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Abstract This paper illustrates the importance of independent, component-
wise stochastic scaling values, from both a theoretical and empirical perspec-
tive. It is shown that a swarm employing scalar stochasticity in the particle
update equation is unable to express every point in the search space if the
problem dimensionality is sufficiently large in comparison to the swarm size.
The theoretical result is emphasized by an empirical experiment which shows
that a swarm using scalar stochasticity performs significantly worse when the
optimum is not in the span of its initial positions. It is also demonstrated that
even when the problem dimensionality allows a scalar swarm to reach the op-
timum, a swarm with component-wise stochasticity significantly outperforms
the scalar swarm. This result is extended by considering different degrees of
stochasticity, in which groups of components share the same stochastic scalar.
It is demonstrated on a large range of benchmark functions that swarms with
dimensional coupling (including scalar swarms in the most extreme case) per-
form significantly worse than a swarm with component-wise stochasticity. The
paper also shows that, contrary to previous results in the field, a swarm with
component-wise stochasticity is not biased towards the subspace within which
it is initialized. The misconception is shown to have arisen in previous lit-
erature due to overzealous normalization when measuring swarm movement,
which is corrected in this paper.
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1 Introduction

The particle swarm optimization (PSO) algorithm employs stochasticity as an
important mechanism to avoid premature convergence to local optima. The
stochasticity should (usually) be applied in every dimension (i.e. component-
wise) to ensure independence between position updates in each dimension.
However, it is still a prevalent mistake for scalar stochastic values to be used in-
stead (Feng et al. 2019; Fu et al. 2018; Han and Liu 2014; Li et al. 2019; Pandey
et al. 2010; Sun et al. 2019; Yoshida et al. 2000; Zahara et al. 2009), which
unnecessarily restricts the swarm’s movement and degrades performance.

This paper investigates the effect of using scalar stochasticity, both theo-
retically and empirically. The paper begins by introducing the PSO algorithm
and briefly discussing the importance of component-wise stochasticity in Sec-
tion 2. Section 3 provides theoretical results to formalize the restriction on the
swarm’s movement caused by scalar stochasticity. It is shown that there is a
problem of “reachability”, i.e. a swarm with scalar stochasticity will not be
able to reach the optimum if the problem dimensionality is higher than the
size of the swarm.

Section 4 examines the empirical effects of reachability by comparing the
performance of a swarm with scalar stochasticity to a swarm with component-
wise stochasticity for a wide range of benchmark functions. The section an-
alyzes the behaviour of the swarms using a measure from existing literature,
which compares the magnitude of particle steps inside the subspace within
which they are initialized, to step sizes in the orthogonal subspace. A correc-
tion to the normalization of the measure is proposed and using the modified
measure, it is shown empirically that a vector swarm searches inside and out-
side the initial subspace equally, without bias towards either space.

Section 5 considers an intermediate approach, between scalar and compon-
ent-wise stochasticity, where coupling is induced among groups of dimensions
by using the same stochastic scaling value within a group. The behaviour of
swarms with induced coupling is discussed and their performance is compared
to vector and scalar swarms. Section 6 concludes the paper.

This paper is an extension of the work by Oldewage et al. (2018). The paper
includes additional results regarding the roaming behaviour of scalar and vec-
tor swarms. The extended paper supplements the discussion of component-wise
and scalar stochasticity by considering an intermediate degree of stochasticity,
where stochastic scalars are shared among groups of dimensions. The exten-
sion also introduces an important correction to the measure of particle steps
within a given subspace from existing literature. The corrected measure leads
to results that are entirely different from the observations by Chen et al. (2015)
regarding the exploration ability of swarms with component-wise scaling. The
measure is applicable to other population-based algorithms, so the correction
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is of interest to the general field of population-based optimization. The ex-
tension also includes an appendix with additional proofs for the propositions
presented in Section 3.

2 Background

This section briefly discusses the PSO algorithm and introduces relevant con-
cepts regarding the importance of component-wise stochasticity.

PSO is a stochastic, population-based optimization algorithm that does
not require gradient information and may thus be applied to black box op-
timization problems (Eberhart and Kennedy 1995). A swarm consists of a
number of particles. The position of a particle in the search space represents
a potential solution to the optimization problem. The particle moves through
the search space for a number of iterations, using local information (the best
position encountered by the particle thus far, called the personal best posi-
tion) and global information (the best position encountered by all the particles
within the given particle’s logical neighbourhood, called the global or local best
position, depending on how the neighbourhood is defined). This paper consid-
ers the global best topology (Eberhart and Kennedy 1995), but the findings
presented are applicable to arbitrary topologies. Each particle i’s position is
updated at iteration t according to:

xt+1
i = xt

i + vt+1
i (1)

where xt+1
i denotes the position of particle i at iteration t+1 and vt+1

i denotes
its velocity at iteration t+1. The particle’s initial position, x0

i , is usually drawn
from a uniform distribution over the search space boundaries (in every dimen-
sion). PSO with inertia weight, as introduced by Shi and Eberhart (1998),
updates particle i’s velocity at iteration t in every dimension j as below:

vt+1
ij = wvtij + c1r1j(y

t
ij − xtij) + c2r2j(ŷij − xtij) (2)

where vt+1
ij denotes particle i’s velocity in dimension j, w denotes the inertia

weight, and c1 and c2 denote the cognitive and social acceleration constants
respectively. The components r1j , r2j ∼ U(0, 1) are random numbers sampled
between 0 and 1 at every iteration. ytij denotes the personal best position of
particle i in the jth dimension and ŷij denotes the jth dimension of the best
position found by all the particles in the neighbourhood of particle i. Particle
neighbourhoods are usually defined by logical indexing of the swarm. When
neighbourhoods are strict subsets of the entire swarm, the algorithm is referred
to as a local best PSO. If every particle’s neighbourhood consists of the entire
swarm, the algorithm is referred to as a global best PSO and ŷ = ŷi is called
the global best position. Except where otherwise specified, this paper considers
a global best PSO.

