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Abstract

In this dissertation we study a five-dimensional two-step nilpotent matrix Lie group. Some basic
group properties are investigated. The structure of the Lie algebra’s subspaces is investigated;
a complete set of scalar invariants is given for the Lie algebra’s subspace structure. Following
this, we classify the left-invariant sub-Riemannian structures on this Lie group up to isometry.
The normal geodesics of the rank three left-invariant sub-Riemannian structure are determined
as an illustrative case.
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Chapter 1

Introduction

Around 1870, Sophus Lie was inspired by Galois theory to develop an analogous theory of
differential equations and their “symmetries”, which generally form continuous groups[20]. The
great idea of Sophus Lie was to look at elements “infinitesimally close to the identity” in a Lie
group, and to use them to infer the behaviour of ordinary elements. The modern version of
Lie’s idea is to infer properties of the Lie group from properties of its tangent space[20]. In
principal, Lie’s theory reduces problems on Lie groups, of an analytical nature, to algebraic
problems on Lie algebras|[5].

A sub-Riemannian structure on a smooth manifold consists of a bracket generating distribution
with a Riemannian metric on this distribution. Sub-Riemanninan structures often occur in the
study of constrained systems in mechanics, such as the ball and plate problem where the motion
of a ball that rolls without slipping is considered. The smooth manifold often represents the
configuration space of the system, with the restriction — the non-slip condition in the ball and
plate case — modelled by the distribution[9][12]. Smooth motion from one state to the next
may be realized as a curve on the manifold. Curves that in addition respect the restrictions on
the system are termed admissible curves. Additionally, the distribution’s Riemannian metric
allows us to assign length to these curves.

The Chow-Raschevskii Theorem (see, e.g.[0]) states that the bracket generating condition suf-
fices to guarantee the existence of an admissible curve between any two points qg and ¢ of
a sub-Riemannian manifold M.  Admissible curves need not be unique. Given admissible
curves joining go and ¢; the question of the existence of length minimizers naturally arises—
the geodesic problem. From a geometric control point of view, necessary conditions to charac-
terizing length minimizes are given by Pontryagin’s Maximum Principle [6].

A Lie group is an abstract group that is also a smooth manifold. The group and smooth
manifold structures are compatible in the sense that the group operation and group inverse map
are smooth maps. The group structure endows the symmetry of a group onto the manifold.
Given a sub-Riemannian structure on a Lie group, we may require that the distribution and
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Chapter 1: Introduction 7

Riemannian metric also be compatible with the group’s symmetry. In this case we have a
left-invariant sub-Riemannian structure on the Lie group.

Given a mathematical structure such as this, a standard problem is to classify all such structures
up to some equivalence. The classification of left-invariant sub-Riemannian structures has taken
two approaches. The first is to conduct a systematic study on low-dimensional Lie groups while
the second is to classify the structures of infinite families of sufficiently well behaved Lie groups.
Here we conduct a study on a low-dimensional nilpotent Lie group.

We are primarily interested in investigating the left-invariant sub-Riemannian structures on the
matrix Lie group

1 1 ® w5
0 1 x xT

=1l o 12 03 DT1, 2,3, %4, 05 ER B
0 0 0 1

a contribution to the above mentioned classification effort. This matrix Lie group is the lowest

dimensional two-step nilpotent Lie group beyond the Heisenberg group. The left-invariant
sub-Riemannian structures of the family of (2n 4 1)-dimensional Heisenberg groups have been
investigated by various authors (see[4] and the references within). This is a family of two-step
nilpotent Lie groups with one-dimensional commutator subgroups, thus the two-dimensional
commutator subgroup of T represents a step up in complexity.

Chapter 2 establishes basic group properties of T such as the centre, nilpotency and simplicity.
The Lie group T is established as a connected matrix Lie group. That is, a connected closed
subgroup of the general linear group GL(4,R). We also compute the Lie algebra t of T, its Lie
bracket operation and the exponential map from t to T.

In Chapter 3 we investigate the subspace structure of the Lie algebra. We compute the auto-
morphism group Aut(t) of invertible Lie bracket preserving linear maps from t to itself. An
equivalence relation on subspaces of t is defined by regarding subspaces s and tv as equivalent
if they are related be an automorphism. That is, ¢ -s = to for some ¢ € Aut(t). The subspaces
of the Lie algebra are given up to this equivalence. Additionally, we obtain a characterizing set
of scalar invariants for the subspace structure of t.

In Chapter 4 we classify the left-invariant sub-Riemannian structures on T up to isometry. As
isometries on nilpotent metric Lie groups are affine, that is the composition of an automorphisim
and a left translation [I0], the problem is reduced to finding sub-Riemannian structures up to a
Lie group automorphism. A Lie group-Lie algebra correspondence result then allows use of the
results of Chapter 3 on the Lie algebra t for the computation of the sub-Riemannian structures
of the Lie group T. We end this chapter by computing the isotropy groups of the left-invariant
sub-Riemannian structures.

Lastly, in Chapter 5, we compute the normal geodesics of the rank 3 left-invariant sub-Riemannian
structure on T. Here we utilize a result of Biggs and Nagy [4] based on Pontryagin’s Maximum

Principle.

The appendix collects standard results of linear algebra, abstract algebra, topology and smooth
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Chapter 1: Introduction 8

manifold theory for the readers reference. The definitions of particular objects that appear in
the main body of the text, such as the Heisenberg group, are also given here. An alphabetical
index is provided at the end. This includes an index of the notation used.

© University of Pretoria



Chapter 2

Lie group and Lie algebra
properties

In this chapter we introduce a five-dimensional two-step nilpotent Lie group, denoted by T. This
will be our object of study throughout this dissertation. In the first section we give some basic
properties of T. The second section includes computation of the Lie algebra t corresponding to
T as well as the exponential map from t to T.

2.1 The Lie group T

Consider the collection of 5 x 5 real matrices

1 p1 pa s
0 1
T: O 0 plz %3 :p17p27p37p47p56R
0 0 0 1
Given any P,Q € T,
B P1 P4 DPs 1 g1 @ g5
— 0 1 b2 P3 0 1 Q2 Q3
PQ = 0O 0 1 o0 0 0 1 0
0 0 0 1][0 0 0 1
(1 pi+q1 pa+piga+aqa ps+pigz+as
= 1 P2 T q2 P3+q3
0 0 1 0 eT.
10 0 0 1
9

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 10

For an arbitrary element P of T, we have

-1

1 p1 ps b5 1 —p1 pip2—ps p1p3 —Ds
_ 0 1 p2 p3 0 1 —Dp2 —p3
1_ _
Po=10 0 1 ol ~lo o 1 0 et
0 0 O 1 0 0 0 1

with PI, = I4,P = P. We thus have that T, with the associative matrix multiplication, is
indeed an abstract group.

Proposition 2.1.1. The centre of the group T is

1 0 zZ1 22
01 0 O
Z(T)— 00 1 0 .21,22€R

00 0 1

L p1 pa s L ¢ a1 g5

_ |10 1 p2 ps3 |10 1T g2 g3 . .
Proof. Suppose P = 0 0o 1 ol € Z(T) and Q = 0 0 1 ol ®an arbitrary
0 0 0 1 0 0 0 1

element of T. Then PQ — QP = 0. That is,

0 0 p1g2 —p2q1 P13 — P3q1

0 0 0 0 0
0 0 0 0 ’
0 0 0 0

Thus p1g2 — p2q1 = 0 and p1g3 — psqy = 0 for all g1,q2,95 € R. This is true only if
1 0 ps ps

p1 = py = p3 = 0. Thus P = and elements of the centre are of the desired

01 0 O
00 1 O
0 0 O

form. ]

As Z(T) # T, T is a non-commutative group.

Proposition 2.1.2. The commutator subgroup of T is Z(T).

1 p1 ps ps I @1 g4 ¢
_ |01 p2 p3 _ 01 @ g

Proof. Let P = 00 1 0 and Q = 00 1 0 be elements of T, then a general
0 0 0 1 0 0 0 1

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 11

commutator of T is an element of the form

0 pip2—(P1+q)p2+11g2 pip3— (p1+@1) p3s +pigs
o 0 0
PQPT'Q! = ) 0
0 1

coor~rcoo
cCorRr o oo -
0
X
N
[ V)

o = O
= o O

where 2z = pip2 — (p1 + 1) p2 + p1g2 and 22 = p1p3 — (p1 + q1) p3 + p1g3. With appropriate
choices for P and @, z; and 2o may vary independently over R. Therefore, elements of the form
PQP~1Q~! coincide with elements of the centre Z(T). We thus have that the commutator
subgroup of T coincides with the centre Z(T) of T. That is, T' = Z(T). O

Proposition 2.1.3. The derived series of T is T > Z(T) > {I4}.

Proof. By the definition of the derived series of a group (Definition , we have T® =T
and T = T/ = Z(T). Now, T® = TM’ = Z(T)’. That is, the subgroup generated by
the commutators of Z(T). These commutators are elements of the form PQP~1Q~! where
P,Q € Z(T). We have,

PQP'Q™' = PPT'QQ™" = I,

as P and Q are central. Therefore T = {I,}. O

Proposition 2.1.4. The lower central series of T is T Z(T) > {I4}.

Proof. By Definition [A.2.2] v, (T) = T and 12(T) = [v1(T), T] = [T, T] = Z(T). Now,
v3(T) = [12(T),T] = [Z(T), T]. That is, v3(T) is generated by elements of the form PQP~1Q~!
where P € Z(T) and Q € T. We have,

PQPT'Q™ = QPP QT = QLQ ™! = Iu,

as P is central. Thus ~v3(T) = {I4}. O

Proposition 2.1.5. T has no mazimal torus.

Proof. Suppose T™*® is a maximal torus for T. As every torus contains T! = S! as a subgroup
and T! contains {+1,—1} as a two element cyclic subgroup, it follows that there exists a two

1 p1 ps ps
: . maxr . _ 0 1 P2 P3 .
element cyclic subgroup of T and thus of T. Let P = 00 1 o be an arbitrary
0 0 0 1

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 12

element of T. We suppose that P is an element of T that generates a two element cyclic
subgroup and thus P? = P. That is,

1 3p1 3pip2 +3ps 3pip3 + 3ps 1 p1 ps ps
0 1 3p2 3ps3 _ (01 p2 p3
0 0 1 0 0O 0 1 0
0 0 0 1 0o 0 0 1

This implies that 3p; = p1, 3p2 = p2, 3p3 = p3. This is true if and only if p; = py = p3 = 0.
Further, 3p1p2 + 3ps = p4 and 3p1ps + 3ps = p5 give 3py = p4 and 3ps = ps. This is true if and
only if py = ps = 0. Thus P = I,. However, as I generates a one element subgroup of T, this
contradicts the supposition that P generates a two element subgroup. Therefore no element of
T generates a two element subgroup. This contradicts the supposition that T has a maximal
torus T™*. O

Proposition 2.1.6. T is not a simple group.

Proof. The centre Z(T) of T is a non-trivial normal subgroup of T. It follows from Definition
[A24) that T is not a simple group. O

Proposition 2.1.7. T is a path-connected group with respect to the relative topology inherited

from GL(4,R) (see Definition .

Proof. T is a path-connected group as the function f : [0,1] — T defined by

L tpr tpsa tps 1 p1 ps b5
0 1 tpy tps . 0 1 p2 p3|.

fi) = 00 1 0 defines a continuous path from I to 00 1 ol T, and
0 0 0 1 0 0 0 1

thus any two points of T can be connected by a continuous path in T.

Proposition 2.1.8. T is a closed subgroup of GL(4,R).

1 pin Pan Don]
Proof. Let (P,) = 8 (1) p i" p 8" be a convergent sequence in GL(4,R) contained

0 0 0 1
in T. The component sequences (pin), for i = 1,2,3,4,5, are convergent sequences in R and
thus, respectively, converge to real numbers p;, for i = 1,2,3,4,5. It follows that the sequence

L p1 ps ps
_ |0 1 p2 p3 . e
(P,) converges to P = oo 1 ol As P € T, T contains all its limit points, thus
0 0 0 1]
Theorem implies that T is a closed subset of GL(4,R). O

It follows from Definition [B:2.16] that T is indeed a matrix Lie group.

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 13

Proposition 2.1.9. The quotient of T by any one-dimensional central subgroup is isomorphic,

as an abstract group, to the product group Hz x R (see Example .

Proof. Suppose G is an arbitrary one-dimensional central subgroup of T then G is of the form

try txo

:t € R p, were x; and xy are fixed real numbers, z3 + x3 # 0.

—_ o o8

T
0
1
0

o O O
o O = O

We show that G is the kernel of some onto homomorphism from T to H3 x R and obtain the
result using Theorem Assuming x1 # 0, consider the function f : T — H3 x R defined
by

1
0 ]911 Zi gz 1 p1 —x2ps + x1ps
f =110 1 —=zop2+x1p3|,.p2
0 0 1 0 0 0 1
0 0 0 1
1 p1 ps ps 1 @1 g1 g5
| _ |01 p2ops| 5|01 a2 g
Given =10 o 1 00" o 0 1 o|€T
0O 0 0 1 0O 0 0 1
1 pr+q pa+pige+qs ps+pigz+gs
_ 0 1 P2+ q2 Ps + qs3
0 0 0 1
(1 p1+q —22(ps+p1g2 + qu) + 21(ps + P1g3 + g5)
= 0 1 —x2(p2 + q2) + x1(p3 + q3) D2 + @2
0 0 1
[1 p1 —aops + 21ps 1 ¢ —®aqs + 2105
= 0 1 —mope+xip3|.,p2|*| |0 1 —=xaq2+T143|,0
0 0 1 0 0 1
= f(P) * f(Q),

where * is the product group operation on Hs3 x R. Thus f is a group homomorphism.
1 my Mo

Further, given m = 0 1 m3|,mq| € Hz X R there exists M € T, namely M =
0 0 1

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 14
1 mi 0 %
0 1 my m3+$12m4
0 0 1 ”61 , such that f(M) =m. Thus f is onto. We now find the kernel of f;
0 0 0 1
1 00
ker(f)=<¢ PeT: f(P)= 1 0],0
0 0 1
) -
o 1ol ([ —mtas 100
= > 0 1 —xepa+axips|,p2| =110 1 0],0
0 010 0 0 1 0 0 1
00 0 1]

This implies that for P € ker(f), p1 =0, p2 =0, (—xops + x1p5) = 0 and (—xz2ps + x1p3) = 0.
We thus have that (—x2 - 0 + z1p3) = 0 and from the assumption x; # 0 we have p3 = 0. It
remains that (—zeps + 21p5) = 0 and thus ps = %p4,p4 € R. That is, the pairs (ps4,ps) define
a one-dimensional subspace of R2. We thus have that (p4,ps) = t(x1,22),t € R. Therefore,

1 0 txl tl‘g
ker(f) = 8 (1) (1) 8 teRy =G
0 0 O 1

It follows from Theorem that we have the group isomorphism T/G & H3 x R.

If, on the other hand, xy = 0, then x5 # 0 as G is one-dimensional. Consider the function
f: T — Hs x R defined by

P1 P4 Ps

1
0 1 p» ps 1 p1 —@ops+x1ps 1 p1 —xapy
/ = ({0 1 —xzopot+amips|,ps|=||0 1 —x2pa2|.ps3
0 0 10 0 0 1 0 0 1
0 0 0 1
Similar to the previous case, f may be shown to be a group homomorphism. Given m =
1 my — M2 0
Lomymy 0 1 —m o
0 1 ms|,ms| €HsxR,thereexists M € T with f(M) = m, namely M = 0 0 19”2 04
0 0 1
0 0 0 1
We therefore have that f is onto. For the kernel of f, we have
(1) 1911 P4 D5 1 p1 —wopa 10 0
ker(f) = P2Psi (1o 1 —aapal|,ps] =[]0 1 0],0
00 10 0 0 1 0 0 1
0 0 0 1

This implies that for P € ker(f), p1 =0, p3 = 0, —zaps = 0 and —xops = 0. As x5 # 0, we
have ps = py = 0. We, more conveniently, parametrize p5 € R as p; = txs,t € R. Therefore,

1 0 0 tl‘g 1 0 t.’L’l t.ﬁEQ
01 0 O 01 o0 0

ker(f) = 001 0 teR ) = 00 1 0 teR =G
00 0 1 0 0 O 1

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 15

It follows from Theorem that we have the group isomorphism T/G &= Hz x R. Thus, in
general T/G = Hz x R. O

The group epimorphism f : T — H3 X R is in fact a Lie group epimorphism. For this, we show
that f is in addition a smooth map.

In the case where x; # 0, the function f was given by

1
1 p1 —xops + x1ps
0 1
f P23t — 110 1 —wopo+2ips |, p2
0 O 1 0 0 0 1
0O 0 0 1

This is indeed a smooth map as its representative f with respect to the smooth structures of T
and (Hs x R) is a smooth map. That is, where the smooth structure of T is given by the global
smooth chart ¢ : T — R® with

I p1 ps ps
0 1

(b: O 0 112 ZZ)B = (p17p27p37p47p5)
0 0 0 1

and the smooth structure of Hz x R is given by the global smooth chart p : H3 x R — R* with

1 r r3
p: 0 1 7of,rq| = (ry,72,73,74).
0 0 1

To verify, f = po fop~' : R® — R%. For p = (p1,pa, P3, P4, Ps)

1 p1 ps ps
BN 0 1 p2 p3
0 0 O 1
1 p1 —x2ps + 21p5
=p| |0 1 —zop2+az1p3|,p2
0 O 1

= (p1, —2p2 + x1p3, —T2ps + T1P5, P2).

Clearly a smooth map.
In the case where x1 = 0, f similarly has coordinate representation

(p1,D2,P3, P4, D5) > (D1, —Z2p2 + T1P3, —T2Pa + T1Ps, P3)

which is a smooth map. Hence, in all cases, f : T — H3z x R is a smooth map.

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 16

Proposition 2.1.10. The quotient of T by any one-dimensional central subgroup is Lie group
isomorphic to the Lie group Hz x R (see Example .

Proof. As the map f: T — H3 x R defined above is an epimorphism of Lie groups, Theorem
gives a Lie group isomorphism

T/N = H; x R,

where N = ker(f) is a (normal) one-dimensional central subgroup of T. O

The quotient of T with its centre Z(T), T/Z(T), has as its elements cosets of the form

1 p1 ps ps| |1 0O 21 2
_ . _ 0 1 p p3| |01 0 O
PZ(T)={PC:CeZ(T)} = 00 1 olloo 1 o
0o 0 0 1 0 0 0 1
(1 p1 patz1 ps+2
_J) |0 1 P2 3
0 0 1 0 ’
0 0 0 1
where P € T.
As z; and 25 range through R, this gives
1 p1 21 22
_J {0 1 p2 p3f.
PZ(T)— 0 0 1 0 tx1,22 €ER
0 0 O 1

We note that T/Z(T) is isomorphic, as an abstract group, to (R3,+,0). This result follows
from Theorem and the observation that the function f : (T,-, I4) — (R3,+,0) defined
by

1 p1 ps ps
0 1 p2 p3|| _
f 0 0 1 0 - (pl » P2, p3>
0 0 0 1
is an onto group homomorphism with ker(f) = Z(T). We state this as the following proposition.

Proposition 2.1.11. The quotient of T by its centre Z(T) is group isomorphic to R®. That is,

T/Z(T) = (R®,+,0).

© University of Pretoria
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I p
Proof. We show that the function f above has the desired properties. Let P = 8 (1)
0 0
I &1 a1 g
_ 101 @ g
and Q = 00 1 0 where P,QQ € T. Then
0 0 0 1
I pr+aq@ pa+pige+as ps+pigs+gs
O 0 1 P2+ G2 p3+qs
=l ! !
0 0 0 1

= (p1+q1,p2 + q2,03 + q3)
= (p1,p2,p3) + (01,92, G3)
= f(P)+ f(Q).

Thus f is a group homomorphism.

Given (r1,72,73) € R3, there exist R € T such that f(R) = (r1,r2,73). Namely,
1 T1 0 0
o 0 1 T2 T3 .
R= 00 1 ol Thus f is onto.
0 0 0 1

We now compute the kernel of f.

ker(f) ={P € T: f(P)=1(0,0,0)}

1 propaops
_ )0 1 p2 opsy B
=410 o 1 ol @up2ps)=(0,0,0)
00 o0 1
[1 0 ps ps
_J|101 0 0f, -
“Ylo o 1 of PoPs
00 0 1

= Z(T).

From Theorem [A.2.6] we have the group isomorphism T/Z(T) = R3.

The group epimorrphism f : (T,-, I;) — (R, +,0) defined by

1 p1 ps ps
0 1 p2 p3|| _

f 0 0 1 0 - (p17p27p3)
0o 0 0 1

© University of Pretoria
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Chapter 2: Lie group and Lie algebra properties 18

with ker(f) = Z(T) is in fact an epimorphism of Lie groups as f is smooth. This can be seen
form the fact that its representation f : R® — R? with respect to the global charts of the
smooth structures of T and R? is a smooth map. That is, for p = (py, p2, p3, P4, ps) € R®

f(p) =1dgs o fo ™ (p)

1 p1 pa ps
—f 0 1 p2 p3

0O 0 1 0

0o 0 0 1
= (pl,pQ, ps)

is a smooth map.

Proposition 2.1.12. The quotient of T with its centre Z(T) is Lie group isomorphic to R3.
Proof. As the map f : T — R? defined above is a smooth epimorphism of Lie groups with
ker(f) = Z(T), Theorem [B.2.3| gives a Lie group isomorphism

T/Z(T) = R3.

