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“I am just going outside and may be some time” [1]

— capt. L. Oates



Abstract

The N = 4 Super Yang-Mills theory in four dimensions admits deformations and the
exactly marginal deformations of its SU(3) R-symmetry sub-sector are known as Leigh-
Strassler. Leigh-Strassler deformations break the N' = 4 supersymmetry down to N/ = 1
while preserving conformal symmetry. With exactly marginal deformations only the
F-terms are deformed thus Leigh-Strassler deformations only affect the superpotential
in the lagrangian. In this thesis we study the symmetry of the marginally deformed
N = 4 SYM and demonstrate that its algebraic structure can be understood in terms
of quasi-Hopf algebras. Quasi-Hopf algebras have a notion of twisting due to Drinfeld
which makes them a natural mathematical language with which to treat deformations.
Furthermore the deformation of the NV = 4 SYM superpotential is automated by the

definition of a suitable star product.
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Chapter 1

Introduction

It is a long-term dream of physics research to obtain a model that captures all known
physics phenomena under one umbrella. To this end much attention has been invested
in unifying the already existing descriptions of known phenomena. Such an undertaking
is ambitious but not hopeless because the existing descriptions provide hints on what
ingredients must be included in the unified model. Symmetry is one such hint. One
naturally expects the unified model to reduce to its ingredient models in the appropriate
limits. This reduction should also be consistent at the level of symmetry. If U is a
symmetry group of My where My is a model that unifies models M4 and Mp whose
symmetry groups are A and B then we expect that the group U reduce to A or B in the
respective limits. By this we can test any proposed unified model from the view point
of symmetry. The details of the test would involve a specification of the mechanism by

which the symmetry of the unified model reduces to the ingredient model.

An inefficient way of approaching this search for a unified model is to first propose
a model and then test whether its symmetry group reduces to that of the ingredient
model(s). An alternative approach is to build the symmetry groups of the ingredient
models into the unified model; this ascertains that the unified model will reduce to its
ingredient models. The latter approach has proved successful and testimony to this is

modern physics.

In modern physics we have, on the one hand, Special Relativity [SR] which is a successful
model for the description of physics in inertial frames. Its brilliance is especially real-
ized at speeds comparable to that of light where it serves to preserve causality among
many things. The requirement of SR as far as symmetry is concerned is Lorentz invari-

ance.

On the other hand there is Quantum Mechanics [QM] which also is successful in its

domain, the physics of (small) particles that constitute matter. QM is probabilistic and

1
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thus the likelihood of any event must at least be 0 and at most 1. This restricts the
allowed transformations in QM to those that preserve probabilities and thus we are led
to the idea of unitarity. In the construct of a model which combines SR and QM, Lorentz
invariance and unitarity become the guideline and out of this came forth Quantum Field

Theory [QFT] with some of the earliest pioneering work found in [2].

The customary way of constructing a QFT is to begin with a Lagrangian formalism
of a classical field theory and then impose a quantization prescription. Our method of
quantization is the Feynman path integral prescription which consists of defining the

generating functional ! as

Zlo,g) = [ Do cil0 (L1)

where ¢ is a (set of) coupling constant(s) in which the ‘strength’ of the interactions is
encoded. ¢ is a collection of fields, possibly with different spins, in the theory and S is

the action, which in d-dimensions is given by

Slb.g) = / &z £(6,09) (1.2)

L is the Lagrange density and its variation with respect to a field gives the equations of
motion of that specific field. By using Noether’s theorem one can obtain the conserved
charges corresponding to the symmetries of the classical theory described by £. At the
quantum level, symmetries are transformations that leave Lagrangian density £ and
the measure D¢ unchanged. Some classical symmetries do not survive the quantization
process and as a result quantities/observables/operators of the quantum theory will have
anomalies. n-point functions are central quantities in understanding scattering processes
in QFT and for a field ¢; = ¢(z;), a generic n-point function is defined by
_ Do ¥l19s .. b

G(n)(xlvl'%'--,xn) = <Q|T(¢l¢2¢n)|9> - ngzSe"SW] (1'3)

where |Q2) represents the vacuum state of the (interacting) theory. Completely solving
a QFT is synonymous with calculating all n-point functions because n-point functions 2
are related to the S-matrix elements of the theory via the LSZ reduction formula [3][4].
However, the computation of n-point functions is a task which involves an infinity of
integrals over momenta whose limits are —oco and +o0o and often times these integrals
are divergent. The divergences can appear in the large momentum limit and these are
known as Ultra-Violet [UV] divergences. For theories with massless particles divergences
will appear in the low momentum limit; these are known as Infra-Red [IR] divergences.

In order to curb the divergences and obtain finite results one needs to define a cut-off

Lor partition function
%(connected and amputated)
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scale, that is, a point (momentum) beyond which we admit ignorance. More formally,
in order to compute scattering amplitudes i.e. elements of the S-matrix, from n-point
functions defined at an energy scale, M, we must introduce a cut-off scale, A. If the
fields are normalized at this scale then use the LSZ formula to obtain the scattering

amplitudes. Otherwise one would need to renormalize the fields as

Oy (i) — ¢(x:) = Z72(M)pp(:) (1.4)

So then the renormalized n-point function G (Z; M, g) is related to the non-renormalized

n-point function ng) (Z; A, gp) via
G (@ M, g(M)) = 272G, (2: A, ) (15)

where b signifies the non-renormalized quantities, which are usually referred to as bare
quantities and 7 is a list of the n coordinates of each field in the n-point function. The
bare n-point function depends on bare fields, ¢, bare coupling parameters g, and cut-off
scale, A. The renormalized n-point function on the other hand depends on renormalized
fields, ¢, coupling parameters, g, and the scale of renormalization M. The implications

of this observation means we can write

d ), _
WG‘(’ (@A, 95) =0 (1.6)

The choice of the renormalization scale is arbitrary and thus the same theory could
equally be defined at a different scale. What is of interest is the effect of a shift in this
scale has; an infinitesimal shift M — M 4 d M will also have corresponding shifts in the
fields and coupling parameters so that the bare n-point functions Gl()n) are unchanged
(1.6). The fields correspondingly shift as ¢ — ¢+ d¢ which can be written as (14 4dn)e,
where 07 is a dimensionless parameter. The shift in the coupling parameter is ¢ —
g+ dg. Yet the renormalized n-point functions will be shifted as G(®) — (14 ndn)Gy,.
The variation of G as a function of the renormalization scale, M, and coupling, g,
® oG™) oG

OM +

— (n)
EXYi 39 dg = nonG (1.7)

5G™ =

which, after multiplying by M/sm, can be manipulated to obtain the Callan-Symanzik

equation [5], [6]:
0 0 _

where [ and y are given by

M 0g and v = —%577 (1.9)

B=5 5
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The parameters v and (g), respectively known as the anomalous dimension and the
function, are dimensionless and independent of spacetime z and cut-off scale, A. 3(g)
shows the dependence of the coupling constant g on the renormalization scale M and
can thus be expressed as

Blg) = M g(M) (1.10)
hence (g) encodes the renormalization group [RG] flow of the theory. The values of
g for which (g) = 0 are known as fixed points. Fixed points are a matter of interest
because they indicate scale invariance of theory and in 2 dimensional unitary QFTs
scale invariance has been shown to imply conformal invariance, which is an even richer
symmetry [7], [8]. Although scale invariance does not guarantee conformal symmetry
in dimensions other than 2 ([9], [8],[10]), fixed points have nonetheless been associated
with conformal invariance. In chapter 2 we shall discuss the meaning and usefulness of
conformal symmetry in solving QFTs. Typically the beta function is positive, meaning
the coupling constant grows with increase of the energy scale, strong coupling at short
distances. What is surprising is that there are non-Abelian gauge theories which behave
vice versa. This is seen in the fact that at one-loop the beta function of a non-Abelian
gauge theory with gauge group G is

3

8l9) =~ (5 Cx(G) — N;C0) (111)

Here Co(G) is a quadratic Casimir of the gauge group G. Ny refers to the number of
fermion species present in the theory and these fermions are assumed to all belong to
a representation r; r is an irreducible representation of the gauge group G and C(r) is
a Casimir of r. Both C(r) and C2(G) are constants which can be determined via the
generators of the group. Note in (1.11) that for small values of Ny the beta function is
negative which suggests that the coupling constant becomes weak with increasing scale.
This is useful because non-Abelian gauge theories are suited for studying Quantum

Chromodynamics [QCD] and the field theories studied in this work are of the same
type.

Having presented a brief overview of QFT, we now can consider the outline of the
document. In chapter 2 we present the symmetries typically encountered in physics
research albeit with a view to build up to N = 4 Super Yang-Mills theory, some of whose
properties are reviewed in chapter 3. In chapter 4 is a mini presentation of aspects of
quasi-Hopf algebra [qHA] structures. Chapter 5 marks the beginning of novel results
which involves uncovering the qHA structure that is associated to the SU(3) sector of
N =4 SYM. Another novel result is the computation of a Drinfel’d twist that deforms
qHA structure of ' = 4 SYM to that of Leigh-Strassler [LS] theories. In Chapter 6

we define a suitable star product which enables the automation and realization of the
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deformation from A" = 4 SYM to Leigh-Strassler theories at the level of the Lagrangian.
The results presented in Chapters 5 and 6 are original contributions by the author and
have been published in [11]. Finally in Chapter 7 is a test and discussion of the qHA

symmetry of LS theories which then concludes with an outlook.



Chapter 2
Symmetry in Physics

In this section we review symmetries often encountered in physics and also consider

theories which possess such symmetries.

2.1 Lorentz and Poincaré symmetry

We begin with Lorentz invariance, a symmetry which pertains to space and time. Such

a symmetry is the result of the postulates of Special relativity [SR], namely that
1. physics be equivalent in all inertial frames
2. and that the speed of light be the same for all inertial frames

Due to the second postulate space and time must be unified into spacetime. In SR, time
is allowed to dilate and space to contract so to preserve the constancy of the speed of
light. Thus time need not advance at the same rate in every inertial frame. Observers
in different frames will not necessarily agree on measured lengths. The consequence
of the first postulate is that time and length (space) as measured in one frame need
not be the same as in another inertial frame yet the physics in one frame must be
compatible/consistent with that of the other frame. Since the physics as measured in
frame A with coordinates z* is to be consistent with physics as measured in frame A’
with coordinates z# there must be a transformation which relates data in frame A to

data in frame A’, such a transformation is called a Lorentz transformation.

Lorentz symmetry

In order to be concrete we will work in (1 + 3)-dimensional flat Minkowski spacetime

M = R'"3 with metric nw = diag(—1,1,1,1). Lorentz transformations are linear
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coordinate transformations

ot — 't = AF ¥ (2.1)

which preserve the metric. The consequence is that (2.1) will also preserve spacetime
“lengths”. The most obvious Lorentz transformation is the trivial transformation where
frames A and A’ are the same, i.e. A = 1. Since spacetime lengths are to be invariant
under such transformations we therefore can deduce the properties of A by noting that
12)

/

B — lp
tx, = 2P,

v / lo
e’ = a'Pnpex

(2.2)
e’ = Apux”npgAC;,x”
= N = npaAplqu;-/
For later convenience we write the last equality as
Nuw = Npo NN, = Ay AT, (2.3)
and then raise the index p to produces the relation
N 0 =17, = 07, = 17 A, A%, = AJAT, = (A)T (A7) (2.4)

The last equality of (2.2) is the defining relation which the A’s must observe in order to
be Lorentz transformations. As matrices, the A’s which satisfy this relation define the
non-compact Lie group, O(1,3;R) which is a subset of GL(4;R), the set of all 4 x 4 real
invertible matrices. The Lorentz group has four disconnected parts which correspond to
four classification of Lorentz transformations. In order to see these parts we first take

the determinant of the last equality of (2.2) and learn that

det(n)det(AT)det(A) = det(n)
T _
det(A")det(A) =1 (2.5)
det(A)? =1
codet(A) = £1

A is called proper when det(A) = +1 and improper when det(A) = —1; these are 2 of
the four parts. Note that improper A’s cannot contain the identity, as such they do not
define a (sub-)group but proper A’s do define a subgroup of the full Lorentz group. We
shall focus on the proper transformations. In order to show the 2 other parts of the

Lorentz group we excerpt the temporal component from the last equality of (2.2) to



Chapter 2. Symmetry 8

obtain

oo = npUA%AUO (26)
—1=—(AY)*+ Y (AY)” (2.7)
= (A%) =1+ > () (2.8)

According to (2.8) there is a lower bound on the square of the time-component of
A, (A%)? > 1. This bound means the time-component itself is also constrained to
|A%| > 1. The A’s for which A% > 1 correspond to orthochronous transformation while
those for which AOO < —1 to non-orthochronous transformations. For the present work
we focus our efforts on the proper and orthochronous subgroup!' which is denoted by
SO™(1,3;R).

From (2.4), we consider the generators of this group by expanding the A’s in a small

parameter €. Doing so gives the infinitesimal form of Lorentz transformations
AN, =nh, + e, + ... (2.9)

and substituting this into (2.3). Keeping at most terms linear in the expansion parameter
€ means

N = Nop A,

= Nop + €wop + ... ) (N5, +ew, +...)
ot e S (2.10)

=N + € [Wop +wu] + ...
= Wy = —Wyy

This antisymmetric tensor wy,,, corresponds to rotations and boosts which are generated
by M, = i(x,0,—x,0,) with u,v = 0, ..., 3 and these generators obey the commutation
relations

(M, Mpo] = i (upMuo + Nuo Myp — Moo — e Mp) (2.11)

These relations describe the algebra so(1,3;R). Define J; = % €ij M, with i, 5,k =
1,2,3 and K; = My, so that the Lorentz generators are divided into spatial rotations,

J; and boosts, K;. The commutation relations (2.11) then become

[Ji, Jj] = €iji i [Ki, K] = —i€ijp i (2.12)
[Ji, KJ] = iﬁiijk

In order to recognize Lorentz invariance we have to know the irreducible representations

of so(1,3;R) and the linear combinations of J; and K; are rather useful to uncover

lalso known as the restricted Lorentz group.
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some of these representation. Let A; := %(JZ +1K;) and B; := %(JZ —iK;). These new

generators satisfy
[AZ',BJ‘] =0 s [Ai,Aj} = ieijkAk: and [BZ',BJ'] = z'ez-jkBk (2-13)

The first commutation relation shows that the A;’s and B;’s do not mix and the others
are the su(2) relations. Having begun with elements of so(1,3;R), after a redefinition
we arrived at two copies of su(2). It is important to note that during the definitions
of A; and B; we considered the generators J; and K; as elements of a complex vector
space and effectively complexified so(1,3;R). The honest decomposition is then given
by

50(1,3;R)¢ = su(2)¢ P su(2)¢ (2.14)

which tells us that, when complexified, the Lie algebra which underlies the proper and
orthochronous Lorentz group is locally homomorphic to two copies of the complexified
su(2) algebra. From the representation theory of Lie algebra we know that there is
a one-to-one correspondence between the representations of a complexified form of an
algebra to the representations of its real form ([13],[14],[15]). This means we can use the
representations of su(2), which are many, to find those of s0(3, 1, R). Since spin is a useful
index to label su(2) representations we can therefore employ it to label representations
of s0(1,3;R); a scalar whose spin is 0 is labeled by the couple (0,0). A 4-vector having
spin 1 is labeled by

11
(2, 2> — vector (2.15)

and Weyl spinors are labeled by the usual
1 . . 1 — .
<2, 0) — chiral spinor , <O, 2> — antichiral spinor (2.16)

Besides SU(2), the Lorentz subgroup SO (1,3;R) is homeomorphic to SL(2,C), the
Lie group of invertible complex 2 x 2 matrices with unit determinant. It suffices to show
that for a given A in SO'(1,3;R) there is an element N in SL(2;C). To demonstrate

the connection we first define the set

GGG e

made up of the identity matrix together with the Pauli matrices. By direct calculation
it is easy to see that

1
50“5# =Toxo (2.18)

which means any 2 x 2 complex matrix can be written as a linear combination of ¢’s.
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Using the set (2.17), any 4-vector z# = (—xg, x1, T2, x3) can be written as a 2 x 2 complex

matrix

xro+ T T — 1%
paot= 0 T o x (2.19)
T1+1iT2  TO— T3

Note that the matrix X is hermitian and its determinant is equal to —z#x,, 2. Moreover
the set (2.17) can be used to map a 2 x 2 hermitian complex matrix X to a 4-vector z,

by simply noting that
Tr(Xo") = Tr (z,0"'0") = x,Tr (0#'0") = 22" (2.20)

This is due to the fact that the o matrices satisfy the relation Tr(c*5") = 2n*”. The
adjoint action of SL(2;C) on X is given by

X —X=NXN' NeSL(2;C) (2.21)

and it is clear that this action preserves the hermiticity of X since (NXNT)T = NXNT.
Furthermore the determinants of X and X are equal because det(N) = 1 which means

adjoint action of SL(2;C) leaves the inner product of vectors unchanged:
det(X) = det(N)det(X)det(NT) = —x (2.22)

The lesson from (2.20) is that there is a transformed 4-vector #* which corresponds to
the SL(2,C) transformed matrix X [13] i.e.

23" = Tr(Xo") (2.23)

The connection between SL(2, C) and SO™ (1, 3; R) is established using (2.21) and (2.19)

as follows

25 = Tr(X5") (2.24)
= Tr(NXNT5") (2.25)

= Tr(Nz,0"N15") (2.26)

= Tr(6"No, Nzt (2.27)
= %Tr(&”NUMNT )t (2.28)
= AVt (2.29)

2The ‘—’ is due to the choice of metric (=, 4+, +,+) and disappears for the mostly minus choice.
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In (2.29), the index structure allows us to make the identification

A [Tr(5"No,NT)] (2.30)

N | =

Vo=
and as advertised, for a Lorentz A there is a corresponding complex simple linear matrix
N. It must be noted that because both N and —N give rise to the same A, so the map
is 2:1. This isomorphism is further reinforced by the fact that the Lie algebra si(2, C) is
known to be isomorphic to su(2)¢ @ su(2)¢ ([13],[16]) hence the spinor representation
of (proper orthochronous) Lorentz transformations has a chiral and antichiral part. The
transformation of fields in the fundamental and anti-fundamental spinor representations

are respectively given by
Yo = NPg and xa — (NT)Jx; where a, 8,6, 8 = {1,2} (2.31)

where 1), is left-handed Weyl spinor and Y4 a right-handed Weyl spinor. The indices of

the spinors are raised/lowered using the SU(2) invariant tensor

0 -1 i

The value of this discussion will soon be realized when we come to supersymmetry where
our representations will contain both spinor and vectors. In anticipation we define the

mixed tensors o#” and ¥ in following way

(0")% = = (o"5" — V") (2.33)
B

- % (a¥0” — 5%o") P (2.34)

Poincaré symmetry

A generalization of Lorentz symmetry is achievable by extending (2.1) to include trans-
lations

at — 't = AP ¥ + at (2.35)

where a is a constant vector and (2.35) is a Poincaré transformation. The effect of this
extension is that there is a new generator, P, which performs infinitesimal translations

and thus in addition to (2.11) there are also the relations
[P, P =0 [Py Mop| =i (guoPp — gupPs) (2.36)

The group generated by P, and M,,, is called Poincaré since it arises from (2.35) and a

field theory is Poincare invariant if it remains unchanged under Poincaré transformations.
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For the Poincaré algebra one can define two Casimirs; Casimirs are operators that
commute with every element of the algebra. The first Casimir of the Poincaré algebra
is defined as Cy := P,P" and its commutation with P, and M, is simple to confirm
using (2.36). The eigenvalues of Casimirs provide a means to label representations of a

group. The eigenvalue, t, of C; on a state |k*) with momentum, k*, is

m? for |k"), a massive state

f— (2.37)
0  for |k*), a massless state

The second Casimir is given by Co = W, W# where W, is the Pauli-Lubanski spin vector
defined as

W, = —%quaPVMpa , €o123 =1 (2.38)
By expanding C3 one arrives at W? = —m?2J?, with m? the mass eigenvalue and J? =
j(j + 1) is the spin eigenvalue, hence Co can be used to label massive representations
by their spin j. The case of massless representations require a label since W? = 0 = P?
but from its definition (2.38) it is evident that the spin vector W, is parallel to the P,
[17], that is

W, = AP, (2.39)

where A is known as helicity defined as

A=-—" (2.40)

|P|
Helicity is a projection of spin J in the direction of motion P, thus a particle of spin s
moving in the z-direction has helicity A = s,. In general then multiplets of the Poincaré
group will be labelled by mass, spin and helicity, that is in a Poincaré multiplet the
particles have the same mass and same spin. Next we discuss a symmetry even more

general: the conformal symmetry.

2.2 Conformal Symmetry

A theory is said to be conformal if it is invariant under conformal transformations.
Following the exposition of [18], [19] and [20], we devote this section to making the
definition of conformal transformations exact. At heart, a conformal transformation is a
change of coordinates whose effect amounts to a positive re-scaling by an overall factor
of the metric of the manifold. Let M = RP*? be a manifold with a flat Minkowskian
metric 7, of signature (p,q) so that p 4+ ¢ = d; apart from the generalized dimension

and metric signature, M is the same as M defined in Section 2.1. A transformation
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z#* — x # is conformal if it gives rise to a metric transformation of the form

!

N (z) — n;y(x ) = Q@) (z) with Q(z) >0 (2.41)

Using continuity and differentiability of M, the condition for a transformation to be

conformal can be written as

’ ’ 8.’13/“ 8.T/y
nw/ Z )% oxP = Q(;U)ncfp(x) (242)

Expressing the relation between x and 2’ to first order in a small parameter e(r) <<'1
gives
H =zt 4 e (z) + O() + ... (2.43)

This allows for an infinitesimal formulation of the constraint (2.42) and makes it easy
to isolate the generators of the conformal group to which the transformations belong.

Keeping terms that are linear in the parameter ¢ means (2.42) becomes

)y (a) = 1, (o) 2 0 (2.44)
= 1, [0F + 0o + .. [04 + Ope” + ... ] (2.45)
= Ny [0 64 + 050, + 010pe” + ... (2.46)
= N+ My D€ + M Op€” + . (2.47)
= n:,p + (806,) + 8,;60) +... (2.48)

The terms in the parentheses of the last equality in (2.44) must be proportional to 77;w
in order for (2.43) to satisfy (2.42). This means

[a,ep + apea} — Q) ,(x) (2.49)

and by tracing this equation we learn that Q(z) is given by

17 [0ne, + Oys| = Q)0 Py, = QL) (2.50)

[0 €] (2.51)

where d is the dimension of the manifold. The conformal requirement can now be
restated in terms of the function e, that is, (2.43) will satisfy (2.48) if the differential
equation

[806,, + Opeg] =10 ¢ n;p (2.52)

SR
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holds true for e*. Comparing this to (2.42), we find that the scale factor to first order
in € is given by

Q@) =1+ %a e (2.53)

In order to determine the generators of the conformal group, the dimension d of the
manifold must be specified since the infinitesimal conformal condition (2.52) depends
on it. Although at this point there is no reason to suspect this, it turns out that CFTs
in d = 2 are very special in that their conformal group is generated by the infinite
dimensional algebra known as the Virasoro algebra. This fact has been extremely useful
in string theory because the worldsheet string dynamics are governed by a 2-dimensional
CFT. Two dimensional CFTs have found many uses in the gauge-gravity duality where
they have been shown to be holographically dual to theories of gravity in an AdSs
background [21], [22].

The scope of this work is focused on CFTs in dimensions higher than 2 so then the rest
of the discussion on CFTs is conducted with the assumption that d > 2. Next we apply
two partial derivatives, one contravariant and one covariant, on (2.52) and repackage to
obtain

00050 ) + Do = 20,050 ) (2.54)

and switching the indices p <> ¢ produces an equally valid equation
2
050,(0 - €) + O0ye, = gaaap(a - €) (2.55)

The sum of (2.54) and (2.55) with the use of (2.52) means €, must satisfy

_4

20,05(0 - €) + O (0p€s + Ose,p) = dﬁp&,(@ - €) (2.56)
[(d —2)8,05 + 1), 0] (9-€) =0 (2.57)
(d—1)0]@-¢) =0 (2.58)

From the last equality we deduce that € is at most quadratic in . Thus € is of the
form

€p = ap + bpe”? + Cpora’ax” (2.59)

the first term of which corresponds to the familiar translations and these are generated
by the momentum operator P, = —id,. By substituting the second term into (2.52)
one uncovers that the symmetric part of b,, is proportional to the metric with a fixed

constant of proportionality.