The stochastic scaling components, r1 and r2, can also be expressed as:

vt+1
i = wvt

i + c1R1(yt
i − xtij) + c2R2(ŷ − xt

i) (3)
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where R1 and R2 are diagonal matrices, with r1 and r2 forming their diagonals.

This paper emphasizes that if r1 and r2 are instead random scalars, then
the swarm’s movement becomes entirely linear. The limitation of linear move-
ment is illustrated by Parsopoulos and Vrahatis (2010, p. 30) which plots
a particle’s potential future positions when using scalar or vector stochastic
scaling. Every position investigated by the swarm will necessarily be a linear
combination of the swarm’s initial positions, velocities, and personal best po-
sitions. If the swarm size is too small relative to the problem dimensionality,
then the swarm can only reach a subspace within the larger search space (as is
proved in Section 3). Since the swarm is typically initialised randomly, there
is a possibility that the optimum can not be expressed as a linear combination
of the swarm’s initial positions, i.e. the swarm will never be able to find the
optimum.

There are variants of PSO from literature that use different sampling dis-
tributions for r1 and r2, such as double-exponential (Krohling and dos Santos
Coelho 2006b), normal (Krohling and dos Santos Coelho 2006a), and normal-
absolute (Krohling and dos Santos Coelho 2006a). The use of different distri-
butions affects the dynamics of the swarm and induce different convergence
regions for the swarm’s parameters (Garca-Gonzalo and Fernndez-Martnez
2014).

The majority of literature considering the movement of PSO assumes that
the particles move independently in each dimension, thereby requiring that r1
and r2 be vectors of independent random numbers. Apart from being men-
tioned as a common mistake in some textbooks (Parsopoulos and Vrahatis
2010, p. 30), there is not much literature which explicitly discusses the effect
of using scalar random values, or inducing coupling between dimensions, on
the space of solutions that can be reached by the swarm.

Paquet and Engelbrecht (2007) introduced a Linear PSO which uses scalar
r1 and r2 values in order to solve constrained linear optimization problems.
If the swarm is initialised so that all positions are within the problem con-
straints, then scalar r1 and r2 values ensures that the swarm can never leave
the feasible space, which forms a subspace of the search space. In (van Zyl
and Engelbrecht 2016), purposeful dimensional coupling via shared r1 and r2
components was suggested to reduce the unwanted roaming exhibited by PSO
in high dimensional problem spaces.

Throughout the remainder of the paper, a swarm that uses scalar values
for r1 and r2 will be called a “scalar swarm”. A swarm that uses vectors for r1
and r2 which are multiplied with the cognitive and social components in every
dimension (or, alternatively, are diagonal matrices) will be called a “vector
swarm”.
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3 Theoretical Results

This section provides a theoretical discussion regarding the consequences of
using a scalar PSO. It is proven that if r1 and r2 are scalars, then the po-
sitions of any particle at any iteration of the search space must be a linear
combination of their initial positions, personal best positions, and velocities.
The proposition below is for a local best PSO, since global best PSO can be
considered as a special case of local best PSO where the neighbourhood is the
entire swarm. For the sake of generality, the proposition makes no assumptions
regarding the initial particle velocities or personal best positions.

Proposition 1 For a particle swarm governed by the movement update equa-
tions in equations (1) and (2), at any iteration t ≥ 0, the position xt

i of any
particle i is in the span of I where I = {x0

1,y
0
1,v

0
1, ...,x

0
m,y

0
m,v

0
m}.

Proof Suppose that particle velocities, positions and personal best positions
are initialised randomly within the search space. Let the set of all these ini-
tial points be given by I = {x0

1,y
0
1,v

0
1, ...,x

0
ns
,y0

ns
,v0

ns
}. Assume that all the

elements in I are unique and non-zero. These assumptions are made without
loss of generality: the probability of obtaining a zero vector from a uniform
initialisation is zero, since the probability of a continuous random variable be-
ing a particular constant is zero (due to a single point having zero measure).
Similarly, the probability of sampling two equal vectors is zero because the set
of such points have zero measure. The proof proceeds by induction.

The position of any particle at t = 0 is in I by the definition of I. Thus,
the hypothesis holds for the case t = 0.

