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Abstract
The explanation of abnormal enhancement of transported energy in colloidal nanoparticles in a liquid has sparked much

interest in recent years. The complexity comes from the inter-particle phenomenon and cluster formation. The process of

nanoparticle aggregation, which is caused by convective phenomena and particle-to-particle interaction energy in a flow, is

investigated in this research. Therefore, the probability of collision and cohesion among clusters is modelled, as stated in

this research. ANSYS-Fluent 17 CFD tools are employed to implement a new method of nanoparticle aggregation, new

essential forces, new heat law and cluster drag coefficient. The importance of the interaction forces is compared to drag

force, and essential forces are considered in coupling between nanoparticles and fluid flow. An important parameter is

defined for the surface energy density regarding the attractive energy between the double layer and surrounding fluid to

capture the cohesion of particles. Particles’ random migration is also presented through their angular and radial dis-

placement. The analyses for interactions show the significance of Brownian motion in both particles’ migration and

coupling effects in the fluid. However, nanoparticles are pushed away from walls due to repulsive forces, and Brownian

motion is found to be effective mainly on angular displacement around the tube centreline. The attractive energy is found to

be dominant when two clusters are at an equal distance. Hence, the cluster formation in convective regions should be taken

into account for modelling purposes. A higher concentrated region also occurs midway between the centreline and the

heated wall.
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List of symbols
A Hamaker constant (J)

Ap Particle surface area (m2)

App Particle projected area (m2)

Cc Cunningham correction factor

CD Drag coefficient

CML Rotational coefficient

Cx Rotational drag coefficient

cp Specific heat (J kg-1 K-1)

dp Particle diameter (m)

DT Thermophoresis coefficient

fBi
Brownian force (N kg-1)

fs Interaction forces (N m-3)

fd Drag function

Gw Gaussian weight function

h Particle–particle distance (m)

Ip Moment of inertia (kg m-2)

k Thermal conductivity (W m-1 K-1)

KB Boltzmann constant (m2 kg K-1 s-2)

mp Particle mass (kg)

_mp Particle mass flow rate (kg s-1)

Nparticle Number of particles in the parcel

n Possible number of collision

P Poisson distribution

Rep Particle Reynolds number

Sh Thermal interaction between particles and fluid

(W m-3)

Dtp Particle time step (s)

U1, U2 Uniform random number

up Particle velocity (m s-1)
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us Particle–fluid relative velocity (m s-1)

VEDL Electric double-layer energy (J)

Vvdw van der Waals energy (J)

x Location (m)

Dx Characteristic length of the cell

We Webber number

Greek letters
e0 Vacuum permittivity (CV-1 m-1)

er Relative permittivity

j Debye–Huckel parameter (m-1)

c Surface energy density (J m-2)

_c Shear rate (1/s)

xp Particle angular velocity (1/s)

X Relative particle–liquid angular velocity (1/s)

w Potential on the surface of particle (V)

hparticle Particle variable in the node
�hparcel Particle variables affected by nodes in the

neighbourhood

s Particle relaxation time (s)

f
* Random function

v Random number between 0 and 1

Introduction

Nanoparticles have been used in some areas of industry in

recent years due to their positive effect on heat transfer

enhancement [1–3]. Both experimental and theoretical

analyses have shown the increased thermal conductivity

and viscosity of nanofluids [4–8]. Although both

enhancement and deterioration in heat transfer coefficient

or Nusselt number were reported by Yu et al. [9], the

changes in viscosity are clearly caused by the interaction

forces between solid and liquid. Some of the hypotheses

behind the improved thermal conductivity are extensively

explained by Aybar et al. [10]. The early assumption of the

interaction of nanoparticles was indicated to be only ther-

mophoresis and concentration diffusions, and has repeat-

edly been referred to by many researchers [11–15].

