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Abstract 
A simple mathematical model has been developed which describes the flow curve 
behaviour up to the peak true stress or a true strain of 0.6 in unstable austenite. 
The hot working behaviour was analysed by compression tests over a 
temperature range of 750 – 1000 oC and at strain rates of 0.1 – 50 s-1. The 
constitutive behaviour focused on the interaction between work hardening and 
dynamic softening attributed to recovery, recrystallization and dynamic austenite 
to ferrite transformation. This model extends the application of the well-
established Estrin and Mecking (EM) work-hardening model in the unstable 
austenite region. The work hardening is countered by softening kinetics, 
represented in this model by JMAK type expressions for both dynamic 
transformation and recrystallization. The predicted results correlate well with 
experimental results in VN and Nb-Ti microalloyed steels. 
 
 
1.0 Introduction 
 
A successful design of an industrial hot working process requires fundamental 
knowledge of microstructural evolution whilst defining the dependence of the flow 
curve on deformation variables (i.e. strain, strain rate and temperature) [1]. Most 
constitutive models describing the hot rolling behaviour of steels are developed 
for the stable austenite temperature range (between 950-1150 oC) and at quasi-
static strain rates of 0.001-0.1 s-1 where steady state conditions are applicable, 
and recrystallization is the only favourable or dominant softening mechanism [1, 
2, 3]. In the final passes in the finishing mill, however, hot rolling may be done in 
the unstable austenite and intercritical phase region where complex relationships 
between flow strength and various mechanisms such as work-hardening, 
recrystallization, precipitation, and transformation exist. This condition covers 
width (edges which cool faster) and length of thin hot rolled strip gauges. 
 
Various flow stress models applied in industry were reviewed which included the 
Arrhenius equation, Misaka (including the Misaka reloaded model [4]), Cingara, 
Solhjoo and Shida [5] models to assess their applicability in the unstable 
austenite region, see Figure 1. Experimental Mean Flow Stress (MFS) data, 
obtained for both VN and Nb-Ti microalloyed steels, was compared to the 
predicted MFS determined using the above-mentioned models. The experimental 
flow stress data and predictions from mathematical models were converted to 
MFS for comparison purposes with MFS predictions from the empirical models. 
The Misaka and modified Misaka models predicted relatively very low MFS levels 
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than the experimental MFS curve due to the exaggeration of the influence of 
dynamic recrystallization (DRX). The Shida and Misaka reloaded had the initial 
part of the which predicted higher stress levels than experimental flow stress and 
predicted MFS lower experimental values after a strain between 0.2 and 0.3. This 
was attributable to the fact that all the models considered do not account for 
effects of dynamic transformation (DT) which in most cases precedes DRX. The 
Cingara equation predicted higher MFS values to the MFS levels obtained from 
experimentation since DRX and DT are not considered. 
 
It can be observed that the models applicable in the low temperature austenite 
are mostly empirical with weak mathematical relationships, which do not directly 
account for dynamic softening due to both transformation and recrystallization. 
Another challenge faced during rolling in the unstable austenite region is mill load 
fluctuations which may lead to mill instability and poor gauge control. On the other 
hand, the quest for process optimization and product improvement through 
improved physical and mechanical properties (i.e. grain refinement which 
improves strength ratio, ductility and toughness) in as-rolled products has led to 
controlled rolling below Tnr despite the existing knowledge gaps, especially in VN 
steels.  
 
The aim of this work, therefore, is to introduce a simple but effective flow stress 
model applicable to the unstable austenite phase region in hot strip rolling of VN 
and Nb-Ti microalloyed steels. The model presented can easily be incorporated 
into Finite Element codes for online process control in hot strip mills. 
 

 
Figure 1 – Comparison of various flow stress models in VN microalloyed steels 
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2.0 Experimental procedure 
 

 Composition and sample preparation 
 
VN and Nb-Ti microalloyed steels with chemical compositions given in Table I, 
were studied. For the VN steel, a vacuum induction melted ingot was hot rolled 
to 13 mm diameter bar, whilst the Nb-Ti steel specimens were wire cut from an 
as-cast industrial slab. Forty eight (48) axisymmetric hot compression specimens 
were wire cut to a height of 15 mm and diameter of 10 mm whereas dilatometric 
samples were machined to a height of 10 mm and diameter of 5 mm. An aspect 
ratio of 1.5 was maintained on specimens to minimize sample geometry influence 
on test results. 
 