2.2 The Lie algebra t

As T is a matrix Lie group, its smooth structure is given by a global coordinate chart defined
by its entries. Here we choose the global chart ¢ : T — R® with

1l &1 ¢4 g
0 1

¢: 0 0 q]_2 qog = (Q1an7q3aQ4aq5)‘
0 0 0 1

As, by construction, ¢ is smooth when considered as a map between the manifolds T and R3,
we have that the differential d; ¢ is a linear isomorphism between the tangent spaces at identity
T.T =t and ToR®. We then have that t has a basis

{d0¢1' 0 }5 )
0Ji=1

8;102»
We note that do¢ !, with respect to the smooth structure (T, ¢) and its choice of coordinates,
is represented by the identity linear map in these coordinates. The tangent space t therefore

5
has basis { %‘ } , with respect to the given smooth structure of T.
iloJi=1

© University of Pretoria



Chapter 2: Lie group and Lie algebra properties 19

We note that the curve v, : (—€,€) — T given by

1 ¢t 0 0
01 00
7 (t) 10 01 0
0 0 01
is a smooth curve based at identity (v1(0) = I) with & |t:0 ~1(t) given by

0
8.’1)1

d
dt
That is, the tangent vector of y; at ¢ = 0 coincides with the first basis vector of the tangent

space t — where the basis for t and the tangent vector of «; are with respect to the global
smooth chart (¢, T). Note that the smooth curve ~;(t) is in fact defined for all ¢ € R.

d
¢O’Yl(t): N (ta0507070) (1 OOOO)
dt|,_,

t=0

We shall use the notation [q1, g2, g3, ¢4, g5] to denote the element

I ¢t @1 g
0 0 1 O
0 0 0 1
of T. With this, define the smooth curves
72(t) = [0,¢,0,0,0],
v3(t) = [0,0,¢,0,0],
74(t) = [0,0,0,¢,0] and
v5(t) = [0,0,0,0,].
We then similarly have that
d d d P
p7 t) = — t)y= — 0,¢,0,0,0) = (0,1,0,0,0) = —
dt t:O,Y2( ) dt t20¢072( ) dt t:()( ) ( s Ly ) axQ,
— t) i = — t) = — 0,0,t70’0 = 07071’0’0 = —,
o tzo%a( )= t:0¢ov3( )= t:O( ) = ( ) 5
at )=~ t)=—| (0,0,0,t0) = (0,0,0,1,0) = — and
dt t:074() dtt:O¢074() dt tzo(a s Uy by ) (7 s Uy by ) 84311
d d d P
o t)=— ty= —| (0,0,0,0,t) = (0,0,0,0,1) = —.
dt t:(),YS() dt t:0¢075<) dt t:()( y Uy Uy Uy ) ( » U, Uy Uy ) 8LE5

o o9 9 9 0
8%1 ’ (93327 8$37 8.7347 81‘5
of t to (I,J,K,L,M). The vectors of the tangent space at identity t may be extended to
left-invariant vector fields on T. That is, given X (1) € t we may define the vector field

X:T—TT
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by
X(q) =dyL,- X(1).

We will identify a left-invariant vector field X with the vector X (1) € t.
Further, for any left-invariant vector field X on T with
X(].) =x1] +xoJ + 23K + x4 L + x5M = (.%‘1, T9,T3,T4, .%'5) et,

we have the Cauchy problem

q(t) = X(q(t)) = daLgqy - X(1)
q(0) = qo

Transforming this differential equation on T into one on R®. That is, writing it in coordinates
by using the global smooth structure of T, we have

q(t) = diLge) - X(1) € Tyy T
qi(t) z
G2(t) Z2
d3(t) | = [diLon)] - |23| € Ty(qnR®,
6]4(t) T4
(j5(t) I5

where [dy Lq)) : ToR®> — T¢0Lq(t)o¢_1(0)R5 is the matrix of the linear map dy Ly(+) with respect
to the coordinate basis given by the global smooth chart (T, ¢). That is, [dy Ly()] is the Jacobian
matrix of the representation f/q(t) =¢oLgyo ¢! :R® — R®. Writing this out, we have

q1 (t) 1 0 0 0 0 X1 T
(jQ (t) 0 1 0 0 0 ) )
q:’, (t) = (0 0 1 0 0 3| = T3
C]4(t) 0 ¢ (t) 0 1 0 Ty T4+ q1 (t)l‘g
(1) 0 0 @) 0 1] |xs z5 + q1(t)zs

This gives the solutions

g2(t) = txa + q2(0)
g3(t) = txsz + ¢3(0),

leaving

41 = q1(t)z2 + x4 = (tx1 + q1(0))x2 + 4
45 = q1(t)xs + x5 = (tx1 + q1(0))x3 + x5,
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and finally giving
1 2
0i(t) = G215 + tws + tq1(0)72 + g4(0)
1
gs(t) = §t2$1$3 + tes +tq1(0)zs + ¢5(0).

That is, the coordinate form of our Cauchy problem has solution

21

q1(t)
qa(t)
qs3 (t) S R5
qa(t)
(1)
Transforming this back to the manifold T gives the solution q(¢) = [q1(t), ¢2(t), g3(t), qa(t), ¢5(t)]-
That is,
(1 tzy +q(0)  $t2a1@0 + tag + tqi(0)za + qu(0)  $t2aq23 + tos + tq1(0)zs + ¢5(0)
(t) _ 0 1 txo + qo (0) trs + qg(O)
a 0 0 1
0 0 0
[T qi(0) qu(0) g¢s(0)] [1 tar StPwimg+twy  $t2a133 + tas
(t) _ 0 1 QQ(O) Q3(O) 0 1 t{,EQ tl’g
1 0 0 1 0 |]lo o 1 0
10 0 0 1 0 0 0 1
1 txq %thle +txy %t2x1$3 + txs
0 1 tx tx
(W=aw |, L o
0 0 0 1

As for every qp € T the integral curve ¢(t) to the left-invariant vector field X is defined for all

t € R, every left-invariant vector filed X on T is complete.

Given the basis (I, J, K, L, M) for the Lie algebra t, using Definition [B.2.14] we now compute
the Lie bracket on t. Firstly, with reference to the above Cauchy problem, we note that the
flow of the left-invariant vector field X with X (1) = (z1, z2, x3, 24, 5) on the manifold T is

given by
e (q) = q - exp(tX),
with
1 txq %t2$1$2 + tay %tlel‘g + txs
o 0 1 tﬂl‘g tl‘g
xp(tX) =1 1 0
0 0 0 1

That is, the flow e'¥ of the vector field X operates on the points ¢ of T by right multiplication
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with the curve exp(tX) € T. Noting that

exp(tl) = [t,0,0,0,0]
exp(tJ) = [0,t,0,0,0]
exp(tK) =[0,0,t,0,0]
exp(tL) = [0,0,0,t,0]
exp(tM) =[0,0,0,0,t]

for ¢ € T, Definition gives

11, J]lq =

and thus [I, J] = L.

Similarly,

[, K]y =

afat L et o e o et (q)
0
9e01 7525:0q~ [t,0,0,0,0] - [0,s,0,0,0,0] - [—,0,0,0,0]
0
90t tzs:oq- [t,0,0,0,0] - [—t,s,0,0,0]
858815 L q-[0,s,0,ts,0]
0
9s0t|,___, [q1,q2 + 5,43, G4 + 5 + q15, G5]
= (0,0,0,1,0) € T,T
=diL, - L(1)
= L(Q) = L|q7
88881? t=s=0 oo (a)
0
Se0t tzs:oq- [t,0,0,0,0]-[0,0,s,0,0] - [-¢,0,0,0,0]
0
9e01 t:s:Oq~ [t,0,0,0,0] - [-t,0,s,0,0]
8388t o q-10,0,s,0,ts]
0
D0t 91,42, 93 + 5,44, 45 + s + @1 5]

t=s=0

=(0,0,0,0,1) € T
:M|q
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and
0
0sot
0
Jsot
0
0sot
0
0sot
0
dsot

[I,LHq =

eftl ° 6sL ° etl(

t=5=0

q- [t,0,0,0,0] ! [0707()’370} ' [_t707070a0]

t=5=0

q)

q-[t,0,0,0,0] - [~,0,0,s,0]

t=s=0

q- [070707870]

t=s=0

[qla q2,43,44 + S, q5]
t=5=0

=(0,0,0,0,0) € T,T

= 0|q’

the zero vector field. Similar computations show that all other Lie brackets involving the basis
vectors of t give the zero vector field. Therefore, the non-trivial Lie brackets on the Lie algebra
t of the Lie group T are determined by

[I,J]=L and [I,K] = M.

We note that the centre 3 of t is the subspace of t spanned by L and M.

Lemma 2.2.1. Given any vectors A = a1l + asJ + asK + a4 L + asM and B = by + baJ +
bsK + byL + bsM of t we have that

(A, B]

= (a1b2 — agbl) L + (a1b3 — Cl3b1) M.

Proof. Bilinearity of the Lie bracket and the fact that 3 = (L, M) is the centre of t give

[A, B]

A, by I+ byd + b3 K + by L + bs M|

A,bll + b2J+ bgK] + [A,b4L + b5M]
A,y I+ baJ +b3K]+ 0

arl + asd + azK, by I 4+ boJ + b3 K] + [asL + as M, by I + boJ + b3 K]
ar I + agd + azK, by I 4+ boJ + b3 K]+ 0

= [a1] 4+ aJ + a3 K, b1 1 + baJ + b3 K]

= a1by [I,1] + arby [I, J] + arbs [I, K]

+ asby [J, 1] 4 asbs [J, J] + agbs [J, K]

+ asby [K, I] + agbs [K, J] + asbs [K, K]

=04 arby [I,J] + arbs [I, K]+ asby [, 1]+ 0+ 0+ azhy [K,I]+ 0+ 0

=a1boL + a1bsM — asb1 L — asbt M

= (a1bg — agby) L + (a1b3 — asby) M.

=
=
=
= [a1] 4+ asJ + asK + as L + as M, b1 I + by J + b3 K|
=
=
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Chapter 3

Subspace classification

In this chapter our aim is to classify the subspaces of the Lie algebra t. That is, we wish
to categorize the subspaces of t up some equivalence. In the first section we compute the
automorphism group of t. Regarding a subspace s of t as equivalent to its image ¢ - s by
an automorphism ¢ of t gives an equivalence relation on the subspaces of t. It is up to this
equivalence that we classify subspaces of t into subalgebras, ideals, fully characteristic ideals
and generating subspaces.

3.1 Preliminaries

3.1.1 The automorphism group Aut(t)

We now present the group of automorphisms of the Lie algebra t. Throughout, we represent
elements of t as column vectors with respect to the ordered basis (I, J, K, L, M). The notation
(Eq, ..., E,) will denote the linear span of the vectors Fj, ..., E,. We will identify an automor-
phism ¢ € Aut(t) (see Definition with its 5 x 5 matrix representation with respect to
this basis.

Proposition 3.1.1. Let ¢ : t — t be a linear map, then p € Aut(t) if and only if the matriz
representation of ¢ with respect to the ordered basis (I, J, K, L, M) is a real matriz of the form

i1 0 0 0 0
is jo ks 0 0
o= 1|i3 J3 ks O 01,
ia Ja ki 1o i1k
is Js ks d1j3 i1k3

with il 75 0 and ]2k3 — jgk/’g 75 0.

24
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Proof. Suppose ¢ € Aut(t). That is, ¢ : t — t is a linear isomorphism that preserves Lie

brackets. Let
i1oJ1 kit liomg
2 Jo ko lo mo
o= |13 J3 k3 I3 m3
iy Ja ks Iy my
is Js ks ls ms

be the matrix representation of ¢ relative to the ordered basis (I, J, K, L, M).

As ¢ preserves Lie brackets, using Lemma [2.2.1] we have

and thus
W+ 1od + 13K + 14 L+ IsM = (i1j2 — i9j1) L + (i1j3 — i371) M.

This implies that ll = lg = l3 = O, l4 = (iljg — igjl) and l5 = (i1j3 — i3j1).
Similarly,

o M =[ir] +ioJ +isK 4+ isL +isM, kI + kod + ks K + ks L + ks M] ,

and so
m1] + ng + m;gK + M4L + m5M = (ilkg - 22]{31).[/ + (ilkg — ngl)M

This implies that mp = mog = M3 = 0, my = (’ilk}z — igkl) and ms = (ilk‘g — igkl).
Further,

©-0=[j1d + joJ + jsK + jaL + js M, k11 + koJ 4 k3 K + ky L + ks M]
0 = (jike — jok1)L + (j1ks — jzk1) M.

This gives (j1ko — jok1) = 0 and (j1ks — jsk1) = 0. We thus have that

i1 o1 Kk 0 0
iy jo ko 0 0
=113 J3 k3 0 0

ta Ja ka (i1j2 —i2j1) (irke —igky)
is Js ks (i1j3 —i3j1) (irks —isk:)

Now, as ¢ is invertible, det(¢) # 0. That is,

det(p) = i1(i3(jrke — jok1) + ia(jskr — jiks) + i1 (joks — jsks)) # 0.
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Using (jlkg 7‘]‘2]{51) =0 and (jlkg 7].3]{31) = 0, we have
i1 (i1 (joks — jaka))? # 0
i} (jioks — jako)? # 0.

That is iy 7é 0 and jgk?g - j3k2 75 0.

We have that (j1ke — jak1) = 0, (j1ks — jsk1) = 0 and joks — jska # 0. Suppose j; # 0, then

ko = %, ks = % and joks # jsko. Therefore,

Joks # jska
Jo (‘73. 1) # Js <‘72. 1) :
J1 J1

However, this is a contradiction. Thus j; = 0. Similarly, suppose k1 # 0, then j;f i,
% = js and joks # jska. Therefore,

Jaks # jaka

Jika Jiks
— )k = | ko.
( ky ) 07 ( ky ) ’
This is clearly a contradiction, thus k1 = 0.

Now, j1 = k1 = 0 reduces the three relations (jiko — jok1) = 0, (jiks — jsk1) = 0 and
joks — jska # 0 to just joks — jska # 0. We therefore have that if ¢ € Aut(t), then ¢ is
represented by a matrix of the form

17 0 0 0 0
i Jjo ko 0 0
p=liz J3 ks O 01,
tg Ja ks t1ja dike
i5 Js ks i13 i1ks
with il 7é 0 and jgkg — jgkg 75 0.

Conversely, suppose ¢ : t —> t is represented by a matrix of this form with respect to the

ordered basis (I, J, K, L, M'). We show that ¢ preserves Lie brackets. Using Lemma we
have

[o-I,p-J =[ixd +iod +isK 4+ isL+i5M,0- I+ joJ + jsK + juL + js M)
= (i1j2 — 12 - 0)L + (113 — i3 - 0)M
=141joL + 1155 M
-0 L
:@'[Iﬂ]]v
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(-1, K] =[i1] +isJ +isK +isL +isM,0- I + ko + ks + kaL + ksM]
= (irks — iz - 0)L + (irks — i3 - 0)M
= i1koL 4+ 11ksM
=M
=¢-[I,K],

and

[QO'J,QO'K]Z[0'1I+j2J+j3K+j4L+j5M,O'I+k‘2J+k‘3K+k4L+k‘5M]
:(OkQ—ZQO)L+(Ok3—Z30)M

=0
:@'0
=p-[J,K].

Lie brackets involving central elements vanish. As
(a1 L + azM) = (a1i1j2 + azitkz) L + (ari1jz + a2irks) M,

images of central elements of t under ¢ are themselves central elements of t. Lie brackets
involving the images of central elements under ¢ therefore also vanish. It follows that ¢ preserves
Lie brackets involving central elements, in particular those involving the basis vectors L and
M. Tt follows that ¢ preserves the Lie bracket on t.

Now, ¢ is an invertible map as det(p) = i3(jsko — joks)?, which is nonzero by the conditions
i1 # 0 and jaks — jska # 0. Thus indeed ¢ € Aut(t). O

3.1.2 Lie algebra subspaces

Here we give definitions and results relating to various kinds of subspaces of a Lie algebra that
are of interest. In the following sections we use these results to classify the subspaces of the
Lie algebra t, up to equivalence, into these categories. The relation of two subspaces by an
automorphism provides our notion of equivalence.

Definition 3.1.2. Let s and w be subspaces of a Lie algebra g. Then s and w are said to be
equivalent, denoted s ~ 1w, if there exists ¢ € Aut(g) such that ¢ - s = to.

Lemma 3.1.3. The relation ~ of Definitior{3.1.3, is an equivalence relation on the collection
of all subspaces of the Lie algebra g.

Proof. Suppose s, tv and u are subspace of g. As the identity automorphism idy is an element
of Aut(g) and idg - s = 5, we have that s ~ 5. Thus ~ is reflexive.

If 5 ~ 1o, then there exists ¢ € Aut(g) such that ¢-s = to. This implies that o= 1-(¢-5) = o~ 11,

and thus ¢~! -t = 5. Now, =1 € Aut(g) as ¢ € Aut(g) and Aut(g) is a group, thus w ~ s.
This proves symmetry.

© University of Pretoria



Chapter 3: Subspace classification 28

If s ~ v and o ~ u, then there is ¢, ¥ € Aut(g) such that ¢ -s = tv and ¢ - w = u. Thus
Y-(p-s) =1 -rw=u Thatis, (Vo) -s=u, were ¥h o p € Aut(g) as Aut(g) is a group under
composition, so s ~ u. This proves transitivity, therefore ~ is an equivalence relation. O

Definition 3.1.4. Let g be a Lie algebra with s and 1w as subspaces, we define
[s, 0] =span ({[V,W]:V €5, W € w}).
Definition 3.1.5. Let g be a Lie algebra with V € g and s a subspace, we define
[V,s] ={[V,W] : W € s}.

It follows from the bilinearity of the Lie bracket on g that the collection [V, s] is a subspace of
g.

Definition 3.1.6. Let g be a Lie algebra, with Lie bracket [-,-], and s be a vector subspace of
g, then:
e 5 is called a subalgebra if [s,s] C s,
e an ideal if [g,s] C s,
e a fully characteristic ideal if it is an ideal with p-s = s for any automorphism ¢ of g,
e generating if the smallest subalgebra of g containing s is g itself.

Remark 3.1.7. For a Lie algebra g, every fully characteristic ideal is an ideal and every ideal
is a subalgebra.

Consider a Lie algebra g, by the subspace structure of g we refer to the classification of the
subspaces of g, up to automorphism, into subalgebras, ideals, fully characteristic ideals, gener-
ating subspaces and general subspaces. For convenience we introduce the following convention
for presenting the subspace structure of a Lie algebra:

SA: non-ideal subalgebras
I: non-fully characteristic ideals
FCI: fully characteristic ideals
S: subspaces that are neither generating nor subalgebras

Gen: generating subspaces.

The following lemmas verify that the position of a subspace in this classification is invariant
up to equivalence. We note that a proper subalgebra of a Lie algebra cannot be generating.
It thus follows that every proper subspace of a Lie algebra falls into exactly one of the above
categories. That is, the only subspace of a Lie algebra that is both generating and a subalgebra
is, trivially, the entire Lie algebra.

Lemma 3.1.8. Let g be a Lie algebra and s1 and so be equivalent subspaces of g. Then s1 is
a subalgebra of g if and only if 5o is a subalgebra of g.
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Proof. Suppose s is a subalgebra of g. As s1 ~ so, there exists ¢ € Aut(g) such that p-s; = so.

If W, ,Wg € s9, then W, = ¢ -V, and W = ¢ - V3 for some V,, V3 € 5;. We then have that

[Wa’Wﬂ} =l Va, ¢ Vg
:@'[VOHVB]
:@'Vna

where V,, = [V, V3] € 51, as s1 is a subalgebra. Thus ¢ -V, € s5 and s2 is a subalgebra.

The converse follows from the symmetry of the equivalence relation ~. O

Lemma 3.1.9. Let g be a Lie algebra with equivalent subspaces s1 and so, then s1 is an ideal
of g if and only if s is an ideal of g.

Proof. Suppose s is an ideal of g. As s ~ 89, there exists ¢ € Aut(g) such that ¢ -s; = ss.

Let W, € 59 and Y € g, there exists V,, € s; such that ¢ -V, = W, and X € g such that
p-X =Y. Now,

[WOHY] = [@‘VQ,CP'X}
:SD'VK;

where V,; = [V, X] € 51 as s; is an ideal. Therefore, ¢ - V,; € 55 and s9 is an ideal of g.

The converse follows from the symmetry of the equivalence relation ~. O

Lemma 3.1.10. If sy is a fully characteristic ideal of a Lie algebra g, then s1 ~ s5 if and only
if 89 is a fully characteristic ideal of g.

Proof. Suppose §1 ~ s9 with ¢ - §7 = 85 for some ¢ € Aut(g). As s; is a fully characteristic
ideal, ¢ - §1 = s1. Therefore, 51 = 59 and s5 is a fully characteristic ideal. O

Definition 3.1.11. Let s be a subspace of the Lie algebra g. We recursively define the following
sequence of subspaces,
50 =5,

S(k) = 5(k_1) + |:5(k_1)75(k_1):| ,fO'f' k Z 1.

That is, s%) is the vector subspace of g generated by s~V and all Lie brackets of s(¥=1).

The following lemma regarding generating subspaces is required before we can show that a
generating subspace may only be equivalent to another generating subspace.
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Lemma 3.1.12. Let g be a Lie algebra, then a subspace s is generating if and only if

s =g =50
k=0

for some natural number n. Further, n is bounded above, with n < dim(g).

Proof. Let s C g be generating. For every natural number k > 1, s(*=1) C s(); therefore,
dim (5(’“’1)) < dim (ﬁ(k)). If dim (s(kfl)) < dim (5(k)) for every k > 1, then dim (5(k)) >
dim (s*~1) 4+ 1. Induction on k gives dim (5*)) > dim (s) + k for k > 1. Therefore

dim (5D > dim (5) + (ng + 1) = 0+ (ny + 1) = (g + 1),

were n, = dim(g). This is a contradiction as 5s("s*1) C g, and so dim(s("s*1)) < dim (g) =
ng < ng + 1. Thus, for some natural number n > 1, dim (5("_1)) = dim (5(”)). We then have
that s("=1) = s(™ and thus s("~1) is a subalgebra of g. Now,

[j 5(F) — 0 KON G ()
k=0 =

k=n+1

o0
k=n-+1

I
x
C= 1

>
Il
o

I
C=

E
I
o

I
s
o
z

>
Il
o

However, as s(*~1) C s(®) for every k € N, we have

n

D sk — U 5k — ()
k=0

k=0

To prove s(") = g we observe that for every k € N, s(*) is a subspace of g and that Ureo sF) is
by definition closed under Lie brackets. Suppose

g g |Js® =50,
k=0

as (™ is closed under Lie brackets it is a subalgebra of g. That is, 5" is a proper subalgebra
of g containing s. This contradicts the fact that s is generating. Thus

(o)
k=0
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As, clearly, s(®) C g we have that g = s(").

