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ABBREVIATIONS

CS compressive sensing
CSIR Council for Scientific and Industrial Research
DFT discrete Fourier transform
FFT fast Fourier transform
LNA low-noise amplifier
NRF National Research Foundation of South Africa
RFIC radio-frequency integrated circuit
SLL sidelobe level
SQP sequential quadratic programming
ULA uniform linear array
VSWR voltage standing wave ratio



IEEE Transactions on Microwave Theory and Techniques, VOL. XX, NO. XX, XXXXXX 20XX 1

A Chequered Network for Implementing Arbitrary
Overlapped Feed Networks

Heinrich Edgar Arnold Laue, Student Member, IEEE, and Warren Paul du Plessis, Senior Member, IEEE

Abstract—Existing overlapped subarray techniques for beam-
forming arrays aim to realise flat-topped subarray radiation
patterns, where pattern synthesis is constrained by the hardware
configuration. A generalised framework for designing compres-
sive arrays with unconstrained feed network responses has
recently been proposed with promising results, but no hardware
implementation has been proposed. A planar chequered network
of directional couplers and fixed phase shifters is proposed for
implementing arbitrary complex-valued feed network responses,
including completely overlapped networks. An algorithm is
proposed for realising a desired response while minimising the
range of coupling ratios and phase shifts required. The technique
is validated by a comparison to the standard 4 × 4 Butler
matrix implementation, and its versatility illustrated by sharing
an 8-element aperture between three independently designed non-
scanning arrays. A manufactured microstrip 2 × 4 compressive
array feed network achieves the desired aperture illuminations
to within 0.6 dB and 5.2° at 3.15 GHz, and to within 1.4 dB and
10.3° across the impedance bandwidth of 4.5%.

Index Terms—Antenna feed networks, subarrays, beam steer-
ing, phased arrays, Butler matrices

I. INTRODUCTION

SUBARRAYS take weighted combinations of antenna-
element signals so that each subarray spans multiple

antenna elements [1]–[5]. The array aperture is shared between
the subarrays, and each subarray has a unique radiation pattern.
The subarrays can be combined to perform beamforming by
connecting a beamforming control (a phase shifter, receiver,
or transmitter) to each subarray. There are typically more
antenna elements than subarrays, leading to reduced-control
arrays [5]. More elements allow greater control over the
subarray patterns [5]. Often, the steering range is limited to
allow high-directivity beams to be steered over relatively small
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angular ranges. Nulls may also be placed in the subarray
patterns to suppress interferers before sampling [5].

Subarrays may be non-overlapping/contiguous, partially
overlapped, or completely overlapped [1]–[3], [6], [7]. Each
antenna element is connected to only one subarray in the non-
overlapping case, while each subarray output is a function of
all antenna-element signals in the completely-overlapped case.
The partially-overlapped case is a compromise between these
two extremes with some elements being shared between sub-
arrays. Completely overlapped subarrays present the greatest
control over the subarray patterns [2], [5].

Various feed network layouts exist for implementing over-
lapped feed networks using couplers, crossovers, lenses, and/or
reflectors [1]–[3]. Overlapped feed networks have success-
fully been manufactured using stripline [8], [9], waveg-
uide [3], lenses [10], and radio-frequency integrated circuits
(RFICs) [11].

Traditionally, subarray pattern synthesis is linked to the
chosen feed network layout, where the aim is to synthesise flat-
topped subarray patterns for a limited steering range [1]–[4].
Recently, a generalised framework for designing compressive
feed networks for beamforming arrays was proposed [5],
allowing both arbitrary sidelobe specifications and the ability
to constrain the subarray patterns outside the steering range.
The compressive array design algorithm [5] synthesises a
complex-valued feed network response which meets the pat-
tern amplitude specifications, and has been shown to obtain
lower sidelobe level (SLL) than a dual-transform [1] subarray
system [5]. No details on how such arrays could be physically
implemented were provided and no hardware constraints were
placed on the feed network response.

The problem of implementing an arbitrary complex-valued
feed network response is addressed below by presenting a
novel overlapped feed network layout consisting of intercon-
nected couplers and fixed phase shifters. Arbitrary responses
are allowed in the sense that no constraints are applied to
the feed network responses to be implemented, enabling the
full exploitation of compressive arrays. The proposed approach
therefore separates the tasks of subarray pattern synthesis and
feed network implementation.

