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1. Introduction

A disease that flourishes among the ignorant, underprivileged and poor is what
some authors have taken Tuberculosis (TB) to be [17, 30]. Having existed since
prehistoric times [8, 13, 14], TB thrives in areas where there is overcrowding, poor
living and working conditions and poor housing facilities [9, 17, 29, 30]. It is caused
by Mycobacterium tuberculosis (MTB) as discovered in 1882 by Sir Robert Koch
[7, 8, 13, 14]. Being an airborne disease transmitted when an infected individual
coughs, sneezes, laughs, speaks, spits or talks, overcrowding would aggravate TB
transmission. In such conditions, individuals are more likely to be infected many
times which is termed as multiple infection. If there happen to be many strains
circulating, then individuals could be infected with more than one strain which we
define as mized infection. This is believed to be a rare event [3, 24, 29] due to the
preconceived idea of acquired immunity after initial infection [2, 3, 5, 25, 38].

Nonetheless, some studies have shown that mixed infection could occur in areas
with high TB incidence and where the risk of infection is high [9, 12, 21, 38]. It has
been documented in prisons [9], mines [29], homeless shelters [22] and overcrowded
areas [33, 38]. All these places have things in common such as overcrowding, poor
living and working conditions and bad housing facilities. Hence there is a connection
between such conditions and mixed infection in TB.

Mixed infection is only possible if there are many strains circulating in a popula-
tion. Different strains were first noticed with the discovery of drugs. In 1944, when
streptomycin was developed, treatment with this drug alone led to resistant mu-
tants [8]. Moreover, with mutations, strains have evolved over time and there have
been different strains in different regions. In fact, some strains are named according
to their purported areas of origin: for example Beijing strain which is believed to
have its origins in Beijing, China. With present day globalisation, strains have been
transported all over the world and this has resulted in a great diversity of strains
in some places [4, 19, 28, 35, 36]. In Africa, where there is a lot of urbanisation,
people have moved from villages to towns which has led to formation of slums. It
is thus not surprising that mixed infection has been documented in slums, mines,
prisons and homeless shelters [9, 22, 29, 38].

It was originally thought that active TB was due to one strain infection only
and that infected individuals had acquired immunity against reinfection [2, 3, 5, 35].
This could be one of the reasons as to why there are few mathematical models that
incorporate mixed infection in TB. Castillo-Chavez and Zhilan Feng [6] investigated
a TB model with two strains; i.e sensitive strain and resistant strain. Their model
considered that latent individuals infected with a sensitive strain could also get
infected with the resistant strain and this dual infection with two different strains
formed the mixed infected compartment. However, nothing much was done with
the mixed infection compartment. Their main focus was on whether co-existence
of strains was possible in presence of treatment. Rodrigues et al [27] developed a
two strain model of TB. The strains were drug resistant and drug sensitive. They



assumed that when an individual was infected with both strains (mixed infection),
only the resistant strain could be activated or transmitted. Thus our model is formu-
lated particularly to study mixed infection which was not the case with the models
of Castillo-Chavez and Zhilan Feng [6] and Rodrigues et al [27]. The paper is or-
ganized as follows. In section 2, the mixed infection model is formulated. Section 3
presents the mathematical analysis where the equilibrium points are discussed. In
section 4 numerical simulations are given and section 5 has the discussion of results.

2. Mixed Infection model

This model is based on two major ideas of simultaneous infection and reinfection.
Simultaneous infection happens when an individual is infected by more than one
strain at the same time and we consider reinfection to occur when an individual
gets another infection with a different strain years after initial infection already
occurred. Reinfection with the same strain could occur but it is not possible to
quantify it because methods that are available only confirm a reinfection event if it
is with a different strain [34].

The model consists of 3 groups of individuals; susceptibles, S1, latents, £ and in-
fectives, I1. The latents and infectives are each divided into two subgroups, F11, E12
and I17, I respectively. The subgroups’ subscripts take a two digit format where
the first digit is the default definition of the group and the second digit represents
number of strains an individual is infected with though 2 stands for more than one
strain, that is, 24+. Some parameters used in the model also have subscripts in a
two digit format and they also take the same description.

Individuals are recruited into the susceptible group (S7) at a constant rate B.
Infection occurs when susceptibles interact with infectives with one strain infection
(I11) or those with mixed infection (I12). We assume that when susceptibles mix
with infectives in [15, they can get infected with either one of the strains resulting
into a one strain infection or more than one strain resulting into mixed infection.
The forces of infection for the one strain infection and mixed infection are modeled
by standard incidence with transmission rates, k11 and kio respectively.

After infection, a proportion p of the susceptible population progresses fast to
disease (in the first 5 years after initial infection) joining the infectious subgroups,
I1, Iz and (1 — p) denoted p’ progresses slowly to disease forming the latent
subgroups, F11 and Ej2. Due to the interaction between susceptibles and infectives
in I;5, a proportion p; of those who progress fast to disease moves to infectious
subgroup I;; while the other proportion goes to I;5. Similarly, we assume that a
proportion, ps of those who move to the latent stage joins latent subgroup Fy; and
the other proportion moves to Es.

