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Abstract

We present a conceptual framework and the computational tools to study the value of the material responses in designing 
material characterization tests to identify the material model under uncertainty. A computational framework is first developed to 
estimate the information gained by observing a material response as a measure of the value of the experiment. The proposed 
framework is then extended to estimate the mutual information between the material response space and the material model space 
as a basis for ranking the available material response candidates as they relate to reducing the uncertainty of the inferred model. 
We then define a design problem where a tunable parameter, referred to as the design parameter, is identified so as to render two 
different material responses to be of the same value from an information content point of view. We finally study the value of the 
material responses, obtained in a spherical indentation test, i.e. reaction force–indenter displacement, maximum indentation load 
and the residual imprint, where it is shown that the proposed framework offers a computationally affordable and uncertainty-aware 
platform to design material characterization tests.
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1. Introduction

The goal of inverse analysis is to infer the non-measurable parameters of a system from its measurable responses.
In material model identification, inverse problems are defined to infer the material model parameters from the material
response. Conducting a material test, a particular response D from the material response space D is measured. The
aim of the inverse analysis is then to identify the material parameter values θ belonging to the parameter space Θ,
for which the simulated response best agrees with the material response. The literature is rife with application of
the deterministic inverse analysis methods in constitutive model identification (see e.g. [1] and references therein).
These conventional methods estimate the material parameters by solving an optimization problem [2–7], or through
constructing an inverse map, (see e.g. [8,9]). A more informative, yet demanding approach to solve an inverse problem
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is to take the influence of the uncertainty sources into account. This is done through devising a probabilistic inverse
problem for which the solution provides the uncertainty of the identified model parameters as well [10–16]. In the
probabilistic formulation of the material identification problem, the material parameters are not point estimates; rather
they are random variables described by their probability distributions.

A close look at attempts aimed at formulating and solving probabilistic material model identification problems
(see e.g. [10–15]) reveals the absence of a formal strategy for measuring the value of different material responses. The
important question to ask is: from the set of candidate material responses, D = {D1, D2, . . . , Dn}, which response is
more informative for our inference purposes? In other words, how can we select the proper material response and tune
the test parameters to increase the information content of the outcome of the experiment, and reduce the uncertainty
of the inferred model. In the context of material model inference this would mean reducing the uncertainty from prior
state (when the material response is not available) to posterior state, when we have performed the experiment and
obtained the material response.

Several studies in material model identification literature have studied the value of the material response candidates
in a deterministic way [17–19]. For instance, in the study conducted in [19], the weighted sum of residual imprint
responses obtained in an indentation test was employed to form the material response to identify the hardening
parameters. The weights, which represented the value of each response, were tuned such that the material parameters,
identified in eight random restarts of the optimization algorithm, converged to the same value and approached
the parameters identified in a tensile test of the studied material. While these works have made an attempt to
bring in the value of material response into the identification process, an objective measure of the value of the
response is still missing. A quantitative indicator for ranking different mechanical responses of materials based on the
deformation heterogeneity, strain level and the state of strain was proposed in [20]. This work, however, overlooked
the importance of a probabilistic approach to ranking material responses based on the uncertainty of the inferred
material model/parameters.

This article presents a framework for addressing the influence of uncertainty sources and the “value” of the
material response on the process of material model identification. The identification approach adopted will be that of
Bayesian inference which has received increased traction in recent years [21–24]. We meld Bayesian inverse analysis,
information theory, Finite Element simulation, surrogate modeling, and efficient sampling to develop a framework
for uncertainty-informed material model identification. The value of material response is measured based on concepts
such as information gain and mutual information, and computational difficulties associated with the evaluation of
model parameters’ posterior distributions and model evidence are alleviated via the adaptation of nested sampling [25].
The specific design of the proposed framework facilitates the examination of the material response candidates in the
process of material model identification. We represent the application of our proposed computational framework to
rank not only the different responses of an indentation test, but also the different response spaces. This contrasts with
the current state of practice where study of the indentation test responses is done deterministically and limited to
ranking the known material responses at a limited number of observations [17–19]. Nevertheless, we note here that
the choice of the spherical indentation test in this work is only for the sake of illustration and the approaches and tools
that comprise the proposed framework are applicable to other material characterization tests.

The organization of the paper is as follows. We provide the ingredients of our proposed information-driven
framework in Section 2. This includes a brief overview of the basics of Bayesian model calibration, which could
be skipped if the reader is already familiar with these concepts, and some preliminary thoughts on different strategies
for ranking material responses and their advantages and disadvantages (Section 2.1). It also includes an overview of
some of the key concepts in information theory such as entropy, information gain and mutual information [26,27]
(Section 2.2.1), followed by the details of the computational strategies that allow for the quantification of the value of
the material responses in an affordable way (Section 2.2.2). In Section 3, we apply the proposed framework to study
the value of material responses in an indentation test, i.e. residual imprint (RI), maximum indentation load (MIL), and
the reaction force–indenter displacement (RFID), and to identify the parameters of a power law material hardening
model. Specifically, after providing the details that pertain to the construction of the forward model and likelihood
function (Sections 3.2 and 3.3), we estimate the information gain for different choices of material response, and the
mutual information between the material response space and the material model parameter space (Section 3.4). Aside
from laying down an information-theoretic path to selecting proper material responses for model parameter inference,
Section 3 also provides some insight on how to adjust the (tunable) design parameters of an experiment based on
the knowledge about the uncertainty sources, before conducting the experiment. Concluding remarks are provided in
Section 4.
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2. Information-driven material model characterization

