (P> +3p — 6) + 30*p”. (39)

As before, the fourth central moment given in can be directly obtained using the infinite series
given in . Utilization of the fourth central moment produces the well-known measure of kurtosis, v,

[36]. The kurtosis is given in Kundu [24] by

by = E[(X — E[X])?]
: (var[X])?
p*(1=p) (p? — 6p+6) — 2u20?p(1 —p) (P> +3p —6) + 3a4p2_

- (02p+ i2(1 — p))°

3.1.3 Generation of random numbers and illustration of PDF

In order to generate from the GSN (u,o,p) distribution with PDF given in a short algorithm is
provided by Kundu [24]. In the algorithm the distributions as given in are used as well as the fact
that X|(N = k) ~ N(ku, ko?).
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Algorithm 3 Generation from the GSN (u, o0, p) distribution

1: Required:
o Define the value of p for p € R.
e Define the value of o for o > 0.
e Define the value of p for 0 < p <1.

2: Generate the value k from the GE(p) distribution.
3: Generate the value x from N(ku,ko?), where k is from step 2.
4: To obtain a required sample of size n repeat step 8, n times using the same k from step 2.

Using the PDF given in , graphs of the PDFs of the GSN (u, 0, p) distribution are provided in
Figure[7] These PDFs are plotted with p = 0.5 and o = 1 kept constant throughout, varying the values

of .

GSN density functions

Values of p
-1
— -35

fx)

— 1

01- 35

0.0-

Figure 7: PDFs of the GSN (p, o, p) distribution for different values of p.

It can be seen from Figure [7| that the PDFs of the GSN (u,0,p) distribution can take on various
shapes depending on the parameter values for . The PDFs are positively skewed when p > 0 and
negatively skewed when p < 0. It is also observed that the PDFs can be unimodal or multimodal
[24]. The green PDF (u = —3.5) and the purple PDF (u = 3.5) in Figure [7| depict multimodal PDFs,
whereas the remaining densities depict unimodal PDFs. The former observation of a multimodal PDF is
different from the skew-normal distribution which is always unimodal. It appears as if the GSN (u, o, p)
distribution is more flexible than the skew-normal distribution [24].

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table

M] for different values of y, with p = 0.5 and o = 1 kept constant throughout.
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Table 4: Values of some characteristics of the geometric skew-normal distribution for different values of
L

u | E[X] | var[X] Y1 Y2
-4 -7 26.5 -2.463 | 6.166
-2 -2 4 -1.375 4.5
2 2 4 1.875 4.5
4 7 26.5 2.822 | 6.166

It can be observed from Table [ that the expected value increases as the value of u increases. The
same observation is noted for the skewness. It is also observed that as the |u| decreases, the variance and
the kurtosis decreases.

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table

B] for different values of p, with u = 2 and o = 1 kept constant throughout.

Table 5: Values of some characteristics of the geometric skew-normal distribution for different values of p

p | E[X] | var[X] Y Y2
0.1 20 370 2.026 | 5.992
0.3 | 6.667 | 34.444 | 2.229 | 5.904
0.7 | 2.857 3.878 2.907 | 5.039
0.9 | 2.222 1.605 2.160 | 3.834

It can be observed from Table [5] that the expected value decreases as the value of p increases. The same
observation is noted for the variance and the kurtosis. It is also observed that as the p increases, the
skewness increases.

The characteristics that include the expected value, variance, skewness and kurtosis are given in Table

[6] for different values of o, with © = 2 and p = 0.5 kept constant throughout.

Table 6: Values of some characteristics of the geometric skew-normal distribution for different values of
ag

o | E[X] | var[X] " Yo
0.1 4 8.02 3.174 | 6.489
0.5 4 8.50 | 3.006 | 6.239
0.9 4 9.62 2.685 | 5.771
1.1 4 10.42 | 2.500 | 5.509

It can be observed from Table [] that the expected value remains unchanged as the value of o changes.
The latter is as a result of the fact that the expected value is not a function of o. It is observed that the
variance increases as the value of o increases. In contrast, both the skewness and the kurtosis decreases

as the value of o increases.
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3.1.4 Estimation

Conditional properties

Before continuing with the estimation section, it is worthwhile to first furnish different conditional prop-

erties as given in Kundu [24]. These conditional properties provide further detail into the distribution

and contribute knowledge on specific conditions enclosed on the distribution. Some, but not all of the

properties will be utilized in the derivation of the estimation theory.

Theorem 26. Consider (X, N) which has the joint PDF as given by (@), and let m < n be positive

integers. The conditional CDF of (X, N) given N < n is given by

p(ng,N§m|N§n):1_(1p_p)nZ‘1>(x_ku> 1-p*t
k=1

for —co <z <ooand 0 <p<1 [Z).

Proof. From (|112), and the CDF of a GE(p) distribution, it follows that

P?N <n)
Py @ () (1—p)t
P (N <n)
eI (o) a-pt
1-(1-p)"
I () a-n

It follows directly from , that for m = n and using , it is true that

P(X<z,N<n|[N<n)=P(X <z|N<n)

P(X <z,N<n)
P(N <n)

_#n x — kp k-1
1_<1_p)nkZ_1<I>( k>(1 P

(41)

Theorem 27. Consider (X, N) which has the joint PDF as given by @) Suppose that 0 <z <y and
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n is a positive integer. The conditional CDF of (X, N) given X <y is given in Kundu [2])] by

n — )k [ r=ke
P(X<z,N<nX<y) = Yin 0o () . (42)
S (1 - p)re ()

Proof. Using (112) in Appendix A.1, and since x < y, it follows that
P(X <z,N <n)
P(X <y)
n z—k _
B PZk:lq)(m/f) 1—p)kt
pzzil o <y—ku
Y11 —p)te
S (1 —p)ke

P(X<z,N<n|X <y)=

It follows directly from that

P(N<nX<yX<y)=P(N <n|lX<y)

P(N <n,X <y)
P(X <y)

| Ti-pte () (43
S, (- )t (k)

for n as any positive integer [24]. From Kundu [24], using and (B1)), the conditional PMF of N given

X =uzis

Inix(nlz) = In.x(n.z)

fx(x)
_ am® () p(1 = p)?
v, L (”‘o_fg‘) p(1—p)k-1

(L—p)"te = /n

= 44
21211(1 —p)k—le_T;Tk(x_kl‘)2/\/% (44)
and in turn then the conditional expectation of N given X = = becomes
E(N|X =z)=> nfyx(nlz)
n=1
oo n—1,—=—5—(z—np)?
_ S —pntemn T (45)

- (1 _p)k—le—ﬁ(w—kuﬁ/\/g
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with

E(NT' X =2)=> n'fyx(nlz)
n=1

T (11— p)nfle—ﬁ(x—wf/n:a/z
N (1 pyEte R g

(46)

Maximum likelihood estimators

Theorem 28. Suppose that {x1,xa,...,z,} is a sample of size n from the GSN(u, o, p) distribution with
PDF as given in . The log-likelihood function is then given in Kundu [Z]|] by

o) = Yo lZM (W’g“) <1—p>’“]. (47)

=1 k=1

Proof. From Bain and Engelhardt [§] and using (31)), it follows that

! (,LL, g, p) =1In (H qu‘, (x1)>

fX xz

>
Z Li o A) o p)H}

O

It is proceeded to obtain the normal equations by taking the partial derivatives of the log-likelihood
function given in and equating them to 0. The partial derivatives are with respect to u, o, p. However,
clearly the MLEs cannot be obtained in explicit form as it is required to solve three non-linear equations
simultaneously [24] [25]. In order to circumvent this problem, Kundu [24] proposes the use of the EM-

algorithm to compute the MLEs.

Theorem 29. Let {(x1,m1), (x2,m2), ..., (Tn, mp)} be a random sample of size n from the joint dis-
tribution of (X, N). The log-likelihood function based on the complete sample is given in Kundu [Z]

by

n

1 (i — mip)* =
lc(/ivU»P)“—nlng—ﬁzi—i—nln}?—kln1— Z , (48)

ms
i=1 v i=1
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without the additive constant and the MLEs of the unknown parameters are obtained by Kundu [Z])] as

Z?:l Li o

p= S
ZZ:lmk,

SR (49)

Z/j =
mg 7 Dim1 M

Proof. Using , it follows that

le(p;0,p) =In (H fx (@i, mi))

i=1

= Zln [fx.n (zi,m)]

=1

n 1 , »
x 3= [gmgrtes = + om0t =)+ ()
-1 n (‘T'L*mzu)Q n
=53 2 E— +In(1 —p) ;(mi —1)+nln(p) —nln (a\/27r)
1 1 & (xi_miu)2 1 In(1 = 1
x —n na—ﬁile—&-nnp—&— n( —p)izzl(mi— ).

It is then proceeded to obtain the normal equations based on the complete sample. This is done by taking
the partial derivatives of the complete log-likelihood and setting them equal to 0, followed by solving for

the unknown parameters. Thus, the MLE for p is obtained as

Olc(p,0,p)

=0
O
1 (N (2 — myfb
2 ( ( ) )> (—m;) =0
o m;
=1
1<
— > (x;—mi) =0
2
St

55



with the MLE for 02 obtained as

Olc(p, 0,p)
oo

—n 2 zn:(xi—mi,uf 0
L

=0

n_ izn: (2 — mip)”
& &3 — m;
~ 1 ~ (.231 — mlﬂ)2
2 =
=1
and lastly the MLE for p being obtained as
Ole(p.0,p) _
dp
m i — 1
Zz:l(,nz ) 4 = 0
L=p p

n
—ﬁZmi+nﬁ+n—nﬁ:O
i=1

O

The complete log-likelihood in directly results that the MLEs of the unknown parameters can be
obtained in explicit forms based on the complete samples [24]. The EM-algorithm by Kundu [24] can

subsequently be implemented and the algorithm is summarised in Algorithm []
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Algorithm 4 EM-algorithm to obtain the MLEs of the GSN (u, o, p) distribution [24].

1: Required: Denote i*) c®) and p*) as the estimates of u,o and p at the k' stage of the algorithm.
Initial guesses for 1\*) and c®) can be taken as the sample mean and sample covariance, with p*)
as random adhering to the parameter constraint.

2: "E’-step: Obtain the pseudo log-likelihood function at the k' stage by replacing the missing values
of the complete log-likelihood function in (@ with their expectations.

3: The pseudo log-likelihood is given as follows:

1 n n n
1 (my0,p) = —nlno — —— (Zx?cgm —2u) @i+ Zdz(-k)>
=1 i=1 =1

+nlnp+In(l —p) En: (d§’“’ - 1) (50)

i=1

where cgk) = % and dl(k) = m; and can be obtained using and respectively, by replacing
x, ju, 0, p with their k' stage estimates [2])].

4: ’M’-step: Mazimise the pseudo log-likelihood as given in (@) with respect to the unknown parame-
ters.

5: The 'M’-step yields the following:

D) D iiy Ti

s dR
1 n n 9 n
k k k
okt 7 % E;fvfcﬁ ) 2 (k1) E;xz + (ute+D) z;df ),
D) — n

S dy

noting specifically where (k) and (k+ 1) is used [Z]].
6: Repeat steps 2 - § until convergence.

3.2 Multivariate geometric skew-normal distribution

This subsection will proceed to provide an overview of the multivariate extension of the geometric skew-
normal distribution. This extension is presented by Kundu [25]. Figuregives a summary of how Section

3.2 will proceed.
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Figure 8: Summary of Section 3.2.

3.2.1 Preamble

Throughout this subsection a geometric random variable with parameter p will be denoted by GE (p).
A d-variate normal random variable with covariance matrix 3 and mean vector g will be denoted by
Ny(p, X¥). The corresponding CDF and PDF will be denoted by ®4(u,3) and ¢4(p, 3) respectively.

Furthermore, the convention that 0° = 1 will also be used [25].

Theorem 30. Let {X,;:i=1,2,...} be i.i.d Ny(p, X) random variables and suppose that N ~ GE(p),
with N and X|s independently distributed. Then define

N
x %t S X; (51)
=1

where "' indicates equal in distribution. It is then observed that X is a multivariate geometric skew-
normal random variable with parameters p,% and p [25]. This will be denoted by MV GSNy (p, 3, p),

where d = 1,2, ... indicates the number of variables.
Theorem 31. Let X ~ MVGSNy (u,3,p) and N ~ GE(p) with composition given by , then the

joint PDF of the variable (X, N) is given by

%e%ﬁ(wfnufﬂ_l(w*nu) fo<p<l1

d 1 d
fX,N(:cvn) = (2ﬂ)2|2|2ni1 Ts—1 . (52)
1 eT(wfu) b (wfu) pr = 1
(2m) % |z %

using the convention that 0° = 1 when p = 1 and noting that € R?, u € R, X: d x d positive definite
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covariance matriz and n is any positive integer [25]].

Theorem 32. Let X ~ MVGSNy (pu, X,p) and N ~ GE(p) with composition given by , then the
joint CDF of the variable (X, N) is given by

Fx n(,n) =Y p(1—p)" " 04 (kp, k2) (53)
k=1

forz € R4, p e RY, 2: d x d positive definite covariance matriz and 0 < p < 1 [25].

