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ABSTRACT. We introduce a hybrid proximal point algorithm and establish
its strong convergence to a common solution of a proximal point of a lower
semi-continuous mapping and a fixed point of a demicontractive mapping in
the framework of a CAT(0) space. As applications of our new result, we
solve variational inequality problems for these mappings on a Hilbert space.
Tllustrative example is given to validate theoretical result obtained herein.

1. INTRODUCTION

Let H be a real Hilbert space with the inner product (.,.) which induces the norm
[|l.]l, and T a self mapping on a nonempty, closed and convex subset C' of H. A
point z € C is called a fixed point of T if and only if Tz = z. The set of all fixed
points of T is denoted by F(T).

Recall that a mapping T : C' — C'is called k-strict pseudo-contraction (in the sense
of Browder-Petryshyn [8] ) if for all =,y € C, there exists k € [0, 1) such that

172 = Ty|* < |z =yl + Kl|(I = T)x — (I = T)yl|*.

Strict pseudo-contractions have many applications because of their connection with
inverse strongly monotone operators. Indeed, if A is a strongly monotone operator,
then T'= I — A is a strict pseudo-contraction, where I is identity mapping on C
and the problem of finding zeros for A reduces to a fixed point problem for T', and
vice versa ( [13, 47]).

A mapping T : C — C is called nonexpansive if for all z,y € C, we have

1Tz = Ty[| <[lz —yll

Note that the class of strict pseudo-contractions includes the class of nonexpansive
mappings.

The mapping T is said to be demicontractive (or k-demicontractive) if there exists
k € (0,1) such that

(1.1) Tz —pl|® < ||z —p||* + k||Tz — z||> V= € C, p e F(T).

Note that, the class of demicontractive mappings properly includes the class of
quasi-nonexpansive mappings for k£ > 0. A mapping T : C' — H is called y—inverse
strongly monotone (see [11]) if there exists a positive real number v such that

(Tx — Ty, —y) >7||Tz — Ty||? for all 2,y € C.

Key words and phrases. Proximal point, Demicontractive mapping, Fixed point, /A conver-
gence, Strong convergence, CAT(0) space. 2010 Mathematics Subject classification. 47TH09, 47J25.
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The Mann iteration process [41] is defined by the sequence {z,} :

(12) { ry=z€C

)

Tpt1 = QnTp + (1 —ap)Ta,, n>1

where {a,}22, C (0,1).

The problem of approximating fixed points of nonexpansive mappings via the above
iteration process has been extensively studied by Reich [42] (in this connection, see
also [43]).

It is known [42] that if T" is nonexpansive on a closed and convex subset C of a
uniformly convex Banach space with a Frecht differentiable norm and F(T') # 0,
then the sequence {z,} generated by Mann iteration process converges weakly to a
fixed point of T provided that the control sequence {a,, }52; satisfies Y 02 | a,, (1 —
a,) = 00. The Mann iterative algorithm also gives weak convergence in the broader
setting of strict pseudocontractions [37] (see also [5]).

However, in view of the counterexample in [22], Mann iterative algorithm does
not converge strongly, in general. Thus, to obtain strong convergence, one needs
to modify the Mann iterative algorithm and strengthen the hypotheses on the
mapping. Recently, Hussain et al. [27] obtained strong convergence of an iterative
method for nonexpansive mappings. Marino et al. [36] showed that the result in
[27] is also true for strict pseudo-contractions under different assumptions on the
coefficients.

On the other hand, the proximal point algorithm (PPA) is an optimization
method which provides a minimizer of a convex lower semicontinuous function on
a Hilbert space. Its origin goes back to the work in [39] and references therein.
Rockafellar [45] raised a question as to whether the PPA always converges strongly
which was answered in negative by Guler [24] (in this connection see also [10] and

[5])-

The structure of ambient space plays a vital role in solving a fixed point equation.
Banach space being a vector space possesses a convex structure in a natural way.
Thus geometric properties of Banach space provide a natural setting to study the
existence of fixed points of certain mappings.