2.1. Bayesian model identification and the ranking of material responses

In model calibration through Bayesian inference, the model parameters are assumed to follow probability
distributions, often reflecting the prior information about them, rather than taking on fixed and certain values. The
prior belief about the parameters is then updated based on the information obtained from the experiments to form the
posterior distribution of the model parameters. This can be summarized in the form of Bayes’ rule as

p (θ |D, D) =
p (D|θ, D) × p(θ )

p (D|D)
, (1)

in which L (θ) = p (D|θ, D) is the likelihood function, representing the likelihood of observing D given the model
parameters θ , [13,28]. For a known response D, L (θ) represents the likelihood as the function of model parameters,
p(θ ) is the prior distribution of the parameters, and represents our prior belief about the parameters, and p (θ |D, D)

is the posterior distribution of the model parameters given the data. Finally, p (D|D) is marginalized likelihood, or
the model evidence, which is defined as

p (D|D) =

∫
p (D|θ, D) × p (θ) dθ. (2)

Needless to say, to infer the model parameters from the system response, the response must be correlated with
the parameters of interest. In other words, the response must contain sufficient information about the sought-after
parameters. The Bayesian inverse modeling relies on the expectation that after observing the material response, the
posterior knowledge, described by p (θ |D, D), reduces the initial uncertainty about the parameters, described by
p (θ); see [10,28] for more details.

Acknowledging the uncertainty of the model parameters, any utility function (objective function), which is
employed to rank the material responses should be a function of the posterior distribution of the model parameters.
For instance, if the aim of the test is identifying the posterior precision of all the model parameters, the inverse of
the determinant of the posterior covariance matrix could serve as the utility function. This is known as “Bayesian
D-posterior precision”; e.g. see [29,30]. However, if one is interested in the precision of the marginal posterior
distributions of the model parameters, the trace of the posterior covariance matrix, instead of its determinant, can
be used to obtain the “Bayesian A-posterior precision”.

On the other hand, if the posterior distribution is multi-modal, using a variance based objective such as “Bayesian
D-posterior precision” may be inappropriate [31] as the ranking will be affected by not only the scatter of the
data around each mode (representing the uncertainty), but also by the distance between the modes. To avoid such
scenarios, it is suggested that information gain, in which uncertainty is measured as entropy, and mutual information
between prior and posterior distributions be used; see [21,22,24,31] for recent applications of these concepts in
design of experiments. It is, however, noted that both variance and entropy are measures of uncertainty, and (from
a computational point of view) either of variance-based and entropy-based utility functions would require the
exploration of the posterior distributions. It is also noted that of utmost importance is the ability to rank not only
the observations (given responses) in an inference problem, but also the space of the responses that the observations
belong to. This further, justifies using the mutual information, a measure of dependency, between the response space
and the parameter space as a utility function which incorporates the value of all possible observations from a certain
response space in an average sense. The ranking of the response spaces, using this measure, then guides the decision
maker to choose the response class, from among the response class candidates, for which the possible observations are
expected to reduce the uncertainty of the inferred model the most. In what follows we lay out the details of a framework
where concepts from information theory are used to measure the value of material responses in a computationally
affordable way.

2.2. An information-theoretic view of the value of material response

The word information is frequently used in the material response selection and the design of material tests.
Throughout this manuscript, we make use of the language of information theory, [26,27], in which information and
entropy are defined and quantified for a realization of the random variable and the random variable itself respectively.

3



The idea is to measure the information content of the material responses and use it to design experiments that allow
for inferring the parameters of interest in a material model in such a way as to reduce the uncertainty of the inferred
parameters. We note that the ultimate goal often is to predict a particular response not examined through experiments,
e.g. the response of the material in a forming process. Considering the fact that models are only idealizations of
the reality, a material model which best describes the test response, does not necessarily predict the response of the
material the best under a different test condition. In this study, however, we set our goal to infer the model parameters
from a particular observed material response implicitly relying on the premise that the identified model is to be used
in the neighborhood of the test condition.

2.2.1. Information gain and mutual information as measures of value
In information theory, the entropy of a continuous random variable (or vector) θ ∼ p (θ) is defined by

H (Θ) = −

∫
p (θ) log (p (θ)) dθ = −Eθ (log (p (θ))) , (3)

where Eθ represents the expected value operator and p (θ) represents the prior (either joint or marginal) distribution of
the parameters [26]. Lindley [27] was perhaps the first to take an information theory approach to compare experiments.
Lindley’s work was unique in the sense that prior work in the area of probabilistic design of experiments had mainly
focused on the effect of choice of experiment on the risk associated with a particular decision and not on the value of
response measured, see [32]. Defining the amount of information in the prior distribution of the model parameters, to
be the negative of the entropy, an estimate of the information content (for a particular choice of prior) can be obtained
using Monte Carlo (MC) simulation:

g0 = −H (Θ) =
1
N

∑
θ∼p(θ)

log (p (θ)) , (4)

in which θ is drawn from p (θ) and N is the number of MC samples.
Observing the material response D, the posterior distribution is obtained and the conditional entropy is defined as

H (Θ|D = D) = −g1 (D) = −

∫
p (θ |D) log (p (θ |D)) dθ (5)