Suppose for all iterations s ≤ t that the positions of all the particles are
in the span of I. It will now be proved that the positions of all the particles
must still be in the span of I at iteration t+ 1. The position of any particle i
is given by the position update equation:

xt+1
i = xt

i + vt+1
i (4)

where xt
i ∈ span(I) by virtue of the inductive assumption. It thus remains to

prove that vt+1
i is in the span of I:

vt+1
i = wvt

i + c1r1(yt
i − xt

i) + c2r2(ŷt
i − xt

i) (5)

= wvt
i + c1r1y

t
i + c2r2ŷ

t
i − (r1c1 + r2c2)xt

i (6)

where xt
i ∈ span(I) by the inductive assumption. It remains to prove that vt

i ,
yt
i and ŷt

i are in the span of I. According to the position update equation,

xt
i = xt−1

i + vt
i (7)

=⇒ vt
i = xt

i − xt−1
i (8)

In other words, vt
i is a linear combination of xt

i and xt−1
i , both of which are

elements in the span of I by the inductive assumption. Thus, vt
i is also in the

span of I. The personal best position of any particle i can only be equal to one
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of the particle’s previous positions. Similarly, the neighbourhood best position
must be equal to a previous position of some particle in i’s neighbourhood.
But the previous positions of all particles are in the span of I by the inductive
assumption. Thus, yt

i and ŷt
i are in the span of I, as required. The velocity

and thus also the position of particle i at iteration t+ 1 is in span(I). ut

Proposition 1 implies that, when r1 and r2 are random scalar values, the
positions of the particles are limited to be in the span of their initial velocities,
positions and personal best positions. If either of the assumptions on I does
not hold (e.g. some vectors are multiples of another or some are zero), then
the positions of the particles are limited further to being linear combinations
of all non-zero, linearly independent initial velocities, positions and personal
best positions. The question arises whether any point in the search space can
be expressed in terms of such linear combinations. This question is answered
by the Proposition below:

Proposition 2 Suppose I contains m linearly independent vectors. Let the
search space, S, be an n-dimensional hypercube with lower bound L and upper
bound U in all dimensions, i.e. S = [L,U ]n. If m < n then span(I) ∩ S (
S. Thus I can only be a spanning set of S if it contains at least n linearly
independent elements.

Proposition 2 follows from the fundamental theorem of invertible matrices as
given in (Poole 2011), but not directly since S is not a subspace of Rn. For
the sake of completeness, the proof is given in the appendix.

If I constitutes a spanning set for the search space (i.e. the span of I is
larger than the search space or equal to), then any point in the search space
can theoretically be reached by the particles. However, if I is not a spanning
set of the search space (i.e. the span of I is a strict subspace within the search
space), then the particles can not reach every position in the search space. If
the global optimum happens to be outside the span of I, then the particles
will never be able to find it. Since initial positions and personal best positions
are typically generated randomly, there is no guarantee that the optimum for
a given problem can be reached by the swarm (when |I| < n). Real world
problems in high dimensional spaces are thus likely to have optima that are
not reachable by a swarm.

If the swarm’s velocities are initialised to zero and the initial personal best
positions are set equal to the initial positions, then the portion of the search
space that can be reached by the particles is even smaller. Additionally, the
swarm may lose degrees of freedom throughout the search. Since the algorithm
is executed on a computer with limited precision, some of the vectors in I may
be cancelled out further in the search. Though unlikely, the span of the swarm
may in fact decrease as the search progresses. Thus, if the size of the swarm
is much smaller than the dimensionality of the search space, then the swarm
will be unable to reach a large part of the search space. Unfortunately, simply
increasing the number of particles in the swarm is not an adequate solution,
because it greatly increases the computational cost. Additionally, the swarm
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size parameter influences the swarm’s searching behaviour in other ways, so
changing the swarm size drastically may have unintended consequences (En-
gelbrecht 2014; Malan and Engelbrecht 2008).

4 Performance Comparison

This section compares the performance of the vector and scalar swarms on a
large suite of unbiased benchmark functions. The optima for these functions
are either shifted by a predefined constant (as specified in the corresponding
technical papers) or by a random vector, distributed uniformly over the search
space. Section 4.1 details the empirical method and Section 4.2 discusses the
results.

4.1 Empirical Method - Performance Comparison

The benchmark suite consisted of 28 base functions which are listed in Table 1.
A given function f was shifted and rotated to produce fShRot according to

f(x)ShRot = f(Q(x− γ)) + β (9)

where β is a constant scalar, γ is either constant or uniform random over the
search space in each dimension, and Q is a randomly generated orthogonal
matrix. The constants are specified in Table 1.

The “Rot” column in Table 1 indicates whether the function was rotated
or not. The transformations provided a total of 46 benchmark functions. The
benchmark suite contains uni- and multi-modal functions that are both sepa-
rable and non-separable. The definitions of the functions and the correspond-
ing bounds were used as in (Engelbrecht 2013), (Jamil and Yang 2013) and
(Ramezani and Lotfi 2012). The “Src” column of Table 1 lists the identifier
of each function according to its source. Function i from Engelbrecht (2013)
is denoted by fi; function i from Jamil and Yang (2013) is denoted by Fi

and function i from Ramezani and Lotfi (2012) is denoted by Gi. The vector
and scalar swarms were run on each of the benchmark problems 30 times for
statistical significance. Each simulation ran for 2000 iterations.

The experiments used PSO with inertia weight as introduced by Shi and
Eberhart (1998) with the global best topology. The selected inertia weight,
w = 0.7298 and the acceleration coefficients c1 = c2 = 1.49618, are known good
values suggested by Clerc and Kennedy (2002) that guarantee convergence of
the swarm (in terms of expectation and variance of particle positions (Cleghorn
and Engelbrecht 2018)). As suggested by Bratton and Kennedy (2007), all
personal and global best positions were restricted to be within the search
space. Each swarm consisted of 10 particles (m = 10), so that m is low enough
to test problems of dimensionality 5 times larger than m without venturing
into large scale optimization). The particles’ initial positions were initialised
uniform randomly throughout the search space. Each particle’s initial personal



