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Abstract

Kernel smoothing is commonly used in spatial point patterns to construct intensity plots. Kernels
allow for visually and subjectively inferring on first-order stationarity. Formal objective tests exist
for testing first-order stationarity that assume independence of spatial regions. We propose to extend
inference for first-order stationary by using bootstrapping in existing hypothesis tests to deal with
the violation of independence. More specifically we compare Poisson intensities from bootstrapped
spatial quadrat samples, providing a test for first-order stationarity without violating the assumption
of independence of the tests. Five hypothesis testing methods are investigated. The choice of grid
mesh size and window shape used in these tests is discussed and guidance is provided through testing
the power of the tests. The application considers the household locations in rural villages in Northern
Tanzania as an unmarked point pattern. A clear effect of the village sizes on the relation between grid
mesh size and confidence intervals of bootstrap sampling is shown. We conclude that bootstrapping
provides a novel contribution to inference of first-order stationarity for spatial point patterns.

Keywords: first-order stationarity, hypothesis tests, bootstrap sampling, independence, stationarity,

village household locations, Tanzania

1. Introduction

Understanding the intensity of a spatial point process is often an important aim of a spatial scientific
study. For instance, spatial variation of house prices could reflect poverty patterns in an area. To

establish clustering of a pattern we first need to eliminate alternative explanations such as spatially
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varying intensity. When it is known that intensity varies across a pattern, adjustments for this effect
can be made to the tools used to investigate clustering. [T 2]

Intensity is defined as follows. Let X be a point process in a two-dimensional space D. In the
stationary case, for any subregion R of D, the intensity A of a point process is taken as the expected

number of points of X falling in R and is proportional to the area of R:

E[n(XNR)| = A|R| (1)

where n (X N R) is the number of points in X within R and |R| is the area of R. The intensity can
therefore be considered as the average density of points per unit area where X is a constant [1} 2, [3]. In
the non-stationary case, the expected number of points falling within R, with spatial varying intensity

function of the process, A (u), is defined [3] as

E[n(XNR) :/R)\(u)du.

According to [I], analysis often starts with the tentative assumption that a process is stationary

and the validity of this assumption is assessed. In point processes, the empirical density of points,

n (x)

= b,
W

(2)

is an unbiased estimate of A\, assuming that X has stationary intensity. In this equation, x is the point
pattern observed in a window W, n (x) is the number of points in W and |W| is the area of W.

Before we are able to choose and fit an appropriate model to a point pattern, it is important to
understand the underlying data structure by considering first- and second-order stationarity [4, 5, 6]. A
first-order stationary process has the same intensity at different locations on a map. This implies that
the expected number of observations is proportional to the size of the observation area. Stationarity
is related to the expected number of pairs of points in those sections. To study second-order non-
stationarity, we consider interactions between the points of the process. Complete spatial randomness
(CSR) describes a stationary point pattern where the points are randomly distributed [2] [7]. Three
possibilities can occur: points are spread randomly, i.e. without interactions, they are clustered, i.e.
with positive interactions or they are regular, i.e. with negative interactions [I}, 8, [7]. Regularity implies
that points tend to avoid each other, leading to a pattern within the data with points distributed in
a regular fashion. A clustered pattern, also referred to as an ‘aggregated’ point pattern, implies that
points are grouped or clustered together. A random pattern point implies that the there is no pattern
to the points, neither regular nor clustered. In this paper we focus on first-order stationarity.

In order to obtain an accurate impression of the degree of second-order stationarity in a point

pattern, i.e. whether the pattern is clustered, regular or random, we require a sound knowledge of



the process intensity. Several tests have been developed to test for second-order stationarity in spatial
point processes. However, to our knowledge, tests for first-order stationarity in the spatial context
are not yet well-developed, with researchers mostly relying on the visual inspection of density plots
or assumptions about the data to decide whether the pattern is stationary or not [I]. These intensity
plots are obtained through kernel estimation and are affected by the choice of whether or not to apply
edge corrections. An example is shown in Figure [I| where kernel estimation was applied to a simulated
first-order stationary point pattern with and without various edge corrections. If a judgement call
had to be made regarding the first-order stationarity of this pattern using Figure a researcher
might mistakenly classify the pattern as first-order non-stationary. The need for more formal testing
is thus apparent. Tests for stationarity in point patterns compare intensities at different locations on
the map, leading us to apply tests developed in the context of time intervals to this setting. These
tests, originally applied to one-dimensional Poisson processes for statistically testing stationarity of
A(t), where t is time, are now decribed for the spatial context. So we consider A (u) where u is a
spatial location. These tests, however, are to our knowledge not widely applied in practice and their
application has software limitations that are discussed later on.

Beside the five tests discussed in this paper, other tests for first-order stationarity have been devel-
oped in the past. Guan [§] extended the KPSS testE| developed for time series first-order stationarity
testing [9] to the spatial domain. This method does not have the strict requirement of independence
of subregions within the domain which the tests discussed in this paper do but is restricted to rect-
angular domains. In addition, neither the exact nor approximate distribution for the asymptotic null
test statistics is known and thus requires simulation to compute critical values. Zhang and Zhou [10]
extended this method to arbitrary regions S C R? and also derived a closed form expression for the
asymptotic null distribution of the test statistic. The simulations and applications therein, however,
only consider rectangular and circular regions. The use of the technique in practice for other regions
e.g. a convex hull and other irregular shapes, while theoretically possible, are not trivial. In this paper
we extend the current tests to better deal with any window shape in a trivial way.

The original five tests are based on choosing subregions within a domain and testing equal Poisson
intensities across the subregions i.e. determining whether the intensities of K underlying spatial
processes are the same [I, [12]. In this context, the K underlying spatial processes refer to subdividing
the observation window into K quadrats and comparing the intensities of each quadrat. These tests
however assume that the subregions are independent which is in spatial statistics not true by Tobler’s
law [I3]. If first-order stationarity is present, the result could be misleading [T}, 2]. While it is true that

the tests such as Moran’s I [I4] and Geary’s C [I5], as well as variograms, their application does not
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(a) Uncorrected (b) Uniform correction (c) Diggle’s correction [11]

Figure 1: Kernel density estimates of the intensity of a simulated point pattern using various edge corrections and a

Gaussian kernel.

confirm first-order stationarity. Such methods usually requires marked data as well. Here we consider
unmarked data, that is, points characterised by their spatial locations only. Assuming dependence in
spatial data is thus natural according to Toblers first law of geography when investigating testing for
first-order stationarity. In the absence of spatial interaction i.e. independence, the technique in this
paper is still valid.