Table I – Chemical composition (mass-%) for the steels investigated 

Steel 
Element 

C Mn Si Al Nb Ti V N Fe 
VN 0.06 1.69 0.29 0.049 0.0015 Trace 0.062 0.0097 Bal. 
Nb-Ti 0.09 0.88 0.20 0.043 0.025 0.017 0 0.0088 Bal. 
Note: Combustiometric chemical analysis was used in the determination of C and 
N 
 
 

 Mechanical testing 
 
GleebleTM 1500 and GleebleTM 3500 series thermomechanical simulators fitted 
with tungsten carbide (WC) anvils were used for isothermal uniaxial axisymmetric 
compression tests. The platens were lubricated either with tantalum foil or 
graphite and nickel paste. The specimens were deformed in accordance with the 
schematic schedule shown in Figure 2. Two passes were done with the first 
roughing deformation pass included to eliminate the effects of prior 
microstructural history, and ensure that all specimens experience equivalent hot 
deformation conditions and are at same initial state of microalloying elements. 
The microstructures after the roughing pass are provided in Figure 3. An 
austenitisation temperature of 1200 oC was applied in all tests based on typical 
industrial practice and dissolution temperatures of both V(C,N) – 854 C and 
Nb(C,N) – 1092 oC determined from ThermoCalc® 4.1 property diagrams using 
the TCFE7 database. The criteria outlined in Ref [7,8,9] was used to validate the 
hot compression tests after upsetting. The testing criteria included the following 
parameters: the aspect ratio, and barrelling, height, ovality and circularity 
coefficients. Microstructure analysis was performed at the centre of an axially-
sectioned plane of the deformed specimens.  
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Figure 2 – Schematic representation of deformation test schedules. True strain 

and strain rate are represented as 𝜀 and 𝜀̇, respectively. 
 

 
a) 
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b) 

 
Figure 3 – Microstructures after the roughing pass for a) VN steel and b) Nb-Ti 

steel at 1100oC 
 
 
An inductive-heating BährTM805 AD quenching and deformation dilatometer was 
used to determine the continuous cooling critical transformation temperatures. 
The Ar3 temperatures after the first pass in Figure 2 was determined to be 843 
oC for the VN steel and 818 oC for the Nb-Ti steel at a cooling rate of 5 oC/s, see 
Ref. [10]. The dilatation curves were used to determine the ferrite volume 
fractions at the start of the final deformation step [10]. 
 

 Post-deformation flow stress data processing 
 
A detailed flow curve analysis included the use of central differences, whilst 
graphical methods involved polynomial fitting and regression analysis of flow 
stress-strain data. Care was taken not to mask any metallurgical phenomena on 
the flow data. The curves were fitted to the macroscopic work-hardening flow 
curve using the yield stress 𝜎 .  which was determined using the 2% offset strain 
method [11]. The plastic flow curve segment was fitted and smoothed with a 6th 
order polynomial using the ExcelTM software. The percentage error attributable to 
the error inherent in temperature, load measurement, lubrication breakdown and 
non-uniform flow was expected to be below 4% [12]. 
 
The onset of DT and DRX, as defined by the double differentiation method, 
requires that the local stored energy in the deformed material attains a maximum 
critical value while the rate of dissipation must decrease to a minimum value [13]. 
This condition is expressed mathematically as: 
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𝜕

𝜕𝜀
−

𝜕 ln 𝜃

𝜕𝜀
= 0 

 
The critical strains for initiation of dynamic transformation (𝜀  ) and DRX (𝜀  ) 
during deformation were determined by inflections on the ln 𝜃–𝜀 plots, where 𝜃 is 
the work-hardening rate. The critical strains are given as the single minima in 
∂ln 𝜃/𝜕𝜀 versus 𝜀 plots, representing 𝜀   and 𝜀   at low and high 
temperatures respectively or 𝜀   followed by 𝜀   for double minima plots at 
intermediate temperatures. The rate of progression of DT and DRX was also 
assessed from the slope of 𝑑 ln 𝜃/𝑑𝜀 versus 𝜀 plots. This method enabled the 
determination of critical strains by fitting sixth-order polynomials compared to the 
commonly used 𝜃 versus 𝜎 curves that require fitting of ninth- or higher order 
polynomials [14, 15]. The method was also considered more appropriate for 
determination of critical strains considering its higher correlation coefficients than 
𝜃 versus 𝜎 plots [16, 13].  
 