Krishnamurthy et al. [16] showed that the expanded mass

diffusion of nanoparticles due to Brownian motion could

be connected to thermal conductivity. Even though

aggregation was mentioned as one of the contributing

factors in this regard, as strongly suggested by

Ganguly et al. [17], other researchers (Gupta and Kumar

[18], Gharagozloo et al. [19] and Veilleux and Coulombe

[20]) have emphasised that the random motion of the

nanoparticles caused by Brownian motion was the reason

for the diffusion. Putnam and Cahill [21] stated that

thermo-diffusion depends mainly on the chemical charac-

teristics of the particle surface and diameter, namely the

ionic strength. Therefore, the changes in double-layer

thickness (somehow represented by Debye length) and the

pH of the mixture play an important role in the interaction

of the nanoparticles. Eslamian and Saghir [22] discussed

the non-equilibrium thermodynamics of thermophoresis

coefficient for nanoparticles smaller than 2 nm. The coef-

ficient was derived from the Brownian motion components

and was found to be less than in previous studies [23, 24].

Koo and Kleinstreuer [25] assumed the thermal Brownian

and van der Waals attraction forces as the contributing

factors in added thermal conductivity. They stated that the

flocculation in nanoparticles was unavoidable and it dete-

riorated in the case of metallic or metal oxide particles with

higher kinetic energy than an electrostatic barrier. Vladkov

and Barrat [26] simply assumed the Stokesian flow over the

spherical nanoparticles (or equivalent diameter), with small

and negligible flow convective terms. In fact, the transient

and flow conduction passed over the particles were only

considered in heat transfer equation. They modelled

Kapitza resistance in the heat balance equation of a particle

as the main thermal barrier. Gao et al. [27] hypothesised

that the Brownian force and clustering of nanoparticles

might be behind the abnormal enhancement of heat trans-

fer. They eventually pointed out that the only significant

phenomenon can be clustering and should be definitely

considered in simulations. The same was reported by

Babaei et al. [28] about Brownian force with different

viewpoint using molecular dynamics simulations. Laı́n and

Sommerfeld [29] used drag, gravity, lift and rotational

forces for microscale particles in a turbulent flow. The

collision among particles (and not cohesion which can be

the dominant case in nanoscale) was considered important

in the final distribution of particles. Anomalous diffusion in

alumina nanofluid mixed with water, methanol and fluo-

rometric dye for tracing was studied in a laminar

microchannel flow by Ozturk et al. [30]. It was observed

that the presence of surfactant and nanoparticles change the

diffusion of fluorescence dye, meaning the changes in

wettability and surface tension over the nanoparticles. They

reported that the thermal conductivity was not considerably

affected by the dye and surfactant comparing to the vari-

ation of diffusion rate. The changes in surface tension trend

in a nanofluid with and without surfactant were also

explained by Kumar and Milanova [31] and found to be

higher with a surfactant. Moghari et al. [32] used mixture

approach without considering any of the important slip

mechanisms involved. Yang et al. [33] considered four

mechanisms for mass diffusion of nanoparticles including

gradients due to concentration, temperature, viscosity and

shear-induced diffusion. Eventually, gradients due to con-

centration and temperature were found dominant compar-

ing to others.
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Literature review shows that researchers investigated the

involved interactions among nanoparticles and also clusters

in many reports separately, and only few reported the

importance of each interaction or the combination of them.

Therefore, it is crucial to explore the impacts of most of the

phenomena involved with considering the corrections in

correlations for particles cluster and Brownian motion. In

this study, the attempt will be made to consider a variety of

phenomena involved in nanoparticles migration and

aggregation, as some of them mentioned above. The

modifications in the model are implemented through some

user-defined programs. The literature review shows that the

following phenomena should be considered in nanoscale

particles interactions: drag force, gravity, lift force, the

force due to rotation or Magnus force, electrostatic

attraction and repulsion forces, convective heat phe-

nomenon around a particle, and the most importantly

thermophoresis and random Brownian force. The possi-

bility of particles collision and formation of clusters is also

implemented.

Methodology and equations

A new development of nanoparticles migration and heat

transfer in conjunction with Langevin equation is pre-

sented. The experiment results were borrowed from the

work done by Zhang et al. [34] in a microchannel with

0.5 mm in diameter to validate the accuracy of the pre-

sented model. They used alumina nanoparticles with 20 nm

average size and concentration from 0.25 to 0.77 vol%.