The objective of this paper is to extend the methods of testing for first-order stationarity without
violating the assumption of independence. Five hypothesis tests are discussed for this purpose, only
two of which are currently available in the spatstat package in R, extending their use to deal with
independence appropriately. These tests are discussed in Section [2| with an application to simulated
point patterns in Section [3] and real-world point patterns of household locations in rural villages in
Northern Tanzania in Section [} The simulations are extended to irregular shaped windows and the

independence assumption dealt with through bootstrap sampling of subregions of the windows.

2. Methodology

For data modeled by the Poisson distribution, counts are used to test for the equality of K intensities
on K spatial regions. These tests are closely linked to the method of quadrat counts as the window
W is divided into quadrats Ry, ..., Rx. The number of points within each quadrat, z1, ..., zx is then
counted and the size of each quadrat, Ay, ..., Ak, is noted. Under the null hypothesis, if the areas of
each quadrat are equal, A = A; = ... = Ak, and the unknown intensity is A, then the counts z; are
independent Poisson random variables with equal mean A [I]. The fixed observation areas need not
be of equal size, but are generally assumed to be independent. Several studies have been performed to

compare the size and power of numerous test statistics if K = 2 for both equal sampling frames (see

[16, 17]) and unequal sampling frames (see [I8, 19} 20]).



Consider the case where independence is assumed. We observe K independent random variables
X1, Xo, ..., Xk and let x; be the observed number of occurrences in a spatial Poisson process with an
unknown rate \; in a sampling frame with known area A;. Note that this notation makes allowances
for areas A; of different sizes. The density function of X; is given by

6_>\"’A"’ (AzAz)x1

[ (xi) = o , for i=1,2, ..., K.

The maximum likelihood estimate of \; is given by the empirical rate, i = %-. The stationarity
test for K independent Poisson variates is given by Hy : A = Aa = ... = Ag against Hy : A\, # A
for at least one combination i, j € {1, ..., K}.

Under the assumption of independence, the likelihood function is given by

K ©;
)=¢e" S AiA M
H1‘K=1 x;!

Under the null hypothesis, each X; follows a Poisson distribution with parameter \; = A, implying

L()\l, ey )\K‘l'l, ey TR

that the point pattern is stationary. The maximum likelihood estimator of A is then given by

5\ _ Zfil Zq
=K
Zi=1 Ai

Several statistics have been proposed to test for the equality of the rates of Poisson processes for

(3)

time, i.e. in one dimension. Here we extend these tests, in terms of notation, to be applicable in
the spatial domain. Chiu and Wang [I2] provide the details of these tests but they do not apply the
tests on spatial data and do not deal with the violation of independence. Here we do not state these
tests as new but contribute to their correct application to spatial data. We state the tests here for

completeness.
1. Pearson’s x2-test [21] is given in the current context of a point pattern by

i< “‘> S

i=1 1137111

This test can be applied in two different ways. Firstly, it can be used to test goodness-of-fit
to the Poisson distribution assuming stationary intensity [22]. Secondly, it can be used to test
for stationarity by assuming independence [23]. Since we are interested in testing for first-order
stationarity we will be applying the second, so called the x? test of stationarity. Under the null
hypothesis, this test statistic has an asymptotic x2-distribution with K — 1 degrees of freedom.
Traditionally, this approximation is acceptable if the expected number of points in each of the
quadrats is at least 5 [2I]. The power of the test depends on the size of the quadrats and is

optimal when these are neither very large nor very small [T}, 24] 25].



2. The likelihood ratio test statistic was originally proposed by Neyman and Pearson in 1928 [26]
with the asymptotic distribution of the test derived by Wilks in 1938 [27]. The likelihood ratio

is obtained as

L(:\, e :\|m1, cel a:K)
L(j\l, e 5\K|x1, ol mK>.

It is convention to take that 0/0 = 0 in case the sum of the x;’s equals 0. Based on this test

A:

statistic, Chiu and Wang [12] developed a likelihood ratio test statistic to test for the equivalence

of Poisson intensities, namely

B=—-2\A=2 iln =t = gy In =L
(Zmn ;x nZl1A>

which under the convention that 01ln0 = 0, has an asymptotic y2-distribution with K —1 degrees
of freedom. Rao and Chakravarti [28] considered the particular case where the time periods (in
our case area) are of length 1, however Chiu and Wang [12] were the first to discuss the more
general case.

3. In 1948, the score test was introduced by Rao as an alternative to the likelihood ratio test
[29]. This test is simpler than the likelihood ratio test as it only requires estimation under the
null hypothesis. This is particularly applicable when the success of an experiment depends on
disproving the null hypothesis. The test is computationally quite simple but was only put to
serious use in the 1980s when its use was popularized in the field of Econometrics [30]. In the

context of point processes, this test statistic is given by

’ —1 K . ? K 2 K
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To avoid division by zero it is common to add 0.5 to every x; whenever one of the observed x;
is zero. Under the stationarity hypothesis, SC has an asymptotic y2-distribution with K — 1
degrees of freedom. Ng and Cook [31] investigated score tests of stationarity for Poisson processes
with equal observation periods. Chiu et al. [12] performed a comparative study to consider the
stationarity of K > 3 Poisson count data with different observation periods.

4. In 1966, Potthoff et al. [2I] proposed two test statistics that deal with the stationarity of Poisson

count data with different observation periods. The test statistic was developed in the context of



time intervals, ¢;, but we will consider the case of areas, A;. The first of these is the VT test

statistic based on the statistic

K X i (x; — 1)
V = A; S
<i_1 >zz_; Ai

where

V- (ZzK:le) (Zz}ilxz - 1)

¢ﬂKU(Z£ﬂO<Z£ﬁ@I)

follows the standard normal distribution asymptotically under the null hypothesis.

mathematically refined approximation can be found as
VT =eV+f~x,

with degrees of freedom

K K
vy =e* (K —1) (Zm) ( xi—1>.