Conversely, if the above relation holds, then g = s() is a subalgebra containing s. Suppose
there exists a subalgebra to such that o C g with s C to. As tv is closed under Lie brackets and
sCr,

sV =5+ [s,5] C .

An induction argument on k gives, s*) C w for every k € N. Therefore,
g=s" = U s C .
k=0

That is, g C to and thus g = tv. This contradicts the supposition that to C g, therefore no such
subalgebra tv exists and thus s is generating.

As n € N is determined by the property dim(s"~1) = dim(s(™) and consecutive subspaces
s~ and s(®) that do not satisfy this property differ in dimension by at least 1; with s(©)
having dimension at least 1, it follow that the sequence of subspaces

5(0) gs(l) C... gs(k—l) gs(k) C..-

has at most dim(g) — 1 distinct subspaces. That is, subspaces with dim(s*)) = k + 1 for
k < dim(g) and dim(s(*)) = dim(g) for k > dim(g). Therefore, n can be at most dim(g). [

Lemma 3.1.13. Let g be a Lie algebra with equivalent subspaces s and 1o, then s is generating
if and only if vo is generating.
Proof. Suppose s is generating and ¢ - 5 = 1o for some ¢ € Aut(g), then ¢ - 5(9 = 1 (®),
Suppose ¢ - 5) = w*) for some k > 0, then
S(kH1) _ g(k) o {5(1@’ 5(;@)}
o s+ — (5<k> + [sof)’s(k)})

— .5 4o {50@),5(1@)}

=5 4 Pp.g(k)’(p.s(k)}

= [mw),m(m}

_ m(kJrl)'
Thus an induction argument on k implies that

05" =)

for every k > 0. As, for some natural number n, g = s() we have that g = p-g = -5 = ("),
That is, (™ = g and thus Lemma [3.1.12| implies that to is generating. The converse follows
by the symmetry of the relation ~. O
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3.2 Invariants

Certain properties of a subspace s C t remain invariant under automorphisms of t. A simple
invariant is the dimension of a subspace. That is, given a subspace s and ¢ € Aut(t) we have
dim(s) = dim(¢ - ). Another invariant is the the dimension of the intersection of a subspace
with a fully characteristic ideal. In light of this, we establish the fully characteristic ideals of t
ahead of the rest of the subspace classification. An additional invariant, particular to the Lie
algebra t, is established. These scalar invariants are used in the next section to help classify
the subspaces of t. It is later shown, in the last section of this chapter, that the established
invariants fully characterize the subspaces of t up to equivalence.

Lemma 3.2.1. The centre Z(g) of a Lie algebra g is a fully characteristic ideal.

Proof. For any elements C' € Z(g) and V € g we have that [C,V] = 0 € g, thus [g,Z(g)] =
{0} C Z(g), and thus Z(g) is an ideal. Suppose ¢ € Aut(g) and g has n-dimensional centre

Z(g) = (B, ..., Bpn), then ¢ -Z(g) = (¢ - B1, ..., - B,). Lemma implies that ¢ - B; € Z(g)
for i = 1,...,n. Therefore, as ¢ is an automorphism, ¢ - Z(g) is an n-dimensional subspace of g
contained in Z(g), and thus ¢ - Z(g) = Z(g) as required. O

Lemma 3.2.2. Let g be a Lie algebra and o be a fully characteristic ideal of g. Then for any
subspace s C g and any automorphism ¢ € Aut(g),

dim (s N1) = dim ((¢ - 5) N1w).
Proof. As 1o is a fully characteristic ideal, we have that

(p-s)Nw=(p-5)N(p-w)
=p-(sNt).

Further, using the fact the ¢ is an automorphism, we get

dim ((¢ - 5) Nw) = dim(p - (s N w))
= dim (s Nw).

O

Corollary 3.2.3. Let g be a Lie algebra and Z(g) its centre. Then for any subspace s C g and
any automorphism ¢ € Aut(g),

dim (s NZ(g)) = dim (¢ -s N Z(g)) .
Lemma 3.2.4. The subspace (J, K, L, M) is a fully characteristic ideal of t.

Proof. Let V € (J,K,L,M) and W € t, then using Lemma [2.2.1]

[V,W] = (0 S Wo — Ugwl)L-i- (O s Wy — ’Ugwl)M
= —vouwr L —vguw M € <J, K,L,M>

Thus (J,K,L, M) is an ideal. It is clear from the matrix representation of ¢ € Aut(t) in
Proposition that ¢ - (J,K,L,M) = (J,K,L, M). O
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Corollary 3.2.5. For any subspace s C t and any automorphism ¢ € Aut(t),
dim (s N (J, K, L, M)) =dim (p-sN{(J,K,L,M)).

Proof. Follows from Lemmas and O

We now move towards establishing a scalar invariant dependent on the structure of the Lie
algebra t, particularly with regards to the fully characteristic ideals ¢ = (J, K, L, M) and its
centre 3 = (L, M).

Lemma 3.2.6. Ifs is a subspace of the Lie algebra t and ¢ € Aut(t), then

dim(snzN[l,s]) =dim(¢-sN3Nfp-I,¢-5]).
Proof. Suppose s is a subspace of the Lie algebra t and ¢ € Aut(t). Using the facts that ¢
preserves Lie brackets and 3 is a fully characteristic ideal, we have:

dim (p-sN3N0[p-I,¢-s]) =dim(p-sN¢p-5N¢-[I,5])
=dim(p-(sN3)Nep-[1,5])
=dim(¢-(sN3Nil,s])).

As ¢ is an invertible linear map, it preserves dimension and thus
dim(¢-(sN3N[l,s]) =dim(snznN[I,s]).
We thus have the required
dim(p-sNznip-I,¢o-s]) =dim(snNzN[l,s]).
O
Corollary 3.2.7. If s is a subspace of t and ¢ € Aut(t) is such that ¢ - I =X, A # 0, then
dim(snNzN[l,s]) =dim(e-sN3N[L,p-s]).

Proof. This follows from the fact that [¢-I,s] = [M,s] = \[I,s] = [I,s]. This results from [I, 5]
being a subspace of t (see Definition [3.1.5) and thus being invariant with respect to nonzero
scaling. O

Lemma 3.2.8. Suppose s is a subspace of t with s C (J, K,L,M). For any ¢ € Aut(t),there
exists 1 € Aut(t) with Pls = ls and - T =X, X # 0.

Proof. Suppose ¢ € Aut(t) and s C (J, K, L, M). We identify ¢ with its matrix representation
with respect to the ordered basis (I, J, K, L, M), given by

i1 0 0 0 0
i2  J2 kq 0 0
o= liz Js k2 O 0,
tg Ja k3 i1j2 drke
ts Js ki 13 i1ks
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in accordance with Proposition The automorphism 1) € Aut(t) given by

0 0 0 0

Jjo k1 O 0

jz k2 O 01,
Jja ks dij2 iike
Js ks i1j3 i1k

1

=

o O o o

also with respect to the ordered basis (I, J, K, L, M) of t, coincides with ¢ on (J, K, L, M) and
thus on s. We also have that ¢ - I = i11. That is, ©» € Aut(t) with ¢|s = ¢|s and ¥ - I = A,
were A = i1 # 0, by Proposition [3.1.1] O

Proposition 3.2.9. Let s be a subspace of t and ¢ = (J, K, L, M). For any ¢ € Aut(t) we have

dim(sNzN[I,sN¢c]) =dim(e-sN3N[L,e-sNc|).

Proof. As 3 C ¢ and c is a fully characteristic ideal of t,
dim(p-sN3N[,p-sNc])=dim((¢-sNec)N3N[l,o-sNc))
=dim((¢-sNe-c)N3N[L,(p-sNg-0)]).

Now, s N ¢ is a subspaces of t that is contained in ¢ = (J, K, L, M). Lemma gives the
existence of ¢ € Aut(t) with 1|sne = @|sne — thus ¢-(sNc) = ¢-(sNc) and (-sNp-c) = (¢-sNep-c)
— and ¢ - I = A for some scalar A # 0. This gives,
dim((¢-sNp-c)N3N[L(¢-sNe-c)])
—dim((- 8N ¢) N3O [T (50 ).

Corollary implies that

dim((¥-sNe-c)NgNI[L (Y-sNe-c)])
=dim((sNe) N3N I[L (sNc)])
=dim(s N (cNg)N[L,sNc])
=dim(sNzN[I,sNc]),
proving the result. U

Proposition 3.2.10. Let s and to be subspaces of t and ¢ = (J, K, L, M). If subspaces s and
1w are equivalent then

dim(s) = dim(r),
dim(s N 3) = dim(ro N 3),
dim(s N ¢) = dim(r N¢) and
dim(sN3N[I,sNc]) =dim(roNzN[I,wNc]).

Proof. For any subspace u C t, define the map

S(u) = (dim(u),dim(u N 3),dim(unNc),dim(uNzN[I,unc)) € R
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As the components of S(-) are invariant under automorphism, S(-) itself is invariant under
automorphisms. We prove the equivalent statement that if s ~ ro then S(s) = S(w).

Suppose s and v are equivalent subspaces of t, then there exists ¢ € Aut(t) with ¢-s = w. The
fact that automorphisms preserve dimension, Corollary Corollary and Proposition
imply(componentwise) that S(s) = S(w). O

Lemma 3.2.11. Let P; : t — R be the map defined by
Pr:V=uvI+vJ +v3K + v4L +v5M — vy.
For any s C t we have that
dim(Py - s) = dim(s) — dim(s N (J, K, L, M)).

Proof. Suppose s is a subspace of t. Now,
sN(J,K,L,M)={V €s:V =v;- I +voJ +vsK +v4Ll +v5M,v1 =0}.
If s C (J,K,L, M), then s = s N (J, K, L, M) and thus P; -s = {0}. That is,
dim(s) = dim(s N (J, K, L, M))
0 = dim(s) — dim(s N (J, K, L, M))
dim(Pr - s) = dim(s) — dim(s N (J, K, L, M)).

Ifs SZ (J,K,L, M), then there exists W = w1 I + woJ + w3K + wyl + wsM € s with w; # 0.
As P; - W # 0 and the range of the linear map P; is a subspace of R, it follows that 1
dim(Py - s). Now, dim(Py -s) = 1 as it is a subspace of R. Let s = (W, X1, ..., X,,) with X
[T @i Tz T $i5]T, then s = (W, (X; — T0W), .., (X, — Z2W)) with (X; — T2W)
(J,K,L, M) for i = 1,2,...,n. It follows that dim(s) = n + 1 and dim(s N (J, K,L,MS) =
giving

I IA

S M

dim(Py - ) = dim(s) — dim(s N (J, K, L, M)).

Corollary 3.2.12. Ifs is a subspace of t and ¢ € Aut(t), then
dim(Py - s) = dim(Py - (¢ - 5)).

Proof. Follows from the fact that dim(P; - s) is a function of dim(s) and dim(s N (J, K, L, M))
which are invariant under automorphisms of t — as seen in Proposition [3.2.10] O

3.3 Subspace classification

We now proceed with the computation of the subspace structure of the Lie algebra t. We
use the ordered basis (I,J, K, L, M) of t in our computations and denote the column vector

T . . .
[vl va U3 U4 115] by the corresponding upper case V, unless specified otherwise.
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3.3.1 One-dimensional subspace structure

Proposition 3.3.1. Every one-dimensional subspace of t is equivalent to exactly one of the
subspaces

(I),{J) or (L).

Proof. Suppose (V) is a one-dimensional subspace of t. We have that dim ((V)Nn3) € {0,1}
and dim ((V) N (J, K, L, M)) € {0,1}. If dim ((V) N3) = 0 and dim (V)N (J, K, L, M)) = 0,
then V ¢ (J, K, L, M). Therefore v; # 0 and

vy 0 0 0 O
v 1 0 0 O
p=1|vs 0 1 0 0] €Aut(t)
V4 0 0 (%1 0
Vs 0 0 0 (%1

is such that ¢ - (I} = (V).

If dim ((V)N3) =0 and dim (V)N (J,K,L,M)) =1, then V € (J,K,L, M) and V ¢ (L, M).
Therefore v; = 0 and v3 4 v3 # 0, so

0 0 0 0
(%] U3 0 0
V3 —U2 0 0
V4 0 (%) VU3
Vs 0 V3 —Vy

©
I
cocoo o~

is such that ¢ - (J) = (V).

If dim ((V) N3) = 1, then V € 3. Therefore, v; = vy = v3 = 0 with v} + v2 # 0 and

1 0 0 0 0
0 V4 Vs 0 0
p=10 vs —vg O 0 S Aut(t)
0 O 0 V4 Vs
0 0 0 Vs —Uy

is such that ¢ - (L) = (V). Therefore every one-dimensional subspace (V') of t is equivalent to
at least one of the stated subspaces. It is left to show that (V) is equivalent to exactly one of
these subspaces. For this we show that the stated subspaces are mutually nonequivalent.

Now, dim({(I) N3) = 0, dim({J) N3) = 0 and dim((L) N 3) = 1, so by Corollary [3.2.3] (I) = (L)
and (J) » (L). Further dim((I) N {J, K,L,M)) =0 and dim({J) N {J, K, L, M)) = 1, therefore
Corollary [3.2.5] implies (I) » (.J). O

Remark 3.3.2. We thus have the following equivalence classes:
(D] ={(V):dim((V)N3) =0 and dim((V) N (J, K, L, M)) = 0}
()] ={(V):dim((V)N3) =0 and dim((V) N (J,K,L, M)) =1}
(L)) ={(V) : dim({V) N3) = 1}.
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FEquivalently,

{(V) 01 #0}
(D] ={(V):v1=0 and v3 +v; # 0}
(L) = {(V):v1 = v =v3 =0 and vi + v # 0} .

Corollary 3.3.3. Given V €t and ¢ € Aut(t) with ¢ -V =W, then

1. v1 # 0 if and only if wy # 0,
2. v1 =0 and v3 +v3 # 0 if and only if wy = 0 and w3 + w3 # 0 and
3. v =vg =v3 =0 and v +v2 # 0 if and only if w; = wy = w3 = 0 and w3 + w2 # 0.

Proof. Follows from Proposition [3.3.1] the closure of the equivalence classes [(I)], [(J)] and [(L)]
under automorphisms and their defining conditions. O

Proposition 3.3.4. The one-dimensional subspace structure of t is given by

Proof. We prove that every one-dimensional subspace (V') is a subalgebra of t. Suppose (V) is
a one-dimensional subspace of t and V; = aV, V5 = bV are vectors in (V) with a,b € R. Then,
bilinearity and anti-symmetry of the Lie bracket give

[V, Va] = [aV,6V] = ab[V, V] = —ab[V, V],
thus,
2ab [V, V] = 0.
As this holds for arbitrary a,b € R, it follows that [V, V] =0 and
Vi, Vo] =0 € (V).

Thus (V) is closed under the Lie bracket operation and is thus a subalgebra of t.
The subspace (I) is not an ideal as I € (I), J € t, but [I,J] = L ¢ (I). The subspace (J) is
not an ideal as J € (J) , I € t, but [I,J] = L ¢ (J). However, (L) is an ideal as given any
X =aL € (L) and V € t, we have

[X,V]=[aL,V]=a[L,V]=0¢€ (L)

from the fact that L is a central element.
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The ideal (L) is not a fully characteristic ideal as ¢ - (L) = (M) # (L) where ¢ is the automor-
phism given by

10000
00100
=101 0 0 0
0000 1
00010

3.3.2 Two-dimensional subspace structure

Proposition 3.3.5. Every two-dimensional subspace of t is equivalent to exactly one of the
following subspaces
1,7y, (I,L), (J,K), (J, L), {(J,M) or (L, M).

Proof. Let (V,W) be a two-dimensional subspace of t.
Case 1: Suppose dim((V, W)nN3) = 0, then (V, W) contains no central elements. If dim({V, W)N

(J,K,L,M)) = 1, then we may assume W € (J,K,L,M) and V ¢ (J,K,L,M). That is,
wy =0, w3 + w3 # 0 and v; # 0. We therefore have that

vp; 0 0 0 0
V2 W2 ws 0 0
o= |vs ws —ws O 0 € Aut(t)

Vg W4 0 VW VW3
V5 Ws 0 VW3 —VW2

is such that ¢ - (I, J) = (V,W). Thus (V,W) ~ (I, J).

If dim((V,W)N{(J, K, L, M)) = 2, then (V,W) C (J,K,L, M) and so v; = w; = 0. As Vand W
are non-central elements of t, we have that the vectors I,V, W, L, M are linearly independent.
That is, the matrix [[|V|W|L|M] with I,V,W,L and M for its columns is invertible with
determinant vows — wavz # 0. Thus

1 0 0 0 O
0 Vo W2 0 0
=10 w3 ws 0 0| €Aut(t)
0 Vg Wqg Vo W2
0 Vs Wy Vs W3

is such that ¢ - (J, K) = (V, W), hence (V,W) ~ (J, K).
Case 2: Suppose that dim((V,W) N3) = 1. We may, without loss of generality assume that

W is central and that V is not central. That is, we may assume that w; = wy = w3 = 0 with
w? + w2 # 0 and that vy, vy and vz are not all zero.
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If dim((V, W)N(J, K, L, M)) = 1, then clearly V ¢ (J, K, L, M), as W € (L, M) C (J, K, L, M),
therefore v; # 0. We thus have that

v 0 0 0 0
V2 W4 Ws 0 0
o= |vs ws —wy O 0 € Aut(t)
vy 0 0 MWy VW5
Vs 0 0 MWy  —UV1W4

is such that ¢ - (I, L) = (V, W), hence (I, L) ~ (V,W).

If dim({(V,W)N(J,K,L,M)) = 2, then (V,W) C (J, K, L, M) and thus v; = 0 with v3 +v3 # 0
(as V is not central). If in addition dim((V, W) Nz N[I,(V,W)N (J, K, L, M)]) =1, then
dim((V, W) N N [1,(V,W) N (J, K, L, M)])
= dim((W) N [I, (V,W)])
=1.
It follows that (W) = [I,(V,W)]. Therefore [I,V] = AW were A\ € R — this follows from
the bilinearity of the Lie bracket and the fact that W is central. Now, A # 0 for if so, then

[I,(V,W)] = {0} # (W). The nontrivial Lie brackets of t determine that [/,V] = AW if and
only if vo = Awy and vs = Aws. We thus have that

1 0 0 0 0
0 )\w4 Ws 0 0
0

=10 Adws —wqg O € Aut(t)
0 V4 0 )\’LU4 Ws
0 s 0 Aws  —wy

is such that ¢ - (J, L) = (V, W), hence (J, L) ~ (V,W).

However, if in addition dim((V, W) N3N [I,(V,W) N (J, K, L, M)]) = 0. We have that

dim((V, W)y N3N [, (V,W)n (J, K, L, M)])
= dim((W) N [I,(V,W)])
=0.

This implies that [I, (V, W)] # (W). The bilinearity of the Lie bracket, the definition of the Lie
bracket on t (and the fact that W is central) imply that it is not the case that (vo = Aw4 and
vz = Aws) for 0 # A € R. We thus have that the matrix

1 0 0
0 Vo W4
0 V3 Ws

has linearly independent columns and is thus invertible with determinant vows — vsws # 0. It
follows that
0O 0 0 O

V2 W4 0 0

vs ws 0 0| €Aut(t)
vy 0 vy wy

Vs 0 V3 Ws

AS)
|
cococo~
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is such that ¢ - (J, M) = (V, W), hence (J, M) ~ (V,W).

Case 3: Supposing dim({(V,W) N 3) = 2 clearly implies that (VW) = (L,M) = 3, thus
(L, M) ~ (V, W),

We have shown that every two-dimensional subspace of t is equivalent to at least one of
the stated subspaces. Mutual non-equivalence of these subspaces follows from the fact that
they have been distinguished by the scalar invariants of Proposition [3.2.10] Thus every two-
dimensional subspace of t is equivalent to exactly one of the stated subspaces. O

Proposition 3.3.6. The two-dimensional subspace structure of t is given by

SA: (J,K),(I,L),{J, M)
I (J,L)
FCI: (L, M)
S: (I, J)

Proof. Let V,W € t. We consider the two-dimensional subalgebras. (I, .J) is not a subalgebra
as I,J € (I,J), but [I,J] =L ¢ (I,J). Suppose VW € (J,K) , then Lemmaglves

[V W] wo — ’()20) L+ (0103 - ’1}30) M

¢
=0€ (J,K).
Thus (J, K) is a subalgebra. Similarly, suppose V,W € (I, L), then

[VW] (U1 O—O-wl)L+(1-0—O~w1)M

Thus (I, L) is a subalgebra. Suppose V,W € (J, M), then

[V, W] =(0-ws—vs-0)L+(0-0—0-0)M
0 € (J,M).
Thus (J, M) is a subalgebra.
Now we look at the ideals. Subspace (J, K) is not an ideal as J € (J, K), I € t, but [I, ] =L¢

(J,K). Subspace (I, L) is not an ideal as I € (I,L), K € t, but [[, K] =M §é (I, L). Suppose
Ve (J,L) and W € t, then

[V, W] = (nywg — vowy) L + (viws — vgwy) M
= (O’U}Q — UQ’LUl) L + (Ow3 — Owl) M
= —vw1 L € <J, L>

Thus (J, L) is an ideal. Subspace (J, M) is not an ideal as J € (J,M), [ € t, but [I,J] =L ¢
(J, M).
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Next we find the fully characteristic ideals. The ideal (J, L) is not fully characteristic as ¢ -
(J, Ly = (K, M) # (J, L), where ¢ is the automorphism given by

10000
00100
=10 10 0 0
0000 1
00010

By Lemma (L, M) is a fully characteristic ideal as it is the centre 3.