Proof. Using (112) in Appendix A.1 and the fact that X|(N = k) ~ Ny(kp, kX), it follows that

Fx y(xz,n) =P (X <x,N <n)
—P(X<az, N=1)+P(X<a, N=2)+ -

+P(X<ax,N=n)

=Y P(X<ax,N=k)
k=1

=Y P(X <x|N=kP(N=Ek)
=> p(1—p)" 0y (kp, kD)

O
Naturally, the question arises of what would happen to the CDF if p=1? If p =1, then P(N =1) =1
and P’)(,N(:IC7 n) = oy ([,l,, 2)

Theorem 33. Let X ~ MVGSNy (p, 3, p) and N ~ GE(p) with composition given by (51)), then the
CDF of the random variable X is given by

Fx(@) =) p(1—p)"" &4 (kp, k2) (54)
k=1

forzx € R, p e R : d xd positive definite covariance matriz and 0 < p < 1 [25].

Proof. From Stewart [37], it follows that

Fx(.’ll) = nhﬁngo FX,N(GC,TL)

L k-1
—nlgngol;p(l p) g (kp,kX)

> p(1—p)* T g (kp, kE) .
k=1
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As, before the question arises of what would happen to the CDF if p =17 If p =1, then P(N =1) =1

and Fx n(z,n) = ®4(p, ).

Theorem 34. Let X ~ MVGSNy (u, X,p) and N ~ GE(p) with composition given by , then the

PDF of the random variable X is given by

o0 p)E-1
Z (1 oo (@—kp) "B (@—kp) (55)
o ( |E\ Skt

or x € RY, pu € R, B: d x d positive definite covariance matriz and 0 < p < 1 [23].
l

Proof. Using ([116]) in Appendix A.3, it follows that

fx(@) = - Fx(a)
= %Zp(l ) (kp, k)
k=1
=> p(1=p)" " gq (kp, k)
k=1

d

_ Z p(1 :P) i e;—kl(wfku)TE_l(mfku)
(2m) =[5k S

O

Ifp=1,then X ~ Ny(p,X). When g = 0 and 3 = I, then the distribution of X becomes MV GSNy(p)
and it is known as the standard multivariate geometric skew-normal distribution [25]. The MV GSN,4(p)

distribution is a symmetric and unimodal distribution for all values of p and d [25].

3.2.2 Characteristics of the multivariate geometric skew-normal distribution

The characteristics that will be provided in this section include the moments and cumulants as well as

the skewness. The MGF will also be given in this section.

Moment generating function

Theorem 35. The MGF of a random variable X ~ MV GSNy (pu, 2, p) with PDF given in is given

in Kundu [25] by

peth+(1/2)tT2t

MX(t) = 1_ (1 — p)el—‘Tt""(l/z)tTEt
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where t € Ay(p, 3, p) and

Aa(p, 2,p) = {t;t € RY (1 — p)en"tHL/AETE 1}

1
= {t;t e RY puTt + 5tht +In(1l —p) < 0} )
Proof. From Bain and Engelhardt [g]

Mx(t) = E [exﬂ

— By [E (eXTt\N)] (57)
where N ~ GE(p). Since the X;’s are i.i.d. Ng(u, ) random variables, it follows that

E (eXTt‘N - n) -E [e( ?:lxi)Tt}

T[]

= [My ()"

_ [euTt+(1/2)tT2t " (58)

Substituting into , using the fact that if ¥ ~ Ng(p, X) then In(My (t)) = et t+1/2t"St 4nq
using , it follows that

Mx(t) = En [eN”TtHlm)Ntht]
— By [eNln<My<t>>}

= My (In(My (2)))

peuTt+(1/2)tT2t

— 1 (1 — per /2Tt~

Moments, cumulants and skewness

The cumulants and moments of X can be obtained from the MGF in for i,5 =1,2,...,d. Suppose
X = (Xl,XQ,...,Xd)T ~ MVGSN4(p, E,p) and denote p® = (uy, p2, ..., pa) and E = (o) for i,j =
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1,2,...,d. Then the moments and cumulants are given in Kundu [25] by

0
E(X;) = 5-Mx(t)
Yot =0
Hi
= — 59
) (59)
82
E(X:X;) = ——Mx(t)
7 ot0t i—0
poij + pip (2 —p
— J p2j( ) (60)
Hence, Kundu [25] presented
2
y 2(1 —
Var (X;) = 2o THUZP) g;( r) (61)
(1 —
Cov (X, X;) = poij + | /;J( p) (62)
p
and
i (1 —
Corr (X;, X;) = poiy + (1~ p) . (63)

poii + (1 —p)\/poj; + p3(1 = p)

When considering the correlation between X; and X; for ¢ # j, it is observed from that there is
dependence on ; and p; and not only on o;; [25]. If u;, u; — oo for fixed p and o, then Corr (X;, X,;) —
1. If pj, p; — oo, then Corr (X;, X;) — —1 [25]. It can therefore be concluded that there is dependence
between X; and X in this case, although they may be uncorrelated (in the case of a standard MV GSNy(-)
distribution) [25].

It is also of interest to provide the multivariate skewness indices of the MV GSNy (u, X, p) distribution.
Various multivariate skewness measures have been introduced in literature on multivariate distributions.

The most common one is the skewness index of Mardia [27] [28]. In order to proceed, it is necessary to

present the following notations of a random vector X = (Xy,..., Xq):
i) =B ] o, - m)“] (64)
k=1

where u,, = E(X,,),k =1,...,s. It then follows that Mardia [27] defined the multivariate skewness

index as

d d
_ rr’ _ss’ _tt' rst r's't
M= E E o 00 KM - (65)

r,s,t=1r' s t'=1
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Here o7% for j,k = 1,...,d denotes the (j, k)" element of the inverse of the covariance matrix of the

random vector X [25]. In the case of the MVGSNy (p, X, p) distribution [25],
wv 1 w wv v
i = o {p(1 = D)2 = P)rgpwtts +1°(1 = p) (10" + 110" + ™)} . (66)

It is observed from that if p =1 then y; = 0. In addition to the latter, if u; =0 for all j =1,....d,
then 71 = 0. Furthermore, Kundu [25] also notes that the skewness index v may diverge to either oo or

—o0 as p — 0, when p; # 0 for some j =1,...,d.

3.2.3 Generation of random numbers and illustration of PDF

In order to generate from the MV GSNy (u, X, p) distribution with PDF given in a short algorithm

is provided by Kundu [25].

Algorithm 5 Generation from the MVGSN, (u, X, p) distribution
1: Required:

e Define the values of p for p € RY.
e Define the values of X for X : d x d positive definite covariance matriz.
e Define the value of p for 0 <p <1.

2: Generate the value k from the GE(p) distribution with p defined as before.
3: Recall that X|(N = k) ~ Ny(kp, kX) with N ~ GE(p). Generate the sample X from the Ny (kp, kX)
distribution, where k is from step 2. This X is then the required sample.

Using the PDF given in (55), graphs of the PDFs of the MV GSNy (1, X, p) distribution (for d = 2)
are provided in Figures 0] [I0] and [T} That is, the latter figures plot the PDFs of the bivariate geometric
skew-normal distribution, given specific parameter values.

Figure |§| is plotted for pu = (O,O)T, 011 = 093 = 2, 012 = 021 = 0 and p = 0.75. The PDFs in Figures
and [1] are plotted with 011 = 092 = 1, 012 = 091 = —0.5 and p = 0.5 kept constant throughout,
varying the values of p. It is observed from Figures [0} [10]and [11] that the PDF of the MV GSNy (p, 2, p)
distribution can be unimodal or multimodal depending on the parameter values. The latter observation
of multimodality as seen in Figure is different from the multivariate skew-normal distribution that is

always unimodal [25].
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Figure 9: Bivariate geometric skew-normal PDF.
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Figure 10: Bivariate geometric skew-normal PDF with g = (1, 1)T.

3.2.4 Estimation

Before continuing with the estimation section, it is worthwhile to first furnish a couple of conditional

properties presented by Kundu [25] that will be utilized in the derivation of the estimation theory.
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Figure 11: Bivariate geometric skew-normal PDF with p = (1, 3)T.
Kundu [25] noted that using and , the conditional PMF of N given X = x is given by
P(N=n,X =)
P(N = X = =
17(1;:0)"_1 _emn (@) T2 (@—np)
(@m2|s|2n?
o o0 p(l—p)k—1 S (e—kp)T=-1(e—kp)
2=t PEE IS
(1 _ p)n—le—(l/Qn)(:l:—np.)TE_l(m—np,)n—d/Q
- Zzozl(l _ p)k—le—(1/2k)(m—kp.)T2—1(:c—lcp,)k—d/Q
and in turn the conditional expectation of N given X = & becomes
BN | X — - Z;:O:l(l _p)n—le—(1/2n)(w—nu)TE_l(m—nM)n—d/}H o
(N[ X ==)= % (1 — p)k—le—(1/20) @—ku) "=~ (a—hp) f—d/2 (67)
with
© (1 _ p)n—1 —(1/2n)(x—np)" 2" Y (@—np),, —d/2—1
E(N"'| X =a) = 2zl 2P ¢ z (68)

220:1 (1 _ p>k—le—(1/2k)(m—ku)T2—1(a:—lcy,)k—d/Z

Maximum likelihood estimators

In order to obtain the MLEs of the unknown parameters it is necessary to maximize the log-likelihood

function with respect to the unknown parameters.
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Theorem 36. Suppose D = {x1,X2,...,xTn} is a random sample of size n from the MV GSNy(p, X, p),
distribution with PDF as given in . In Kundu [23], the log-likelihood function is then given by

PL=p)* ok k) TS (s — k)
(1, 2, p) = Zln [Z o= d/2|2|1/2kd/2e » 2 (69)

Proof. From Bain and Engelhardt [§] and using (55)), it follows that

=§:mﬁm@0

p(1—p)*! o (1/28) (@i k) TS (@i —hp)
_Zl lz o d/2‘2‘1/2kd/2

O

It is proceeded to obtain the MLEs by maximizing with respect to the unknown parameters. That is,
obtaining the normal equations by taking partial derivatives of and equating them to 0. These partial
derivatives are with respect to p, >3 and p. The latter translates to solving an optimization problem of

d 1+ 4D

dimensions yielding a complicated issue for large d [25]. To circumvent this problem, it
is assumed that p is known and the MLEs will be estimated using the EM-algorithm [25]. In essence it
will be proceeded to maximize [ (ﬂ(p), fl(p),p) to compute the MLE of p, that is p. Then the MLEs of pu
and X will be obtained as 1 = ji(p) and 3 = 3(p) respectively. The EM-algorithm will be implemented

for a known p, where the sample mean and sample covariance will be used as initial guesses of pu and X

for all values of p [25].

Theorem 37. Let {(x1,m1),(x2,m2), ..., (Tn,my)} be a random sample of size n from the random

variable (X, N). In Kundu [25)], the log-likelihood function based on the complete sample is given by

n

n 1 1 _
(1 2) = =S 2] = 537 — (@i — mipw)” £ (i — miny) (70)

™.
i=1 "

without the additive constant and the MLEs of the unknown parameters are obtained as
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and

™M»
Il
S|
)=
EAES
&
|
E
B
5
|
3
=

(72)

i=1 i=1

l—|
M=
\H
M:
=
8
=i
_|_
8
=
-
S
kS
!
g
3

Proof.

= Zln p(l —p)mi—l e—(Wli)(fci—mi#)Tzil(wi_miﬂ)
(277)(1/2‘2‘1/2”1?/2

zn:[ ( ! ) z; —mip) 2! (mimiu)ﬂmil)ln(lp)}

m

In
( o d/2|2|1/2md/2>‘|

1=

I 1
:_§ZE (x; —mip)" 271 (wi—miu)+1n(1—1?);(mi_1)+"1n(p)_ZlnE
7711127'( 7*Zlnm1

n a1 _
M—Eln\z\—iga(mi—miufﬁ Y@ —mp).