The constants in Equation [4| are given by

2(K —1)

e =

and

K K
f=e[(K—-1)e—1] (Z:m) (le - 1>

and are determined in such a way that VT and X?/l have the same first three moments.

(2521‘42’) (Zi:l Ai) —3K+2+2(K—-1) (E

A more

(4)

. The second test statistic proposed by Potthoff et al. [21] is also an asymptotic x2-test which is

the locally most powerful test against a selected alternative if A is known [12] 2I]. As with the

VT test, we will consider areas, not time intervals. The UT test statistic is based on the statistic

K K K
U= ZLE? — Z{L‘i — 2)\21411‘1
i=1 i=1 i=1
and

U+ M5, A2

V2N A2

follows the standard normal distribution asymptotically under the null hypothesis.

A more mathematically refined approximation can be found as

2
UT =gU +h~x;,



with degrees of freedom
K
vy = gZAZZA?.
i=1

The constants in Equation [f] are given by

K A2
1= 1

K A2 K
Yic1 gz A AY

g:

and

K
h=g(g+1)N\) A

i=1
and are determined in such a way that UT and XEQ have the same first three moments. Potthoff
and Whittinghill [21] proposed an alternative estimator, A*, for the case where A is unknown.

This estimator is the value of A that minimizes Equation [5| and is given by

K K
A — 2T~ Y T

Chiu and Wang [12] confirmed through a simulation study that the UT test is sometimes too
conservative in small experiments and shows a marked loss of power in such a situation. This

handicap is not shared by the Pearson’s x? and VT tests.

These tests for first-order stationarity all have y2-distributions that are valid only asymptotically.
Tests using p-values calculated by these asymptotic distributions may encounter size distortions which
can be addressed through the use of parametric bootstrapping. This approximates the p-value through
Monte Carlo resamples generated according to the stationarity hypothesis [12] 32]. The procedure for
approximating p-values is as follows. The test statistic, denoted by 7, is calculated based on the
observed counts. Next we draw a sample of K independent Poisson variates with mean Ai;\, i =
1, ... K, where ) is the maximum likelihood estimate of the intensity, that is under Hy, see Equation
The test statistic is calculated for this sample and is denoted by 7;. This is repeated B times so
that we have 74, ..., 7. The bootstrap p-value as proposed by Davison and Hinkley [32] is

#{imr>1+1

B+1 ()

bootstrap p-value =

We reject the null hypothesis of first-order stationarity if the bootstrap p-value is less than or equal to
the nominal significance level a. An alternative bootstrap p-value can be calculated without adding 1
in the numerator and denominator in Equation [7] (see [33] [34]), however this is less accurate. Here we
will follow the original testing procedure.

Hope [35] illustrated that, in the case that there is no nuisance parameter, the power loss resulting

from using parametric bootstrap tests is slight compared to the corresponding uniformly most powerful



test. This implies that B need not necessarily be large. Besag and Diggle [36] suggested that at
a = 0.05, B = 99 would be adequate. A simulation study conducted by Davison and Hinkley [32]
showed that for o > 0.05, the loss of power with B = 99 is not serious but that B = 999 should generally
be a safe choice. Here we obtain the approximate p-values from parametric bootstrap samples of size

999.

2.1. Accounting for dependence in spatial data

The hypothesis tests discussed above assume that counts used in the calculation of the test statistics
are obtained from areas that are independent of each other. Points in a spatial pattern that are close
together are however unlikely to be independent as already stated, violating this assumption. In some
cases, points that are far apart may also be considered dependent. An example of this occurs when
analysing anisotropic weather patterns along a coastline or property damage along a fault line, when
in one direction short distances will exhibit independence, while in a different direction we observe
dependence. If however points that are further apart could validly be considered independent, the tests
give valuable insight into the first-order stationarity. Some level of intuition or judgement should be
applied by the researcher when deciding whether the assumption of independence is justifiable, as well
as deciding on the number of areas to compare. Here we consider alternative methods of applying these
tests such that the independence assumption is no longer violated, and dependence can be assumed.

We propose here an alternative for dealing with the independence violation by randomly sampling
a subset of the quadrats and using these to calculate a test statistic. This is repeated 99 times, thereby
calculating 99 bootstrap test statistics, each time drawing a different sample of 50% of the quadrats
and calculating a test statistic for each of these. If a quadrat has 0 counts in it, its count is recorded
as 0.5 to avoid division by 0. To balance this all other counts are also increased by 0.5. A sample of
B =999 here would more likely violate independence since certain samples will have dependence e.g.

if the 50% are selected as the top half of the quadrats.

3. Simulation study

The power of the proposed technique is tested on a stationary as well as non-stationary patterns

on a rectangular window and convex window.

8.1. A stationary point pattern
Consider the point pattern shown in Figure[2] This pattern was simulated from a stationary Poisson
point process with intensity A = 50 generated in a square window with a length of 4 units. It can be

seen from this pattern that the average number of points in areas of equal size are roughly the same.



Figure 2: Simulated point pattern from a stationary Poisson point process with intensity A = 50, containing 844 points

in a window of 16 square units.

Expected count per quadrat X2 LR SC vT ur

3x3 93.78 0.631 0.626 0.617 0.631 0.631
5x5H 33.76 0.414 0.427 0.469 0414 0.414
77 17.22 0.185 0.170 0.178 0.184 0.185

Table 1: The p-values for the hypothesis tests applied to the simulated stationary point pattern on a square window

without adjusting for spatial dependence

The simulated stationary point pattern is divided into quadrats of different sizes to assess the first-
order stationarity. In order to illustrate the application of the five hypothesis tests to a point pattern,
we divide the simulated pattern into n x n size quadrats where n = 3,5,7 as illustrated in Figure
The five hypothesis tests, while not correcting for violation of independence, were applied to the
simulated point pattern with results shown in Table[ll For each of the grid sizes, the expected number
of points in each quadrat is greater than 5. It is clear that for all grid sizes, each of the tests indicate
that the pattern was generated from a stationary point process.