While no constraints are placed on the feed network re-
sponse to be implemented, constraints may be placed on the
coupling ratios and phase shifts to ensure realisability. An
algorithm is proposed below to implement a desired feed
network response while minimising the range of coupling
ratios and phase shifts required. Constraints may also be
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Fig. 1. A generalised overlapped feed network.

placed on the power delivered to terminations to reduce losses.
Section II introduces the proposed chequered feed network

layout and presents a method for deriving its response. Sec-
tion III presents an algorithm for designing the feed network to
implement a desired response. Section IV presents results for
some test cases, including measured results for a microstrip
implementation of a compressive array with 4 antenna ele-
ments and 2 subarrays. A summary of the main results is
provided in Section V.

II. THE CHEQUERED NETWORK LAYOUT FOR ARBITRARY
FEED NETWORK RESPONSES

A. Overlapped Feed Networks

An arbitrary overlapped feed network with M subarrays for
N antenna elements is illustrated in Fig. 1. On reception, the
feed network can be described by the equation y = Φx, where
x is the N × 1 vector of signals at the N antenna elements,
Φ is an M × N complex-valued matrix describing the feed
network response, and y is the M × 1 vector of transformed
signals at the M subarray ports [5]. Row m of Φ describes how
the N antenna-element signals are weighted and combined to
form the output of the mth subarray. Equivalently, row m of
Φ describes the aperture illumination at the antenna elements
produced by the mth subarray on transmission. Different beam
patterns can be achieved by varying the signals applied to the
subarrays using transmitters, receivers, amplifiers, attenuators
and/or variable phase shifters.

A feed network is completely overlapped if each subarray
output is a function of all the antenna-element signals, which
leads to a fully populated Φ [5]. A contiguous feed network
will have a Φ with only one non-zero entry per column, and a
partially overlapped feed network will have at least one zero
entry per row in Φ. Ports are labelled according to their signal
variables, so antenna-element ports are labelled x1 to xN and
subarray ports y1 to yM as shown in Fig. 1. Terminated ports
are labelled zl , where l ∈ 1, . . . ,T , and T is the number of
terminated ports which depends on the chosen layout.

B. The Chequered Layout

The proposed network uses a tile consisting of a directional
coupler and two fixed phase shifters as its basic element, as
illustrated and defined in Fig. 2, with reciprocity applying.
The specific coupler used here is a single-section branchline
coupler [12], although the technique is also applicable to
other couplers with similar port layouts. The phase shifters
are fixed and their simplest implementation is varying lengths

(a)

jpe
through coupled

qe

(b)

throughcoupled
qe jpe

(c)

Fig. 2. Definition of a single tile consisting of a directional coupler and two
fixed phase shifters: (a) Tile port definitions. (b) Tile response to a stimulus
at port 3. (c) Tile response to a stimulus at port 4.

of transmission line, although other phase shifters with wider
bandwidths can also be employed. The relative power deliv-
ered to the through and coupled port is p2 and q2, respectively,
with p2+q2 = 1. The coupling ratio is defined as p/q. Coupling
ratios above and below 0 dB indicate more power being
transferred to the through and coupled ports, respectively. A
coupling ratio of 0 dB indicates an equal-split coupler.

The tiles are connected in a chequered pattern to form the
feed network, similar to the way couplers are connected in
the chess network proposed by Skobelev [3], [13]. The layout
is planar and requires no physical crossovers. Each row of
couplers is identical in Skobelev’s chess network, whereas the
network proposed here allows the parameters of each tile to
be specified independently. The top row of tiles connects to
the N antenna-element ports, xn, and the bottom row connects
to the M subarray ports, yn. All remaining tile ports, zl , have
matched terminations. Sufficient rows are required to ensure
that there is at least one signal path from each subarray port
to each element port when complete overlap is required. This
leads to a diamond-shaped chequered layout as illustrated in
Fig. 3 for M = 4 and N = 6, with the minimum number of
rows to allow complete overlap being 4. Also shown are the
additional tiles required to extend the layout to 5 rows.

The minimum number of rows that achieves the desired
overlap between subarrays does not guarantee sufficient de-
grees of freedom to implement the desired feed network
response. The number of rows should thus be increased until
the desired response can be realised. A procedure for finding
the minimum number of rows required to implement a desired
feed network response is outlined in Section III-A.

Typically, there will be two or more signal paths between
any subarray and element port. For a stimulus at a given
subarray port, the various signal paths to a given element
port combine via superposition to produce the desired output.
The application of both amplitude and phase alterations along
the signal paths allows arbitrary complex-valued responses to
be realised as long there are enough tile rows to provide the
required degrees of freedom.