An assessment of theoretical modelling of the flow behaviour was performed up 
to the saturation stress (𝜎 ) considering only work hardening and DRV. The 
modified work-hardening model utilised the linearity of 𝜎𝜃 − 𝜎  plots to define the 
DRV (including recovery factor), DT and DRX regimes. The deviation from 
linearity signified the critical stress, 𝜎 . 
 
 
3.0 Results 
 

 The modified DRV work-hardening model 
 
In the unstable austenite temperature region, the following restoration 
mechanisms compete: dynamic recovery, dynamic transformation and dynamic 
recrystallization. Plots of 𝜎𝜃 − 𝜎  were used to study work-hardening behaviour 
[6]. When DRV is the only softening mechanism (i.e. below the critical strain for 
both DT and DRX or theoretical DRV-only curve after the critical strain), the flow 
behaviour obeyed the following modified DRV work-hardening model for the inter-
mode region [6]: 
 

𝝈𝑫𝑹𝑽 = 𝝈𝒔𝒂𝒕
𝟐 − 𝝈𝒔𝒂𝒕

𝟐 − 𝝈𝟎
𝟐 𝐞𝐱𝐩 −

𝒓

𝒔𝒓
(𝜺 − 𝜺𝟎)

𝟏 𝟐⁄

   Equation 1 

 
where  𝑠   is the softening rate, 𝑟  is the recovery rate and  (𝑟/𝑠 )  is the curvature 
factor.  
 
The curvature factor which describes the predicted or hypothetical work-
hardening stress curve when work-hardening is counteracted by DRV, DT and 
DRX, was given by the experimentally determined parameter ~1.2 for the VN 

steel while ~ 1.5 for the Nb-Ti steel [6].  

 
At low temperatures, where DT is the only softening mechanism and at high 
temperatures where DRX is dominant, the work-hardening true stress-strain 
curve obeys the following redefined original EM model [17]: 
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𝝈𝑫𝑹𝑽 = 𝝈𝒔𝒂𝒕
𝟐 − 𝝈𝒔𝒂𝒕

𝟐 − 𝝈𝟎
𝟐 𝐞𝐱𝐩 −𝒔𝒓(𝜺 − 𝜺𝟎)

𝟏 𝟐⁄
   Equation 2 

 
For temperatures where DT-only or DRX-only is dominant, the softening rate  𝒔𝒓  
was found to be comparable, i.e. ~5.4 for both VN and Nb-Ti steels.  
 
It should be noted that with an increase in strain rate, as typically experienced in 
the hot strip rolling mill, deformation will mostly be in the unstable austenite 
region, i.e. Equation 1 then applies. 
 

 Determination of material constants 
 
The application of the Arrhenius kinetic equations originally developed by 
Garofalo for creep analysis [18, 19] during hot working as proposed by Sellars 
and Tegart [20], has been employed extensively in the literature in determination 
of the activation energy. The Power law expression (Equation 3) is suitable for 
low stresses since linearity is established at low stress levels (𝛼𝜎 < 0.8) while 
linearity for the Exponential law (Equation 4) is achieved at high stress levels 
(𝛼𝜎 > 1.2). The hyperbolic sinh law (Equation 5) is applicable at all stress levels.  
 
𝑍 = 𝑓(𝜎) = 𝐴′𝜎  Equation 3 
 
𝑍 = 𝑓(𝜎) = 𝐴 exp(𝛽𝜎) Equation 4 
 
𝑍 = 𝑓(𝜎) = 𝐴[sinh(𝛼𝜎)]  Equation 5 
 
 
The material constants: A, stress sensitivity factor 𝛽, stress multiplier 𝛼 and stress 
exponent 𝑛, were derived for the power law, exponential law and hyperbolic sinh 
law, respectively, see Figure 4.  
 