2
bpa + bo’p - a(b)\)\)npa = O Npo (260)
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Thus the symmetric part of b,, re-scales the metric and thus corresponds to dilations

which are generated by D = —iz”0,. Hence we can write

bpoe = ONpg + Wop (2.61)

where w,,, is the antisymmetric part of b,,. As before tensor w,, corresponds to rota-
tions whose generators are M, as in the the Lorentz symmetry case. For the quadratic
term a similar analysis can be done in order to determine the c,,-. This terms cor-
responds to novel transformations known as Special Conformal Transformations [SCT]
and these are generated by K, = —i [(22,2°0,) + (z - 2)d,]>. The finite transformations

are summarized in the table below:

Rotations ot — MY

Translations | ¢ — x* + o

Dilation ¢ — axt

m xH —bkg?
SCT L 1—2b%z, +b%x2

TABLE 2.1: Finite conformal group transformations

The aforementioned generators define the conformal algebra whose commutation rela-

tions are
D, P, =iP, , D, K,] = —iK,
[Kp’ PU} =21 (npUD - Mpa) > [Kpa MUT] = i(npaKr - T]pTKO')
[Pp7 MO'T} =1 (npO'PT - inPO') ) [Mum Mpa] =1 (nupMuo + nMO'MVp - nulela - nuaMup)

They generate the group SO(p,q) and for our case this group will reduce to SO(2,d)
because we shall work in flat pseudo-Minkowski spacetime. The SO(2,d) structure is

more apparent when the generators are repackaged as follows[18],[19]:

1
Loyy=5(Fu— Ky, Loap=D
1 (2.62)
Lyy =My , Loy = Q(Pu + KM)

3The SCT generator,K,, should not be confused with the generator for boosts,K;
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The new generators are antisymmetric Ly, = —Lj, and their commutation relations

assume the form [19]:

[Labs Led) = i(MadLie + MbeLad — NacLvd — MbdLac)

(2.63)
with a,b = {—1,0,1,2,...,d}

Here 7, is a diagonal metric diag(—1,1,...,1,—1). The generators (2.62) with com-
mutations (2.63) describe the isometries of a (d + 1)-dimensional AdS space embedded
onto a flat (2,d)-dimensional pseudo-Minkowski space. We shall describe this space
later in section 3.1.1.1. One of the major consequences of conformal symmetry is that it
demands that a theory remain unchanged even though the metric is re-scaled, hence a
conformally symmetric theory will have the same dynamics at short distances as it does
at long distances,i.e. no running of coupling constants. Based on everyday experience,
one might rule out the possibility of finding such a symmetry in nature. However CFTs
play an important role in efforts to describe and understand critical phenomena (i.e.
magnetization, phase transition, etc.) of systems [23], [24]. This is mostly related to
the fact that at critical points, systems tend to be insensitive to scale and correlation
lengths approach infinity. In condensed matter physics, there have been experimental

studies concerned with validating the theoretical results [25].

There is another reason why this symmetry is very attractive to physicists: computabil-
ity. The presence of conformal symmetry in a QFT allows one the ability to compute
2-point and 3-point functions, up to a constant, purely from symmetry, albeit for fields
of the quasi-primary type. Quasi-primary fields are defined by their transformation
properties which are that they transform as

—-A/d

o' () (2.64)

when z# — 2'# is a conformal i.e (2.41) is satisfied. A is known as the scaling dimension

of the quasi-primary field ¢;.

Imposing conformal invariance of the action and integration measure of the theory under
. / . . .
the transformation x# — x # has far-reaching consequences. For instance, a 2-point

function of spinless fields ¢; with scaling dimension A; will be of the form

(¢1(21)a(wy)) (2.65)

r=x9

Aq
d /

o
ox

ox

(p1(21)P2(72)) = Oz

r=x1
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and invariance under re-scaling #'# = A\z* would imply the Jacobians are A imply-
ing

($1(21)da(2)) = XX F22(d1 (A1) do(2)) (2.66)

However the requirement of translation and rotation invariance means the 2-point func-
tion depends only on separation of spacetime points which in general will be a function
f(Jx1 — z2|) which because of (2.66) must transform as f(z) = A*1+22 f(\x). We con-

clude that in general the 2-point function will be of the form:

(p1(w1)P2(72)) = |$1_§21|2A1+A2 (2.67)

where C'2 is a constant. Similar symmetry arguments are also possible in the case
of 3-point functions [19]. Conformal symmetry has found use in condensed matter
physics for the computation of critical data and in describing critical phenomena in
order to understand the experimental data of condensed matter systems [26], [27]. From
experimental data suggests that at critical points a large variety systems tend to behave
the same, that is they belong to the same universality class. So their critical data does
not depend on the details of the system. CFTs are a suitable framework to recover the

critical data and describe critical phenomena.

2.3 Supersymmetry

Thus far we have reviewed external symmetries that is, those that pertain to space-
time transformations and their generators are either scalars, 4-vectors or 2-tensors. In
this section we shall consider a symmetry which combines both internal* and external
symmetries. It is a curious fact that in nature particles come with either integer or
half-integer spin. Naturally one may wonder if there is a way to understand this di-
chotomy or to do even better and unify the divide between particle types. The latter
is more in line with the pursuit in physics of obtaining a unified description of nature.
Such a unification would necessitate the combination of groups that describe the inter-
nal features with those that describe external ones. Coleman and Mandula based on
a few assumptions about the S-matrix, were able to argue that such extensions of the
Poincaré algebra could not be done without trivializing the dynamics of the theory. The
Coleman-Mandula theorem assumes that, for a a non-trivial interacting quantum field

theory whose S-matrix has symmetry group G, the following hold [28]:
e the group G has a subgroup which is locally isomorphic to the Poincaré group,

e trivial scattering is forbidden, thus scattering angles are not limited to 0° and 180°,

“Internal symmetries are symmetries of transformations in internal space e.g. charge conjugation
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e all particles transform as positive-energy representations of the Poincaré group,

e clastic scattering amplitudes are assumed to be analytic functions of the Mandel-

stam variables in the neighbourhood of a physical region,

e for a given mass M of a particle type, the set 7= {m|m < M} of masses m of the

same particle type is always finite.

Their argument has come to be known as a no-go theorem [29]. Under these assumptions
or constraint on a QFT, the algebra that generates the symmetries of the S-matrix can

at best contain P,, M), and Lorentz scalars B; which obey the relations
[Py, B)] =0= My, B)] and [Bj, By, = iCimn By (2.68)

where C,,,,, are structure constants of the Lie algebra that generates the compact group
of internal symmetries. So the symmetry group G of the S-matrix would have to be
a direct product of the Poincaré group with the group of internal symmetry, that is,
external and internal symmetries do not affect one another. Note that the generators
By are Lorentz scalars. By including generators with a spinor label, the authors of [30]
by-passed the Coleman-Mandula theorem and found a way of extending the Poincaré
algebra to include generators of internal and external symmetry algebras. This exten-
sion comes at a cost because the introduction of spinor generators would require Zo
grading, thus normal Lie algebras are not sufficient. The Zs grading means the algebra
structure must include both commutators and anticommutators and for generators T;

we have

. ok 0 if T; is a boson
T;T; — (1) TT; = if5; Ty , here z; = (2.69)
1 if T} is a fermion

These graded algebras are also known as superalgebras and their spinor generators are
called supercharges ). The supercharges are generators of supersymmetry since their
action on bosons gives fermions and vice versa, effectively abolishing the partition be-
tween bosons and fermions. To be sure, supersymmetry is a conjectured symmetry and

at the time of writing had not yet been observed in nature.

2.3.1 Super-Poincaré algebra

A symmetry algebra is generalized to a superalgebra by adding supercharges Q4 which

are fermionic, hence anticommute. After adding supercharges, the extended Poincaré
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algebra becomes

[Q%: Pul =0 Q% P =0
{Q% Qps} =205 (0" s P [P, P]=0 (2.70)
Q% MM = (0"),0 Q% {Q% Q%) = €as2??

where o# and o*¥ are as defined in (2.17) and (2.33) respectively. Z48 = — 754 is the
central charge of the algebra and here ‘central’ refers to the fact that Z48 commutes
with every generator of the algebra. The uppercase indices A, B = {1,2,..., N} count
the number of supercharges present while a, &, 3, 8 = {1,2} specify the elements of @
or Q. The object € is the SU(2) invariant tensor in (2.32). By complex conjugation
one can obtain the relations for @ with dotted indices. Suppose there is an internal
symmetry generated by R,’s which satisfy the relations [R,, Rp| = i fapeRc. This internal
symmetry will mix with supersymmetry so that the commutation relations of generators
R, with supercharges will take the form [Qﬁ, R,] o< QB. This is made abundantly clear
by recalling that super-Lie algebra needs to be closed and the Jacobi identities for

generators of different gradings, i.e. [odd, even] ~ odd [31]. Now we can write
Q2 R, = SARQE | for S/ a constant (2.71)

The commutation relations imply that the R,’s rotate the supercharges into one another.
Such a symmetry is called an R-symmetry and if the supercharges () are completely
unrelated i.e. the central charge is zero, Z4B = 0, then the R-symmetry is U(N)g for
a model with A/ supercharges. If the central charges are not zero then the R-symmetry
is a subset of U(N).

Another interesting observation is that in a supersymmetric theory there are as many
bosonic degrees of freedom as there are fermionic ones. To see this we first define the

fermion number operator (—)"F as
()N [b) = +11b) and ()™ |f) = ~1|f) (2.72)

with kets |b) and |f) representing a boson and a fermion respectively. By applying the

operator (—)VF on the anticommutator {Q‘i,QBB} = 25’?3 (U“)aﬁ' P, and tracing, one
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is led to conclude that there the number of bosons matches that of fermions

2 ()N |5 (") Fa] ) = T [(5)V7 (@ Q)]
= Tr [(-)(Q4Qps + Q@)
= T [(~QA() Qs + QA Q)]
=0

o
\]
N

[\]
N |
(@)
= D =

where we have used the cyclicity of the trace and the fact the the number operator
anticommutes with the supercharge ). The last equality must hold for all values of the

indices so that for any state of eigenmomentum p,, expanding the LHS gives

2Tr () [6% (0")o Bu] ) = 2(0") T [()F] (2.77)
=0,V o,3,Aand B (2.78)
= Tr[(-)] =0 (2.79)

From (2.79) we conclude that the total number of bosons minus that of fermions is

Zero.

2.3.2 SUSY and its features

We next use the non-trivial supersymmetric part of the algebra above and consider the
multiplets of supersymmetry in 4d while maintaining N unspecified. As in the case
of Poincaré symmetry where we used the eigenvalues of C1 = P, P* because it was a
Casimir, so shall we do in case of the super-Poincaré algebra. This is because C is still
a Casimir. Thus multiplets will be labeled by their mass as before. The square of the
Pauli-Lubanski vector does not commute with all the generators of the super-Poincaré
algebra thus there is need of a new Casimir. Things are rather more involved because
the Casimirs will be affected by the amount of supersymmetry present. In addition,
the usefulness of a Casimir is related to whether the multiplet is massive or massless.
Since N is kept unspecified we shall define a Casimir for the massless case because of

its relevance to the present work.

2.3.2.1 Massless multiplets

The massless case has a Casimir defined as Co = C,, C*” where

1 _ .
C. = B,P, — B,P,, and B, =W, — 155“@@(5#)@5@35 (2.80)
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Consider a massless particle, |p, A}, in a frame where its 4-momentum is p* = (F, 0,0, F)

then anticommutator {Q4 QB,B} = 20, (6") 5 P means

{Qéu QBﬁ} |p7 >‘> = 25143 (Oﬂu)aﬁ' PM |pa )‘> (281)
=204, (o%po + U3p3)a5 Ip, \) (2.82)
= 4E54, (1 0) P, A) (2.83)
0 0/ .
op
- A{Q% Qpp) = 4B (1 O) — Q45=0 (2.84)
0 0 of

the anticommutation relation is now reduce to

{Q1,Qui} = 4E5% (2.85)

The other non-trivial supersymmetry algebra relation involving the central charges be-
comes trivial, ZA% = 0, thanks to the fact that Qé = 0. This effect is transpar-
ent from the relation {Q4,Q8} = 0 = 2248 = —Z48 = ZBA  Thanks to the

re-definitions:

A Q1 At i
a” = , a = 2.86
2VE 2VE (2.56)
the anticommutator (2.85) takes a form that is useful in building multiplets
{a",ap} =05, {a”,a"} = 0= {(aM), (a")1} (2.87)

In this form the a’s and a'’s are reminiscent of ladder operators and in fact they are.
To show this fact consider a specific case of the SUSY algebra relation [Q4, M*] =
(") aﬂ Q‘,, namely: [Q4, M) = [Q4,J5]. Computing this commutation relation

gives

1HA f -1

5Q7  for «a

QA 5] = (62)0Q% = |
0 otherwise

(2.88)

a direct consequence of Qf = 0. If |p, \) is a state vector representing a particle with

momentum p and helicity A then the action of a and a' on [p, \) is given by

1 1
JBG‘A |p7 A> = (aA‘]3 - [aAa J3]) ‘p7 >\> = (aAJ3 - §G‘A) |p7 A> = ()‘ - §)aA |p7 >\> ( )
2.89
1 1
T3 p, ) = (aP s + [aPT, ) [p, A) = (P15 + 5"BT) lp, A) = (A + §)GBT [ \)
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The state a7 |p, \) has helicity larger than |p, \) by a half, thus a' raises the helicity by

a half while a lowers it the same amount. We can now build multiplets.
Let |Q2) be a state with momentum p and helicity A such that a?* |Q2) = 0 then

e N =1 chiral multiplet: A =0

State ‘ Helicity ‘ Field
|2) A=0 | 1 complex scalar
at|Q) | A=+1| 1 Weyl spinor,
e N =1 vector multiplet: A = %
State ‘ Helicity ‘ Field
1) | A==£3 | 1 Weyl spinor
al Q) | A =41 | 1 Gauge field

For A/ = 1 we only have one raising operator, a', which anticommutes thus it cannot be
used to raise the helicity twice and the tables above exhaust the N' = 1 SUSY states.
The states with negative helicities are obtained via CPT® conjugation. Invariance under
CPT conjugation is a physical requirement we impose on our theory. The case of interest
to us is the vector multiplet for A' = 4 with a restriction to helicities no larger than one.
Restricting helicity to one means our theory will not take gravity into account. In this

setting the different states are tabulated below

e N =4 vector multiplet: A =1

State ‘ Helicity ‘ Field
1), atTa®Ta®Ta?t |Q) A==1 1 Gauge field
a'Ta®t|Q), a®Ta?T|Q), etc. | A =0 | 3 complex scalars
all|), a'fa®'a®"|Q), ete. | A==£3 | 4 Weyl spinors

Note that the N/ = 4 vector multiplet has the same field content as an N’ = 1 vector
multiplet combined with 3 A" = 1 chiral multiplets, that is:

N = 4 vector multiplet = 1 x (N = 1 vector multiplet) & 3 x (N =1 chiral multiplets) (2.90)

This reducibility will be useful later in this work.

®Charge Parity and Time.
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2.3.3 Superspace and superfields
2.3.3.1 N =1 Superspace

We have seen that the notation of 4-vectors in field theories in (34 1)-dimensions makes
Lorentz invariance readily apparent. Here we shall briefly present the notions of su-
perspace and superfields as a formalism which helps manifest supersymmetry in field
theory. A superfield is a function G of variables .0, and % where z* are the familiar
spacetime coordinates while 6, and #% are Grassmann coordinates which are hermitian
conjugate to one another. z* is said to be Grassmann even and #,# Grassmann odd

because they commute according to the relations:

1 1
0°0° = —*(070,) = — e (00)
e 1 .0 = . 1 .. —_
6007 = SefM(B567) = 5e7(69) (2.91)
_ 1 —
and 0,0, = 59(Uu)9(0“)aa

The introduction of superspace may seem arbitrary at first but a look at the commutation

relation

{Qa,Qg} =2(0"),3 Pu (2.92)

gives insight and calls for a geometric view. From the anticommutator we note that the
effect of the supercharges (LHS) is equivalent to spacetime translation (RHS) P,. First
we convert the anticommutator to a commutator with the help of Grassmann coordinates
to get

[€°Qa, £5Q°] = 2(¢0"€) P, (2.93)

A super-Poincaré group element that performs finite superspace translations would thus
be given by

T(x,0,0) = exp [i(z" P, + 0Q + Q)] (2.94)
Here it worth point out that superspace can also be viewed as the super-Poincaré group
modulo the homogeneous generators M, and a typical element of a such a group will
definitely take the form in (2.94). In order to isolate the effect of the supercharges we
can compute the product T := T(0,¢,€) - T(x,6,0) by expanding, simplifying using the
SUSY algebra and re-summing® the exponentials to obtain another group element which
depends on the combination of the coordinates T'(x* + iot& — i€otf,0 + £,0 + €). The

action of supercharges has induced a shift in both the bosonic and fermionic coordinates,

Susing the Baker-Campbell-Hausdorff formula
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thus allowing us to represent the supercharges in this way

Qo =i <_a§a - i(o—“)adédﬁu> (2.95)
_ . 0
Q=i (5‘90‘ - i@a(a“)adau) (2.96)

The fermionic directions are represented by the Grassmann coordinates, § and 6, are

2-component Weyl spinors whose differential and integral properties are

0 0 =
By — 5P By —
890‘(6) 5", (900‘(6) 0 and h.c

/d@@zl, /d91:0 and h.c

Superspace is effectively an extension of spacetime to include fermionic directions. The

(2.97)

advantage of the superspace formalism is that a power series expansion of superfields

®(x,0,0) eventually truncates because of the Grassmann coordinates.

2.3.4 Superfields

A scalar superfield, with spinor indices suppressed, will generally be of the form

S(x,0,0) = ¢p(x) + 0 (z) + 0x(x) + 00m(z) + 00n(x) + 0ot v, ()

- i N (2.98)
+ 000X\ (z) + 006n(x) + 0000d(x)

where {¢(z), m(z),n(x),d(x)}, are complex scalar functions of spacetime while con-
tained in the set {¢(z), x(z), A(z),n(x)} are 2-component spinors and v, (z) is a com-
plex vector. There are 4 x 2 components from the scalars, 8 from the vector, 4 x 2 from
the left-handed Weyl spinors and another 4 x 2 from the right-handed Weyl spinors.
This all adds up to a total of 32 components = 16 bosonic + 16 fermionic. The form
in (2.98) is most general and any other possible terms either vanish or can be shown
to be related to the ones contained in (2.98). The superfield has more degrees of free-
dom than what we need to describe the supermultiplets presented above, thus we must
impose appropriate restrictions on it. By appropriate we shall mean that the restric-
tions must first reduce the degrees of freedom to those permissible for SUSY multiplets
and secondly the restrictions must be SUSY covariant. To this end we first note that
while the Lorentz derivative 9, is SUSY covariant, since [P, Qa] = 0 = [Py, Qq), the

Grassmann derivative 0, is not. The effect of a superspace translation by parameter e
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(z,0,0) — (%, 0, 9:) = (v +i00€é—ieoh,0+¢,0+€) on the Grassmann derivative is

00 & 0x 0

= 96555 T 96° 97 (2:99)

(2.100)

_ TR
= 550 +10,,4€ By
By direct calculation one can show that the RHS of (2.100) anticommutes with @, and
Q%. This observation is an inspiration for a definition of a SUSY covariant derivative,

so then we define the super derivatives in superspace by:

o 0
Dy = — +iok 0% — 2.101
900 +i0y,.0 e (2.101)

-~ 0 .. 0
Dy = =5 =000 5 (2.102)

Using these definitions one can show that the super derivatives satisfy the anti-commutation
relations

{Da, Dg} = 0= {Dg, Ds}

_ , — D*=0=D? (2.103)
{Da; Dy} = —ZZJZﬁ.au

These super derivatives together with their properties will prove useful in the construc-
tion of SUSY invariant Lagrangians and reducing the extra component fields in order to
match the SUSY multiplets. Now we shall consider two important types of superfields

together with their defining constraints

2.3.4.1 Chiral superfields

A chiral superfield @ is defined by the constraint
Dy® =0 (2.104)

The ® that solves this constraint will have a chiral field as its highest spin component
field and on-shell its component field content will match that of the chiral multiplet. In
order to manifest the meaning of constraint on the superfield ® we shift the coordinates

as follows
(z,0,0) — (y*,0',8) = (¢" + i05"6, 6, 0) (2.105)

and the effect of such a shift on the covariant derivatives is

007 0 oyt 0 . oaa O

“ = 067 097 aga ggn + 7ea’ Gyn

(2.106)

0 g O
= 2ict 0 —
00’ + laaae ayu
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and by the exact same treatment for the other derivative we arrive at

- 0
Dy = —— 2.107
555 (2.107)
The chiral superfield constraint is now Ds®(y*,0,0) = &%é(y“, 6,0). The power series

expansion of a chiral superfield in the y-coordinate is
O(y",0,0) = ¢(y) + V209 + 00 F (y) (2.108)

where ¢ and F' are scalar component fields and 1) is a fermionic 2-component field. This
expression, however, is in terms of the variable y* which is a combination of spacetime
and Grassmann coordinates. Returning to the (x#, 6, §) will produce extra terms so that

general the chiral superfield solution of (2.104) is [17]

_ _ ; _ 1

O(x,0,0) = ¢ + V200 + 00F + i0000,¢ — %eeaueauw +00660,0"9  (2.109)
The presence of the scalar field F(x) exceeds the number of allowed bosonic component
fields in an AV = 1 chiral multiplet on-shell. This extra degree of freedom can be removed
by requiring that F'(x) not be dynamic. We can integrate F'(x) out using the equations
of motion to express it in terms of ¢ and 1 so that on-shell we have the correct bosonic

and fermionic degrees of freedom allowed in the chiral multiplet.

The two useful properties of chiral superfields ®; are that sums and products of chiral

superfields are themselves also chiral superfields
Dy(®; + @) = Dy®; + Dy®; =0 (2.110)

since ®;’s are chiral to begin with. For the case of a product of chiral superfields we
have [32]

D (®:®5) = (Ds®:) ; + (—1)!*1®; (Da®;) = 0 (2.111)
where [®;] is the grading of the chiral superfield ®;. Based on these two facts it is clear

that any holomorphic function, W, of chiral superfields & will also be chiral:

oW o oW
ad 965 ~ 9d

D W(®) = Dg® =0 (2.112)

Holomorphic functions W(®) are referred to as the superpotential and they introduce
interactions in supersymmetric field theories, so do their antiholomorphic counterparts
W(®). The defining constraint of an antichiral superfield ® = &' is D,®" = 0. The
sums and products of antichiral superfields are also antichiral superfields, thus any an-

tiholomorphic function of antichiral superfields is a chiral superfield. This is not true
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a product of a chiral with antichiral superfields; i.e. ®® is neither chiral nor antichi-
ral. From the definition of the supercharges (2.95) the infinitesimal transformations
P — &+5P = & +i(£Q +EQ)P means the supersymmetric variation of the component
fields is

e = V20 (2.113)
5¢t) = V2(EF — ioh€0,9) (2.114)
5eF = V2ipo€0, (2.115)

the field F' transforms as a total derivative and can be used to construct Lagrangians
that are invariant under supersymmetric transformations. In fact the terms with highest
allowed degree in the Grassmann coordinates 6 will transform as a total derivative. In
the chiral field case this term has auxiliary field F' as its coefficient and auxiliary field
D for the vector superfield case. These auxiliary fields are eventually integrated out in

order to obtain the correct on-shell degrees of freedom. Note that the terms

/d92 W(®) and /d92 W(®) (2.116)

are N = 1 SUSY invariant where WW(®) and W(®) are chiral and anti-chiral respectively.
The superfield W(®) is known as a superpotential of the theory; it is (Grassmann) inte-
grated over half of superspace since the highest non-vanishing degree in the coordinate
0 is 2. If one is interested in constructing a renormalizable theory in 4 spacetime di-
mensions then each term of the Lagrangian density must at most have mass dimension
of 4; the implication is that the most general allowed form of the superpotential as a
polynomial of chiral superfields is given by

fijk

W(®;) = fi®i + %(I)iq)j +3

O, PPy, (2.117)

The form of the superpotential follows from dimensional analysis arguments. From the

fact that
/ doo=1

and [f] = —1/2 it is clear that [d§] = 1/2. Thus [df?] = 1 and the contribution
of [W(®)] = 3. From the chiral superfield term /261 one can deduce that [®] = 1
because [0] = —1/2 and [¢] = 3/2 which means the superpotential will be a holomorphic
polynomial of ® with degree 3 at most [13].
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2.3.4.2 Vector superfields

Another constraint useful in removing the extra component fields from a general super-
field V is the reality condition
Vi=v (2.118)

A superfield that satisfies this constraint is known as a vector superfield because its
component field content corresponds to the vector multiplet. Imposing (2.118) on the

superfield (2.98) means

p=E=¢ , pn=A=) (2.119)

m=n" . dand ¢ are real functions (2.120)
and vy, is a real vector field which hence lends its name to the full superfield that obeys
the constraint (2.118). Vector superfields have become important as in addition to re-
moving unnecessary component fields they naturally allow for a superspace construction
of supersymmetric gauge field theories. Making the substitutions (2.119) on superfield
(2.98) means a vector superfield V' takes the general form [33]

V(2,0,0) = ¢(x) + 0y (z) + 0¢(z) + 00m(x) + 00m™ (z) + 00" 0v,,(z)

_ - - (2.121)
+ 0007 (x) + 000 (x) + 0000d(x)

It is easy to see that the sums of vector superfields are themselves also vector superfields.
Moreover the sums of chiral with antichiral superfields are also vector superfields, as are
the products: ® + ® and ®® are vector superfields. And for renormalization purposes
we shall be interested in vector superfields that are products of chiral and antichiral
superfields i.e. ®®. When it comes to the construction of SUSY invariant Lagrangians
we shall turn to the highest Grassmann order term 6262, known as the D-term. This

term transforms into a spacetime derivative of d under SUSY transformation &, &:
{ = __
O gd(z) = 3 [Ounote — 0,motE] (2.122)

As in the case of the chiral superfield, the vector superfield also has more degrees of
freedom than allowed in an N' = 1 vector multiplet: 8 bosonic + 8 fermionic. We shall
introduce the notion of invariance under gauge transformation for superfields in order to
reduce the extra (redundant) degrees of freedom. At heart, gauge invariance amounts
to appropriate replacements such that certain terms remain unchanged under a given
transformation. In Quantum Electrodynamics, the derivative d, is replaced with D,
which contains a gauge field A, with appropriate transformation rules so that, under

the transformation ¢ — e'(®)q) the term D, %) remains unchanged up to a phase, ele@),



Chapter 2. Symmetry 29

The strategy here is the same in that we define a supersymmetric gauge transformation

of a vector superfield V' to be

V(z,0,0) — V(2,0,0) = V(z,0,0) + ®(z,0,0) + (z,0,0)

i o (2.123)
=V(z,0,0) +iA(x,0,0) — iA(z,0,0)

where ® = iA is a chiral superfield. Based on the definition of gauge transformation we
replace terms in the vector superfield in order to guarantee that (2.122) is not sacrificed

in the process. The replacement of terms in (2.121) is as follows
i - 1
with the result that the vector superfield is not given by

V:¢+9w+é&+¥m+mmf+&w%¢+ﬁmﬁ+%W@M)

1

, (2.125)
+@mn—%wa@y+¢¢w—imw

Given that ® = a + v/20¢ + 6*F, under gauge transformation (2.123), the component
fields of vector superfield (2.125) transform as

¢—d+a+a* (2.126)
Y —1h 4+ V2 (2.127)
m—m+F (2.128)
m* — m* + F* (2.129)
d—d (2.130)
n—n (2.131)

As promised, d and 7 are invariant under gauge transformation and the F-term is still
useful to construct supersymmetric gauge field Lagrangians. The vector field v, trans-
forms to v, + i0,la — a*]. The introduction of gauge transformation provides more
conditions to use in removing the ‘redundant’ fields i.e. the extra component fields of
V' can be removed by an appropriate choice of the component fields of ® in (2.123),
this choice is gauge firing. A well-known gauge is the Wess-Zumino gauge where the

component fields of ® are chosen such that ([34],[13]) :

at+a*=—¢ (2.132)
—m (2.133)
—_ 1y (2.134)
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The Wess-Zumino gauge simply removes fields ¢, and m so that the vector superfield

now becomes
Vivz = 0207 + 0%0n + 6°0°d + 000 [v,, + i0,(a — a*)] (2.135)

d is an auxiliary field which can be integrated out using the equations of motion. The

convenience of the Wess-Zumino gauge is in the fact that

1 -
Vit , = 5.9%2 (2.136)

Viv, =0 (2.137)
so then the exponential of the vector superfield in the Wess-Zumino gauge is exactly
Vivz 1o

Such an exponential makes appearance when one extends U(1) gauge transformation
to supersymmetric field theories where the transformation of chiral superfields is given
by

d— e WAD and & — 90O (2.139)

Vector superfields like ®® are invariant for as long as gA is a constant, which is a case
analogous to abelian gauge transformations in QFT [35]. For the non-abelian case gA
is allowed to depend on superspace coordinates and vector superfield ®® is modified to

®edV' @ where V is a vector superfield which, under (2.139), transforms as
V — V+ig(A—A) (2.140)

where A is a chiral superfield in the sense of Section 2.3.4.1. Note that in QFT the phase
angle o being a constant means D[;}a = 0, hence in the language of superspace « is a

chiral superfield 7. The requirement that A be a chiral superfield is natural.