It is assumed that arbitrary complex-valued excitations, w1
to wM , can be applied to the subarray ports. These variable
excitations both allow beamforming even though the feed
network itself is fixed, and add additional degrees of freedom
which can be exploited to help achieve the required response
with the smallest number of tiles.
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Fig. 3. An example of the proposed network of couplers and fixed phase
shifters for M = 4 and N = 6 and 4 tile rows, with the additional tiles
required for extending the layout to 5 rows shown in dashed lines.
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Fig. 4. Derivation of a 2 × 2 chequered network: (a) Tile symbol with
associated intermediate signal variables. (b) Layout with numbered tiles and
intermediate signal nodes. The arrow indicates the signal flow convention used
to define the row transform matrices.

C. Derivation of the Network Response

The response of a 2× 2 network with three rows is derived
below, leading to a procedure for deriving the response of any
chequered network.

Fig. 4(a) presents a symbol for a tile of the form shown in
Fig. 2 along with definitions for the intermediate signals at its
ports. The signals flow in a downward direction in Fig. 4(a)
when stimuli are applied at κc,1 and κc,2. The response of tile
c can be expressed in matrix form as[

κc,3
κc,4

]
=

[
− jpce jψc,1 −qce jψc,2

−qce jψc,1 − jpce jψc,2

] [
κc,1
κc,2

]
(1)

= Kc

[
κc,1
κc,2

]
(2)

where Kc is the response matrix for tile c. When a node κc,1
or κc,2 is connected to a terminated port, the corresponding
phase shift ψc,1 or ψc,2 is set to zero since it has no effect on
the feed network response.

Fig. 4(b) shows a 2× 2 chequered layout with intermediate
signal nodes, inter-row signal vectors, and row transform
matrices that will be used in the derivation to follow. The
response will first be derived for stimuli applied to the element
ports so that signal flow is in the indicated downward direction.

The inter-row signal vector u1 is defined as the terminated
and inter-tile signals between the first and second rows, and
is given by

u1 =


z1
κ2,2
κ3,1
z2

 =


0 0
− jp1e jψ1,1 −q1e jψ1,2

−q1e jψ1,1 − jp1e jψ1,2

0 0


[

x1
x2

]
(3)

=


01×2
K1

01×2

 x = R1x. (4)

where 0a×b is an a× b matrix of zeros, and the row transform
matrix for row r is denoted Rr . The next inter-row signal
vector u2 is found to be

u2 =


z3
κ4,1
κ4,2
z4

 =
[

K2 02×2
02×2 K3

] 
z1
κ2,2
κ3,1
z2

 = R2u1. (5)

The subarray output vector y is then

y =
[
y1
y2

]
=

[
02×1 K4 02×1

] 
z3
κ4,1
κ4,2
z4

 = R3u2. (6)

Combining (3) to (6) gives

y = R3R2R1x. (7)

The 2 × 2 matrix R3R2R1 represents the chequered network
response from the antenna elements to the subarray ports. Due
to reciprocity, reversing the direction of signal flow and finding
x as a function of a stimulus y results in

x = (R3R2R1)
T y = RT

1 RT
2 RT

3 y (8)

which shows that the derivation for the reversed signal di-
rection follows the same approach, but uses transposed row
transform matrices in reverse order. The scattering parameters
between the element and subarray ports are provided by the
network response matrix with the scattering parameter Sym,xn
being element (m, n) of R3R2R1.

To find the scattering parameters involving terminated ports,
the inter-row signal vector containing the desired terminated
port signal must be found, with the signal flow direction
depending on whether the scattering parameter is calculated
from an element or subarray port. Finding Sz3,xn and Sz4,xn

in Fig. 4(b) requires applying stimuli at xn and calculating
R2R1 in that order since the signal flow direction is downward.
Conversely, Sz1,y1 will be element (1, 1) in RT

2 RT
3 since the

stimulus is applied to y1. The parameters Sz1,xn , Sz2,xn , Sz3,ym ,
and Sz4,ym are all zero since the corresponding ports are
isolated from each other.

The total aperture illumination x determines the radiation
pattern when the feed network is connected to an antenna
array. The radiation amplitude pattern, normalised to the
array directivity, remains unchanged when x is multiplied
by an arbitrary complex constant Ae jα as only the relative
amplitudes and phases of the elements are of importance.
Applying an arbitrary constant phase shift α to x gives
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Algorithm 1. Determining chequered layouts.

1) The smallest number of rows that ensures the existence
of at least one signal path between the ports ym and xn
for each non-zero entry φm,n in Φ is determined.