In order to obtain the MLE for p it is necessary to obtain the partial derivative of and set it equal

to 0, followed by solving for the unknown p. Thus, the MLE for p is given by

ole(p, X)

n n
E T; = E m;
i=1 i=1

ﬂ — E?:l Lq
Sy

Obtaining the MLE for ¥ involves using the matrix property where trace(C B) = trace(BC') and the

fact that the trace of a scalar is a scalar [33]. In addition to the latter, another property will be used
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that was developed by Anderson [2] (see (121) in Appendix A.3). Now recall from that

n 1w 1 _
le(p, 2) —§1H|E|—*Zf(fci—miu)TZ (@i — mip)

n

5 = Z (i = map) (@i = i) (73)

|
I
\
=)
™
[
DO | —
—+
~

and since

1
:Z—(ac-—n:E—i—n:E—miu)(aci—ni‘—i—m—c—miu)T
m

= é miz (x; — n&E) (x; — nZ)" + il miz (n& — mup) (n® — mip) "
=A+ i mi, (n& — mip) (nE — myp)”
it follows that becomes
(1 S) = — "3 - amta - L i L @i = ma) TS (@ — ). (74)
2 2 2 m;

=1

Since X is a positive definite matrix, X! is also positive definite. It is also noted that

S L (@ —mip)T B (s — mp) > 0 and is 0 if Y0 myp = 31, ®; = n&. In order to maximize

i=1 m;

the first term and the second term of (74), the result given in (121I) is used and the MLE of % is found

to be
-~ 1
Y=-A
n
1~ 1
,ﬁ;ﬁl(mz—nm)(m — &)
1 n 1 X
= — (& — mifn h Yxi — mifa)
711:1 m;

=1 i=1 i=1

O

The log-likelihood function in directly results that the MLEs of the unknown parameters can be
obtained in explicit forms based on the complete samples. The EM-algorithm presented by Kundu [25]

can subsequently be implemented for a given p. The main idea of the EM-algorithm follows along the
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line of utilizing the complete log-likelihood by maximizing the conditional expectation thereof, all based

on the observed data at hand and the current value of § = (u, X), say 5. The following notation will be

used in the proceeding parts:

hi= E (N|X = m,-,S)

g =F (N*1|X = m1,5>

where h; and g; can be obtained from and respectively. The EM-algorithm is summarised in

Algorithm [6]

Algorithm 6 EM-algorithm to obtain the MLEs of the MVGSN (u, X, p) distribution [25].

1:

Required: Denote & as the current value of § = (pn,X). Define an initial guess for 5, say 6. The
sample mean vector and sample covariance matriz as initial guesses will suffice.

’E’-step: Obtain the conditional expectation denoted by Q) <5|5) with & being the current value.

The conditional expectation is given as follows:

@ (316) = 2|1 (30 (3))]
- ——ln|2| - tr{ (ng:z —i(miuT+uwf) +uuTzn:hi>} (75)

where h; and g; and can be obtained using (@) and (6§ (.) respectively [25].
"M’-step: Mazimise Q(8|8) with respect to & to obtain V). That is, obtain 6(Y) = arg max Q4| 8),

where arg max Q(8 | 8) indicates the value for which Q(8|8) is a mazimum.
The 'M’-step yields the following:

_ Z?:l L

(k) _ £ui=1"2
12 n )
Zj—l h'
EW—[ZMz—Z@MmﬂWﬁ%WWm24
i=1 i=1

where p®) and %) are the estimates of p and X at the k' stage of the algorithm [25].
Repeat steps 2 - 5 until convergence.
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4 Chapter 4

Chapter 4 will develop the geometric skew-Cauchy distribution. In Section 4.1, the new alternative

distribution called the geometric skew-Cauchy distribution is presented.

4.1 Univariate geometric skew-Cauchy distribution

This section will proceed to introduce a new approach to model skewed data. The new distribution will
be presented in a similar fashion to the univariate geometric skew-normal distribution. In this section,
the geometric skew-Cauchy distribution is introduced. The geometric skew-Cauchy distribution can be
used as an alternative to the skew-normal and the geometric skew-normal distributions. Figure [12] gives

a summary of how Section 4.1 will proceed.

Random number
Preamble w generation and Estimation
shape analysis

* Construction of ® Generation of random * Conditional properties
variables numbers * MLEs

* Joint PDFs and CDFs * PDFs for different

s PDF parameter values

* CDF

Figure 12: Summary of Section 4.1.

4.1.1 Preamble

Throughout this section a Cauchy random variable with location parameter 4 € R and scale parameter
o > 0 will be denoted by C(u,0). Let Z ~ C(0,1) be a standard Cauchy random variable, then

Y=pu+0Z~C(u,o) [40].

Theorem 38. A random wvariable Y that follows the Cauchy distribution with parameters y € R and
o >0, that is Y ~ C(u,0), has a PDF of the following form:

(76)




for —oco <y < oo [40].
Proof. The full proof is provided in Walck [40] O

Theorem 39. A random variable Y that follows the Cauchy distribution with parameters p € R and

o >0, that is Y ~ C(u,0), has a CDF of the following form:

1 — 1
Fy(y) = - arctan {y M} + 3 (77)

o
for —oco <y < oo [40].

Proof. From Stewart [37] and using (76), it follows that

Fr) = [ " felg)dg

= S —
[oo (g_ﬂ)2+0—2 g
o (5
— arctan | ——
o o oo
{arctan (y — ,u> — arctan (—oo)}
o
{ﬂ -+ arctan (y — M)}
2 o

— 1
arctan (y,u) + —.
o 2

Y

= 3= 3|~ 39

O

Theorem 40. Let Y; ~ C(u,0) with p € R0 > 0 and n € {1,2,...}. Then for the Y/s independent, it

is true that:

S ¥i ~ Ol o). (78)
i=1
Proof. The full proof is provided in Walck [40]. O

Theorem 41. Let {Y;:i=1,2,...} be i.i.d. C(u,0) random variables and suppose that N ~ GE(p),
with N and Y/s independently distributed. Then define
N

X237y, (79)

i=1

where & indicates equal in distribution. It is then said that X is a geometric skew-Cauchy random variable

with parameters i € R,0 >0 and 0 < p < 1. This will be denoted by GSC (u,0,p).
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Theorem 42. Let X ~ GSC (p,0,p) and N ~ GE(p) with composition given by (@, then the joint
PDF of the variable (X, N) is given by

o [Lln,m] p(l—p)" 1 if0<p<1
fen(om) =4 1+(1 ) |
L(—;)?} ifp=1

™o
o

no

(80)

using the convention that 0° = 1 when p = 1 and noting that —oo < x < 00, t €ER, o > 0 and n is any

positive integer.

Proof. Let N ~ GE(p). The proof will be given for the case where 0 < p < 1. When p = 1, then

P(N =n) = 1. The result for p =1 is then immediate using the Cauchy distribution PDF in (76]).
Recall that if Y ~ C(p, o), then >°7 | Y; ~ C(nu,no) as given in . Then it follows that X|(N =

n) =Yy.i_, Y~ C(np,no) [§]. Hence, from the latter, Bain and Engelhardt [8], and (26) it follows

that
fx.n(z,n) = fX|N($|n) x fwn(n)
1 n2o? n—
- 3 p(l 7p) !
™o | (x —np)” + n0?
1 1 e
= — 2 p(l - p) !
won [+ (=522)
noting that —oco < x < 0o, 4 € R, 0 > 0 and n is any positive integer. O

Theorem 43. Let X ~ GSC (u,0,p) and N ~ GE(p) with composition given by (@, then the joint

CDF of the variable (X, N) is given by

o - 1 Xr — k‘u 1 k—1
Fx n(z,n) —p; [ﬂ arctan( o > + 2] (I-p) (81)

for —co<zx <00, peR,0>0and0<p<l1.

Proof. Making use of (112) in Appendix A.1, (77), and the fact that X|(N = k) ~ C(ku, ko), it

follows that
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FxﬁN(x,n):P(XSm,Ngn)
=P(X<az,N=1)+P(X <2,N=2)+

o +P(X<az,N=n)

O

Naturally, the question arises of what would happen to the CDF if p=1? If p =1, then P(N =1) =1

and Fx y(z,n) = L arctan (“>£) + 1, hence only the Cauchy distribution CDF.

Theorem 44. Let X ~ GSC (u,0,p) and N ~ GE(p) with composition given by @), then the CDF of

the random variable X is given by

Fy(z) = pé Llr arctan (x ;f”) + ﬂ (1—p)t? (82)

for —co<xz <oo, peR,0>0and0<p<1.

Proof. From Stewart [37], it follows that

Fx(z) = nll_}I{.lo Fx n(z,n)
. "1 x—ku 1 k—1
= ”h—{%op,; L_ arctan ( o ) + 2} (1—p)

= I1 x—kup 1 k—1
= — arct - (1- .
pk:1 [W arctan < o > + 2] (1-p)

O

As before, the question arises of what would happen to the CDF if p =17 If p =1, then P(N =1) =1

and FX(Z‘) = %arctan (I;H> + %
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Theorem 45. Let X ~ GSC (u,0,p) and N ~ GE(p) with composition given by (@, then the PDF of

the random variable X is given by

fx@) = L3 ——— | - (53)

for —co<x <oo, u€R, 0 >0and0<p<l.

Proof. Using ([116]) in Appendix A.3, it follows that

O

If p=1, then X ~ C(u,0). When p =0 and o = 1, then the distribution of X is known as the standard

geometric skew-Cauchy distribution denoted by GSC(0,1,p), with the pdf in becoming

?T'M—l

pOO
s

](1— P (84)

%)

The GSC(0,1,p) distribution is a symmetric distribution around 0 for all values of p. The symmetry
follows from the fact that fx(z) = fx(—=) for all z in (84). The latter can be observed in Figure [L3| that
illustrate symmetric PDFs around 0 for different values of p (with p =0 and o = 1).

It should be noted that no characteristics (expected value and variance) for the GSC (u, o, p) distribu-
tion will be presented in this dissertation. Since the MGF does not exist for the Cauchy distribution [40],
proceeding to derive the MGF for a random variable Y with PDF given in is not feasible. The latter
results that some characteristics such as the expected value and variance do not exist since computation

thereof require the MGF.
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Figure 13: PDFs of the GSC(0, 1, p) distribution with PDF in for different values of p.

4.1.2 Generation of random numbers and illustration of PDF

In order to generate from the GSC (u,0,p) distribution with PDF given in a short algorithm is

provided.

Algorithm 7 Generation from the GSC (u, o, p) distribution

1: Required:
o Define the value of p for pp € R.
e Define the value of o for o > 0.
o Define the value of p for 0 <p <1.

2: Generate the value n from the GE(p) distribution.
3: Generate the value x from C(nu,no), where n is from step 2.
4: To obtain a required sample of size j repeat step 3, j times using the same n from step 2.

Using the PDF given in (83]), graphs of the PDFs of the GSC(u, o, p) distribution are provided in
Figures[14] [15|and [T6] These PDFs are plotted with p = 0.5 and o = 1 kept constant throughout, varying
the values of p.

It can be seen from Figures and [16] that the PDFs of the GSC(u, 0, p) distribution can take on
various shapes depending on the parameter values for u. The PDFs are positively skewed when y > 0
and negatively skewed when pu < 0. It is also observed that the PDFs can be unimodal or multimodal,
as the PDF in Figure [15]| depicts a bimodal PDF when the value of y = 4.5 and the PDF in Figure
depicts a multimodal PDF when the value of y = 8. The unimodal PDFs are observed for the values
of p = —1 and g = 1 in Figure It is therefore determined that as |u| increases, a multimodal PDF

seems evident (keeping p and o constant in this case).
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GSC density functions
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Figure 14: PDFs of the distribution with PDF in 1) for different values of .
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Figure 15: PDF of the distribution with PDF in for the value of pu = 4.5.

The observation of multimodality is different from the skew-normal distribution which is always unimodal.
Therefore, the GSC(u, 0, p) distribution is more flexible than the SN (u, 02, \) distribution and it can

be used as an alternative to model skewed data.
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GSC density function
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Figure 16: PDF of the distribution with PDF in for the value of y = 8.

The comparison of the PDFs of the GSC(u, 0, p) distribution against the the GSN (u, o, p) distribution
is given in Figure [I7] These PDFs are plotted with p = 0.5, ¢ = 1 and p = 3.5. The multimodality
property coincides with the same property as observed in the GSN (u, 0, p) distribution. However, as can
be seen in Figure it is evident that the GSC(u, o, p) distribution has fatter tails in both the upper-

and lower-tails of the distribution when compared to the GSN (u, o, p) distribution.

GSC vs GSN density functions
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-10 0 10 20 30
X

Figure 17: PDFs of lb against for the value of p = 3.5.

The latter can be also be observed in Tables [7| and [8] where the GSC(u, o, p) distribution has greater

lower-tail probabilities and smaller upper-tail probabilities than the GSN (u, o, p) distribution. This is
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GSC vs GSN distribution functions
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Figure 18: CDFs of (83) against for the value of 1 = 3.5.

indicative of the ability of the GSC(u, o, p) distribution to model fatter tails. The probabilities in Tables

[7 and 8] were calculated with the parameters set to p = 0.5, 0 = 1 and p = 3.5.

Table 7: Lower tail probabilities of the GSN (u, o, p) vs. GSC(u, o, p) distribution

GSN(p,0,p) | GSC(u,0,p)

z=-3 < 0.001 0.058
z=-25 < 0.001 0.062
z=—2 < 0.001 0.065
z=-15 < 0.001 0.070
z=—1 < 0.001 0.075
z=-05 < 0.001 0.081

=0 < 0.001 0.089
z=05 < 0.001 0.098

=1 0.003 0.110
z=15 0.011 0.126

Table 8: Upper tail probabilities of the GSN(u, o, p) vs. GSC(u, o, p) distribution

GSN(p,0,p) | GSC(p,0,p)
z = 20 0.970 0.923
T =21 0.975 0.930
T =22 0.980 0.936
T =23 0.983 0.941
z =24 0.986 0.945
z =25 0.989 0.950
T = 26 0.991 0.952
T =27 0.992 0.956
z = 28 0.994 0.958
z =29 0.995 0.961
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It is also observed that as the value of p increases the distribution exhibits less fatter tails (keeping the

values of p and o constant). The latter can be observed in Figure

GSC density functions
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Figure 19: PDF of the distribution with PDF in for different values of p.