.
Lindley [27] defined g1(D) as the amount of information about Θ, after observing the response D. On average,

however, the conditional entropy between the parameter space Θ and the response space D is

H (Θ|D) = −

∫
p (D) H (Θ|D = D) d D = −

∫
p(D)

∫
p (θ |D) log (p (θ |D)) dθd D (6)

for which the MC estimate would be

H (Θ|D) = −
1
N

∑
θ,D∼p(θ,D)

log (p (θ |D)) . (7)

We note that, θ and D are samples drawn from the joint distribution p (θ, D) . The mutual information between Θ
and D, the parameter space and the response space, is then defined as

I (Θ, D) = H (Θ) − H (Θ|D) , (8)

which is symmetric, that is I (Θ, D) = I (D,Θ), and represents how much, on average, the realization of D, tells
about the realization of Θ.

Considering Bayes’ rule in Eq. (1), we can rewrite Eq. (8) as

I (Θ, D) =

∫
θ,D

p(θ, D) log(
p (D|θ)

p (D)
)dθd D, (9)

The primary step in the design of a material test is to select the ‘proper’ material response, the response containing
sufficient amount of information for the inference problem in hand. Assuming we know the measurement uncertainty
in the form of measurement noise inherent in different measurements, the goal is to identify “what measurement to
use” to reduce the uncertainty of the inferred model. To this end, we suggest to first estimate the mutual information
between the response space and the parameter space before we embark on conducting the test in the process of material
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model identification. Subsequently, the material response with the maximum value of the mutual information between
the response and the parameter spaces will be selected. In addition, the experiment may comprise one or more design
parameters x, which influence the response. To maximize the value of the experiment we then maximize I (Θ, D(x))
to identify the optimum design parameters as

xopt = argmax (I (Θ, D (x))) . (10)

Alternatively, xopt can be selected to identify the alternative material responses, the responses with the same amount
of information. The objective function is then defined as (I (Θ, D1 (x)) − I(Θ, D2 (x)))2, minimization of which means
material responses D1 (x) and D2 (x) contain as close as an amount of information as possible; ideally equal amounts of
information (I (Θ, D1 (x)) = I(Θ, D2 (x))) if the range of admissible values for xopt allows reaching zero. This could
be, in particular, useful when two responses are measured differently and different uncertainty sources are involved
in each measurement. Identifying an alternative test, one can select the test method based on other factors, e.g. cost,
rather than the information gained by conducting the test. We note that, in the general case, in which the amount of
information is not the only objective, one may face a multi-objective optimization problem, and selecting the design
variable may comprise a trade-off between different objectives. We also note that, in this paper, our emphasis is
less on searching for the optimal design parameter from the multidimensional design parameter space, commonly
known as design of experiment (see the review in [31]) and more on providing insight into the value of the material
responses by estimating the mutual information and entropy for known design parameters. In Section 3.4, however,
we make an attempt to identify the magnitude of the uncertainty of the machine compliance, our design parameter
in the indentation test, in which two indentation responses, i.e. residual imprint + maximum indentation load and
reaction force–indenter displacement response contain the same amount of information.

Considering that computing I (Θ, D) is not a straightforward task, we make use of MC simulation again [21,33],
that is we write

I (Θ, D) =
1
N

∑
Di ,θi ∼p(Di ,θi )

[
log (p (Di |θi )) − log(p (Di ))

]
. (11)

Eq. (11) comprises two terms. First, log (p (Di |θi )) , which is the likelihood function evaluated at the samples
drawn from the joint distribution p(Di , θi ), is computed. To this end, we draw θi ∼ p(θi ) and Di from conditional
distribution p (Di |θi ). That is, we simulate the experiment (e.g. the indentation test) at θi taking the influence of
noise and all uncertainty sources into account. The main computational effort in calculating the mutual information
is, however, related to the estimation of the marginalized likelihood, p (Di ) . In what follows we lay out the details
of an effective strategy that allows for an effective estimation of information and entropy in the context of design of
material characterization tests.

2.2.2. Information quantification: computational aspects
As it was described, computing the entropy, and subsequently mutual information analytically is often intractable.

This is particularly so when the model response is generated using a black-box model such as a Finite Element (FE)
model, or a finite difference PDE solver, which is almost always the case in material model identification problems.
MC simulation is therefore usually adopted to estimate the integrals in Eq. (11). However, naı̈ve sampling, with a
limited number of samples as is usually the case, hinders full exploration of the bulk of the distribution and may
result in loss of accuracy. Therefore, a large number of samples is needed to fairly explore the entire support of the
distribution. This may make classical MC estimation of entropy and mutual information for the models with more
than three parameters impractical, particularly when the likelihood function is highly peaked.