The activation energy for hot working 𝑄 , used in this study were determined 
using the Arrhenius expressions and plots given in Figure 5. The activation 
energy 𝑄  is evaluated to be ~156 kJ/mol for the Nb-Ti and ~128 kJ/mol for the 
VN steels. The flow stress dependency on temperature and strain rate (i.e. 
thermal and strain rate work-hardening) was expressed through the temperature 
compensated strain rate or the Zener–Hollomon parameter (𝑍), see Table IV. The 
Zener-Hollomon parameter is mathematically expressed as: 
 

𝑍 = 𝜀̇ exp  Equation 6 

 
where 𝑄  is the hot working activation energy,  𝑅 is the gas constant and 𝑇 is 
the absolute temperature. 
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a) 
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b) 
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c) 

 
Figure 4 – Plots used for the determination of the material constants in VN steel 

a) 𝒏′, b) 𝜷 and c) 𝒏 for Power law, Exponential law and Hyperbolic sinh law, 
respectively. The plots are for deformation at 750 oC and strain rates of 0.1, 1, 

10 and 50 s-1 
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a) 
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b) 
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c) 
 

Figure 5 – Determination of the activation energy for hot working for the VN 
steel using the following kinetic relationships: a) Power law, b) Exponential law 

and c) Hyperbolic sinh law at a strain rate of 10 s-1 
 

 Determination of characteristic and critical points 
 
The critical strains, 𝜀   and 𝜀  , were determined by the inflections on the ln 𝜃 
versus 𝜀 plots. To distinguish 𝜀   and 𝜀  , the double differentiation technique 
was used where the critical strains were given by the minima in plots of dln θ/d𝜺 
vs 𝜺, see Figure 6 and tabulated in Table II for VN steel. The condition at 𝜀   
and 𝜀   in the ln 𝜃 − 𝜀 curves were determined at a point when the second 
derivative of ln 𝜃 with respect to 𝜀 becomes zero which can be expressed 
mathematically as [16]: 
 

= 0 Equation 7 
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For flow curves that exhibited a peak, the critical points (critical strains and 
stresses) were expressed as a function of characteristic points (peak strain and 
peak stress) having the form: 𝜀 = 𝐴𝜀  or 𝜎 = 𝐴′𝜎  for both DT and DRX, a 
summary is given in Table III. For DT, the 𝜀   was determined to be 
approximately 0.2𝜀  for both VN and Nb-Ti steels. 
 
Various workers have also reported that 𝜀   obeys a linear relationship with 
the Zener-Hollomon parameter, 𝑍 (i.e. 𝜀 = 𝐴𝑍 ) [32, 3]. Plots relating the peak 
and the Z parameter are given in Figure 7 and Figure 8 for strain and stress, 
respectively. A summary of the critical strains as a function of the Z parameter is 
given in Table IV. This dependence of the peak stress and strain on temperature 
and strain rate as expressed by 𝑍, confirms that the deformation is controlled by 
a thermally activated process [32]. Table IV gives the expressions for the critical 
strains as a function of 𝑍 and the initial grain size, 𝐷 .  
 
 

 
a) 
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b) 

 
Figure 6 – Plots of dln θ/d𝜺 vs 𝜺 for a) VN steel and b) Nb-Ti steel at a strain 

rate of 10 s-1 
 

Table II – VN steel peak stress and strain obtained from 𝝈𝜽 − 𝝈𝟐 plots (not 
shown here), and critical stress and strain obtained from Figure 6 at different 

temperatures and strain rates 
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Table III – A summary of critical ratios for both strain and stress for dynamic 

transformation and recrystallization in the unstable austenite region 
 

 
 
 

Table IV – Peak strain and stress relationship with the Zener-Hollomon 
parameter, 𝒁 
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Figure 7 – Relationship between the peak strain and the Zener-Hollomon 

parameter for VN steel and Nb-Ti steel 
 
 

 
Figure 8 – Relationship between the peak stress and the Zener-Hollomon 

parameter for VN steel and Nb-Ti steel 
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 Stress reduction due to DT and DRX 

 
The approach proposed by Park et. al. [33] on the determination of softening due 
to dynamic transformation using the JMAK expression was used in this study, 
where stress reduction due to softening is given by: 
 

∆𝜎 = 𝐴 1 − exp −𝐵  Equation 8 

 
where 𝐴, 𝐵 and 𝑛 are constants, 𝜀  is the critical strain and 𝜀  is the peak or 
maximum strain 
 
The kinetic relationships for DT and DRX in the unstable austenite temperature 
region are given in Figure 12. The material constants were determined from 

various plots of ln ln ∆𝜎 versus ln  for 𝑛 and ln ∆𝜎 against  for 𝐴 and 

𝐵, see Figure 9.  
 