The term ®e?" ® is function of chiral and antichiral superfields. It is known as the Kdhler
potential, denoted with IC(®, ®), and serves as the kinetic part of the Lagrangian density.

IC is integrated over all of superspace

/d4xd62d6216(<b, D) (2.141)

"and a antichiral superfield since Dga = 0
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From this we observe that 4-dimensional SUSY invariant actions in N = 1 superspace

will schematically be of the form
S = /d% [d29d2é K(®, B) + d20 W(®) + d*0 V_\J(é)} (2.142)

Here the volume elements can be written as d®z = d*xd?0d%0, d°z = d*xd?6 and d°z =

d*zd?6 and the action becomes
S = / 2 K(®, D) +/ d%z W(®) +/ dZW(®) (2.143)

The Kihler potential is given by (®e9", @) and in the abelian case the chiral superfields
are vectors and 9" a matrix. In the non-abelian case the chiral superfields themselves

become matrices so that the Lagrangian is traced over i.e.

sz/ d®z TrIC(<I>,<I>)+/ d%z TrW(<I>)+/ d%z Tr W(®) (2.144)

2.3.4.3 Spinor superfields

Thus far we have considered chiral and vector superfields and these are without a free
index, making them Lorentz scalar superfields i.e. spin 0. In supersymmetric field
theories it is also possible to construct spinor superfields using the super-derivatives of

a vector superfield:

1__ _
Wy :=—-DDD,V(x,0,0)

1 (2.145)
Wy = — ZDDDO-CV(x,G, 9)

These spinors superfields are the supersymmetry analogue of a gauge field strength in
QFT, F,,, = 9(,A,) as such they are thought of as fermionic field strengths. Recalling the
definitions (2.101) and anticommutation relations (2.103) of super-covariant derivatives

we conclude that W, and Wy are chiral and anti-chiral respectively [36]

1_
D Wq=—-D
W 4

5 .DDD,V (x,0,0) =0 (2.146)

5
_ 1 _ _
DsWe = 7 DsDDDsV (x,6,6) =0 (2.147)

Under the supersymmetric gauge transformation V. — V + i(A — A) where A and

A are chiral and antichiral superfields, the spinor superfield strength, W, is invariant
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since
, 1- - -
Wo — Wo = =7 DDDo(V + ik —il) (2.148)
=~ (DDD.V +iDDD.A ~iDDD,A) (2.149)
1. _
= —,DDD.V (2.150)
This is a by-product of
DDD,® = D({D,D,} + DyD)A (2.151)
= D({D,D,})A (2.152)
= D(2ic"9,)A (2.153)
= 2i08, DA (2.154)
=0 (2.155)

By the same argument one can show that DDD,A = 0, hence W, is super-gauge
invariant. The solution of the spinor superfield strength in the Wess-Zumino gauge after
changing to the y-coordinate is given by

i

W, = —ida(y) + 000" 0,1 (y) + 6205 D(y) 2((;“5”)5051?#”(;/) (2.156)

with F,, = d,v,] , the abelian gauge field strength. The spinor superfield term in the
action will be
/ dS 2 WowW, (2.157)

This term is SUSY invariant since W, is chiral. By adding (2.157) and its hermitian
conjugate to (2.143) we are guaranteed that the kinetic term of the gauge fields is
complete. For the non-abelian case a super-gauge invariant spinor superfield is defined
as [28]

1~ 1
Wa =~ DDDsV + 2 DD[V, D, V] (2.158)

which in terms of the y-coordinate in the Wess-Zumino gauge means
. o g ,
Wo = —ida(y) + 0o D(y) + i(c"0) o Fu (y) + 000", .0, N — 5919056![1% A (2.159)

and the gauge field strength is now given by

1
Fuy = 0,0, — 5[11“, vy (2.160)

Admittedly our discussion of supersymmetric fields has focus on the chiral relations. The

antichiral relations can be obtained by (hermitian) conjugation. Thus we can conclude
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our discussion of the section of symmetries commonly found in physics.



Chapter 3

N = 4 SYM and Friends

3.1 N =4SYM in 4d

The N = 4 SYM theory in 4-dimensions is an example of a model which possesses all the
symmetries discussed in Chapter 2 thus making it rather special. If one is interested in
fields with spin no larger than 1 then the maximum amount of supersymmetry allowed
is 4. N = 4 means the theory has total of 16 real supercharges. So N = 4 SYM is
maximally supersymmetric. Its field content is made of the gauge field, A,, 4 Weyl
spinors,%,, zﬁoi’ and 6 real scalar fields, ¢’ all of which are in the adjoint representation
of the gauge group which we take to be SU(N). So under the action of U € SU(N), the
Weyl spinor fields and scalar fields will transform as ¢ — UyU ! and ¢ — UgpU L.

The gauge field on the other hand will transform as

A, — UAU - g(auU)U_l (3.1)
because it appears through the covariant derivative, D, which is defined as

D, =0, —igA, (3.2)

Since we are in 4-dimensional Minkowski spacetime the index, u, runs from 1 to 4. So
then SO(1,3) is the spacetime symmetry enjoyed by the gauge and scalar fields. The
Weyl spinors, whose indices o and ¢ run from 1 to 2, also enjoy the so*(1,3) symmetry
which is realized as two copies of su(2), one for the chiral Weyl spinors and the other for

the anti-chiral Weyl spinors [See (2.14) and (2.15)]. The Lagrangian of this 4-dimensional

34



Chapter 3. N' = / SYM and Friends 35

N = 4 super-Poincaré invariant theory is [37][38]:

£ =T | = s PP 4 15 By Fy = i) (0" D,(3)a — Dy D0,
2
+ g (™) aldi, (Va)s) + 9Ciab (W) (8, (*)°] + %W, &1, ¢j]]

(3.3)
and it is invariant under N = 4 super-Poincaré transformations. The non-abelian gauge
field strength F),, is given by F,, = 0, A,) +i[A,, Ay]. €77 is the Levi-Civita symbol
while the constants Ci“b and Cjqp, are the Clebsch-Gordan coefficients of the SO(6) sector.
To understand how they eventually enter the scene we first note that in the Lagrangian
above the fields are matrix-valued and thus carry symmetry group indices. The group
indices {a, b} which run from 1 to 4 are for the spinors and they are indicative of the
SU(4) internal symmetry that rotates the spinors into another and it is an R-symmetry.
The 6 scalar fields also carry indices for the SO(6) group which pertains to their internal
symmetry; these indices {7, j} run from 1 to 6. At the algebra level so(6) is isomorphic
to su(4) which means the spinors can be written in the same representation as the
scalar fields with help of the Clebsch-Gordan coefficients. So these coefficients allow for
translation between the SO(6) and SU(4) representations.

A dimensional analysis® of each term of (3.3) shows that the Lagrangian has dimen-
sionless couplings, i.e. [07] = 0 = [g]. Thus it follows immediately that this theory is
scale invariant. For the bosonic sub-sector of the theory, scale invariance together with
Poincaré symmetry in (341)-dimensions give rise to conformal symmetry described by
50(2,4) ~ su(2,2) [37]. This symmetry is enhanced by the presence of supersymmetry
because the Special Conformal Transformation [SCT] generators K, do not commute
with SUSY generators ()., meaning special conformal symmetry mixes with supersym-
metry to produce supersymmetric special conformal transformations [SUSY SCT] that
are generated by S, Ss. The SUSY SCT generators are fermionic in nature because of
the grading of the supercharges i.e. [Even, Odd] = Odd. The commutation relations of
the SUSY SCT generators with the Lorentz generators are [39]:

I:Sa7K,U«:| = 0 = [S’daK,u]v [SaaD] = _%Saa and [SdaK,u] = _%Sa
[Sa;Pu] = _i(au)QBQBa [S’dmpu] = _i(a',u)g Qﬂ (3'4)
) _ ad ) _ & aB
[Sa, M| = —i(aual,)ng, (S, M) = —5((7“0”) BSB

The total number of real supercharges thus increased from 16 to 32. The superalgebra

1[’4#] =1, [1/}] = %7[¢Z] =1
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corresponding to N/ = 4 SYM is thus psu(2,2[4) due to the enhancement by superconfor-
mal symmetry. A/ =4 SYM is the unique maximally SUSY field theory in 4d whether
constructed from ground up or from a higher-dimensional theory. When an A/ = 1
SUSY field theory in 10-dimensions is, by Kaluza-Klein compactification, reduced to
4-dimensions, one obtains N' = 4 SYM. Moreover N' = 4 SYM, being independent
of a renormalization energy scale, has a vanishing § function and under perturbative
treatment its n-point functions show no signs of UV divergences. These observations
persist even to the quantum level. This makes it a good toy model on which to develop

understanding and tools for solutions.

3.1.1 The role of N= 4 SYM:
3.1.1.1 In AdS/CFT duality

Much time has been spent studying this theory and this effort has proven useful because
N = 4 SYM is linked to many other models. Our knowledge of it has been employed
to understanding these other models. In the AdS/CFT correspondence, N' = 4 SYM
is conjectured to be dual to IIB String theory on AdSsxS® [21]. Inasmuch as the
correspondence is conjectural, there are features that fuel our reasons to believe in it.
One such feature is the global symmetry of either one of the theories. It is useful to

digress a little and first discuss AdS space.
A (d+1)-dimensional AdS space of radius R is defined by the constraint

d
~Xg-Xg, +Y X =-R (3.5)
i=1
and this can be embedded in a flat (d+2)-dimensional space with a pseudo-Minkwoski

metric given by
d

ds® = —dX§ —dXj,, + Y _ dX} (3.6)
=1

The following definition of the embedding coordinates X, t = 0,1,...,d+ 1 gives a
solution to (3.5) [40]
Xo = RsecpcosT,
X411 = RsecpsinT , (3.7)
Xi=Rtanp& ,i=1,...,d
where ¢&’s satisfy £'¢; = €96;;67 = 1 where i,j = 1,...,d . pis an AdS radial coordinate

which takes values in [0,7/2 while 7 and the {’s are angular coordinates which are

restricted to —m < 7 < 47 and —1 < & < +1. In these coordinates, (p,7,&) — which
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are usually called global coordinates, the AdS metric is given by

d
R2
ds* = —dr? + dp® + sin® dé;? 3.8
p—— < p p ; ¢ (3.8)
There is another choice of coordinates in which the metric (3.8) assumes a compact
form, they are called the Poincaré cooridnates (z,Z,t). We first combine one ‘time-like’
coordinate Xy with one space-like coordinate X, to define light-cone coordinates u and

v

Xo—Xq 1
U= ——m— = —
R? 2
_ Xo+ Xy (3.9)
VS TR
Then we change the other remaining coordinates, (d-1) space-like and 1 time-like coor-
dinates, to
Xi
Ty = ——
Hu (3.10)
b Xdt1
Ru

The constraint (3.5) allows us to resolve the light-cone coordinate v in terms of u, the

x;’s and t. At this point, the embedding coordinates can be written as

oni(z2+R2+§:2—t2)

2z
1
Xo=— (- R*+2*—t?)
2z
Rt (3.11)
Xit1=—
z
R %
X, =2 =1 d—1
where we have defined 72 = 6ijxia:j with i, =1,...,d — 1 and used an equality defined
earlier, u = z~'. In these coordinates, the AdS metric is
R2
ds? = = |dz* + dz* — dt* (3.12)

22
The full isometry group of this (d+1)-dimensional AdS space is SO(2,d) even though

only part of it is apparent in the metric?.

We are now in a position to compare the global symmetries of N' = 4 SYM and type
IIB string theory in AdSsx S°. The AdSs part of the product manifold has an isometry
group SO(2,4) while the S® part has isometry group SO(6). Recall that the global
symmetry of SYM is given by the superconformal group SU(2,2[4).

The isometry group of a 5-sphere is SO(6) which is isomorphic to SU(4).

280(1,d — 1) x SO(1,1) is Poincaré coordinates, SO(d) x SO(2) in global coordinates.
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The isometry group of AdSs is SO(2,4) = SU(2,2) and that of S° is SU(4) then it
follows that the product space has SU(2,2|4) as a global symmetry group, matching
N =4 SYM. The AdS/CFT duality has a strong-weak coupling relation and thus can
be employed to study the strongly coupled regime of one theory in terms of the weakly
coupled regime of its dual theory. Thus our knowledge of N' =4 SYM can be used to
study IIB string theory [41]. In some cases the flow of information is reversed, that is,
the theories to which N/ =4 SYM is dual either unveil its properties or supply a novel
platform with tools which can be used to calculate quantities previously impossible to

calculate.

3.1.1.2 In Integrability

Early work [42] and especially the AdS/CFT correspondence [21] have led to the suspi-
cion that gauge theories admit a string description in the planar limit. In the case of
N =4 SYM being dual to IIB string theory evidence for this suspicion is contained in
their spectra. The spectrum of non-interacting strings in AdSsxS® matches the spec-
trum of single-trace operators in N' = 4 SYM. By considering operators of the form
Tr(ZZ...Z) = Tr(Z”), which have come to be known as BMN operators, the authors
of [41] were able to recover the string spectrum from planar NV = 4 SYM for large
J. The insertion of a field ¢ in Tr(Z”) is considered as an impurity on the field the-
ory side. This impurity is understood on the string description as an excitation. The
anomalous dimensions of BMN operators can be predicted from string theory. This is
because string theory suggests that the dimension of a BMN operator is equal to the
mass of the corresponding string state [41], [43], [44]. Thus we have an operator /string
correspondence. By playing the ‘same game’ backwards, it is clear that computing the
anomalous dimensions of operators allows the reconstruction of the string spectrum.
From renormalization arguments, the computation of anomalous dimensions of a field
¢ is done via field strength renormalization factor Zs. For composite operators, the
renormalization factor Z is generally a matrix®. So anomalous dimensions can also be

represented /collected into a matrix I' which is given by

dZ 1

“dnAZ (3.13)

In an attempt to understand operators beyond the BMN type at one-loop, this line
of reasoning was employed in [45]. There it was found that the one-loop matrix of
anomalous dimensions, I', is hermitian. Moreover a single-trace operator of length J
made of the scalar fields belonging to the SO(6) sector of N' =4 SYM has J sites and
can be considered an element of a Hilbert space V& where V = RS. A useful picture

to have in mind is that of a spin chain. If the Hilbert space V&7 is thought of as spin

3a mixing matrix
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chain of length J then the single trace operators can be regarded as states of the spin

chain.

As an example, consider a gauge field theory with a sub-sector made of two scalar fields
X and Y. The Hilbert space V®? associated to this sector will then be a spin chain with
two sites and the operators Tr(X X), Tr(YY), Tr(XY) and Tr(XY) would be states of

the spin chain. The following identification can be made

Either (3.15) or (3.17) can be considered a ground state so that the others are excited
states. The mixing matrix corresponding to this sub-sector of the gauge field theory
will serve as the Hamiltonian of/in the spin chain picture. This mini example serves to
clarify the underlying logic without caring for the details since these vary by sector and

model. For a discussion of in-depth detials can be found in [46][47].

Returning to our specific model, the operator Tr(Z J ) is was mapped to the ground
state of a spin chain with J sites and I', served as the Hamiltonian operator of the spin

system. For the one-loop calculation I' was found to be [45]

<

= Prit1)] (3.18)

167T

where K is a trace operator, I an identity operator and P a permutation operator.
As a Hamiltonian, I at one-loop corresponds to a spin chain with nearest-neighbour
interaction. This Hamiltonian is the same as that of a Heisenberg XXX-spin chain model
with J-sites and thus is integrable. This mapping avails the computational resources
used in integrability. This method is made efficient and simple by focusing only on
the dilatation operator of ' = 4 SYM because the dilatation computes the scaling

dimensions of operators [38],[48].

3.2 The Friends: Marginal deformations

The N = 4 SYM possesses a large amount of symmetry and it seems expected that it
enjoys all these benefits. The next task would be then to find other theories, with less
symmetry, for which similar analyses are possible. A good starting point in this quest

is to deform N' = 4 SYM by introducing or modifying terms in its Lagrangian. We
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shall be interested in marginal deformations, deformations that reduce supersymmetry
but keep conformal symmetry intact. To appreciate this we first re-write the action

corresponding to (3.3) in the language of N' = 1 superspace introduced earlier

-

ig <d62 Tr(@'020° — d10%0?) + 4% Tr($! 5233 — i>1<i>3ci>2))

. . 1 Ny
dz Tr(e ™0 etV ') 4 <d6z Te(WeW,) + dfz Tr(WdWa))+
g

(3.19)

where ®%’s are chiral superfields, W, is the spinor superfield strength and V is a vector

superfield as presented in Chapter 2. The term
Wiet = gTr(010203 — oLep392) = gTr(<1>1[<1>2, <1>3]> (3.20)

is the superpotential. In this work we shall focus on Leigh-Strassler deformations which

only deform the superpotential to
h
Wrs = kTr | ®10%33 — 03392 + 3 <(c1>1)3 + (9?)3 + (@3)3>} (3.21)

where ¢ and h are the deformation parameters. In principle there are more general
deformations that can be done on N'=4 SYM but if we demand that the deformations
be exactly marginal then (3.21) is the most general form that the superpotential assumes
[49]. This class of theories is called Leigh-Strassler [LS] credit to the authors who, by
using the NSVZ beta function [50], demonstrated finiteness provided that there is a
function which v which relates parameters of the theory [51]. Such a function must
satisfy the condition

v(g,k,q,h) =0 (3.22)

This condition arises because of a distinguishing feature of Leigh-Strassler theories which
we point out. The scale independence of the Leigh-Strassler theory requires that the scal-
ing coeflicients of each of the chiral fields that appear in the superpotential must vanish
and so also for that of the gauge coupling. However the chiral fields in Leigh-Strassler
theories possess a Zsz symmetry which mandates that their anomalous dimensions be
the same. This anomalous dimension is proportional to the function ~(g, &, ¢, h), thus
the condition (3.22) guarantees a vanishing anomalous dimension. The existence of the
function v implies that fixed points of Leigh-Strassler theories constitute a manifold. At
one-loop order the condition (3.22) can be solved to obtain [51]:

2

29° = KR %(q +1)(g+1)+ (1 - ;;2> (qq + hh + 1)} (3.23)
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The Leigh-Strassler deformations break the supersymmetry of SYM from N = 4 SYM
to N = 1, while preserving conformal symmetry. This in principle means that Leigh-
Strassler theories can be studied using the same tools used for N' =4 SYM , i.e. Ad-
S/CFT duality. An example of this is the real S-deformed theory which is obtained by
setting ¢ = e?,§=e " and h = h =0 with § € R. In [52] the gravity dual of the real
B deformed theory was obtained. The key ingredient here was that real S deformation
breaks the SU(3) symmetry of the superpotential down to U(1) x U(1) symmetry. This
remnant symmetry which enabled the authors of [52] to obtain the gravity dual to the
B-deformed gauge theory by a procedure now known as a TsT transformation. This
method of obtaining a gravity dual of a deformed field theory is useful ([53], [54])but
it depends on the existence of U(1) x U(1) symmetry which is realized geometrically.
In [52] U(1) x U(1) issued from the SU(3) part of the SU(4) of the R-symmetry. A
general Leigh-Strassler deformation however will break the SU(3) subgroup down to the
discrete Agy group [55].

Next we can consider integrability as in [56] where an SU(2) sector of a g-deformed
N = 4 SYM was shown to be integrable at one-loop. The spin chain Hamiltonian of
the sector corresponds to that of a parity violating XXZ Heisenberg spin chain [57]
[58]. Attempts to match the full g-deformed SO(6) sector of N'=4 SYM to the SO(6)
XXZ spin chain were unsuccessful [59]. From (3.19) it is clear that Leigh-Strassler
deformations affect the superpotential, a function of 3 chiral superfields ®*. The ®’s
constitute an SU(3) sector whose corresponding one-loop spin chain Hamiltonian is
[60]

hh 0 0 0 h O —hg O
0 1 —¢ 0 0 0 0 h
0 0 ¢gqg 0 —-hg 0 —qg O 0
. 0 —¢g 0 g O 0 0 0 —hq
Hj1=———=——|0 0 —-hg O hh 0O h 0 0 3.24
I,I+1 (ch-i- hh+ 1) q ( )
h 0 0 0 0 1 0 —q O
0 0 —¢ 0 h 0 1 0 0
~hg 0 0 0 0 —-¢g 0 ¢ O
0 h ~hg 0 0 0 0 hh|
This Hamiltonian is related to the R-matrix via [57],[60]
o d
H = —iP—R(u) (3.25)

du u=0
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here P is the permutation operator and u is the spectral parameter. The R-matrix of

Leigh-Strassler deformed N/ = 4 SYM in the quantum limit (v — o) is given by

tt 0 0 0 0 —2h 0 2hg O

0 2¢ 0 t3 0 0 2hq

0 0 2¢ 0 —-2h 0 to 0 0

. 0 t2 0 2¢ 0 0 0 0 —2h
th:ﬁ 0 0 2hg t 0 —2» 0 0 (3.26)

0

2hg 0 0 0
0 0 t3 0

—2h 0 0 0 0 ty 0 2
0 —2h 0 2hg O 0 0 0 t

with d? = (1 4+ qg + hh)/2,t1 =1 —hh +qq, t2 = —1 + hh + q¢ and t3 = 1 + hh — qq.
4Note that the R-matrix, consequently also the Hamiltonian, acts on a basis in which

rows and columns are labeled by
{l11),112),113),121),[22),]23),[31),[32),[33)}

The R-matrix is a key component of the puzzle because of its usefulness in character-
izing Hamiltonians of integrable models. To be sure, quantum integrable models are
characterized by their RTT relations, much like classical integrable models could be
characterized by their Poisson-involution relations [61] [62]. These relations have the

form [See Appendix C for further details]

R(u, v) T, (u)Ty(v) = Ty(v) T (u) R(u, v) (3.27)

where T, (1), T (v) are monodromy matrices and R(u,v) is spectral parameter dependent
R-matrix with spectral parameters u and v. Note that the commutation relations of T
are defined via R and thus R characterizes the model. The model is said to be integrable

if R satisfies the spectral-parameter-dependent Yang-Baxter equation [YBE]:
ng(u)ng(u + ’U)R23(’U) = RQg(U)ng(u + v)ng(u) (3.28)

and its corresponding Hamiltonian, obtained via (3.25), will also be integrable. Taking
the spectral parameter to infinity means (3.28) becomes RjaRi3Ro3 = RosRi3Ri2. We

shall encounter these expressions in the following chapters.

The process of actually obtaining the actual conserved charges is carried out by the

algebraic Bethe Ansatz methods, whose details are discussed in [63][64] and references

4The functions ¢; have been introduced for brevity of the notation
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therein. We now have seen the role of the R-matrix from the physics view point. In the
next chapter we present the mathematics in which it appears and that appearance will

be sufficient ground for us to marry the mathematics to the physics.