The nanoparticles in the injection plan are released and

tracked in the microchannel. The nanoparticles are initially

assumed to be in uniform sizes, but changes in distribution

and aggregation will occur during convective and diffusion

migration. Before explanation of the equations, some early

calculations were made to understand the importance of

some forces. It was found out the pressure gradient, virtual

mass and buoyancy forces can be safely neglected in cal-

culations. Figure 1 presents the order of magnitude of each

interaction comparing to drag force in each Cartesian

direction. Z axis is the flow direction, and X and Y are the

cross sections of the circular microchannel.

Since Brownian random force acts in all directions, the

magnitude is considerable in three axes except in Z direc-

tion due to main drag direction. The repulsive electrical

double-layer force (EDL) is also comparable to Brownian

motion. It is noted that higher value of EDL means higher

repulsion among nanoparticles and stability of the mixture.

The contribution of lift, Magnus, van der Waals (vdw) and

thermophoresis might be small, but still cannot be ignored

and may have some influences on final aggregation of

nanoparticles. With these simplifications, the nanoparticles

equations can be arranged without considering insignificant

forces.

The simple form of continuity, momentum and energy

equations is as follows:

r: qu*s

� �
¼ 0; ð1Þ

r � qu*su
*

s

� �
¼ �rPþr � lru

*

s

� �
þ fs; ð2Þ

r � qu*scpcTc

� �
¼ r � kcrTcð Þ þ Sh: ð3Þ

The impacts of nanoparticles are seen in fluid equations

through source terms fs and Sh.

fs ¼
X 18lc

qpd2p

CDRep

24
ðu~p � u~cÞ þ f

*

other

!
_mpDt; ð4Þ

Sh ¼ _mpcppðTpin�cell
� Tpout�cell

Þ ð5Þ

where Tpin�cell
and Tpout�cell

are the particle temperature at the

inlet and outlet of each cell.
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Fig. 1 Comparative study of interactions over nanoparticles
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The Newton’s law of motion and the angular momentum

equation for a moving particle can be written as follows

[35]:

du
*

p

dtp
¼ fd

sCc

u
*

s þ f
*

B þ f
*

others; ð6Þ

Ip
dx

*

p

dt
¼ q

2

dp

2

� �5

CxX
*

; ð7Þ

where up, fd, s, Cc, us, fBi
, Ip, xp, Cx and X are nanopar-

ticle velocity, drag function, relaxation time, Cunningham

correction factor, particle and fluid relative velocity,

Brownian force, moment of inertia, particle angular

velocity, rotational drag coefficient and relative particle-

liquid angular velocity, respectively. The term f
*

others

includes the other forces.

The general form of Brownian force is presented as [36]:

f
*

B ¼ f
*

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6pdplKBT

m2
pDtp

s
; ð8Þ

where f
*

, dp, l, KB, mp and Dtp are random function, par-

ticle diameter, viscosity, Boltzmann constant, particle mass

and time step, respectively. Since the results of particles

migration were not affected by reducing time step lower

than 10-5, this value was chosen as time step. The cor-

rectness of this form of Brownian force with along the

random function is still in doubt [37]. However, two dif-

ferent applicable random functions can be suggested. The

first is produced by a Gaussian white noise process; the

second is based on a uniform random number, Ui [38]:

f1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 lnU1

p
cosð2pU2Þ; ð9Þ

f2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 lnU1

p
sinð2pU2Þ: ð10Þ

The potential long-range attractive van der Waals (Vvdw)

and repulsion electric double layer (VEDL) are obtained

from DLVO theory [39, 40]:

Vvdw ¼�A

6

d2p

2hðhþ 2dpÞ
þ

d2p

2ðhþ dpÞ2
þ ln

hðhþ 2dpÞ
ðhþ dpÞ2

 !" #
;