Finally we find the generating subspaces. Subspace (I, .J) is not generating as [I,J] = L, thus
(I,J) generates the vector subspace (I, J, L). Given V,W € (I, J, L),

[V, W] = (v1w2 — Ugwl) L+ (v1w3 — ’Ugwl) M
= (vqwg — vawy) L + (110 — Qwy) M
= (v1w2 — ’UQ’LUl) L e <I,J, L>

Thus no larger subspace than (I, .J, L) # t can be generated by (I, J). Therefore (I,.J) is not
generating. U

3.3.3 Three-dimensional subspace structure

Proposition 3.3.7. Every three-dimensional subspace of t is equivalent to exactly one of the
subspaces
(I,J,K),{I,J,L),{I,J,M),(I,L,M),(J,K,L) or (J,L,M).

Proof. Let (V,W, X) be a three-dimensional subspace of t.

Case 1: Suppose dim((V, W, X) N3) = 2, then without loss of generality we may assume that
(V.W,X) = (V.L, M).

If dim((V, L, M) N {J, K, L, M)) = 2, then there exists some element of (V, L, M) with nonzero
I-component. Without loss of generality, we may let this element be V' — that is, v; # 0. Now,

vy 0 0 O

0
0

p=1]vs 0 vy 0 O eAut(t)
0

is such that ¢ - (I, L, M) = (V, L, M). Therefore (V,W,X) = (V,L,M) ~ (I, L, M).

If dim((V, L, M) N (J, K, L, M)) = 3, then (V, L, M) C (J,K,L, M) and thus V € (J, K, L, M)
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so v1 = 0. As V cannot be central, it follows that v3 + v3 # 0. Now,

1 0 0 0 0

(%] U3 0 0

v3 —vy O 0 € Aut(t)
V4 0 (%) VU3

Vs 0 V3 —Vy

©
I
cocoo

is such that ¢ - (J,L, M) = (V,L, M) = (V,W, X). It follows that (V,W, X) ~ (J, L, M).

Case 2: Suppose dim((V,W,X) N3) = 1, we may then assume that X is central. That is,
71 =29 = 13 = 0 and 2% + 22 # 0. Now, Corollary gives

2 < dim((V, W, X) N (J, K, L, M)) < 3

and so (V,W, X) contains at least two linear independent elements in (J, K, L, M). As X €
(J, K, L, M), we may further assume that W € (J, K, L, M) and thus w; = 0. By Proposition [3.3.]
we have that g+ W = J for some € Aut(t). Therefore,

where Lemma gives that X is central. As (V,.J, X) ~ (V, W, X), Proposition (3.2.10|allows
us to proceed by examining the invariants of (V, J, X).

If dim((V,J,X) N (J,K,L,M)) = 2, it follows that V ¢ (J,K,L,M) as J,X € (J,K,L, M)
and so v1 # 0.

If, in addition, we have

then

This implies that (X) = (L) and thus X = AL for some real scalar A # 0. Without loss of
generality, we may assume X = L and thus (V, J, X) = (V, J, L). The automorphism

vy 0 O O O
v v 0 O 0
p=1|vs 0 v 0 0] € Aut(t)
vy 0 0 97 O
vs 0 0 0 7

is such that ¢ - (I, J, L) = (V, J, L) ~ (V,W, X). Therefore (V,W, X) ~ (I, J, L).

If however, we have

dim((V, J, X) N3N [, (V,J,X)N({J,K,L, M)]) =0,
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we have that

dim({(X) N (L)) = 0.
That is, X = z4L + Z5M with Z5 # 0. It follows that

0 O
zy O
Ts O
0 v
0 0

U1

AS)

I

Q

w
cooro

is such that ¢ - (I, J,M) = (V,J,X) ~ (V,W, X). That is, (V,W, X) ~ (I, J, M).

If dim((V, J, X) N (J, K, L, M))

w
o+
=
e}
]
3

and

0

0

0
V1T4
V1%5

€ Aut(t)

dim((J, X) N (J, K, L, M)) = 2.

It follows from the proof of Proposition that (J, X) ~ (J,L) or (J,X) ~ (J, M).

If 8- (J,X) = (J,L) for some 3 € Aut(t), then 8- (V,J,X) = (3-V,J,L) where 8-V =
with 9, = 0. Now (V,J,L) = ((V — 92J), J, L) and thus we may assume that v, = 0. Since

is not central we have that v3 # 0. The automorphism

1 0 0
01 0
@Y = 0 0 ’53
0 0 o4
0 0 v

is such that ¢ - (J, K, L) = (‘:/, J, L). Therefore,

O = O OO

o o oo

<
w

(J,K,L) ~ (V,J,L) ~ (V,J,X) ~ (V,W, X)

and so (J, K, L) ~ (V,W, X).

43

[) =3, ,J,X) C(J,K,L, M) and thus V € (J, K, L, M),
so U1 = 0. The subspace (J, X) C (V,J, X) C tis a two-dimensional subspace with

v,
v

On the other hand, if 3-(J, X) = (J, M) for some 3 € Aut(t), then BAV,J,X) = (B-V,J, M)
where 8-V =V, with o, = 0. Now (V,J,M) = ((V — 02J),J, M) and thus we may assume

that 3 = 0. Since V is not central we have that 3 # 0. The automorphism

0

o

AS)

|
cococor
coc o~
Sl o

is such that ¢ - (J, K, M) = (V,.J, M). Therefore,

(J,K, M) ~ (V,J, M) ~ (V,J,X) ~ (V,W,X)

0

O = O O

o O oo

<l
w
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and so (J, K, M) ~ (V, W, X). Now, (J,K,L) ~ (J,K,M) as ¢ - (J,K, L) = (J, K, M) where

€ Aut(t).

S

|
coo o~
cor oo
coor~o
—oooo
o~ oo o

We may thus conclude that if dim((V,J, X) N (J, K, L, M)) = 3, then (V,W, X) ~ (V,J, X) ~
(J, K, L).

Case 3: Suppose dim((V, W, X) N3) = 0. Corollar gives that
2 <dim((V,W,X)N(J,K,L,M)) <3.

There thus exists at least two linearly independent elements of (V, W, X) in (J, K, L, M). With-
out loss of generality, we may let these elements be W and X, we thus have w; = x1 = 0. As
W and X cannot be central, we have w3 + w? # 0 and 23 + 22 # 0. As W and X are linearly
independent, [I|W|X|L|M] is a 5 x 5 matrix with linearly independent columns I,W,X L and
M. Tt follows that [I|W|X|L|M] is invertible with determinant wozs — xows # 0.

Now, dim((V, W, X)N(J, K, L, M)) = 2; for if dim((V, W, X)N(J,K,L,M)) = 3 then V. W, X, L
and M would be five linearly independent vectors of the four-dimensional space (J, K, L, M) —
a contradiction. Thus (V, W, X) contains at least one element not in (J, K, L, M), we let this
be V and thus v; # 0. We therefore have that

vy 0 0 0 0
V2 W2 T2 0 0
o= |vs w3 z3 0 0 | € Aut(t)
Vg4 Wyq4 T4 DV3W2 V1T2
Vs W5 Iy V31W3 V13

is such that ¢ - (I, J, K) = (V, W, X) and thus (I, J, K) ~ (V, W, X).

We have shown that every three-dimensional subspace of t is equivalent to at least one of
the stated subspaces. Mutual non-equivalence of these subspaces follows from the fact that
they have been distinguished by the scalar invariants of Proposition Thus every three-
dimensional subspace of t is equivalent to exactly one of the stated subspaces. O

Proposition 3.3.8. The three-dimensional subspace structure of t is given by
SA: (J,K,L),{I,J,L)
I (I,L, M), (J,L, M)
S: (I, J, M)
Gen: (I,J,K).

Proof. We first find the three-dimensional subalgebras. The subspace (I, J, K) is not a subal-
gebraas I,J € (I,J,K), but [I,J] =L ¢ (I, J, K). The subspace (I, J, M) is not a subalgebra
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as I,J € (I,J,M),but [I,J] =L ¢ (I,J,M). If V,W € (I, J,L), then

[‘/, W] = (Ulwg — Ug’wl) L+ (Ulwg — Ug’wl) M
= (vywg —vowy) L+ (v1-0—0-wy) M
= (UllUQ — ’Ugwl)L S <I, J, L>

Thus, (I, J, L) is a subalgebra. Suppose V,W € (J, K, L), then

[‘/,W] wg—vg~O)L+(O-w3—v3-0)M

=0€e (JK,L).
Thus (J, K, L) is a subalgebra.

We now find the ideals. We have that I € (I, J,L) and K € t, however [I, K| = M ¢ (I, J, L).
Thus (I, J, L) is not an ideal. If V € (I, L, M) and W € t, then

[V, W] = (1)171}2 —0- ’LU1)L+ (”Ulwg —0- wl)M
= vwo L +viwsM € <I,L,M>.

Thus (I, L, M) is an ideal. Suppose V € (J, L, M) and W € t, then

[V,W] = (0"11)2—Ugwl)L+(0'UJ3—O"LU1)M
= —wvow L € <J,L,M>.

Thus (J, L, M) is an ideal. Now, K € (J, K,L) and I € t, however [I,K] = M ¢ (J,K, L), so
(J, K, L) is not an ideal.

We prove that there is no three-dimensional fully characteristic ideal of t. The ideal {J, L, M)
is not a fully characteristic ideal as ¢ - (J,L, M) = (K,L,M) # (J,L, M) where ¢ is the

automorphism

10000
00100
e=10 110 0 0
0000 1
000710

The ideal (I, L, M) is not a fully characteristic ideal as ¢ - (I, L,M) # (I,L,M), as ¢ - I ¢
(I, L, M) where ¢ is the automorphism given by

10000
11000
=100 1 0 0
00010
0000 1

Finally we consider the generating subspaces. Consider the subspace (I, J, K). As [I,J] = L
and [I, K] = M, the subspace (I, J, K) generates all of t and is thus generating. Consider the
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subspace (I, J,M). As [I,J] = L, (I, J, M) generates the subspace (I, J, M,L). Let V and W
be elements of (I, J, M, L), then

[VY,W] = (1)1102 —Ugwl)L—F(Ul -O—O~w1)M
= (1)111)2 — UQ’LU1>L S <I, J,L,M>.

Thus (I, J, L, M) is a subalgebra of t and (I, J, M) can generate no larger subspace of t. It
follows that (I, J, M) is not a generating subspace. O

3.3.4 Four-dimensional subspace structure

Proposition 3.3.9. Every four-dimensional subspace of t is equivalent to exactly one of the

subspaces
(J,K,L,M),{I,J, L, M) or {I,J,K,L).

Proof. Let (V,W, X,Y) be a subspace of t.
Case 1: Suppose dim({(V, W, X, Y)N(J, K, L, M)) = 4, then clearly (V,W, X|Y) = (J, K, L, M).

Case 2: Suppose dim({(V,W, X, Y) N (J,K,L, M)) = 3.

If dim((V,W,X,Y)N3) = 1, then 3 = (L, M) ¢ (V,W,X,Y). Without loss of generality,
suppose 3 N (V, W, X, Y) = (V). The subspace (V, W, X) therefore contains no nonzero central
elements. That is,

dim((V, W, X) N3) = 0.

The proofs of Proposition and Proposition [3.2.10|imply that (V, W, X) ~ (I, J, K) as it is
the only three-dimensional subspace of t, up to equivalence, with no nonzero central elements.
That is, there exists some 5 € Aut(t) with 8- (V,W, X) = (I, J, K).

Now, 8- (V,W,X,Y) = (I,J,K,B-Y) where §-Y =Y € 3 by Lemma [B.2.8l We thus have
that 91 = ¥ = ¥3 = 0 and ¥3 + 32 # 0. Hence, (V,W, X,Y) ~ (I, J, K,Y). The automorphism

1 0 0 0 0
0 4 w5 0 O
=10 95 —y+ 0 O
0 0 0 ya ¥
0 0 0 U5 —Ua

is such that ¢ - (I,J, K, L) = (I, J,K,Y) ~ (V,W, X,Y). Therefore, (V,W, X,Y) ~ (I, J, K, L).

If dim((V, W, X, Y)N3) = 2, then 3 C (V, W, X,Y) and without loss of generality we may assume
that (V, W, X,Y) = (V,W, L, M). In addition, as dim((V, W, X, Y) N (J, K, L, M)) = 3, we have
that (V, W, L, M) contains a non-central element of (J, K, L, M). Letting this element be W,
we have w; = 0 and w3 + w3 # 0. As (V,W,L,M)N (J,K,L, M) = (W, L, M), we have that
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V ¢ (J,K,L, M) and thus v; # 0. The automorphism

vi; 0 0 0 0
Vo W2 ws 0 0
p=|v3 w3z —ws2 0 0 € Aut(t)

Vg4 W4 0 V1Wa V1Ws
Vs Ws 0 vmws —UV1W2

is such that ¢ - (I, J, L, M) = (V,W, L, M) and thus (V,W, X, Y) ~ (I, J, L, M).

We have shown that every four-dimensional subspace of t is equivalent to at least one of
the stated subspaces. Mutual non-equivalence of these subspaces follows from the fact that
they have been distinguished by the scalar invariants of Proposition Thus every four-
dimensional subspace of t is equivalent to exactly one of the stated subspaces. O

Proposition 3.3.10. The four-dimensional subspace structure of t is given by

I (I,J,L, M)
FCI: (J,K,L,M)
Gen: (I,J, K, L)

Proof. We first consider the four-dimensional subalgebras. The subspace (I, J, K, L) is not a
subalgebra as I, K € (I,J, K,L), but [[, K| =M ¢ (I, J K, L).
Now, for the ideals. Suppose V € (I, J, L, M) and W € t, then Lemma gives

[‘/, W] = (’Ul’wg — ’Ug’wl) L+ (U1w3 —0- wl) M
= (’Ulwg — U2w1)L + vwsM € <I7 J,L,M>

Thus (I, J, L, M) is an ideal.
Now, for the fully characteristic ideals. The ideal (J, K, L, M) is a fully characteristic ideal,

by Lemma The ideal (I, J, L, M) is not a fully characteristic ideal as ¢ - (I, J, L, M) =
(I,K,L,M) £ (I,J, L, M) where

€ Aut(t).

AS)

|
coo o~
cor~r oo
cocooro
_—oocoo
o~ ocoo

Finally, we look at the generating subspaces. Consider the subspace (I, J, K, L). We have that
[I, K] = M, thus the subspace (I, J, K, L) generates the subspace (I,J, K,L, M) = t and is
thus generating. O
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3.4 Summary

Table presents the subspaces of the Lie algebra t, up to equivalence, along with the scalar
invariants of Proposition These invariants fully distinguish the subspaces of t, up to
equivalence as the proofs of Proposition Proposition Proposition and Proposi-
tion[3.3.9)determine these representative by running through all possible values of the invariants
of Proposition Proposition is thus in fact bi-conditional, we give this as Proposi-

tion below. Theorem [3.4.2] collects Proposition Proposition Proposition [3.3.7]
and Proposition [3.3.9] and displays the full subspace classification of t.

Table 3.1: Subspace structure and invariants

Subspace s | dim(s) | dim(sN¢) | dim(sN3) | dim(sNzN[/,sNc])
(1) 1 0 0 0
(J) 1 1 0 0
(L) 1 1 1 0
(I, J) 2 1 0 0
(I, L) 2 1 1 0
(J, K) 2 2 0 0
(J, M) 2 2 1 0
(J,L) 2 2 1 1
(L, M) 2 2 2 0
(I,J,K) 3 2 0 0
(I,J, M) 3 2 1 0
(I,J,L) 3 2 1 1
(I, L, M) 3 2 2 0
(J,K,L) 3 3 1 1
(J,L, M) 3 3 2 1
(I,J,K,L) 4 3 1 1
(I,J,L, M) 4 3 2 1
(J,K,L, M) 4 4 2 )
(I,J,K,L,M) 5 4 2 9
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Proposition 3.4.1. Let s and ro be subspaces of t and ¢ = (J, K, L, M). The subspaces s and
1w are equivalent if and only if

dim(s) = dim(r),
dim(s N3) = dim(w N3),
dim(s N ¢) = dim(r N¢) and
dim(sNzN[I,sNc]) =dim(roNzN[I,wNc]).

Theorem 3.4.2. The subspace structure of the Lie algebra t is given by

SA: (I),(J), (J,K),(I,L),(J, M), {J,K,L), (I, J,L)
I (L), (J,L), (I, L, M), (J,L,M),(I, J, L, M)
FCI: (L, M), (J,K, L, M)
S: (1,7, (I, J, M)
Gen: (I,J,K),(I,J,K,L).
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Chapter 4

Classification of sub-Riemannian
structures

In this chapter we classify, up to isometry, the left-invariant sub-Riemannian structures on the
Lie group T. For this we employ a Lie group-Lie algebra correspondence result. This allows us
to convert results on the Lie algebra t, established in Chapter 3, into corresponding results on
the Lie group T. With these and the affine nature of isometries on nilpotent metric Lie groups
we produce the desired classification. The chapter ends with a computation of the linearised
isotropy groups of the left-invariant sub-Riemannian structures obtained in the classification.

4.1 Preliminaries

Definition 4.1.1. [cf.[], Section 2] A left-invariant sub- Riemannian structure is a triple
(G,D,g) where G is a real, finite-dimensional, connected Lie group, D is a smooth bracket
generating left-invariant distribution on G, and g is a left-invariant Riemannian metric on D.
That is, D(1) is a linear subspace of g with

D(g) =di1Lgy-D(1) for every g € G
and g1 18 a positive definite, symmetric bilinear form on D(1) with
gy(d1iLy-A,diL, - B) = g1(A, B) for every A, B € D(1).

Definition 4.1.2. [Jl Section 2] An isometry between two left-invariant sub-Riemannian
structures (G, D, g) and (G, D', g') is a diffeomorphism ¢ : G — G’ such that

¢D=D" and g=¢'g,

where ¢.D and ¢*g’ are as in DefinitiodB.1.3

50
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Definition 4.1.3. We shall denote the group of isometries of the structure (G,D,g) by
Iso(G,D,g). The isotropy subgroup of g € G, denoted by lsoy(G,D,g), is the subgroup of
isometries that fix g.

Remark 4.1.4. As the distribution D and metric g are left-invariant, they are completely
determined by their values at the identity D(1) and g1.

Lemma 4.1.5. Given a left-invariant distribution D, the push forward ¢.D of D by an auto-
morphism ¢ is left-invariant.

Proof. Suppose D is a left-invariant distribution on a smooth manifold G. As D is left-invariant,
D(x) =d1L, - D(1)
for every z € G. For any automorphism ¢ of G,
(¢:D)(x) = ((¢7")"D)(x)
=dy-1(m)¢ - D(¢™ ' (2))

e d¢—1(x)¢ . d1L¢71(I) -D(1)
=di(¢o Ly-1(z))  D(1).
As ¢ € Aut(G), it is a Lie group homomorphism and thus for any h € G we have
(¢0Ly-1(x)) (h) = ¢ ((¢~ " (x))h)
= (¢(67 (2)))(8(h))

= z(¢(h))
= (Ly 0 @) (h).
That is, ¢ o Ly-1(,) = Ly 0 ¢ and thus
(¢+D)(w) = d1(do Ly-1(z)) - D(1)
=d1(L,0¢)-D(1)
=dy1L, - d1¢-D(1)
=d1L; - (¢.D)(1).

This proves that ¢.D is left-invariant. O

Lemma 4.1.6. Given a left-invariant sub-Riemannian structure (G, D, g) and ¢ € Aut(G), the
pull back ¢*g is left-invariant.

Proof. Suppose (G,D,g) is a left-invariant sub-Riemannian structure, then the Riemannian
metric g is left-invariant, that is

gz(dle . Avdle . B) = gl(A7 B)
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for every z € G and A, B € g. Now,

(QS*g)w(dle -A,d1L, - B) = g¢(:¢)(dm¢ ~d1L, - A,dy¢-diL, - B)
= 81(dg) Lp@) -1 - (de@p - diLy - A),dg(o) L)1 - (dap - d1 Ly - B))
= gl(daj([%(x)fl 9} (b) . dle . A, dw<L¢(x)f1 9] ¢) . dle . B)

As ¢ € Aut(G), it is a Lie group homomorphism and thus for any h € G we have

(L)1 © )(h) = Lo(a)-1(6(h))
= p(x) "' ¢(h)
= p(z™)e(h)
= p(z"'h)
— (b0 Ly1)(h).
That is, (Lg(z)-1 0 ¢) = (¢ 0 Ly—1) and thus

(¢*8)a(d Ly - A,dy Ly - B) = g1 (da(Loay-1 0 6) - dy Ly - Ay dy(Li(ny-1 0 6) - da Ly - B)
g1(dy(poLy—1)-diLy-Ady(poLy—1)-diL, - B)
g1(d1¢ - (dyLy-1 -d1Ly - A),di¢p - (dpLy—1 - di Ly - B))
g1(d

— (4"

10+ A,d1¢- B)
g)1(4, B).

This proves that (¢*g) is left-invariant. O

Proposition 4.1.7. Given left-invariant sub-Riemannian structures (G,D,g) and (G, D, g’)
on a simply connected matriz Lie group G, then

there exists ¢ € Aut(G) such that
$.D =D
g=0¢"g.
if and only if there exists 1 € Aut(g) such that

4 D) = D'(1)

where A, B € g and 1 is the unit element of G.

Proof. As ¢ € Aut(G), we have that d1¢ € Aut(g). Now,

=¢.D=(¢o71)' D

thus for z € G we have

D'(x) =dy-1(y¢- D (¢~} (2)) .
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Taking x = 1 and noting that ¢=(1) = 1 we get
D'(1)=di¢-D(1).
As
g=¢"¢g,
we have that
for z € G and A, B € g. Taking = 1 and noting that ¢(1) = 1, we get
g1 (A, B) =g} (d1¢-A,di¢- B).