To estimate I (Θ, D), brute force MC was employed to design the experiments in system biology [24]. Huan and
Marzouk [21] used special MC sampling, where samples drawn from the prior distribution were used to generate both
terms in Eq. (11). Assuming Gaussian posteriors for the model parameters, Laplace approximation was suggested
in [22,23] to approximate the information gain. Other sampling techniques have been adopted to approximate the
terms needed in Eq. (10) or Eq. (5), to estimate the mutual information and entropy, see [31]. Pros and cons of various
sampling methods to estimate the parameters’ posterior distributions and marginalized likelihood are reviewed in [34].
The authors, however, note that the purpose of this paper is not comparing all possible sampling algorithm candidates
to estimate the entropy and mutual information. Referring to [34], we opt for Nested Sampling (NS) developed by
Skilling [25] to approximately either sample from the posterior, required in the entropy estimation, or estimate the
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marginalized likelihood, required in the mutual information estimation. As it was demonstrated in [10], compared
with other sampling algorithms, the advantage of nested sampling is that it allows to estimate the posterior samples
and the marginalized likelihood simultaneously, tuning the algorithm’s parameters does not involve a cumbersome
calibrating process, and the acceptance rate can easily be kept close to 1 (see [34–36]).

The idea of nested sampling is to transform the N-dimensional integral, with N the dimension of parameter space
(vector θ ) in Eq. (2), to a one dimensional integral. The prior mass, X, which represents the fraction of volume in the
parameter space with the likelihood greater than λ is defined as

X (λ) =

∫
P(D|θ,D)>λ

P (θ) dθ N . (12)

With the following transformation we have

p(D) =

∫ 1

0
L (X) d X ∼=

∑
Li

(X i+1 − X i−1)

2  
wi

. (13)

As λ increases, the prior mass decreases from 1 to 0. Calculating the one-dimensional integral above is not so
difficult. However, computing the prior mass X under the condition L (θ) > λ is not a straightforward task. The
computational burden, however, will be alleviated using nested sampling which is summarized as follows (see [25]):

1. L samples from the prior distribution, which is often simply the uniform distribution over the prior range of the
parameters, are drawn. This set of samples is known as the live points set.

2. The likelihood of each live point is computed.
3. The algorithm discards the live point with the lowest likelihood λ0
4. A new sample from the prior space is randomly selected with the constraint L (θnew) > λ0, and takes the place

of the discarded point.
5. Steps 2–4 are repeated N times. The discarded points with the order of λ0 < λ1 < λ2 . . . < λN in each iteration

are stored.
Following the steps above, we have a series of samples with the likelihood ordered in an ascending manner. The

next step to calculate the transformed integral in Eq. (13) is to compute the corresponding prior mass, which cannot
be obtained directly. It can be shown (see [25]) that if we define ti as the largest of L random numbers drawn from the
uniform distribution u [01], the random X i and the mean value of prior mass X i is obtained from Eq. (14) as:

X i ∼= exp
(

−
i
L

)
(mean value) , X i = ti X i−1 (uncertain) (14)

The posterior samples are the samples drawn from the prior weighted by the likelihood. Alternatively, these samples
can randomly be drawn from the area under L − X . In other words, the discarded points from the nested sampling
iterations, weighed as pi = Liwi/p(D) are the posterior samples.

Drawing a sample from the parameter space with the constraint on the likelihood, L (θ) > λ, is not a
straightforward task. Moreover, growing λ in each iteration of the sampling results in a steady decrease in the
acceptance rate. To improve the acceptance rate, we use ellipsoid sampling [37] to restrict the prior around the live
point set in the following manner: a hyperellipse which just touches the maximum coordinate values of the live point
set was created and expanded with a small enlargement factor. The live point candidate is then selected randomly
within the hyperellipse until the criterion in step 4 is met. In case of significant multimodality, multi ellipsoids or
multi clustering (see [35,36,38]) may be used to isolate the modes and to further improve the acceptance rate.

When the model for the likelihood is in exponential form, arising from the assumption of Gaussianity for the noise,
the likelihood values of the samples which are relatively far from the maximum likelihood are assumed zero. However,
the total effect of ignoring many small values is not negligible. We, therefore, construct our algorithm based on the
logarithmically scaled likelihood values of the samples, generated in each iteration of nested sampling, NS, to avoid
this issue. Fortunately, NS is fairly compatible with the logarithmic conversion of the likelihood values. Firstly, if
the likelihood is evaluated in the logarithmic scale, the discarded points in the original non-logarithmic scale are still
ordered in an ascending manner. Moreover, the log-likelihood of the samples obtained in NS iteration can be easily
used to estimate the entropy as

Wi = wi × exp (loglikelihoodi − Z)

pi = loglikelihoodi − Z
Entropy = −

∑
(Wi × pi ) .

(15)
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To estimate the mutual information, we use the already estimated log of marginal likelihood, which is exactly what
we need in Eq. (11).

With regard to the performance of Nested sampling in marginalizing high dimensional likelihood functions,
we note that we have adopted the technique to characterize posterior distributions in models with over eight
parameters; see [10]. In addition, Nested sampling is being used (quite widely) in cosmology to deal with likelihood
marginalization for very high-dimensional likelihood functions; see e.g. [36,39]. Having said that, we do not claim
that the computational cost of our proposed framework for three to four variable models (such as the one used in
this study; see Section 3) and thousand variable models is the same. Nevertheless, we emphasize that one should not
compare computational cost of estimating mutual information between material model space and material response
space with that of model parameter identification for a given material response. Unlike model identification and model
selection problems, mutual information estimation comprises several thousand likelihood marginalizations which are
usually avoided in only-material model identification using MCMC.