Latent individuals in Ej; enter I;; by reactivation (which occurs at a rate a11)
or by reinfection which results from contact of the latent individuals in F7; with
individuals in I;; and I;2. Latent individuals in E7; can get mixed infection by
interacting with infectious individuals.



We define 7 as the probability of Fp; individuals getting into contact with an
infectious individual with a one strain infection who has a different strain from
theirs and 7, is the probability of F;; individuals getting into contact with an
infectious individual with mixed infection who has at least a different strain from
theirs. A proportion, r; of those reinfected progress fast (in the first 5 years following
a reinfection) to I12 and the other, (1 —r1) denoted 7} joins Ej2. Those in Ej2 join
15 by reactivation at a rate, ais.

Susceptibles and latents die naturally at a rate p. Infectives die at a rate my;
and they recover at a rate b;; where ¢ = 1 and j = 1 or 2. Subscripts are defined
as before. We assume that after recovery, they return to their respective latent
subgroups. Furthermore, we assume that individuals with active TB do not get
reinfected during the time of their sickness (this explains why we did not consider
any transfers from I11 to Ih2).

The flows between the different groups are shown in Fig. 1 and Table. 1 gives
definitions of all the parameters used in system of equations (2.1)

The differential equations of the model are given as:

ds
B oS ) - ms.
dEq / ! 2 ! ’
a P S1(f +p2f ) —Eulf +mf)— (a1 +p)En + buli,
dE
= 0 SU +r Bu(nf 4 mf) = (12 + ) i + bizla,
drl
dil = pSi(f +pif ) = (bu +mi) i+ an B,
drl
d? = p/lpslfz + 7"1E11(77f1 + 771f2) = (b2 + maz)fi2 + ar2Fna, (2.1)

where, f1 = ky1111/P and f2 = ki2112/ P are the forces of infection for one strain
infection and mixed infection respectively and

P=S+FE1+FEio+ i+ Lo,

is the total population.

3. Mathematical Analysis of the model

For biological feasibility of system (2.1), it is important that all variables stay
positive at all times and as such we analyse this system in the region

B
Q= {(317E117E12,111,112) ER:S1+FEu+FEi+hi+hs< ;}

Solutions of the system, remain positive for all time ¢ > 0 and are bounded in €.

Proposition 3.1. System (2.1) has for each positive initial condition, a unique
solution that is positive. Moreover, the region ) is positively invariant.
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Fig. 1. Compartmental diagram showing mixed infection in TB. It comprises of susceptibles, S1,
latents, E11, Ei12 and infectives, I11, I12 and the subscripts, the first one is default definition of
the group and the second subscript represents whether they have one strain infection or mixed
infection. The arrows show the in and out flows between the compartments.

Proof. Let t; = sup {t >0:5 >0, 11 >0, E19>0, I1; >0, I15 >0 }
Thus t; > 0. If £; < oo, then necessarily S7 or E1; or Fyo or I11 or I15 is equal to
zero at t1. Using the variation of constants formula, we have:

S1(tr) = Sy (0)exp|— / i+ £+ )(s)ds] + B / " eapl— / 7 ) (m)drlds > 0.

0

Moreover, since all the variables are positive in [0, 1], it can be shown in a similar
way that Ell(tl) > 0, Elg(tl) > 0, Ill(tl) > 0 and Ilg(tl) > 0. Hence t; = >
which is a contradiction.

For the invariance of €, we add the equations of system (2.1) to obtain:

dP(t)

—— =B~ pP(t) — (ma1 — pa) 11 (t) — (maz — ) 12 (2).

Since the initial condition is in Q, then 0 < I15(t) < P(t) and 0 < I11(t) < P(t).



Moreover, because mi1; > p1 and mqs > pq, then

d];—l(f) < B—mP(1).

Therefore, P(t) < P(0)e #'+ B/u1(1—e 1) and if P(0) < B/u; then so is P(t).
Moreover, whenever P(t) > B/ui, P(t)) < 0. Thus every solution of the model
equations (2.1) with initial conditions in R% approaches and stays in € as ¢ — occ.

3.1. Equilibrium points

These are time-independent states of a system. In finding them, we set time deriva-
tives of model equations (2.1) to zero. For convenience, we introduce the fraction
notation: s7 = Sy /P*, ei; = Ef,/P*, eiy = Ef,/P*, ity = I{1/P*, iy = I}y / P*,
B = B/P*, where P* = ST + E}, + Ej5 + I{; + I}5. We write the forces of infec-
tion as: f = k1117, and = k12i75. We are unable to find the equilibrium points
. . . . . 1 2
explicitly, thus we express them in terms of forces of infection, f and f as shown
in equations (3.2).