However, metric spaces do not have the convex structure. Ever since Takahashi
[49], studied fixed points of nonexpansive mappings in the setting of convex metric
spaces, different convex structures have been introduced in metric spaces. CAT(0)
space is a typical example of a convex metric space and Hilbert ball with the hyper-
bolic metric is another important example of CAT(0) spaces ( for details, see the
book by Goebel and Reich [23]). It is well known that pre-Hilbert spaces, R-trees
[7] and Euclidean buildings [9] are CAT(0) spaces. For a thorough discussion of
these spaces and their role in various branches of mathematics, we refer to [7] and
references therein. The study of fixed points in the setup of CAT(0) spaces was ini-
tiated by Kirk ([29, 30]). He showed that every nonexpansive mapping defined on a
nonempty closed, convex and bounded subset of a CAT(0) space always has a fixed
point. Lim [32] introduced the notion of A-convergence in metric spaces. Kirk
and Panyanak [31] studied this concept in the framework of CAT(0) spaces and
showed that many results which involve weak convergence such as Opial property
and Kadec-Klee property have precise analogues in this setting. Later on, Dhom-
pongsa and Panyanak [20] obtained A-convergence results for the Picard, Mann,
and Ishikawa algorithms in CAT(0) spaces.
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Recently, many algorithms for solving optimization problems in linear spaces (Eu-
clidean spaces, Hilbert spaces, and Banach spaces) have been studied in the setup
of differentiable manifolds ( [21, 33, 44]).

Baddk [4] has considered the PPA in the framework of a CAT(0) space (X, d) as
follows:

Let f: X — (—o00,00] be a proper convex and lower semi-continuous function.
Define a sequence {x,,} by

r1 € X

Tns1 = argmin(f(y) + H-d>(y, 20) )
yeX

where A\, > 0, and n > 1. It has been shown that if f has a minimizer and
>0 An = 00, then {z,}, A—converges to the minimizer of f [3].

Cholamjiak et al. [15] established that if f : X — (—o00, 00] is a proper convex and
lower semi-continuous function, where X is a complete CAT(0) space. Let T} and T5
be nonexpansive mappings on X such that Q := F(T1) () F(T>) ()arg minyecx f(y) #

(). Define for arbitrary zo € X, sequence {z,} by:

2 = argmin[f (y) + 53—d*(y, )]
yeX

Tn+1 = (1 - an)Tlxn ¥ anTQyn

where {a,,} and {8,} are sequences such that for some a,b, we have 0 < a <
Qp, Bn < b < 1and {\,} is a sequence such that A, > X > 0 for all n € N and for
some A. Then {z,} strongly converges to a point in .

Recently Chang et al. [12] introduced the following S— type iteration process to
compute minimizer of a convex function and a common fixed point of asymptotically
nonexpansive mappings in CAT(0) spaces for an arbitrary zo € C, let {x,,} be the
sequence defined by:

2z = argmin[f (y) + 5-d*(y, )]
yel )

Tny1 = 015wy @ N ST T, + £S5 Yn,

(1.4)

where Q = F(Th) N F(T>) N F(S1) N F(S2) Nargmingec f(y) # 0 and {a,},
{Bn}s {vm}s {0n}, {nn}, {&n} are sequences in [0,1] with conditions ay, + B, + v, = 1
and 0, + 1, + &, = 1, where 0 < a < ay, Bry Vns Ony s En < b < 1. They proved
strong and A—convergence of the sequence {z,} to a point in .

In this paper, we establish strong convergence of a hybrid proximal point algo-
rithm to a fixed point of an L-Lipschitizian demicontractive mapping and minimizer
of a proper convex and lower semi-continuous function defined on a nonempty closed
and convex subset of a complete CAT(0) space, that is, we find a common solution
for a fixed point of demicontractive mapping and minimizer of a proper convex and
lower semi-continuous function. We also give some applications of our result.



4 G. C. UGWUNNADI !, A. R. KHAN 2 AND M. ABBAS 3

2. PRELIMINARIES

We denote by N, R*, R the set of natural numbers, the set of nonnegative real
numbers and the set of real numbers, respectively.

Let (X,d) be a metric space and x,y € X. A geodesic path joining = to y (or,
a geodesic from x to y) is a map v : [a,b] € R — X such that y(a) = z, v(b) = v,
and d(v(t),v(t") = |t = ¢| for all t,¢’ € [a,b]. In particular, v is an isometry and
d(z,y) = b— a. A geodesic segment in X is the image y([a,b]) of a geodesic path
in X joining x and y. A metric space X is said to be a geodesic space if every two
points of X are joined by a geodesic, and X is said to be uniquely geodesic if there
is exactly one geodesic joining = and y for each =,y € X. A geodesic segment is
denoted by [z, y], if it is unique.