Tt is therefore concluded that the GSC(u, o, p) distribution can be used as an alternative to the GSN (i, o, p)
distribution to model skewed data. It seems that the GSC(pu, o, p) distribution is a reasonably more flex-
ible distribution than the GSN(u,o,p) distribution when it comes to modelling fat tails. Hence, the

GSC(u,o,p) distribution can model data that is skewed, multimodal and exhibits fatter tails.
4.1.3 Estimation

Conditional properties

Before continuing with the estimation section, it is worthwhile to first furnish different conditional prop-
erties that will be utilized in the estimation theory. These conditional properties provide further detail

into the distribution and contribute knowledge on specific conditions enclosed on the distribution.

Theorem 46. Consider (X, N) which has the joint PDF as given by , and let m < n be positive

integers. The conditional CDF of (X, N) given N < n is given by

for —co<x <ocoand 0 <p<1.
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Proof. From ([112]), , the CDF of a GE(p) distribution and the fact that m < n, it follows that

P(X <z,N<m)

P(X<z,N<m|N <n)=

P (N <n)
DY opey H arctan (I;ff“) + %} (1—p)k-t
B P(N <n)
Py opey H arctan (z;ff”) + %] (1—p)kt
B 1-(1-pn
P —[1 x—kp\ 1 k-1
- PN et - .
1_(1_p)n;{ﬁaman( . )+2 (1-p)
L]
It follows directly from (85), that for m = n and using (81), it is true that
P(X <z,N<n)
P(X <z, n| n) PN <n)
p "1 x—kp 1 b1
- PN et Sla- .
= a—pr 2 L_ arc an( . ) + 2} (1-p) (86)

Theorem 47. Consider (X, N) which has the joint PDF as given by . Suppose that 0 <z <y and

n is any positive integer. The conditional CDF of (X, N) given X <y is given by

Sory H arctan (%) + %] (1—p)!
P(X <z,N<n|X <y)= — (87)
Yooy [% arctan (yﬂj“) + %} (1—p)"
Proof. Using (85), in Appendix A.1 and since = < y, it follows that
P(X <z,N<n)
Py rey H arctan (x;f“> + %} (1—p)ft
Py rey [% arctan (y;§“> + %] (1—p)!
B Sory [% arctan (%) + %} (1—p)?
Sy [% arctan ("’Zf“) + %] (1—p)" !
O]
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It follows directly from that

P(N<n,X<ylX<y)=P(N<n|X <y)

_ P(N<nX<y)
P(X<y)

ZZ 1 [ arctan (yk(’j“) ](1_ )k 1
Zk 1 [ﬂ arctan (%) + %] (1 _p)k—l

(88)

for n as any positive integer. Using and , the conditional PMF of N given X = z is

_ fnx(n,T)

_ [M] (1—p)!
Rk [1(*1“‘)] (1—p)kt
<1_pw—1L+“7w)}/n
T |y |

(89)

and in turn the conditional expectation of N given X = x becomes
E(N|X =z) = ZnP =n|X =1x)

zzJu—pw*[lAiwf]

+( 52

:zzﬁ—mkﬂuwmypk

ko

with
E(N'X=2)=> n'P(N=n|X=x)

+(

S0 [

ko
Maximum likelihood estimators

In order to obtain the MLEs of the unknown parameters it is necessary to maximize the log-likelihood

function with respect to the unknown parameters.
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Theorem 48. Suppose that {1, x2,...,x,} is a sample of size n from the GSC(u, o,p) distribution with
PDF as given in . The log-likelihood function is given by

n o0
1 _
l(p,0,p) E E 7rak ] (L—p)1t]. (92)
i=1 k=1 1+(%)

Proof. From Bain and Engelhardt [8] and using (83), it follows that

o = ([ o)
=1
= Zln [fx; ()]

i=1 k=1 mok 1+ (—x_k“)

O

It is proceeded to obtain the normal equations by taking the partial derivatives of the log-likelihood
function given in and equating them to 0. The partial derivatives are with respect to u,o and p.
In order to circumvent the problem of having to solve three non-linear equations, an iterative method
will be used to find the MLEs. For this purpose, the log-likelihood based on the complete sample will
be used, as an explicit expression for the MLE of p can be obtained. For the remaining parameters, the

non-linear equations need to be solved by using the Newton-Raphson (NR) method.

Theorem 49. Let {(x1,m1), (x2,m2), ..., (Tn, my)} be a random sample of size n from the joint distri-

bution of (X, N) in . The log-likelihood based on the complete sample is given by

le(u,0,p) x nlnp —nlne +In(l —p Z Zln<1+<xlmmlu> ) (93)

=1 i=1

without the additive constant and the MLE of p is obtained as
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Proof. Using , it follows that

le(u,0,p) =In (H fX,N(xi,mz‘)>

=1

= Zln [fx N (i, my)]

- 1
=3 m{ o
pat Tomi |4 (zi—miu)

m;o

=Y {m (Jmi) + (mi — 1)In(1 — p) +In(1) — In

i=1

1+<xi—miﬂ)2‘|}

m;o

1+( i m) ]
m;o

It is then proceeded to obtain the normal equation for p based on the complete sample. This is done by

n

xnlnp —nlno + In(l fp)Z(mi -1 72111

=1 =1

taking the partial derivative of the complete log-likelihood with respect to p and setting it equal to O,

followed by solving for the unknown parameter. Thus, the MLE for p is obtained as

Ole(p,0,p) _
dp
—Z?ﬂ("fi —1) + EA —0
1-p D

n
—ﬁZmi—I—nﬁ—&—n—nﬁ:O
i=1
n

—ﬁZmi =-n

i=1
. n
P==n—
D i1 M
O
The log-likelihood in directly results that the MLE of p can be obtained in an explicit form. Using

(93), the normal equations of the remaining unknown parameters can be written as

Ale(p, 0,p)
#:0
; 1+<i;:ﬁiﬂ>2 [2 <xim::1u)] [al} =0
= ()



and

Ole(p,0,p)
~ o
-n_ - 1 T — mifi _®— Mufl _
4 ; 1+(W)2 [2< e )H mio? } ’
N\ 2
n ) TiT M
BN YO0 o

5 N\ 2
g =1 & |:1 + (zq;ﬁy#) :|

respectively. From and is it observed that explicit expressions for /i and & are not possible,
hence the necessity to solve these using the NR method. Furthermore, from and it is observed
that these expressions contain the term m;. Since the explicit expression of p contains the term m; as
well, it yields that the estimate for p will update with each iterative step that is run within the estimation
algorithm to obtain the MLEs for p and o. Before providing the algorithm to estimate the unknown
parameters, it is proceeded to first discuss the NR algorithm specifically for use in the estimation of
parameters of the geometric skew-Cauchy distribution. A more general discussion on the NR method
and its use to solve a non-linear system of equations can be viewed in the excellent monograph by Press

and Vetterling [34].

Newton-Raphson (NR) algorithm

Derivatives of the complete log-likelihood sample given in will be used to obtain the MLEs for p and
o. These derivatives can be constituted in a vector of length two, F(u, o), with the components of the

vector being functions of y and o:

Ole(p,0,p)

o
F =
(n,0) alc(g,o,p)

Ti—myp

Z?:l %
— o ()] . (97)

-2 (Ii*mm>2
—n " - Mo
P DR G RS

2
@, —mg
! ( 7(‘ial )
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It is then necessary to solve the system of equations F(u, o) = 0. Consider the Jacobian matrix J(u, o)

of the vector equation F:

’le(w,op)  9*le(p,0,p)

J _ ou? opdo ) 98
(1 0) 0%le(p,op)  O*le(p,0.p) (%8)
dodu do2

After conducting some algebraic calculations, the elements of the Jacobian matrix are obtained as:

2
2 2 Ti—M4 [b
9?1.( N e = (7%0 )
/~L7U p) Z — (99)
1=1 |:1+ (wi;ﬁ;ﬁ-a) :|
n 4 (zi—mup
821 ,LL O'p 02( m;o )
) 100

&y, 0,p) znz % ( ) 7 (101)

Oodu p { ( ) }
runen_ s[5 2 (o)
% =52 ; [1 . (wi—mia)Q]; : (102)

The following iterative procedure represents the NR method for non-linear systems [9]:

(n) (n—1) (n—1) (n—1)
: _ | | ! F|" (103)
O'(n) O'(n_l) O'(n_l) O'(n_l)

for n > 1, where the initial values for the parameters ;° and ¢° will be given from the values obtained
via a grid search for parameter optimization, and J~! is the inverse of the Jacobian matrix in . The
iterative method will continue until a given tolerance error, say e, is reached between the n'"* and (n+1)*"
iterative values.

The grid search for parameter optimization is summarised in Algorithm
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Algorithm 8 Simple grid search for parameter optimization

1: Required:
o Define the step size.

e Define the lower and upper bound for p. The minimum and mazimum value of the sample at
hand will suffice.

e Define a sequence of values for y using the step size and the predefined minimum and mazimum
values.

e Define a sequence of values for o using the step size and a minimum value of greater than 0,
with a maximum value taken as the sample standard deviation.

e Define a sequence of values for p using the step size and a minimum value of greater than 0,
with a maximum less than or equal to 1.

2: For a given p, calculate a matriz than contains the log-likelihood values using all possible combinations
of u and o.

3: Find the mazimum log-likelihood value in the matriz in step 2 and save it into a new matriz. This
will yield the p and o combination that gives the maximum log-likelihood for a given p.

4: Repeat steps 2 and 3, for all possible values of p.

5: Find the mazimum of the matriz in step 4. This will yield the optimimum combination of parameters.

The grid search is constructed in such a manner that it conducts an exhaustive search across the entire
grid, rather than searching until it finds a local maximum. The values obtained from the grid search are
then used as the starting values for the NR method and in turn the estimation algorithm.

The algorithm that yields the estimates for pu, o and p can subsequently be implemented and is

summarised in Algorithm [0}

Algorithm 9 Algorithm to obtain the MLEs of the GSC(u, o, p) distribution.

1: Required: Run the grid search in algorz'thm (@ to obtain initial values for p, o and p.

2: Obtain the conditional expectations c; = ﬁ and d; = m; by using and @ respectively as well
as the parameter estimates at the current stage of the algorithm.

3: Estimate the value of p by using H) as well as d; from step 2.

4: Obtain the elements of the vector F in @) and the Jacobian matrix J in by replacing the missing
values with their expectations.

5: Step 4 yields the following:

2 (zici—p)
Z { % .L12(/12—2‘Lq,(4p‘+u )}
( 22 2wiciptp ) }

% (222 —2wicip+p?)

and
s [ e ) s — s (wieip)
Ty = | = () =1\ 7 & (rhe?2reean )
e S & (wici—p) no_ 2 (wied —2micintp®)+ 5 [y (aded —2micontn®)]”
o=l [1+ 2 (222 —2iciptp2)]” 02 T 2ui=1 [1+ﬁ(xlc1—2x1cm+u2)]2

where ¢; = —— from step 2.
6: Run the ztemtwe procedure in (u) to obtain the estimates for p and o.
7: Repeat steps 2 - 6 until a tolerance error € is obtained.

86



5 Chapter 5

This chapter will proceed to present a simulation study and conduct analysis on two real data sets.
This will be done to assess the efficacy of the newly proposed geometric skew-Cauchy distribution as an
alternative to the skew-normal and geometric skew-normal distributions.

The first data set will be analysed using the different estimation algorithms presented in previous
chapters for the GSN(u, o, p) model and the GSC(u, o, p) model. The sn package in R will be used to
estimate the SN (u, 02, \) model. The second data set will be analysed using the DEoptim package in R
for all three models considered in previous chapters E It is noted that the estimation algorithms as well
as the use of the DFEoptim package yield the same results for parameter estimates.

Throughout this chapter, in order to asses which model is a better fit, the log-likelihood (higher
is better), the Akaike information criterion (AIC), the Bayesian information criterion (BIC) and the
Kolmogorov-Smirnov (KS) test statistic values will be calculated.

The KS test statistic is the distance between the empirical and fitted CDFs, for which a lower value
is better [16]. The KS test statistic, 71, is suggested by Kolmogorov as:

T, = max |S(z)— F(x)|

—oco<z<+00

where S(z) is the empirical CDF and F(x) is the fitted CDF [II]. The KS test statistic is used in the
Kolmogorov-Smirnov test to determine whether the sample that yields the CDF, S(z), emanates from
the population that yields the CDF, F(x). In essence, a smaller T indicates that S(x) and F(z) are
closer to each other, which in turn indicates that the sample values are more likely to emanate from
the population values. Further details on the Kolmogorov-Smirnov test can be viewed in the excellent
chapter on non-parametric modelling by Guidici [16].