Therefore taking ¢ = d1¢ gives (2).

Conversely, as G is simply connected, Corollary |B.2.12| implies that there exists ¢ € Aut(G)
such that d1¢ = 1. As

¢D = (¢~ 1)'D,
we have that
¢:D(x) = dy-1()¢ - D (¢7" ()
for z € G. Taking z = 1, we have
6.D(1) = d16- D (1)
=¢-D(1)
=7D'(1).

By Lemma D’ and ¢,D are left-invariant distributions that agree at identity, we thus
have

¢«D =D
For A, Begandz € G

Taking z = 1, we have

(¢"g")1(A, B) = gy1)(d1¢ - A,d1¢ - B)
= g]_(A, B)

Therefore ¢*gj = g1. By Lemma as ¢*g’ and g are left-invariant Riemannian metrics
that agree at identity, we have that

g=0¢"g.
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Remark 4.1.8. The matriz Lie group T is simply connected as it is diffeomorphic to R® with
the diffeomorphism ¢ : T — R® given by

1 Tr1 T4 XTp
0 1 =z =

¢: 0 0 12 ()3 = (21, T2, T3, T4, Ts5).
0 0 0 1

Theorem 4.1.9. [10, Theorem 1.2] Isometries between nilpotent metric Lie groups are affine.
That is, every isometry ¢ is the composition of a left translation and a Lie group homomorphism.

Corollary 4.1.10. For a nilpotent metric Lie groups G, if ® € Iso1(G, D, g), then ® € Aut(G).

Proof. Suppose ® € Iso1(G, D, g), then Theorem implies that
®=L,0F,
where L is left translation by some g € G and F' is a Lie group homomorphism. Now,

®(1) = Ly(F(1))
1=1L4(1) =g

Therefore ® = F', a Lie group homomorphism. As ® is invertible, it follows that ® € Aut(G).
O

We denote by dlso1 (G, D, g) the group
{d1¢: ¢ € 1501(G, D, g)} = Is0(G, D, g)

of linearised isotropies. For a sub-Riemannian structure (G,D,g) on a simply connected
nilpotent Lie group, we have that the isotropy subgroup lsoq (G, D, g) is given by

Is01(G, D, g) = {¢ € Aut(G) : d1¢- D(1) = D(1),81(A, B) = g1(d1¢- A, d1¢p- B)}.
As for ¢ € Aut(G), d1¢ = ¢ € Aut(g), we have that dlso1 (G, D, g) C Aut(g).

Proposition 4.1.11. If (G, D, g) is a left-invariant sub-Riemannian structure, then Iso(G, D, g)
is a semidirect product of the subgroup of left translations G by the isotropy group at identity
Iso1 (G, D,g). That is,

Iso(G, D, g) = G x Is01(G, D, g).

Proof. Suppose (G,D,g) is a left-invariant sub-Riemannian structure. The isometry group
Iso(G, D, g) has as subgroups, the subgroup of left translations of G, GX, and subgroup Iso; (G, D, g)
of isometries that fix the identity. As the only left translation that fixes the identity is the
identity transformation, we have that GX Nlso;(G,D,g) = {Idg}. That is, Iso1(G,D,g) is a
complement, in the sense of Definition of GY in 1s0(G, D, g).
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Given any left translation L, : h+— g-h and b € Iso(G, D, g), Lemma@gives that b= L,oa
for some a € Aut(G), and we have that

(boLgo b)Y (h) = (Lyoao Lyo atoLy1)(h)
= Ly(a(g-a™'(z7"'h)))
= Ly(al(g) - a(a™ (z7"h)))
=z (a(g) -2~ 'h)
= Ly.a(g)z—1(R),

a left translation. Therefore GL <lso(G, D, g). That is, G is a normal subgroup of Iso(G, D, g).

Given any ® € Iso(G,D,g), Lo1) € Gl and Lyqy-1 0 ® € 1s01(G, D, g) with & = (Lg(1)) 0
(Ly1)-1 o ®). Definition implies that
Iso(G,D,g) = G X 1s01(G, D, g)
with ¢ : 1s01(G, D, g) — Aut(GF) defined by ¢(k) = ¢y for k € Iso1 (G, D, g) where
¢r: LgrrkoLgo k~! and product
(Lg, k) - (L, k') = (Lg 0 ¢1(Ln), ko k')
=(Lyo(koLpok ™) kok')
= (Lg o Liny ko k)
= (Lg.k(n k(h): ko k),
from Theorem [A 2111

As the homomorphism ¢ is not trivial, by Theorem this semidirect product is not a
direct product. O

The correspondence between Lie algebra automorphisms and Lie group automorphisms given
in Proposition allows us to use the results of Chapter 3 on the Lie algebra t to compute the
left-invariant sub-Riemannian structures of T up to Lie group automorphism. This computation
is executed in the sections that follow.

4.2 Sub-Riemannian structures

Left-invariant sub-Riemannian structures (T, D, g) and (T,D’,g’) on the Lie group T are said
to be isometric if there exists an isometry ¢, in the sense of Definition between them. We
will denote such an isometry by

(T,D,g) = (T, D, g).

If the isometry ¢ is in addition a group isomorphism of the Lie group T — that is, it is an
automorphism — we will denote the automorphy between these structures by

(T,D,g) = (T, D', g").
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In the following sections, utilizing the observations of the previous section, we proceed to classify
the left-invariant sub-Riemannian structures (T, D, g) of the Lie group T up to automorphy,
before later generalising this classification to isometries.

Lemma 4.2.1. Let (G,D1,g) be a left-invariant sub-Riemannian structure on a simply con-
nected matriz Lie group G and D2 be a left-invariant distribution on G. If there exists ¢ €
Aut(G) such that ¢. Dy = Da, then there exists a metric g’ on Dy such that

(G?D13 g) = (G7D27g/)'

Proof. Let (G, Dy, g) be a left-invariant sub-Riemannian structure on a simply connected matrix
Lie group G and Dj be a left-invariant distribution on G. Suppose ¢ € Aut(G) is such that
¢+D1 = D5. That is, for h € G

(¢«D1)(h) = dg-1ny¢ - D1 (7" (h)) = Da(h).
As Dy(h) = d1Ly, - D1(1), we have that
Da(h) = dg-1(ny ¢ - d1Ly-1(ny - Da(1).
Define g’ = ¢,g. That is, for h € Gand A,B € D3(1) C g

g;l(dth -A, dth . B) = (¢*g)h(d1Lh . A, dth . B)
=gy (dnd™" - diLp - A, dpo™" - di Ly - B).

Now, if h € G and A € D3(1), then
diL,-Ae d¢—1(h)¢) . d1L¢—1(h) . Dl(l).
We then have that
dp¢™ ' diLy - A€ dpg™" - dy-1(p)yd - diLy—1 () - D1(1)
=dg-1(n)(¢" " 0) - diLg-1(n) - D1(1)
= d¢—1(h)IdG -d1L¢71(h) -D1(1)
= d1L¢,—1(h) . Dl(l)
= Di(¢~"(h)).
We thus have that the g’ is well defined.

Suppose h € G and A, B € D1(1).

(¢*e Vn(diLy - A,di1 Ly, - B) = g;(h)(dhd) ~diLp - A,dpd - dyLy, - B)
= (0+8)p(n)(dn¢ - di Ly, - A, dp¢ - di Ly, - B)
=8o-1(p(n) (Ao @' dnd - di Ly, - A, dyny¢ ™" - dn¢ - di Ly, - B)
=gn(dp(p~to@)-diLy-Ady(¢~ o¢)-diLy - B)
=gn(dpldg - d1 Ly, - A,dp1dg - d1 Ly, - B)
=gn(diLy - A,d1Ly, - B).
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This implies that g = ¢*g’. As we in addition have that ¢,D; = D5, Proposition and

Definition give
(Gv Dla g) = (G7D27 g/)

O

Lemma 4.2.2. Let (G, D, g) be a left-invariant sub-Riemannian structure on a simply connected
matriz Lie group G and H a left-invariant distribution on G with ¢ - D(1) = H(1) for some
w € Aut(g). Then there exists a sub-Riemannian metric g’ on H such that

(G,D,g) = (G,H,g).

Proof. For every left-invariant generating distribution D on G, Lemma|[3.1.13| gives that if D(1)
is a generating subspace of g, then ¢ - D(1) = H(1) is a generating subspace of g. The proof
of Proposition m gives that there exists ¢ € Aut(G) such that ¢.D = H. Lemma then
implies that

(G,D,g) = (G,H,g),

for some appropriately defined sub-Riemannian metric g’. O

Definition 4.2.3. Suppose s is a subspace of a Lie algebra g and let GL(s) be the collection of
all invertible linear maps from s to itself. Define

Auts(g) = {¢ € GL(s) : Hqﬁ S Aut(g),qﬂ -5 =56 and 1@|5 =}

Definition 4.2.4. Suppose (G, D,g) is a left-invariant sub-Riemannian structure, we define
the matriz Xg to be the matriz representation of g1 with respect to some ordered basis of D(1).
The matriz Xg is a positive definite matriz.

Lemma 4.2.5. Let (G, H,g) and (G, H,g') be left-invariant sub-Riemannian structures on a
simply connected matriz Lie group G. We have that Xg = wTngZJ for some 1 € Auty(1)(g) if
and only if (G, M, g) = (G, H,&).

Proof. Suppose Xg' = 1" Xg1) for some ¢ € Auty1)(g). Let A, B € H(1), then
gi(A,B)=A"Xy B
= AT (" Xg)B

= A)  Xg(v - B)

As 1) € Autyy(1)(g) ,there exists ¥ € Aut(g) such that ¢ - H(1) = #(1) and 1[)\;.[(1) =1. We
thus have that

g1(¢- A B)=gi(¢¥- A B), for A, B€H(1) Cg.
Thus there exist ¢ € Aut(g) such that
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for A,B € H(1) and }
Y- H(1) = H(1).

Proposition implies that (G, H,g) = (G, H,g’).

Conversely, suppose (G,H,g) and (G, H,g') are automorphic left-invariant sub-Riemannian
structures on G. Proposition implies that there exists ¢ € Aut(g) such that

¢-MH(1) =H(1)
and
for every A, B € H(1).

Define ¢ € GL(H(1)), by ¢ - A= ¢ - A for every A € H(1), we then have that ¢ € Auty(1)(g)
and in addition

gl(AaB) = g/1<%ZJ Aa¢B) = g/l(LpA)SOB)
for any A, B € H(1).

With X, and X, as the positive definite matrix representations of g, and g’y with respect to
some basis of (1), in coordinates this gives
ATXgB = (p- A)TXg’(SO - B)
= AT (¢ Xg9)B,

for all A, B € H(1). This implies that X = ¢ Xgr¢. O

Now we specialize the previous Lemmas to left-invariant sub-Riemannian structures on our
particular Lie group T. We define H3, H4 and Hs to be the left-invariant bracket generating
distributions on T having H3(1) = (I, J, K), Ha(1) = (I, J, K, L) and H5(1) = (I, J, K, L, M) =
t.

Corollary 4.2.6. Consider arbitrary left-invariant sub-Riemannian structures (T, D3, g), (T, Dy, g?)
and (T,D5,g°%) on T, of rank 3, 4 and 5 respectively. There exists metrics g®, g@ and g®
on Hsz, Ha and Hs respectively such that

1. (T7D37ga) = (T,H3,g(3));
2. (T7D47 gb) = (T7 H47 g(4)) and
3. (T7D57gc) = (TﬂHE)?g(S))’

Proof. Follows from Theorem [3.4.2] Lemma and the fact that Hs, H4 and Hs are gener-
ating distributions. O

We now specify Auts(t) when s is taken to be one of the bracket generating subspaces H3(1),
H4(1) and Hs(1) of t.
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Lemma 4.2.7.
1.
i1 0 0
Autir iy () = Q [i2 2 k2| i1 #0 and joks — kojs # 0
i3 Js ks
were the matriz representations of the elements ¢ of Aut(s s i) (t) are written with respect
to the ordered basis (I, J,K) of (I,J, K).
2.
i1 0 0 O
o J2 ke O | . .
Autr g,y (t) = s 0 ks 0|0 # 0 and jz2k3 # 0

ig  Ja ka4 i12
were the matriz representations of the elements ¢ of Aut; j i 1y(t) are written with re-
spect to the ordered basis (I,J, K, L) of (I, J, K, L).

3. Aut(t) = Aut(t).

Proof. Let
i1 0 O 0 0
iy jo ks 0O 0
; Js k3 0 0 € Aut(t),
ig Ja ks d1j2 ik
is Js ks d1j3 t1k3
with respect to the ordered basis (I, J, K, L, M) of t. That is, ¢; # 0 and joks — kajz # 0 (see,
Proposition .

Proof of (1): It ¢ is such that 1 - (I,J,K) = (I, J,K), then it simplifies to the form

<
Il
o~

@

i1 0 0 0 0
B 12 jg kg 0 0
=113 j3 ks O 0
0 0 0 djo irks
0 0 0 idjs ks

Define ¢ € GL({I,J,K)) by 1+ A = - A for all A € (I,J,K). We then have that ¢ €
Autir iy (1), as ¢ - ([, J,K) = (I,J,K) and ¢ € Aut(t) with ¢[ ;xy = ¥. The matrix
representation of ¢ with respect to the ordered basis (I, J, K) of (I, J, K) is given by

i1 0 0
Y= |ia Jo ko
i3 J3 ks
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Proof of (2): If ¢ is such that ¢ - (I, J, K, L) = (I, J, K, L), then it simplifies to the form

i7 0 0 0 0
ia  Jo ko 0 0
) 0 ks 0 0
iy Ja ks i1j2 i1k
0 0 O 0  i1ks

<
|
~

%)

Define ¢ € GL((I,J,K,L)) by ¢- A = 4 - A for all A € (I,J,K,L). We then have that
Y € Auts j k1) (1), in a similar way to the proof of (1). The matrix representation of ¢» with
respect to the ordered basis (I, J, K, L) of (I,J, K, L) is given by

i1 0 0 0
li2 J2 ke O
V=i 0 ks 0
iy Ja ki i1j2

Proof of (3): This follows immediately from the definition of Aut¢(t). We have shown that
elements of GL(s) of the desired form are elements of Auts(t). Conversely, we show that any
element of Auts(t) is of the desired form.

Converse of (1): Suppose

P11 P12 P13
0= |pa1 a2 23| € Autr sk (t)
©31 P32 ©33

were the matrix representation of ¢ is with respect to the ordered basis (I, J, K) of H3(1) =
(I,J,K). We have that ¢-(I,J, K) = (I, J, K) and that there exists ¢ € Aut(t) with @|(; s x) =
®.

Let ¢ have matrix representation

i1 0 0 0 0
i2  J2 ko 0 0
i3 j3 ks 0 0
ia Ja ki i1j2 i1k2
i5 Jjs ks d1jz  i1ks

Ay
I
S

w

with respect to the ordered basis (I, J, K, L, M) of t. By Proposition we have that i; # 0
and joks—kajs # 0. As¢-(I,J,K) = ¢-(I,J,K) = (I, J, K), ¢ preserves the subspace (I, J, K)
of t. This implies that its matrix representation takes the form

ii 00 0 0
is jo ks O 0
i3 j3 k3 0 0
0 0 0 i itks
0 0 0 iujs iiks

@:
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We have that the matrix representation of ¢ with respect to the ordered basis (I, J, K) of
(I,J,K) is given by
| | |

(‘0: SO.I SO.J SQ.K
| | |

As @l(1,7,x) = ¢, we have

1
J
K

p-I=u1+iJ+i3K
J=0-1+joJ + 3K
K =0-1T+kyJ+ k3K

Il
Sy

14
So.
SO.

Ay

and thus
in 0 O
p=|i2 Jo ko
i3 j3 k3
with il 75 0 and j2k3 - k2j3 7é 0.

Converse of (2): Suppose

Y11 P12 P13 P14
Y21 P22 P23 P24
= € Aut t
4 P31 P32 P33 P34 (LJK.L) ( )

Y41 P42 P43 Paa

were the matrix representation of ¢ is with respect to the ordered basis (I, J, K, L) of H4(1) =
(I, J,K,L). We have that ¢ - (I,J,K,L) = (I, J, K, L) and that there exists ¢ € Aut(t) with
Plusk.ry =@

Let ¢ have matrix representation

i1 0 0 0 0
ia jo ke O 0
o= liz Js ks O 0
iy Ja kg d1j2 irke
t5 Js ks i1js  i1ks
with respect to the ordered basis (I, J, K, L, M) of t. By Proposition we have that i; # 0

and joks —kojs #20. As - (I, J,K, L) =p-(I,J,K,L) =(I,J, K, L), ¢ preserves the subspace
(I,J,K,L) of t. This implies that its matrix representation takes the form

i1 0 0 0 0
12 jg kg 0 0
@ = |13 0 k3 0 0
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We have that the matrix representation of ¢ with respect to the ordered basis (I, J, K, L) of
(I,J,K,L) is given by
| | | |

o=|o-I ¢-J ¢-K ¢-L
| | | |

As </3|(I,J,K,L> = ¢, we have

o-I=¢-I=il+isJ+i3K +i4L
- J=¢-J=0-1+joJ+0-K+ jsL
0 L=¢-L=0-T4+0-J+0-K +ijoL
and thus
7 0 0 0
|2 jo k2 O
= lis 0 ks 0
iy Ja ks 172
Wlthll#oandjgkg#o O

4.3 Sub-Riemannian structures of T

With the above theory established, we now proceed with the computation of the left-invariant
sub-Riemannian structures of the Lie group T.

Lemma 4.3.1. Let (T,Hs,g) be a left-invariant sub-Riemannian structure, then
(Ta HB? g) = (T3 HB? h3)
where the metric h3 is specified by Xys = I3 with respect to the ordered basis (I,J,K) of
H3(1) = <Iv J7K>
Proof. Suppose (T,Hs,g) is a left-invariant sub-Riemannian structure. Concretely,

hi a1 az
Xg: aq hg as | ,
s as h3

a positive definite matrix. Let

1 0 0
h3—

vi= SRR L0 e A (0
M a3 1
af—hshs hs
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The entries of ¢ are well defined as (a% — hohs) and hsz are positive reals — following from
Lemma and the pricipal minors —(a% — hohs) and hs of Xg. Direct computation gives
the positive definite matrix

h3d%—2a2a3a1+a§h1+h2 (a%—hlh:g)

7 0 0
T {13 }L2h3 5
Py Xg1/11 = 0 he — R
h3
0 0 hs
Relabelling, we have that
by 0 0
U Xgr = [0 bz O
0 0 b3
Lemma [4.2.5| implies that
(T7 H37 g) = (T7 H37 gl)
where g’ is specified by Xg = ¥ Xgt1.
Now, let
1
w00
1/12 == 0 \/T? 0 S Aut<]1J7K> (t)
0 0 1

Vbs
The entries of ¢y are well defines as by, by and bz are positive by Lemma [A-T.2] as they are
principal minors of the matrix Xg = w;ngwl. Direct computation gives

1 00
Vg Xghg = |0 1 0| =1I3.
0 0 1

Lemma thus gives that
(T7 H?ﬂ g/) = (Ta H37 h3)

The desired result,
(Ta H37 g) = (T3 H37 h3)

follows by the transitivity of the relation . O
Lemma 4.3.2. Let (T,H4,8) be a left-invariant sub-Riemannian structure, then
(T, Ha,g) = (T, Ha, h>*)

where the Riemannian metric h*® is specified by Xpio = oy, o > 0, with respect to the
ordered basis (I, J,K,L) of H4(1) = (I,J,K,L). Furthermore, for distinct o, 8 > 0, the sub-
Riemannian structures (T, H4, h**) and (T, Hy, h*?) are non-automorphic.

Proof. Suppose (T,H4,g) is a left-invariant sub-Riemannian structure. Concretely,

hi a1 az a3
ar hy as as
ay as hz ag|’
a3 as ag hg

Xg =
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a positive definite matrix. Let

1 0 0
0 1 0
7/}1 = 0 0 1 S Aut(I,J,K,L) (t)
as __as a

_— o O o

4 ha ha

64

As hy > 0, the entries of ¢; are well defined — by Lemma Direct computation gives the

positive definite matrix

2
_ %3 _ asas __ asae
h,l s al a ha
asas ag asae
Tx a1 = 57 ha— g aa—5Re
1= 4 4
1/11 gw aszae asae h a% 0
e T TR
0 0 0 hy

Relabelling, we have that
Ry af ah 0
/ / /
W= o 2
0 0 0 K,
Lemma implies that
(T, Ha,8) = (T, Ha,&')
where g’ is specified by Xg = ] Xgt)1.

Now, let
1 0 0 O
a/l hg—a/zaﬁ1 1 _% 0
/ 2_h/ h' h!
o= | lara : € Autr,g k1) ()

224 () 1 0

al®—hyhy
0 O 1

As a® — hlyh} > 0, the matrix 1, is well defined — by Lemma as a,® — hlyhy is a principal

minor of the matrix Xg/. Direct computation gives the positive definite matrix

ror2 v 127 ’ 12 N
301" —2a5a07+ay h1+h2(‘12 _hth)

a,>—hyh} 0 0 0
0 ht 0 0
Q/JJXg’w? = 2 ’ ay’
0 0 hy— i 0
0 0 0 hly
Relabelling, we have that
bp 0 0 O
b 0 O
T _ 2
2 Xet2= 10 g by 0
0 0 0 by

Lemma implies that
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where g” is specified by Xgr = g Xgrtha.

Finally, we let

NG 0 0 0
0 &= 0 0
wS = O 02 1 0 S AUt<I,J,K,L> (t)'
Vb3 X
0 0 0 Fm
This matrix is well defined as b1, by, b3, by > 0 by Lemm Direct computation gives
1 0 O
01 0
T
¢3 Xg”¢3 00 1 O
ba
0 0 O Bits

Lemma [4.2.5] implies that
(T7 Ha, g”) = (T7 Ha, g(3))

where g® is specified by Xge) = 13 Xgri)3.