The asympototic power [37] of the five hypothesis tests was investigated for a stationary pattern
such as the one in Figure|2| and is illustrated in Table |2} It can be seen that as the grid size increases
(more quadrats) the power increases. The asymptotic power of the tests was also tested on the convex
hull window as shown in Figure The results are presented in Table Table [3| shows that as the
number of quadrats increases the power decreases but it is not consistent. The use of these tests on
irregular type windows is thus not advised without adjusting for dependency.

The choice of the size of the quadrats is a difficult one. There is a tradeoff between bias and
variability. While a large number of quadrats reduce the relative error of the counts nj, it also
smooths out the variation in intensity within each of the quadrats. For non-square windows the choice

warrants more thought as well as the quadrats on the boundaries will be incomplete. Here a finer grid
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(a) 3x3

(b) 5x5

() 7Tx7

Figure 3: Number of points observed within quadrats for the simulated stationary point pattern in Figuredivided into

different size grids.

Figure 4: The simulated stationary pattern with A = 50 on a convex hull window

n x2 LR SC vT uT

3 0.3626 0.3657 0.3745 0.3612  0.341
5 0.8487 0.8472 0.8582 0.8419 0.8323
7 09922 0.9936 0.9986 0.9902 0.9892

Table 2: Asympototic powers obtained for the stationary simulated pattern with intensity A = 50 on the square window

without adjusting for spatial dependence.
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Koig K X2 LR e VT UT
9 0.867867  0.65949 0.741527 0.853934 0.431437
23 19 0.198725 0.202075 0.218456 0.191812 0.174772
42 34 0.269062 0.27485 0.303173 0.258531 0.245134

N ot w | 3
©

Table 3: Asympototic power values obtained for the stationary simulated pattern with intensity A = 50 on the convex
hull window without adjusting for spatial dependence. K,r;q4 is the number of quadrats and K the number of quadrats

that have expected counts larger than 5.

Expected count per quadrat  x? LR SC VT ur

3x3 92.44 0.001 0.001 0.001 0.001 0.001
5 x5 34.67 0.001 0.001 0.001 0.001 0.001
7T 17.33 0.001 0.001 0.001 0.001 0.001

Table 4: The p-values for the hypothesis tests applied to the simulated non-stationary point pattern in Figure a)

without adjusting for spatial dependence.

will always be better, however going too fine results in losing the structure.

Next we look at the power of the test for first-order non-stationary point patterns.

3.2. First-order non-stationary point patterns

Figure [5| shows examples of point patterns with non-stationary intensity functions simulated over a
square of 16 square units with various non-stationary structures, namely quadratic, radial and gradient.
The kernel density estimates for these patterns are shown in teh second row of Figure[5] The parametric
bootstrap p-values for the five hypothesis tests are shown in Tables and [ Here once again the
violation of indepedence is not considered. For each of the grid sizes, the expected number of points
in each quadrat is greater than 5. All p-values are found to be significant, indicating that the point
patterns exhibit non-stationary intensities. The power of the tests for the three non-stationary cases
were also obtained and were all obtained as 1.

The power for these non-stationary cases on the convex hull window are shown in the lefthand sides
of Tables [§ and [9] In Table [§] the powers are good except for the coarse grid case (n = 3). In Table
[] the intensity of the simulated points was halved. It is seen that the powers then drop and are less

consistent on this convex hull window compared to the square window.

3.8. Dealing with dependence: bootstrap sampling

To deal with the inherent dependence in spatial data the quadrats are sampled. Doing this with

bootstraping provides a mechanism to avoid dependence of quadrats. The power of the five hypothesis
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(a) A =5(2% +y?) (b) A= 13(z +v) (c) A =25y

1

W

1

»

B

(d) A =5(z2 +y?) () A=13(z +y) (f) A =25y

Figure 5: Simulated non-stationary point patterns from a Poisson process with different intensity functions, containing

832, 827 and 830 points respectively in windows of 16 square units, with their fitted intesities shown on the second row.

Expected count per quadrat X2 LR SC vT ur

3x3 91.89 0.001 0.001 0.001 0.001 0.001
5x5 33.08 0.001 0.001 0.001 0.001 0.001
77 16.88 0.001 0.001 0.001 0.001 0.001

Table 5: The p-values for the hypothesis tests applied to the simulated non-stationary point pattern in Figure b)

without adjusting for spatial dependence.

Expected count per quadrat X2 LR SC vT ur

3x3 92.22 0.001 0.001 0.001 0.001 0.001
5x5H 33.20 0.001 0.001 0.001 0.001 0.001
7Tx7 16.94 0.001 0.001 0.001 0.001 0.001

Table 6: The p-values for the hypothesis tests applied to the simulated non-stationary point patternin Figurec) without

adjusting for spatial dependence.
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(a) A = 5(2? + y?) (b) A =13(z +y) (c) A =25y

Figure 6: Simulated non-stationary point patterns from a Poisson process with different intensity functions with a weaker

average intensity A = 25

tests was investigated as follows [38]. A stationary pattern was simulated 100 000 times yielding 100
000 bootstrap test statistics for each grid size 3 x 3, 5 x 5 and 7 x 7. Then 1000 simulations of each
of the three non-stationary patterns in Figure [5| were obtained. The test statistics for each case are
compared to the p-values obtained using the 100 000 simulations in the first step.

The non-stationary patterns in Figure [ are dense patterns. The average intensity was thus halved
and the power study redone to investigate the effect of less points. The simulations were thus done for
the sample patterns in Figure [5| for an average intensity of A = 50 as well as a A = 25. Examples of
the weaker simulated patterns are shown in Figure[6] The power of the tests are shown in Table 7] for
comparison. For the first case the power values in Table [7] show high power. The second case retains
high power. The case n = 7 for radial non-stationarity shows weaker power however.

Under the assumption of stationarity, Equation [I] implies that the expected count in each quadrat
is proportional to the area of the quadrat. This in turn implies that the average intensity given by
Equation [2] is an unbiased estimator for the stationary intensity A. We can therefore also compare
the estimated intensities in different sized and shaped quadrats, should we wish, in order to make
an inference about the stationarity of a point pattern, although the a regularly structured grid is
important. A finer grid will result in more robustness at the boundary.