The AIC approximates the quantity of information lost by a given model that was fitted to the data.
Hence, a lower AIC value is preferred [I]. The AIC value can be used as a method for model selection

and it is calculated as follows:
AIC =2k —21n(L)

where k is the number of estimated parameters in the model and L is the maximum value of the likelihood
function of the model [I]. In essence, the AIC approximates the quality of each model in relation to the
quality of other models, given a multitude of models for the data at hand [I]. The AIC handles the trade-

off between the simplicity of the model and the goodness-of-fit of the model by introducing a penalty

1Full explanation on the DFEoptim package can be viewed on https://cran.r-
project.org/web/packages/DEoptim/DEoptim.pdf.

87


https://cran.r-project.org/web/packages/DEoptim/DEoptim.pdf
https://cran.r-project.org/web/packages/DEoptim/DEoptim.pdf

term for the number of parameters in the model [I]. On the other hand, the BIC also yields a method
for model selection, where a model is preferred with a lower BIC value [35]. The BIC value is closely
connected to the AIC value since it also handles the trade-off between simplicity and goodness-of-fit of
the model. The difference, however, is the fact that the BIC introduces a larger penalty term for the
number of parameters in the model [38]. In essence, the BIC penalizes an increase in parameters more

severely than the AIC. The BIC value is calculated as follows:

BIC = kln(n) — 2In(L)

where k is the number of estimated parameters in the model, n is the sample size and L is the maximum

value of the likelihood function of the model [33].

5.1 Simulation

This subsection will proceed to simulate a data set from the GSC(u, 0, p) distribution with PDF in (83).
It has been decided to simulate the data set with a sample size of j = 5000 using Algorithm [7] as suggested

in Section 4.1.2. The simulation was conducted with the following specification:

uw=2 o=1, p=0.r1.

After running the grid search in Algorithm [8] the starting values for the estimation algorithm were

obtained as:

uw=215 oc=0.84, p=0.8

and proceeding to run the estimation algorithm given in Algorithm [0} the MLEs of the unknown param-

eters were obtained as:

fi=2012, &=1021, p=00980

with the associated log-likelihood value becoming —12930.05. The fitted PDF is plotted against the

histogram of the simulated data in Figure 20]
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GSC simulation: fitted density
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Figure 20: Histogram of simulated data with fitted GSC(u, o, p) PDF.

The estimates are given against the true parameters in Table [9] for comparison.

Table 9: Simulated data estimates comparison

Parameter | True parameters | GSC(u, o, p) estimates
m 2 2.012
o 1 1.021
» 0.7 0.980

It is observed from Table[J]that the estimated parameters for ¢ and o are close to the true parameters used
in the simulation. Using all the estimated parameters to plot the fitted PDF, it is observed from Figure
20| that the fitted PDF fits the data well indicating that the estimation algorithm performs satisfactory
on a sample size of 5000 observations. It is noted, that other sample sizes were also considered. These
include sample sizes of j = 100, 200, 500, 1000, 10000 respectively. The estimation algorithm also yielded
satisfactory performance on the other sample sizes.

However, it is noted from Table [J] that the estimate for p is not close to the true parameter. The fact
that the parameter estimate of p does not converge to the true parameter prompts further investigation
into why this estimated result was obtained for simulated data. The following was done to investigate

the behaviour of p:

e The impact of p on the log-likelihood was determined. This can be seen in Figure It is clear
that the log-likelihood value increases as the value of p increases. This was conducted for yu = 2

and o = 1 kept constant, using a sample size of j = 5000 as in the above simulation.
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Figure 21: Change in the log-likelihood in for different p for j = 5000.

e The process was repeated for other sample sizes as well, keeping © = 2 and o0 = 1 constant. The

sample sizes of j = 100, 200, 500, 1000 were used respectively. The impact on the log-likelihood can

be seen in Figures 2] and It is noted that a smaller sample size yields a higher log-likelihood

value, given a higher p. Furthermore, the process was also repeated for other values of p and o

kept constant, whilst varying the value of p. The same results depicted in Figures and are

observed.

Impact of p on log-likelihood for j=100
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(a) Sample size j = 100.
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Impact of p on log-likelihood for j=200
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(b) Sample size j = 200.

Figure 22: Change in the log-likelihood in for different p for j = 100, 200.

e The observation of an increasing log-likelihood for different p is also noted from investigation of the

simulation of the GSN (u, o, p) distribution. Thus, the log-likelihood also increases for an increasing

p (keeping p and o constant).
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Figure 23: Change in the log-likelihood in for different p for j = 500, 1000.

Recall that if N ~ GE(p) and X ~ GSC(u,0,p) with composition in (79), then X|(N = n) =
Yo Y, ~ C(nu,no) using . Naturally, then X < np + noZ, where Z ~ C(0,1). The
latter stochastic representation was also used to simulate random numbers from the GSC(u, 0, p)
distribution, with = 2,0 = 1 and p = 0.7. Proceeding with estimation, the estimate obtained for
p again differs significantly from the true parameter, with p converging to a value close to 1. The

impact on the log-likelihood was investigated and it increases for an increasing p.

Following the approach suggested in Walck [40] to simulate random numbers from the Cauchy
distribution, the stochastic representation of X < np +no(2), where u ~ N(0,1),v ~ N(0,1) and
(N =n) ~ GE(p), was also used to simulate random numbers for the GSC(u, 0, p) distribution.
The parameters were kept at ¢ = 2,0 = 1 and p = 0.7. Proceeding with estimation, the estimate
obtained for p again differs significantly from the true parameter, with p converging to a value close

to 1. The impact on the log-likelihood was investigated and it increases for an increasing p.

It is noted that the same observation with regards to the estimate of p is also evident when the

DFEoptim package was used to conduct the aforementioned investigation.

It is worthwhile to conduct further research on the behaviour of p and reasons why this peculiarity is

evident for simulated data.
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5.2 Guinea pig data

The first data set considers the survival times of guinea pigs that were obtained freely from Bjerkedal
[I0]. The guinea pigs were injected with different doses of tubercle bacilli due to their particular high
vulnerability to tuberculosis [24] [10].

The total number of observations in the data is 72. A histogram of the data is plotted in Figure [24]
The coefficient of skewness of the sample is calculated as 1.759. It can be observed from the histogram
as well as the value of the sample skewness that the data is right skewed and hence suffices the need to
fit distributions that can model skewed data.

Before analysing the data, it has been decided to divide all the observations in the data by 50 for

computational purposes as this will not affect the inference that will be conducted.

20-

15-

count

0 100 200 300 400
ap

Figure 24: Histogram of guinea pig data.

The first model to be fitted will be the skew-normal model. That is, the SN (i1, 0%, \) distribution with
PDF in . The MLEs of the unknown parameters are given in Table The associated log-likelihood
value becomes —115.252. The KS test statistic is 0.185. In addition to the latter, the AIC and BIC values
are given by 236.504 and 243.334 respectively. The fitted PDF along with the histogram of the data is
given in Figure

The second model to be fitted will be the geometric skew-normal model. That is, the GSN(u, 0, p)
distribution with PDF in (31). The MLEs of the unknown parameters are given in Table The fit
statistics of the model is given in Table The fitted PDF along with the histogram of the data is
given in Figure The empirical survival function and the fitted survival function is given in Figure

Furthermore, the empirical CDF and the fitted CDF is given in Figure
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Guinea pig data: survival functions
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Figure 25: Survival functions of fitted GSN (u, o, p) model.
Guinea pig data: distribution functions
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Figure 26: Distribution functions of fitted GSN (u, o, p) model.

The third model to be fitted will be the geometric skew-Cauchy model. That is, the GSC(u, o, p)
distribution with PDF in (83). The MLEs of the unknown parameters are given in Table The fit
statistics of the model is given in Table [II] The fitted PDF along with the histogram of the data is
given in Figure 29 The empirical survival function and the fitted survival function is given in Figure 27

Furthermore, the empirical CDF and the fitted CDF is given in Figure 28]
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Guinea pig data: survival functions
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Figure 27: Survival functions of fitted GSC(u, o, p) model.
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Figure 28: Distribution functions of fitted GSC(u, o, p) model.

Guinea pig data: density functions

06~

- Type of distribution:
= == GSC PDF
o == GSNPDF

== SN PDF
02-
0.0-
0 1 2 3 4 5 [} 7 8
X

Figure 29: All three fitted models for the guinea pig data.



Table 10: Parameter estimates of three models for the guinea pig data

SN(u, 0%, \) | GSN(u,0,p) | GSC(u,o,p)
[=0227 | fi=1202 i = 1.351
6 = 2.388 6 = 0.457 6 = 0.369

X —183.446 | p = 0.602 h=0.773

Table 11: Three models for the guinea pig data

SN(u,0%N) | GSN(p,0,p) | GSC(p,0,p)
Log-likelihood -115.252 -107.431 -108.213
KS test statistic 0.185 0.107 0.086
AIC 236.504 220.862 222.426
BIC 243.334 227.692 229.256

It can be observed from Table that the new GSC(u,o,p) model provides a better fit than the
SN (p,02,\) model to this data, considering the log-likelihood, the KS test statistic, AIC and the BIC
values.

It is observed that the GSC(u, o, p) model provides a better fit to the data than the GSN (u, o, p)
model based on the KS test statistic. This can also be observed from Figures [26| and [28] where the
empirical CDF of the GSC(u,o,p) model is closer to the fitted CDF, as opposed to the GSN (i, o, p)
model.

However, the GSN(u, o0, p) model provides a better fit than both the GSC(u, 0,p) model and the
SN (p, 0%, \) model when considering the log-likelihood, AIC and the BIC.

The fact that the GSN(u, o, p) model performs better than the GSC(u, o, p) model could be due to
the fact that the data does not exhibit fat tails (for which the GSC/(u, o, p) model is appropriate). Figure
depicts the fitted CDFs of the GSC(u,0,p) and GSN (u, o, p) models. It can be observed from Figure
B0|that the GSC(u, o, p) model accommodates fatter lower- and upper-tails than the GSN (y, o, p) model.
The latter can also be observed in Tables|12|and where the GSC(u, o, p) model has greater lower-tail
probabilities and smaller upper-tail probabilities, indicative of the ability to model fatter tails than the

GSN (p, 0,p) model.

Table 12: Lower tail probabilities of GSN (p, 0, p) vs. GSC(p, o, p) model

GSN(u,0,p) | GSC(p,0,p)
=04 0.004 0.113
z=05 0.008 0.124
7=06 0.016 0.136
z=0.7 0.030 0.152
=038 0.052 0.171
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Guinea pig data: fitted distribution functions
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Figure 30: Distribution functions of fitted GSC(u, o, p) and GSN (u, o, p) models.

Table 13: Upper tail probabilities of GSN (u, o, p) vs. GSC(p, o, p) model

GSN (u,0,p) | GSC(p,0,p)
z=4 0.966 0.908
z =45 0.980 0.926
z=5 0.088 0.940
z=55 0.993 0.949
z=6 0.996 0.957

Considering Figures [26| and it can also be observed that the GSC(u, o, p) model is a better fit in the
middle part of the data, whereas the GSN (u, o, p) model is a better fit at the tails. The latter supports
the fact that the data does not exhibit fat tails and hence the GSC(u, o, p) model not being a better fit

than the GSN (u, o, p) model for the tail data.

5.3 Danish fire loss data

The second data set that will be analysed considers data that comprises Danish fire losses. The data
contains individual losses above 1 million Danish Krones. The data were analysed by McNeil [29] and
were collected by a reinsurance company in Denmark [I4]. The data set spans over the period from 3
January 1980 till 31 December 1990 [14].

The total number of observations in the data is 2167. A histogram of the data is plotted in Figure
The coefficient of skewness is calculated as 18.737. It can be observed from the histogram as well as the
value of the sample skewness that the data is right skewed and hence suffices the need to fit distributions

that can model skewed data.
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Figure 31: Histogram of Danish fire loss data.

The first model to be fitted will be the skew-normal model. That is, the SN (i1, 0%, \) distribution with
PDF in . The MLEs of the unknown parameters are given in Table The associated log-likelihood
value becomes —6301.178. The KS test statistic is 0.988. In addition to the latter, the AIC and BIC
values are given by 12608.36 and 12625.4 respectively.

The second model to be fitted will be the geometric skew-normal model. That is, the GSN (u, o, p)
distribution with PDF in (31). The MLEs of the unknown parameters are given in Table The fit
statistics of the model is given in Table [I5] The fitted PDF along with the histogram of the data is
given in Figure [36] The empirical survival function and the fitted survival function is given in Figure 32

Furthermore, the empirical CDF and the fitted CDF is given in Figure

Danish fire loss data: survival functions
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Fd)
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025-
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Figure 32: Survival functions of fitted GSN (p, o, p) model.
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Danish fire loss data: distribution functions
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Figure 33: Distribution functions of fitted GSN (u, o, p) model.