8 Oldewage, E.T. et al.

Table 1 Benchmark Functions

Function
Name

Src γ β Rot Function
Name

Src γ β Rot

Absolute Value f1 Rand 0.0 No Rastrigin f12 Rand 0.0 No

Ackley f2 Rand 0.0 No Rastrigin Rot f12 2.0 −330 No

Ackley Sh f2 10.0 −140 No Rastrigin Sh f12 0.0 0.0 Yes

Ackley Rot f2 0.0 0.0 Yes Rastrigin ShRot f12 1.0 −330 Yes

Ackley ShRot f2 −32.0 −140 No Rosenbrock f13 Rand 0.0 No

Alpine F7 Rand 0.0 No Rosenbrock Sh f13 10.0 390 No

Brown F25 Rand 0.0 No Rosenbrock Rot f13 0.0 0.0 Yes

Dixon-Price F48 Rand 0.0 No Salomon f14 Rand 0.0 No

Egg Holder f4 Rand 0.0 No Schaffer 6 f15 Rand 0.0 No

Elliptic f5 Rand 0.0 No Schaffer 6 ShRot f15 20.0 −300 Yes

Elliptic Sh f5 10.0 −450 No Schwefel G5 0.0 0.0 No

Elliptic Rot f5 0.0 0.0 Yes Schwefel 1.2 f16 Rand 0.0 No

Elliptic ShRot f5 10.0 −450 Yes Schwefel 1.2 Sh f16 10.0 −450 No

Griewank f6 Rand 0.0 No Schwefel 1.2 Rot f16 0.0 0.0 Yes

Griewank Sh f6 10.0 −180 No Schwefel 2.21 f19 Rand 0.0 No

Griewank Rot f6 0.0 0.0 Yes Schwefel 2.22 f20 Rand 0.0 No

Griewank ShRot f6 −60.0 −180 Yes Shubert f21 Rand 0.0 No

HyperEllipsoid f7 Rand 0.0 No Spherical f22 Rand 0.0 No

Michalewicz f8 Rand 0.0 No Spherical Sh f22 10.0 −450 No

Norwegian f9 Rand 0.0 No Step f23 Rand 0.0 No

Powell Singular 2 F92 Rand 0.0 No Vincent f24 Rand 0.0 No

Quadric f10 Rand 0.0 No Weierstrauss f25 Rand 0.0 No

Quartic f11 Rand 0.0 No Weierstrauss Sh f25 1.0 −130 No

best position was set equal to its initial position, and its velocity was initialised
to zero. Thus, the scalar swarm was limited to the span of its initial positions.
All of the functions were minimized in 5, 10, 15, 20, and 25 dimensions. If
the hypothesis proved in the previous section holds, then it is expected for
the scalar swarm’s performance to deteriorate as the problem dimensionality
exceeds the number of particles in the swarm.

4.2 Results - Performance Comparison

Table 2 summarizes the results of the performance comparison. Every row of
the table corresponds to the results for a given problem dimensionality. Fried-
man tests with a p-value of 0.05 and a sample size of 30 were used to detect
statistically significant differences between the scalar and vector PSO’s perfor-
mance (in terms of the best fitness attained by the swarm on a given function).
If the Friedman test indicated a significant difference, pairwise comparisons
were done by Mann-Whitney U tests with a p-value of 0.05. If no statistically
significant difference was found, the result was recorded as a draw. The scalar
swarm consistently performed better than the vector swarm on the Quadric
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Table 2 Comparison of Vector and Scalar Swarms Across Dimensionality

Dimensionality Scalar Wins Draws Vector Wins
n = 5 0 2 44
n = 10 1 0 45
n = 15 1 0 45
n = 20 1 2 43
n = 25 1 1 44

function (f10) for n > 5. However, the vector swarm outperformed the scalar
swarm on nearly all of the benchmark functions, even when the problem di-
mensionality is low enough for the scalar swarm to reach the optimum. The
scalar swarm’s linear movement thus prevents the swarm from finding good
solutions even inside the swarm’s initial subspace.

Fig. 1 Diversity, Ackley ShRot (n = 5) Fig. 2 Diversity, Griewank (n = 5)

Fig. 3 Diversity, Ackley ShRot (n = 25) Fig. 4 Diversity, Griewank (n = 25)
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Fig. 5 Average Swarm Velocity, Ackley
ShRot (n = 25)

Fig. 6 Average Swarm Velocity, Griewank
(n = 25)

Fig. 7 Fraction of Swarm Out of Bounds,
Ackley ShRot (n = 25)

Fig. 8 Fraction of Swarm Out of Bounds,
Griewank (n = 25)

The strong restriction imposed on the scalar swarm becomes apparent in
Figures 1 to 4, which plot typical profiles of the swarm diversity, averaged over
all runs for n = 5 and n = 25. The swarm diversity (Olorunda and Engelbrecht
2008) is given by

D =
1

m

m∑
i=1

√√√√ n∑
j=1

(xij − x̄j)2 (10)

where x̄ denotes the swarm centre, given as

x̄ =
1

m

m∑
i=1

xi (11)
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As the problem dimensionality increases, the vector PSO’s diversity also in-
creases. In contrast, the scalar PSO’s diversity profile remains unchanged even
as the dimensionality increases. Figures 5 and 6 illustrate that the velocity of
scalar swarms (averaged across particles and problem dimensions) is generally
lower than the vector swarms, especially during the first part of the search.