Let A = bfé and

2

1
oY 0 0 0
0 % 0 0
g = 0 0* 1 € Aut(r sk 1) (1)
VA
0 0 0 1
We then have that
+ 0 0 0
0 L 0 0
,(/)Z—erg(B),(/)Zl: O 8 % 0
0 0 0 ¢
Lemma, implies that

(T, Ha,8¥) 22 (T, Ha, h*)

where h*? is specified by Xp4.a = ¢1Xg(3)w4 = %Ll = aly, where a = + = % > 0.
Transitivity of the automorphism relation 22 gives the result

(T7 H4a g) = (T7 H4a h47a)~
We now show that each positive real o determines a unique left-invariant sub-Riemannian
structure up to automorphy. That is, given «, 3 > 0
(T7 H4a h4,a) = (Ta H4a h4,ﬂ)

if and only if a = 3. Clearly, if & = 8 > 0 then we have that (T, H4, h*%)
Conversely, suppose a, 5 > 0 and

1

(T, H4, h4’6).

(T, Hy, h*®) 2 (T, Hy, h*P).
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By Lemma we have that X456 = 9 Xpa.a1) for some ¢ € Auty 0y (). It follows that
Xpis = T Xpawtp if and only if ¢ T (aly)y = BI4.

Let Eq(i,j) be the scalar equation determined by the (i,j)-entry in the matrix equation
YT (aly)y = By, where

Y11 Y12 Yz Y

o1 thaa thaz thou

31 32 sz s

Yo as az Yaa

Y=

The equations

Eq(4,1) : atp119221041 = 0
Eq(4,2) : ath11922P42 = 0
Eq(4,3) : ath119221Pa3 = 0

imply that 1y = 40 = g3 = 0 or Y9y = 0 as Y11 # 0. However if 132 = 0 we have that
0 = arp?1h3,, contradicting
Eq(4,4) : apiii3y = 8> 0.

Thus 1/)41 = 1/)42 = 1/143 =0 and 1/)22 7é 0.

Also,
Eq(3,2) : a(tha2thas + azthaz) = 0.

That is, a(tPa21093) = 0. As a2, a # 0, we have o3 = 0. Now, B, = 9 " (al)v reduces to

o (V3 + U3 +¢3)  onbarthar  anhsidss 0

BI, = 021122 0“/’%2 0 0
31133 0 a3, 0
0 0 0 ah? 3,

As a # 0,192 # 0 and arba11hes = 0 we have that 91 = 0. As ap3; = B # 0, we have 133 # 0.
It then follow that ai31133 = 0 implies that 37 = 0. Our matrix equation then reduces to

ab? 0 0 0

0 ayd, 0 0

Pli=1 "y 0 arpdy 0
0 0 0 ayi i,

From equations Eq(1,1), Eq(2,2) and Eq(3,3) it follows that 111 = 192 = 133 = \/g This
reduces Fq(4,4) to f = ’%2 and thus 8 = « as required. O

Lemma 4.3.3. Let (T,Hs5,g) be a left-invariant sub-Riemannian structure, then

(T, Hs,8) = (T,H5,h57(a,ﬁ))
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where the metric h®(*f) s specified by

Xh5-,<a,ﬁ) =

[ R e e
oo O
co oo
oOQ oo o
oo oo

for some a, 8 > 0, with respect to the ordered basis (I, J, K, L, M) of H5(1) = t. Furthermore,
every left-invariant sub-Riemannian structure (T, Hs,g) s automorphic to a unique structure
(T, Hs, h> (@A) with a > > 0.

Proof. Suppose (T,Hs,g) is a left-invariant sub-Riemannian structure. Concretely

h1 al an as a4
ap hy as as ag
Xg = |ag as hg as ag
a3 ag as hy apg
ag ar ag aiyp N3

a positive definite matrix. Let, with the use of Lemma [£.2.7]

1 0 0 0 0
0 1 0 0 0
=0 —m 1 0 0] e Aw.
0 0 0 1 0
_aa aiag—aths a9 _ a0
5 hs2 hs hs

The entries of v, are well defined, as hs > 0 — by Lemma Direct computation gives a
positive definite matrix of the form

€D N CONPN
RGO R AR CORRPCORRPINED

| Xgthr = a2 az® hyD ag®
O CD RN CO R Y

0 0 0 0 Ry

Lemma [£.2.5] implies that
(Ta H57 g) = (Ta H57 g(l))

where g(!) is specified by Xeg) = ’l/Jing’(/Jl.

Let
1 0 0 0 0
0 1 0 0 0
= 0 0 1 0 0
o e e e S Aut(t).
TRy R, T M 10
0 0 0 0 1
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The entries of 15 are well defined, as hyV >0 by Lemma Direct computation give a
positive definite matrix of the form

Y o o 0 0
ad? nP WP 0 0
¥y Xgotz = [al? o BP0 0
o o o n? o

o 0o o o &Y

Lemma implies that
(T, Hs, ) = (T, Hs,8%)

where g(® is specified by Xge) = 1] Xga .

Let
1 0 0 0 0
0o 1 0 0 o0
ol e 1 g
Ys= | ThD  ThD € Aut(b).
O 0 o0 1 o0
o
00 0 iy

The entries of 13 are well defined, as héz) > (0 — by Lemma Direct computation gives a
positive definite matrix of the form

B 6™ 0 0 o0
A BP0 0 o0
UsXgms=| 0 0 AP 0 0
o o o nY o
o o o o A

Lemma implies that
(Ta H57 g(2)) = (T7 H5a g(3))7

where g(® is specified by Xgs) = Q,ZJ3TXg(2>z/J3.

Let
1 0 0 0 O
af®
@ 1 0 0 O
Py = 0 01 0 0 € Aut(t).
0 00 1 0
0 0 0 0 1

The entries of 14 are well defined, as h(23) > (0 — by Lemma Direct computation gives a

© University of Pretoria



Chapter 4: Classification of sub-Riemannian structures 69

positive definite matrix of the form

bp 0 0 0 O
0 b 0 0 O
Ui Xgoa =10 0 b3 0 0
0 0 0 b O
0 0 0 0 bs
Lemma implies that
(T, Hs,8™) = (T, Hs,8Y)
where g® is specified by Xga) = Q/JIXg(s)”(/u.
Let L
7 (1) 0 0 0
0 NS (1) 0 0
s =1 0 0 v (1) 0 ,
0 0 0 NS (1)
0 0 0 0 NV

Now, 15 is well defined as b; > 0 for i = 1,2,...,5 by Lemma[A.T.2] Direct computation gives

1 0 0 O 0

01 0 O 0
nggw%z 0 0 1 19 0
000 % 0

102 b5

000 0 %

Lemma [4.2.5| implies that
(T, Hs, 1) = (T, Hs, b))

where h®(@0) is specified by X s(a. = 1/)5TXg

: _ b _ b
@5 — taking a = 34~ and 8 = .

Transitivity of the automorphism relation = gives the result

(T7 H57 g) = (T7 H57 h5’(a’ﬂ))'

We determine which left-invariant sub-Riemannian structures of the form (T, Hs, h%(®) are
automorphic. Suppose ay, 1, sz, 2 > 0 and (T, Hs, h>(@100)) = (T H5 h5(@2:/2)) By Lemma
we have that X5, a1, = wTXh5,<02,/32)1/1 for some ¢ € Aut(t). Let

Y11 0 0 0 0
Y1 Yoo a3 0 0
Y= |vY31 P32 P33 0 0

Va1 a2 Paz Yr1tdes Y1123
P51 Us2 sz Y11¥32 Y1133
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If 43 = 0, then Xys.ay.61) = ¥ Xp5.(02.85)% gives the component equations

q(5,1) : Batp11¢33151 = 0
Eq(5,2) : B2th119331052 = 0
Eq(5,3) : B2th119331053 = 0
Eq(5,3) : fotpiithsatbss = 0.

As 2 > 0 and Proposition [3.1.1]implies that ©1; # 0 and ¥9s1)33 — Wa3tP30 # 0 — thus 133 # 0
— we have that ¢51 = ’(/J52 = Y53 = 0 and wgg =0.

&

3

)

Taking this into account we have the reduced component equations:

Eq(4,1) : apth111P221041 = 0
Eq(4,2) : apth11221p42 = 0
Eq(4,3) : aptp111P22t043 = 0.

As as > 0 and by Proposition P11 # 0 and )92tP33 — Pa31P32 # 0 — implying 1)ee # 0 —
we have that 147 = 140 = 143 = 0.

Component equations Eq(2,1) and Eq(3,1) reduce to

Eq(2,1) : Y2192 =0
Eq(3,1) : 931933 = 0,

thus we have that 1o = 131 = 0.

The matrix equation Xys.ay.81) = ¥ Xp5.(02.85) % reduces to

100 0 0 ¥ 0 0 0 0
010 0 0 0 2 0 0 0
001 0 O0|=|0 0 25 0 0
00 0 o O 0 0 0 i, 0
000 0 p 0 0 0 0 Batpii¥3;

Thus, 7%1 = 1/’%2 = ¢§3 =1, and so a; = a3 and 31 = fs.

On the other hand, if 13 # 0 then Xys.(a1.6) = ¥ X}5.(as.50) % gives the component equation
Eq(5,4) : ¥7) (aathaathas + Batsatss) = 0,

which gives 190 = — Baaatdas A Proposition gives ooth3s — agh3e # 0, we have that

aathog

(—m) 33 — a3P32 # 0. That is, 132 ((—M) 33 — z/J23) # 0. Therefore 132 # 0.

23 2123

Solving the component equations

Eq(5,1) : ¥11(aotbazthar + Botszipsi) = 0
Eq(5,2) : Y11 (aothazthas + Bot)szifsa) = 0
Eq(5,3) : Y11 (cot23v43 + Bothzzthsz) = 0

5
)
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fOI‘ ’1/141,’[/)42 and 1,[)43, IlOtiIlg that 1/)11 # 0, we have 1/)41 = 77521/)331/)517 1,[)42 = 77621!)331[)52,

223 azthas

a3 = 7% Solving the reduced component equations

2
Eq(4,1) : Batp111P32151 (04262%3 + 1> =0

a33s
2

Eq(4,2) : Barp1132v50 (ajﬁjﬁ?’?’ + 1> =0
223
2

Eq(4,3) : Batp1132953 (% + 1> =0
2¥23

gives ¢51 = Y52 = P53 = 0. This implies that 141 = tps2 = 43 = 0.
We have the reduced component equation

Fq(3,2) 1#327/)33&0;2 — B2) _0

Thus, as 32 # 0, ag = B or P33 = 0. If ag # PBs, then 133 = 0. Further,

__ Botsosz . Bathza-0
P22 = aztpas Q2thaz 0.

This reduces Xps.(01.6) = ¥ Xps.(as.80) % t0O

Y U5+ U3 Psihsa Yortbas 0 0
Y3132 V3, 0 0 0
Xps.(a1.80) = V21103 0 )3, 0 0
0 0 0 Batpi193a 0
0 0 0 0 azw%ﬁ/}%s

We then have that 131932 = 0 and tba1th23 = 0 implies ¥3; = 11 = 0. Thus %, +3, +93, =1
gives 1f; = 1. We also have 93, = ¢33 = 1, thus ay = £297,93, and 1 = agyf; 93, give
ai; = (2 and 31 = ap.

If g = B2 = 3, then Eq(2,1) and Eq(3,1) reduce to

Eq(2,1) : 32 ( 31 — 1?3;#33) =0
23

EQ(37 1) : Po11a3 + Y3133 = 0.

as 32 # 0, we have 93, = % Thus

21123 + P311P33 = 0

Po11ba3 + <¢211/133) P33 =10
a3
P3;

P21923 (1 + 1/}53) =0.
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Thus, as o3 7§ 0, 921 = 0 and 931 = wzwli;/;% _ 01-;[;23 =0.

As a result, Eq(1,1) reduces to %, =1 and

1 0 0 0 0
o (3
0 93 (1#7%2 + 1) 0 0 0
Xps.ar,8) = |0 0 V33 + ¢33 0 0
0 0 0 B3, (111%3'“/’%3) 0
w23
0 0 0 0 B (V33 + ¢33)

As 35 + 135 = 1 we have that 133 = sin(z), 923 = cos(x) for some z € [0,7]. Eq(5,5) gives
b1 = B. Eq(2,2) gives 93, = @ Finally, Eq(4,4) simplifies as follows

B3y (V35 + 133)
g
1 1
b sec?(z)  cos?(x) -
= 1.

Thusog:ﬂ:ozgandﬂlzﬁzﬁg.

We have shown that the left-invariant sub-Riemannian structure (T, Hs,g) is automorphic to
some left-invariant sub-Riemannian structure (T, Hs, h? (8 )) for a, 8 > 0. We have in addition

shown that the only left-invariant sub-Riemannian structures of the form (T, Hs, h (&8 )) with
&, 3 > 0 that (T,Hs5,h>(®P)) may be automorphic to are the ones for which (&, ) = (o, 8)

(itself) or (&,3) = (8,a). Next we show that these two structures are always automorphic,
which implies that a left-invariant sub-Riemannian structure (T, Hs,g) is automorphic to a
unique structure (T, Hs, h®(®5) with @ > 3 > 0. Indeed,

(T, Hg, h>( @) 2 (T, Hz, h>(5))
by Lemma as Xps.(8.0) = ’(/JTXh5,(a,ﬁ)’l/J for
0

€ Aut(t).

<

Il
coocor
coor o
—oooo
o~ ocoo

0
1
0
0
O

Proposition 4.3.4. For any left-invariant sub-Riemannian structure (T,D,g) we have that:

1. If dim(D(1)) = 3, then
<T7D7g) = (T,H3’h3>

2. If dim(D(1)) =4, then
(Tv Da g) = (Ta H4; h4)a)
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3. If dim(D(1)) = 5, then
(Ta Da g) = (Ta H5a h5,(o¢,ﬂ))

where (T, Hz, h3) , (T, Ha, h>®) and (T, Hs, h>(@B)) are as in Lemmas|{.3.114.3.4 and |4.5.5

Proof. Given a left-invariant sub-Riemannian structure (T,D,g), for dim(D) = 3,4 and 5
respectively, Corollary respectively gives

(T7D7g) = (T7H37g3)a
(T,D,g) = (TaH47g4)a

and
(T, D7 g) = (T’ H57 g5)

for an appropriately defined Riemannian metric g?, for i = 3,4 and 5.

Respective use of Lemma Lemma and Lemma followed by use of the transitivity
of the relation 2 will give the desired results 1. 2. and 3. O

We recall that the isometry of Propositon is that of Proposition In particular,
isometries ¢ of Proposition are Lie group automorphisms as defined in Appendix B.2.
That is, ¢ € Aut(T) and preserves the group structure of T in addition to its smooth manifold
structure.

In the following we use the classification of Proposition up to automorphism and the
affine nature of isometries between nilpotent Lie groups — as given by Theorem — to
give a classification of the left-invariant sub-Riemannian structures on T up to general isometry
(as defined in Definition . For this, we change to the language of equivalence relations,
partitions and equivalence classes.

Denote by U the collection of all left-invariant sub-Riemannian structures on T. Consider

~

the equivalence relations = and = on U, where for left-invariant sub-Riemannian structures
(T7 Da g)a (T’ D/, g/) S Z/{ we have

(T.D,g) = (T,D,g') & 3¢: (T,D,g) — (T,D',g'), ¢ € Aut(T)

and
(T,D,g) =(T,D',¢g') & 3¢: (T,D,g) — (T,D',¢), ¢ € Diff(T),

where ¢ is an isometry in both cases.

Proposition gives the following corollary.

Corollary 4.3.5. The equivalence relation = partitions U into the following equivalence classes:
[(T’ Hs, h3)]Ev
[(Ta H47 h4$a)]§ fO’I’ o> Oa

and
[(T,Hs, h> @) for o > > 0.
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As Lie group automorphisms are in particular diffecomorphisms, Aut(T) C Diff(T) and we
have that [(T,D,g)]l~ C [(T,D,g)]= for any structure (T,D,g) € U. It follows that for any
(T.D,g) €U

(T, D,g)l= = U (T, D', g)]=.
(TaD/vg/)E[(T,D7g)]E

That is, every =-equivalence class is the union of Z-equivalence classes. In fact, as distinct
>~ equivalence classes are disjoint, [(T,D, g)]= can be represented as the disjoint union of -

equivalence classes
(T.D,g)==| | [(T’D(T)’g(T))L’
reA -
for some index set A.

We claim that [(T, D, g)]= is the disjoint union of exactly one -equivalence class.

Proof of Claim: Let (T,D,g) € U. Now, [(T,D,g)l~ C [(T,D,g)]=. Suppose [(T,D’,g')]~ is

[ ;
another 2-equivalence class contained in [(T,D,g)]=. As (T,D,g),(T,D',g') € [(T,D,g)]=,
there exists an isometry ¢ : (T,D,g) — (T,D’,g’),¢ € Diff(T). By Theorem we have
that ¢ = Lgo1 for some ¢ € Aut(T). Now, 1) = L,-10¢: (T,D,g) — (T,D’,g’) is an isometry
of left-invariant sub-Riemannian structures on T as it is the composition of the isometries ¢
and L,-1. We thus have that
(T.D,g) = (T,D',g))

and so (T,D’,g’) € (T, D, g)]~. This gives
(T, D', &)~ = (T, D, g)]~.
As this holds for all pairs of =-equivalence classes contained in [(T, D, g)]= we have that

(T,D,g)l== U (T, D', g")]~
(T, D'.,g")€[(T,D.g)l=

= [(T’ D, g) £

proving the claim.

In light of the above, we have the following result.

Proposition 4.3.6. The equivalence relation = partitions U into the following equivalence
classes:

[(T,Hs,b?))=,
[(T,Ha, h**)]= for a > 0,

and
(T, Hs, h> @O _ for o > > 0.

Proof. This is a direct consequence of the fact that for any left-invariant sub-Riemannian struc-
ture (T,D,g) on T we have

(T,D,g)l= = [(T,D, )]~
and Corollary O
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The classification of left-invariant sub-Riemannian structures on T up to isometries that are Lie
automorphisms, given in Proposition [4.3.4] can thus be improved to the following classification
up to isometry.

Proposition 4.3.7. For any left-invariant sub-Riemannian structure (T,D,g) we have that:

1. If dim(D(1)) = 3, then
(T,D,g) = (T,Hs, h?).

2. If dim(D(1)) = 4, then
(T,D,g) = (T,Ha, h**) for some a > 0.

3. If dim(D(1)) = 5, then
(T,D,g) = (T,’H,5,h5’(a‘ﬂ)) for some a > 3> 0.

4.4 Isotropy groups of T

In this section we compute the linearised isotropy groups of the left-invariant sub-Riemannian
structures of the Lie algebra T — obtained in Proposition[£.3.7] As a consequence of Proposition
[41.11] these sufficiently characterize the isometry groups of the left-invariant sub-Riemannian
structures (T,D, g) on T. The isotropy groups of the left-invariant sub-Riemannian structures
(T,D,g) on T are merely semidirect products of the group of left-translations by these isotropy
groups.

Proposition 4.4.1. The linearised isotropy groups of the left-invariant sub-Riemannian struc-
tures on T are given by

i)
dlsoy (T, Hs, h?)

o1 0 0 0 0
0 cosf o9sinf 0 0
= 0 sinf —ogcosf 0 0 € Aut(t) : 01,00 = £1,0 € R
0 0 0 o1cosf  o109sinf
0 0 0 o18inf —oq109cosl
> 7o X 0(2)
ii)
ocpr 0 0 0 0
0 oo O 0 0
dlSOl(T,H4,h4’a) = 0 0 o3 0 0 S Aut(t) 1 01,02,03 = +1
0 0 0 o109 0
0 0 0 0 0103
= Zg X ZQ X ZQ.

© University of Pretoria



Chapter 4: Classification of sub-Riemannian structures 76
iii) 1.
oo 0 0 0 0
0 oo O 0 0
dlsoq (T, Hs, h* (@A) = 0 0 o3 O 0 | € Aut(t) : 01,092,053 = %1
0 0 0 01092 0
0 0 0 0 0103
= ZQ X ZQ X ZQ,
fora>p>0.
2.
dlsoq (T, Hs, h* (@)
o1 0 0 0 0
0 cosf o9sinf 0 0
= 0 sinf —ogcosb 0 0 € Aut(t) : 09,00 =%1,0 € R
0 0 0 ogpcosf  op09sinf
0 0 0 o18inf —oq109cosb
= 7o X 0(2),
were o > 0.

Proof. (i) Consider the left-invariant sub-Riemannian structure (T, H3, h?). Now, if
@ € dlsoy (T, Hs, h?), then ¢ € Aut(t) with ¢ - Hs(1) = Hs(1) = (I, J, K), that is ¢ preserves
the subspace H3(1), then (by Proposition [3.1.1)) ¢ has matrix representation

ii 0 0 0 0
is jo ks O 0
i3 j3 kg 0 0
0 0 0 i irks
0 0 0 iijs iiks

gb:

with respect to the ordered basis (I, J, K, L, M) of t. As ¢-H3(1) = H3(1) = (I, J, K), we may
define the map ¢ : H3(1) — Hs(1) as the restriction of ¢ to the subspace Hz(1) C t. With
respect to the ordered basis (I, J, K) for H3(1) we have that ¢ has matrix representation

i1 0 0
o= lia J2 ko
iz jz k3

We also have that ¢ preserves the inner product h} on (I, J, K). That is, for
A BeHs(1)={,J, K)

hi(A,B)=hi(p-A ¢ -B) < A'LB=(p-A) (¢ B),

where the right-hand side of the bi-conditional is written in coordinates with respect to the
ordered basis (I, J, K) of H3(1). More explicitly, taking A = a1I + asJ + a3 K and
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B = bll+ b2J+ bgl(7 we have
ATLB=AT . (¢"Lp) B

by iv iy dg| [in 0 0] [ba
a1 az as] [ba| =[a1 az as] [0 o js| |i2 jo k2l |bo
bs 0 ke ks] [i3 Jjs ks| [bs

As this holds for all A, B € H3(1), we have I3 = ¢ "¢ when written with respect to the basis
(I, J,K) of H3(1). That is, the matrix

i7 0 0
p=|iz J2 ko
i3 J3 k3

is an orthogonal matrix. This implies that the columns and rows of this matrix form an
orthonormal basis for R3. As a result, the first row of the matrix is a unit vector, implying that
i1 = 01, where 01 = +1. As the first column is also a unit vector, we can further deduce that
19 = 13 = 0. We thus have the matrix

g1 0 O
[lraxy= [0 J2 ke
0 Jz ks

As [¢](1,7,x) € O(3), the submatrix B2 ZQ} € O(2). That is,
3 k3

Jjo ko| |cosf o2sinf
jz k3| |sinf® —ogcosf

for some # € R and o9 = *1.