. B

51= 3

o Bbu(f + f 1) + (b +mu)(f + f p2)p)
€11 = 03 )

. B(a(biz +miart) + B (pbiap) + op'ph))
€12 = 36~ )

i = BOPU + £p) + an(@bn(f + £ py) + (bu + mun) (" + £ p2)p))

(b11 +m11)0p ’

i B((ar ((a12 + 1) — 7)) + Bf ((a12 + ) (pbiap + op'ph) — 10'ph))
2 b1280y '
(3.1)

where, 0 = '+ /" + . = buap +mu(ans + ) + (bu +ma) (0f +m ), o=
(nf +mf )wbii(f +f p1)+ b +mu)(f +f p2)p'), v =miz(aiz+p1)+biap,
0 = b1z +mia.

2
Substituting g—u for i3, in equation (3.2) and g—m for i3, in equation (3.2), we
end up with a system of coupled equations given by:
PP+ P b P+ d ()P el f +
2 2
g f +hi(f)?=0,
2 3 2 2 2 2 1 2 2 2 1 2 2 1 2 2 2 2
(f)+a(f )+ f (f )+ f +d(f)f +ef +
2 ¢t 2012
g2 + 01 =o. (3.2)
where,

5 (X1 + Xnuy) — Bkiipn plotm g (X1 + X)) — Bk (npr +m)p

Xn ’ n Xn '




/r] ) X2’[7 ) in )

glomo g X X111 — Bk (pX1 + a11X2) gl = —Bk11(pp1 X1 + a11X3)

—BE11(pp1im) a2 Xg — BE12((X3(b12 + mazr’) + X Xe)m X7 — Xuni (Xp'ph 4+ 1" X3))

h! =
X1 ’ b12 X Xym 7

o Xg = Bkio((XXen + (Xam + Xan)(bia +maar’)) X7 — Xu(r' (m Xa +nX3) + Xp'pon))
b2 X Xum ’

p2 1 +m Q2 X9 — Bki2((—a11b11 X6 + X Xg(a11 + p1)) X7 — Xa(arimar + Xpa)p'ph)
m b2 X Xum ’

2= 2o pe —Bki12(Xon(X7(bia + maar’) — ' X4))
m’ ’ b2 X Xym ’

with, X = b1y +ma1, X1 = biipn +mai(ann +m), Xo = pbu+Xp', Xz = pbiip:+
Xpop', Xa = brapiy +mag(p1 +a12), Xs = bz +mia, Xe = pbiap] + Xsp'py, X7 =
aiz + p1, Xs = b2 Xa(Xpa(1+1n) + a11m11)2, Xo = br2Xam (Xp1 + arzma).

If f = 0, then from equation (3.2), f = 0 or f = —g'/h! which is not
biologically feasible. Then necessarily f2 = 0. Similarly, setting f2 = 0 in equation
(3.2), we obtain f = 0.

Therefore, we conclude that f1 = 0 if and only if f2 = 0. This means that
for our model, it is not possible to have one strain infected individuals if there are

no mixed infected individuals and the reverse is true. This is because one strain
infected individuals are infected with different strains thus there is a possibility of
them interacting with one another to lead to a mixed infection. For mixed infected
individuals, they can spread one or more strains thus it is possible that their in-
teraction with susceptible individuals would lead to one strain infections. We thus
investigate only two cases; f1 = f2 =0 and f1 # 0 and f2 # 0.

If /' = f° =0, we have the disease free equilibrium (DFE) and if f#0and
f2 # 0, there is possibility of multiple endemic equilibria (EEP).

DFE of system of equations (2.1) is given as:

DFE = (B/1,0,0,0,0).
Whether it is stable or unstable depends on the basic reproductive number, Ry.

Definition 3.2. Ry is the mean number of infected individuals caused by an infected
individual introduced into a wholly susceptible population during the individual’s
infectious period.

This number gives us an insight of how fast the disease is spreading. Ry < 1
means that on average, an infected individual causes less than one new infected
individual over the course of his/her infectious period and Ry > 1 implies that an
infected individual produces more than one new infected individual. Therefore for
many cases, the disease will die out when Ry < 1 and it will invade the population



with Ry > 1. For simple cases, Ry is given by the product of the infection rate
and the mean duration of infection [32]. However, in complicated cases like ours,
we calculate it by using the next generation matrix method in [32]. It comprises
of two matrices .# and ¥ where .% is the appearance of new infections and ¥
is the transfer in and out of the compartments through other means. We find the
derivatives of .# (F) and ¥ (V) with respect to the infected classes. The dominant
eigenvalue of F'V~! gives Rg. This is carried out as follows in our case:

(1=p)Si(f +pf)
s | G=p)(1-p)Sif
pSI +pf) |
p(L—p1)Sif

and

En(nf +mf)+ (a1 + 1) En — bl
v — (a12 + 1) Erz = bialis — (1 = 1) Eni(nf +mf")
(bi1 +m11) 11 —anEn
(b12 +mi2) 12 — a12E12 — 7”11*711(77f1 + 771f2)

We find the derivatives of .% and ¥:

00 ki1 (1 —p) (1 —p)p2kiz

p_ 000 (1 =p)(1 = p2)ki2
00 pk11 pp1ki2 ’
O O O p(l —pl)klg
(@11 +11) 0 —b11 0
V- 0 (a12 + 1) 0 —b12
—ai 0 b1 +mq1 0
0 —ais 0 b1z + m2

RI'B is the spectral radius of FV~!. Using mathematica, we obtain Rl ? = max

{R1, Ra} where R;,i = 1,2 is the reproduction number for i strain infection given
by

_ k11(a11 + pua)
biipr +mar(ars + pa)’

Ry

R, — F2(pi(a1z + ) + a1op'ph)
2 = )
biopt1 + maz(arz + p1)




3.2. Local stability of the DFE

Theorem 3.3. The DFE is locally asymptotically stable if REP < 1 and unstable
if REB > 1

Proof. The Jacobian matrix of the system at DFE is given by

— 0 0 —k11 —k12
0 —(a11 + p1) 0 bii + (1 —p)kn p2(1 —p)kio
J = 0 0 —(a12 + 1) 0 bio + (1 = p)(1 — p2)ki2
0 ai 0 —(b11 +mi1) + kuip pp1ki2
0 0 a2 0 —(bi2 + mi2) + p(1 — p1)ki2

Using Mathematica software, we find that the eigenvalues of J are given by the
roots of the following characteristic polynomial:

(A4 11) (A2 + Bid 4 C1)(A? + Ba) + O),

where,

(@11 + b1 + mar + p1 — pkia)

B = 5 ,
Cy = ((b11p1 +mai(ans +p1))(1 = Ry))
4 )
B, — (a2t bz tmi £ — phia(1 = p1)
2 K
Oy — ((brzpr +maz(aie + p1))(1 — Ra))
2 = 1 ,

Clearly, C; > 0 if and only if R; < 1, i = 1,2. Moreover, when C; is non-negative
then so is B;. In fact, if C; > 0 then Ry < 1. This implies that pki1 < b1 +mq1 +
M . We have two cases; either my1 < ki1 or m11 > k11. If miq < k11, then
pk11 < b11 + mq1 which implies that By > 0. While if, mq1 > ki1, then using the
expression of By one can see that B; > 0. One can prove in a similar way that
B; > 0 when C; > 0. By Routh-Hurwitz criterion, we conclude that the DFE is
locally asymptotically stable if R; < 1 and Ry < 1, in other words if RI? < 1.

3.3. Exzistence and stability of EEP near R[I;B =1

In this subsection, we apply the center manifold theory used in [7] to determine
the existence and local stability of a branch of endemic equilibria that bifurcates
from the DFE at RTZ = 1. To apply the center manifold theory in [7], we change
variables of model equations (2.1) as follows: S1 = x1, E11 = 22, F1a = x3, 111 =
x4, I1o = x5 and P = 21 + 29 + 23 + 24 + x5 and as such X = (x1, 22,23, 24, 75)7



10

and ‘il—)t( = F = (f1, f2, f3, f1, f5)T. Therefore system (2.1) becomes;

dx
d_tl = f1 = B — (z1(k112a + k1225) /P — pazn,
dz
d_t2 = fo = W a1 (k1124 + pokiaxs) + xa(Nk1124 + mkiows)) /P — (a1 + p)as + biaa,
dz
d_t3 = f3 = (php' w1 kiozs + riza(nki1zs + mkiaxs)) /P — (a2 + p)xs + boxs,
dz
d—t4 = fa = (px1 * (k1124 + prkiaxs)) /P — (bi1 + mai1)za + a122,
dz
d—; = f5 = (pipr1kiaas + riza(nkiizs + mkioxs))/ P — (big + miz)zs + ara3.
(3.3)
The Jacobian matrix of system (3.3) at DFE is given by:
— M1 0 0 —kn —k12
0 —(a11 + ) 0 bi1 + (1 —p)k1s p2(1l —p)ki2
J=1 o 0 —(a12 + p1) 0 bz + (1 =p)(1 — p2)ki2
0 a 0 —(b11 +mi1) + kup pp1ki2
0 0 a2 0 —(biz +mi2) + p(1 — p1)ki2

which is the same as for system (2.1). To determine the occurrence of a bifurcation,
we need to set RgB = 1. In our case, we have two possible RgB’s, i.e, Ry and Rs.
Thus we consider two cases:

3.3.1. Case 1: Ry > Ry, RgB =R =1

Taking Ry = ROTB =1, we let the transmission rate for one strain infection, ki1 to

be the bifurcation parameter. Therefore at RTZ = 1,

mai (@ + p1) + pibi
a1l +pipa

ki = ki =

which means that if k11 < kj; then REP < 1 and if ki3 > kf; then RTZ > 1.
The Jacobian of system (3.3) at ki1 = ki; has the following eigenvalues.