Figures 7 and 8 show the fraction of the swarm out of bounds through-
out the search. Most benchmark functions exhibited profiles similar to Fig-
ure 7, where the vector swarm roams considerably more than the scalar swarm
throughout the search. The decreased roaming by the scalar swarm may be
due to its strong movement restrictions and lower overall velocities.

For a few benchmark functions, both the vector and scalar swarms returned
to the search space within the first few hundred iterations (with the scalar
swarm returning faster than the vector swarm) and remained inside the feasible
space.

Some of the benchmark functions exhibited roaming similar to Figure 8,
where the vector swarm unexpectedly returned to the search space faster than
the scalar swarm. In these cases the scalar swarm typically exhibited very low
diversity which decreased rapidly within the first hundred iterations.

For most of these cases, the optima were shifted to random points in the
search space. Thus, it may be that the scalar swarms were initialized in a
subspace that could not reach the optimum. The nearest point to the opti-
mum within reachable space may have been near the boundary of the search
space, causing most of the swarm to be near the boundary (resulting in the
observed low diversities), but with frequent roaming as the swarm attempted
to approach the optimum and failed. The vector swarms in contrast, would be
able to find a region near the optimum within the search space.

As shown before (Oldewage et al. 2017; van Zyl and Engelbrecht 2016),
restricting the swarm’s movement may be beneficial in high dimensional spaces
for the very reason that the initial velocity explosion is mitigated, causing the
unchanged diversity profile observed here. However, in low dimensional spaces,
the vector swarm outperformed the scalar swarm.

4.3 Empirical Exploration

The degree to which the vector swarm explores the region of the search space
outside its initial subspace can be quantified by measuring the size of its steps
inside the initial subspace, compared to steps in the orthogonal subspace. The
measure was introduced by Chen et al. (2015), but this paper proposes a
modification which leads to a more accurate reflection of swarm exploration.

As proposed in Chen et al. (2015), the magnitude of a particle’s step within
the initial subspace can be measured by

SI =
‖Pvt

i‖2
|I|

(12)
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where P is a projection matrix onto the initial subspace and ‖.‖2 denotes the
Euclidean norm. P is given by

P = AAT (13)

where A is an n-by-|I| matrix, whose columns form an orthonormal basis for
the initial subspace. The orthonormal basis may be obtained by applying the
Gram-Schmidt method to I, the set of non-zero, independent initial particle
positions, velocities, and personal best positions. Note that AT denotes the
transpose of the matrix A.

A particle’s step outside the initial subspace (in the orthogonal space) is
given by

SO =
‖P ′vt

i‖2
n− |I|

(14)

where P ′ is a projection matrix onto the space orthogonal to the initial sub-
space. P ′ may be obtained by finding an orthonormal basis for the initial
subspace’s orthogonal complement and applying equation (13). The step size
within a given subspace is normalized by the number of basis vectors for that
subspace (|I| for the initial space and n− |I| for the space orthogonal to the
initial space). This is intended to allow direct comparison between SI and SO

to determine how much movement took place in dimensions inside and outside
the initial subspace.

Based on these measures, Figure 9 shows that the vector swarm focuses
more on the initial subspace than the orthogonal subspace. Similar obser-
vations were made by Chen et al. (2015). However, bias towards the ini-
tial subspace does not agree with theory: since stochastic scaling takes place
component-wise, the particles should behave independently in each dimension.

This paper argues that the observations by Chen et al. (2015), as illustrated
in Figure 9, are not due to actual bias in the swarm, but rather due to incorrect
normalization in equations (12) and (14).

A particle’s step size in the subspace orthogonal to the initial space is
measured by projecting its velocity into the orthogonal subspace and taking
the Euclidean norm. Let P ′vt

i = z′. Then the Euclidean measure of z′ is given
by

‖z′‖2 =
√
z21 + z22 + ...+ z2n (15)

The projected velocity, z, will be zero in the dimensions of the initial subspace
and non-zero in all other dimensions. If the swarm has M particles and v0

i = 0
and y0

i = x0
i for each particle i, then the initial subspace is M -dimensional.

The projected velocity will thus be non-zero in all but M dimensions.
If the problem dimensionality is increased, then ‖z′‖2 grows proportion-

ally to
√
n−M , since ‖z′‖2 will have an additional, non-zero term inside the

square-root of Equation (15) (assuming the swarm size remains the same).
The normalization constants should thus be proportional to the square

root of the number of dimensions in the subspaces instead, since distance (i.e.
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step size) grows proportionally to
√
k as k increases, where k is the number of

dimensions in the space.
Scaling the projected step by k unfairly penalizes the subspace with more

basis vectors, creating the illusion that more movement is taking place in the
smaller subspace. In this case, the space orthogonal to the initial subspace is
much larger than the initial subspace. Scaling ‖P ′vt

i‖ by n − |I| would thus
create the impression that movement in the space orthogonal to the initial
subspace is much less than it actually is, because the step magnitudes were
scaled by a number that is too large. The modified measures are thus given by

SI =
‖Pvt

i‖√
|I|

(16)

SO =
‖P ′vt

i‖√
n− |I|

(17)

Figure 10 shows that, when the corrected measure is applied, the vector
swarm’s exploration is not biased towards the subspace within which it is
initialized. The swarm focuses almost equally on the initial subspace and the
subspace orthogonal to the initial subspace. Throughout the remainder of the
paper, step magnitudes in a given space will be scaled proportionally to the
square root of the number of basis vectors for the space.