We therefore have that
dlsoq (T, H3,h?)

o1 0 0 0 0
0 cosf oosinf 0 0
= 0 sinf —oycosb 0 0 € Aut(t) : 01,00 =1, € R
0 0 0 o1cosf  opo9sinf
0 0 0 o1sinf) —oy09cosb
= 75 X 0(2)

(i) Consider the left-invariant sub-Riemannian structure (T,H4, h*®), o > 0. Now, for
@ € dlsoy (T, Ha, hh%) we have that ¢ € Aut(t) and @ - Hy(1) = Ha(1) = (I, J, K, L). We thus
have (by Proposition [3.1.1)) that ¢ has the matrix representation

i1 0 0 0 0
i2  J2 ko 0 0
i3 0 k3 0 0
i ja ki d1j2 i1ka
0O 0 O 0 i1ks

Ay
I
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with respect to the ordered basis (I, J, K, L, M) for t. As ¢-H4(1) = H4(1) = I, J, K, L), we
may define the map ¢ : H4(1) — H4(1) as the restriction of ¢ to the subspace H4(1) C t. With
respect to the ordered basis (I, J, K, L) for H4(1) we have that ¢ has matrix representation

i1 0 O 0
_li2 g2 k2 O
P lis 0 ks 0
iy Ja ke 1)1
We also have that ¢ preserves the inner product h*® on (I, J, K, L). That is, for
A BeHy= <I,J,K,L>
h1*(4,B) =hy"(¢- A, - B) <= AT(al))B = (¢- A)T (als)(¢- B),

where the right-hand side of the bi-conditional is written in coordinates with respect to the
ordered basis (I, J, K, L) of H4(1). More explicitly, taking A = a1 + asJ + asK + a4L and
B =001+ byJ + b3K + by L, we have

a(ATLB) = a(AT o IpB)

bl i1 ig i3 i4 il 0 0 0

alar az as a4 ba| _ alar ax a3 a4 0 Jj2 0 Ja| |i2 j2 k2 O
R TR0 ke ks ks i3 0 ks O
by 0 0 0 11| |ta Ja ka 011

As this holds for all A, B € H4(1), we have that I; = ¢ when written with respect to the
basis (I, J, K, L) of H4(1). That is, the matrix

it 0 O 0

- i2 j2 k2 0
Y= lis 0 ks 0
iy Ja ks 1)1

is an orthogonal matrix. This implies that the columns and row of ¢ form an orthonormal bases
for R%. As the first row of  is a unit vector, we have that ;1 = o7 = £1. From this and the fact
that the first column of ¢ is a unit vector, we deduce that i, = i3 = iy = 0. From i3 = 0 and
the fact that the third row of ¢ is a unit vector, we deduce that ks = o3 = £1 . From k3 = o3
and the fact that the third column of ¢ is a unit vector, we deduce that ks = k4 = 0. From the
fact that the second row of ¢ is a unit vector, we deduce jo = 092 = £1. Finally, from the fact
that the second column of ¢ is a unit vector and jo = o2, we deduce j; = 0. This results in

o0 0 0 0

10 oy 0 0

=10 0 o3 0
0 0 0 0109
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Therefore,
or 0 0 0 0
0 o9 O 0 0
dlsoy(T,Hs, h**) =S {0 0 o3 O 0 | € Aut(t) : 01,009,035 = £1
0 0 0 0109 0
0 0 0 0 0103

= Zio X Lo X Lo,

(i4i) Consider the left-invariant sub-Riemannian structure (T,Hs, h>(®®)) with o > 3 > 0.
Now, for ¢ € dlsoy (T, Hs, h®(@#)) we have that ¢ € Aut(t) and ¢ - Hs(1) = Hs(1) = t, thus
(by Proposition [3.1.1)) ¢ has the matrix representation

i1 0 O 0 0
ia Jo ko O 0
o= liz J3 k3 O 0
ta Ja ks 172 i1k
is Js ks d1j3  i1k3
with respect to the ordered basis (I, J, K, L, M) of t. We also have that ¢ preserves the inner
product h2*#) of t = 7;(1). That is, for A, B € t,

h (A, B) =h (o 4,0 B) = AT X B=(p-A)T Xps.m (0 B),

were the right-hand side is in coordinates with respect to the basis (I, J, K, L, M) of H(1) = t.
In coordinates we have

ATXhS,(Q,B) B = AT ((pTth,(a,B) QD)B

As this holds of all A, B € H5(1), we have that Xys.(a.0 = @' Xps.a.)@. That is,

10 0 0 O

01 0 0 O

001 0 O

00 0 o O

0000 B
11 ’ig ig ’i4 i5 1 0 0 0 O il 0 0 0 0
0 Jj2 Js Ja s 0100 0 i2 Jo k2 0O 0

=1 0 ky ks k4 ks 001 0 O i3 gjs3 ks O 0
0 0 0 iljg i1j3 0 0 0 a O i4 j4 k‘4 iljg ilk‘g
0 0 0 7:1/42 ilkg 0 0 0 O B i5 j5 ]C5 i1j3 ilkg

The fist row of this matrix equation gives the scalar equations

2 =1, iyig =0, iyi3 =0, iyig =0 and iyi5 =0,
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giving il =01 = +1 and ig = i3 = i4 = i5 =0.
Therefore, X},5.(a.8) is equal to the matrix
o? 0 0 0 0
0 jo2+ko®  jojs+ koks Joja + koky Jojs + kaks
0 jojs +hkoks  Ja + ks? Jaja + kska jags + ksks
Jajaaot + kaksBot + jajs + kaks

0 Joja+koks Jaja+ksks  ja° +ka® + 2’ o} + ko®Bo?
0 jojs + koks jsjs + ksks  jojsao? + kaksBo? + jajs + kaks s + ks® + js*ao? + ks®Bo?

SOIViIlg j2j5 + k’gkg, =0 and j3j5 + k3k5 = 0 we have that if jg = 0 then kg # 0 and jg 7é 0 as

© € Aut(t) (see Proposition [3.1.1)) and so jojs + keks = 0 gives ks = 0 while jsj5 + ksks = 0
gives j5 = 0 . If, on the other hand, js # 0 then joj5 + koks = 0 gives j5 = —k;;“ and thus

Jajgs + ksks =0

kok
Ja <— 2 5)+/€3k5_0

J2
Jakaks = jaksks.

This implies ks = 0, for if not then jzko = joks contradicting ¢ € Aut(t). Now, ks = 0 gives

Js == f% = 0. Therefore in all cases we have j5 = ks = 0.
The above reduction gives that Xy s .5 is equal to the matrix
o? 0 0 0 0
0 o> +ko® s+ kaks Joja + koka 0
0 jojs + koks  ja* + k3® Jaja + kzky 0
0 joju+koks jaja+kska ja® +ki®+ j22ao? + ko*Bot  jajsact + keksBol
0 0 0 Jajseoi + koksBot js*ao} + ks Bo?

Similarly, solving joj4 + koks = 0 and jsj4 + ksky = 0 we have that if jo = 0 then then kg # 0
and j3 # 0 as ¢ € Aut(t) and so jajs + koks = 0 gives ky = 0 while jzjs + ksky = 0 gives ju = 0.
If, on the other hand, jo # 0 then joj4 + koky = 0 gives j4 = —% and thus

J3ja + kskys =0

kok
Ja (- 2 4)+/€3k4=0

J2

This implies that ks = 0, for if not then jsko = ksjo contradicting ¢ € Aut(t). Now, ky = 0

gives j4 = —% = 0. Therefore in all cases we have j, = k4 = 0.
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The above reduces Xy s,(«.8) to being equal to

ol 0 0 0 0

0 jo?+ko®  joja + koks 0 0

0 jojs + koks  ja® + k3’ 0 0

0 0 0 jolao? + ky’Bo? jajsao? + koksfo?
0 0 0 jgngéO'% + kagﬁG% ngOLO'% + k32ﬂa'f

As j3 + k3 = 1 and j3 + k3 = 1, we have jo = cosx, ke = sinz, j3 = cosy and k3 = siny for
some z,y € R. This gives Xys.(a.5) is equal to

1 0 0 0 0

0 1 cos(z — y) 0 0

0 cos(z—vy) 1 0 0

o o 0 acos’()+fsin’(x) oy

0 0 0 a;‘sf’isz;s;(é))+ (acos®(y) + B sin? )

As cos(z — y) = 0 we have that x —y = T + nx for some n € Z. That is, z = y + § + n7 and
thus th,(a,ﬁ) is

1 0 0 0 0
0 1 —sin(nm) 0 0
0 —sin(nm) 1 0 0
B cos? (mn—+y)+ B cos(mn+y)sin(y)—
0 0 0 5 a(sinz_ﬁﬂ)n-i_-y() ) a cos(y) sin(mn+y)
0 0 0 ;S(S)Sg; sﬁl(ﬁfy) (acos?(y) + Bsin®(y))

Now,

(Bcos(mn + y) sin(y) — acos(y) sin(mn +y)) =0
(cosy)(siny)(8 — a) =0.

Case 1: Suppose o # f3, then (cosy) = 0 or (siny) = 0 That is, y = §ny for some n; € Z.
Further,

asin?(mn +y) + fcos?(mn +y

)

asin?(y) + B cos?(y)

(a0 — o+ B) cos? (y) + asin®(y)
a+ (8 —a)cos’(y)

()

*(y

Il
© L o o Q

(8 — «)cos
As 8 # a, we have cos?(y) = 0 - therefore cos(y) = 0 and thus y = 5 + ng7 for some ny € Z.

Now, sin’(y) = sinz(%—i—ngﬂ') = (41)? = 1 and in addition cos?(n7+y) = 0 and sin®(n7+y) = 1.
This simplifies our matrix equation into the trivial Xy s, (a.8) = Xp5.(a08)-
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Applying the findings,
i =01,
g =13 =14 = i5 = 0,

Js = ks = ja = ks =0,

T
T y+§+nﬂ'

— 7+
NoT
y 2

J2 = cos(z) = cos ((n +ng + 1)7) = 09 = £1,
ko =sin(z) =sin ((n + ng + 1)) = 0,
js = cos(y) =0 and

ks = sin(y) = L,
we have
op 0 0 0 0
0 oo O 0 0
=10 0 o3 0 0
0 0 0 0109 0
0 0 0 0 0103
Therefore
oo 0 0 0 0
0 oo O 0 0
d|501(T,H5, h4’(a’ﬁ)) = 0 0 g3 0 0 S Aut(t) 101,092,033 = +1
0 0 0 o009 0
0 0 0 0 0103
= ZQ X ZQ X ZQ.

Case 2: Suppose a = f3, as cos? @ + sin?# = 1 and sin(n7) = 0 for n € N the only nontrivial
scalar equation in our matrix equation is

B cos(mn + y) sin(y) — o cos(y) sin(mn +y) = 0.
Thus we have,
. ™ . . ™ .
asin (7m +y+ 5) sin(y) — asin (y + 5) sin(mn +y) =0,

an identity, as sin(f + ) = sin(f). We are left with no further possible simplification and
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applying the findings
11 = 01,
19 =13 =14 = i5 = 0,
Js = ks = js = ky =0,
s
r=9y+ 5 + nm,
. ™
jo2 = cos(z) = cos (y + 5 + nﬂ') ,
ko = sin(zx) = sin (y + g + nﬂ') ,

js = cos(y), and

ks = sin(y),

we have
o1 0 0 0 0
0 cos(y—l—g—l—mr) sin(y—&—g—i—mr) 0 0

=10 cosy siny 0 0

0 0 0 01 COS (y—l—%—i—mr) Ulsin(y—l—g—i—nﬂ')
0 0 0 01CO8Y o18iny

Now,

cos(y+ %5 +nm) sin(y+ 5 +nm)| _ [—sin(y+nm) cos(y+nm)
cosy siny o cosy siny

_ [02 sin(y)  —ocos (y)] €0,

cos Yy siny
where o9 = +1.

Therefore,

dlsoy (T, Hs, h*> (@)

o1 0 0 0 0
0 cosf oosind 0 0
= 0 sinf —ogcosf 0 0 € Aut(t) : 01,00 =£1,0 € R
0 0 0 o1cosf  oro9sinf
0 0 0 o1sinf —oy09cosb
> 75 X 0(2)
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Chapter 5

Geodesics

Given a left-invariant sub-Riemannian structure (G,D,g) a curve v : [0,#1] — G is termed
admissible if 4(t) € D(y(t)) for every ¢ € [0,¢1]. To any admissible curve v joining two points
~v(0) = go and y(t1) = ¢1, we can assign a length

o) = / e (0,40t

The existence of an admissible curve v between any two points gp and ¢; is guaranteed to us
by the bracket generating nature of the distribution D through the Chow-Rashevsky Theorem

(see, e.g.[0]).

The the distance between points gy and ¢; on G, given by the Carnot-Carathéordory distance
d(qo,q1) = inf {¢() : v is an admissible curve joining go and ¢ }

An admissible curve, joining ¢o and ¢, that realises this distance is called a minimizing geodesic.
Such a curve may not necessarily exist or be unique. However, it turns out that for left-invariant
sub-Riemannian structures on a Lie group G, any two points in G can be joined by a minimizing
geodesic (see e.g.[3], [2])

Necessary conditions for an admissible curve to be a minimising geodesic can be obtained via the
Pontryagin Maximum Principle: any minimising geodesic must be the projection of a normal or
abnormal extremal curve on the cotangent bundle (see e.g. H]). For invariant sub-Riemannian
structures the normal extremals are integral curves of a single Hamiltonian system on the cotan-
gent bundle (endowed with the canonical symplectic structure). The projections of the normal
extremals are called normal geodesics. It turns out that sufficiently short subarcs of normal
geodesics are in fact minimizing geodesics (see, e.g. [15]).

In this chapter we compute the normal geodesics of the left-invariant sub-Riemannian structures
(T,D,g) on the Lie group T. (We will not consider the abnormal extremals.) We shall make
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use of a characterisation of the normal geodesics for sub-Rimannian structures on left-invariant
sub-Riemannian structures in terms of Hamilton-Poisson systems on the dual of the Lie algebra.
This essentially reduces the problem of finding the normal geodesics to solving some differential
equations.

Definition 5.0.1. Given a left-invariant sub-Riemannian structure (G, D, g) with Lie algebra
g of G, we denote by i the inclusion map i : D(1) — g and by i* its dual i* : g* — D(1)*.
Furthermore, we have the musical isomorphisms b : D(1) — D(1)*, A g(A4,-) and f =b~1:
D(1)* — D(1).

Proposition 5.0.2. [/, Proposition 4] The normal geodesics g(-) of the left-invariant sub-
Riemannian structure (G, D, g), on the matriz Lie group G are given by

{

where H(p) = $(i*p) - (i*p)*, g€ G, p € ¢".

ThLg - (i*p)’j
H(p

Proposition 5.0.3. Let (G, D, g) be a left-invariant sub-Riemannian structure of rank £ on the
n-dimensional Lie group G. Suppose the following ordered bases are fized:

1. (E1, Es...,E,) for the Lie albegra g,
2. dual basis (Ef,E3, ..., EY) for the dual space g* and
3. (A1, Ag..., Ay) for the subspace D(1) C g.
If Xg is the positive definite matriz representation of g1 with respect to the ordered basis

(A1, A, ..., Ay) for D(1), p € g* with representation [pl,pQ, ...,pn] with respect to the ordered
basis (E7,E3, ..., EX) and
| |

B = A1 A2 AZ
. |

s the n x £ matriz with the vectors A;, i = 1,...,£ as its columns — where the vectors A; are
written with respect to the ordered basis (E1, Ea, ..., Ey,) of g, then

1 ~
H(p) = 5pB(Xg") ' B'p'.

If in addition g € G and Ly is the left translation by g with tangent map at identity T1L,
represented by an n X n matriz with respect to the basis (Ev, Es, ..., E,) of g, then

TiLy - (i*p)' = TiLy - B(X;") "B p'.

Proof. If p € g*, then pB is a 1 x ¢ matrix and thus represent a linear functional on D(1).
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w1
w2

Given any W € D(1), where W has coordinates | . | with respect to the ordered basis
We

(A1, Aa, ..., Ay) for D(1), we have that B - W gives the vector W with respect to the basis
(E1, Ea, ..., Ey,) for g, as B is a change of basis matrix for the subspace D(1) C t from the basis
(Aq, As, ... Ap) to the basis (E1, Ea, ..., Fy,).

From the definition of ¢*, we have that
(i"p) - W =p-W.
In coordinates with respect to the basis (E, Ea, ..., E,,) this gives

(i'p) - W =p-B-W.

By the definitions of the isomorphisms # and b, (i*p)* is a vector R € D(1) such that
(*p) - Q = g1(R,Q), for all Q € D(1).
In coordinates, with respect to the the basis (Ay, As, ..., Ag) of D(1), this gives

(pB)- Q@ = R"XgQ

(pB) = RTXg7
1
2
where R is given by the £ x 1 matrix | . | and the second equality follows form the fact that
re

the first holds for every @ € D(1). As X, is positive definite, it is invertible, and thus we have
(pB)Xz'=R"

and so
R — (Xg—l)TBTpT

From Proposition we have that the Hamiltonian H of (G, D, g) is given by

1 - <k
H(p) = 5 (i*p) - (i"p)f
1
pB-R
2p
1 _
ipB(Xg1>TBTpT.

For g € G, we have that

TiL, - (i*p)! = ThL, - R, (5.1)
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where R is the vector R € D(1) written with respect to the ordered basis (Ey, Es, ..., E,). As
R = (X;l)TBTpT with respect to the ordered basis (A, Ag, ..., A¢) of D(1), the product BR
with the change of basis matrix B gives R with respect to the basis (E1, Fa, ..., E,). That is,
R = BR. We thus have that, in coordinates

TiL, - (i*p)* = T1L, - BR
= [I1Ly|B(Xg")'BTp".

O
1 ¢4 I m
01 5 k . ..
Ifg = 001 0 € T then the left translation by g is given by
0 0 0 1
1 T T4 Ts 1 I’1+Z I‘4+l+l$2 x5+m+i:z:3
. 0 ]. To T3 0 1 .’E2+] $3+k
Lavlo o 1 o7 o o 1 0
0O 0 0 1 0 0 0 1
That is, in coordinates,
I Zl+l
T2 T2+ ]
Lg: T3 | — x3 + k ,
Ty T4+ 1+ ix9
Ts5 T5 +m + 1x3

with tangent map at identity given by the matrix

TyL, =

OO OO =
O SO = O
SO R OO
O = O OO
_o o oo

with respect to the ordered basis (I, J, K, L, M) of t.

Consider the rank 3 left-invariant sub-Riemannian structure (T, Hs,h) and ordered bases:

1. (I,J,K,L, M) for the Lie algebra t,
2. dual basis (I*, J*, K*, L*, M*) for the dual space t* and

3. ordered basis (I, J, K) for the subspace H3(1) = (I, J,K) C t.

If p € g* has representation [pi D Pk D pm] with respect to the ordered basis (I*, J*, K*, L*, M*)
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Proposition [5.0.2] and Proposition [5.0.3] give the Hamiltonian

1 _
H(p) = 5pB(X, ") B p’

= JpBLB
1 0 O Pi
) 01 0/t o0 0 0]]p
=§[pz-pjpkpzpm]00101000pk
000/00 10 ofl|p
00 0 P

, 1
p=HO(p) = 5 W7 +p5 + 7).

Now, we consider the vector field H® on t*. As t* is a linear space we have that
p) is a basis for the tangent space at p € t*. We let

(i‘ o) ‘ 1é) ‘ o) d
or=1pP» 9J* 1P 9K* 1P» 9L* 1PY OM *
- )
H®(p)=h

(p) = h(p) 5

+ hs(p)

+ h4(p)

+ ha(p)

» OK*

oL*

+ ha(p) "
» oM

)
P
and we have that the tangent map of the Hamiltonian H®) at p is given by the matrix repre-
sentative

dH®(p)=[p; p; pr 0 0]
with respect to the dual basis (I*, JJ*, K*, L*, M*) of t*.

Suppose G € C*°(t*), then the action of the vector field H® on the smooth function G is the
smooth function H®[G](p) = % (G o exp(tﬁ(g))p)‘ . We thus have, in coordinates, that
t

HP[G)(p) = dG - H® (p)

hi(p)
ha(p)
=[5+ 5% = - el |hs(p)
ha(p)
hs(p)
= hi(p) gﬁ + ha(p) gﬁ + hs(p) aafi + ha(p) g LG + hs(p) 88]5*

with respect to the dual basis (I*, J*, K*, L*, M*) for t*.