{07 _/1'1711712713}7

where, [; = —(a11(a11 + b11 +mai1(1 —p)) + p1(ar1 (1 + p) + p1)) /(a1 + pp1) and
ZQ, lg = —%(h + vV h? — hl), with h = a2 + b12 + mio + M1 — pk12p/1 and
hi = 4(biapr + maz(p1 + a12))(1 — Ro).

We find the right and left eigenvectors associated with the zero eigenvalue. The
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right eigenvector, w = [w1, wa, w3, wy, ws]T is given as:

mi(an + p1) + b
p (a1 + pap)
—b11 —mi1 +mip

ay + pip1
w3:w5=0, w4:1.

w1:—(

Wog = —

The left eigenvector, v = [v1,va,v3,v4,v5]7 is given as:

a2
a2 + 1’
arr (1 — Ra)(bi2py +mia2(a12 + 1))
kia(aiz + p1)(ppi(air + p1) + a1ip2(l —p))’
(a11 + p1)(1 = Ro)(biapn +maa(ar + 1))
(@12 + p1)((1 = p)arikiaps + pkiopi(arn + p1))

’1}1:(), V3 = ’U5:1,

Vo =

We then compute a and b. We look for the non-zero partial derivatives of f at DFE.
Since v; = 0, then the partial derivatives of f; will cancel out after substitution.
The non-zero partial derivatives of fa, f3, fa, f5 are:

?fr _ kiym(-p) 0%fr _ khymm+(A-p) 0*fr _ —2k{i(1-p)m
0x10x4 B " 09014 B T (Omq)? B ’

D% f3 _ K —r)m 0% f4 _ —kpm 0% f4 _ —2khpm 9% fs _ khmrm
0x2014 B T Ox90x4 B 7 (0x4)? B T Ox90x4 B
Let

D% fo 0% fo
—4 2y
" V2t 8I18$4 + U212t 8:172811747
2 f: 9% f3 ?f4
= 2uuw?—22 14 =2 4y
TS Ay A T s
0% f4 2 fs

ng = 2v4wi 5 + 4uswaws

(8$4) 8:174 8:172 '

Therefore a = n+ ny + ny. Since a is a large expression, we simulate it numerically
by changing the values of 7 and r1 so as to determine its sign. Plot is shown in
Fig. 2. For the computation of b, we look for the non-zero partial derivatives of f
at DFE. We neglect the partial derivatives of f; since v; = 0. Thus the non-zero
partial derivatives are given by:

Py Ph
drsok, U dweoky U
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Fig. 2. Numerical result for value of a. a > 0 if 1 and n are both > 0.03

It follows from the above expressions that;

b = vowy 782& + v4wy 782‘&
6:104(%1‘1 6$4(Q)/€f1 ’
_— 0%fo _ an(l—p)(1 — Ro)(bizp + maz(ar2 + 1))
Oxs0ky;  kiz(aiz + pa)(ppi(arn + p1) + anpe(l —p))’
vaws 0% fa ~ plarr + p1)(1 = Ra)(biapy + maz(aiz + p1))

x40kt (a12 + p1)((1 — p)arikizpz + pkiopr (a1 + p1))

Since Ry < 1, we have b > 0.

From the center manifold theorem in [7], if @ > 0 and b > 0, we have a subcritical
(backward) bifurcation at RIZ =1 and if a < 0 and b > 0, we have a supercritical
(forward) bifurcation at R} = 1. We also establish the following result.

Proposition 3.4. If Ry < 1, an endemic equilibrium guaranteed by center manifold
theorem in [7] is locally asymptotically stable for Ry > 1 but close to 1.

3.3.2. Case 2: Ry > Ry, RgB =Ry =1.

We take Ry = Rg B =1 and the transmission rate for a mixed infection, kis to be
the bifurcation parameter. At RT? = 1, we have

miz (a2 + p1) + pabio
p(1 —p1)(ar2 + p1) + a12(l — p)(1 — pa)’

which implies that R P < 1 with k12 < k7, and REP > 1 with kia > ki,.
The Jacobian of system (3.3) at k12 = kj5 has the following eigenvalues,

k12 = kiy =

{0, =, ((la + 15 + 16) /17), Is, 1o }
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where,
la = afy(1 = pp1 — p2(1 — p)) + pui (1 — p1),
ls = aiz (bi2(1 —pp1 — p2(1 —p)) + mi2(1 —p —p2(1 = p))),
le = aropr (1 + p(1 —2p1) — p2(1 —p)),
l7 = ara(pp1 — 1+ p2(1 = p)) — ppa (1 — p),
1
g, lg = —§(h2 + 1/h§ — hs),
with,

he = a1 + b11 + ma1 + p1 — pkay,
hs = 4(b11p1 +mai(an + 1)) (1 — Ra)