Figure 11 shows the magnitude of steps inside and outside the initial sub-
space for both the vector and scalar swarms. As expected, the scalar swarm
exhibits zero exploration outside the initial subspace. The scalar swarm’s steps
in the initial subspace are smaller than the vector swarm’s steps, indicating
that the scalar swarm is not only restricted to the subspace within which it is
initialized, but also explores less within that subspace than the vector swarm.

5 Inducing Coupling - An Intermediate Approach

So far, the paper has considered two extremes: r1 and r2 were either scalars
or n-dimensional vectors. The behaviour of the swarm was thus either entirely
linear, or independent in each dimension. This section considers the implica-
tions of inducing coupling between dimensions by applying the same stochastic
scalar to groups of dimensions. Section 5.1 explains how the coupling is in-
duced and the experimental setup is given. Section 5.2 discusses the swarms’
behaviour based on the experimental results, specifically in comparison with
scalar and vector swarms.

5.1 Grouping Dimensions

Problem dimensions were grouped into g-many groups. Let r1 and r2 be g-
dimensional vectors of uniform random numbers between 0 and 1. The modi-
fied velocity update equation is given by:

vt+1
ij = wvtij + c1r1k(ytij − xtij) + c2r2k(ŷij − xtij) (18)
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Fig. 9 Normalized by 1
n

, as in equations (12) and (14): Magnitude of steps in the initial
subspace compared to the orthogonal space for a vector swarm on Schaffer 6 ShRot and
Rosenbrock Sh (n = 50)

Fig. 10 Normalized by 1√
n

, as in equations (16) and (17): Magnitude of steps in the initial

subspace compared to the orthogonal space for a vector swarm on Schaffer 6 ShRot and
Rosenbrock Sh (n = 50)

where k = j mod g, so that every k-th dimension is assigned to group k. This
induces coupling among the dimensions in the same group, causing the swarm
to move linearly in dimensions assigned to the same group. The movement of
swarms with a low number of groups will be highly constrained and the swarm
is expected to be biased towards searching in the initial subspace. Increasing
the number of groups will reduce dimensional coupling and allow the swarm
increased freedom of movement. If g = n or g = 1, then the swarm is equivalent
to the vector or scalar swarms from the previous sections (respectively).

The same benchmark suite from Table 1 in Section 4.1 was used to compare
the behaviour and performance of the swarms with different degrees of dimen-
sional coupling. Values for g were in {1, 2, 5, 10, 13, 25}. All other algorithm
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Fig. 11 Step magnitudes inside the initial subspace compared to the orthogonal space for
vector and scalar swarms on Schaffer 6 ShRot and Rosenbrock Sh (n = 50).

settings were as before, including the swarm size of 10. For these experiments,
the problem dimensionality was set to 25.

5.2 Results and Discussion

The magnitude of the swarms’ steps in the initial subspace and in the orthog-
onal subspace are shown in Figure 12. As expected, swarms with low g-values
exhibited less exploration in the orthogonal space and focus more on searching
in the initial subspace. As the g-value is increased, the step sizes in the orthog-
onal space become larger (and steps in the initial subspace become smaller)
until, eventually, the swarm searches equally in both subspaces.

In general, swarms with fewer groups had smaller step magnitudes and thus
explored less than swarms with more dimensional groups. This is illustrated in
Figures 13 and 14 which show the step sizes of swarms with different degrees
of dimensional coupling. This phenomenon was also observed in the previous
section, where the step size of the scalar swarm was smaller than that of the
vector swarm, even when comparing only steps inside the initial subspace. The
relationship between exploration and g-values is also apparent when examining
the swarm diversities (see Figures 15 and 16).

Swarms with fewer dimensional groups exhibited less roaming behaviour
than swarms with high g-values, as can be seen in Figure 17. Since particles
of swarms with low g-values had smaller step sizes, it may be expected that
such swarms would be less prone to roaming.

Table 3 compares the performance of the swarms with induced coupling to
a vector swarm. The vector swarm performed significantly better than all the
other swarms on most of the benchmark functions. Figures 18 and 19 show
typical plots of the best fitness achieved at each iteration by swarms with dif-
ferent degrees of induced coupling. As the number of groups was increased, the
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Fig. 12 Step magnitudes inside the initial subspace and the orthogonal subspace, across
group numbers (Egg holder, n = 25)

swarm’s behaviour became more like the vector swarm and their performance
became closer to that of the vector swarm.

The scalar swarm can be considered an extreme case for the swarms with
grouped dimensions, in which all of the dimensions are allocated to one group.
Swarms with more groups, although less constrained than the scalar swarm,
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Fig. 13 Magnitude of steps inside the
initial subspace for all group numbers on
Egg holder (n = 25)

Fig. 14 Magnitude of steps orthogonal to
the initial subspace for all group numbers
on Egg holder (n = 25)

Fig. 15 Diversity, Rastrigin ShRot (f12)
(n = 25)

Fig. 16 Diversity, Weierstrass Sh (f25)
(n = 25)

are still not able to express every point in the search space, since all dimensions
within the same group are limited to linear combinations of their initial values.