For the smooth functions Proj; : p — p;, ProjJ : p — p;, Projg : p — p;, Proj; : p — p; and
Proj,; : p — pm we have that

dProj;=[1 0 0 0 0]
dProj; =0 1 0 0 0
dProje=[0 0 1 0 0]
dProj, =[0 0 0 1 0]
dProj,, =1[0 0 0 0 1].
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As H®) [G](p) = —p([dG(p),dH (p)]) &, Section 2] we have

9 [Proj;|(p) = —p  [dProi; (p). aHP (p)] )
hi(p) = —p (I, pil + p;J + prK))
= —p(p;L + ppM)
= —PjPI — PkPm-

Similarly, we have that

Now, by Proposition

(3) ) and thus we have the system of differential equations

—Pi —Pm Dbi
0 0 pj
0 0 Dk

'—'ml

= pm = 0.
This has solution

pi 1 [ P*cos(tp) —psin(tp)p —psin(tp)pm pi(0)
= 3 | psin (to)ypr  cos(tp)p; +py,  (cos(tp) — L)pipm | | pj(0)
psin(tp)pm (cos(tp) — V)pipm  pi + cos(tp)p?, | [pr(0)

(0)

Pm —pm( )
where p = \/p? + p2,.

Proposition also give

]

g="TiLy- (i"p)".
Which is given in coordinates as

i

j

k| =[ThwL,/BXuB p"

I

m

by Proposition [5.0.3] That is,

) 1 0 00 O0](f1 0 O i
J 0 1.0 0 0|0 1 01 0 0 O O] |py
kl=10 0 1 0 Of[|0 O 1{|0 1T O O Of |px],
l 0 4 01 0[|0 O OO0 O 1 O Of |m
m 0 0 « 0 1]]/0 0 O P
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therefore )
? b
J Pi
k| =|pk
[ ipj
m Pk

Integration and the initial condition g(0) = 1 — that is, ¢(0) = j5(0)
— gives

i 1 psin(pt) pi cos(pt) DPm cos(pt) p;(0) C;
J| =5 | —picos(pt)  pht+p'pisin(pt)  pipn(psin(et) = )| |p;(0)| + | C;
k —pm cos(pt)  pipm(p~ sin(pt) —t)  p~tsin(pt)py, +pit | [pe(0)]  [Ck

with
C; = Z(O) - p172 (pj (0)pl + Pk (O)pm)

. i (0
¢ = (o) + 2O
Ci = k(0) + Piﬁgpm.

That is, the components 7, j and k have the form
i
j| =ag+ ait + ascos(pt) + ag sin(pt),
k

where ag,a;,as and ag are 3 x 1 constant matrices determined by the initial conditions of p(0)

and ¢(0). Further,

I(t) = ap + a1t + as cos(pt) + ag sin(pt) + a4 cos(2pt) + a5 sin(2pt),
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ap = —(az2 + aq)
“=5 (m(O)Qprz — 2p;(0)*pipZ, + p;(0)’p}
+ 4p; (O)pe(0)ppm — 20, (0P ()P, + 3p(0)pip?, )

a2 = O3 O+ P O)p) + 1O (51 O = 23 (O)p)
a3 = =511 (13O0 + O ) + 5 (53 O + PO 25 O = 1O}
a4 = —ﬁpxom (93 (0)p1 + Pi(0)prm)

1 9 1 2
as = 475;01 (P (0)pr + pr(0)pm)* — Epzpi(o)

m(t) = by + b1t + by cos(pt) + bs sin(pt) + by cos(2pt) + bs sin(2pt),
bo = —(ba + bs)
b= ot (PO + 3050880 — 200

+ 4p; (0)px (0)pipy, — 2p;(0)pr(0)pi + pk(O)zpf’n)
by = p%pi(o)pm (p; (0)p1 + pr(0)pm) — p%pi(o)]?l (Pr(0)pr = p; (0)pm)

by = —%pm (05 (0)p1 + P (0)pim)* + %pz (25 (0)pr + Pr(0)pm) (P (0)pr — 5 (0)p)

1
by = —2T)4pi(0)pm (p; (0)p1 + pr(0)pym,)
1 1
bs = —pm(p; (0 0)p1)? — —= pmpi(0)%.
v (pj (0)pr + pr(0)pr) L pi(0)

Normal geodesics thus have the form

g(t) = co + c1t + co cos(pt) + c3sin(pt) + ¢4 cos(2pt) + c5 sin(2pt).

where c;, i = 0,...,5 are 5 x 1 real column vectors dependent on the initial conditions.
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Chapter 6

Conclusion

Our investigation of the five-dimensional, two-step nilpotent Lie group with two-dimensional
centre T was initiated in Chapter 2 with the establishment of its basic group properties. The
well known approach of studying Lie groups through their associated Lie algebras and inferring
results on the Lie group through Lie group-Lie algebra correspondence results led us to the
study of the Lie algebra t.

In Chapter 3, the Lie algebra’s automorphism group Aut(t) was computed. Relating subspaces
by these automorphisms gave an equivalence relation on the collection of subspaces of the Lie
algebra t. The subspace structure of t was computed up to this equivalence with the assistance
of a full set of scalar invariants determining the structure. This gave three generating subspaces
of t, which give rise to three left-invariant bracket generating distributions on T of ranks 3, 4
and 5 respectively.

The preliminaries to Chapter 4 included a correspondence result between the Lie group auto-
morphisms of a simply connected matrix Lie group G and the Lie algebra automorphisms of
its Lie algebra g. The fact that any diffeomorphism of a metric Lie group decomposes into the
composition of a Lie group automorphism and a left translation reduced the classification of the
left-invariant sub-Riemannian structures on T up to diffeomorphism into a classification up to
Lie group automorphism. As T is a simply connected matrix Lie group, the above mentioned
correspondence of automorphism groups lets us use results on the Lie algebra, from Chapter 3,
to complete the classification.

All rank 3 structure on T were found to be isometric. The matrix Lie group T was found to
have a one-parameter family of rank 4 left-invariant sub-Riemannian structures, parametrized
by the positive reals. The rank 5 structures formed a two-parameter family parametrized by

positive reals a > 8 > 0.

Our study ended in Chapter 5 with the computation of the normal geodesics of the rank 3
left-invariant sub-Riemannian structure. There we found that the normal geodesics g(t) of T
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consist of linear as well as a trigonometric components with weights and frequencies dependent
on initial conditions. That is,

g(t) = co + c1t + co cos(pt) + c3sin(pt) + ¢4 cos(2pt) + c5 sin(2pt),

where ¢;, i = 0,...,5 are 5 x 1 real column vectors and p is a constant, determined by the initial
conditions ¢(0) and ¢(0).
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Appendix A

Algebra and Topology

Here, for convenient reference, we state standard results that are used throughout the main
text. In Appendix A we state standard results of linear algebra, abstract algebra and topology.
We refer to the books of D.Poole[I8] and C.Meyer[14] for results on linear algebra and those of
C. Pinter[I7] and J.Munkres|[I6] for results in abstract algebra and topology respectively.

A.1 Linear Algebra

A.1.1 General Results

Definition A.1.1. An n x n symmetric matriz A is positive definite if x" Ax > 0 for every
non-zero column vector x € R?*1,

A principal submatrix of an n X n matrix A is an r X r submatrix that lies on the same
index set of r rows and columns. An r X r principal minor is the determinant of an r x r
principal submatrix. A leading principal submatrix of A is a submatrix obtained by taking
the first r rows and columns of A. The determinants of these leading principal submatrices are
the leading principal minors of A.

Lemma A.1.2. [cf. [T], Section 7.6] Let A be a real n x n matriz, then the following are
equivalent:

1. A is positive definite,
2. all the leading principal minors of A are positive and

3. all the principal minors of A are positive.
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Definition A.1.3. Given subspaces X andY of a vector space V', we define the sum of X and
Y by
X+Y={x+y:xeX,yeY}

The sum X + Y of subspaces X,Y C V is itself a subspace of V' and the smallest subspace

containing the set X UY.

Theorem A.1.4. [T]], Section 4.4] If X and Y are subspaces of a vector space V, then
dim(X 4+Y) = dim(X) 4 dim(Y") — dim(X NY).

Corollary A.1.5. If X and Y are subspaces of a vector space V', then

dim(X) + dim(Y) — dim(V) < dim(X NY) < min(dim(X), dim(Y")).

Proof. Follows from the fact that dim(V) > dim(X +Y). O

A.1.2 Orthogonality

Definition A.1.6. [I8 Chapter 5] Vectors v = (v1,va,...,0,) and w = (wy, wa, ..., wy) in R"
are said to be orthogonal if ., viw; = 0. A set of vectors {vi,va,...,v,} in R" is called an
orthogonal set if all pairs of distinct vectors in the set are orthogonal. A set of vectors in R™
is an orthonormal set if it is an orthogonal set of unit vectors.

Definition A.1.7. [18, Chapter 5] An n X n matriz Q whose columns form an orthonormal
set is called an orthogonal matriz.

Definition A.1.8. We denote by
O(n)={A€GL(nR): AA" =1I,}

the orthogonal group of invertible orthonormal n X n real matrices.

As an example we have that the orthogonal group O(2) is given by

0(2)=H"Sm(9) —o cos () :o:il,eeR}.

cos sin 0

Theorem A.1.9. [I8, Theorem 5.7] If Q is an orthogonal matrixz, then its rows form an
orthonormal set.
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A.2 Abstract algebra

Definition A.2.1. [19, Chapter2] Given a group G. If a,b € G, the commutator of a and b,
denoted by [a,b], is
[a,b] = aba™*b~ 1.

The commutator subgroup of G, denoted by G', is the subgroup of G generated by all the
commutators.

Definition A.2.2. [T9, Chapter 5] The lower central series of G is the series of subgroups
G=m(6)27%(G) =,

where v;+1(G) = [G,7i(G)] and for subsets H, K of G we define [H, K] as the subgroup of G
generated by commutators of the form [h,k] = hkh='k=*, he H, k € K.

Definition A.2.3. [19, Chapter 5] The higher commutator subgroups of a group G are
defined inductively by:
GO =G, GUtD = c®»"

That is, GUTY s the commutator subgroup of G). The series
G=G9 >cM >c? > ...
is called the derived series of G.

Definition A.2.4. [19, Chapter 2] A non-trivial group G is said to be simple if it has no
normal subgroups except G and {1¢g}.

Definition A.2.5. [1d, Chapter 5] An automorphism of a group G is an isomorphism
¢ : G —> G that maps G to itself. The automorphisms of a group G form a group under the
operation of composition, called the automorphism group of G and denoted by Aut(G).

Theorem A.2.6. [T7, Chapter 16] Let f : G — H be a group homomorphism of G onto H. If
K is the kernel of f, then
H =~ G/K.

Definition A.2.7. [[19, Chapter 7] Let K be a (not necessarily normal) subgroup of a group
G. Then a subgroup Q is a complement of K in G if KN Q = {1¢} and KQ = G. Here,

KQ={kq:keK qgeQ}.

Definition A.2.8. [19, Chapter 7] A group G is a semidirect product of subgroup K by the
subgroup Q, denoted by G = K x Q, if KaG — K is a normal subgroup of G — and K has a
complement Q1 that is group isomorphic to Q.

Definition A.2.9. [19, Chapter 7] Let Q and K be groups, and let 6 : Q — Aut(K) be a
homomorphism. A semidirect product G of K by Q realizes 0 if, for all x € Q and a € K,

0.(a) = zax™'.
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Definition A.2.10. Given groups Q and K and a homomorphism 0 : Q — Aut(K), define
G=K A Q
to be the set of all ordered pairs (a,z) € K x Q equipped with the group operation

(a,2)(b,y) = (a0:(D), zy).

Theorem A.2.11. [19, Theorem 7.253] If G is a semidirect product of K by Q, then there exists
a homomorphism 6 : Q — Aut(K) with G = K xy Q. Namely,

0.(a) = zazx™ .

Theorem A.2.12. [19, Chapter 7] The semidirect product K Xy Q is a direct product K x Q if
and only if the homomorphism 6 : Q — Aut(K) is trivial.

A.3 Topology

Definition A.3.1. [0, Section 23] Let X be a topological space. A separation of X is a
pair U,V of disjoint nonempty open subsets of X whose union is X. The space X is said to be
connected if there does not exist a separation of X.

Given points x and y of the topological space X, a path in X from x to y is a continuous map
f i la,b) — X of some closed interval [a,b] of the real line into X such that f(a) = x and
f(b) =y. A topological space X is said to be path-connected if every pair of points of X can
be joined by a path in X.

Theorem A.3.2. A set F' C R"™ is closed if and only if for any convergent sequence x, — x
m F,rzekF.

Definition A.3.3. [I, Definition 0.1.1] Let G be a group and at the same time a Hausdorff
topological space. Suppose in addition that the group operations

(1) (g,h) — gh
(2) g—g*

are continuous, where in (1) we take the product topology on G x G. We call G a topological
group.

Equivalent to conditions (1) and (2) above is the condition that the map (g,h) — gh™! is
continuous.

Definition A.3.4. [I, Chapter 0] Let G and H be topological groups. A map f : G — H is
called a topological group homomorphism if it is a continuous group homomorphism.
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Appendix B

Lie groups and Manifolds theory

Appendix B presents results on smooth manifolds and Lie groups. It’s results drawing mainly
from the texts Introduction to Smooth Manifolds by J.Lee[L1], Basic Lie Theory by H.Abbaspour
and M.Moskowitz[I] and Introduction to Geodesics in Sub-Riemannian Geometry [6]. We as-
sume the reader is familiar with the definition of a smooth manifold, tangent vectors, as well
as those of a smooth map and diffeomorphism between manifolds.

B.1 Results on manifolds

Definition B.1.1. [6, Definition 1.3] A smooth vector field on a smooth manifold M is a
smooth map
X :qg— X(q) € T;M.

Given a complete vector field X on a smooth manifold M, we can consider the family of maps
¢r: M — M ¢(q) =7(t;q) tER,

where (t; ¢) is the integral curve of the vector field X with v(0) = ¢. In other words, ¢:(q) is
the shift for time ¢ along the integral curve of X that starts from ¢ [6].

It follows that ¢ : R x M — M, ¢(t,q) = ¢+(q) is smooth in both variables and that {¢;,t € R
is a one-parameter subgroup of Diff (M). Additionally, by construction, we have

0¢:(q)
ot

The family of maps ¢; is called the flow generated by X. For the flow ¢; of the vector field
X it is convenient to use the exponential notation ¢; := e, for every t € R[6]. Following the
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exponential notation, we have

d
—e

tX tX
= Xe.
dt

A smooth vector field X induces an action on the algebra C*°(M) of smooth functions on M,
defined as follows

X :C®M) — C*(M), a~— Xa,
where

(Xa)(q) = % . a(e'®(q)), qe M.

Definition B.1.2. [cf. [6, Definition 2.3] Let M be a smooth manifold. A distribution D on
M is a family of subspaces
{D(q)}qem where D(q) C T, M.

The dimension of D(q) is called the rank of the distribution at ¢ € M. The distribution D is
said to have constant rank if dim(D(q1)) = dim(D(q2)) for all g1,q2 € M.

Definition B.1.3. [cf.[13, Section 2.3] (Pull backs and push forwards)
Let M and N be smooth manifolds with ¢ : M — N a diffeomorphism.

(a) X, the push forward of a vector field X by ¢ is the vector field (0. X)(d(z)) = d.¢- X (z)

on N.

(b) ¢*Y, the pull back of the vector field Y on N by ¢ is the vector field ¢*Y = (¢~1).Y on
M.

(c) @.(D), the push forward of the distribution D on M by ¢, is the distribution ¢.(D)(P(z)) =
d.¢(D) on N.

(d) ¢* (D), the pull back of the distribution D on N by ¢ is the distribution ¢*(D) = (¢~ 1).D
on M.

(e) &«(g), the push forward of the Riemannian metric g on M by ¢ is given by the Riemannian
metric ¢« (8p(2))(d-0(x),d.¢(y)) = g-(z,y) for z € M and x,y € T.M on N.

(f) &*(g), the pull back of the Riemannian metric g on N by ¢ is given by the Riemannian
metric (¢~ 1).(g) on M.

B.2 Lie groups

Definition B.2.1. [1|, Section 0.2] We define a real Lie group as a group G which is also a
finite-dimensional real smooth manifold whose operations are smooth. That is, the map G X
G — G given by (g,h) — (gh™!) is C° where G x G is endowed with the product manifold
structure.

A subgroup H of a Lie group G is said to be a Lie subgroup if it is a submanifold of the
underlying manifold G[7].
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For Lie groups G and H, a Lie group homomorphism f : G — H is a smooth group
homomorphism. A Lie homomorphism f : G — H is called a Lie isomorphism if there exists
a smooth inverse f~! : H — G. That is, if f is simultaneously an isomorphism of abstract
groups and a diffeomorphism of manifolds[7]. We denote by Aut(G), the group of Lie group
automorphisms of G. That is, the groups of bijective Lie group homomorphisms ¢ : G — G
with smooth inverses. Given a Lie group G, the left translations L, : G — G, g € G, defined
by Lg4(h) = gh, are global diffeomorphisms of G[IJ.

Theorem B.2.2. [see[7, Theorem 3.2] Let N be a normal Lie subgroup of a Lie group G. Then
the quotient group G/N is a Lie group.

Theorem B.2.3. [see[7, Theorem 3.4] Let f : G — H be an epimorphism of Lie groups and
let N = ker(f). Then the map
¢:G/N — H,gN— f(g)

is an isomorphism of Lie groups.

Definition B.2.4. [20, Section 3.5] The maximal torus of a Lie group G is a mazimal
subgroup of G that is isomorphic to a k-torus

TF =S' x St x ---S! (a k-fold carteasian product).

Definition B.2.5. [1, Definition 0.5.1] Let g be a finite-dimensional vector space over R. We
say that g is a (real) Lie algebra if it possesses an anti-symmetric bilinear product [-, -] : gx g —
g, called the Lie bracket, which satisfies the Jacobi identity,

HX,Y],Z] + [[KZLX] + [[Z?XLY] =0

for all X)Y, Z € g.

The left-invariant vector fields form a subalgebra of the Lie algebra of all vector fields on a Lie
group G. Since left-invariant vector fields act transitively on G it follows that a left-invariant
vector field X is fully determined by its value at identity X (1). That is, any v € T1 G determines
a left-invariant vector field X (g) = d1L4(v) € T4G.

The linear map X — X (1) is a vector space isomorphism from the space of left-invariant vector
fields to T7 G, which we call the Lie algebra g of G. Therefore, g is — isomorphic to — a finite
dimensional subspace of the vector space of all vector fields on the manifold G[Il Chapter 1].

Definition B.2.6. An automorphism ¢ of a Lie algebra g is an invertible linear map that
preserves the Lie bracket. That is,

[p-X,p-Y]=[X,Y] for every X,Y € g.

Automorphisms of a Lie algebra g form a group under composition called the automorphism
group of g, denoted by Aut(g).

Definition B.2.7. Let g be a Lie algebra. The centre, Z(g), of g is the set of all vectors C € g
such that [C,V] =0 for every V € g.
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Lemma B.2.8. If ¢ is an automorphism of the Lie algebra g and C' is a central element of g,
then ¢ - C' is a central element of g.

Proof. Suppose C' is a central element of g and V' € g, then as C is central and ¢ has an inverse,
we have

[p-CV]=[p-Cop- (7" V)]

I
SRS TR
o

Thus ¢ - C' is a central element of g. O

Definition B.2.9. [T1], Chapter 8] A vector field X on a Lie group G is said to be left-invariant
if it is tnvariant under all left translations. That is,

(Lg)«X = X for each g € G.

Definition B.2.10. [{1, Chapter 19] A distribution D on a Lie group G is said to be left-
imwvariant if it is invariant under every left translation. That is,

L3(D) =D for each g € G,
where Lg is left translation by g.

Theorem B.2.11. [8, Theorem 5.6] Let G and H be matrix Lie groups with Lie algebras g and
b, respectively, and let ¢ be a Lie algebra homomorphism. If G is simply connected, then there
exists a unique Lie group homomorphism ¢ : G — H such that ¢(eX) = e?X) for all X € g.
That is, p = d1¢.

Corollary B.2.12. [8, Corollary 5.6] Suppose G and H are simply connected matriz Lie groups
with Lie algebras g and b, respectively. If ¢ : ¢ — b is a Lie algebra isomorphism, then there
exists a unique Lie group isomorphism ¢ : G — H, with d1¢ = .

Theorem B.2.13. [8, Theorem 3.28] The differential at identity of a Lie group homomorphism
is a Lie algebra homomorphism.

Definition B.2.14. [0, Definition 1.21] Let X and Y be smooth vector fields on the smooth
manifold M. We define their Lie bracket as the vector field

X,Y] = 9 e XY
ot],_,
Expanding the above definition, we have that
0 0 0?
XY _ —tX _ - —tX Y] ., ) = —tX sY tX
XY= 5| @ Wla= gy e Vlesw) = gl e ee e ()

at a point ¢ on the smooth manifold M.
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Definition B.2.15. [1, Chapter 0] The real general linear group, GL(n,R) is the group of
invertible n X n real matrices. Similarly, the complex general linear group GL(n, C) is the group
of invertible n X n complex matrices.

The complex general linear group GL(n,C) inherits the relative topology when considered as a
subset of M(n,C), where M(n,C) is identified with R2"” equipped with its usual (Euclidean)
topology. With this topology the group M(n,C) is a topological group. With a global smooth
chart defined component-wise M(n, C) is a smooth manifold and in fact a Lie group.

Definition B.2.16. [20, Chapter 8] With the understanding that the topology of all matriz
groups 1is taken to be relative to GL(n,C), we define a matriz Lie group as a closed subgroup

of GL(n,C).

We present as an example the three-dimensional Heisenberg group, a group which appears in
the text and is studied in [4].

Example B.2.17. By

1
Hs = 0 rx,y,z €R
0

Q@ O =8
—< W

we denote the three-dimensional Heisenberg
with one-dimensional centre

roup. This is a two-step nilpotent matrix Lie group

Z(H3) =

S O =
o = O
—_ O N
Y
m
=

The Lie algebra b3 is given by

N

0
hs = 0 =zX+yY+z2Z7:2,y,2z€R
0

O O 8
o

with the non-trivial Lie bracket operation [X,Y]| = Z.
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