Chapter 4

The theory of quasi-Hopf
Algebras

In this section we review the definitions and properties of quasi-Hopf algebras [qHA]. Our
approach is to first present (regular) Hopf algebras and thereafter quasi-Hopf algebras as
generalizations of Hopf algebras [HA]. We first review the structures that are necessary
for the definition of a Hopf algebra. A more detailed and complete exposition of quasi-
Hopf algebras can be found in refs [65][66][67].

4.1 Hopf Algebras

4.1.1 Algebras

To begin let V' be an abelian group with an additive composition rule 4+ and & a field with
zero characteristic! . Then the triple (V, +; k) together with the multiplicative action of
the group (k—{0}) on V define a vector space if they are compatible. Compatibility here
means the multiplicative action (which from here on will be called scalar multiplication?)

of (k—{0}) and the additive composition ‘+’ of V' satisfy

a (v +v5) = av; + avj, (4.1)
(a+ B)v; = av; + Bu; (4.2)
for all scalars «, 8 € k and ‘vectors’ v;, v; € V. A vector space can be endowed with a

multiplicative composition: e in addition to the additive composition 4. This enriches

it into an algebra defined over a field k. That is to say the quadruple (V e, +; k) is called

'For the multiplicative identity 1 of the field there exists no n for which the sum >, 1 vanishes.
2In this notation scalar multiplication is implied hence no symbol is used.

44
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an algebra if the action of k on V is also compatible with: e. Hence
a(vievj) =v; e (av;), Va € kandv;,v; €V (4.3)

It is important to note that e is a linear map from V ® V' to V and we shall require that

e be associative which means
(e®id)(v;RVj@UE) = (vieVj) VUL = V; @ (vjevE) = (IdRe)(v;RV; QL) € VRV (4.4)

By 1y we denote the multiplicative identity of V so that (1 ev;) = (v; e 1) = v;. For
reasons soon to be clear, for any element v; € V we define a linear map n,, : k — V
as follows 7,, (1) := v;. These maps are nothing more than a re-scaling® of the elements
of V and n,,(«r) = awv; returns the element itself. We employ this fact to represent
1y as a map with a special designation, namely n = 73, (1) = 1y and since 7 is map

representation of 1y we call it a unit map. Then we note that

(n®id)(ke V)

eVaoV (4.5)
(idon)(Vek)

It is customary that the above definition of an algebra be summarized with the help of
commutative diagrams which in turn serve as good mnemonic devices. Figure 4.1 below

shows the commutative diagrams.

VeVeV
"@/ \@)Zj)
VeVv Vev
\ / 77®1d1\ \ / Tld@?’]
keV = = V®Ek
(A) Associativity of product map e (B) Unit map

FIGURE 4.1: Algebra properties

4.1.2 Co-algebras

When considering the diagrammatic summary of the maps of an algebra, it is natural

to wonder whether the reversal of arrows defines a meaningful mathematical structure.

3stretching, shrinking and/or reflecting
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Such a definition is possible and the resulting structure is called a co-algebra* and its

corresponding commutative diagram is:

WeoWeW
S e g 1
A A
W koW = w = W®k
(A) Co-associativity of co-product map A (B) Co-unit map

FIGURE 4.2: Co-algebra properties

Formally, a co-algebra over a field k is a quintuple (W,+,A, ¢; k) where the triple

" and

(W, +; k) is a vector space. Here A and € are linear maps which complement ‘e
n respectively, hence they are fitly named co-multiplication or co-product and co-unit,
ditto. And Figure 4.2 implies that A : W — W @ W and € : W — k. In general the

action of A on any w € W can be written as
A(wi) = Z aijkwj R wg =: Z w(1) & w(2) (4.6)
ik

hence A shares out w to W ® W, a tensor product of two copies of the vector space
W. The rightmost expression, written in what is known as Sweedler notation [68], helps
to keep the expressions clean by suppressing the coefficients with the indices and then
labelling the vector space copies. Any element w; € W on which co-product is of the

form A(w;) = w; ® w;, no summation implied, is called group-like.

Just as ‘e’ was required to be associative so also A can be required to be co-associative
which means

(id®A)o Alw) = (A®id) o A(w) (4.7)

The co-unit € is such that for any w € W

(e®id) o Alw) = w = (id ® €) 0 A(w) (4.8)

4.1.3 Bialgebras and Hopf algebras

In the definitions of algebras and co-algebras different base vector spaces were used, V'

for the algebra and W for the co-algebra. One can insist that the vector space used to

4co-algebra’ because it complements the algebra structure.
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define an algebra also be used to define a co-algebra. Doing so results is an algebraically
symmetric structure known as a bialgebra. Thus a bialgebra is a 6-tuple (H,e,n, A, €; k)
where H is a vector space over a field k with maps as defined above. Since the algebra
and co-algebra maps of the vector space that makes up the bialgebra are to co-exist we

require that they be compatible and the compatibility of e with A means
A(h; e hj) = A(h;) @ A(hy), (4.9)

that of e with €
E(hz ® h]) = E(hz) ® E(hj) (410)

There also exists a subset of bialgebras whose feature of distinction is that they possess
an antipodal map (usually denoted by S and called the antipode); these are known as
Hopf algebras. This in effect implies that by appending S to a bialgebra we obtain a
Hopf algebra, i.e. (H,e,n,A ¢, S;k). The antipode S is a linear anti-homomorphic map
S : H — H which maps h +— h™!, hence its role is to invert elements of H with respect
to the product e so that S(h; @ h;) = S(h;) @ S(h;). Note that the order of composition
reverses just as, for example, in matrix multiplication (4.B)~! = (B~1).(A™!) where A
and B are invertible matrices. Furthermore, the antipode must be compatible with the

existing bialgebra maps and thus S must satisfy the relation
e (id®S)oA=e(S®id)oA=noc (4.11)

which is a summary of the compatibility of e with S and n with e. For brevity it is
customary to refer to a HA (H,e,n,A ¢, S; k) by its underlying vector space H. The
action of coproduct and counit maps on the identity element, 1, of the Hopf algebra
are defined as:

A(lg)=1®1 and e(1g) =1 (4.12)

thus 1 is group-like. Below is the commutative diagram of a Hopf algebra:

id® S
HeH HoH
A [ )
H € k 7 H
A [ ]
HoH HeH
S®id

F1GURE 4.3: Hopf Algebra commutative diagram
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4.1.4 Examples of Hopf algebras

Following the definitions above we construct examples of Hopf algebras [69)].

4.1.4.1 The tensor algebra

Let V be a (finite) vector space over C and choose the tensor product ® as the product

map. Then TV denotes the n”* tensor power of V' in the sense that

"V =VeVe V=V (4.13)

n-times

so that a tensor product of v € TV and w € T™V is an element z := v ® w belonging
to TV, Tt is now clear that the space of all tensor polynomials of vector space V
which we denote by T'(V') possesses an algebra structure, that is the triple (7(V), ®; C)

is a tensor algebra.

T(V)=CoP1"V (4.14)
n=1
is the formal definition of the space of tensor polynomials of V. The relations

Aw)=vl+1®v , Sk)=—v
A1)=1®1 , ev)=0

VoveV (4.15)

complete the co-algebra structure and thus (7T(V),®,1,A ¢, S;C) together with the
relations in (4.15) is a Hopf algebra.

4.1.4.2 Universal Enveloping Algebra

A useful HA which can be defined using the tensor algebra T'(V') above is the Universal
Enveloping Algebra [UEA]. For this we define 7}, to be a proper invariant subalgebra of
T (V) [70][69]. Zr, known as a left ideal then has a property that it absorbs all elements
of T'(V') when multiplied from the left:

vw € Ir, ,YVw € Irandv € T(V) (4.16)

A similar subset can be defined for the case of multiplication from the right, which is
known as a right ideal but the scenario is special when a invariant subalgebra is simul-

taneously a left and a right ideal in which case the it known as a two-sided ideal.

The notion of a two-sided ideal enables us to construct a UEA as follows. Let Z be
the smallest possible two-sided ideal of the algebra T'(V') generated by elements of the
form

VRW—w RV — [v,w] (4.17)
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then the quotient 7'(V')/Z defines a UEA of V' which we denote by U(V'). Asin (4.15), we
recognize that the triple (U(V'), ®; C) as an algebra structure and (U(V), ®,1, A, ¢, S; C)
as the co-algebra structure, hence the UEA is HA. The Hopf algebras we shall be con-
cerned with are UEA’s of Lie algebras, i.e. V will be a Lie algebra. UEA’s are useful
because they contain all the representations of their underlying vector space, hence their

‘universal’ designation.

4.1.5 Properties of Hopf Algebras
4.1.5.1 Action of HAs

HAs have a plethora of interesting properties whose full exposition can fill volumes but
we will highlight the ones pertinent to this work. What is worthy of note is that HAs can
act on other mathematical ‘sets’ in the same way that regular groups in group theory
act on others ‘sets’. This means we can use H, a HA whose structure we know, to study
the structure of ‘set” A (and vice versa). The advantage here is that questions in/about
A can be recast in terms of H and its properties (and vice versa). For this to work we
must ascertain that the action of H on A preserves the structure of A. If ‘set’ A is an
algebra isomorphic to an HA then the HA action (from the left), denoted by >, must
satisfy

ho (ab) =Y (hay>a)(hp>b) and holy=e(h)la (4.18)

and if ‘set’ A is a co-algebra then the (left) action of HA H on A must satisfy

e(h>a) =e(h)e(a) and

Vhe HandVae A (4.19)
A(h > a) = Z(h(l) > a(l)) &® (h(2) > a(z))

The ‘set’ A is either called a (left) H-module algebra when (4.18) hold and A is an
algebra or a (left) H-module co-algebra when (4.19) hold and A is a co-algebra.

4.1.5.2 Quasitriangularity

A HA H is called co-commutative if any element h € H satisfies
A°P(h) = A(h) (4.20)

where A? = 70 A and 7 is a transposition map in a sense that 7(u ® v) = v ® u. Thus
HAs composed of only group-like elements are always co-commutative. What happens
when co-commutativity does not hold, A°’(h) # A(h)? One can systematically relax
(4.20) by proposing the existence of an invertible element R € H ® H which restores the
equality in a sense that

AP(h) = R[AR)R*Yhe H (4.21)
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and also obeys the braidings:
(A ® id)R = Ri3Rs3 , (id ® A)R = Ri3R19 (4.22)

The subscripts 4,j in R;; refer to the non-trivial sites of the vector space chain H®"
of length n € Z*. If R does exist and satisfies (4.22) then the HA is said to be quasi-
triangular and R is the quasitriangular structure. It is then clear that co-commutative
HAs are trivially quasitriangular with R = 1 ® 1. The quasitriangular structure, R,
is actually the R-matrix we encountered before in Section 3.2; it solves the (quantum)

Yang-Baxter equation [YBE]
RiaR13R23 = RozR13R12 (4.23)

Mathematically the YBE arises from the fact that there are two equally valid ways of
performing the operation (id ® 7) o (id ® A)R and they must produce the same result

([71]) -

(id® 7)o (id® A)R = (id ® 7)[(id ® A)R] (4.24)
= (id ® 7)[R13R12] (4.25)
— RisRi3 (4.26)
—[(id®7 o A)R] (4.27)
= [(id ® A°P)R] (4.28)
= Ros[(id ® A)R|R 5} (4.29)
= RosRi3R12R 5} (4.30)

The relation (4.23) is used as a first simple test for signs of integrability and/or con-
sistency. For a model whose S-matrix is factorizable® , the scattering of three particles
is consistent if the S-matrix satisfies the YBE with R;; replaced by S;; the S-matrix
element corresponding to the scattering of the i-th and j-th particles. By a consistent
S-matrix we mean a many-body can reduced into many 2-body problems without the
need to care for how the 2 bodies are chosen. This is usually represented by the YBE
lattice diagram in Figure 4.4 where the intersection point of lines 7 and j represents R;;.
We have also seen the general form of (4.23), the spectral parameter dependent one,
given by

Ris(u)Ri3(u + v)Rasg(v) = Ras(v)Ris(u + v)Ria(u) (4.31)

Sa scattering process involving N particles can be viewed as a sequence of 2-particle scattering
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1

FIGURE 4.4: Diagram representing the Yang-Baxter equation

here u and v are additive spectral parameters. Momentum is an example of an additive
spectral parameter. In this case if a process represented by R occurs so that (4.31) is
satisfied then such a process is both consistent and preserves total momentum. For each
choice of total momentum we obtain a new scenario where the process is consistent. This
little detour is to help highlight the importance of the R-matrix and needless to say we
will extensively use and exploit its connection to HAs and the study of integrability of

models.

4.1.5.3 Twisting

Another property of HAs which will be useful is the notion of twisting HAs to obtain
other HAs. Given a quasitriangular HA (H, R) one can construct a new quasitriangular

HA provided there is an invertible element F' € H ® H which obeys the relations

(Fo1)o(A®id)F =(1d®A)Fo(1®F) (4.32)
and (e ®id)FF =1 = (id®¢)F (4.33)

The new quasitriangular HA is (H,e,n,Ap,¢,Sp, Rp; k) where H is the underlying
vector space and the co-product, antipode and quasitriangular structure are now defined

as follows

Ap(h) = F[A(h)|F~!
rh) [A®)] VheH and Rp = Fp RF~! (4.34)
—F

Sr(h) [S(h)] F~!

This method of generating new HAs from known ones is called twisting and the invertible
element F', the Drinfeld twist [72]. Note that the algebra part of the HA is unchanged,

only the co-algebra maps are affected by twisting. Fortunately for our purposes twisting
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preserves quasitriangularity since

ToAp(h) =70 (FAR)F™') = Fy [AP(h)]|F~! = Fo [RA(h)R™] Fyy! (4.35)
= (P RF ) (FAWE ) (FR'Fy') = Rp[Ap(h)| RE! (4.36)

Therefore if a quasitriangular Hopf algebra with quasitriangular structure R is Drinfeld
twisted by F' then the resulting twisted Hopf algebra will also be quasitriangular and its

quasitriangular structure, Rp is
Rp = Fy;RF! (4.37)

This property of HAs is one of the essential ingredients used in this work because the
types of HAs commonly found in physics are of the quasitriangular kind and twisting

preserves this.

4.1.5.4 Quasitriangular HAs observed in Physics

Quasitriangular HAs are the type of HAs that are common in physics, being first ob-
served in the context of quantum inverse scattering methods [QISM] to solve quantum
integrable systems [73]. There they are known as quantum groups, a name whose source
is clear in the light of the canonical quantization prescription. Recall that in classical
mechanics the dynamics of a system can (in principle) be described by a Hamiltonian,
H (q(t),p(t),t), a function of time ¢ and phase space coordinates: canonical positions
q(t) and momenta p(t). This means the state of a system at time ¢ corresponds to a
point (g(t),p(t)) in phase space X. How the system advances from state to state is

governed by Hamilton’s equations quoted below:

o d
§= d% = 0,H = {q,H}p s, (4.38)
Cd
p= diz = —0,H = {p,H}pp . (4.39)

Here {-,-} p.p is the Poisson bracket. The coordinates of phase space satisfy

{%p}P.B. =1 (440)
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An observable O(q(t),p(t);t) is a function that belongs to F(X) — a space of functions

that act on phase space X — and evolves with time according to

7= (o) ()« (3) () + o
- @
={0,H}pp + %. (4.43)

And if the observable O does not explicitly depend on time then (4.43) reduces to

%o = {0, H}pp. (4.44)

Hence {O, H} p.p vanishes iff O(q(t),p(t)) is conserved. The set of all O(q(t),p(t)) that
Poisson commute with the Hamiltonian, together with the Poisson bracket ¢ constitute
a Lie Algebra that describes the symmetries of the system. In canonical quantization
the states are represented by vectors that live in a Hilbert space H which replaces phase
space X. Observables O become operators O belonging to Op(#H) , a space of operators
that act on vectors from H. The Poisson bracket is replaced with a commutator

)

{dep = =3l (4.45)

so that (4.40) becomes [gq, p] = ih — the commutation relation for the Heisenberg algebra

— and the quantum analogue of (4.44) is the Heisenberg equation of motion

o
L0
ot

~ A

O =1[0,H] (4.46)

The space, Op(H), is made of operators O; which generally do not commute but instead

their commutativity is controlled by an operator, R € Op(H)®2, so that
0;0; = R 0,0, (4.47)

The relations (4.47) are the starting point for defining a quantum group/algebra [74].
equipped with the commutator is thus expected to defined a quantum version of a Lie
group, hence the name quantum groups. Having discussed HAs, now is most oppor-
tune for the introduction of the notion of quasi-Hopf Algebras [qHAs] since they are

generalizations of HAs.

5{.,.}p.p. satisfies all the axioms of a Lie algebra definition
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4.2 quasi-Hopf Algebras

A quasi-Hopf algebra is in essence a Hopf algebra as defined above with the exception

that the co-associativity condition (4.7) is now relaxed to
(id® A) o A(h) = ¢[(A®id) o A(h)|¢™" , Vhe H (4.48)

and the antipode is defined by the triple (S, a, 3) whose details are described below
[72]. Quasi-Hopf algebras are a natural progression from Hopf algebras, being the most
general class of algebras that remain closed under arbitrary twisting [71][72]. Comparing
(4.48) to (4.21) highlights that the role of ¢ is to control co-associativity just as R did
co-commutativity. The object ¢, known as a co-associator, belongs to H ® H ® H and

obeys
(1®¢)[idoA®id)¢|(¢®1) = [(id®id ® A)¢] [(A ®id ® id)e)] (4.49)

an equation known as the pentagon relation. This relation encodes the different place-
ments of brackets on 4 objects, enclosing 2 objects. For instance, there are two possible
pathways one can take when moving a left-justified bracketing of 4 letters to a right-
justified bracketing

[(ab)c]ld — alb(cd)] (4.50)

One pathway involves two steps and the other, three. The left and right hand side of
(4.49) are the details of how to step-by-step perform bracketing for each pathway while
exposing the role of the co-associator ¢ at each step. The diagrammatic representation
of (4.49) is

(id ® A @id)¢

»a® (b®c)®d)

(a®b)® (

FIGURE 4.5: Role of the co-associator in the pentagon relation
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What is worthy of highlight about the antipode of qHA is that it is now a triple (.5, a, f)

with a and S elements in H which together must satisfy

o(1®a)(S ®id) o A(h) = e(h)a and (4.51)
(B 1)(id®S) o A(h) =e(h)3, VheH (4.52)

This is nothing more than the generalization of (4.11) implying that the compatibility
of S with e in qHAs would fail unless v and S are supplied. In addition, the antipode

triple must satisfy

eo(e®id)[(1®A®a)(id®S®id)¢] =1 (4.53)
eo(e@id)[(l®a®p)(S®id® S)¢ '] =1 (4.54)

in order to ascertain compatibility with the new object ¢. So (H,e,n, A€, 9,5, a, 5 k)
is a qHA which is co-commutative defined over a field k. qHAs, being generalizations
of HAs, inherit properties reminiscent of HA and thus can also admit a quasitrian-
gular structure. So we can consider quasitriangular qHAs which have quasitriangular
structures R that satisfy (4.21). In this case the quasitriangular structure R satisfies

generalized braiding condition given by
(A ®Iid)R = ¢312 R3¢ 13 Rasdios , (id @ A)R = ¢ogy RizdaisRi26105 (4.55)

which results to a generalized YBE [71][61]

Ria¢312R130139 Ra3 123 = 301 Rosdosy R13b213 Rio. (4.56)

For an intuitive feeling of this imagine that the LHS ( or RHS) of (4.56) to be an
“operator” which acts on a left-justified vector (1 ®2)® 3 from the left then its action is
portrayed in Figure [4.6a] ( or Figure [4.6b]). Figure [4.6] is read from top to bottom and
the fact that R is initially between 1 and 2 indicates their association [left-justification],
hence R acts trivially on 3 because R is a binary operator. The co-associator acts to
change the association to where 2 and 3 are associated. The intersection of diagonal lines
represents the action of R hence the first intersection on LHS is Rs3 while on the RHS

it is R12. The outcome of the LHS of (4.56) can be represented as an equation:
Risps1oRi3¢15pRo3dio3 > [(1 ®2) ®3] =30 (2® 1) (4.57)
and the outcome of the RHS is given by:

¢391 Ros sy R1spo13R12> [(1 ®2) ®3] =30 (2® 1) (4.58)
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R R
(A) LHS of quasi-YBE (B) RHS of quasi-YBE

FIGURE 4.6: Graphical representation of the quasi-YBE

qHAs also have the notion of twisting, albeit a generalized form. A given quasitriangular
qHA H defined by the tuple (H,A, ¢, R, ¢, S, a, 8; k)7 can be twisted to obtain a new
qHA Hp given by (H,Ap,€, Rp, ¢, SF,ar, Br; k) provided we can find an invertible
F € H%? for which (e ®id)F = 1 = (id ® €)F holds. The twisted structures are given
by

Ap(h) = F(A(h)F™', Rp = Fx RF™! (4.59)
ap=e[(S®id)(I®a)F '], Br=e[(id® S)(1® B)F] (4.60)
or = F3[(id® A)Flo[(A ®id)F~ ] F,' (4.61)

"For brevity we have suppressed the algebra part of the gHA since it is unaffected by twisting.
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and only they are affected, thus everything else in Hp is the same as in the untwisted
H ie. ¢, S = S. We highlight that the twisted co-associator ¢ is defined using the
untwisted co-product and also note that in the quasi-Hopf algebra setting the twist F’

need not be a 2-cocyle as was the case in the Hopf algebra setting.

We do acknowledge that, on the surface, the objects discussed in this section may seem
to have nothing to do with physics, thus appealing only to mathematicians but the
remaining sections are devoted to establishing their connection to the study of physics.
This much is sufficient HA theory for the reader to appreciate the goal of the present

work.



Chapter 5

The global quasi-Hopf symmetry
in N =4 SYM

The intention in this chapter is to first associate a quasi-Hopf algebraic structure to
N =4 SYM and then Drinfeld twist the said structure to arrive at the Leigh-Strassler
deformations which were constructed in [49] and whose planar integrability was studied
in [60]. These marginal deformations only affect the superpotential of N' = 4 SYM
which means they will affect the internal SO(6)-symmetry which the 6 real-scalar fields
¢" possess with i = 1,...,6 and as we pointed out earlier, SO(6) ~ SU(4) [37]. Using
the A/ = 1 superspace formalism described in Section 2.3.3 we can express the N/ = 4
supermultiplet in terms of 1 x (A = 1) gauge supermultiplet and 3 x (A = 1) chiral
supermultiplets. The complex scalar component fields, ¢°, of the chiral superfields ®°
corresponding to each of the 3 chiral supermultiplets are obtained by joining the real
scalar fields ¢'’s by pairs, i.e. ¢/ = %(gbj +i¢/T3) for j = 1,2,3 [75]. In this formalism

the superpotential takes the form
Wy—a = gTr (21[22, 7)) (5.1)

where ¢ is the coupling constant, the ®%’s are chiral superfields and now only the
SU(3) x U(1)r subgroup of the SU(4) R-symmetry is explicitly manifest. For com-
parison we recall from Section 3.2 that the Leigh-Strassler deformed superpotential in

N = 1 superspace language is given by

3
B'[02, 9], + g <Z(q>i)3>] (5.2)

i=1

Wirs = k'Tr

where [X,Y], = XY — ¢Y X is a deformed commutator and ¢ and h are deformation

parameters which can be complex. It is easy to see that Wy g remains invariant under

58



Chapter 5. quasi-Hopf symmetry 59

U(1) transformations but, in general, not under SU(3) transformations except for some

specific values of ¢ and h.

5.1 quasi-Hopf structure of N =4 SYM

We shall focus on the SU(3) =: H sector of N' = 4 SYM as the vector space that
constitutes the algebra part of the quasi-Hopf algebra structure in the sense of Chapter
4. Matrix multiplication is the group multiplication of SU(3) and here it will serve as
the multiplication map e : H ® H — H and C will be the field over which vector space
H is defined. We can also choose the unit map 7 to be (1) — 1. We know that scalar
multiplication is compatible with matrix multiplication, so the field structure of C is
compatible with the vector space structure of H. Thus half the work is done, all that

remains is to associate an accompanying co-algebra structure to H.

Before we do so it is best to mention that in the literature of quasi-Hopf algebras there is
usually no need to make a clear distinction between group and algebra. Since some maps
are easier defined at the group level while others at the algebra level, we will seek to
make that as clear as possible. Thus SU(3) =: H will refer to the group while su(3) =:
to the underlying algebra. This will hopefully make clear the level at which each map

is defined. For the co-product we use the symmetric map
Ala)=a®1+1®a,Vaech and A(1l)=1®1 (5.3)

Here we have defined the co-product at the algebra level hence the exponentiation of
its result at this level elevates to the group level. In order to apply this co-product
on a group element U then U must first be expressed as an exponential of a linear
combination of the generators, \;, of b
. 1, .
U =exp(c'\;) = Z — (cz)\i)n (5.4)

|
=0 n:

with implied summation for some {c'} C C. By recollecting the result of the action of
A at the algebra level, we are then able to see its effect at the group level. There is
no guarantee that this will result in a closed expression. The antipode, being a triple
(S, a, B) is easy to define at either level, but we will prefer to do so at the algebra level.
We define S : h — b as

S(a)=—-a,Yaeh (5.5)

so that at the level of the group, the antipode S maps an element e® to its inverse

—a

e~ ?® To complete the definition of our antipode we set 5 = 1 = «. This is possible

only because for N = 4 SYM the co-associator is 13. In general we will not be able to
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simultaneously set & and f to 1 because o and 5 need to also satisfy (4.53) [71]. So in

the general case we will set 5 = 1 and this will restrict our choice of « to
-1
o =[s(ide S @id)g] " = [s1(S(6®)s)] (5.6)

Next we employ the unit determinant of any element of H to define a co-unit map
e: H— CaseU):=det(U) ,vU € H. The R-matrix corresponding to the scalar
sector of N'=4 SYM is a 9 x 9 identity matrix, Ry, which trivially satisfies the braid-
ing relations (4.22). Putting everything together we conclude that (H,A, e, S, Ry) is
the quasitriangular Hopf algebra structure associated with N = 4 SYM. Recall that
Hopf algebras are trivially quasi-Hopf with an identity for a co-associator since A is

co-associative.