We find the right and left eigenvectors associated with the zero eigenvalue. The

right eigenvector, w = [w1, wa, w3, wy, ws]T is given as:
—z k112 z
wy = + 1 27 ’LU4:_—2, ’LU5:1,
H1z1 H1z3 <3
—pp12 —(b11 +m11) + pki1)z
wo = PP1 +( (b11 11) + pki1) 2,
a1121 a11%3
_ (b +miz) p(l—pi)z
a12 a1221

where,

z = b12u1 + m12(a12 + ,ul)v

21 = (1 = p)aiz(1 — p2) + p(1 — p1)(a12 + ),
= A0 — p)anipz + ppi(an + 1))
Z1 ’

23 = —(brpr +mai(ary + p1))(1 — Ry).

The Left eigenvector, v = [v1, v2, v3,v4, v5]T is given as:

V1 = Uy = ’U4:0, Vs = 1,
ai2
vg = ———.
a1z + {4
We then compute a and b. We look for the non-zero partial derivatives of f at
DFE. Since v; = 0, then the partial derivatives of f; will cancel out after substitu-
tion. The non-zero partial derivatives of f3, f5 are:

9 f (1 —=ri)nkiipn Ofs k(1 —ri)m — (1 —p2)(1—p))

0x2074 B T Oz90xs B ’
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Fig. 3. As r1, n, m1 vary simultaneously, the sign of value of a changes from negative to positive.

a > 0 when the values of r1, n, 1 are all > 0.025.

fs _ _kipym(-p)d—p) _Pfs _ (1-p)d—pkiym
81'3(9115 B ’ 6,@48,@5 B ’
?fs _ 2kipm(l—p2)A—p) 05 _ rmmkum  0%fs _ Kiyp(rim — (1—pi)p)
(8$5)2 B ’ 8$28$4 B 8I28$5 B
%fs k(L —ppm  Pfs k(A —ppm  0%fs 2k —pi)pm
81'3(9,@5 B ’ 6,@4(9&[]5 B ’ (61'5)2 B '
Let
92 2 2
ng = 4vswowy 8%253:;74 + dvzwows 2£:;5 + dvzwsws 8I3£3$5
0% f5 O % fs % fs
=4 —° 4 2w L 44 —— +4
N4 V3W4 W5 92205 + 2vzws (0252 + 4vswowy D074 + 4vswaws D23075"
2 2f 82f
=4 > 44 > 4 Quswd
1 U5 tsts 81'3(9,@5 + A5t 81'4(9115 + s ° (61'5)2

Thus a = ng + n4 + ns. a is a large expression and to determine its value and sign,

we simulate the expression with different values of r1, n and 77 numerically. Plot
is shown in the Fig. 3. Fig. 3 shows that a > 0 when the values of 1, n, 1 are all
> 0.025. For the computation of b, we also need to look for the non-zero partial
derivatives of f at DFE. We neglect the partial derivatives of f1 since v; = 0. Thus

the non-zero partial derivatives are given by;

0 fs 0*fs
B ar e 1 - 1 - = 1 —_— .
(9:855)/{1‘2 ( p?)( p)a 5205(%1‘2 ( pl)p
It follows from the above expressions that;
2 2 . _ _
b= v3w5% + vsws 9 fs _ al?(l p2)(1 p) + (alg + )L —p1)p
8I58/€T2 8$58k{2 aiy +

)
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Clearly, b > 0

By the center manifold theorem in [7], if @ > 0 and b > 0, we have a subcritical
(backward) bifurcation at R{® =1 and if a < 0 and b > 0, we have a supercritical
(forward) bifurcation at Rl ” = 1. We also establish the following result.

Proposition 3.5. If Ry < 1, an endemic equilibrium guaranteed by center manifold
theory in [7] is locally asymptotically stable for Ro > 1 but close to 1.

3.4. Numerical simulations for equilibrium points

Using a hypothetical population of 100,000 individuals, we run our model until
equilibrium with different initial conditions and values of parameters in Table. 1
so as to determine and show equilibrium points. We obtain phase portraits using
Matlab 5.0 and the Runge-Kutta method. Results are shown in Fig. 4 and Fig. 5.

Results in this subsection show that it is possible to have backward bifurcation
for certain parameter values of r1, 1, 71. These parameters are associated with
acquiring and developing active TB due to mixed infection. The phenomenon of
backward bifurcation is important because it implies that even if RIZ < 1, the
disease may persist in the population.