 

 
 

a) 
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b) 

 
Figure 9 – Plots for the determination of stress reduction constants due to 

dynamic transformation for the following a) n and b) B 
 
 

 Microstructure observations 
 
Quantitative analysis of Prior Austenite Grain size (PAGS) is given in Chalimba 
et al. [35]. The mean prior austenite grains size for VN steel was lower than that 
of Nb-Ti steel i.e. 138 and 168 𝜇m respectively. In studying the softening 
mechanisms, deformation was done at varying temperatures (750 to 1000 oC) 
and strain rates of 0.1, 1, 10 and 50 s-1. In agreement with Aranas et al. [15], the 
transformation products were a ferritic microstructure with Widmanst�̈�tten ferrite 
observed where dynamic transformation was present, see Figure 10 a) and b). 
The displacively formed Widmanst�̈�tten ferrite then coalesced to form polygonal 
ferrite upon further straining or deformation in certain cases. Polygonal ferrite was 
also commonly observed at higher temperatures where dynamic recrystallization 
was dominant, see Figure 10 c). Comparatively, the grain sizes for Nb-Ti were 
slightly larger than those obtained in VN steels at temperatures lower than 
1000oC. This could be attributed to the fact that at lower temperatures DT was 
the only softening mechanism in VN steels while in Nb-Ti, DT was subsequently 
followed by DRX which could have also contributed to the variation in grain sizes 
for the Nb-Ti steels. At 1000oC, DT was followed by DRX for both VN and Nb-Ti 
steels and the grain sizes were comparable at approximately 9 𝜇m, see Figure 
10 c) and f). In accordance with numerical results given in 3.3 above, dynamic 
transformation was present at higher temperatures above the Ar3 with increase 
in strain rate typical to the rate of deformation experienced in finish rolling of strip 
steels.  



20 
 
 

 
The identification and quantification of DT and DRX grains was done using 
Electron Backscatter Scatter Diffraction (EBSD) method see Figure 11. The effect 
of increasing temperature and strain rate is summarized in Figure 12. At lower 
temperatures DT was the only softening mechanism while at intermediate 
temperatures both DT and DRX were present, see Figure 12 a). DRX was the 
only dominant softening mechanism. DT was present at higher temperatures with 
increasing strain rate. It should be noted that the step size of the EBSD images 
was large and ideal for grain size of approximately 10 𝜇m. This study focused on 
MFS modelling and the EBSD images, therefore, only provided evidence of DT 
and DRX as the main softening mechanisms. 
 
 
 

 
a) 
 

 
b) 
 

 
c) 
 

 
d) 
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e) 

 
f) 

 
Figure 10 – Optical micrographs with a scale bar of 10 𝝁m and their 

respective mean intercept length 𝓵, at strain rate of 0.1 s-1 and varying 
temperature a) 750oC, b) 900oC and c) 1000oC for VN steel, and d) 750oC, e) 

900oC and f) 1000oC for Nb-Ti steel 
 
 

 
a) At 𝜀̇=0.1 and temperature 

800oC 
 

 
b) At 𝜀̇=0.1 and temperature 

950oC 

 
c) At 𝜀̇=1 and temperature 

800oC 
 

 
d) At 𝜀̇=1 and temperature 

950oC 
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Figure 11 – EBSD images of VN steel strained to 0.6 with 7.5o as minimum 
misorientation angle to separate grains and 1o as minimum misorientation 
angle to separate subgrains, 𝜽𝒄. Yellow represents substructured grains, 
red is for deformed grains and blue for recrystallized and/or dynamically 

transformed grains 
 

 
a) 
 

 
b) 

 
Figure 12 – A summary of the effect of a) temperature and b) rate of 
deformation on softening mechanisms and their volume fractions 
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4.0 Discussion 
 