The third model to be fitted will be the geometric skew-Cauchy model. That is, the GSC(u,0,p)
distribution with PDF in (83). The MLEs of the unknown parameters are given in Table The fit
statistics of the model is given in Table The fitted PDF along with the histogram of the data is
given in Figure The empirical survival function and the fitted survival function is given in Figure

Furthermore, the empirical CDF and the fitted CDF is given in Figure

Danish fire loss data: survival functions

1.00-

0.75-

Type of density:

== empirical

Fudx)

= theoretical

0.25-

0.00-

Figure 34: Survival functions of fitted GSC(u, o, p) model.
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Danish fire loss data: distribution functions
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Figure 35: Distribution functions of fitted GSC(u, o, p) model.
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Figure 36: All three fitted models for the Danish fire loss data.

Table 14: Parameter estimates of three models for the Danish fire loss data

SN(u, 0%, \) | GSN(u,0,p) | GSC(u,0,p)
L —0909 | p=1414 | j—1383
6 = 8.844 6 =0.333 6 =0.254

X — 183.446 | p = 0.418 5= 0.625

Table 15: Three models for the Danish fire loss data

SN(u,\,02) | GSN(u,0,p) | GSC(u,0,p)
Log-likelihood -6301.178 -4111.879 -3852.932
KS test statistic 0.988 0.992 0.987
AIC 12608.36 8229.757 7711.863
BIC 12625.4 8246.801 7728.907
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It can be observed from Table that the new GSC(u, o, p) model provides a better fit than both the
SN (u,0%, \) model as well as the GSN (u, o, p) model to this data, considering the log-likelihood, the KS
test statistic, AIC and the BIC values. The latter can also be observed from Figures [33] and [35] where
the empirical CDF of the GSC(u, o, p) model is closer to the fitted CDF, as opposed to the GSN (i, o, p)
model. It seems that the GSC(u, o, p) model is a better fit to both the middle part and the tails of the
data. Furthermore, it is observed from Figurethat the GSC(u, 0, p) model provides a closer fit to the
data as compared to the GSN(u, o, p) model. In fact, the GSC(u,o,p) model is fitted close to the tail
data of the histogram, whereas the GSN (i, o, p) model is relatively far off from the tail data.

The above results from the analysis of the Danish fire loss data show that the GSC(u, o, p) model is a
competitive model. Thus, it can be used as an alternative to the skew-normal and geometric skew-normal

distributions.
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6 Chapter 6

The dissertation is concluded by providing a summary of what has been done and outlining considerations

for future work.

6.1 Summary

In this dissertation the geometric skew-Cauchy distribution was introduced. The latter distribution
utilized the geometric and Cauchy distributions in a compounding sum of i.i.d. random variables. This
was in addition to the existing utilization of the geometric and normal distributions in a compounding
sum of i.i.d. random variables.

The new model has the same number of parameters as the skew-normal distribution, and is more
flexible since it can be unimodal or multimodal. In addition, although the geometric skew-normal distri-
bution can also be unimodal or multimodal, the new model is shown to be reasonably more flexible since
it can accommodate for fatter tails in the data.

The new alternative distribution is presented through theoretical development, descriptive research
and experimental research in the form of simulation. An algorithm is presented to find the MLEs of
the unknown parameters of the new model. The findings are supported through implementation on two
real data sets. The aims and objectives have been met to sustain the rationale of conducting research
on an alternative distribution. It is concluded that the newly proposed three-parameter distribution can
be used as an alternative to the skew-normal and geometric skew-normal distributions. Furthermore, it
appears overall as if the geometric skew-Cauchy distribution is a competitive model to consider as an
alternative to the other models revisited in the dissertation.

Consideration is presented in the following subsection on generalizing the new model to the multivari-
ate case. It will be worthwhile to continue developing the multivariate case as an alternative consideration
to other multivariate distributions such as the multivariate skew-normal and geometric skew-normal dis-

tributions.

6.2 Future work

Subbotin introduced the generalised normal distribution that is more flexible than the normal distribution
to allow for fatter tails [39]. Arellano-Valle et. al. [3] introduced a skew-generalised normal distribution
which contains the skew-normal distribution as a special case. It would be possible to consider utilizing
the geometric distribution and either the generalised normal or the skew-generalised normal distributions
in a compounding sum of independent random variables.

Another possible idea for future work is to extend the univariate geometric skew-Cauchy distribution
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to the multivariate case. The motivation to explore the multivariate case is supported by the fact that
there is a lack of skewed distributions in dimensions greater than one [25]. For this reason, the proceeding
generalization of the univariate geometric skew-Cauchy is outlined.

The multivariate Cauchy distribution is a special case of the multivariate student’s t-distribution with

v =1 degree of freedom [23].
Theorem 50. A d-dimensional random vector X = (X1, ... ,Xd)T is said to have the d-variate t distri-
bution if its joint PDF is given by

_ (v4d)
2

4 ) S e ) (104)

2

1
(5) 22
with degrees of freedom v > 0, d X d mean vector p, and d X d positive definite covariance matriz 3 (and

with R denoting the corresponding d x d correlation matriz) [23)].

Ifd=1, p=1and X = 1, then (104) becomes the PDF of the univariate student’s t-distribution
[23]. Since the multivariate Cauchy distribution is a special case of (104)), the following corollary follows

immediately.

Corollary 5. A d-dimensional random vector X = (Xq,..., Xd)T is said to have the d-variate Cauchy

distribution if its joint PDF is given by

x) = I (%) 1+ x—p)'EsHx— BN 105
fx(x) (77)%1“(%)|E|%[+( ) (x —p)] (105)

with dxd mean vector p and dx d positive definite covariance matriz X (with R denoting the corresponding

d x d correlation matriz).

Theorem 51. If X has the d-variate t distribution with degrees of freedom v > 0, d X d mean vector p,
and d x d positive definite covariance matriz 3, then for any nonsingular scalar matriz C and for any

a, CX +a has the d-variate t distribution with degrees of freedom v, mean vector Cu+ a, and covariance

matriz CECT [23].

Naturally, the latter result can be applied to the multivariate Cauchy distribution. This yields that the
distribution of a linear combination of d-variate Cauchy random variables, will also follow the multivariate
Cauchy distribution [23]. A d-variate Cauchy random variable with location parameter p and scale

parameter X, will be denoted by Cy(p, ).

Theorem 52. Let {Y; :i=1,2,...} be i.i.d Cyq(p,X) random variables and suppose that N ~ GE(p),
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with N and Y/s independently distributed. Then define

N
X =Ny, (106)
i=1

where =" indicates equal in distribution. It is then observed that X is a multivariate geometric skew-

Cauchy random variable with parameters p, % and p. This will be denoted by MV GSCy (p, X, p), where

d=1,2,... indicates the number of variables.

Future work can include the derivations of the joint PDF as well as the joint CDF of the variable
(X,N). In turn, this can be used to derive the CDF of the random variable X in (L06). A possible
representation of the PDF of the random variable X in is given by the proceeding theorem for
0<p<l Ifp=1,then X ~ Cy(u, ).

Theorem 53. Let X ~ MV GSCy (pn, X,p) and N ~ GE(p) with composition given by , then the

PDF of the random variable X 1is given by

fx(@) = p(1l—p) ' Wa(kp, k) (107)
k=1
where
1+d
W kD) = —CE) [1+ (@ — k)" =7 (2 — kp)

(km)® [T (

N[ =
~—

for x € R?, e R, B: d x d positive definite covariance matriz and 0 < p < 1.
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Appendix A: definitions, lemmas and results

A.1 Definitions

Definition 1. If X is a random variable then the MGF of X is given by the following expected value

formulation [§):
Mx(t) = E (e'¥). (108)

This is called the MGF of X if the expected value exists for all values of t in some interval of the form
—k <t <k for some k > 0.

Definition 2. The cumulant generating function (CGF) of a random variable Y, that is the function
Gy (t), is defined as the logarithm of the moment generating function of the random variable Y [6]]. Thus,

Gy (t) = log(My (1)). (109)

Definition 3. The n** cumulant, k,, of a random variable Y can be obtained via the n*" derivative of

the CGF of the random variable for n =1,2,3,4. Thus,

kn, = —Gy(t) (110)

forn=1,2,3,4 [6].
Definition 4. The inverse Mills ratio is defined as the ratio between the PDF and the CDF of the

standard normal distribution [6]. That is, the inverse Mills ratio is defined as:

b(y) = —= (111)

fory € R, where ¢(-) and ®(-) denote the PDF and CDF of the standard normal distribution respectively.

Definition 5. The conditional probability of event A, given event B, is defined as [8:

P(ANB)

PAIB) = —5 5

(112)

if P(B) # 0.
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A.2 Lemmas

Lemma 1. If V ~ N(0,1) then

Ey[®(hV +m)] = ® (\/ﬁi}J (113)

for hym € R [6], with ®(-) denoting the standard normal CDF.
Proof. If V.~ N(0,1) then it is true that Y = hV +m ~ N(m, h?) [§]. If Z ~ N(0, 1) then it is true that

Z —Y ~ N(—m,1+ h?) [§]. Now let X = ®(Y). Then it follows that

E(X) )]

— By [B(Y

-/ N / Yo% dzf(y)dy
—o0 JO

— By [P.(Z < yly)

=Py (Z < Y)

=Pyz(Z-Y <0).
Thus,

Ey[®(hV +m)] = ® (m) .

it
O
Lemma 2. If V ~ Ny(0,%) then
E[®(hTV +m)| =& <m> (114)
V1+hTSh

for h € R? and m € R [6], with ®(-) denoting the standard normal CDF.

Proof. The proof follows in a similar fashion to that of the proof of (113), by noting that ATV ~
N(0,hTSh) when V ~ N4(0,X). O

Lemma 3. If B is a symmetric positive definite d X d matriz, a and k are d-vectors and kg is a scalar,

then

1 1, Tg—1 T
I = - - {—g(w B ™ "xz—2a m)}(b T
/Rd (27T)d/2\B|1/2€ (ko + k' x)dx

laTBa)q) < k() —|—kTBa> .

=t Vit kT Ak (H5)
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Proof. Using (|[114)), and the fact that y =  — p and p = Ba, it follows that

_ 1 {—%(mTB’Im—ZaTm)} T
I_/Rd(277)d/2|_31/26 ‘I’(ko"‘k x)dm

1
- / @m)?2 B2
— ¢{3a"Ba} /Rd ¢ (y; B) @ (ko + kT (y + 1)) dy

— c(307Ba)g (ko i kTBa) .
V1+ kT Ak

{53(@=m BT @ -u"B u)} g (k) + kT ) da

A.3 Results

Theorem 54. Consider the random variable Y. Let f(y) and F(y) denote the PDF and CDF of Y

respectively. Then,

fly) = —F(y) (116)

where the derivative exists [8].
Theorem 55. The CDF of a standard normal random variable Y can be represented as:

1 1 & ( 1)k 2k+1

1y
q’(y>:§+\/ﬂ; MREk+ 1)

(117)

Proof. From Bain and Engelhardt [§] and Stewart [37], it follows that

1 1 Y
P(y)= = + —erf | =
W=g5tse (ﬂ)

2k+1
1o =0 ()
]

2Vm = E'(2k+1)
(_%)ky2k+1

K2k +1)

O

Theorem 56. Let b(-) represent the inverse Mills ratio as given in . Let V/(-) and b"'(-) denote the

first and second derivatives of b(-) respectively. The following properties of the inverse Mills hold:
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1. Property 1.

b(0) = % (118)

2. Property 2.
¥(w) = 2-00) = ~blo)ly + b (119)

9. Property 3.
b (y) = j;b(y) = —b(y) + y*b(y) + 3y(b(y))* + 2(b(y))” (120)

Proof. The derivations are done freely utilizing the product, quotient and chain rules as given in Stewart

[37]. For Property 1, from Bain and Engelhard [8] by definition

-
—

(@)
=

b(0) =

—~
SIS
=

[N

S

For Property 2, we make use of the fact that

o' (y) = dilyaﬁ(y)

d ( 1 _1y2>
= — —e 2
dy \V2n
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Then, using (116) and (111)), it follows that

For Property 3, using Property 2, it follows that

') = 5b)

d (d
0y <dyb<y’>
*b(y)[y +b(y)])
(yb(y) + (b(y)) )

- o)
(@ ) < ) <20 (50 )

b(y) +y(=b(y)[y + b(y)]) + 2b(y)(=b(y)[y + b(y)]))
=— (b(y) —y7b(y) — y(b(y))* — 2y(b(y))* — 2(b(y))*)
= — (b(y) — y*b(y) — 3y(b(y))* — 2(b(y))?)

= —b(y) + yb(y) + 3y(b(y))* + 2(b(y))*.

?
5

O

Corollary 6. Property 3 yields that all b"(y) for r > 1 can be written as functions of b(y) and powers of
y [6]. That is,

dT‘

b"(y) = 0

bo(y) for r=1,2,...
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where

bo(y) = log [2®(y)] -

Theorem 57. If D is positive definite matriz of order p, the mazximum of

f(G)=—Nlog|G| —trG™'D

with respect to positive definite matrices G exists, occurs at

G = (1/N)D (121)

and has the value

J1(1/N)D] = pNlog N — Nlog |D| - pN[2.