Phase portrait diagrams in Fig. 4 show that we can have both an endemic
equilibrium and DFE when RZP is less than unity for certain values of r1, n and 7
which demonstrates backward bifurcation. Phase portrait diagrams in Fig. 5 show
local asymptotic stability of the DFE and EEPs.

x10° R1<1,R2<1 eta=etal=rl=0.02 x10° RI<1 R2<1l eta=etal=r1=0.15
-

Infected
Infected

0 2 4 6 8 10
Susceptibles x10° Susceptibles x10°

(a) (b)
Fig. 4. Using different initial conditions, we have the DFE in FIG. 4(a) for Ry < 1, Rz < 1 thus

ROTB < 1 with 71 =n =mn1 =0.02. For r; =n =mn = 0.15, we have an EEP even with R(j;B <1
as shown in FIG. 4(b). This shows the phenomenon of backward bifurcation.
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Fig. 5. Using different initial conditions, we have the DFE for R; < 1, R2 < 1 thus RgB < 1lin
Fig. 5(a) and EEPs for Ry < 1 < R1 and R1 < 1 < R in Figs. 5(b) and 5(c) and for Ry > 1,
Ro > 1 in Fig. 5(d) respectively. In these cases for the EEPs, ROTB > 1. These phase portraits
show local asymptotic stability of the DFE and EEPs.

4. Numerical Simulations - Effect of mixed infection on TB
dynamics

We use the model to find the effect of mixed infection on TB prevalence, MTB
infection rate and TB incidence rate. We examine what happens to the TB dynamics
when we increase parameter values associated with mixed infection. We calculate
TB prevalence, MTB infection rate and TB incidence rate using formulas given in

Table. 2. We run our model until equilibrium. The numerical results are shown in
Figs. 6, 7, 8 and 9.



Table 1. Definitions and values of parameters in mixed infection TB model

17

Parameter Definition Value Reference

B, 11 birth rate, natural death rate 1820, 0.0182 1, 31]

aii, a2 reactivation rate to active TB for Ey;  0.0006, 0.003 [1, 18, 37
and FE1o respectively

ki1, k1o transmission rate for one strain infec- 9, 18 [1, 16, 23]
tion and for mixed infection respec-
tively

P proportion of infected individuals who 0.09 [1, 11, 37
progress fast to active TB

p proportion of infected individuals who 0.91 [1, 11, 37]
join latent group

p1, D) proportion of fast progressors who goto 0.9, 0.1 estimate
111 and I35 respectively

D2, Dh proportion of slow progressors who join 0.9, 0.1 estimate
F11 and F45 respectively

r1, 7] proportion of reinfections who join I1o  0.56p, (1 —0.56p) [1, 11, 37]
and F1o respectively

n probability of contact between F1; and  0.06 estimate
111 resulting in mixed infection

i probability of contact between F1; and 0.04 estimate
115 resulting in mixed infection

my1, mi2  death rate for I;; and I;p respectively 0.2, 0.25 [1, 10]

bi1, b2 recovery rate for I;; and Ijo respec- 0.45, 0.4 [18, 23]
tively

~ Percentage of active TB individuals variable: 0 — 100%

who are tested for mixed infection
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Table 2. Correspondence between some medical vocabulary and the model

Medical vocabulary Model expression

Total population P=5+FEn+FEi+ i+ he

TB incidence (one strain)  pSy (k11111 + p1kieli2)/P + a11 B

TB incidence (mixed) (ppSiki2D12)/ P + r1Evi(nkiiIi + mikiali2)/ P + a12Ev2
TB prevalence (11 + L)/ P

MTB infection rate (k11l11 + k12112)/ P

TB prevalence Iiy/P
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4.1. MTB infection rate

This is the rate at which individuals acquire an MTB infection during a specified
period. It is closely linked to the annual risk of infection (ARI) which represents
the probability of becoming infected in a one year period. If MTB infection rate is
high, then it implies that many new MTB infections are occuring. We are interested
in knowing how many MTB infections occur in presence of mixed infection. We use
the formulation in Table. 2 to calculate them. Fig. 6 gives the numerical result. In

eta=0.06, etal=0.04, k12=18, a12=0.003 1 eta=0.12, etal=0.1, k12=22, al2=0.006

— Total
— one strain infection
— mixed infection

6}
=
o

N
©

N
S

MTB infection rate (%)
w

MTB infection rate (%)
(=2}

1 2 — Total
— one strain infection
— mixed infection
G0 50 100 150 200 250 300 350 400 00 50 100 150 200 250 300 350 400
Time (years) Time (years)
(a) (b)

Fig. 6. M'TB infection rate increases with increasing values of aj2 and ki2.

Fig. 6, MTB infection rate increases with increasing values of parameters related
with mixed infection. At equilibrium, total MTB infection rate is 2.0% with mixed
infection imparting 21.8% in Fig. 6(a). In Fig. 6(b), total MTB infection rate is
10.1% with mixed infection imparting 76.9%. With increasing values of reactivation
rate and transmission rate for individuals with mixed infection, there is increase
in the MTB infection rate. This is because mixed infected individuals are more
infectious than one strain infection individuals because of their potential to spread
either one strain or all the strains at the same time.