 Activation energy for hot working 
 
In this investigation, the activation energy for hot working, 𝑄 , is evaluated to 
be ~156 kJ/mol for the Nb-Ti and ~128 kJ/mol for the VN steels respectively, 
which are close to the dislocation core diffusion activation energy (159 kJ/mol) 
[21]. It should be noted that the 𝑄  was found to be much lower than the self-
diffusion activation energy in austenite 284 kJ/mol or ferrite 251 kJ/mol. However, 
the 𝑄  reported in this study are comparable to those reported by Zhao et al. 
[21]. Using the Schöcks stress dependent model, Zhao et al. [21] working on 
medium Carbon Vanadium microalloyed steels, reported that the activation 
energy at different stress levels were in the range of 110.6–165.3 kJ/mol and 
identified dislocation slip to be the rate controlling mechanism at high strain rates 
which were comparable to those applied in this study. However, the challenge in 
using the Arrhenius equations in the unstable austenite region was the strain 
dependence of the material constants. 
 

 Critical points 
 
The strain at which flow softening due to DT and DRX is initiated is of 
considerable industrial importance as the progression of both DT and DRX leads 
to decreases in the net work-hardening rate (i.e. rolling load in industrial 
processes) compared to expected values when DRV is the only restoration 
mechanism [22]. The critical stress for initiation of DRX (𝜎  ) or DT (𝜎  ) may 
be determined by metallography, however, this approach is tedious requiring 
extensive sampling before and after the critical strain [19, 16, 23]. Furthermore, 
phase changes during cooling from the hot rolling temperature alter the deformed 
structure, which in turn render difficulties in precision of metallographic analysis 
[19, 16, 24]. Jonas and co-workers [3] proved it is also possible to determine both 
𝜎   and 𝜎   through the double differentiation technique. Furthermore, Poliak 
and Jonas also showed that the inflection in plots of ln 𝜃 − 𝜀 and ln 𝜃 − ln 𝜎 curves 
may be used for the determination of critical strains 𝜀   and 𝜀   [16, 19, 25, 
26]. However, comparison between correlation coefficients indicates that the 𝜃 −
𝜎 curve analysis is more appropriate for the determination of 𝜎  while the ln 𝜃 − 𝜀 
curve analysis predicts the 𝜀  more accurately [16]. 
 
Consistent with work by other authors, the critical strain for dynamic 
transformation 𝜀   preceded the critical strain for dynamic transformation 𝜀   
where both mechanism were present. Both 𝜀   and 𝜀   were lower than the 
peak strain, 𝜀 . Mostly the critical strain is expressed as a function peak strain, 

𝜀 = 𝐴𝜀  or as the critical ratio, 𝑅 =  [25]. The 𝜀  and 𝜀  have a linear 

relationship and are reported to be dependent on temperature, strain rate and 
grain size [27]. Using the Poliak and Jonas approach, Ebrahimi and Solhjoo [23] 
reported the critical strain values for DRX to vary between 0.46𝜀  to 0.55𝜀  for 
different Nb microalloyed steel alloys which formerly were reported as 𝜀  =
0.8𝜀  by microscopic observations. Most authors utilising the microscopic and 
other analytical techniques have reported values of the normalised critical stress 
for DRX to peak stress to be in the range of 0.6 to 0.8 for DRX [28, 3, 1, 29]. 
Stumpf [30] and Devadas [31] used an average critical ratio of 0.8 for various low 
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carbon strip steels. In this study, the 𝜀   was found to be approximately 0.63𝜀  
for VN steel and 0.51𝜀  for Nb-Ti steel. 
 
It can also be observed from Table II that DT has a weak thermal relationship 
supporting the propositions that DT is displacive in nature. It would also be 
suggested here that the weak temperature dependence could be that the 
mechanical deformation acts as an additional driving force which diminishes the 
required thermal component for the transformation. From the double differential 
plots, dynamic transformation was present at 117 oC and 133 ± 25 oC above the 
𝐴𝑒  for VN steel and Nb-Ti steel, respectively. The presence of DT at high 
temperatures highlights the challenge in most flow stress models from the 
literature which overestimate flow stresses in low temperature work-hardened 
austenite as the softening effects of DT are neglected. 
 