Proof. The full proof is provided in Anderson [2]. O

112



Appendix B: code

Data analysis

g S s s
#Data analysis of the guinea pig data set

gp_nodiv <- c(12,15,22,24,24,32,32,33,34,

38,38,43,44,48,52,53,54,54,

55,56,57,58,58,59,60,60,60,

60,61,62,63,65,65,67,68,70,

70,72,73,75,76,76,81,83,84,

85,87,91,95,96,98,99,109,110,

121,127,129,131,143,146,146,175,175,
211,233,258,258,263,297,341,341,376)

gp <- gp_nodiv/50

#Plot of the data

library(ggplot2)

ggplot(data.frame(gp), aes(x=gp)) +
geom_histogram(aes(y=..density..),color=’darkblue’, fill=’magenta’, bins=17) +

scale_x_continuous(breaks = seq(0, 8, by = 1))

R

#Skew-normal work

#Trying to obtain the skew-normal parameter

library(sn)

cp_space_est <- sn.mple(y=gp)$cp

dp_space_est <- cp2dp(cp_space_est,family="SN") #Conversion of CP parameters to DP
— parameters

dp_space_est

mean <- dp_space_est[1]

sd <- dp_space_est[2]

gammal <- dp_space_est[3]

#For the likelihood value
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testdata <- data.frame(gp)
X <- gp
mod <- selm(X ~ 1, data=testdata)

summary (mod)

#Fitting to obtain the theoretical PDF of the skew-normal

sn_dens <- dsn(x=gp, xi=mean, omega=sd, alpha=gammal)

#Trying to obtain the KS TS using a function

ks.test(gp, ’psn’, xi=mean, omega=sd, alpha=gammal)

#0btaining the KS using first principles

#Empirical quantiles

sorted_dat <- sort(gp, decreasing = FALSE)

EQ <- cbind(seq(1,length(gp),1)/length(gp),sorted_dat)

EQ[length(gp),1] <- 0.99 #Assigning 0.99 as the 99th quantile

#Theoretical quantiles
quants <- EQ[,1]
theoSNq <- psn(x=gp, xi=mean, omega=sd, alpha=gammal)

t_quant <- cbind(theoSNq, sorted_dat)

#Statistic Guidici page 110.
T1 = max(abs(EQ[,1]-t_quant[,1]))

T1

#AIC for the SN model
aic_sn <- 2%3 - 2x(-115.252)

aic_sn

#BIC for the SN model

bic_sn <- 3xlog(length(gp)) - 2*(-115.252)

bic_sn
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#Plotting the theoretical PDF

ggplot(data.frame(gp)) +

geom_histogram(aes(x = gp, y = ..density..), color=’black’, fill=’lightgrey’, bins=17)
<+

scale_x_continuous(breaks = seq(0, 8, by = 1)) +

#geom_line(aes(gp, gsn_pdf, color = ’GSN PDF’), size = 1.2) +

geom_line(aes(gp, dsn(gp, xi=mean, omega=sd, alpha=19.7001), color = ’SN PDF’), size
— =1.2) +

labs(x="x",y=parse(text="f[x] (x)"),
title="Guinea pig data: density function") +
scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))

g S s s s s S s
#GSN work

#Parameters given in the document that were obtained by the EM

p <- 0.6022818

mu <- 1.202389

sigma <- 0.4565002

lower <- 1

upper <- 100

HEHFHBRSHHBHHH B RS H R SRR B RS H RS H BB EHH B SH RS R RS H RS H BR SRR RS HBR SRR

#Plotting the theoretical PDF

ggplot(data.frame(gp,gsn_pdf)) +

geom_histogram(aes(x = gp, y = ..density..), color=’black’, fill=’lightgrey’, bins=17)
< o+

scale_x_continuous(breaks = seq(0, 8, by = 1)) +

geom_line(aes(gp, gsn_pdf, color = ’GSN PDF’), size = 1.2) +

#geom_line(aes(gp, dsn(gp, xi=mean, omega=sd, alpha=19.7001), color = ’SN PDF’), size

— =0.8) +
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labs(x="x",y=parse(text="f[x] (x)"),
title="Guinea pig data: demnsity function") +
scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))

HHRBR AR R R R R R R R R R R R
#Plotting the theoretical CDF

ggplot(data.frame(gp,gsn_cdf)) +

geom_line(aes(gp, gsn_cdf, color = ’GSN CDF’), size = 1.2) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Guinea pig data: distribution function") +
scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))

HERFHHAHHHBHHHBRFHRBFHHBRHH BB H ARG HHBRFHBEGH R B SRR GH B ER SRR SRR RS R B
#0btaining the log-likelihood based on the estimates

pdf_mat <- as.matrix(gsn_pdf)

log_pdf <- log(pdf_mat)

11_gsn <- sum(log_pdf)

11_gsn
#0btaining the empirical CDF
cdf_emp_gsnf <- ecdf(x = gp) # is a function

cdf_emp_gsn <- cdf_emp_gsnf (gp) # values

#Plotting the EMP vs THEQ CDF:

plot(cdf_emp_gsnf, main = "Empirical and Theoretical CDF", xlab = "y", ylab = "F(y)")

— # empirical cdf

lines(x = gp, y = gsn_cdf, col = "red", type = "1") # theoretical cdf

ggplot(data.frame(gp,gsn_cdf)) +

geom_line(aes(gp, gsn_cdf, color = ’theoretical’), size = 1.2) +

geom_line(aes(gp, cdf_emp_gsn, color = ’empirical’), size = 1.2) +
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labs(x="x",y=parse(text="F[x] (x)"),
title="Guinea pig data: distribution functions") +
scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text(hjust = 0.5))

#0btaining the theoretical survival function

gsn_surv <- 1 - gsn_cdf

#0btaining the empirical survival function

gsn_surv_emp <- 1 - cdf_emp_gsn

#Implementation check, S(x) = 1 - F(x) where F(.) is the cdf:
#Checking if the theoretical survival function is close to the empirical survival
— function

all.equal(gsn_surv, 1 - cdf_emp_gsn)

#Plotting the EMP vs THEQ survival function:
plot(stepfun(x = gp, y = c(1, gsn_surv_emp)), main = "Empirical and Theoretical
— Survival Function", xlab = "y", ylab = "S(y)") # empirical S

lines(x = gp, y = gsn_surv, col = "red", type = "1") # theoretical S

ggplot(data.frame(gp,gsn_surv)) +

geom_line(aes(gp, gsn_surv, color = ’theoretical’), size = 1.2) +
geom_line(aes(gp, gsn_surv_emp, color = ’empirical’), size = 1.2) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Guinea pig data: survival functions") +
scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text(hjust = 0.5))

FHEEE R R R R
#0btaining the KS using first principles
#Empirical quantiles

sorted_dat <- sort(gp, decreasing = FALSE)
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EQ <- cbind(seq(1,length(gp),1)/length(gp),sorted_dat)

EQ[length(gp),1] <- 0.99 #Assigning 0.99 as the 99th quantile

#Theoretical quantiles
quants <- EQ[,1]
theoGSNg <- gsn_cdf

t_quant <- cbind(theoGSNqg, sorted_dat)

#Statistic Guidici page 110.
T1 = max(abs(EQ[,1]-t_quant[,1]))

T1

R
#Trying to obtain the AIC and the BIC
aic_gsn <- 2x3 - 2*(1l_gsn)

aic_gsn

bic_gsn <- 3xlog(length(gp)) - 2*(1l_gsn)

bic_gsn

g S s s
#GSC work

#Parameters as obtained via the NR algorithm

p<-p

mu <- est_old[1]

sigma <- est_old[2]

lower <- 1

upper <- 100

HHRBRBRHHHHHHH BB R R R R R AR R R R R R

#Plotting the theoretical PDF

ggplot(data.frame(gp,gsc_pdf)) +
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geom_histogram(aes(x = gp, y = ..density..), color=’black’, fill=’lightgrey’, bins=17)
— 4+

scale_x_continuous(breaks = seq(0, 8, by = 1)) +

geom_line(aes(gp, gsc_pdf, color = ’GSC PDF’), size = 1.2) +

labs(x="x",y=parse(text="f[x] (x)"),

title="Guinea pig data: demnsity function") +

scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))

HH#HR R R R R R R
#Plotting the theoretical CDF

ggplot(data.frame(gp,gsc_cdf)) +

geom_line(aes(gp, gsc_cdf, color = ’GSC CDF’), size = 1.2) +

labs(x="x",y=parse(text="F[x] (x)"),
title="Guinea pig data: distribution function") +
scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text (hjust = 0.5))

HEHHFHBRHHHBHHH BB HRBFHH B RS H BB H R R G HH RS HBREH R B SRR SH R ER SRR H B RS R B
#0btaining the log-likelihood based on the estimates

pdf_mat <- as.matrix(gsc_pdf)

log_pdf <- log(pdf_mat)

11_gsc <- sum(log_pdf)

11l_gsc

#0btaining the empirical CDF
cdf_emp_gscf <- ecdf(x = gp) # is a function

cdf_emp_gsc <- cdf_emp_gscf(gp) # values

#Plotting the EMP vs THEO CDF:
plot(cdf_emp_gscf, main = "Empirical and Theoretical CDF", xlab = "y", ylab = "F(y)")
— # empirical cdf

lines(x = gp, y = gsc_cdf, col = "red", type = "1") # theoretical cdf
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#lines(x = gp, y = gsn_cdf, col = "blue", type = "1")

ggplot(data.frame(gp,gsc_cdf)) +
geom_line(aes(gp, gsc_cdf, color = ’theoretical’), size = 1.2) +

1.2) +

geom_line(aes(gp, cdf_emp_gsc, color = ’empirical’), size
labs(x="x",y=parse(text="F[x] (x)"),

title="Guinea pig data: distribution functions") +

+

scale_color_discrete(name=expression("Type of density:"))

theme(plot.title = element_text(hjust = 0.5))

#0btaining the theoretical survival function

gsc_surv <- 1 - gsc_cdf

#0btaining the empirical survival function

gsc_surv_emp <- 1 - cdf_emp_gsc

#Implementation check, S(x) = 1 - F(x) where F(.) is the cdf:
#Checking if the theoretical survival function is close to the empirical survival
— function

all.equal(gsc_surv, 1 - cdf_emp_gsc)

#Plotting the EMP vs THEQ survival function:

plot(stepfun(x = gp, y = c(1, gsc_surv_emp)), main = "Empirical and Theoretical
< Survival Function", xlab = "y", ylab = "S(y)") # empirical S

lines(x = gp, y = gsc_surv, col = "red", type = "1") # theoretical S

#lines(x = gp, y = gsn_surv, col = "blue", type = "1")

ggplot(data.frame(gp,gsc_surv)) +

geom_line(aes(gp, gsc_surv, color = ’theoretical’), size = 1.2) +
geom_line(aes(gp, gsc_surv_emp, color = ’empirical’), size = 1.2) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Guinea pig data: survival functions") +

scale_color_discrete(name=expression("Type of density:")) +
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theme(plot.title = element_text (hjust = 0.5))

HHHBR R HHHHRRBRR G H R R ER R R R G R H R R R RS
#0btaining the KS using first principles

#Empirical quantiles

sorted_dat <- sort(gp, decreasing = FALSE)

EQ <- cbind(seq(1l,length(gp),1)/length(gp),sorted_dat)

EQ[length(gp),1] <- 0.99 #Assigning 0.99 as the 99th quantile

#Theoretical quantiles
quants <- EQ[,1]
theoGSCq <- gsc_cdf

t_quant <- cbind(theoGSCq, sorted_dat)

#Statistic Guidici page 110.
T1 = max(abs(EQ[,1]-t_quant[,1]))

T1

S s s s s s
#Trying to obtain the AIC and the BIC

11_gsc <- -108.213

aic_gsc <- 2x3 - 2*(1l_gsc)

aic_gsc

bic_gsc <- 3xlog(x_iter) - 2%(1l_gsc)

bic_gsc

#tail probability checks

#Checking an upper range of values say from x=20 till x=30

xrange_upper<-seq(4,7,0.5)

gsn2<-sapply (xrange_upper, function(i) sum(gsn_cdf_nosum(seq(lower, upper, 1), i=i)))

gsc2<-sapply(xrange_upper, function(i) sum(gsc_cdf_nosum(seq(lower, upper, 1), i=i)))
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#Checking a lower range of values say from x=-3 till x=2
xrange_lower<-seq(0.4,0.8,0.1)
gsn3<-sapply(xrange_lower, function(i) sum(gsn_cdf_nosum(seq(lower, upper, 1), i=i)))

gsc3<-sapply(xrange_lower, function(i) sum(gsc_cdf_nosum(seq(lower, upper, 1), i=i)))