In order to assess the capability of bootstrap sampling in non-rectangular windows, the power
tests were repeated on the convex window in Figure [ The results are presented in Tables [§] and
@ The powers for the larger grid sizes (larger number of quadrats) are good compared to testing
without bootstrapping. The powers are slightly less, but the importance of dealing with the inherent

dependence has been dealt with.
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Using all quadrats Bootstrap sampling
n X2 LR SC VT UuT X2 LR SC VT UT
A =50

Radial Non-stationarity

3 1 1 1 1 110.975 1 1 0975 0.975
5 1 1 1 1 1] 0.999 1 1 0999 0.999
7 1 1 1 1 1 1 1 1 1 1
Gradient Non-stationarity
3 1 1 1 1 1 1 1 1 1 1
) 1 1 1 1 1 1 1 1 1 1
7 1 1 1 1 1 1 1 1 1 1
Quadratic Non-stationarity
3 1 1 1 1 1] 0.998 1 1 0998 0.998
5 1 1 1 1 1 1 1 1 1 1
7 1 1 1 1 1 1 1 1 1 1
A=25
Radial Non-stationarity
3 1 1 1 1 1 0.89 1 1 0.89 0.89
5 1 1 1 1 1] 0.945 1 1 0944 0.944

7 0995 0973 0951 0996 0.995 | 0.892 0.986 0.965 0.901 0.891

Gradient Non-stationarity

3 1 1 1 1 1| 0.981 1 1 0981 0.981
5 1 1 1 1 11 0.999 1 10999 0.999
7 1 0.999 1 1 1] 0.99 1 1 0997 0.991

Quadratic Non-stationarity

3 1 1 1 1 1] 0.985 1 1 0985 0.985
5 1 1 1 1 1 1 1 1 1 1
7 1 0.998 1 1 1] 0.994 1 1 0998 0.994

Table 7: Power values obtained for the three non-stationary patterns with a strong and weak average intensity on the

rectangular window.
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Using all quadrats Bootstrap sampling
n x* LR SC vT UT X2 LR SC VT UT

Radial Non-stationarity

3 0 0 0.001 0 0 0 0 0.001 0 0.004
5 1 1 1 1 1] 0.967 1 1 0971 0.946
7 1 0998 1 1 110947 0997 0998 095 0.943

Gradient Non-stationarity

3 0 0 0.004 0 0.003 0 0 0.003 0 0.003
5 1 1 1 1 1] 0.99 1 1 0994 0.989
7 1 1 1 1 1] 0.993 1 1 099 0.988

Quadratic Non-stationarity

3 0 0 0 0 0.211 0 0 0 0 0.029
) 1 1 1 1 1 1 1 1 1 1
7 1 1 1 1 1 1 1 1 1 1

Table 8: Power values obtained for the three non-stationary patterns with a strong average intensity on the convex hull

window in Figure

Using all quadrats Bootstrap Sampling Approach
n o x2 LR SC VT UuT X2 LR SC VT UuT

Radial Non-stationarity
3 0 0.001 0.005 0 0.05|0.118 0 0.004 0.116 0.122
5 0969 096 0.956 0.964 0.959 | 0.741 0.956 0.955 0.755 0.717
7 0877 0.739 0.803 0.886 0.857 | 0.585  0.73 0.794 0.462 0.552

Gradient Non-stationarity
3 0 0.003 0.012 0 0.212 | 0.152 0 0.012 015 0.177
5 0998 0.98 0.999 0.999 0.994 | 0.896 0.99 0.996 0.917 0.883
7 0956 0.779 0.937 0.973 0.947 | 0.737 0.786 0.94 0.776 0.572

Quadratic Non-stationarity

3 0 0.004 0.003 0 0.674 | 0.279 0.007 0.003 0.275 0.311
) 1 0.999 1 1 110986 0.999 1 0989 0.984
7 1 0978 0.999 1 0999 | 0941 0.976 0.998 0.967 0.937

Table 9: Power values obtained for the three non-stationary patterns with a weak average intensity on the convex hull

window in Figure
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4. Application of tests to household locations in rural African villages

The spatial analysis of houses in more rural locations is an interesting one since the building of
such houses does not usually follow the strict guidelines of government and the road network. The
village is of interest as intensive rabies eradication campaigns have started where the efficiency of the
interventions is affected by the accessibility of the houses and hence of stationarity in their pattern
[39]. Yang and Jia [40] study such a spatial pattern in China and further interest is shown in Indiaﬂ
and Turkeyﬂ We thus look at the spatial patterns of such households locations in four rural villages
in the Mara province, Northern Tanzaniaﬂ The locations of these households are shown in Figures
and [§] along with the convex hull windows used for analysis. The choice of window in such cases is
complicated as the natural process responsible for the position of houses is one of need, access, culture
and simplicity, not one based on ultimately planning for a bigger city with service facilities. The
convex hull, the smallest convex set containing all the points of X, is however a common technique for
irregular areas. Chosing a window for geographical data is a complicated matter. The convex hull is a
natural alternative to rectangular windows if the point pattern does not naturally follow a rectangular
window, as the convex hull ensures all distances (Euclidean) between points are within the window.
Ripley and Rasson discuss the convex hull and its mathematics in detail [41, 42]. The mathematics of
the Euclidean distance measure is thus not violated.

In order to apply the tests described in the previous section, the windows were divided into n x n
grids with n = 3,5,7. These divisions with quadrat counts are shown in Figure [9]

This concept is illustrated in Figure Since the quadrats that are used in the calculations are
not directly adjacent to each other, it is less likely that the number of points in one quadrat is strongly
dependent on the number of points in a non-adjacent quadrat; and the dependence will decrease with
distance. Of course, this cannot be stated in an equal way for every spatial data set and intuition
does need to be involved. The level of strength of the dependence will differ for different data. For
these tests the parametric bootstrap p-values are obtained as follows. First a stationary Poisson point
pattern is generated on the same window as the original pattern using the maximum likelihood estimate
obtained for the intensity of the original pattern. The quadrats in the simulated pattern corresponding
to those used to calculate the test statistic for the original pattern, are then used to calculated the
first bootstrap test statistic. The quadrats included in the calculation of the test statistic can lead

to different conclusions as is illustrated in Table [I0] in which odd and even quadrats are illustrated.