2) Algorithm 2 is followed in an attempt to find a
feasible solution that satisfies the constraints.

3) If no feasible solution is found, one row is added to
the network as illustrated in Fig. 3.

4) Steps (2) and (3) are repeated until a feasible solution
is found.

ye jα = R3R2R1xe jα, where e jα can be incorporated into any
of the row matrices. This means that any phase shift can be
added to or subtracted from all the phase shifts in a row to,
for example, reduce the lengths of the transmission lines used
as phase shifters.

From the 2 × 2 chequered network derivation, a simplified
procedure can be deduced for deriving the response of any
chequered network.

1) Rows are numbered from top to bottom. The inter-row
signal vectors are defined with the left-most signal node
corresponding to the first element in each signal vector
as shown in Fig. 4(b).

2) The row transform matrices are numbered according to
their rows and their sizes are determined. Using the signal
flow convention in Fig. 4(b), the number of rows in each
matrix equals the length of the inter-row signal vector
below the row, and the number of columns equals the
length of the inter-row signal vector above the row.

3) Each row transform matrix is populated by defining a
square block diagonal matrix with the row-specific tile
responses Kc as the block diagonal elements in the order
in which they appear in the row. For example, R2 in (5) is
such a block diagonal matrix. If the row transform matrix
is rectangular, the block diagonal matrix is padded with
zeros to reach the required size.

III. AN ALGORITHM FOR DESIGNING A CHEQUERED
NETWORK TO IMPLEMENT A DESIRED RESPONSE

A. Determining the Network Layout

The procedure to select a layout for a given problem is
outlined in Algorithm 1, after which the network can be
designed using the approach described below.

B. Single-Stage Optimisation for a Given Set of Constraints

A chequered network implements a desired feed network
response Φ when the constraints

σmSym,xn = φm,n ∀m, n (9)

are satisfied, where Sym,xn is the scattering parameter between
ports ym and xn, and σm is a complex-valued correction
weight applied at subarray port ym. Additional constraints are
added to ensure that the coupling ratios and phase shifts are
realisable. After satisfying all the constraints, any remaining
degrees of freedom are utilised to minimise the mean power

delivered to the terminated ports. The optimisation problem
is constraint-driven rather than goal-function-driven in the
sense that the network response and realisability criteria are
controlled by constraints rather than by the goal function.

The problem described above can be solved using a general-
purpose constrained non-linear solver, such as sequential
quadratic programming (SQP) [14]. A local solver such as
SQP is not guaranteed to converge to a feasible solution,
so multiple trial points must be used in an attempt to reach
a feasible solution [15]. The MultiStart solver in MATLAB
offers a convenient way of starting the SQP algorithm from
multiple trial points [16].

The optimisation problem is formulated as

min

[∑
l

∑
m

��Szl,ym ��2 +∑
l

∑
n

��Szl,xn ��2] (10)

with the constraints

Re
{
σmSym,xn − φm,n

}
≤ ε ∀m, n (11)

Im
{
σmSym,xn − φm,n

}
≤ ε ∀m, n (12)

p2
c + q2

c = 1 ∀c (13)
pmin ≤ pc ≤ pmax ∀c (14)

0 ≤ qc ≤ 1 ∀c (15)
ψmin ≤ ψc ≤ ψmax ∀c (16)

where c are the tile indices. The goal, defined in (10), is to
minimise the mean power delivered to the terminated ports
from both subarray and element ports. Constraints (11) and
(12) ensure that the real and imaginary components of the
network response achieve their desired values to within a
tolerance ε. The relationship between pc and qc is maintained
by (13). The fact that pc and qc are specified individually
instead of expressing qc as

√
1 − p2

c allows the algorithm to
pass through infeasible regions which improves convergence.
The range of coupling ratios is bounded by (14), while (15)
ensures that (13) always only has real-valued solutions. The
range of phase shifts is bounded by (16).

Q trial points are passed to the MultiStart solver which
are uniformly distributed over the bounds (14) to (16),
−1 ≤ Re{σm} ≤ 1, and −1 ≤ Im{σm} ≤ 1. The final solution
is the feasible solution with the lowest goal function value.