While the application of nested sampling will reduce the number of response evaluations required, the identification
process still needs running the forward model, e.g. FE model of the material test, a large number of times. To alleviate
the computational burden associated with the forward model, in this manuscript, we replace the FE model of the inden-
tation test with a cheap-to-evaluate surrogate model based on Artificial Neural Network (ANN) trained with Bayesian
optimization; see [10] for more details. We, however, note that surrogate model selection is a problem-dependent
task and needs to take into account the trade-off between the construction costs, calling time and the accuracy of the
prediction.

3. Material model identification via spherical indentation

In this section, we apply the computational framework, developed in Section 4 to study the value of the material
responses in an indentation test and to perform identification of material parameters in a hardening model. An attempt
is made to highlight the value of the information-theoretic approach to material model identification. We characterize
the material model and the information content of the different responses while considering various uncertainty
sources. We illustrate that performing identification using responses with higher information content results in a
material model with less uncertainty. The mutual information between the material model space and the space of
different material responses is also estimated. It is concluded that certain combinations of the material responses may
significantly boost the value of the experiment, which we refer to as information fusion. For the case where there is
uncertainty in the machine compliance as the design variable, we identify the degree of the uncertainty for which two
different classes of the material response are equally worthwhile.

3.1. Indentation test and value of material responses

Thanks to recent developments in inverse identification methods, indentation tests, which are often used to measure
or compare the hardness of materials, are also being employed to identify the mechanical behavior of the materials
in a broader sense [17–19,40–51]. While indentation test responses may be used to infer different material models,
in this study, we opt for the elastoplastic material model characterization with a focus on the influence of different
uncertainty sources on the uncertainty of the inferred hardening material model parameters.

A large body of studies (see e.g. [51–53]) characterized elastoplastic material models from the reaction
force–indenter displacement (RFID) response of an indentation test (see Fig. 1). The measurement of the indenter
displacement is affected by the compliance of the parts between the indenter and the displacement sensor. Therefore,
when the knowledge of the machine compliance and the indenter is not readily available, the residual imprint, is
introduced as the material response to identify the elastoplastic models [17–19,54]. The residual imprint response Y
is represented as a function of the spatial coordinate X, e.g. Y(X), and can be measured by a microscope, laser or
mechanical probes.

Recent studies to quantify the value of the material responses obtained from an indentation test [17–19] do not take
the influence of the uncertainty sources into account. In a deterministic approach to material model characterization,
response A may be considered more informative than response B, for instance, when the model parameters are more
sensitive to changes in response A. The decision to render a response more informative than other, however, may be
different when one considers the degree of uncertainty which could influence the result of inference using responses
A or B. In addition, the material model parameters may be inferred from a weighted combination of responses,
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Fig. 1. Typical material responses in an indentation test. (a) Reaction force–indenter displacement and (b) residual imprint after unloading the
indenter.

e.g. a weighted combination of RFID and residual imprint in the case of indentation test [17,18]. In such cases
the approach to weight and combine responses must consider the degree of uncertainty inherent in each response;
otherwise a more uncertain response may receive a higher weight, inappropriately biasing the identification process.
Moreover, the decision to favor a specific class of material response over the other as well as how to tune the test’s
design parameters has to take into account any prior knowledge on the variability or the range of the material model
parameters. Therefore, a more global method which compares the response spaces, in an average sense, rather than
focusing on a specific response from the response space must be employed.

In what follows, we employ the computational framework developed in Section 2 to provide insight into the choice
of material response and its relation to the success of the identification process in the context of spherical indentation
and elasto-plastic material model characterization. We emphasize, however, that this particular choice of the test and
material response is mainly to lay out the elements of the information theory approach adopted in this work, and to
demonstrate how identifying the hardening parameters using responses with low information content, influence the
uncertainty of the calibrated model. Through the use of information theory measures, i.e. information gain and mutual
information, not only do we estimate the value of the known responses, but also the value of the different response
spaces is quantified. Our simulation-based information quantification is a crucial step in conducting the physical
experiment in such a way as to reduce the uncertainty of the inferred parameters.

3.2. Construction of the forward model

Following the studies conducted in [18,19], the hardening material model used to simulate the material response
in this study is chosen as

σ < σy : σ = Eε , σ ≥ σy : σ = σy

(
E
σy

)n

εn, (16)

in which E is the Young’s modulus, σy is the initial yield and n is the hardening exponent. We make use of two model
examples in which the material responses are simulated, considering the measurement uncertainties. Two sets of the
material parameters are used to simulate force–indenter depth and the residual imprint responses. The parameters
selected to construct Example 1, and Example 2 are given in Table 1 with the second example adopting the material
parameters in [19] identified in a uniaxial test for 2099-T83 Al–Li alloys. The distributions of the identified model
parameters are then inferred using Bayesian inference and Metropolis–Hasting Markov Chain MHMC sampling.
We then estimate the amount of information gained by observing each material response using our computational
framework. We conduct our study in three cases: (i) the material response chosen as RFID, (ii) residual imprint as the
material response of interest, (iii) the material response chosen as the combination of maximum indentation load and
residual imprint.

According to Eq. (1), the likelihood value is the function of the simulated material response. An FE model of
the indentation test is used to generate the response from the material test as a function of the material model
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Table 1
Material parameters used to simulate the material response in the indentation test.

Model example E n σy

Example 1. 202 (GPa) 0.225 300 (MPa)
Example 2. 77.7 (GPa) 0.0678 372 (MPa)

Table 2
Inputs and outputs of Artificial Neural Network (ANN) surrogate.