2http://www.preservearticles.com/2012013022140/short-essay-on-rural-settlement-patterns-in-india.html  (Accessed

on 9 April 2018)
3https://archnet.org/publications/3964 (Accessed 9 April 2018)
“http://www.gla.ac.uk/researchinstitutes/bahcm/staff/katiehampson/, http://www.katiehampson.com/
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Lattude

Longtude

(a) Machochwe. Locations of households.

Lattude

Longtude

(d) Mesaga. Convex hull window.

(c) Mesaga. Locations of households.

and Mesaga (bottom), Mara province, Northern Tanzania.

Figure 7: Point patterns of households in Machochwe (top)
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Lattude

Longaude

(a) Morotonga. Locations of households. (b) Morotonga. Convex hull window.

Longaude

(c¢) Ring’wani. Locations of households. (d) Ring’wani. Convex hull window.

Figure 8: Point patterns of households in Morotonga (top) and Ring’wani (bottom), Mara province, Northern Tanzania.
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(j) 3 x 3 grid

Figure 9: Point patterns divided into different grid sizes. Machochwe is shown in Figures (a)-(c), Mesaga is shown in
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Figures (d)-(f), Morotonga is shown in Figures (g)-(i) and Ring’wani is shown in Figures (j)-(1)
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(a) Odd-numbered quadrats (b) Even-numbered quadrats

Figure 10: Point patterns divided into a 5 x 5 grid with either odd or even-numbered quadrats included in the calculation

of the test statistic.

Village Odd Even
Machochwe 0.994 0.001
Mesaga 0.240 0.946
Morotonga  0.087 0.001
Ring’wani  0.001 0.364

Table 10: Parametric bootstrap p-values obtained for real-life point patterns using regular-spaced non-adjacent quadrats

for the calculation of test statistics.

Applying bootstraping instead is more promising.

Thus we sampled 50% of the quadrats that are then used to calculate the proposed bootstrap
test statistic, by sampling 50% of the quadrats 99 times. Only non-empty quadrats are used as the
nature of this geograhical data of houses leads one to understand that empty regions may indicate
areas not habitable e.g. mountains, ponds or rivers. The justification for sampling 99 times instead
of 999 is again relevant here - sampling too many times could result in including more samples having
dependencies. The p-values for each of the 99 test statistics are summarized in Tables - for
the villages under consideration to show the minimum, maximum, average and median p-value. The

standard deviation along with an empirical 95% confidence interval for the p-values are also shown.

4.1. Ring’wani - A small village

The village of Ring’wani is the smallest village considered, consisting of 243 households. When the
pattern is divided into a 3 x 3 grid, we obtain 7 non-empty quadrats of which 4 quadrats were sampled
at random. The five test statistics along with p-values were calculated for each of the samples. For

5 x b5 and 7 x 7 grids, 10 out of 19 and 16 out of 31 non-empty quadrats were sampled respectively.
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Table |11| shows that for a 3 x 3 grid, the tests do not give consistent results with p-values ranging
from 0.001 to 0.988. The empirical confidence intervals are wide and also do not lead to conclusive
results regarding the stationarity of the pattern. The average p-value is insignificant for all tests as is
the median p-value, except in the case of the UT test. When the grid size is increased to 5 x 5, the
empirical confidence intervals become much narrower. All p-values are significant, indicating that the
point pattern is non-stationary. When considering the average or median p-values, the same conclusion
is reached. For a 7x 7 grid, the p-values show slightly more variation between different samples. For the
x?, likelihood ratio and UT tests, the empirical confidence intervals indicate only significant p-values.
The empirical confidence intervals for the p-values of the score and VT tests include both significant
and insignificant p-values, however the average and median p-values for these tests are shown to be

significant.

4.2. Mesaga and Morotonga - Medium sized villages

The village of Mesaga consists of 512 households. When the pattern is divided into a 3 x 3 grid,
we obtain 8 non-empty quadrats of which 4 quadrats were sampled at random. The five test statistics
along with p-values were calculated for each of the samples. For 5 x 5 and 7 x 7 grids, 10 out of 19
and 16 out of 32 non-empty quadrats were sampled respectively. From Table [I2] it is clear that for
a 3 x 3 grid, again the tests do not give consistent results with p-values ranging from 0.008 to 0.989.
The empirical confidence intervals are wide and also do not lead to conclusive results regarding the
stationarity of the pattern. The average and median p-values are all insignificant. When the grid size
is increased to 5 x 5 or 7 x 7, the empirical confidence intervals become much narrower. All p-values
are significant, indicating that the point pattern is non-stationary. When considering the average or
median p-values, the same conclusion is reached.

The village of Morotonga is similar in size to Mesaga, consisting of 501 households. However, due
to the shape of the village, in other words the shape of the convex hull window, when the pattern
is divided into a 3 x 3 grid, all quadrats are non-empty. Again, 4 of these non-empty quadrats were
sampled at random and used for the calculation of the five test statistics and their associated p-values.
For 5 x5 and 7 x 7 grids, 12 out of 24 and 22 out of 43 non-empty quadrats were sampled respectively.
From Table[13]it is clear that for a 3 x 3 grid, again the tests do not give consistent results with p-values
ranging from 0.001 to 0.181. The empirical confidence intervals are wide and include both significant
and insignificant p-values. However, the average and median p-values are all significant. When the
grid size is increased to 5 X 5 or 7 x 7, the empirical confidence intervals become much narrower. All
p-values are significant, indicating that the point pattern is non-stationary. When considering the

average or median p-values, the same conclusion is reached.
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4.3. Machochwe - the largest village

Machochwe is the largest village, consisting of 713 households. When the pattern is divided into a
3 x 3 grid, we obtain 9 non-empty quadrats of which 4 quadrats were sampled at random. For 5 x 5
and 7 x 7 grids, 11 out of 22 and 21 out of 42 non-empty quadrats were sampled respectively. The five
test statistics along with p-values were calculated for each of the samples.