5.2 Twisting N =4 SYM

In this section we consider the Leigh-Strassler deformations of A/ = 4 SYM and find
the twist which performs the deformation. To make our approach as transparent as
possible, we first focus our discussion on a specific deformation and then generalize it
to the full Leigh-Strassler deformations. This is due to the fact that the expressions
are cumbersome and more so for the full Leigh-Strassler deformations. Our treatment
will focus on twisting R-matrices at the quantum limit, so there will be no spectral
parameter. The spectral parameter can easily be restored and in any case the Drinfeld
twist only twist the identity part of the spectral parameter dependent R-matrix. We
shall demonstrate this fact in Chapter 7.

5.2.1 The twist for the real S-deformation

For now we start with the real S-deformation of ' = 4 SYM, a model that has been
studied much in the context of the AdS-CFT correspondence. It is among the earliest
tests of the correspondence, being the first example of a field theory not maximally
symmetric to have a known gravity dual which has geometric interpretation [52]. It
is not entirely clear if every deformation has a string theory interpretation under the
AdS-CFT correspondence. It turns out that for deformations which are achievable by
Drinfeld twisting more can be said about the deformed theory. It is known that abelian
Drinfeld twists give rise to deformed gauge theories that have a gravity dual with a
geometric interpretation. A Drinfeld twist F is said to be abelian if it can be expressed
as

F =e " where r = a’a; A a; (5.7)
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where 7 is the classical R-matrix and a;’s are Cartan generators of (the sub-sector of) the
theory. The real 3-deformation of the scalar sector of ' =4 SYM can be performed by
Drinfeld twisting the R-matrix which corresponds to the SU(3) sector of N =4 SYM.
The Drinfeld twist suitable to execute the real S-deformation was found to be abelian,
being expressed in terms of the SU(3) Cartan generators [76]. Thus the real S-deformed
N =4 SYM has a geometric gravity dual. The key to this connection is that abelian
Drinfeld twists are defined in terms of classical r-matrices where classical r-matrices are

solutions to the equation

(112, 713) + [r12, 23] + [113,723) = 0 (5.8)

which is known as the classical Yang-Baxter Equation [CYBE]. In (5.8) a lowercase r
is used to denote the classical R-matrix in order to distinguish it from the quantum
R-matrix. Twists that are defined in terms of classical R-matrices have been shown
to be TsT transformations in disguise [77] [78]. The R-matrix for the real S-deformed
theory is given by

Rg, =diag(1,¢ ",¢,4. 1,47, ¢ ", q, 1) (5.9)

where ¢ = exp(if) with § € R. By Taylor expanding this R-matrix we can isolate
the first-order term. This term is the real 8 deformed classical R-matrix and it can
used to construct an abelian Drinfeld twist according to (5.7). In [79] an equivalent
theory known as the w-deformed theory was shown to have a gravity dual using the
languages of Hopf algebras and generalized geometry [80]. The algebraic structure of
the w-deformed theory turned out to be a (quasitriangular) Hopf algebra rather than
a (quasitriangular) quasi-Hopf algebra. This is to say the abelian twist produced a

co-associative co-product, hence the co-associator is trivial.

5.2.2 The twist for the imaginary S-deformation

Next we consider the imaginary S-deformation as the pilot model on which we can show
explicit results of qHA treatment since it is not feasible for the full Leigh-Strassler theory.

The R-matrix of the imaginary S-deformed theory is obtained by setting h = 0 = h and
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g = q in (3.26), and the result is

(10 0 0 0 0 0 0
2q 1—q?
0 F45 0 =40 0 20 0 0
2q q°—1
0 20 250 0 0 &L 0 0
—1 2
0 L 0 FL 0 0 0 0 0
Rs. =10 0 0 0 1 0 0 0 0 (5.10)
2g 1—¢?
0 0 1,02 0 0 4 2o L0
0 0 =H 0 0 20 a0 0
-1 2
0 0 0 0 0 %3 0 ZF%45 0
0 0 0 0 0 0 0 0 1

here ¢ is a number given by g = €*# and it is real since £ is imaginary. By calculation, we

noted that Rpg, is a triangular R-matrix because it satisfies the triangular relation:
Ryt = 7(Ri2) = (Ri2)™" (5.11)

Ry is triangular and the fact that Rg, is also triangular may serve as evidence to the

existence of a suitable Drinfeld twist because twisting preserves triangularity [71].

The objective is to demonstrate that there is a Drinfeld twist, Fj,, which deforms the
R-matrix of N' = 4 SYM into Rg, in accord with the Drinfeld twisting prescription
(4.34). The R-matrix for N'=4 SYM is

Ry =153®13 (5.12)

and the existence of a twist, Fp,, that performs the imaginary S-deformation amounts
to
Rg, = (Fg,)uRiFy" = (Fg,)nFjy' (5.13)

The features of the twist are encoded onto the R-matrix, Rg,, it being constructed
according to (5.13), thus in order to find the twist we highlight a few properties of
Rg, and then use them as a guide to calculate the twist. Firstly note that Rg, is
orthogonal and has unit determinant. We also shall impose that Fj; also have unit

determinant.
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The fact that Rg, is orthogonal complies with the twist also being orthogonal be-

cause

Rg, Rf =1 (5.14)
[(Fﬁi)leﬁzl} : [(Fﬁi)21Fﬁ_il:|T =1 (5.15)
(Fo)n B3| [P (Fa )R] =1 (5.16)

The final equality holds if (F}; H=1=(F 5 DT It is not clear if this condition is necessary
but it is sufficient that we impose it as a simplifying condition. We can conclude then
that Fg, can be written as exponential of a skew-symmetric matrix, a fact which will

prove to be useful later.

Another property of interest is that the entries of R, are related to one another by

Zs-symmetry. Recall that the R-matrix acts on a basis given by:

{111),112),]13),121),[22),(23),[31),32),[33)}
then the Zs-symmetry of the entries of Rz, means [Rgi]ikjl = [R/gi]ilﬁlj;;ll fori,7,k,1 €
{1,2,3}. After imposing these properties as constraints on the twist we obtained the

following:

1 0 0 0 0 0 0 0 0
q+1 q—1
0 Vo 0 NoN/o 0 0 0 0 0
q+1 _ g1
o0 e 00 aen 00
__q=1 _ g+l
0 WoNers] 0 Vo 0 0 0 0 0
Fg, = |0 0 0 0 1 0 0 0 0
g+1 q—1
0 0 0 0 0 T\/ﬁ 0 7\/5\/@ 0
_ g1 __ g+l
0 0 NN/ 0 0 0 VoW 0 0
_ q—1 q+1
. ’ OV s Y GAyen
0 0 0 0 0 0 0 0 1
i (5.17)

This twist is orthogonal and has unit determinant from construction but in addition
the twist is triangular, a property we did not insist on. Its presence means that the
imaginary beta deformed R-matrix can be simplified to Rg, = (F, 3, 12, Thus we have
a Drinfeld twist which deforms the N' = 4 SYM R-matrix, Ry, to the imaginary j3-
deformed one Rg,. Furthermore this twist is NOT a 2-cocycle (4.32). In order to prove

this we first must write it as an exponential. In principle one can Taylor expand the
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twist in orders of the ¢ parameter as follows

i

1), @ @ 3
Fg, =1+qfs +§f +0(q°) + ... (5.18)

and use the first-order term, féj) — which we call the classical twist— as an ansatz from
which to construct an exponential form of the twist. We will often use fs, to denote the
classical twist, suppressing the label for the order in expansion. This means the twist
can then be written as

Fp, = el ls; (5.19)

where ag, was a priori an unknown function of ¢ which we later determined to be

(g, = arccos _atl (5.20)
' V22 +1

The classical twist here is given by

00 0 0 00 0 0
00 0 —i 00 0 0
00 0 0 00 i 0 O
0i 0 0 00O 0 O
fs,=10 0 0 0 000 O O (5.21)
00 0 0 00O —i 0
00 —i 0 000 0 O
00 0 0 0340 0 O
0 0 0 000 0]

We can go a step further and express fg, in a more useful form, which form is in terms

of the generators of su(3). The classical twist is now
1
fﬂi = 5 ()\1 Ao+ A5 AXg+ g A )\7) (5.22)
The generators of su(3) known as the Gell-Mann matrices are :

0 1 0 0 — 0 1 0 O 0 0 1

A=11 0 o, A=1|¢; 0 o0ofl, A=]0 -1 o, M=(0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
- - (5.23)
0 0 —i 0 0 O 0 0 0 1 0 0
1
As=10 0 O, X=1]0 0 1|, Ar=10 0 —il > As—% 01 0
i 0 0 01 0 0 i 0 0 0 -2

and in our convention the wedge is understood as AN B = A® B— B® A. On this
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form we can apply the co-product on the twist, compute (A ® id)Fjs, and (id ® A)Fg,

and then confirm that
Fia.(A ®id)Fg, # (id ® A)Fg,.Fas (5.24)

This ascertains that we are indeed in a quasi-Hopf algebra setting rather than the Hopf
algebra one, otherwise there would be no need to compute the co-associator as it would

be trivial. According to Drinfeld [72] the twisted co-associator is given by

brs, = (Fp)os - [(1A 0 A) Fy] - [(A@id) P3| - (F5 ) (5.25)

bk = (Fo )z [(A@id)Fy] - [(d® A) F1] - (F5Vas (5.26)

and functions to re-associate different copies of some module, A, of the qHA, that is,
it maps ¢p, : (A®A) @A - AR (A® A) and its inverse does the opposite map
qb};i AR (AR A) — (A® A) ® A. As it shall be clear in the subsequent chapters, the
action of gHA on a vector space A will induce non-associativity on the product structure

of A. This is a manifestation of the non-associativity of the qHA.

Unfortunately the co-associator, being a 27 x 27 matrix with cumbersome expressions
for entries, cannot be presented in the usual array notation. So we rather refer the
reader to the Mathematica notebook associated with [11] in which it was calculated and
to Appendix [B.1] where some entries are quoted. See Appendix [A.3] for the details
involved in computing the co-associator. The imaginary S-twisted quasi-Hopf structure

is thus
H,BZ = (Hv Ang ) € Rﬂ,a ¢F6i ) SFBi ’ aFBi ) ﬁng ; C) (527)

with the twisting performed in accord with the prescription in (4.59).

5.2.3 Twist for the general Leigh-Strassler Deformation

In the same fashion as in the imaginary S-deformed case we will compute the twist for

the full Leigh-Strassler deformation. We begin with the R-matrix that corresponds to
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the general Leigh-Strassler deformation of N'= 4 SYM which is

tt+ 0 0 0 0 —2h 0 2hg O

0 2¢ 0 t3 0 0 2hq
0 0 2¢ 0 —2h 0 t 0
. 0 t2 0 2¢ 0 0 0 —2h
Rop =155 | 0 0 2hg th 0 —2» 0 0 (5.28)

0
2hg 0 0 0
0 0 t3 0 2r»g 0 2¢ O
—2h 0 0 0
0 —2h 0 2hg O 0 0 0 tH

with d? = (1+qg+hh)/2,t1 = 1—hh+qq, to = —1+hh+qgand t3 = 1+hh—qq . Ry,
depends on complex deformation parameters (g, k) along with their complex conjugates g
and h. We will generally treat the deformation parameters and their complex conjugates
as independent. In this case when ¢ = 1 = g and h = 0 = h we recover Ry and Rg,

when h = 0 = h with ¢ = q.

To find the twist, I, that performs the deformation

Rgn = (Fgn)21 - Ra - (Fan) ™ = (Fan)a - F! (5.29)

we first note that R, is unitary with unit determinant, where unitarity means

Ryt = [Far - B3] =[] (Elt (5.30

again is imposed at the level of the twist for simplification. As it was in the case of
imaginary f-deformation, so also in the (g, h)-deformation case: the entries of Ry, enjoy

a Zs-symmetry. The twist that solves (5.29) after imposing the above conditions is

a 0 0 0 e O f O
0 b 000 O0g
00 ¢« 057 04d 00
0 d 0 ¢ 0000 j
Fob=10 0 f 00 a 0 e 00 (5.31)
g 00 00 b 0 ¢ O
00 ¢ 0 g OUb OO
j 00 00 dO0 ¢ 0
00 e 0O f 000 0 af

'The functions ¢; have been introduced for brevity of the notation
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The entries of Fyy, are functions of ¢ and h (and c.c.) whose explicit forms are supplied in
Appendix [A.2]. Thus far we have two ingredients of a gHA: the quasitriangular structure
R, and the invertible twist F;,. In order to construct the rest we need to apply the
co-product on the twist. The next objective is to write the twist as an exponential of a
combination of algebra generators because the co-product action is defined over algebra

generators. Begin with the ansatz
Fy, = efar (5.32)

where fg4, is a linear combination of generators. The unitarity of F;, guarantees that such
an expression exists and the matrix function fg;, must be anti-hermitian and contains all
the dependence on ¢ and h (and c.c.) . The task at hand is to compute fg, and to do so
it useful to first note that F; smoothly reduces to unity when we take the undeformed
limit: ¢ =1 = ¢ (alternatively 8 = 0) and h = 0 = h. By Taylor expanding F,, (on the
RHS of (5.32)) around the undeformed limit one can isolate the first-order terms in the
respective deformation parameter limits and use them to reconstruct the appropriate
form of fy5. Since there are 4 deformation parameters — ¢,q,h and h— we then expect
that a minimum of four functions is required to recover fq;. And in order to obtain

these functions we use the four different well-defined deformation limits, namely:

—

-real B (Br), 4=1/q

2. imaginary 8 (8:), ¢ = ¢

3. real h (h,), h = h and

4. imaginary h (h;) , h = —h.

The outcome of this procedure is that fg; can be written as

fan =i (ap, fp, + ap fg, + an, fn, + an, fn,;) (5.33)

where the a’s are implicitly functions of ¢ and h (and c.c.) labelled by the limit at which

they were obtained and their forms are presented below:
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i(b=0)(~1+0)r

o VIFb—cV/14+b—cy/=bb+(1—c)(3—b—b+c)
_ (b — (-1 +cP)r

. VIFb—cV1+b—cy/=bb+(1—¢c)(3—b—b+c)

o — - [(A+b—c)f+(1+b—0)f]r

’ 2WI+b—cVl+b—cy/=bb+(1—c)(3—b—b+c)
= i[Q+b—c)f—(1+b—c)f]r (5.34)
' 2WVI+b—cVl+b—cy/=bb+(1—c)(3—b—b+c) '

and r = cos™ [ (b—l—b—I—le)]

The f’s with subscripts are 9 x 9 matrices whose explicit form appears in Appendix
[A.1]. At present we are interested in their decomposition in terms of the Gell-Mann
su(3) x su(3) basis

fs, = @ (A3 A Xg)

fr = %()\1/\)\5—i—)\7/\)\1+)\2/\)\4+)\2/\)\6+/\7/\)\4+)\6/\)\5) (5.35)
fs, = — %()\1/\)\24—)\5/\)\4—1—)\6/\)\7)

fn, = %()\4/\)\1+)\1/\)\6+>\2/\)\5+)\2/\)\7+>\6/\)\4+)\5/\)\7) (5.36)

The \’s are the Gell-Mann 3 x 3 matrices in (5.23). We are now in the position to discuss
the action of the co-product on Fy;. Recall from (4.9) that one of the implications of
the compatibility of the algebra and co-algebra structures of a qHA H is

A(aeb) = A(a) e A(b) where a,b € H. (5.37)

Employing this property allows us to compute the action of the co-product on the twist

by first performing a series expansion of the twist

Fy = efan — i M (5.38)

n!
n=0

and then apply the co-product to each term and finally recollect the outcome into an

exponential form again to obtain

(A®id)Fy = (A®id) (1@ 1) + (A ®id)(fn) + %(A @1d) (fan - fan) + --- (5.39)
— ol(A®id)fon] (5.40)
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By the same argument (id ® A)Fy, = exp [(id ® A) fqn] is obtained. To reduce clutter,
we suppress the gh subscript and define fi2 = f;n, @ 1, fo3 := 1 ® fgp and f13 =
Po3 - f12- Po3 = Pia - faz - P12 where P;;’s are permutation matrices that interchange the

i-th and j-th positions/spaces. In this notation we have

(A ®id)Fy, = el/z2H/12) (id ® A)Fy, = elf13/12) (5.41)
(A@id)F,! = e 2aths) ([d@ A)F,! = e 1sth2) (5.42)

which means the co-associator, ¢ and its inverse, ¢~! are given by

P13 = Foz - [(iId @ A)Fy] - [(A@id)F,'] - Fry' (5.43)
— of23. [e(f13+f12)] . [e—(f13+f23)] e T2 (5'44)
¢1—213 _ ef12 . [e(f13+f23)] . [e*(f13+f12)] ,e*fzs (5_45)

In this form it becomes apparent that a co-associator obtained by Drinfeld twisting will
satisfy the pentagon relation (4.49) (See Appendix [B.2]), braiding conditions (4.55)
and consequently the generalized YBE (4.56). The latter was also verified by explicit
computer calculation [11]. Thus the qHA structure of the gh-deformed theory is

th = (H7 Ath,ﬁ,th,S, anhvﬁth7¢th) (546)

In summary we conclude that F, is an appropriate twist that deforms the trivial gHA
structure of A/ = 4 SYM to the qHA that corresponds to the Leigh-Strassler deformed
field theory.



Chapter 6

The Star product and

deformations

Having uncovered the qHA structure of marginally deformed N = 4 SYM we would like
to realize it at the level of the Lagrangian of the theory and discuss its implications. As
we have discussed in Chapter 4 that the 3 chiral superfields ®* of N = 4 SYM possess
SU (3)-symmetry hence they form a module or representation space of SU(3). Here we
shall be concerned with the fundamental representation of SU(3) which we denote by
A and the chiral fields are vectors. The module A, being a representation space, has
a product map m : A ® A — A which we will interchangeably write as - to prevent

clutter. Thus for vectors a, b and ¢ in A we have
m(a®b)=a-b (6.1)

and an important note is that in N' = 4 SYM the product m is associative so that
(a-b)-c=a-(b-c). This is closely related to the fact that the algebraic structure
associated with the SU(3) internal symmetry group of N =4 SYM is a trivially quasi-
Hopf, hence the co-associator ¢ is 1¥3. The effect is that an SU(3) transformation U

on a product of vectors is

Ul(a-b) -]

Ulmo(m®id)(a®b c)]
m[(A®id)o AU)> (a® b )]
m| ( b® o)
U (

(id®A) o A(U) > (a®
mo(id@m)a®b®c)] =Ula-(b-0)

70
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The third equality is a result of the co-associativity condition simplifying to
(A®id)oA(z) = ¢[(id® A) o A(z)] ¢! = (id® A) o A(x) (6.6)

due to the trivial co-associator. We confess the woeful notation used in (6.3) and (6.4)
since three vectors are contracted with only one product map. Strictly speaking it
should be m o (m ® id) and m o (id ® m) respectively. This abuse of notation will be
employed from here onward unless the situation calls for clarity or there is potential for

misunderstanding.

6.1 Definition of the star product

There is considerable difference when the qHA structure is not trivial. If the non-trivial
qHA can be arrived at by the Drinfeld twisting of a trivial gHA using a twist F' then the
twisted co-product Ap will in general not be compatible with the module product m
unless it also is twisted [81]. In [82] and [83] the twisted module product on two vectors
is defined as

mp(a®b) :=m(Floa@b)=axb (6.7)

which they refer to as a star product. According to (6.7) the algorithm of the twisted
module product is to first apply the inverse of the twist on the vectors and then contract
them using the original, untwisted module product m. In the case of three vectors the

*-product can be performed in two ways:

(axb) % :m[((A®1d ) (Fleolraebed]
=m[(AF L) > la®b®d] (6.8)

* (b*c) :m[((1d®A ) A@F ) rlawbad]
=m [(AF b ) la®b® (] (6.9)

where (A ®id) = A; and (id ® A) = Ag. These are generally not equal since the co-
associator of the gHA associated with marginally deformed N/ = 4 SYM is not trivial.
Moreover, in the context of qHA, the Drinfeld twist Fyy, is not required to be a 2-cocyle
(4.32). This is very important since Fy, being 2-cocyle would trivialize the co-associator

thus limiting us to an HA setting.

Note that it is the untwisted co-product that appears in the cubic star product ex-
pressions (6.8, 6.9). For ease of reference we introduce the following shorthand nota-
tion:

(ALF™Y) - (Fp') = [Fs 1] and (AgF 1) - (Fig') =: [F 8] (6.10)
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The unfortunate fact is that the expressions in (6.8) and (6.9) are counter-intuitive. For
example, we usually think of the co-associator ¢ as a map which when applied from the
left shifts the parentheses to the right in a sense that ¢ [(a-b) - ¢] = a-(b-¢). The inverse
of the co-associator is expected to do the opposite, that is, ¢~ [a - (b- ¢)] = (a-b)-c. This
intuition is not compatible with (6.8) and (6.9); the following demonstrates this point.
Observe that with ¢ = Foz.[AgF|.[AF7.FL and ¢! = Fio.[A F71).[AF).Fy' we

have

= (a*xb)*c (6.11)
(axb)xcag ™ = [(AF) (FRY) (Fia[AF A FL.EG ) » (a® b c)]
=ax*(bxc) (6.12)

thus the co-associator maps the expression with right-justified parentheses to that with
left-justified parentheses from the right and vice versa. There are contexts in which
these expressions are useful: one is in opposite quasi-Hopf algebra structures, denoted
by qHA®°P and the other is in right modules of the qHA. It is nonetheless true that
qHA°P’s are qHA in their own right and there the relations above are not unorthodox.
We intend to work with qHA structures and their left action on modules thus hold to

the convention of the left action.

The predicament can be overcome by viewing the module space as a metric vector space
with an inner product such that (a’ ® b’|ay ® b)) = (5};5{. An example of this is the
n-dimensional Euclidean metric space where the row vectors and column vectors serve
the roles of a' ® b and aj, ® by respectively. If we declare that (6.7), (6.8) and (6.9) are
expressions that pertain to the module vector space V ® V ® V spanned by the basis
{2 ® 2j ® 2} then the inner product implies that the x-product on the dual vector space
V'®@V'® V' is spanned by the basis {2’ ® 2/ ® 2*} must act as 2" x 2/ = m[F>[' ® 27]],
thus (2’ ® 27 ® 2%|2 ® 2 ® 2,,) = 535%5’%. This amounts to an inversion and such an

inversion on the cubic expressions gives

(% ) % 2K = m :(F®]l) (A@IdF> [ @ ®zk]]
=m :(F12) . (AlF) > (Zi ® 2 & Zk):|

=m _[ngg] (22 ® zk)]
o : o (6.13)
Zx (D x2F)=m _(]1 @F)-deA)Fp>[z'® 2’ ®zk]]
:(Fgg) (DMaF) b (F @ @ zk)}

=m [F?;}%] > (2t ® 2 ®zk)}
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where we have invoked (6.10):
[Fi 1) := (Fi2) - (A1F) and [Fy gl = (Fas) - (A2F) (6.14)

The L (or R) in [F3 1] (or [F3 g]) refers to the parentheses being left-justified (or right-

justified). Now we have restored the intuitive action of the co-associator

o> (a*b) *Cc=m [(Fgg) . (AQF) . (AlF_l) . (Fl_Ql)((Fm) . (AlF) > [a RbO® CH (615)
:m[(F23>(A2F)I>[CL®b®CH :a*(b*c) (616)

thus the co-associator ¢ moves the brackets to the right and while, as it can now be

easily shown, the inverse ¢~! moves the brackets to the left.

Beyond the conveniences that this view of the x-product affords is the fact that it is
consistent with the pentagon relation (4.49) which is represented in Figure (4.5) and
it makes the quasi-YBE, as quoted in (4.56), understandable. Taking this as motiva-
tion we resume the x-product discussion and write (6.7) in index form over coordinates
{='}

2k = F,Zjl 2k (6.17)

Note that the x-product is generally non-commutative when F' is not an identity even
though the coordinates {z'} themselves are commutative. The inverse relation of (6.17)
is given by

P (Fﬁl)zjl 2F % 2 (6.18)

and the combination of these two relations instills confidence on the definition of the

star product because, with a little “trickery”!, we have that

2k = Flijl Al s (6.19)

= F} 7 2k (6.20)

= FL I (FhLE 2myzn (6.21)

=R.J 2"k " (6.22)

where the substitution? F“(F*I)%f‘n = R%J, was made in order to obtain the last

equality, a quantum plane relation. The interpretation of the last equality is that the %
commutativity of the z’s is controlled by R. This is exactly the starting point of the
Fadeev-Reshetikhin-Takhtajan [FRT] construction of a quantum linear algebra. In this
construction the elements of the algebra are viewed as quantum objects that no longer

commute unless an object R is introduced to mediate the commutativity [84][74]. In

lthe commutativity of the coordinate z°
2This is the index form of F21(F12)71 =R
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(6.19) we have a similar case where the non-commutativity arises from introduction of
a x-product on commutative coordinates z*. In brief, the x-product definition (6.17) is

compliant with the RTT relations of the FRT construction.