On transmission, terminated ports that are not isolated from
subarray ports (e.g. ports z1 and z2 in Fig. 4) may have to
dissipate large amounts of power. Constraints of the form∑

l

��Szl,ym ��2 ≤ Pmax ∀m (17)

where Pmax is the maximum total relative power delivered
from a subarray port to the terminated ports, can be placed
on the power delivered to terminated ports. However, the
scattering parameters assume that only one port is excited
at a time, so the actual power delivered to terminated ports
will differ when multiple ports are stimulated simultaneously.
Furthermore, the power delivered will depend on the signals
at the stimulated ports, so the power delivered will vary
with steering angle in the case of a beamforming array.
Scattering-parameter-based terminated powers therefore do not
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reflect the actual losses of a complete beamforming system in
operation, but nevertheless provide a useful way of evaluating
the efficiency of a chequered network in a manner which is
easy to formulate as a constraint.

Constraints are not placed on the powers delivered to
terminated ports on reception since non-uniform aperture
illuminations may require that significant power be delivered
to terminated ports to form the desired illuminations across the
elements. The power delivered to terminated ports is a function
of the aperture efficiency of the illuminations and is thus
not necessarily indicative of the efficiency of the chequered
network implementation. However, the aperture illuminations
do not prevent the full utilisation of at least one antenna
element. The element port with the lowest loss (i.e. with the
least power delivered to the terminated ports) can therefore
be used to provide an indication of the efficiency of the
chequered network implementation on reception. As with all
feed networks, an low-noise amplifier (LNA) may be added
at each antenna element to improve system performance.

C. Multi-stage Optimisation to Minimise the Range of Cou-
pling Ratios and Phase Shifts

Two observations which arise from the approach outlined
above are considered below.

First, the obvious choice when specifying the constraints on
the coupling ratios and phase shifts is to specify the worst-
case constraints that are tolerable for the chosen hardware
implementation. However, it is often possible to find feasi-
ble solutions with even more stringent constraints, which is
desirable as certain coupling ratios and phase shifts may be
easier to implement. Unfortunately, it is difficult to predict the
most stringent constraints that will produce a feasible solution
for a given layout and Φ.

Second, some of the couplers may tend toward having
pc = 1 when optimising chequered networks without con-
straints on the coupling ratios, especially for couplers that
are connected to terminated ports. This is a result of the
algorithm attempting to minimise the power delivered to the
terminated ports. Such couplers reduce to 90° phase shifters
and will be referred to as shorted couplers. Shorted couplers
are desirable as they simplify the implementation and reduce
loss by removing terminated ports. Some couplers may also
tend toward having qc = 1, resulting in cross-shorted couplers,
which comprise two 180° phase shifters that cross one another.
Cross-shorted couplers undesirable as crossovers are difficult
to implement [17].

These two observations can be used to devise a scheme for
finding the most stringent constraints that are able to produce
a feasible solution, while allowing the inclusion of shorted
couplers to reduce power loss. Instead of formulating a multi-
objective optimisation problem, the proposed approach is to
sequentially find solutions using the approach in Section III-B
with increasingly stringent constraints, while prioritising those
constraints that are deemed most important.

The proposed sequential optimisation procedure is described
in Algorithm 2. First, the constraints on the coupling ratios are
removed and an initial optimisation is performed using Q trial

Algorithm 2. Optimising chequered networks.

1) An optimisation is performed from Q trial points
without constraints on the coupling ratios.

2) Couplers from step (1) with pc > pshort are shorted.
3) Optimisation is repeated with incrementing pmin and

decrementing pmax, until no feasible solution is found.
4) Optimisation is repeated with incrementing ψmin, until

no feasible solution is found.
5) A final optimisation is performed from Q trial points

with the final constraints.

points. The resulting solution is then evaluated and couplers
with pc > pshort are shorted in the following steps by setting
pc = 1. For all non-shorted couplers, if the initial solution
has more stringent coupling ratios than those corresponding
to pmin and pmax, the coupling-ratio constraints are altered to
match the range of coupling ratios from the initial solution.

Next, the procedure outlined in Section III-B is followed
repeatedly with coupling-ratio constraints that become more
stringent with each MultiStart solver run, until no feasible
solution can be found within Q trials. At each run, the solver
terminates upon finding the first feasible solution. Depending
on the chosen priority, the minimum coupling ratio can be
incremented first, the maximum coupling ratio can be decre-
mented first, or the furthest of the two from 0 dB at each step
can be changed.

A similar procedure is followed for the phase shifts, where
the range [ψmin, ψmax] is reduced until no feasible solution
is found within Q trials. In the sections to follow, ψmax is
fixed and ψmin is incremented since a less negative phase shift
corresponds to a shorter transmission line, although a different
scheme could also be employed depending on the type of
phase shifter used.