From Table[I4]it is clear that for a 3 x 3 grid, the tests give inconsistent results for different samples
of quadrats with p-values ranging from 0.001 to 0.831. The empirical confidence intervals for all tests
except the UT test are wide and contain only insignificant p-values, leading to the pattern being
incorrectly classified as stationary. The empirical confidence interval for the UT test includes both
significant and insignificant p-values. For all tests, the average and median p-values are insignificant,
again leading to the conclusion that the pattern is stationary. When the grid size is increased to 5 x 5
or 7 x 7, the empirical confidence intervals become narrow and include only significant p-values, now
indicating that the point pattern is non-stationary. When considering the average or median p-values,
the same conclusion is reached.

In this section the two alternative techniques for testing first-order stationarity were applied to
rural village point patterns. Alternating quadrats are not consistent, whereas bootstrap sampling

proves useful provided the grid size is appropriately chosen.

5. Discussion

In this paper we investigated five hypothesis tests for first-order stationarity in the context of
spatial point patterns. The tests themselves are not new but their use on spatial point patterns has
only had limited use. We investigated the power of these tests on rectangular windows as well as on
irregular windows i.e. the convex hull type window. The powers for bootstrap sampling are good for
a large enough grid, namely a large number of quadrats. When the number of quadrats is small none
of the tests perform well. It is thus important to use a grid fine enough to cover the point pattern
effectively in terms of the window as well as to pick up the nature of the point pattern. However, too
fine a grid should be cautioned against.

It was shown that, when using regular-spaced non-adjacent quadrats, the choice of which quadrats
to include can have a significant effect on the outcome of the tests with contradictory conclusions ob-
tained for the two scenarios. This shows that the choice of which quadrats to include in the calculation
of the test statistic can have a major impact on the outcomes of the tests. To use bootstrap random
sampling, it is better to select a subset of quadrats to include in the calculation of the test statistics,
after which p-values were obtained as before. Bootstraping was repeated 99 times and the resulting

p-values were used to set up empirical 95% confidence intervals. For small grid sizes, these intervals
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tend to be wide, including both significant and insignificant p-values and no conclusion can be reached.
When the grid size was increased, p-values stabilised and the empirical confidence intervals became
more accurate. The only exception occurred for Ring’wani, a pattern that contains significantly fewer
points than the other patterns. This improves testing first-order stationarity within a pattern and
bypassing the violation of independence of quadrats.

Two of the hypothesis tests discussed here, namely Pearson’s x? and the likelihood ratio test, are
already available for use in spatial statistical packages like spatstat in R [I,[43]. The x? and likelihood
ratio tests can be performed using the quadrat.test function available in the spatstat package in
R. The first two are currently available in spatstat but the assumption of independence is not dealt
with.

Baddeley [1] pointed out several limitations of the y? test. Firstly, the alternative hypothesis that
the point pattern has non-stationarity intensity merely negates the null hypothesis of a stationary
intensity. There are two possible reasons why a point process may fail to be a stationary point process,
namely that the process does in fact not have stationary intensity, or that it violates the property of
independence between points. In addition, the built-in function should be used with caution. During
the application phase of this article we discovered several irregularities in the test statistics obtained.
Although the built-in functions correctly calculated the test statistic when using a rectangular window
with no empty quadrats, discrepancies occurred if there were empty quadrats or when using a convex
hull window. In the presence of empty quadrats, their areas are still included in the calculation of the
statistic and no option is available to exclude these. We were unable to determine the exact source of
the discrepancy in the test statistic calculations when using a convex hull window. In addition, small
areas where the expected number of points is less than 5 are also not excluded from the calculation
of the test statistic. Secondly, by default the function performs a two-sided hypothesis test. In this
context we consider only one-sided tests, specifically upper-tailed tests, as a large absolute difference
between observed and expected counts is an indication of a deviation from the null. Thirdly, when
specifying in the function that a one-sided test must be performed, the p-value given in the output is
for a lower-tailed test and needs to be adjusted as we are performing an upper-tailed test.

The choice of window is somewhat callenging. Even the convex hull may not capture the true
situation, e.g. a hill in the village means that houses are unlikely to occur there and that the distance
between houses on opposite sides of the hill creates artificial Euclidean distances. Possibly a type
of network distance measure based on the communication paths between houses is more appropriate.
Incorporating such covariate data to find non-convex type windows can prove useful here. The resulting
window should then be used in testing for first-order stationarity and mean more precise conclusions.

In addition how to define a quadrat warrants further thought. Should they be regularly spaced

and equal size? Could quadrats be chosen based on covariate information similar to the mechanism
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for window choice? It then follows that the definition of neighbour quadrats could also be extended,

perhaps using a weight matrix or other methods.

6. Conclusion

This paper presents an extended methodology for first-order non-stationarity in spatial point pat-
terns. Bootstrap sampling is able to deal with the assumption of independence in existing tests. The
tests were applied to simulated as well as real-world point patterns. It showed good results in the
case study. On regular and irregular windows, power tests were also performed. Tests that are based
on using bootstrap random samples of quadrats, although more computationally intensive, provides
us with an indication of how p-values differ when different quadrats are included in the calculation
of the test statistics. When p-values are highly variable, these empirical confidence intervals also give
us an indication of how appropriate the choice of grid size is. In our application, we showed how a
small grid size (coarse grid) can negatively influence the results of the first-order stationarity tests and
that larger grid sizes (finer grids) could potentially be more informative. The number of points within
the pattern, however, should also be taken into account as a too fine a grid could also influence the
tests negatively, as shown for the village Ring’wani. Future work could focus on the selection of an
automatic optimal choice of quadrat size and determination of an irregular window using appropriate

covariate information.
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e LR e, VT UT
Min  0.001 0.001 0.001 0.001 0.001
Max  0.988 0.988 0.988 0.988 0.988
- Average 0.357081 0.356879 0.247838 0.356606 0.152758
& Median ~ 0.554 0.554 0.166 0.554 0.005
Standard deviation 0.348608 0.348588 0.301118 0.348074  0.304328
Pys  0.001 0.001 0.001 0.001 0.001
Pyrs 08902  0.891 0.892 0.887 0.856
Min  0.001 0.001 0.001 0.001 0.001
Max  0.035 0.02 0.004 0.03 0.032
Average 0.001657 0.001313 0.001101 0.001727 0.001646
E Median  0.001 0.001 0.001 0.001 0.001
Standard deviation 0.003634  0.002013  0.000463 0.003434  0.003382
Pys  0.001 0.001 0.001 0.001 0.001
Pyrs  0.0072  0.003 0.003  0.0102  0.007
Min  0.001 0.001 0.001 0.001 0.001
Max  0.047 0.068 0.128 0.116 0.054
Average 0.002636 0.002909 0.007556 0.004566 0.002727
E Median  0.001 0.001 0.001 0.001 0.001
Standard deviation 0.007577 0.008986  0.01823  0.017567 0.008405
Pys  0.001 0.001 0.001 0.001 0.001
Pyrs 00317  0.0267 00614  0.06025  0.03075