A geodesic triangle A(x1,z2,x3) in a geodesic space X consists of three points
x1,x9,x3 of X, called the vertices of A(z1,x2,23) and three geodesic segments
joining each pair of vertices called the edges of A(x1,x2,x3). A comparison triangle
of a geodesic triangle A(xy, 2, x3) is the triangle A(z1, 72, 23) := A(F1, T2, T3) in
the Euclidean space R? such that

d(zi, ) = dr2(24,95), Vi,j =1,2,3.
A geodesic space X is a CAT(0) space, if for each geodes1c triangle A(x1, 2, x3) in

X and its comparison triangle A := A(Zy, T2, Z3) in R?, the following comparison
axiom called CAT(0) inequality

d(l‘, y) < dR2 (‘ia g)
is satisfied for all z,y € A and all comparison points Z,7 € A.
The reader interested in detailed study of such spaces is referred to [7] and references
therein.

Let x,y € X and A € [0,1]. Throughout this paper, we will use the notation
Az @ (1 — Ny for the unique point z € [z, y] satisfying
d(z,z) = (1 = N)d(z,y) and d(z,y) = Md(z,y).
A subset C of a CAT(0) space is convex if it includes each geodesic segment joining
any two points in C, that is, [z,y] C C for all z,y € C.

Berg and Nikolaev [6] introduced the concept of quasilinearization in a metric
space X as follows:

Denote a pair (a,b) € X x X by ? and call it a vector. The quasilinearization
isamap (.,.): (X x X) x (X x X) = R defined by
1
(ab, ed) = 5 (30, d) + (b,0) — d*(a,¢) = *(b,d)), Va,b,e,d € X.

) —d*(a,c
It is easily seen that <% —> = &?,% ? _c>l> = —@7&% and

(2.1) (@, cd) + g?écd (ab, ed) for all a,b,¢,d,z € X.
We say that X satisfies the Cauchy-Schwarz inequality if
(2.2) (ab, ed) < d(a, b)d(c,d)

for all a,b,c,d € X. It is known that a geodesically connected metric space is a
CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality [6].

Using the concept of a quasilinearization, Liu and Chang [34] defined demicontrac-
tive mappings in CAT(0) spaces as follows:
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Definition 2.1. Let (X, d) be a CAT(0) space. A mapping T : X — X is said to
be demicontractive if F'(T') # () and there exists a constant A € [0,1) such that

<m,@> < d*(z,p) — Md*(z,Tx), Vo€ X, pe F(T)
It is easy to show that the above inequality is equivalent to
d*(Tz,p) < d*(z,p) + (1 — 2\)d?(z, Tx).
which implies
(2.3) d*(Tx,p) < d*(x,p) + kd*(x,Tz),  where k =1 — 2.

Lemma 2.2. [20] [17] Let X be a CAT(0) space, x,y,z € X and A € [0,1]. Then
(1): dAz® (1 =Ny, 2) < Ad(z,2) + (1= N)d(y, 2) .
(ii): ?(Az & (1 — Ny, 2) < A% (2, 2) + (1 — N d?*(y,z) — A1 — N)d (x, Y).
(iii): >z @ (1= Ny, 2) < A2d%(x, 2) + (1 — M\)2d%(y, 2) + 2M(1 — \) (T2, y2).

Let {z,} be a bounded sequence in a complete CAT(0) space X. For z € X, we
set

r(z,{z,}) = limsup d(x, x,).

n—oo

The asymptotic radius r({z,}) of {x,} is given by

r({z,}) = inf{r(z, {z,}) : x € X},

and the asymptotic center A({z,}) of {x,} is the set

A({zn}) = {x € X ir(z, {za}) = r({za})}-

It is well known that in a CAT(0) space, A({zy}) consists of exactly one point( [19]).
A sequence {z,,} in X is called A—convergent to z € X, denoted by A — limz,

= z if x is the unique asymptotic center of {u,}, for every subsequence {u,} of

Lemma 2.3. [31] Every bounded sequence in a complete CAT(0) space always has
a A\—convergent subsequence.

Lemma 2.4. [18]If {z,} is a bounded sequence in a closed and convex subset C' of
a complete CAT(0) space, then the asymptotic center of {x,} is in C.

Let {z,} be a bounded sequence in a complete CAT(0) space X, and C be a
closed and convex subset of X which contains {z, }. We employ the notation

{zn} — w & limsupd(z,, w) = inf (limsup d(z,, x)).
z€C" n—oo

n—oo

We note that {z,} — w if and only if A({z,}) = {w} (see [40]).