 Stress reduction due to softening 
 
The stress reduction due to both DT and DRX was expressed in form of a JMAK 
equation. The maximum strain considered in this study was the peak strain since 
𝜎  or 𝜀  is not exceeded in most industrial hot strip near-finish rolling applications. 
It should also be noted that the use of the peak in the JMAK expression has been 
widely applied in the determination of recrystallized fraction 𝑋 , in hot working 
by various workers including Fernandez et al. [34] and Momeni et al. [1]. 
However, at high temperatures which is not within the scope of this work, the 
JMAK relationship which utilises the maximum softening rate is frequently used. 
In the unstable austenite region, the work-hardening rate was monotonously 
reduced with strain and the maximum softening rate was indeterminate. This 
entails that softening in the inter-mode DRX/DT and DT regime is strain 
dependent and increases with strain rather than being time dependent. The 
softening kinetics, therefore, as reported in most studies may be expressed by a 
strain dependent JMAK expressions given in Table V. 
 
The kinetic relationships given in Table V can be used independently or may be 
incorporated into existing flow stress models i.e. both empirical and physically-
based models and FE codes currently in industrial use. 
 
Table V – JMAK Stress drop expression for dynamic softening in VN and 

Nb-Ti steels 
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 Flow stress up to its peak value 
 
Research in hot working involves the determination of the dependency of stress 
on deformation parameters and is generally expressed in the form of kinetic rate 
equations [21]. In this investigation, the flow stress was modelled up to the peak 
and/or a maximum strain 𝜀 of 0.6. Under these conditions the kinetics of work-
hardening, DRV, DT and DRX controlled the flow stress. The mathematical model 
presented below covers the effects of work-hardening and DRV mechanisms on 
the flow stress through the theoretical DRV work-hardening flow stress 𝜎 , see 
3.1. The stress reduction due to softening mechanisms ∆𝜎  for stress reduction 
due to DT and ∆𝜎  for reduction due to DRX, have also been considered, see 
3.4. 
 
When 𝜀 ≤ 𝜀  , the flow stress 𝜎, is defined by the following relationship in the 
low temperature austenite region: 
 
𝜎 = 𝜎 − ∆𝜎  Equation 9 
 
When 𝜀 > 𝜀  , the flow stress is defined by: 
 
𝜎 = 𝜎 − ∆𝜎 − ∆𝜎  Equation 10 
 
Where ∆𝜎  is the stress reduction due to DT at 𝜀 = 𝜀   
 
The model given above is applicable up to the peak stress or to a strain of 0.6, 
whichever comes first. The effects of precipitation on the flow stress model have 
been accounted for in the work-hardening, however, softening due to nucleation 
of precipitates has not been addressed in this model. The model does not cover 
any static changes/effects which may be incorporated in microstructural evolution 
models. 
 
In general, the model presented above gives better Mean Flow Stress (MFS) 
predictions for both VN and Nb-Ti steels, and is applicable in the unstable 
austenite temperature region, Figure 13. Better correlation between the predicted 
flow stress and measured values was attained, see Figure 14. 

 

 
a) 
 

 
b) 

Figure 13 – Comparison between the experimental flow curve and the 
predicted flow curve for a) the VN steel and b) the Nb-Ti steel 
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a) 
 

 
b) 

Figure 14 – Predicted flow stress versus the actual flow stress for a) the 
VN steel and b) the Nb-Ti steel 

 
 
 
5.0 Conclusions 
 
1) A constitutive flow stress model is proposed which estimates the hot 

working flow curve up to its peak or a strain of 0.6. The model incorporates 
the effects of dynamic recrystallization and dynamic transformation and, 
therefore, extends into the lower temperature unstable austenite area of 
finish hot strip rolling. The model attained good predictive capabilities. The 
model is restricted, however, to dynamic hot working behaviour and any 
contributions from the static behaviour will have to be covered by 
microstructural evolution models. 

 
2) A modified expression for the determination of a DRV-only curve in the 

unstable austenite temperature region has been used.  
 
3) Expressions for softening kinetics for both dynamic transformation (DT) 

and dynamic recrystallization (DRX) have been presented. 
 
4) The Hot deformation activation energy determined was found to be 128 

kJ/mol for the VN steel and 156 kJ/mol for the Nb-Ti steel which is in good 
agreement with values obtained from activation volume methods and 
suggesting cross slip to be the active mechanism. 

 
5) The model should allow improved predictions of the Mean Flow Stress and 

thereby also of mill loads for the finishing passes of hot strip rolling of both 
VN and Nb-Ti microalloyed steels. 
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