Table 11: Summary of p-values for hypothesis tests applied to household location point pattern for Ring’wani. For a

3 x 3 grid, test statistics were calculated using random samples of 4 non-empty quadrats. For 5 x 5 and 7 x 7 grids,

random samples of respectively 10 and 16 non-empty quadrats were used for the calculations.
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Y2 LR SC VT UT

Min 0.016 0.042 0.008 0.066 0.02

Max 0.989 0.989 0.988 0.988 0.986

- Average 0.433 0.43 0.431 0.434 0.509

& Median 0.166 0.161 0.407 0.119 0.683
Standard deviationv  0.369686  0.35847  0.322995 0.364816 0.353046

Pos 0.023 0.046 0.012 0.071 0.024

Pyr5  0.9698 0.971 0.970 0.967 0.940

Min 0.001 0.001 0.001 0.001 0.001

Max 0.003 0.003 0.01 0.003 0.004
Average 0.001061 0.001051 0.001253 0.001061 0.00104

E Median 0.001 0.001 0.001 0.001 0.001
Standard deviation 0.000345 0.000299 0.001181 0.000345 0.000317

Pos 0.001 0.001 0.001 0.001 0.001

Pyrs  0.0021 0.00155 0.0041 0.0021 0.001

Min 0.001 0.001 0.001 0.001 0.001

Max 0.002 0.001 0.01 0.002 0.001

Average 0.00101 0.001 0.001182  0.00101 0.001

E Median 0.001 0.001 0.001 0.001 0.001

Standard deviation 0.000101 0 0.000973  0.000101 0
P 5 0.001 0.001 0.001 0.001 0.001
Py75 0.001 0.001 0.002 0.001 0.001

Table 12: Summary of p-values for hypothesis tests applied to household location point pattern for Mesaga. For a 3 x 3
grid, test statistics were calculated using random samples of 4 non-empty quadrats. For 5 x 5 and 7 x 7 grids, random

samples of respectively 10 and 16 non-empty quadrats were used for the calculations.
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e LR sc VT UT

Min  0.001 0.001 0.001 0.001 0.001

Max  0.175 0.173 0.176 0.181 0.152
" Average 0.007879 0.008071 0.008071 0.008121 0.008576

& Median  0.001 0.001 0.001 0.001 0.001
Standard deviation 0.026754 0.027258 0.026745 0.027749  0.027657

Pys  0.001 0.001 0.001 0.001 0.001

Py;s  0.1088  0.111 0.0981 0.112 0.113

Min  0.001 0.001 0.001 0.001 0.001

Max  0.01 0.009 0.027 0.011 0.006
Average 0.001343 0.001121 0.001556 0.001323 0.001101

E Median  0.001 0.001 0.001 0.001 0.001
Standard deviation 0.001334 0.000836 0.002775 0.001384  0.000562

Pys  0.001 0.001 0.001 0.001 0.001

Pyrs  0.0046  0.002 0.005  0.00455  0.002

Min  0.001 0.001 0.001 0.001 0.001

Max  0.002 0.002 0.004 0.002 0.001

Average  0.00101  0.00101  0.001091  0.00101  0.001

E Median  0.001 0.001 0.001 0.001 0.001

Standard deviation 0.000101 ~ 0.000101  0.00038  0.000101 0
Py 0.001 0.001 0.001 0.001 0.001
Pyrs  0.001 0.001 0.002 0.001 0.001

Table 13: Summary of p-values for hypothesis tests applied to household location point pattern for Morotonga. For a

3 x 3 grid, test statistics were calculated using random samples of 4 non-empty quadrats. For 5 x 5 and 7 x 7 grids,

random samples of respectively 12 and 22 non-empty quadrats were used for the calculations.
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X2 LR SC vT ur

Min 0.091 0.038 0.057 0.094 0.001

Max 0.822 0.814 0.804 0.831 0.818
- Average 0.446202 0.417909 0.431667 0.446273 0.288838

& Median 0.441 0.392 0.435 0.441 0.209
Standard deviation 0.158406 0.200491 0.169582 0.158038 0.238708

P 5 0.1218 0.1118 0.0888 0.12465 0.001

Pyrs  0.7263 0.724 0.724 0.726 0.726

Min 0.001 0.001 0.001 0.001 0.001

Max 0.001 0.001 0.003 0.001 0.016
Average 0.001 0.001 0.00103 0.001 0.001152

g Median 0.001 0.001 0.001 0.001 0.001
Standard deviation 0 0 0.000224 0 0.001508

Ps5 0.001 0.001 0.001 0.001 0.001

P75 0.001 0.001 0.001 0.001 0.001

Min 0.001 0.001 0.001 0.001 0.001

Max 0.001 0.001 0.003 0.001 0.001

Average 0.001 0.001 0.001061 0.001 0.001

E Median 0.001 0.001 0.001 0.001 0.001

Standard deviation 0 0 0.000314 0 0
Py 5 0.001 0.001 0.001 0.001 0.001
Py75 0.001 0.001 0.002 0.001 0.001

Table 14: Summary of p-values for hypothesis tests applied to household location point pattern for Machochwe. For a

3 x 3 grid, test statistics were calculated using random samples of 4 non-empty quadrats. For 5 x 5 and 7 x 7 grids,

random samples of respectively 11 and 21 non-empty quadrats were used for the calculations.
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