In this confidence we revisit the cubic x-product expressions (6.13) and express them in

index form in the {z‘} basis:

(28 % 29) % 2F = [(F12) - (AlF)]il]T'snzlzmzn =: [ng]%]”k Zlam"
1

- o o (6.23)
2k (20 % 2M) = [(Fag) - (Ao F)]7E 2lzmem = [ngR]’lfqmzlzmz”

With this we have every ingredient necessary to explicitly compute the cubic x-product
relation. Because these computations produce large expressions, here we shall present
the outcome for the imaginary 8 case and then give an outline for the general case of
marginal deformations since they are similar in spirit.

6.2 Imaginary [ deformed star product

Recall from (5.19) and (5.22) that the imaginary [-deformed twist is given by Fj, =
exp(iag, f3,) where fz, = —2 (A1 A X2 + A5 A A+ A A A7). It thus follows that

(Fp, ® 1) = (Fp,)12 = expliag, (fs;)12] with (fg, )12 = fz, ® 1 (6.24)
(]l ® Fﬁi) = (Fﬁi)23 = exp[iaﬁi(fﬁi)23] with (fﬁi)23 =1® fﬁi (6'25)

and since the co-product exponentiates, we obtain that
(A ®id)Fp, = exp [iag, (A ®1id) fg,] and (id ® A)Fp, = exp [iag, (id @ A)fz] (6.26)
We conclude that for the imaginary S-deformation the cubic product relations are

[F5 1) = explia, (f5,)12] - exp [ias, (A @id) f5,] (6.27)
[F_ll%]ﬂz‘ = exp[iaﬁi(fﬂi)23] - €Xp [iaﬁi (id ® A)fﬁz] (628)
and the explicit forms of the non-zero elements of [F3 1] and [F3 | are contained in

Appendix [A.4]. It is very easy to confirm that [F; 5] = ¢[F; }]. The details of how the
cubic terms [F3 1] and [F3 g] calculated are in Appendix [A.3].

6.3 General (¢, h)-deformed star product

The principle is the same for defining the x-product for the full (q,h) deformed theory
except the elements [F3 1] and [F3 g| are too large to be written out on a page. Here we

once again refer the reader to the Mathematica notebook associated to [11]. Evidence
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of the x-product being sensible and compatible with quantum algebra relation is seen in

the fact that

1, .2 3_\/(1+1\/hﬁ+qf?+1(2122 21)

2, .1 3
2kt —qfxz +h? k2 = — — 2%z
V2VG+T (6.29)

=0, since [z},2%]=0

So the quantum plane relations found in [57] are here recovered by the star product
as defined in (6.19). This also holds true for the cyclic permutations of the expression
(6.29).

The field theory version of this expression will have 2% replaced by the chiral superfields
®’. This is made by recalling the AdS-CFT duality conjecture that type IIB String
theory in AdSsx S° is dual to A' = 4 SYM in flat 4-dimensional Minkowski space [21]
[85] [86][87]. The setup for the AdS-CFT conjecture is IIB superstring theory (9+1)-
dimensional flat Minkowski space with a stack made up of N coincident D3-branes. On
one hand D3-branes are viewed as (3+1)-dimensional surfaces on which open strings can
attach and on the other, open strings can be considered as excitations of D3-branes. We
focus on the dynamics of an open string whose ends are attached to different D3-branes
in the stack. For energies much less than the string length, hence only focus on the
massless excitations of the open string, the dynamics of the open string are described
by a theory on the world volume of the D3-brane on which they attach. The string
excitations that are parallel to the D3-brane are described by a gauge field A, and the
transverse excitations by 6 real scalar fields ¢’ corresponding to 6 directions transverse
to the D3-brane stack. This field content matches the bosonic part of AV = 4 SYM.
And since supersymmetry is present and the strings are to be SUSY invariant, it follows
that the superpartners (Weyl spinors) are also included. Thus at low energies, massless
excitations of open strings are described by N' =4 SYM. The 6 real scalar fields ¢’ can
be used to parameterize the transverse 6-dimensional space. In the language of N’ =1
superspace and superfields, these 6 real scalar fields with SO(6) are combined into 3
chiral superfields ®*’s with SU(4). The relations involving z* are to be cast in terms of

®'. So then we have

Va+Iv/hh+qq+1
g+ 99t L1 g2 (6.30)

Pl 4 0% — gP2 x D! + hd3 % B3 =
V2VG+1

The superfields ®'’s are N x N matrices, hence they do not always commute. Simply
replacing z’s with ® will not give the chiral superfield analogue of (6.29). We must
demand that the RHS of (6.30) vanish. Such a demand on products of chiral superfields
will place constraints on the F-terms of these chiral superfields; so in order to guarantee

the vanishing of RHS of (6.30), the ®% as matrices must be diagonal. So via x-product
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on Leigh-Strassler relations one obtains constraints on the F-terms of N'=4 SYM |[8§]

and in [89] [90] these constraints are collected in a non-commutativity matrix ©.

Introducing the x-product to the Leigh-Strassler superpotential led to a pleasant surprise.
Naively speaking the superpotential is cubic in the chiral fields thus we expect that
the left-justified superpotential is different from the right-justified superpotential unless
multiplied (from the left) by the (g, h) co-associator. However, from calculation, we
noted that, after writing out the cyclically related terms explicitly, the left-justified

Leigh-Strassler superpotential with the x-product gives

(P4 D?) %P3+ (D24 D3 ) %D 4 (D34 D)4 D? — g (D14 PP ) A D2 4 (D? 4 DL )4 D3 4 (P34 D? )DL+
R((®' % @) % B + (B2 % B%) x B2 + (3 %) » %)

_ V4 +\1[\2/ h?:fﬂf+ 1 (2'92)03 + (920%)0! — (210%)3? — (9201)9? — (B302)0!)
V4

(6.31)

and so does the right-justified Leigh-Strassler superpotential with the star product. This
means in the superpotential the x-product is insensitive to the bracketing even though
the x-product itself is not associative. We attribute this insensitivity to bracketing of

the Leigh-Strassler superpotential to its cyclicity in the chiral fields.

6.4 Inverse star product

We would now like to automate the Leigh-Strassler deformations. More specifically,
given some quantity, Ogyn, of N = 4 SYM we would like to compute the Leigh-
Strassler deformed counterpart, Org, by simply promoting to a ”star* product every
product involved in the expression that defines Ogyjs. For this purpose we define an
inverse star product and denote it with an asterisk * and we desire that O,syyr = Ors.

We then define inverse star product on vectors a and b as follows
axb=mp-1(a®@b) =m[F>(a®Db)] (6.32)
and on the dual vector space, the space of our interest, the *-product acts as
Zxd =mF e (@) = 2xd = (Fﬁl)ikjlzkzl (6.33)

The #-product allows us to recover Leigh-Strassler deformed relations from the unde-

formed N' =4 SYM relation. Note how the deformed version of (6.29) is automatically
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obtained by promoting the regular multiplication to *-product

2v/q+1
1,.2 2.1 V2V F 122 — 2% 1 (28] (6.34)

2okt —2%%z = [ZZ

VG F+IvVhh+qq+1

On three coordinates the *-product gives the same form as (6.23) and since [Fy ] # [F; £l

it is clear that the *-product is not associative. The cubic *-product terms are given
by

(8% 20) % 2K = mp [(zz ®2)® zk} =m [[F?:]f] p(2'®@2® zk)] (6.35)

28 (27 % 2F) = mp [zl ® (¥ ® zk)} =m {[Fg_é] b (2 ® 2 ® zk)} (6.36)

6.5 The Leigh-Strassler Superpotential

The *-product has so far been successful at automating deformations of quantum algebra
relations when dealing with a product of two fields®. This however is not enough, we must
test it at the cubic level. When three fields are considered the question of associativity
is unavoidable because the product map is binary. So we have to choose which two fields
to multiply first: either the left-justified bracketing or the right-justified bracketing.
However it turns out that in the A/ = 4 SYM superpotential the fields appear in a cyclic

way making this choice immaterial, that is,

Wisy M, = Wasy My (6.37)

where Wigyar, = Tr [(® % &%) « &% — (@1 3) « 2] is the left-justified superpoten-
tial and the right-justified one is Wigy ar, := Tr [®! % (02 « 3) — &1 « (®3 % $2)]. This
is due to fact that the x-product is invariant, as far as associativity is concerned, under

cyclic permutation. Explicit computation shows that

(2L 22) . 23 4 (232 ) w22 (225 23) w2t = 21 (225 23) 4 285 (21w 2) + 225 (235 21) (6.38)
We emphasize that this observation does not mean the x-product is associative, rather
it shows that in certain cyclic expressions evidence of non-associativity is absent. This

is to our advantage because we can exploit this property and show that, with a little

3or coordinates, so also throughout
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trick, Wsy p can be written in a form that exposes its cyclic property:

Wsyn = g Tr (@' 0%9° — ' 93¢?)

= %g Tr (2'22@% — ¢'9?0?)

(6.39)
= %Tr (2'22@% + 29?03 + 19?9 — '039? — $'9?D? — 01 93P?)
= %Tr (2'020% + 9%9' 02 + 2039 — 3'039? — $?9' 03 — 39?1

Here the cyclicity of the trace is pivotal. If the *-product is now introduced in the final

equality of (6.39) then we obtain

W*SYM:gTr[@1*¢2*¢)3+¢3*¢>1*¢2+@2*®3*¢1
—P 5 % D2 — B2 5 D' P — B % 2 x D]

— g Tr [2'9%9° + 9?01 0% + $?°D! — ¢('D3P? + $29' D3 + 39?1

+h(®'0' 0! + P?D?D? + PP PIPY)]

h
— kTr @1@2@3 _ q(q)lq)3q)2) + 5 ((@1)3 + (@2)3 + ((1)3)3)
(6.40)
where k = % %. This exactly matches (5.2) and we conclude that Wigyyr =
Wrs and in writing W,gy ;s we did not have to care about how we associate the fields

except that there be no mixed associations i.e. expressions of the form &) x ((ID(j) *
dHF)) — (@1 5 &(m)) 5 &) must be forbidden.

In [91] a similar work was done, treating the w-deformed A/ =4 SYM which is a theory
unitarily equivalent to the real 5-deformed N' =4 SYM [92]. The R-matrix of the real
[-deformed theory is obtained from the general Leigh-Strassler R-matrix in the limit

' 'h = 0 = h. There is a group of deformations, parameterized by w,

where ¢ = ¢~
which are related to the real S-deformation via a unitary transformation [93][92]. These

are known as w-deformations and their R-matrix is obtained by the substitutions
g=q,h=hand ¢q— 1+w, h — w where w is real (6.41)

The unitary transformation that relates the g-deformed and w-deformed theories is

simplify a redefinition of the fields in the theories. In [79], the Hopf algebraic structure
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of the w-deformed theory was studied using a twist given by

c

< 0 0 0 0 i O 0 0

0 Al 0 mir O 0 0 0 0

0 0 H 0 e 0 0 0 0

0 0 0 < 0 0 0 0 wrie

Fo=1 0 0 0 e LU = - 0
0 0 0 0 0 Al 0 i O

0 0 e O 0 0 Feat 0 0
L 0 0 0 0 0 aal 0

0 a0 0 0 0 0 0 &5

1
(6.42)
with C = (14+w) /{/(1 +2w)(1 +w +w?). Since Fy, is more general than F, it is

natural to expect Fy, to reduce to Fy, in the limit (6.41). However an explicit check
shows that Fy; # Fy, in the limit ¢ — 1 +w , h — w. One way to understand this is
to recall that according to [49] the fixed points of N' = 1 superconformal theories which
are marginal deformations of A’ = 4 SYM can define a manifold. The implication of this
is that the space of Leigh-Strassler deformed theories is parameterized by a function,
v, with a constraint y(k,g,q,h) = 0. By this we see that specifying the parameters ¢
and h does not define a unique point in the manifold, i.e. s can still vary 4. We thus
understand the discrepancy Fy # F, in the above limit to be a manifestation of being

at points which have the same g and h but different .

6.6 Mixed plane relations

In the definition of the x-product (or *-product) the focus has been primarily on z¢,
the holomorphic coordinates. Now we can extend the discussion to include both the
antiholomorphic and mixed sectors of the theory, thence define the *-product (or *-
product) in that context. The antiholomorphic sector is related to the holomorphic
by hermitian conjugation, making it similar to holomorphic sector. For this reason we
focus our attention more on the mixed sector. To define the x-product in these sectors
we adopt the Leigh-Strassler deformed quantum relations in [57] and require that our
*-product definition be consistent with those relations. When adapted for our case these

quantum relations take the form:

2l = Rjkllzk x 2! y ZiKZj = Zpk Zle;» lz- (6 43)

. _ ~ o -
zz*zj:Rlllz»zk*zl, zi*z]:R]”zl*zk

g is fixed by the constraint on -
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R is the R-matrix and R is the so-called second inverse of R whose defining relation
is

RARI M =61,00 = RIARI " (6.44)

It is worth noting that the indices are contracted in a way different to the regular matrix
multiplication. As shown in [71] the second inverse, R, can be obtained more directly
from R by a simple algorithm. Recall that R € H ® H and the recipe to compute its
second inverse is by transposing in the second copy of H, inverting the result and then
transposing again we obtain R. If T} is an operator that transposes in the it" space then

in pseudo-Sweedler notation the second inverse of R is given by

~1
R=T, [Ty (Ry)® R))] - (6.45)
The *-product consistent with (6.43) at the level of the twist can be defined as
2k z = szl] vz, Zix2 =756l Ak (6.46)

where there has been the introduction of a new object GG, which we call a G-tensor. The
second inverse of the G-tensor, denoted by G, provides a second factorization of the

R-matrix, that means it satisfies
RiF =GFmED (6.47)

Explicit calculation shows that just as G provides a second factorization for R so G

provides a second factorization for R, that is

R, =F ghi (6.48)

m nl

The mixed *-product definitions (6.46) imply
2 % % —zsz J— zkzF” =Zm*2 G”,glF]flJ:zm*z"Rjnnz (6.49)

and these are consistent with (6.43). Drawing inspiration from (6.43) we define the

mixed plane relations for the x-product as
2 x Zj =z F kZl and z; * 27 = szk I (6.50)

These relations will be used in 7.1.1 when we consider the effect of the *-product on
the kinetic terms of the Lagrangian. As seen in (3.19), the scalar kinetic terms are
essentially ®'®’. Applying the *-product on these terms we found that they are not

deformed. This is in accord with the fact that Leigh-Strassler deformations only affect
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the superpotential. In Appendix [A.47] there are the non-zero entries of the G-tensor
and from these the rest can be recovered by the use of Z3-symmetry that the G-tensor

inherits from its definition.

Having arrived at the correct *-product definition to automate marginal deformations
and confirmed the consistency of the definition with known quantum relations we then

conclude this chapter.



Chapter 7

Final Remarks and Conclusions

In this chapter we highlight and make remarks about the qHA structure of marginally

deformed N =4 SYM and conclude this work with an outlook on future work.

7.1 quasi-Hopf Invariance

We recall that in the undeformed N/ = 4 SYM in superspace notation, the chiral fields
possessed a SU(3) symmetry which we called H for ease when referencing. From the
discussion in Chapter 4 the Lie group H is trivially qHA. The current claim is that
in the marginally deformed theory this symmetry deformed to H,,. That is by relax-
ing the requirements of invariance one is able to find traces of SU(3) in the deformed

theory.

Let U = €7 be a member of SU(3) and z* a vector belonging to the vector space A,
hence A is a module of SU(3). For our case A is three dimensional which means 2* is
a three-dimensional vector or 3 x 1 matrix and (2! ® 27), a 9 x 1 matrix. Let us first
invoke the notation of maps, making the product map explicit, and write the expression

z;zj in the undeformed theory as
zizj = m(z; ® z;) (7.1)

The effect of the SU(3) transformation z¢ — 2/ = U Z]/zj on expressions such as 222
is

(z122) = m(21 @ 22)'] = m[A(U) > 21 ® 23] (7.2)

and since SU(3) (or H) is trivially qHA with a symmetric coproduct A which exponen-

tiates with ease, it follows that

A(U) — A(eiT) _ eA(iT) — 6@'(T®1+1®T) — (eiT ® ]l)(]l ® 6z'T) —UQU (73)

82
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thus we have (z122) = m[(U @ U) > 21 ® z2] = (U 21) - (U > 2z2) which in component
form is

2 =UY inJj 2 (7.4)

The extension of this argument to a left-justified! cubic product gives

((z122)23)" = m[((21 ® 22) ® 23)] = M[A(U) > ((2122) ® 23)] (7.5)
=m[(A®id) c A(U) > (21 ® 22 @ 23)] (7.6)

and applying the co-product leads to

(A®id) o A(U) = (A ®id) o A(e'T) (7.7)
= exp[(A ®id) o AT)] (7.8)
= exp[(A®@id)(iIT @1 + 1 ®iT)] (7.9)
=expli(T@®1@1+12T1+121817T)) (7.10)
— HTRIR1+1) | i(1®T®1) | i(1e1)T) (7.11)
=U®1el)- 1eUel) - 1eleU) (7.12)

thus we conclude that ((z122)23) = [(U b 2') - (U 22)] - (U > 23) is invariant under H.

The general cubic product in index notation is
((z120)23) = (U207 2T UK 2* (7.13)

Admittedly this treatment is a nuclear warhead to a gun fight, not necessary. However it
does help to introduce the reader to the inner workings of the qHA structure on familiar

ground.

We now consider the deformed case where the gHA structure is H,;, and the module A
has x-product as its multiplication map. Recall that H,, and H are related by twisting
then the co-product of Hyp, is Ap,, (-) = Fyn [A()] Fq_hl. The action of U on the quadratic

Lthe right-justified case works in a similar way
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term is

(21 % 22) = mp (Ap(U) > [21 ® 20]) (7.14)
=mp (FAU)F !> [21 @ 29) (7.15)
=m (F'FA{U)F ' > [21 @ 29) (7.16)
=m (AU)F > [z ® 29)) (7.17)
—m (A(U) (Z Fil @ F(;)l) > [21 ® zQ]) (7.18)
—m (Z(U QU)F L @ Fyl) o[ @ 22]) (7.19)
= (UFg e a) - (UEG > ) (7.20)

and we observe that the quadratic term transforms as before; this fact will be useful in
the discussion of kinetic terms of the Lagrangian. The expression (7.20) when written
in component form is
./ -/ N 1 VA
2wl =Y (UFG)) 2 (UFG) Y
i .y 1 N7 j/ 1 j” .
= Z Ull-// [F(l) ]Zi ZZUj/, [F(Q) ] j ZJ

. . T/ (721)
= Uz,i//U‘;-// [F_l]l.‘] ZZZJ

ij

— UZ'Z-/U?(zi * zj)

Next is the investigation of the cubic terms since the superpotential is cubic in the chiral
scalar fields. The expression considered is ((z1 * z2) * z3) here the left-justified cubic term
was chosen but the same can be said for the right-justified expression. Using (6.10) we

find the action of U on this expression to be

(21 % 20) % 23) = U((z1 ¥ 22) * 23) - U(mp[(zl ® 25) @ 2)) (7.22)
= mp ([(AF ®id) o Ap(U) > (21 © 22) @ Z3]) (7.23)
- m( (A F] - [F3] - [(Ar ®@id) 0 Ap(U)] b [(21 ® 22) ® Z3]> (7.24)
= ([P0 [(Ar 2 id) 0 Ap(U)] > (21 © 22) @ 2] (7.25)
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for clarity we extract, expand and simplify (Ar ® id) o Ap(U) to obtain

(Ap®id) o Ap(U) = (Ar ®id) [F(U@ U)F_l}

- [(AF ® id)F} (Ar id)(U ® U) [(AF ® id)F*l}
= [P (a1P) F!] | Fio (800 0 1)) Pt | [Fra (807 ) 5
= F[AF||UeUeU|[aF ] Fy
=[F;1] |UoUeU| - [Fy]
(7.26)
Substituting this back into (7.22) gives
(21 % 22) % 23)' = m([Fg,L] (FH-|UeUeU| - [Filel(a©n)® zg]) (7.27)
- m( URUQU] - [Fsr]b[(21®2)® 23]) (7.28)

= Z F3 L D 2’1) . (U[F37L](2) > ZQ) . (U[F&L](g) > 23) (729)

in component form this amounts to
(=" 27) x 2K = ULUT UK (2 % 27) % 2F) (7.30)

So the cubic *-product expressions under U € H transform as they did before the
introduction of x-product and the importance of this fact is made apparent in the next

section.

7.1.1 Leigh-Strassler Potential and Kinetic terms

Knowing the above, it is straight forward to prove the quasi-Hopf invariance of the

superpotential

11T . . /
Wi = Q%Tr [(qﬂ + B9 % qﬂ (7.31)

61 ]’k"

- UL U U T [( + 7 % qﬂ (7.32)

_ det(U) ;"f Tr [(@ + B % qﬂ = Wis (7.33)
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The kinetic terms are, in an anticlimactic fashion, verified to be invariant under U

because from explicit calculation based on (6.50) we find that

k2t + 2y k22 + 23k 20 = zy2t 4 2927 + 232° (7.34)
Axz 4225+ B =22 4225+ 255 (7.35)
making the invariance of the deformed Kahler potential, KXrg, under U a trivial mat-
ter:

Krs(®, @) = &; ' = &;0" = Kgy 1/ (P, P) (7.36)

The success of the *-product is more impressive in the superpotential W,y s than in
the Kéahler potential. The invariance of K g is indicative of the fact that Leigh-Strassler
deformation only affect the superpotential. We do not expect this success to persist in

automating the deformation of more complicated operators of N' =4 SYM.

7.1.2 quasi-Yang-Baxter Equation with spectral parameter dependence

We also briefly considered this work in the context of integrability. Here the Yang-Baxter
equation [YBE] is useful as it provides a simple check for early signs of integrability. This
is because integrability is closely related to factorizability of the R-matrix and the YBE
encodes factorizability. It is simple to check that the real S-deformation of N' =4 SYM
(i.e the deformation parameter choice: ¢ = e g=qgland h=0= h) is integrable;
its R-matrix satisfies the YBE without a spectral parameter. An equivalent integrable

9 was found in [60]. In

model with deformation parameter choice given by ¢ = 0 h = €
general marginal deformations of N =4 SYM do not satisfy the YBE. It thus would be
interesting to use qHA structure to understand the interplay between deformation and
integrability since with qHAs we have the quasi-Hopf YBE (4.23) an analog of YBE.
From an explicit check we found that all (g, h)-deformations satisfy (4.23). Upon the re-
introduction of the spectral parameter into the Rq,-matrix we learned that the spectral

parameter dependent R-matrix corresponding to undeformed N' =4 SYM is

R(u) =

n (vl ® 1 +iP) with P— a permutation matrix (7.37)
u—+i

Drinfeld twisting R(u) produces the deformed R-matrix with spectral parameter depen-

dence
Ryn(u) = Py  R(u)F~*

= Fy (Wl @1 +iP)| F* (7.38)

1
= (uRgp + iFoy - P-F71)
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1 . -
th(u):u—i—z’ (uRgp +iP-P-Fy -P-F 1)

1
= (uRgp +iP - Fia - ) (7.39)

U+
1 .
= (uRgy +iP)

U+
It is evident that twisting by Fy, only affects the identity part of R(u), making it similar
to the work in [94]. Moreover it was found that R, (u) also satisfies the quasi-Hopf YBE;

introducing the spectral parameter has not compromised this relation.

7.2 Conclusion and Outlook

In this work we have found a Drinfeld twist Fi; that twists the trivial one-loop R-matrix
corresponding to ' = 4 SYM into Ry, the R-matrix that corresponds to marginally
deformed N' = 4 SYM. This was done in the quantum limit, where the spectral parameter
is taken to infinity. From this twist the full co-associator was computed [11] and then
it was checked for consistency via the generalized YBE. The present report however
explicitly only contains results from the imaginary S-deformed case. The analysis of
the general (g, h) deformed case produces cumbersome expressions for the co-associator
which are too large to reasonably contain in a page. The general co-associator has
nonetheless been calculated explicitly and, by series expansion, checked for consistency
numerically. Then contact was made with gauge field theory by the definition of the
star product. The introduction of this star product in the superpotential of N' = 4 SYM
was shown to reproduce the Leigh-Strassler superpotential, effectively automating the
process of deforming. Finally we discussed invariance under quasi-Hopf transformation

and demonstrated the quasi-Hopf invariance of the Leigh-Strassler superpotential.

We hope that this approach could shed light concerning the loss of integrability as one
deforms away from points that correspond to integrable models and possibly provide
reasons or argument of the absence of integrability in a spirit similar to that in [95]%.
As the introduction of the spectral parameter was simple and without complications
we think performing a Bethe ansatz procedure will inform as to where the barrier to
constructing an infinity of conserved charges is. Upon reaching this barrier, gHAs can
potentially be useful in defining a generalized /relaxed notion of integrability i.e. ‘quasi-
integrability’. Even further we can use qHAs to learn more about the nature of the
deformation parameter space as a manifold [96]. Then we can begin to understand
why do some points on the space give rise to integrable theories while others do not.
Another possible direction of research is to study how quasi-Hopf symmetry is related
to Yangian symmetry and use their relation to further investigate unknown aspects of
theories [97].