ANN inputs ANN outputs ANN structure

Material parameters Test parameters Simulation response

σy , E, n Indenter displacement Reaction force 4.20.1
σy , E, n Maximum indentation depth, residual imprint in x-direction Residual imprint in y-direction 5 . 30 . 1
σy , E, n Maximum indentation depth Maximum indentation load 4 . 14 .1

Table 3
Prior ranges of the material model parameters.

Model example E n σy

Example 1. 202–205 (GPa) 0.05–0.4 200–400 (MPa)
Example 2. 75–80 (GPa) 0.05–0.4 200–400 (MPa)

parameters. To obtain the maximum indentation depth, we simulate the test for the maximum indenter displacement of
0.165 mm–0.175 mm. The maximum indentation depth is then obtained after unloading the indenter. The residual
imprint in x-direction and y-direction are extracted from the coordinates of the surface nodes. As each likelihood
evaluation requires an expensive FE simulation of the test, to reduce the computational time we make use of a
cheap-to-evaluate surrogate model. Following [10] in this study we employ ANN based surrogate models to generate
reaction force and residual imprint responses. To build the surrogate model, the model class is passed through a
training process over a sparse set of training points which constitute the inputs and outputs of the FE model of the test.
Table 2 summarizes the inputs, the outputs and the structure of the surrogate model where the term “ANN structure”
represents the number of nodes in input, hidden and output layers. To mimic the reality of indentation test more
closely, we also consider uncertainty in test parameters (see Table 2) and build the surrogate model while varying both
material and test parameters. We, however, note that if the test parameters are assumed constant vectors, dimension
reduction strategies such as Principal Component Analysis (PCA), can be used to reduce the computational burden
and to perform the surrogate construction in a low dimensional space spanned by uncorrelated response variables;
see [10,12].

3.3. Construction of the likelihood function

In this study, we consider the prior distribution of the material parameters to be uniform (and ranging over intervals
given in Table 3) while we quantify the information content of the material responses in model example 1, model
example 2 and the mutual information between the model parameter space and the response space.

The elasticity modulus is often considered more certain than the hardening exponent and initial yield stress for the
commonly used alloys and metals. Our emphasis is therefore toward the more uncertain parameters, i.e. hardening
exponent and the initial yield stress. We first consider the case where the material response is force–indenter depth.
The uncertainty of the force measurement is expressed as a percentage of the actual load, as it is common for the load
cells. In this study, we assume Fmeasured ∼ N (µ = FAct , σF = 0.005FAct ) in which FAct = Fsim . However, force
response is a function of indenter depth, x , which itself is uncertain; see Fig. 2. Therefore, to build the likelihood
function, for the case where the model response is reaction force–indenter displacement, we need to take the influence
of the uncertainty of the independent variables, all the x’s at which we measure the force, into account. The indenter
displacement uncertainty, however, is assumed constant, x ∼ N (xset , σx ) with σx = 10−3 mm and xset the depth
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Fig. 2. Schematic representation of the influence of x-uncertainty on the uncertainty of (a) Reaction force, F(x), and (b) Residual imprint, y(x).

at which we “intend” to measure the force. For a single force measurement, at a given xset = xi , the likelihood is
expressed as

pi (Fmeasured |θ) =
1√

2πσ 2
F

exp(−
(Fmeasured − Fsim)2

2σ 2
F

) (17)

Knowing the measurement interval, the number of depth observations, xi , is known. Writing the likelihood as (17)
means we have marginalized with respect to x by averaging over the Monte Carlo samples drawn from N (xset , σx ).
To reliably perform this marginalization, we need to estimate the number of samples needed to converge at each xi . In
order to do this, we first estimate the likelihood value at the parameter set which was used to generate the simulated
response. We then increase the number of samples (in this study from 300 samples to 500 samples) and check the
convergence of the likelihood value.

The measurement interval of the indenter displacement is set at 6σx . This interval is usually determined by the
resolution of measuring tools. The maximum indenter depth is set at 0.17 mm, 0.44 mm and 0.90 mm and the
information gain and the mutual information are estimated using Eqs. (5) and (11) respectively.

To evaluate the likelihood value for the material parameter set, θ , the inputs of the surrogate model are the parameter
set, θ , and vector of the indentation depths, and the output is the vector of the reaction force responses.

When considering the residual imprint as the response of interest, we assume all length measurements have the
same uncertainty, σx , σy = 10−3 mm. To marginalize the uncertainty of x measurements, the location at which the
residual imprint y is measured, we take the same approach as described above. The surrogate model inputs are then
the material parameters θ , and the depth of the indentation, which is also uncertain, the vector of x locations, and the
surrogate output is the vector of the vertical imprint values. In the case where we consider the maximum load response
to build the likelihood model, the surrogate inputs are the material parameter set and the maximum indentation depth
and the output is the force response.

To consider the impact of uncertainty in the machine compliance on the reaction force–indenter displacement
response measurements, we model it as a random variable α. Therefore, for the measured indenter displacement x, the
real displacement is F(x)/α less than x. As α is not of our primary interest, it must be marginalized. To estimate the
mutual information in Eq. (11), p (Di ) is estimated using NS, while the model parameters are α and θ . To estimate
log (p (Di |θi )), however, α must be marginalized as

p (D|θ) =

∑
α∼p(α)

p (D|θ, α) (18)

The marginalization described in Eq. (18) is against only one variable α over a domain that is a not very large. We
therefore use classic MC since it is more convenient than NS when the computational cost is manageable.
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Table 4
Statistical summary of the identified model parameters for the model examples. The material response is force–indenter displacement.