In many cases, such as on the Egg holder function, the swarm exhibited
significantly less roaming when g < 25 than for g = 25. The step sizes inside
and outside the initial subspace (from Figure 12), already appear very similar
when g = 13 (though the performance comparison shows that there must
be a marked difference between the swarms’ behaviour). The g = 13 swarm
thus sacrifices exploration for decreased roaming. In high dimensional spaces
where particle roaming is a large concern, this trade-off may be justifiable if a
balanced g-value is used. However, the empirical results presented here show
that independent, component-wise stochasticity plays an important role in the
searching ability and performance of PSO.
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Fig. 17 Fraction of the swarm out of bounds for Egg holder and Griewank Sh over the first
400 iterations (n = 25)

Table 3 Comparison of Swarms with Induced Coupling to Vector Swarm

Number of Groups Coupled Wins Draws Vector Wins
g = 1 1 4 41
g = 2 1 3 42
g = 5 2 3 41
g = 10 2 2 42
g = 13 2 5 39
g = 25 0 46 0

Fig. 18 Best Fitness, Rastrigin ShR
(f12, n = 25)

Fig. 19 Best Fitness, Weierstrass Sh (f25,
n = 25)

6 Conclusion

This paper demonstrated the importance of employing component-wise stochas-
ticity both theoretically and empirically. Section 3 showed that a swarm’s
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movement is severely restricted by using scalar values for r1 and r2. In partic-
ular, it is emphasized that a scalar swarm is limited to the span of its initial
particle positions, personal best positions, and velocities. Thus, the swarm
may not be able to reach the optimum.

Section 4 demonstrated the performance difference between scalar and vec-
tor swarms on an extensive range of benchmark functions. It was shown that
the vector swarm performed significantly better on almost all of the bench-
mark functions than the scalar swarm, even when the dimensionality is low
enough for the scalar swarm to reach the optimum.

The paper challenges previous work regarding the exploration ability of
vector swarms. Previous work observed that vector swarms are biased towards
searching in the initial subspace. The swarm’s exploration ability was quanti-
fied by measuring the magnitude of particles’ steps in the initial subspace and
comparing it to step magnitudes in the orthogonal space. This paper proposes
that previously observed bias, which does not agree with theory, is due to
incorrect normalization of the measure. The corrected measure, proposed in
this paper, shows that a vector swarm explores equally in the initial subspace
and its orthogonal space.

The paper also considered the effect of inducing dimensional coupling so
that the swarm’s behaviour can be analyzed on a spectrum between scalar
and component-wise stochasticity. Dimensional coupling was introduced by
using the same stochastic scaling value for multiple dimensions. Using the cor-
rected measure for quantifying swarm movement, it was confirmed empirically
that swarms with high dimensional coupling are biased towards searching in
the initial subspace. The less dimensional coupling is imposed, the less biased
the swarm’s movement becomes. It is also shown that swarms with high di-
mensional coupling generally take smaller step sizes overall and exhibit less
roaming behaviour than swarms with low dimensional coupling.

The vector swarm performed significantly better than the swarms with
induced dimensional coupling on almost all benchmark functions. Swarm per-
formance improved as the number of groups increased and the swarm became
more like the vector swarm. As is the case with scalar swarms, swarms with
grouped stochastic scalars are not able to reach every point in the search space,
which not only limits the swarms’ exploration ability but may also prevent the
optimum from being attainable.

While there are some problem instances for which fine-tuned, strong di-
mensional coupling performs better than a vector swarm, the vector swarm
remains the overwhelming best first choice.
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7 Appendix

The appendix proves Proposition 2, which is restated below for completeness.

Proposition 2 Suppose I contains m linearly independent vectors. Let the
search space, S, be an n-dimensional hypercube with lower bound L and upper
bound U in all dimensions, i.e.S = [L,U ]n. If m < n then span(I) ∩ S (
S. Thus I can only be a spanning set of S if it contains at least n linearly
independent elements.

It is a fundamental result of linear algebra that any two bases for some sub-
space of Rn must contain the same number of vectors (Poole 2011). Observe
that if the search space, S, is a subspace of Rn, then the standard unit vectors

e1, e2, ..., en =< 1, 0, 0, ..., 0 >T , < 0, 1, 0, 0, ... >T , ..., < 0, ..., 0, 1 >T (19)

form a basis for S. Thus, for I to span S, it must contain at least n lin-
early independent vectors. However, the search space S = [L,U ]n does not
constitute a subspace of Rn, since it is not closed under addition and scalar
multiplication. Proposition 2 proves the required result for this special case.
The proof requires the use of the fundamental theorem of invertible matrices
(given below from Poole (2011)) and Lemma 1.

Theorem 1 (Fundamental Theorem of Invertible Matrices (Poole
2011)) Let A be an n-by-m matrix. Then the following statements are equiv-
alent:

1. A is invertible
2. Ax = 0 has only the trivial solution
3. The column vectors of A are linearly independent
4. The column vectors of A span Rn

Lemma 1 Let S = [L,U ]n. There exists a set Ẽ that forms a “basis” for S,
in the sense that Ẽ’s elements are linearly independent, any x ∈ S can be
expressed as a linear combination of elements in S and Ẽ ⊂ S.

Proof Let the center of the search space be denoted by

M =< m1,m2, ...,mn >
T =

〈
L+ U

2
,
L+ U

2
, ...,

L+ U

2

〉T

(20)

Since the search space is the same in every dimension, M =< c, c, ..., c >T

where c = L+U
2 .

Let Ẽ = {ẽ1, ẽ2, ..., ẽn} where

ẽ1 =< c+ 0.5c, c, ..., c >T

ẽ2 =< c, c+ 0.5c, ..., c >T (21)

...

ẽn =< c, c, ..., c+ 0.5c >T
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so that for any ẽi, all coordinates except the i-th coordinate are equal to c.
The i-th coordinate will be equal to 1.5c. Clearly, Ẽ ⊂ S. Let A be the n by
n matrix with column vectors ẽ1, ẽ2, ..., ẽn.