The first trial point of each solver run is the last feasible
solution from the previous run, and the remaining Q − 1 trial
points are randomly distributed as described in Section III-B.
After obtaining the final constraints, a final optimisation is
performed from Q trial points.

IV. RESULTS FOR SOME TEST CASES

The results for a number of test cases are presented below,
after a description of the system parameters.

The chequered-network optimisation algorithm was imple-
mented in MATLAB R2018b and run on a computer with two
6-core Intel Xeon E5-2630 processors and 32 GB of memory.
Couplers from the initial solution with coupling ratios above
20 dB were shorted, and coupling ratios and phase shifts were
varied in 0.1 dB and 5° steps, respectively.

A. 4 × 4 Butler Matrix

A Butler matrix is an example of a completely overlapped
feed network and is a hardware-based implementation of a fast
Fourier transform (FFT) [18]. In this section, a chequered net-
work is designed to implement the discrete Fourier transform
(DFT) and is shown to approach the optimised Butler matrix
(FFT) implementation.
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Fig. 5. (a) A 4 × 4 Butler matrix implementation, and (b) the 4 × 4 DFT
implementation obtained from the proposed algorithm with adjacent phase
shifts combined. Coupling ratios in decibels appear to the left of the couplers.

Fig. 5(a) shows a standard implementation of a 4 × 4
Butler matrix [19]. In practice, an additional crossover may
be required to correctly order ports x2 and x3.

The chequered layout was chosen to mirror that of a Butler
matrix in anticipation of the network reducing to the standard
implementation. The procedure in Algorithm 2 was followed
with ψ ∈ [−180°,0°], Q = 20, and an error tolerance of 10−6

on the feed network response. In the same way that couplers
with large coupling ratios are shorted, couplers with coupling
ratios below −20 dB were constrained to have pc = 0 to allow
crossovers in the design as they are present in the standard
implementation.

The resulting chequered network is shown in Fig. 5(b),
where adjacent phase shifts, including the phase shifts in the
shorted and cross-shorted couplers, have been combined. All
couplers converged to equal-split couplers.

The design can be further simplified by introducing a
phase shift of +185◦ to ports y1 and y3 by changing the
phases of the correction weights at these ports, σ1 and σ3.
Applying the splitting rule [12], the newly introduced phase
shifts can be split and shifted up to the two branches con-
taining the −230° and −185° phase shifts, which then become
−230° + 185° = −45° and −185° + 185° = 0°, respectively.
Applying a 180° phase shift to ports y2 and y4 has a similar
effect, and the −180° and −225° phase shifts become 0° and
−45°, respectively. The resulting simplified design is the same
as the standard implementation in Fig. 5(a), thereby validating
the proposed algorithm.

B. Three Independent Subarrays Spanning 8 Elements

In order to demonstrate the versatility of the proposed
approach, three non-scanning conventional 8-element arrays
were designed independently and combined to share the same
aperture by means of a 3× 8 chequered network. The spacing
between elements was half a wavelength.

The specifications of the three arrays were chosen arbitrar-
ily. The first two subarrays were designed using the shaped-
beam synthesis algorithm proposed by Orchard et al. [20],
and five and two pattern roots were placed in the sidelobe
and main-beam regions, respectively. The first subarray has a
cosec2(θ) cos(θ) main-beam shape with its peak at 10° [20]
and −20-dB sidelobes. The required beam shape was realised
to within ±0.1 dB across 16° < θ < 48°. The second array has
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Fig. 6. Radiation patterns of 3 independent subarrays spanning 8 elements.

a flat-topped [20] main beam centred around −15°, with the
sidelobes to the left and right of the main beam being −15 dB
and −20 dB, respectively. The flat-topped beam was realised
to within ±0.01 dB across −27° < θ < −4°. The third subarray
is a −30-dB Chebyshev array with the main beam at 30°. The
resulting subarray radiation patterns are shown in Fig. 6.

A chequered network was designed to simultaneously im-
plement these three patterns as a fully-overlapped array by
using the illuminations of the three subarrays to form the rows
of Φ. Algorithms 1 and 2 were used with with ψ ∈ [−180°,
0°], Q = 20, and an error tolerance of 10−3 on the feed
network response. Equal priority was given to increasing pmin
and decreasing pmax in (14) to minimise the range of coupling
ratios as outlined in Section III-C.