ð11Þ

VEDL ¼ pdpe0erw
2 expð�jhÞ jdp\10; ð12Þ

where e0, er, w and A are vacuum and relative permittivi-

ties, potential on the surface of electrical double layer

(approximated by zeta potential) and Hamaker constant,

respectively. The Debye–Huckel parameter is obtained for

water as j ¼ 5:6242� 1010
ffiffiffiffiffiffiffiffiffi
I0=T

p
. The value for ionic

strength is simply calculated from the general form of

I0 ¼ 1
2

P
i cizi, the concentration (ci) based on pH and the

charge (zi) of the species. To avoid immediate aggregation

in the solution, the amount of the potential is chosen above

isoelectric point of w ¼ �32:0 mV in this study. Eventu-

ally, the combination of the attraction and repulsion will

provide the net force as Fj j ¼ dV

dh

���
���. Thermophoresis, lift

due to shear stress and rotational particle are presented as

follows [22, 35, 41]:

f
*

thermo ¼ �DT

mp

rT

T
; ð13Þ

f
*

lift ¼ 20:3ld2p
u
*

s

mp

ffiffiffiffiffi
_cq
l

s
sgnð _cÞ; ð14Þ

f
*

Magnus ¼
1

2

ApCMLq
mp

u
*

s

���
���

X
*
���
���

u
*

s � X
*

h i
; ð15Þ

where DT, _c, Ap and CML are thermophoresis diffusion

coefficient, shear rate, particle projected area and rotational

coefficient, respectively. The important part of the present

model is to find a proper drag coefficient for a spherical

particle and distorted cluster in the flow. After calculation

of distortion factor of a cluster concerning a sphere shape,

the drag coefficient can be implemented as:

CD ¼ 24

Rep
1þ b1Re

b2
p

� �
þ b3Rep

b4 þ Rep
; ð16Þ

where bi are presented by Haider and Levenspiel [42]

based on the distortion factor and equivalent diameter of a

cluster (proportion of the surface of a spherical particle

with the same volume as the actual cluster and surface area

of the cluster). A new complete form of heat equation for

particles with higher density than water and in nanosize is

implemented as follows [43]:

mpcpp
dTp

dt
¼ mccpc

DTc

Dt
� 2pdpkcðTp � TcÞ; ð17Þ

where cp and k are heat capacity and thermal conductivity.

The c and p subscripts represent liquid phase (continuous)

and particles. The first term on the right is the convective

phenomenon induced by flow around the cluster, and the

second is conduction occurring on the surface of the cluster

with equivalent diameter.

Modelling of cluster formation

To model the aggregation process, two steps should be

taken into account, the possibility of the collision and the

outcome of the collision. The probability of the collision

comes from the ratio of collision volume (two clusters

4



occupying an equivalent volume) to the total volumetric

region.

P ¼ collision volume

total volume
¼

pðdp1 þ dp2Þ2 u
*

s

���
���Dtp

4� volume
: ð18Þ

The 1 and 2 subscripts represent smaller and bigger

clusters, respectively. The final form of this probability

function can be provided based on the possible number of

collision n (or the average �n) in each computational domain

and Poisson distribution as [44]:

PðnÞ ¼ e��n �n
n

n!
: ð19Þ

The outcome of the collision should be clearly based

on the surface energy on the nanoparticles and tension

over the double layer and surrounding fluid. If we

assume the random distance between two clusters as

ðdp1=2þ dp2=2Þv0:5, v a random number between 0 and

1, and considering the critical offset centre to centre of

two clusters as [44]:

bcritical ¼
ðdp1 þ dp2Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min 1:0;

2:4f

We

� �s
ð20Þ

where f and We are a function of dp1=dp2 and Webber

number. Any values smaller than this critical offset will

lead to the formation of a cluster, otherwise it is bounced.

Determination of surface energy or tension on the double

layer of a nanoparticle is the challenging part. The trend of

surface tension (microscale) for the mixture of nanofluid is

still under question; it may increase [45] or decrease [46].

In nanosize scale, the surface energy density of the

nanoparticles is calculated regarding joules per area of the

particles containing it. This energy density acts similar to

surface tension in macroscale with the same unit. When

two particles are about to collide, it can be assumed that

they are at their equilibrium distance with the best empir-

ical value of 1.58 ± 0.08 Å [47]. The two important sur-

face energies are van der Waals attraction and EDL

repulsion. The former depends on particle diameter and

higher than the latter when two particles are at equilibrium

distance. However, the total of the surface energy Vtotal will

lead to:

c ¼ Vtotal

Ap

: ð21Þ

c is the surface energy density of nanoparticles in contact.