Examples Depth Info. gain Mean σy Std. σy Mean n Std. n Mean E Std. E

Model example 1
0.17 5.24 338 19.5 0.19 0.015 202 1.3
0.44 7.57 293 5.89 0.23 0.004 202 1.3
0.90 8.60 297 2.97 0.22 0.002 202 1.3

Model example 2
0.17 5.9 362 9.5 0.08 0.01 78 1.4
0.44 7.92 371 5.00 0.07 0.003 77 1.3
0.90 8.56 370 3.93 0.07 0.002 78 1.2

Table 5
Statistical summary of the identified model parameters for the model examples. The material response is the imprint and the combination of imprint
and maximum indentation load.

Examples Depth Info. gain Mean σy Std. σy Mean n Std. n Mean E Std. E

Model example 1
Imprint 4.19 277 44.9 0.229 0.005 202 1.32
Imprint+ Max load 6.80 298 3.4 0.23 0.002 203 1.32

Model example 2
Imprint 4.81 335 31.1 0.072 0.004 78 1.33
Imprint+ Max load 7.16 373 2.8 0.067 0.001 78 1.31

3.4. Results and discussion

3.4.1. Information gain estimation: reaction force–indenter displacement as the material response
Fig. 3 represents the distributions of the identified parameters when reaction force–indenter responses are used for

Example 1 and Example 2 for the maximum indentation depths of 0.17 mm, 0.44 mm and 0.90 mm. The summary
of statistics and the estimated information gain are also represented in Table 4. As can be seen, the amount of
information gained by observing the reaction force–indenter displacement response, increases with the extension
of the indentation depth. In Example 1, for the maximum indenter depth 0.17 mm, the parameter sets to generate the
simulated experiment, the red vertical lines, are at the tail of the identified distribution. This is more or less the same
in Example 2. The estimated information gain is also relatively low.

When we increase the maximum indenter depth to 0.44 mm, the uncertainty of the identified parameters shrinks and
the expected values of the identified parameter distribution get closer to the parameters used to generate the simulated
experiment. Note that, in Example 1, we observe bi-modal distributions for the initial yield and hardening exponent
with one of the modes significantly stronger than the other. The non-uniqueness of the parameters identified by the
reaction force–indenter displacement response has also been reported in [51,55,56]. As we increase the maximum
indenter depth to 0.90 mm the uncertainty of the initial yield and hardening exponent distributions significantly
decreases, which is consistent with the increase in the estimated information gain; see Fig. 3 and Table 4.

3.4.2. Information gain estimation: residual imprint, and the combination of the residual imprint and maximum
indenter load as the response

We now quantify the information gain by observing the residual imprint response after unloading at the depth
of 0.17 mm. This is the minimum indenter depth used to study the information gained by observing the reaction
force–indenter displacement response. As illustrated in Fig. 4 and Table 5 the variance of the hardening exponent
posterior distributions in Example 1 and Example 2, is lower than that of the distributions obtained when we inferred
the parameters from the reaction force–indenter displacement responses at the same indenter depth. However, the
variance of the inferred initial yield is much higher. The expected values of initial yield posterior distributions are
also relatively far from the yield parameters used to generate the simulated experiment. The estimated information
gained by observing the residual imprint response is slightly lower than that associated with observing the reaction
force–indenter displacement response at the same depth. It seems the residual imprint response is a good candidate,
compared to the reaction force–displacement response, when inferring the hardening exponent, but not when inferring
the initial yield value.
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Fig. 3. Distributions of the identified parameters for model example 1 on the left and model example 2 on the right. The maximum displacements
of the indenter for the three cases (top, middle and bottom) are 0.17 mm, 0.44 mm and 0.90 mm respectively.

We finally study the information gain while the material response is the residual imprint, vector of y(x), together
with the maximum indentation load response, scalar F. As the force and residual imprint are measured independently,
the likelihood is the product of the likelihood functions, constructed for each measurement. As depicted in Fig. 4
and summarized in Table 5, considering the maximum indentation load along with the imprint response significantly
reduces the uncertainty associated with the identified parameters. The sharp increase in the estimated information gain
is also consistent with the reduction of the variance of the posterior distributions. This is known as information fusion.

Needless to say, considering the maximum load response in isolation, the hardening model is significantly uniden-
tifiable. It is worthwhile mentioning that the uncertainty associated with the machine compliance has no effect on the
reaction force measurement uncertainty, although it affects the reaction force–indenter displacement measurement.
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Fig. 4. Distributions of the identified parameters for model example 1, on the left, and model example 2, on the right. The system responses are
imprint response for 0.17 mm indentation depth on top and the combination of imprint response and the maximum indentation load at the bottom.

For further exploration, we obtain the amount of information gain to infer each parameter independently. To this
end, p (θ |D) in Eq. (6) is no longer the joint posterior distribution of the parameters, but is the posterior distribution
of the initial yield or hardening exponent, marginalized on the rest of the parameters. The estimated amount of
information gain to infer the parameters independently is represented in Table 6. As it is illustrated, considering
maximum indentation load increases the information content of the material response to infer the model parameter.
However, in comparison with the information content of the response to infer the initial yield, we noticed a sharp
increase in the information content of hardening exponents. This is totally consistent with the observed posterior
distributions in Fig. 4 and Table 6.