LI s s s s s s e s s s s s s s s s s s e s
#Parms for SN

mean <- 0.2270935

sd <- 2.388109

lams <- 19.7001

#Parms for GSN
p <- 0.6022818
mu <- 1.202389

sigma <- 0.4565002

lower <- 1

upper <- 100

#Parms for GSC
p <- 0.773
mu <- 1.351
sigma <- 0.369
lower <- 1

upper <- 100

B i s S s s s e e e e s e s e R e e e S e S R

#Plotting the theoretical PDF

ggplot(data.frame(gp,gsn_pdf)) +

geom_histogram(aes(x = gp, y = ..density..), color=’black’, fill=’lightgrey’, bins=17)
< o+

scale_x_continuous(breaks = seq(0, 8, by = 1)) +

geom_line(aes(gp, gsn_pdf, color = ’GSN PDF’), size = 1.3) +
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geom_line(aes(gp, gsc_pdf, color = ’GSC PDF’), size = 1.6) +

geom_line(aes(gp, dsn(gp, xi=mean, omega=sd, alpha=19.7001), color = ’SN PDF’), size
— =1) +

labs(x="x",y=parse(text="f[x] (x)"),

title="Guinea pig data: density functioms") +

scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))

FHH R R R
#Data analysis for the Dansih fire loss data

library(fExtremes)

danishClaims

Danish<- danishClaims[,2]

#Histogram only

library (ggplot2)

ggplot(data.frame(Danish), aes(x=Danish)) +
geom_histogram(color=’purple’, fill=’magenta’, bins=80) +

scale_x_continuous(name="x", limits = c(0, 20))

L s s s s s

#Skew-normal work

gp <- Danish

#Trying to obtain the skew-normal parameters

library(sn)

cp_space_est <- sn.mple(y=gp)$cp

dp_space_est <- cp2dp(cp_space_est,family="SN") #Conversion of CP parameters to DP
— parameters

dp_space_est

mean <- dp_space_est[1]
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sd <- dp_space_est[2]

gammal <- dp_space_est[3]

#For the likelihood value
testdata <- data.frame(gp)

X <- gp

mod <- selm(X ~ 1, data=testdata)

summary (mod)

#Fitting to obtain the theoretical PDF of the skew-normal

sn_dens <- dsn(x=gp, xi=mean, omega=sd, alpha=gammal)

#Trying to obtain the KS TS using a function

ks.test(gp, ’psn’, xi=mean, omega=sd, alpha=gammal)

#0btaining the KS using first principles

#Empirical quantiles

sorted_dat <- sort(gp, decreasing = FALSE)

EQ <- cbind(seq(1,length(gp),1)/length(gp),sorted_dat)

EQ[length(gp),1] <- 0.99 #Assigning 0.99 as the 99th quantile

#Theoretical quantiles
quants <- EQ[,1]
theoSNq <- psn(x=gp, xi=mean, omega=sd, alpha=gammal)

t_quant <- cbind(theoSNq, sorted_dat)

#Statistic Guidici page 110.
Tl = max(abs(EQ[,1]-t_quant[,1]))

T1

#AIC for the SN model

aic_sn <- 2%3 - 2x(-6301.178)

aic_sn
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#BIC for the SN model
bic_sn <- 3xlog(length(gp)) - 2*(-6301.178)

bic_sn

HHRBR RS R BB R R R

#The geometric skew-Cauchy model

X <- Danish

library(DEoptim)

LGSC=function(theta){

p=thetal1]

mu=thetal[2]

sigma=thetal[3]

t=0

for(k in 1:1000){

t1=(1/k) *((1-p) " (k-1)) * (1+((x-k*mu) / (k*sigma)) ~2) ~ (-1)

t=t+t1}

1=sum(log((p/(pi*sigma))*t))
return(-1)

}

h=DEoptim(LGSC,lower=c(0,-10,0),

upper=c(1,10,10) ,control = DEoptim.control(trace = TRUE))
par.hat=h$optim$bestmen

names (par.hat)=NULL

phat=par.hat[1]

muhat=par.hat [2]

sigmahat=par.hat [3]

value=-h$optim$bestval
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AIC=6-2*xvalue

gsc_parms <- par.hat
gsc_11 <- value

gsc_aic <- AIC

gsc_parms
gsc_11

gsc_aic

p <- 0.6246752

mu <- 1.3827333
sigma <- 0.2535249
lower <- 1

upper <- 1000

#Plotting the theoretical PDF

ggplot(data.frame (Danish,gsc_pdf)) +

geom_histogram(aes(x = Danish, y = ..density..), color=’purple’, fill=’magenta’, bins
< =80) +

scale_x_continuous(name="x", limits = c(0, 20)) +

geom_line(aes(Danish, gsc_pdf, color = ’GSC PDF’), size = 1.2, color=’black’) +

labs(x="x",y=parse(text="f[x] (x)"),

title="Danish fire loss data: density function") +

scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text (hjust = 0.5))

#0btaining the KS using first principles

#Empirical quantiles

sorted_dat <- sort(Danish, decreasing = FALSE)

EQ <- cbind(seq(1,length(Danish),1)/length(Danish),sorted_dat)

EQ[length(Danish),1] <- 0.99 #Assigning 0.99 as the 99th quantile
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#Theoretical quantiles
quants <- EQ[,1]
theoGSCq <- gsc_cdf

t_quant <- cbind(theoGSCq, sorted_dat)

#Statistic Guidici page 110.
T1 = max(abs(EQ[,1]-t_quant[,1]))

T1

#Trying to obtain the AIC and the BIC
11_gsc <- gsc_1l1
aic_gsc <- 2*%3 - 2*(1l_gsc)

aic_gsc

bic_gsc <- 3xlog(length(Danish)) - 2*(1ll_gsc)

bic_gsc

#0btaining the empirical CDF
cdf_emp_gscf <- ecdf(x = Danish) # is a function

cdf_emp_gsc <- cdf_emp_gscf(Danish) # values

#Plotting the EMP vs THEO CDF:

plot(cdf_emp_gscf, main = "Empirical and Theoretical CDF", xlab = "y", ylab = "F(y)")
< # empirical cdf

lines(x = Danish, y = gsc_cdf, col = "red", type = "1") # theoretical cdf

#lines(x = Danish, y = gsn_cdf, col = "blue", type = "1")

ggplot(data.frame(Danish,gsc_cdf)) +

geom_line(aes(Danish, gsc_cdf, color = ’theoretical’), size = 1.2) +
geom_line(aes(Danish, cdf_emp_gsc, color = ’empirical’), size = 1.2) +
scale_x_continuous(name="x", limits = c(0, 40)) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Danish fire loss data: distribution functions") +
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scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text(hjust = 0.5))

#0btaining the theoretical survival function

gsc_surv <- 1 - gsc_cdf

#0btaining the empirical survival function

gsc_surv_emp <- 1 - cdf_emp_gsc

#Implementation check, S(x) = 1 - F(x) where F(.) is the cdf:
#Checking if the theoretical survival function is close to the empirical survival
— function

all.equal(gsc_surv, 1 - cdf_emp_gsc)

#Plotting the EMP vs THEQ survival function:

plot(stepfun(x = Danish, y = c(1, gsc_surv_emp)), main = "Empirical and Theoretical
— Survival Function", xlab = "y", ylab = "S(y)") # empirical S

lines(x = Danish, y = gsc_surv, col = "red", type = "1") # theoretical S

#lines(x = Danish, y = gsn_surv, col = "blue", type = "1")

ggplot(data.frame(Danish,gsc_surv)) +

geom_line(aes(Danish, gsc_surv, color = ’theoretical’), size = 1.2) +
geom_line(aes(Danish, gsc_surv_emp, color = ’empirical’), size = 1.2) +
scale_x_continuous(name="x", limits = c(0, 40)) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Danish fire loss data: survival functions") +
scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text(hjust = 0.5))

HHRBH R R BB R R R R S

#The geometric skew-normal model
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X <- Danish

library (DEoptim)

LGSN=function(theta){

p=thetal1]

mu=theta[2]

sigma=thetal[3]

t=0

for(k in 1:1000){

t1=(1/sqrt (k) ) * ((1-p) ~ (k-1) ) * (dnorm( ( (x-k*mu) / (sigma*sqrt (k))), mean=0, sd=1))

t=t+t1}

1=sum(log((p/(sigma))*t))
return(-1)

3

h=DEoptim(LGSN,lower=c(0,-10,0),

upper=c(1,10,10) ,control = DEoptim.control(trace = TRUE))
par.hat=h$optim$bestmem

names (par.hat)=NULL

phat=par.hat[1]

muhat=par.hat [2]

sigmahat=par.hat[3]

value=-h$optim$bestval

AIC=6-2%*value
gsn_parms <- par.hat
gsn_11 <- value

gsn_aic <- AIC

gsn_parms

gsn_11
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gsn_aic

p <- 0.417621

mu <- 1.413684
sigma <- 0.333302
lower <- 1

upper <- 1000

#Plotting the theoretical PDF

ggplot(data.frame(Danish,gsn_pdf)) +

geom_histogram(aes(x = Danish, y = ..density..), color=’purple’, fill=’magenta’, bins
— =80) +

scale_x_continuous(name="x", limits = c(0, 20)) +

geom_line(aes(Danish, gsn_pdf, color = ’GSC PDF’), size = 1.2, color=’black’) +

labs(x="x",y=parse(text="f[x] (x)"),

title="Guinea pig data: density function") +

scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text (hjust = 0.5))

#0btaining the KS using first principles

#Empirical quantiles

sorted_dat <- sort(Danish, decreasing = FALSE)

EQ <- cbind(seq(1,length(Danish),1)/length(Danish),sorted_dat)

EQ[length(Danish),1] <- 0.99 #Assigning 0.99 as the 99th quantile

#Theoretical quantiles
quants <- EQ[,1]
theoGSNg <- gsn_cdf

t_quant <- cbind(theoGSNqg, sorted_dat)

#Statistic Guidici page 110.

T1 = max(abs(EQ[,1]-t_quant[,1]))

T1
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#Trying to obtain the AIC and the BIC
1l_gsn <- gsn_l1
aic_gsn <- 2%3 - 2*(1l_gsn)

aic_gsn

bic_gsn <- 3*log(length(Danish)) - 2%(1l_gsn)

bic_gsn
#0btaining the empirical CDF
cdf_emp_gsnf <- ecdf(x = Danish) # is a function

cdf_emp_gsn <- cdf_emp_gsnf (Danish) # values

#Plotting the EMP vs THEO CDF:

plot(cdf_emp_gsnf, main = "Empirical and Theoretical CDF", xlab = "y", ylab = "F(y)")

— # empirical cdf

lines(x = Danish, y = gsn_cdf, col = "red", type = "1") # theoretical cdf

ggplot(data.frame (Danish,gsn_cdf)) +

geom_line(aes(Danish, gsn_cdf, color = ’theoretical’), size = 1.2) +
geom_line(aes(Danish, cdf_emp_gsn, color = ’empirical’), size = 1.2) +
scale_x_continuous(name="x", limits = c(0, 40)) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Danish fire loss data: distribution functions") +
scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text (hjust = 0.5))

#0btaining the theoretical survival function

gsn_surv <- 1 - gsn_cdf

#0btaining the empirical survival function

gsn_surv_emp <- 1 - cdf_emp_gsn
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#Implementation check, S(x) = 1 - F(x) where F(.) is the cdf:
#Checking if the theoretical survival function is close to the empirical survival
— function

all.equal(gsn_surv, 1 - cdf_emp_gsn)

#Plotting the EMP vs THEO survival function:
plot(stepfun(x = Danish, y = c(1, gsn_surv_emp)), main = "Empirical and Theoretical

< Survival Function", xlab = "y", ylab = "S(y)") # empirical S

lines(x = Danish, y = gsn_surv, col = "red", type = "1") # theoretical S

ggplot(data.frame(Danish,gsn_surv)) +

geom_line(aes(Danish, gsn_surv, color = ’theoretical’), size = 1.2) +
geom_line(aes(Danish, gsn_surv_emp, color = ’empirical’), size = 1.2) +
scale_x_continuous(name="x", limits = c(0, 40)) +
labs(x="x",y=parse(text="F[x] (x)"),

title="Danish fire loss data: survival functions") +
scale_color_discrete(name=expression("Type of density:")) +

theme(plot.title = element_text (hjust = 0.5))
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#Plotting the theoretical PDF

ggplot(data.frame (Danish,gsn_pdf)) +

geom_histogram(aes(x = Danish, y = ..density..), color=’black’, fill=’lightgrey’, bins
— =80) +

scale_x_continuous(name="x", limits = c(0, 20)) +

geom_line(aes(Danish, gsn_pdf, color = GSN PDF’), size = 1.6) +

geom_line(aes(Danish, gsc_pdf, color = ’GSC PDF’), size 1.6) +

#geom_line(aes(gp, dsn(gp, xi=mean, omega=sd, alpha=gammal), color = SN PDF’), size
— =1) +

labs(x="x",y=parse(text="f[x] (x)"),

title="Danish fire losses: density functions") +

scale_color_discrete(name=expression("Type of distribution:")) +

theme(plot.title = element_text(hjust = 0.5))
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