We prove that Ax = 0 has only the trivial solution. Then, by Theorem 1,
it will follow that:

1. A’s column vectors are linearly independent. In other words, Ẽ is linearly
independent.

2. The column vectors of A span Rn, which means that E spans Rn. Since
S ⊂ Rn, any element in S can thus be expressed as a linear combination
of elements from E.

It will now be proved that Ax = 0 has only the trivial solution, thereby proving
the required properties of Ẽ. The system in Ax = 0 can be written as a system
of linear equations as illustrated below:

(c+ 0.5c)x1 + cx2 + ... + cxn = 0

cx1 + (c+ 0.5c)x2 + ... + cxn = 0

...

cx1 + cx2 + ... + (c+ 0.5c)xn = 0

(22)

were the j-th equation is formed from the j component of the system Ax = 0.
In turn, the system of linear equations can be represented in augmented matrix
form as below: 

1.5c c c ... c 0
c 1.5c c ... c 0
... ... ... ... ... ...
c c c ... 1.5c 0

 (23)

where the i-th column contains the coefficients of xi. The final column contains
the right hand side of all the equations in the linear system (in this case, the
zero vector). The augmented matrix is manipulated by means of matrix row
operations, which take one of the following forms:

1. Switch the i-th and j-th rows (denoted by Ri ↔ Rj , where Ri denotes the
i-th row).

2. Multiply the i-th row by c, a non-zero constant (denoted by Ri → cRi).
3. Add row j to row i (denoted by Ri → Ri +Rj).

From these basic operations, more complex operations can be constructed such
as subtracting one row from another (Ri → Ri −Rj). For the sake of brevity,
the notation ∀iRi → cRi denotes that for each row i, the row is multiplied by a
constant c. Similarly, ∀iRi → Ri−Rj indicates that the j-th row is subtracted
from each of the other rows in turn. The system Ax = 0 will now be solved
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below. 
1.5c c c ... c 0
c 1.5c c ... c 0
... ... ... ... ... ...
c c c ... 1.5c 0

∀iRi →
1

c
Ri


1.5 1 1 ... 1 0
1 1.5 1 ... 1 0
... ... ... ... ... ...
1 1 1 ... 1.5 0



∀iRi → Ri −Rn


0.5 0 0 ... −0.5 0
0 0.5 0 ... −0.5 0
... ... ... ... ... ...
1 1 1 ... 1.5 0

∀iRi → 2Ri


1 0 0 ... −1 0
0 1 0 ... −1 0
... ... ... ... ... ...
1 1 1 ... 1.5 0



Rn → Rn −R1 −R2 − ...−Rn−1


1 0 0 ... −1 0
0 1 0 ... −1 0
... ... ... ... ... ...
0 0 0 ... 1.5− (−1)(n− 1) 0


Therefore, xn(n+0.5) = 0. Since n ≥ 1, the equation can only have the trivial
solution, xn = 0. But then, for every i = 1, ..., n− 1,

xi − xn = 0

=⇒ xi − 0 = 0

=⇒ xi = 0 (24)

Therefore, Ax = 0 has only the trivial solution. The existence of the required
set Ẽ is thus proved.

Using Lemma 1, Proposition 2 can be proved as below.

Proof (Proposition 2) By Lemma 1, there exists a set Ẽ that forms a “basis”
for S. The set Ẽ will be used to prove that if I contains m linearly independent
vectors and m < n, then I spans only a subset of S.

Let m < n. Towards a contradiction, suppose that I and Ẽ both form
“bases” for S. In other words, span(I) ∩ S = span(Ẽ) ∩ S = S.
Consider the equation,

c1ẽ1 + c2ẽ2 + ...+ cnẽn = 0 (25)

where ẽ1, ẽ2, ..., ẽn ∈ Ẽ and c1, c2, ..., cn ∈ R. Since each ẽi ∈ S and any
element in S can be expressed as a linear combination of vectors in I, each ẽi
can be written as

ẽ1 = a11z1 + a12z2 + ...+ a1mzm

...

ẽi = ai1z1 + ai2z2 + ...+ aimzm

...

ẽn = an1z1 + an2z2 + ...+ anmzm
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Thus, equation (25) can be rewritten as follows:

c1(a11z1 + a12z2 + ...+ a1mzm) + ...

+ ci(ai1z1 + ai2z2 + ...+ aimzm) + ...

+ cn(an1z1 + an2z2 + ...+ anmzm) (26)

= (c1a11 + c2a21 + ...+ cnan1)z1 + ...

+ (c1a1j + c2a2j + ...+ cnanj)zj + ...

+ (c1a1m + c2a2m + ...+ cnanm)zm

=

n∑
i=1

ciai1z1 +

n∑
i=1

ciai2z2 + ...+

n∑
i=1

ciaimzm (27)

Now, z1, z2, ..., zm are linearly independent. Therefore, equation (27) has only
the trivial solution and

∑n
i=1 ciaij must equal zero for all j = 1, ...,m. This can

be written as a homogeneous system of m equations, each with n variables,
c1, ..., cn. Since m < n, there are more variables than equations, so there
must be infinitely many solutions. Particularly, there must be a non-trivial
solution. But, this gives a non-trivial dependence relation in equation (25).
By definition, Ẽ must thus be a linearly dependent set of vectors. But this is
a contradiction, since Ẽ is linearly independent. Therefore, I spans a strict
subset of S.