Fig. 7 shows the resulting chequered-network design. The
final coupling ratios are between −6 dB and 7 dB, and the
phase shifts range from −180° to 0°. The antenna element
with the lowest loss is at port x6, from which −3.8 dB
of power is delivered to terminated ports z7 to z12, which
gives an indication of the efficiency of the chequered network
implementation on reception. On transmission, the total power
delivered to terminated ports z1 and z2 relative to the input
power at the subarray ports y1, y2, and y3 is −4.6 dB, −5.6 dB,
and −6.6 dB, respectively. Adding appropriate constraints
changes the above powers to −5.0 dB, −6.0 dB, and −5.5 dB,
respectively, when constrained to be less than −5 dB.

C. 2 × 4 Compressive Feed Network

In this section, measured results for a 2 × 4 narrowband
compressive feed network [5] implemented in microstrip for a
uniform linear array (ULA) are presented. These are the first
published results for a successfully manufactured compressive
feed network without hardware constraints on Φ. The steering
range was limited to |θ | < 10◦ and the start of the SLL region
was sin(θ) = 0.35. The element spacing was limited to 0.64
wavelengths by manufacturing considerations.

This feed network represents the smallest number of subar-
rays that constitutes a beamforming array as a single subarray
would not allow dynamic control of the array pattern because
variations to the single excitation would not affect the array
pattern. The limited number of controls thus makes it essential
to exploit all the available degrees of freedom if acceptable
array performance is to be achieved. Using a compressive feed
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Fig. 7. The obtained design for the 3 × 8 independent-subarray problem.
Coupling ratios in decibels appear to the left of the couplers.

network configuration is therefore desirable, as it places no
constraints on Φ.

Ten independent runs of the compressive array design algo-
rithm [5] all obtained an SLL of −12.15 dB, so all 10 designs
were candidates for implementation. Chequered networks were
designed using Algorithms 1 and 2 with ψ ∈ [−260°,−140°],
Q = 20, and an error tolerance of 10−3 on the feed network
response. The maximum phase shift was set to −140◦ to
account for the minimum transmission-line length required to
connect the couplers. Decreasing pmax was prioritised to avoid
the excessively thin microstrip lines which result from large
coupling ratios.

Out of the 10 designs, the network which achieved the most
stringent constraints while still satisfying the specifications
was chosen, with the resulting response of

Φ =[
0.67 261.6◦ 0.35 180.2◦ 0.26 126.4◦ 0.52 84.9◦
0.33 218.8◦ 0.51 194.6◦ 0.65 213.1◦ 0.52 266.8◦

]
(18)

being implemented by the network shown in Fig. 8. The final
coupling ratios are between −4.7 dB and 4.3 dB, and the phase
shifts range from −215° to −143°. The phase shifts were not
simplified as was done in Section IV-A, showing that Algo-
rithms 1 and 2 produce designs which can be implemented
even without additional tuning. The antenna element with the
lowest loss (port x1) delivers −3.6 dB of power to ports z4 to
z6. On transmission, the power delivered to terminated port z2
relative to the input power at the subarray ports y1 and y2 is
−13.2 dB and −8.9 dB, respectively.

The chequered network was implemented in microstrip
using single-section branchline couplers [12], with lengths of
transmission line being used as phase shifters. The substrate
used was Rogers R4003C with a process dielectric constant
of 3.38 and a height of 0.81 mm. The manufactured circuit is
shown in Fig. 9.

The desired and measured aperture illumination magni-
tudes and phases at 3.15 GHz are shown in Fig. 10. The

x1 x2 x3 x4

y1 y2

5z 6z

2z

4z

Fig. 8. The obtained design for the 2×4 compressive-feed-network problem.
Coupling ratios in decibels appear to the left of the couplers.

y y

x x x x

Fig. 9. Photograph of the manufactured 2 × 4 compressive feed network.

subarray corrections σm for the manufactured network were
re-calculated to minimise the maximum deviations from the
desired aperture illuminations in decibels and degrees. The
corrected measured illuminations are within 0.6 dB and 5.2°
of the desired response.

The measured frequency-dependent results of the chequered
network are summarised in Table I. Fig. 11 shows the worst
measured return loss and isolation across all relevant ports.
Specifying the required voltage standing wave ratios (VSWRs)
as 1.5 and 2 (return losses of 14 dB and 9.5 dB, respec-
tively) gives bandwidths of 4.5% and 14.6%, and isolations of
16.9 dB and 11.2 dB, respectively. Considering a bandwidth
of 10% gives a VSWR of 1.65 (a return loss of 12.2 dB) and
an isolation of 12.6 dB.