This is used as the major criterion to understand the final

fate of the particles after collision, either bounce or

aggregation.

Node-based averaging method

The effects of nanoparticles on parcels in the neighbour-

hood are not usually applied to the equations. To do this,

node-based averaging method is employed to consider the

distributing impacts of nanoparticles from the Lagrangian

frame into the Eulerian field. The Gaussian distribution

function is used to interpolate the neighbouring parcel’s

impacts on the centroid parcel [48]:

�hparcel ¼
X

NparticleGwhparticle; ð22Þ

Gw ¼ a

p

� �3=2
exp �a

xparcel � xparticle
�� ��2

Dx2

 !
; ð23Þ

Nparticle ¼ _mp

Dt
mp

; ð24Þ

where �hparcel, Nparticle, Gw, hparticle, Dx, xparcel and xparticle are

particle variables affected by nodes in the neighbourhood

(which are 26 cells for structured quad mesh in this

research), number of particles in the parcel, Gaussian

weight function, particle variable in the node, characteristic

length of the cell, parcel location in the neighbourhood and

particle location, respectively.

Numerical procedure

ANSYS-Fluent 17 was employed in this research to solve

the governing equations using the control volume

approach. The SIMPLE method was used to solve the

coupled pressure and velocity in the equations, the QUICK

scheme for volume fraction, and the Second-order Upwind

for interpolating other parameters. Also, nanoparticles are

injected into the flow at the entrance uniformly.

Boundary conditions are uniform velocity and temper-

ature at the inlet for both particles and base fluid (291.15 K

as inlet temperature), particle mass flow rate at the inlet

calculated based on particle volume fraction up to

0.77 vol% (it is important to make sure particles are uni-

formly distributed at the inlet), constant heat flux over the

external surface of the tube from 69.9 to 108.9 kW/m2,

fully developed condition at the outlet and no-slip condi-

tion at the wall of the tube for fluid. It is noted that inlet

conditions for particles are equivalent boundary and initial

conditions for particles in the Lagrangian frame. Also, wall

boundary conditions differ for the particles than base flow.

Two main possibilities are that they can either rebound off

the wall or stick to the wall. Simulation results showed that

none of the mentioned conditions happened for particles. It

means that particles never reached the wall or met the wall

conditions.

The steps for the computational procedure are as

follows:
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1. First, the equations of mass, momentum and energy are

solved to obtain the flow field variables.

2. The UDF function for extra forces is solved to add to

particle motion equation in ANSYS-Fluent 17.

3. The probability of collision and forming a new cluster

is considered.

4. The drag coefficient by UDF function is executed

regarding new clusters formed.

5. The Newton’s law of motion and angular momentum

equations are solved.

6. The implemented heat law of the particles is solved to

obtain particles temperature.

7. The momentum and heat interactions between fluid

and particles are appeared in continuous phase equa-

tions as two-way coupling.

Results and discussion

Due to lack of precise study of nanoparticles in convective
flows (visualisation and measurements of nanoparticles
migration as a discrete and not bulk), the results of heat
transfer are validated by the experimental work of Zhang et
al. [34], shown in Fig. 2. The good agreement between the
predictions and measurements will be the key factor for
further predictions of nanoparticles migration. It is noted
that the enhancement presented here is concerned with the
percentage of increase in heat transfer coefficient for the
nanofluid comparing to base fluid.