2Qur case is concerned with quantum integrability, while [95] focused on classical integrability
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In context of the AdS/CFT correspondence, following [91], we would like to understand
how the star product could manifest itself in the gravity side, thus possibly obtain a
(¢, h)-deformed background dual to Leigh-Strassler theory, perhaps obtain more insight
concerning methods on how to generate gravity duals for a given CFT. Our analysis was
focused on Leigh-Strassler theories, thus on the AdS5xS°% / N'= 4 SYM version of the
duality. A long term pursuit could be to consider models other than N" = 4 SYM, that is
other versions of the AdS/CFT duality and understand what role quasi-Hopf symmetry
plays there. The ABJM model [98] is a possible candidate for the 3-dimensional case and
so is the 2-dimensional in [99]. These are a few examples which can be studied from the
qHA perspective. These are open questions worth further investigating. Whatever the

direction, quasi-Hopf algebras have great potential in their use in physics research.
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Details: The Twist

The classical twist matrices

Al

These are the first-order matrix terms —which we called classical twists— of the (g, h)-

twist, Fyp, in specific limits of the deformation parameters. Included is a table which

summarizes the limits of the deformation parameters at which these classical twists are

recovered.
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TABLE A.1: Deformation parameter limits for classical twists

Classical Twist Parameters
I g=1Yq,h =0=h
I3 g=q,h =0=nh
fn, h=h=h,3=1=¢q
Ihs h=—h=ih ,i=1=¢

A.2 Entries of the general (q,h) twist

Below are the entries of the twist, F, in (5.31), corresponding to the full (¢, ) deformed
theory. These entries are not entirely independent of one another, they can be expressed

in terms of one another in the sense that

a=1—-d-c e=hb—c)+f (A1)
e=hb—c)+f i—s A2)
= 9=1 (A.3)
- V(L v 50 e T

"~ +\/(1+Q)(1+§)\/1+hﬁ+qq b +\/m (A.4)

From the above one can then choose the set of entries, {b, be, f, f }, and use it as a basis
in terms of which the other entries. It is not altogether clear if this choice is the best for
transparency or the most minimal for computation, nonetheless the entries that form

the basis in terms of the deformation parameters ¢ and h are given by

b:hi}qq+3hﬁq—th+hB+q2q2+q2q—2q2—qq2+q—q+1 i hh
V2Vq+ 1VG+ 1/hh + qq + 1(2hh + q7 — q — G+ 1) 2hh+qq—q—q+1
(A.5)

c:hﬁqq—hﬁq—hﬁq—3hﬁ+q2(j2—q2(j—q§2+q+(j—1 i hh

V2yq+ 1+ IV/hh+q7 + 1(2hh +q7 —q—q+1)  2hh+q7—q—q+1
(A.6)

g___ Ik _ 3hhq@+ hhq + hhq—hh+ ¢ — *7— 9@ +q+q—1

2hh+q4—q—q+1 2 q+1VGFIV/hh+qi+12hh+qi—q— G+ 1)
(A.7)
h(g—1) V2h/q+1(hh + 97 — ) (A.8)

=" 1 = -
2hh+q9q—q—q+1 G+ I\/hh+q7+1(2hh+qGi—q—q+1)

b and f are complex conjugates of b and f respectively.
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A.3 Cubic product: Technical details

In computing the cubic * and * products, one was unavoidably involved with either

[F3 1] or [F3 r] and their inverses. Recall that

[Fs,0] := (A F7Y) - (FR')  [Farl = (AoF™Y) - (Fig')
17 . 1

(5] = (Fi2) - (AL F) [F5 gl i= (Fas) - (AoF)

) )

(A.9)

The action of the co-product A was defined at the level of the algebra (See Chapter
4) while the twist is an object that extends over two copies of the group. This has
necessitated that the twist be expressed as an exponential of a linear combination of the
generators of the group. Having exponentiated the twist, one applies the co-product to

obtain for example
ALF = Ajefon = eArfan — l13+f23) ang A F = eP2fan = lh2t/13) (A.10)

This implies that the action of the co-product on the twist is an exponential of a linear
combination of various classical twists which are extended over three copies of the algebra
i.e. these objects Ay fyn, Az fqn are matrices of size 27 x 27. The exponentiation of these
is computationally expensive. Below is a sketch of the procedure used to overcome/avoid
this. Call to mind that if V is a matrix that diagonalizes another matrix M, that is
VIDV = M then

M=ViDV — M =v1PV (A.11)

where D is a diagonal matrix. Let My := Aqf,, and Mg := Asf,, then the eigen
equations will be
EP My = NEY and BV Mp = \EN (A.12)

where EzL is the i-th eigenvector of M}, whose corresponding eigenvalue is \;!,so also for

Mpg. Thus it follows that

AF = eAtfan = ML — ()DL (D) (A.13)
AgF = eB2fan = Mr — (7 (R))ToDry/(R) (A.14)

(L)

where the diagonalizing matrix V(%) is made from the eigenvectors E(L), that is EiL
is the i-th row of V&), The diagonal matrices Dy and Dpg are equal because M; =
P13 Mg P3 which also implies that the eigenvectors are related to one another. Consoli-

dating everything, the conclusion is

1a number, not to be confused with the Gell-Mann matrices
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ALF =M = (vIE)ePry(h) AoF = eMr = (VR ePry/(B)

A15
A F =M = (VENePry L) AyF~1 = ¢ Mr — (y(B))fe=Pry/(F) ( )

where the inverse case is also shown as the same arguments hold. The diagonal matrices
have the eigenvalues of either of the M’s. This is the procedure that was used to compute

the cubic terms [Fs x], [Fy 5], X = {L, R} and the co-associator ¢.

A.4 Cubic terms: imaginary [ case

Contained in this section are the non-zero entries of the cubic relations [F3 1] for the case

where 3 is imaginary hence ¢ is real and h = 0 = h. In order to contain these entries
1+¢
2(1+¢?)

the first index fixed to 1 and the rest are recoverable via the Zs symmetry which entries

the substitution p = arccos > was made. The entries displayed are those with

enjoy
[F3,L]11 11 11 =1 (AlG)
[F37L]11 11 22 = cos (\/5/)) (A.17)
[Fg’L]ll 11 33 = Cos (\/§p> (A.18)
[Fsr)) b2 = —qSir;g\/@ (A.19)
[F3,L]11 1331 _ Sl\/n% (A.20)
[F?),L]ll 21 12 = Sln(\/\/iip) (A21)
[Fso]'%Y = acos(v2p) + 1 (A.22)

122 :qCOS(\/iP)+1

122 \/i\/m

123 (g+ 1)(2cos(v3p) +1)

[F3,L] 123~ 3\5\/@ (A.24)
123 _ —V3(q + 1)sin(v3p) 4 (¢ — 1) cos(v3p) —q + 1

Farly = s (125

sin(v/2p)

[F3,L]1131 13 = —T (A.26)

[F5 L] (A.23)
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V3(g+1) sin(\/gp) —(¢g—1) cos(\/gp) +qg—1

[Fs o]l %% = N N (A.27)
[Fsr]' )% = q\gm\/qgifi) (A.28)
]t = 1??%(7%3? ) (A.29)
(B ] %% = m (A.30)
[Farlyh? = —Si;;Lipl) (A.31)
[Fs )bt = % (A.32)
)y’ = % (A.3)
2% = 1T 1?35/2;\0/8% ik (A.34)
), = —Sm(\gp ) (A.35)
F]l23 — V3(g—1) sin(\/gg)\f;\(;qul)lcos(\/gp) +q+1 (A.36)
Fya]l32 = —V3(¢ - 1) sin(\/z/j}i—(;\/%ll) cos(v3p) +q + 1 (A37)
(Fyl2 —V3(g+1) sin(\/i%_(;\/% cos(V3p) +q—1 (A.38)
[Fso)yh 0 = qii/r;gg) (A.39)
By ]l 28 —V3(qg—1) sin(\/z;\)}i—(qﬁ%? cos(v3p) + ¢+ 1 (A40)
Fy]l23 V3(g+1) sin(\/ggz/—%—\(/qq?—Tl)lcos(\/gp) —q+1 (A1)
BYR T % (A.42)
[F50]%%% = i 13)\(/2;\0/8% *t1) (A.43)
[Fs 0]y = % (A.44)
(Fy]l32 V3(g—1) sin(\/ggz/;\(/%cos(\/gp) +q+1 (A45)
(P r]L%3 = Sm(\}?’) ) (A.46)
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A.5 G-tensor

Below is a list of the non-zero entries of G-tensor whose defining relation is in (6.47) and
the rest of the entries are recoverable by the use of the Zs symmetry which the G-tensor

inherits from the R-matrix.

ol —qq(hh(a+d) + ¢+ d) + ¢*3*(a + ¢) — ahh + a + ch®h? — chh + dh?*h? + d
H 2(h?h? — h(hgq + h) + gq(ag — 1) + 1)

(A.47)
1o (hh+qq+1)(bhhq +bg® + f(h* — hqq) + h%jg® + hjq)

o2 - atbg + /(v had) (A.48)

2(h3@3 + 3hhqq — h3 + ¢3)

oo _ (Wbt g+ 1)(ha(ehq + hi) + ehg + g(h* — hqq) + ig”) (A.49)
13 2(h3 — 3hhqq — B — ) '
. (hh + qG + 1)(ehhq + eq® + ghq + gh?¢® + h2i — hiqq)

oL - W+ e] + ghl+ gh'g (A.50)

2(h3 — 3hhqq — h3¢® — @)

o1z _ —9d(hh(a+0) +a+d) +ah®h> +a— hh(c+d) + ¢*¢(c + d) + c + dh?h?
21 2(h2h? — h(hqq + h) +qq(qq — 1) + 1)

(A.51)

ars _ (hh+ag+1)(b(h* — hqq) + fh*¢* + fhq + hhjq + jq°) (A52)
22 2(h3g3 + 3hhqq — h3 + ¢3) '

(hh + g3 + 1) (h(bg + fhq) + hq(bhq — ja) + fq® + h*))

GhYy = ( e A.53
52 2(h3¢® + 3hhqq — I3 + ¢°) (4.53)

alz (hh 4+ qq + 1)(e(h? — qu) + ﬁzz(gh + hiq) + 9q* + hiq) (A54)
83 2(h?® — 3hhqq — h3¢3 — ¢3) '

L3 _ —qq(a + hh(c+d) + ¢) + ¢*G*(a + d) + ah®h? — ahh + ch?h? 4+ ¢ — dhh + d
31 =

2(h2h? — h(hqq + h) + qq(qq — 1) + 1)
(A.55)

The functions a,d, ¢, f of ¢ and h are as defined in Appendinx A.2.
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Details: The co-associator

B.1 Co-associator: imaginary [ case

As in the previous Appendix, here is a presentation of the non-zero terms of the imagi-

nary (8 deformed co-associator with the first index fixed to 1.

i =1 (B.1)
Shz — q(sin(2\/§p) + 2\@) — 2sin(ﬂp) + 2\@008(\@/}) (B.2)
112 — 4\/€m .
Sh3 = 2q(sin(\/§p) + \/ﬁcos(\/ﬁp)) — sin(Z\/ip) +2V/2 (B.3)
113 4\/@ .
12 7 cos(2\/§p) +¢> — 4vV/2q sin(ﬂp) -2 B4

121 — 4(q2+1) ( . )
13 —2q2 + 4\/§q sin(ﬂp) + cos(2x/§p) +1
131 = 1P+ 4 (B.5)
121 2q sin(\/ip) — 2\/§q cos(\@p) + sin(2\/§p) +2V/2

P12 = N (B.6)

g-+1

¢>121 B 2\/§(q2 -1) sin(ﬂp) + 2(q2 +1) cos(\/ip) + qcos(2ﬂp) + 3q (B.7)
2= E+ ) |

5122 — q(sin(2ﬂp) + 2\@) — 2sin(ﬂp) + 2\@cos(ﬂp) (B.5)
122 — 4m .
123 V3(g? — 1) sin(Z\/gp) + (2 +1) cos(2\/§p) +2q(¢g+3)+2

qb 123 — 6(q2 + 1) (Bg)

¢112332 = % - \/gq S;?q(fﬁp)) =2 (B.10)

95
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q(sin(2\/§p) —2v2) + 2sin(\/§p) + 2\/§cos(\/§p)

Pty = — el (B.11)
s = Vi Sii’ilq(fﬁp) - % (B.12)
13 2v2(q* — 1)sin(v2p) + 2(¢® + 1) cos(v2p) + g cos(2v/2p) + 3¢ (B.13)
131 — 4(612 + 1) :
s V3(¢? — 1) sin(2v/3p) + (g(zq;i-i)lc)os (2v/3p) +2q(q +3) + 2 (B.14)
8 2q(sin(v/2p) + \/iczs(\/fp)) —sin(2v/2p) + 2v2 (B.15)
2 +1
e 2vV2(¢? —1)sin(v2p) — 2(¢* + 1) cos(v2p) + g cos(2v/2p) + 3¢ (B.16)
i = 7+ '
21 —2¢% + 4v/2q Sinifi)4+ cos(2v2p) + 1 (B.17)
122 2q sin(ﬂp) — 2ﬁq cos(ﬂp) + sin(Q\@p) +2v2 B8
212 = N/ (B.18)
Ty = V3a Si?r)lq(fﬁp) L % (B.19)
S = —% sin?(v2p) (B.20)
P = %SiHQ(\/gP) (B.21)
132 —V3(¢* — 1) sin(2v/3p) + (¢* + 1) cos(2v/3p) + 2(q — 3)q + 2 B.99
213 — 6(q2 + 1) ( . )
13 2v2(q* — 1) sin(v'2p) — 2(¢* + 1) cos(v2p) + g cos(2v/2p) + 3¢ (B.23)
= 7+ |
125 —V3(q* — 1)sin(2v/3p) + (¢% + 1) cos(2v/3p) + 2(q — 3)q + 2 Bos
312 — 6(q2 + 1) ( . )
0 0s(2V2) +4q(2q; f\l/)?q sin(v/2p) -2 (B.25)
1:‘;3122 = % - \/gq S;?q(fﬁﬁ;) =2 (B.26)
133133 _ _q(sin(Z\@p) —2v/2) + 2sin(\/§p) + 2\/§cos(\/§p) (B.27)
4/¢®> +1 '
i = - sin’(V3p) (B.28)
S5 = —% sin®(v2p) (B.29)

As we mentioned in the Chapter 5 that the expressions for the general (q,h) are large
and cumbersome; therefore we refer the reader to the Mathematica file that associated

to [11] for specific details.
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B.2 Pentagon relation

A technical detail which the co-associator must satisfy as part of the qHA definition
is the pentagon relation (4.49). Here we supply a proof of this for the general (g, h)-
deformation qHA. It is useful to note that the trivial co-associator ¢ = 1 ® 1 ® 1 under
the undeformed co-product A satisfies the Pentagon relation. Since A(1) =1 ® 1 then
it follows that
(1®¢)- [A2p] - (¢ @ 1) = [Aze] - [A10)]
I11lIel=111x1

(B.30)

The twisted gHA has a co-associator ¢ and co-product Ap := A which are explicitly
given by

b = Foy- [AgF) - [AFTY - Fg' L Ap() = FIAQIF =A()  (B.31)

Using the expressions in (5.43) we can compute the different parts of the pentagon

relation:

(]1 ® ¢F) _ ef34 . ef24+f23 . e*f24*f34 . 6*f23 (B.32)
(pp@1) = ef2s . plisthe  o=fis—fa | o—fi2 (B.33)

These expressions live in the vector space made up of four copies of the algebra i.e. H®4,
thus (B.33) is not identical to the second equality of (5.43). The computation of the

remaining parts of the pentagon result in:

A1pp = Fiz - [Ardp] F' (B.34)
— ef12 . [€f34 . e(f13+f23+f14+f24) . e*(f14+f24+f34) . e*(f13+f23) . e*fu (B.35)
Asgr = Fos[Nogp] - Fyy! (B.36)
— of2s . o(f2atf3a) | J(fr2t+fis+fia) | o—(fratfeatfsa) | o—(fr2+f13) | o~ 23 (B.37)
Aspp = Fyy - [Asor] - Fy! (B.38)
— ef34 . |:e(f23+f24) . €(f12+f13+f14) . e*(f13+f14+f23+f24) . e*fm . e*f34 (ng)

An extra necessary ingredient, noted by explicit calculation, is that [fi2, f34] = 0. The
RHS and LHS of (4.49) simplify to

A3¢F . AlﬁbF — ef3e. [e(f23+f24) celfetfistfia) | o—=(fratfeatfsa) | o—(fr13+f2s) | | =12

=(1®¢r) Aogr- (dp®1) 0
(B.40)



Appendix C

Discussion: Integrability

In this appendix we provide a short discussion, seeking to explain the connection between

the R-matrix introduced in Chapter 3 and integrability.

One of the quantities of interest in QFT is the S-matrix. The elements of the S-matrix
correspond to scattering amplitudes and for multi-particle processes the computation of
these elements is complicated. The ability to view a multi-particle scattering process as
a series of 2-particles scattering processes provides a major simplification. S-matrices
for which this can be done are called factorizable. To uncover the root of this property

we need to consider the S-matrix operator which we designate with S.

The S-matrix operator S is usually split into non-interacting and interacting part, S =
1 + it where ¢ is the transfer matrix which ‘transfers’ a system from an incoming/input
state |a;) to an outgoing/output state |a,) [100]. Since QFTs generally have an infinite
number of degrees of freedom, computing (ag|t|a;) is a complicated task. It is useful
to rather carry this out on discretized spacetime, hence a lattice (approximation) of the
continuous QFT [3][101].

At this junction having a spin chain picture according to the discussion in Section 3.1.1.2
in mind. This is helpful because discretizing effectively makes spacetime a lattice and
each point would then be a site of the spin chain. For simplicity, consider a 1-dimensional
periodic spin chain. An interesting object to define is a transition matrix 77", (u) which
transports us from site n to site m of the lattice for a fixed time and is parameterized
by u, a spectral parameter. The index a of the transition matrix means it acts on both
the site vector space and on an auxiliary vector space as each site has other degrees of
freedom. In order to see the effect of going around the full spin chain one defines the

monodromy matrix T as the product of transition matrices from adjacent sites i.e. for

98
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a spin chain of length L, the monodromy matrix is
L-1
T(w) = [] 72 (w) (C.1)
n=0

where the auxiliary index a is suppressed. The trace of the monodromy matrix is equal
to the transfer matrix ¢t. The nature of the theory being quantum means the product of
monodromy matrices do not commute. Here enters the R-matrix to describe/define the

commutation relations of monodromy matrices [102] [103] [104]

R(u, v)T,(u)Ty(v) = Tp(v) T (u)R(u, v) (C.2)

In this way is a quantum model defined by its RTT relations and thus the R-matrix
becomes the object of study. Moreover if the R-matrix of a (sector of a) given model

satisfies the Yang-Baxter equation
R12(u)R13(u + U)Rgg(v) = R23(U)R13(’LL + v)ng(u) (C3)

then that (sector of the) model is integrable. In order to obtain the conserved charges
that commute with the Hamiltonian of the model one can employ algebraic Bethe Ansatz
methods [63] [104].



Bibliography

1]

2]

M. Smith, I am Just Going Outside. The History Press Ltd, 2002.

P. A. M. Dirac, “The Quantum Theory of the Electron,” Proceedings of the
Royal Society of London. Series A, Containing Papers of a Mathematical and
Physical Character 117 no. 778, (Feb., 1928) 610-624.

M. E. Peskin and D. V. Schroeder, An Introduction To Quantum Field Theory.
CRC Press, May, 1995.

H. Lehmann, K. Symanzik, and W. Zimmermann, “Zur formulierung

quantisierter feldtheorien,” Nuovo Cimento 1 no. 1, (Jan., 1955) 205-225.

C. G. Callan, “Broken Scale Invariance in Scalar Field Theory,” Physical Review
D 2 no. 8, (Oct., 1970) 1541-1547.

K. Symanzik, “Small-distance-behaviour Analysis and Wilson Expansions,”
Communications in Mathematical Physics 23 no. 1, (Mar., 1971) 49-86.

A. Zamolodchikov, “Irreversibility of the Flux of the Renormalization Group in a
2D Field Theory,” JETP Lett. 43 (1986) 730-732.

J. Polchinski, “Scale and Conformal Invariance in Quantum Field Theory,” Nucl.
Phys. B 303 (1988) 226-236.

S. Coleman and R. Jackiw, “Why dilatation generators do not generate
dilatations,” Annals of Physics 67 no. 2, (1971) 552 — 598.

D. Dorigoni and S. Rychkov, “Scale invariance + unitarity = conformal

invariance?,” arXiv:hep-th/0910.1087 [hep-th].

H. Dlamini and K. Zoubos, “Marginal deformations and quasi-Hopf algebras,”
Journal of Physics A: Mathematical and Theoretical 52 no. 37, (Aug., 2019)
375-402, arXiv:hep-th/1902.08166 [hep-th].

100


http://dx.doi.org/https://doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/https://doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/https://doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1201/9780429503559
http://dx.doi.org/https://doi.org/10.1007/BF02731765
http://dx.doi.org/10.1103/physrevd.2.1541
http://dx.doi.org/10.1103/physrevd.2.1541
http://dx.doi.org/10.1007/bf01877596
http://dx.doi.org/10.1016/0550-3213(88)90179-4
http://dx.doi.org/10.1016/0550-3213(88)90179-4
http://dx.doi.org/https://doi.org/10.1016/0003-4916(71)90153-9
http://arxiv.org/abs/hep-th/0910.1087
http://dx.doi.org/10.1088/1751-8121/ab370f
http://dx.doi.org/10.1088/1751-8121/ab370f
http://arxiv.org/abs/hep-th/1902.08166

Bibliography 101

[12]

[13]

[14]

[15]

[25]

[26]

G. Costa and G. Fogli, Symmetries and Group Theory in Particle Physics.
Springer Berlin Heidelberg, 2012.

H. J. W. Miiller-Kirsten and A. Wiedemann, Introduction to Supersymmetry.
WORLD SCIENTIFIC, Jan., 2010.

W. Miller, Symmetry Groups and Their Applications. ISSN. Elsevier Science,
1973.

T. Brocker and T. tom Dieck, Representations of Compact Lie Groups. Springer
Berlin Heidelberg, 1985.

A. W. Knapp, Lie Groups Beyond an Introduction. Birkhduser Boston, 1996.

D. Bailin and A. Love, Supersymmetric Gauge Field Theory and String Theory.
Taylor & Francis Ltd, 1994.

R. Blumenhagen and E. Plauschinn, Introduction to Conformal Field Theory.
Springer Berlin Heidelberg, 2009.

P. Di Francesco, P. Mathieu, and D. Sénéchal, Conformal Field Theory. Springer
New York, 1997.

D. Tong, “Lectures on String Theory,” arXiv:hep-th/0908.0333 [hep-th].

J. Maldacena, “The Large N Limit of Superconformal Field Theories and
Supergravity,” International Journal of Theoretical Physics 38 no. 4, (1999)
1113, arXiv:hep-th/9711200 [hep-th].

A. Babichenko, B. Stefariski, and K. Zarembo, “Integrability and the
AdS3/CFTy correspondence,” Journal of High Energy Physics 2010 no. 3,
(Mar., 2010) 01, arXiv:0912.1723 [hep-th].

K. G. Wilson, “Non-lagrangian models of current algebra,” Physical Review 179
no. 5, (Mar., 1969) 1499-1512.

A. M. Polyakov, “Nonequilibrium processes in the critical region,” Journal of
Ezperimental and Theoretical Physics 30 no. 6, (Jun., 1969) 1164.

D. P. Belanger, “Experimental characterization of the Ising model in disordered
Antiferromagnets,” Brazilian Journal of Physics 30 no. 4, (Dec., 2000) 682-692.

B. Delamotte, M. Tissier, and N. Wschebor, “Scale Invariance Implies Conformal
Invariance for the three-dimensional Ising model,” Physical Review E 93 no. 1,

(Jan., 2016) 01, arXiv:1501.01776 [cond-mat.stat-mech].


http://dx.doi.org/10.1007/978-3-642-15482-9
http://dx.doi.org/10.1142/7594
http://dx.doi.org/10.1007/978-3-662-12918-0
http://dx.doi.org/10.1007/978-1-4757-2453-0
http://dx.doi.org/10.1007/978-3-642-00450-6
http://dx.doi.org/10.1007/978-1-4612-2256-9
http://arxiv.org/abs/hep-th/0908.0333
http://dx.doi.org/10.1023/a:1026654312961
http://dx.doi.org/10.1023/a:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://dx.doi.org/10.1007/jhep03(2010)058
http://dx.doi.org/10.1007/jhep03(2010)058
http://arxiv.org/abs/0912.1723
http://dx.doi.org/10.1103/PhysRev.179.1499
http://dx.doi.org/10.1103/PhysRev.179.1499
http://dx.doi.org/https://doi.org/10.1590/S0103-97332000000400009
http://dx.doi.org/10.1103/PhysRevE.93.012144
http://dx.doi.org/10.1103/PhysRevE.93.012144
http://arxiv.org/abs/1501.01776

Bibliography 102

[27]

28]

[37]

[38]

J. V. Sengers and J. G. Shanks, “Experimental critical-exponent values for
fluids,” Journal of Statistical Physics 137 no. 5-6, (Oct., 2009) 857-877.

S. Khalil and S. Moretti, Supersymmetry Beyond Minimality : from Theory to
Ezperiment. CRC Press, 2017.

S. Coleman and J. Mandula, “All Possible Symmetries of the S-Matrix,” Physical
Review 159 no. 5, (Jul., 1967) 1251-1256.

R. Haag, J. T. Lopuszanski, and M. Sohnius, “All possible generators of
supersymmetries of the S-matrix,” Nuclear Physics B 88 no. 2, (Mar., 1975)
257-274.