4.2. TB incidence rate

TB incidence rate is defined as the number of new cases of TB during a specified
period of time. The total TB incidence rate is the summation of the TB incidence
rate for the one strain infection and that for mixed infection. We consider it as per
100, 000 people. We are also interested in the number of new cases caused by mixed
infection and how much it adds to TB incidence. Fig. 7 shows how the total TB
incidence rate changes with time as some parameter values change.

Total TB incidence rate rises with rising parameter values closely linked to mixed
infection. In Fig. 7(a), it is 131/100, 000 to which mixed infection contributes 12.2%
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eta=0.06, etal=0.04, k12=18, al2=0.003 eta=0.12, etal=0.1, k12=22, al2=0.006
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Fig. 7. Increasing values of parameters of mixed infected individuals leads to a rise in the number
of new active TB cases thus causing an a shoot up in Total TB incidence rate.

when model is run until equilibrium. In Fig. 7(b), it is 397/100,000 with mixed
infection imparting 57.7%. Thus mixed infection evokes rises in TB incidence rates.

4.3. TB prevalence

TB prevalence represents the number of people sick with TB at a given point in
time. It gives the number of those that are infectious. At steady state, Total TB

eta=0.06, etal=0.04, k12=18, a12=0.003 o.7__€ta=012, etal=0.1, k12=22, a12=0.006
0.6 0.6
L 0.5 05
[} (]
204 204
8 3
© ©
203 903
Q o
Bo2 202
0.1] 0.1 — Total
one straj
mixed infe
00050 100 150 200 250 300 350 400 00050 100 150 200 250 300 350 400
Time (years) Time (years)
(a) (b)

Fig. 8. TB prevalence rises with rising values of parameters linked to mixed infection. Parameters
are in Table. 8.

prevalence is 0.2% with contribution of 12.2% by mixed infection as shown in Fig.
8(a). In Fig. 8(b), it is 0.61% to which mixed infection gives 57.7%. Hence the
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prevalence of mixed infection in active TB individuals is 12.2% and 57.7% in Fig.
8(a) and Fig. 8(b) respectively. In studies done, it ranged from 2.3% to 75% [25, 34].

4.4. Prevalence of mized infection in population

This is determined from the model. It is calculated using formulation in TABLE.
2. Numerical results are given in Fig. 9. Fig. 9(a) gives the prevalence of mixed

0,025 eta=0.06, etal=0.04, k12=18, a12=0.003 eta=0.12, etal=0.1, k12=22, a12=0.006
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Mixed infection prevalence (%)
Mixed infection prevalence (%)

o
o
v;]

0.0000 55 100 150 200 250 300 350 400 000755100 150 200 250 300 350 400
Time (years) Time (years)
(a) (b)

Fig. 9. Prevalence of mixed infection is 0.025% in Fig. 9(a) and 0.35% in Fig. 9(b).

infection in the population as 0.025% at equilibrium and from Fig. 9(b), it is 0.35%
with the parameter values that have been used.

A clear study of numerical results of this section shows that increasing the
parameters related with mixed infection by two times leads to an increase in the
MTB infection rate, TB incidence rate and TB prevalence by more than twice their
initial value, with mixed infection contributing more than 50% to that value. This
highlights the consequences of mixed infection in a population.

5. Discussion

In this paper, we have studied the mathematical dynamics of mixed infection in
TB. The analysis of the model showed the existence of multiple endemic equilibria
and backward bifurcation for certain parameter values. This means that even when
RIB < 1, the disease may persist in the population.

Parameters such as transmission rate, reactivation rate for mixed infected indi-
viduals as well as probabilities of latent individuals acquiring mixed infection are
important in establishing mixed infection. The values of these parameters would be
high in areas with poor living conditions, overcrowding and high strain diversity.
Mixed infection leads to an increase in TB incidence, TB prevalence and MTB in-
fection rate even with no HIV and may be an explanation of what has been observed
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in certain areas in Western Cape, South Africa. In one of the areas studied in [4, 20],
the ARI was as high as 3.7% in 1998-1999 survey and 4.1% in 2005 survey with an
HIV prevalence of less than 10% [15, 20, 26]. TB notifications had been increasing
i.e from 673/100,000 to 834/100,000 between 1998 and 2002 yet the detection and
treatment services had improved over the years. However, it was noted that the
living conditions in this area were poor, there was overcrowding and high strain
diversity. All these contribute greatly to mixed infection.

In conclusion, backward bifurcation occurs for certain parameter values meaning
that even when RIP < 1, the disease may persist in the population. Parameters
such as transmission rate, reactivation rate for mixed infected individuals as well as
probabilities of latent individuals acquiring mixed infection are important in estab-
lishing mixed infection and these have high values in areas of overcrowding, high
strain diversity and where living conditions are poor.
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