3.4.3. Mutual information between the material response space and the material model space
According to Eq. (5), the estimated information gain is a function of the observed material response. To extend our

study, we apply the proposed framework to estimate the mutual information between the material response space and
the material model space, with the latter represented by parameter ranges given in the first row of Table 3. Such an
estimate would represent the value of the “class” of the material response, rather than an observed response belonging
to that class for an unknown material. Knowing the value of a particular material response class, we can then select
the response class which contains the maximum information, on average, with respect to the material parameters.
In addition, we can select the test’s design parameters in such a way as to maximize the information content for a
selected response.

Following the steps outlined in Section 2, we first estimate the mutual information between the space of the reaction
force–indenter displacement response and the material model parameters while the maximum indenter depths are fixed
at 0.17 mm and 0.44 mm. We then estimate the mutual information while the material response is the combination
of the residual imprint and the maximum indentation load. The results are represented in Table 7. As can be seen,
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Table 6
The amount of information obtained while inferring the marginalized model parameters.

Examples Material response Model parameter Info. Gain estimated by nested sampling

Model example 1

Residual Imprint Hardening exponent 2.83
Residual Imprint + Max load Hardening exponent 3.93
Residual Imprint Initial yield 0.16
Residual Imprint + Max load Initial yield 2.68

Model example 2

Residual Imprint Hardening exponent 3.09
Residual Imprint + Max load Hardening exponent 4.30
Residual Imprint Initial yield 0.52
Residual Imprint + Max load Initial yield 2.83

Table 7
Mutual information between the material model parameter space and the material response spaces.

Material response Mutual information between response and parameter spaces

Force displacement with the maximum indenter displacement 0.17 mm 5.69
Force displacement with indentation depth 0.44 mm 8.2
Imprint (indentation depth = 0.17) + Max load 7.27
Force displacement with indentation depth = 0.44 mm, C = 2e−3 (mm/kN) 7.75
Force displacement with indentation depth = 0.44 mm, C = 4e−3 (mm/kN) 7.29

the mutual information increases with the increase of the maximum indenter depth. When the material response is
the combination of the residual imprint and the maximum indentation load, the value of the mutual information falls
between that of the reaction force–indenter displacement for the maximum indenter depths 0.17 mm and 0.44 mm. In
other words, measuring the reaction force–indenter depth response while the maximum indenter depth is 0.44 is more
informative than using the combination of residual imprint response and maximum load at a maximum depth of 0.17.

Having explored the interplay between the material model parameter space and material response space we turn
our attention the machine compliance uncertainty, which only affects the reaction force–indenter displacement. We
introduce some uncertainty in the machine compliance as a test’s “design parameter” and try to calibrate it such
that the mutual information between the parameter space and the reaction force–indenter displacement response is
equal to the mutual information when the combination of the imprint and maximum indentation load is used as
response. The importance of identifying the uncertainty of the machine compliance is that we determine two different,
yet equally worth-to-measure responses, one easy to measure, but involving more uncertainty sources, i.e. reaction
force–displacement response and the other more difficult to measure requiring more sophisticated sensors, but
independent of the knowledge of the machine compliance as the force measurement is independent of the displacement
of the indenter. Minimizing the objective function defined as the difference between two mutual information values
for two cases (the force–displacement as the response and the combination of the residual imprint and maximum
indentation load as the response) the uncertainty of the machine compliance in which both responses are equally
valued is determined. According to Table 7, when the upper bound for the range of machine compliance is equal to
4e−3 (mm/kN), the mutual information between the response space and the parameter space for both cases is the
same. We finally note that generating the objective function for each iteration of the optimization process is extremely
demanding, as it requires estimating the mutual information for the selected machine compliance uncertainty. We
therefore employed a Bayesian optimization technique [57] based on maximizing the expected improvement which
for the particular case under consideration in this study was able to approach sufficiently close to target mutual
information in a few iterations.

4. Concluding remarks

In this paper, we suggest posing the determination of material properties through inverse material parameter
extraction in the context of information theory through considering the value of material responses, and taking due
account of the sources of uncertainty.

We develop a computational framework which integrates Bayesian inference, nested sampling, finite element
analysis and surrogate modeling through artificial neural network, where we exploit the efficiency of nested sampling
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in estimating the information gained by observing the material response and the mutual information between the
material response space and the model parameter space.

We then apply the proposed framework to study the known responses of an indentation test, i.e. reaction
force–indenter displacement, residual imprint and maximum indentation load responses, to infer a power law material
hardening model. We illustrate how certain combinations of the material responses result in boosting the information
content, also known as information fusion. We also show how the proposed framework can help design the experiment
to maximize the information gain, or identify the alternative responses that are equally ranked from an information
content perspective.

While we demonstrate the applicability of the proposed framework in the context of indentation tests, we expect it
to be equally applicable to uncertainty-informed material identification in other experimental settings, e.g. punch test,
bulge test, compression test, etc., as well as to design of experiments from the point of view of sensor selection and
cost. It is in fact our expectation that such frameworks will assist experimental research, including the selection of the
appropriate material tests, as they provide a quantitative basis for the examination of the trade-off between the cost
associated with candidate tests and the value of their results.
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