Fig. 12 shows the accuracy with which the manufactured
network realises the desired response as a function of fre-
quency. Errors are found by calculating σmSym,xn/φm,n ∀m, n.
The maximum error is calculated as the range of errors divided
by two, which ensures that only the relative amplitude and
phase distributions are evaluated because arbitrary amplitude
and phase shifts can be introducted as outlined in Section II-C.
The standard deviation of the errors is also presented to
quantify the distribution of the errors relative to their mean.
The accuracy across various frequency ranges is given in
Table I. The fact that the system was designed for a single
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TABLE I
MEASURED WORST-CASE FREQUENCY RESULTS FOR THE 2 × 4 COMPRESSIVE FEED NETWORK

Response accuracy Transmit/receive loss (dB)
Return loss (dB) Isolation (dB) fl (GHz) fu (GHz) Bandwidth (%) Max. St. dev. Subarrays Element x1

3.15 GHz 18.1 21.2 3.15 3.15 – 0.6 dB, 5.2° 0.6 dB, 4.5° 1.9 3.7
VSWR ≤ 1.5 14.0 16.9 3.07 3.21 4.5 1.4 dB, 10.3° 0.9 dB, 6.3° 2.0 4.0
VSWR ≤ 1.65 12.2 12.6 3.00 3.32 10.0 1.9 dB, 17.2° 1.2 dB, 10.6° 2.6 4.5

VSWR ≤ 2 9.5 11.2 2.94 3.40 14.6 3.5 dB, 22.9° 2.1 dB, 14.5° 3.2 5.3
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Fig. 10. Aperture illumination (a) magnitudes and (b) phases for the 2 × 4
compressive feed network.

frequency using narrowband components, is seen by the fact
that the results are excellent at 3.15 GHz, but deteriorate as the
bandwidth is increased. Despite this deterioration, it is believed
that the performance at 10% and even 14.6% bandwidth will
be acceptable in many applications.

Fig. 13 shows the measured transmit loss from each sub-
array port to the element ports, and the measured receive
loss from the element port with the least loss (x1) to the
subarray ports as a function of frequency. These measurements
include the effects of return loss, isolation, power delivered to
terminations, and component losses (e.g. due to dielectric loss
and finite conductivity). Key results are again summarised in
Table I. These results show that the ability to implement an
arbitrary feed network comes at the expense of losses which
include component losses, which are dependent on the size of
the network, and the power delivered to terminations, which
depends on the chequered network design.

The results above show that a practical chequered network
can be designed and realised despite the many variations
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Fig. 11. Measured worst return loss and isolation across all relevant ports for
the 2 × 4 compressive feed network.
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Fig. 12. Measured accuracy of the 2 × 4 compressive feed network as a
function of frequency.

inherent in manufacturing. The achieved return loss, isolation
and feed network accuracy were reasonable despite manufac-
turing tolerances, and no manual tuning of the circuit was
required. The measured results were achieved without de-
embedding the connectors [21], and therefore include the
effect of mismatching at the interfaces between the connectors
and the microstrip circuit. This shows that chequered networks
perform well even when connected to external circuitry via
non-ideal interfaces. A chequered network is also able to
achieve reasonable results across a range of frequencies despite
both using narrowband components and being designed at a
single frequency. The presence of terminations in a chequered
network can increase losses, but such losses will depend on
the network structure and response.

V. CONCLUSION

A network of couplers and fixed phase shifters has been
proposed for implementing arbitrary complex-valued feed
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Fig. 13. Transmit loss from subarray ports and receive loss from element
port x1 of the 2 × 4 compressive network as a function of frequency.

networks. The responses of such chequered networks have
been derived using a process based on a series of matrix
multiplications. An optimisation approach to determine the
coupling ratios and phase shifts required to implement an
arbitrary feed network while satisfying constraints necessary
to allow the network to be physically implemented has been
outlined.

The proposed chequered network and algorithm were val-
idated by demonstrating that a synthesised 4 × 4 DFT che-
quered network approaches the manually-designed Butler ma-
trix (FFT) implementation. Three independently designed sub-
arrays were overlapped to share an 8-element aperture (a 3×8
array), illustrating the versatility of the proposed approach.
A 2 × 4 compressive feed network for a ULA was imple-
mented as a microstrip chequered network to demonstrate
that complicated unconventional network responses can be
realised. The measured aperture illuminations of the microstrip
chequered network were within 0.6 dB and 5.2° of the desired
aperture illuminations at 3.15 GHz, and within 1.4 dB and
10.3° across the impedance bandwidth of 4.5%. The ability
to implement arbitrary feed network responses comes at the
expense of losses on transmission and reception, though these
losses depend on the network response and structure.
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