P. West, Introduction to Supersymmetry and Supergravity. WORLD
SCIENTIFIC, Revised and Extended 2"¢ ed., May, 1990.

A. Rogers, Supermanifolds. WORLD SCIENTIFIC, Apr., 2007.

S. Krippendorf, F. Quevedo, and O. Schlotterer, “Cambridge Lectures on
Supersymmetry and Extra Dimensions,” arXiv:1011.1491 [hep-th].

M. Drees, “An Introduction to Supersymmetry,” arXiv:hep-ph/9611409
[hep-ph].

P. G. O. Freund, Introduction to Supersymmetry. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Nov., 1986.

J. Wess and J. Bagger, Supersymmetry and Supergravity. Princeton University
Press, Princeton, NJ, USA, 1992.

E. D’Hoker and D. Z. Freedman, “Supersymmetric Gauge Theories and the
AdS/CFT Correspondence,” arXiv:hep-th/0201253 [hep-th].

N. Beisert, “The Dilatation operator of N’ = 4 super Yang-Mills theory and
Integrability,” Physics Reports 405 no. 1-3, (Dec., 2004) 1-202,
arXiv:hep-th/0407277 [hep-th].

V. Kaplunovsky, “Advanced supersymmetry,” 2009.
http://bolvan.ph.utexas.edu/~vadim/Classes/2009f/SCA.pdf.

C. A. B. Bayona and N. R. F. Braga, “Anti-de Sitter boundary in Poincaré
coordinates,” General Relativity and Gravitation 39 no. 9, (May, 2007)
1367-1379, arXiv:hep-th/0512182 [hep-th].


http://dx.doi.org/10.1007/s10955-009-9840-z
http://dx.doi.org/10.1201/9781315367903
http://dx.doi.org/10.1201/9781315367903
http://dx.doi.org/10.1103/physrev.159.1251
http://dx.doi.org/10.1103/physrev.159.1251
http://dx.doi.org/10.1016/0550-3213(75)90279-5
http://dx.doi.org/10.1016/0550-3213(75)90279-5
http://dx.doi.org/10.1142/1002
http://dx.doi.org/10.1142/1878
http://arxiv.org/abs/1011.1491
http://arxiv.org/abs/hep-ph/9611409
http://arxiv.org/abs/hep-ph/9611409
http://dx.doi.org/https://doi.org/10.1017/CBO9780511564017
http://arxiv.org/abs/hep-th/0201253
http://dx.doi.org/10.1016/j.physrep.2004.09.007
http://arxiv.org/abs/hep-th/0407277
http://bolvan.ph.utexas.edu/~vadim/Classes/2009f/SCA.pdf
http://dx.doi.org/10.1007/s10714-007-0446-y
http://dx.doi.org/10.1007/s10714-007-0446-y
http://arxiv.org/abs/hep-th/0512182

Bibliography 103

[41]

[42]

[43]

[46]

[47]

[48]

[49]

D. Berenstein, J. Maldacena, and H. Nastase, “Strings in flat space and pp waves
from N = 4 Super Yang Mills,” Journal of High Energy Physics 2002 no. 04,
(Apr., 2002) 013, arXiv:hep-th/0202021 [hep-th].

G. Hooft, “A Planar Diagram theory for Strong Interactions,” Nuclear Physics B
72 no. 3, (Apr., 1974) 461-473.

A. Santambrogio and D. Zanon, “Exact anomalous dimensions of N' = 4
Yang—Mills operators with large R charge,” Physics Letters B 545 no. 3-4, (Oct.,
2002) 425-429, arXiv:hep-th/0206079 [hep-th].

D. J. Gross, A. Mikhailov, and R. Roiban, “Operators with large R charge in
N = 4 Yang-Mills theory,” Annals of Physics 301 no. 1, (Oct., 2002) 31-52,
arXiv:hep-th/0205066 [hep-th].

J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N' = 4 Super
Yang-Mills,” Journal of High Energy Physics 2003 no. 03, (Mar., 2003) 013,
arXiv:hep-th/0212208 [hep-th].

N. Beisert, C. Ahn, L. F. Alday, Z. Bajnok, J. M. Drummond, L. Freyhult,

N. Gromov, R. A. Janik, V. Kazakov, T. Klose, and et al., “Review of AdS/CFT
Integrability: An Overview,” Letters in Mathematical Physics 99 no. 1-3, (Oct,
2011) 3-32, arXiv:hep-th/1012.3982 [hep-th].

D. Bombardelli, A. Cagnazzo, R. Frassek, F. Levkovich-Maslyuk, F. Loebbert,
S. Negro, I. M. Szécsényi, A. Sfondrini, S. J. v. Tongeren, and A. Torrielli, “An
integrability primer for the gauge-gravity correspondence: an introduction,”
Journal of Physics A: Mathematical and Theoretical 49 no. 32, (Jul, 2016)
320301, arXiv:hep-th/1606.02945 [hep-th].

N. Beisert, C. Kristjansen, and M. Staudacher, “The Dilatation Operator of
Conformal N = 4 super Yang-Mills Theory,” Nuclear Physics B 664 no. 1-2,
(Aug., 2003) 131-184, arXiv:hep-th/0303060 [hep-th].

R. G. Leigh and M. J. Strassler, “Exactly marginal operators and duality in four
dimensional N' = 1 supersymmetric gauge theory,” Nuclear Physics B 447 no. 1,
(Jul., 1995) 95-133, arXiv:hep-th/9503121 [hep-th].

V. A. Novikov, M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, “The
B-function in supersymmetric gauge theories. Instantons versus traditional
approach,” Physics Letters B 166 no. 3, (Jan., 1986) 329-333.


http://dx.doi.org/10.1088/1126-6708/2002/04/013
http://dx.doi.org/10.1088/1126-6708/2002/04/013
http://arxiv.org/abs/hep-th/0202021
http://dx.doi.org/10.1016/0550-3213(74)90154-0
http://dx.doi.org/10.1016/0550-3213(74)90154-0
http://dx.doi.org/10.1016/s0370-2693(02)02627-8
http://dx.doi.org/10.1016/s0370-2693(02)02627-8
http://arxiv.org/abs/hep-th/0206079
http://dx.doi.org/10.1006/aphy.2002.6293
http://arxiv.org/abs/hep-th/0205066
http://dx.doi.org/10.1088/1126-6708/2003/03/013
http://arxiv.org/abs/hep-th/0212208
http://dx.doi.org/10.1007/s11005-011-0529-2
http://dx.doi.org/10.1007/s11005-011-0529-2
http://arxiv.org/abs/hep-th/1012.3982
http://dx.doi.org/10.1088/1751-8113/49/32/320301
http://dx.doi.org/10.1088/1751-8113/49/32/320301
http://arxiv.org/abs/hep-th/1606.02945
http://dx.doi.org/10.1016/S0550-3213(03)00406-1
http://dx.doi.org/10.1016/S0550-3213(03)00406-1
http://arxiv.org/abs/hep-th/0303060
http://dx.doi.org/10.1016/0550-3213(95)00261-p
http://dx.doi.org/10.1016/0550-3213(95)00261-p
http://arxiv.org/abs/hep-th/9503121
http://dx.doi.org/https://doi.org/10.1016/0370-2693(86)90810-5

Bibliography 104

[51]

[53]

[54]

[55]

[59]

[60]

O. Aharony and S. S. Razamat, “Exactly Marginal Deformations of N’ =4 SYM
and of its Supersymmetric Orbifold Descendants,” Journal of High Energy
Physics 2002 no. 05, (May, 2002) 029, arXiv:hep-th/0204045 [hep-th].

O. Lunin and J. Maldacena, “Deforming field theories with U(1) x U(1) global
symmetry and their gravity duals,” Journal of High Energy Physics 2005 no. 05,
(May, 2005) 033, arXiv:hep-th/0502086 [hep-th].

R. C. Rashkov, K. S. Viswanathan, and Y. Yang, “Generalization of the
Lunin-Maldacena transformation on the AdSs x S® background,” Physical
Review D 72 no. 10, (Nov., 2005) 01, arXiv:hep-th/0509058 [hep-th].

S. Frolov, “Lax Pair for Strings in Lunin-Maldacena Background,” Journal of
High Energy Physics 2005 no. 05, (May, 2005) 069069, arXiv:hep-th/0503201
[hep-th].

O. Aharony, B. Kol, and S. Yankielowicz, “On Exactly Marginal Deformations of
N =4 SYM and Type IIB Supergravity on AdSs x S°,” Journal of High Energy
Physics 2002 no. 06, (Jun., 2002) 039, arXiv:hep-th/0205090 [hep-th].

R. Roiban, “On spin chains and field theories,” Journal of High Energy Physics
2004 no. 09, (Sep., 2004) 023, arXiv:hep-th/0312218.

T. Mansson and K. Zoubos, “Quantum Symmetries and Marginal

Deformations,” JHEP 10 (Oct., 2010) 043, arXiv:0811.3755 [hep-th].

T. Mansson, “The Leigh-Strassler deformation and the quest for integrability,”
Journal of High Energy Physics 2007 no. 06, (Jun., 2007) 010,
arXiv:hep-th/0703150 [hep-th].

D. Berenstein and S. A. Cherkis, “Deformations of N'=4 SYM and integrable
spin chain models,” Nuclear Physics B 702 no. 1-2, (Dec., 2004) 49-85,
arXiv:hep-th/0405215 [hep-th].

D. Bundzik and T. Mansson, “The general Leigh-Strassler deformation and
integrability,” Journal of High Energy Physics 2006 no. 01, (Jan., 2006) 116,
arXiv:hep-th/0512093 [hep-th].

C. Gémez, M. Ruiz-Altaba, and G. Sierra, Quantum Groups in
Two-Dimensional Physics. Cambridge University Press, Apr., 1996.

O. Babelon, D. Bernard, and M. Talon, Introduction to Classical Integrable
Systems. Cambridge University Press, Apr., 2003.


http://dx.doi.org/10.1088/1126-6708/2002/05/029
http://dx.doi.org/10.1088/1126-6708/2002/05/029
http://arxiv.org/abs/hep-th/0204045
http://dx.doi.org/10.1088/1126-6708/2005/05/033
http://dx.doi.org/10.1088/1126-6708/2005/05/033
http://arxiv.org/abs/hep-th/0502086
http://dx.doi.org/10.1103/PhysRevD.72.106008
http://dx.doi.org/10.1103/PhysRevD.72.106008
http://arxiv.org/abs/hep-th/0509058
http://dx.doi.org/10.1088/1126-6708/2005/05/069
http://dx.doi.org/10.1088/1126-6708/2005/05/069
http://arxiv.org/abs/hep-th/0503201
http://arxiv.org/abs/hep-th/0503201
http://dx.doi.org/10.1088/1126-6708/2002/06/039
http://dx.doi.org/10.1088/1126-6708/2002/06/039
http://arxiv.org/abs/hep-th/0205090
http://dx.doi.org/10.1088/1126-6708/2004/09/023
http://dx.doi.org/10.1088/1126-6708/2004/09/023
http://arxiv.org/abs/hep-th/0312218
http://dx.doi.org/10.1007/JHEP10(2010)043
http://arxiv.org/abs/0811.3755
http://dx.doi.org/10.1088/1126-6708/2007/06/010
http://arxiv.org/abs/hep-th/0703150
http://dx.doi.org/10.1016/j.nuclphysb.2004.09.005
http://arxiv.org/abs/hep-th/0405215
http://dx.doi.org/10.1088/1126-6708/2006/01/116
http://arxiv.org/abs/hep-th/0512093
http://dx.doi.org/10.1017/cbo9780511628825
http://dx.doi.org/10.1017/cbo9780511628825
http://dx.doi.org/10.1017/cbo9780511535024
http://dx.doi.org/10.1017/cbo9780511535024

Bibliography 105

[63]

[64]

[74]

L. D. Faddeev, “How Algebraic Bethe Ansatz works for integrable model,”
arXiv:hep-th/9605187 [hep-th].

F. Levkovich-Maslyuk, “The Bethe ansatz,” Journal of Physics A: Mathematical
and Theoretical 49 no. 32, (Jul., 2016) 323004, hep-th/1606.02950 [hep-th].

V. Chari and A. Pressley, A Guide to Quantum Groups. Cambridge University
Press, 1995.

C. Kassel, Quantum Groups. Springer New York, 1995.

M. Chaichian and A. Demichev, Introduction to Quantum Groups. WORLD
SCIENTIFIC, Nov., 1996.

M. E. Sweedler, “Integrals for Hopf Algebras,” The Annals of Mathematics 89
no. 2, (Mar., 1969) 323-335.

R. Underwood, An Introduction to Hopf Algebras. Springer New York, 2011.

X. Bekaert, “Universal enveloping algebras and some applications in physics,”
Tech. Rep. 26, Inst. Hautes Etud. Sci., Bures-sur-Yvette, Oct., 2005.
https://cds.cern.ch/record/904799.

S. Majid, Foundations of Quantum Group Theory. Cambridge University Press,
Dec., 1995.

V. Drinfeld, “Quasi-Hopf algebras,” Leningrad Mathematical Journal 1 no. 6,
(1990) 1419-1457.

L. D. Faddeev, “Quantum groups,” Boletim da Sociedade Brasileira de
Matemdtica - Bulletin/Brazilian Mathematical Society 20 no. 1, (Oct., 1989)
47-54.

L. D. Faddeev, N. Y. Reshetikhin, and L. A. Takhtajan, “Quantization of Lie
Groups and Lie Algebras,” in Yang-Bazter Equation in Integrable Systems,
pp- 299-309. WORLD SCIENTIFIC, Mar., 1990.

D. Z. Freedman and A. V. Proeyen, Supergravity. Cambridge University Press,
2009.

S. J. van Tongeren, “Yang—Baxter deformations, AdS/CFT, and
twist-noncommutative gauge theory,” Nuclear Physics B 904 (Mar., 2016)
148-175, arXiv:1506.01023 [hep-th].

S. J. van Tongeren, “On classical Yang-Baxter based deformations of the AdS5 x

S5 superstring,” arXiv:1504.05516 [hep-th].


http://arxiv.org/abs/hep-th/9605187
http://dx.doi.org/10.1088/1751-8113/49/32/323004
http://dx.doi.org/10.1088/1751-8113/49/32/323004
http://arxiv.org/abs/hep-th/1606.02950
http://dx.doi.org/10.1007/978-1-4612-0783-2
http://dx.doi.org/10.1142/3065
http://dx.doi.org/10.2307/1970672
http://dx.doi.org/10.2307/1970672
http://dx.doi.org/10.1007/978-0-387-72766-0
https://cds.cern.ch/record/904799
http://dx.doi.org/10.1017/cbo9780511613104
http://dx.doi.org/10.1007/BF02585467
http://dx.doi.org/10.1007/BF02585467
http://dx.doi.org/10.1007/BF02585467
http://dx.doi.org/10.1142/9789812798336_0016
http://dx.doi.org/10.1142/9789812798336_0016
http://dx.doi.org/10.1017/cbo9781139026833
http://dx.doi.org/10.1016/j.nuclphysb.2016.01.012
http://dx.doi.org/10.1016/j.nuclphysb.2016.01.012
http://arxiv.org/abs/1506.01023
http://arxiv.org/abs/1504.05516

Bibliography 106

78]

[80]

[81]

[88]

D. Osten and S. J. van Tongeren, “Abelian Yang—Baxter deformations and TsT
transformations,” Nuclear Physics B 915 (Feb., 2016) 184-205,
arXiv:1608.08504 [hep-th].

H. Dlamini, “Generalized Geometry and Hopf Twists,” 2016.
http://hdl.handle.net/2263/57238.

M. Gualtieri, “Generalized complex geometry,” arXiv:math/0401221
[math.DG].

C. Blohmann, “Covariant Realization of Quantum Spaces as Star Products by
Drinfeld Twists,” Journal of Mathematical Physics 44 no. 10, (2003) 4736,
arXiv:math/0209180 [math.QA].

H. Grosse, J. Madore, and H. Steinacker, “Field theory on the g-deformed fuzzy
sphere II: quantization,” Journal of Geometry and Physics 43 no. 2-3, (Sep.,
2002) 205-240, arXiv:hep-th/0103164 [hep-th].

R. J. Szabo, “Symmetry, Gravity and Non-commutativity,” Classical and
Quantum Gravity 23 no. 22, (Oct., 2006) 199-242, arXiv:0606233.

L. H. Kauffman, Knots and Physics. WORLD SCIENTIFIC, 37 ed., Jul., 2001.

M. Ammon and J. Erdmenger, Gauge/Gravity Duality. Cambridge University
Press, 2015.

G. T. Horowitz and J. Polchinski, “Gauge/Gravity duality,”
arXiv:gr-qc/0602037 [gr-qcl.

J. L. Petersen, “Introduction to the Maldacena Conjecture on AdS/CFT,”
International Journal of Modern Physics A 14 no. 23, (Sep., 1999) 3597-3672,
arXiv:hep-th/9902131 [hep-th].

D. Berenstein, V. Jejjala, and R. G. Leigh, “Non-Commutative Moduli Spaces,
Dielectric Tori and T-duality,” Physics Letters B 493 no. 1-2, (Nov., 2000)
162-168, arXiv:hep-th/0006168 [hep-th].

M. Kulaxizi, “On beta-deformations and Noncommutativity,”

arXiv:hep-th/0610310 [hep-th].

M. Kulaxizi and K. Zoubos, “Marginal Deformations of N'=4 SYM from
Open/Closed Twistor Strings,” Nuclear Physics B 887 (Oct., 2014) 175-200,
arXiv:hep-th/0410122 [hep-th].

H. Dlamini and K. Zoubos, “Integrable Hopf twists, marginal deformations and

generalised geometry,” arXiv:1602.08061 [hep-th].


http://dx.doi.org/10.1016/j.nuclphysb.2016.12.007
http://arxiv.org/abs/1608.08504
http://hdl.handle.net/2263/57238
http://arxiv.org/abs/math/0401221
http://arxiv.org/abs/math/0401221
http://dx.doi.org/10.1063/1.1602553
http://arxiv.org/abs/math/0209180
http://dx.doi.org/10.1016/s0393-0440(02)00023-2
http://dx.doi.org/10.1016/s0393-0440(02)00023-2
http://arxiv.org/abs/hep-th/0103164
http://dx.doi.org/10.1088/0264-9381/23/22/r01
http://dx.doi.org/10.1088/0264-9381/23/22/r01
http://arxiv.org/abs/0606233
http://dx.doi.org/10.1142/4256
http://dx.doi.org/https://doi.org/10.1017/CBO9780511846373
http://arxiv.org/abs/gr-qc/0602037
http://dx.doi.org/10.1142/S0217751X99001676
http://arxiv.org/abs/hep-th/9902131
http://dx.doi.org/10.1016/S0370-2693(00)01124-2
http://dx.doi.org/10.1016/S0370-2693(00)01124-2
http://arxiv.org/abs/hep-th/0006168
http://arxiv.org/abs/hep-th/0610310
http://dx.doi.org/10.1016/j.nuclphysb.2006.01.018
http://arxiv.org/abs/hep-th/0410122
http://arxiv.org/abs/1602.08061

Bibliography 107

[92]

[94]

[96]

[97]

[98]

[99]

[100]
[101]
[102]

[103]

[104]

L. V. Bork, D. I. Kazakov, G. S. Vartanov, and A. V. Zhiboedov, “Conformal
invariance in the Leigh-Strassler deformed A" = 4 SYM theory,” Journal of High
Energy Physics 2008 no. 04, (Apr., 2008) 003, arXiv:0712.4132 [hep-th].

D. Berenstein, V. Jejjala, and R. G. Leigh, “Marginal and Relevant
Deformations of N = 4 Field Theories and Non-Commutative Moduli Spaces of
Vacua,” Nuclear Physics B 589 no. 1-2, (Nov., 2000) 196-248,
arXiv:hep-th/0005087 [hep-th].

N. Beisert and R. Roiban, “Beauty and the twist: the Bethe ansatz for twisted
N =4 SYM,” Journal of High Energy Physics 2005 no. 08, (Aug., 2005) 039,
arXiv:hep-th/0505187 [hep-th].

D. Giataganas, L. A. P. Zayas, and K. Zoubos, “On Marginal Deformations and
Non-Integrability,” Journal of High Energy Physics 2014 no. 1, (Jan., 2014) 01,
arXiv:1311.3241 [hep-th].

V. Asnin, “On metric geometry of conformal moduli spaces of four-dimensional
superconformal theories,” Journal of High Energy Physics 2010 no. 9, (Sep.,
2010) 1-7, arXiv:0912.2529 [hep-th].

A. Garus, “Untwisting the symmetries of S-deformed Super-Yang—Mills,”
Journal of High Energy Physics 2017 no. 10, (Oct., 2017) 1-13,
arXiv:1707.04128 [hep-th].

O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, “N = 6
Superconformal Chern-Simons-Matter Theories, M2-branes and their Gravity
duals,” Journal of High Energy Physics 2008 no. 10, (Oct., 2008) 091,
arXiv:0806.1218 [hep-th].

J. M. N. Garcia, A. Torrielli, and L. Wyss, “Boost generator in AdSs integrable
superstrings for general braiding,” arXiv:2004.02531 [hep-th].

P. Dorey, “Exact s-matrices,” arXiv:hep-th/9810026 [hep-th].
H. J. Rothe, Lattice Gauge Theories. WORLD SCIENTIFIC, Mar., 2012.
R. W. Carroll, Calculus Revisited. Springer US, 2002.

V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quantum Inverse Scattering
Method and Correlation Functions. Cambridge University Press, Aug., 1993.

V. O. Tarasov, “Algebraic Bethe ansatz for the Izergin-Korepin R-matrix,”
Theoretical and Mathematical Physics 76 no. 2, (Aug., 1988) 793-803.


http://dx.doi.org/10.1088/1126-6708/2008/04/003
http://dx.doi.org/10.1088/1126-6708/2008/04/003
http://arxiv.org/abs/0712.4132
http://dx.doi.org/10.1016/S0550-3213(00)00394-1
http://arxiv.org/abs/hep-th/0005087
http://dx.doi.org/10.1088/1126-6708/2005/08/039
http://arxiv.org/abs/hep-th/0505187
http://dx.doi.org/10.1007/JHEP01(2014)129
http://arxiv.org/abs/1311.3241
http://dx.doi.org/10.1007/jhep09(2010)012
http://dx.doi.org/10.1007/jhep09(2010)012
http://arxiv.org/abs/0912.2529
http://dx.doi.org/10.1007/JHEP10(2017)007
http://arxiv.org/abs/1707.04128
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://arxiv.org/abs/0806.1218
http://arxiv.org/abs/2004.02531
http://arxiv.org/abs/hep-th/9810026
http://dx.doi.org/10.1142/8229
http://dx.doi.org/10.1007/978-1-4757-4700-3
http://dx.doi.org/10.1017/cbo9780511628832
http://dx.doi.org/10.1017/cbo9780511628832
http://dx.doi.org/10.1007/bf01028578

	Declaration of Authorship
	Abstract
	Acknowledgements
	Contents
	List of Figures
	List of Tables
	Abbreviations and Symbols
	1 Introduction
	2 Symmetry in Physics
	2.1 Lorentz and Poincaré symmetry
	2.2 Conformal Symmetry
	2.3 Supersymmetry
	2.3.1 Super-Poincaré algebra
	2.3.2 SUSY and its features
	2.3.2.1 Massless multiplets

	2.3.3 Superspace and superfields
	2.3.3.1  Superspace

	2.3.4 Superfields
	2.3.4.1 Chiral superfields
	2.3.4.2 Vector superfields
	2.3.4.3 Spinor superfields



	3  = 4 SYM and Friends
	3.1  SYM in 4d
	3.1.1 The role of = 4 SYM:
	3.1.1.1 In AdS/CFT duality
	3.1.1.2 In Integrability


	3.2 The Friends: Marginal deformations

	4 The theory of quasi-Hopf Algebras
	4.1 Hopf Algebras
	4.1.1 Algebras
	4.1.2 Co-algebras
	4.1.3 Bialgebras and Hopf algebras
	4.1.4 Examples of Hopf algebras
	4.1.4.1 The tensor algebra
	4.1.4.2 Universal Enveloping Algebra

	4.1.5 Properties of Hopf Algebras
	4.1.5.1 Action of HAs
	4.1.5.2 Quasitriangularity
	4.1.5.3 Twisting
	4.1.5.4 Quasitriangular HAs observed in Physics


	4.2 quasi-Hopf Algebras

	5 The global quasi-Hopf symmetry in  SYM
	5.1 quasi-Hopf structure of  SYM
	5.2 Twisting  SYM
	5.2.1 The twist for the real -deformation
	5.2.2 The twist for the imaginary -deformation
	5.2.3 Twist for the general Leigh-Strassler Deformation


	6 The Star product and deformations
	6.1 Definition of the star product
	6.2 Imaginary  deformed star product
	6.3 General -deformed star product
	6.4 Inverse star product
	6.5 The Leigh-Strassler Superpotential
	6.6 Mixed plane relations

	7 Final Remarks and Conclusions
	7.1 quasi-Hopf Invariance
	7.1.1 Leigh-Strassler Potential and Kinetic terms
	7.1.2 quasi-Yang-Baxter Equation with spectral parameter dependence

	7.2 Conclusion and Outlook

	A Details: The Twist
	A.1 The classical twist matrices
	A.2 Entries of the general  twist
	A.3 Cubic product: Technical details
	A.4 Cubic terms: imaginary  case
	A.5 G-tensor

	B Details: The co-associator
	B.1 Co-associator: imaginary  case
	B.2 Pentagon relation

	C Discussion: Integrability
	Bibliography