The growth of nanoparticles cluster is shown in Figs. 3
and 4. The closest radial position to the wall and centre of
the microchannel is r = 0.238 mm and r = 0.028 mm,

respectively. In fact, the former is placed in the growing part
of the convective flow region. As shown in Fig. 3, the
majority of the clusters possess the diameter of 20–120 nm,

meaning the number of 1–108 nanoparticles in each cluster.
The up and down in cluster diameter comes from the joining
or leaving of the particles to or from a cluster. Since the
aggregation approach used in this research is based on the
collisions’ probability, particle-to-particle distance plays the
key role in final cluster distribution mainly affected by
concentration. Hence, a higher concentration in Fig. 3a
results in smoother bell curve than the other. All the strong
interactions introduced to the particles close to the wall
highly influenced particles aggregation at an early stage of
residence time in Fig. 4d. The least affected regarding
variation in cluster diameter occurs when the nanoparticles
are released close to the centreline. It can conclude that the
Brownian motion is the dominant force at the centre of the
tube in Fig. 4a, which results in less number of collision
with other clusters comparing to others near the wall or
inside boundary layer at the entrance length.

As previously explained, the cohesion among nanopar-
ticles is caused by the strong van der Waals attraction at
equilibrium distance concentred to the aggregation and
collision method presented here. The interfacial energy
density on the clusters induced by interactions between
EDL repulsion and attraction is illustrated in Fig. 5.

The order of magnitude of the energy density is

2 9 10-1 mJ m-2 in nanoscale sizes which is almost 100 
times smaller than macroscale surface tension of pure
water, normally between 0.03 and 0.07 mJ m-2. Due to 
high dependency of surface energy to nanoparticles diam-

eter, the results are considerably oscillatory. The jump in
energy density value is only observed in some parts of
clusters close to the microchannel centre in Fig. 5a,
because of entering clusters into the convective regions.

The effects of two correlations of the Brownian motion

on the particles variables presented in this paper are com-

pared in Fig. 6. The nanoparticles of 20 nm released at
injection plan are tracked to calculate both radial and
angular displacement. The variation of angular displace-
ment is higher in the case of Brownian motion by Eqs. 9
and 10, but the results of radial movement are more or less
the same except for the nanoparticles close to the wall in
Fig. 6h. The angular displacements are more distinguished
when the nanoparticles are entered into the convective
regions in Fig. 6a, b. It is noted that most of the interac-
tions implemented act in radial direction perpendicular to
the wall and the difference between two Brownian motion

is expected to be more seen in angular displacement. Also,
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the nanoparticles released near the centreline of the tube at r 
= 0.028 m are mainly influenced by the Brownian force by 
entering the fully developed section of flow and passing the 
entrance length, in 0.01 s time which is shown in Fig. 6a. 
This is caused by the diffusion of the thermal

boundary layer into the centreline of the flow, which highly

increases the particles vibration and Brownian motion.

Variation of nanoparticles volume fraction from tube
inlet to outlet is presented in Fig. 7. X and Y are the cross
sections of the tube, and Z is flow direction. Z = 0.001 m is
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still at flow developing section, and higher concentration is

depicted at the border of the thermal boundary layer. Due

to pushing forces from the wall, nanoparticles tend to be

concentrated at the centre of the tube, as the trend shows in

downstream until the tube exits at Z = 0.1 m. As can be

seen, the possibility of forming larger clusters can increase

in the middle areas between the wall and centreline

because of higher nanoparticles concentration.

Conclusions

In summary, a new method of nanoparticle aggregation

was presented, based on the surface energy density defined

in this research. Instead of the accumulation of particles in

some regions, the probability of the collision was assumed

for the surrounding clusters. Therefore, they could leave or

join the clusters at the same time, depending on the surface

energy. It was found that cluster formation is unavoidable

in convective regions and the equivalent diameter distri-

bution turns into a smoother bell curve as the concentration

increases. The value for the net surface energy was positive

(attraction) at an equal distance, and energy density

appeared to be much less than the macroscale surface

tension. The impact of specific Brownian random motion is

noticeable in the angular displacement of nanoparticles,

and proper correlation should be taken into account. This

comes from the fact that the particles’ migration in radial

and angular aspects is directly in charge of mass and

energy diffusion and eventually an enhancement in heat

transfer. Any changes in particles’ angular movement at the

centreline are only observed in the thermally fully devel-

oped section of the tube due to the interference of thermal

diffusion. At the developing section, higher concentration

occurs at the edge of the thermal boundary layer due to the

pushing forces from the wall. Eventually, the higher vol-

ume fraction is found in the area midway between the

centreline and the wall.
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