Lemma 2.5. [40] If {z,} is a bounded sequence in a closed and convexr subset C
of a complete CAT(0) space, then /\ — h_>m xn, = p tmplies that {x,} — p.

n—oo
Lemma 2.6. [26] Let {x,} be a sequence in a complete CAT(0) space X, and
x € X. Then {x,} is A—convergent to x if and only if limsup,, ,._(zz,, 7)) < 0
for ally € X.
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A function f: C' — (—o00, 00| defined on a convex subset C' of a CAT(0) space is
convex if, for any « and y in C with geodesic segment [z,y] = {7,,(A) : 0 <A <
1} :={Az® (1 — Ny :0 <X <1}, the function f o~ is convex, that is,

fOrzyN) = Fe @ (1= Ay) < Af(2) + (1= A)f(y)-

For examples of convex functions in CAT(0), we refer to [12].
For any A > 0, define the Moreau-Yosida resolvent of f in CAT(0) space X as
follows:

(2.4) Ja(e) = axgmin[ (y) + o5 d(0.2)]. ¥ 2 € X,
yeX 2\

Let f: X — (—o00,00] be a proper convex and lower semi-continuous function. It

is known [1] that the set F'(Jy) of fixed points of the resolvent associated with f

coincides with arg mi}r{1 f(y), the set of minimizers of f. Also for any A > 0, the
ye

resolvent Jy of f is nonexpansive [25].

Lemma 2.7. (Sub-differential inequality [2]) Let (X,d) be a complete CAT(0) space
and f: X — (—o0,00] a proper convex and lower semi-continuous. Then, for all
z,y € X and X > 0, the following inequality holds:

(2.5) %dQ(ka,y) - %dQ(x,y) + %dz(x, Iae) + f(Iax) < fy).

Lemma 2.8. (The resolvent identity [25, 39]) Let (X,d) be a complete CAT(0)
space and f: X — (—o00,00] a proper conver and lower semi-continuous. Then the
following identity holds:

I = ()\;MJ,\xEB %x)

forallz € X and A > p > 0.

Lemma 2.9. ([35]) If {a,} is a sequence of real numbers and there exists a sub-
sequence {n;} of {n} such that an, < an,41 for all i € N, then there exists a
nondecreasing sequence {my} C N such that my — oo and the following properties
are satisfied:

Uy, < A1 and ag < Gppy41-

for all sufficiently large numbers k € N. In fact, my = max{j <k:a; < aj+1}.

Lemma 2.10. ( [50]) If {an} is a sequence of nonnegative real numbers satisfying
the following inequality:

an+1 S (]- - an)an + QapOnp + Yn, N 2 07

where, (1) {an} C[0,1], > @, = o0; (4) limsup o, < 0; (4i7) v, > 0; (n >0) and
> 9 < 00. Then, a, — 0 as n — oco.

The condition of demicontractivity or the more restrictive condition of quasi-
nonexpansivity is not sufficient for the convergence of the Mann iteration, even in
finite dimensional spaces; some additional smoothness properties of the mapping T’
, like the continuity or demiclosedness are required (cf. [14]).

Definition 2.11. [14] A self mapping T on a Banach space is said to be demiclosed
at y, if for any sequence {z,} which converges weakly to x, and if the sequence
{T(x,)} converges strongly to y, then T(z) = y.
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In particular, if y = 0, then T is demiclosed at 0. As the concept of A-
convergence in CAT(0) space is analogue of weak convergence in Banach space,
so the following is an analogue of Definition 2.11 in CAT(0) space.

Lemma 2.12. [40] Let X be a complete CAT(0) space. A mapping T : X — X
is said to be A-demiclosed at 0, if for any bounded sequence {x,} in X such that
A — lim z, =p and lim d(x,,Tz,) =0, we have Tp = p.

n—oo

n—o0

3. MAIN RESULT

Theorem 3.1. Let (X, d) be a complete CAT(0) space, [ : X — (—o0,00] a proper

convex and lower semi-continuous function andT : X — X an L-Lipschitizan demi-

contractive mapping such that T is A-demiclosed at 0 and Q := F(T) () argminf(y) #
yeX

0. If {an}S2, and {Bn}32, are sequences in (0,1) satisfying the following condi-
tions:

(c1) limy, o0 @ty = 0O;
(€2) Donty o = 00;
(c3) 0<e<Br<1—2k VYn>1 and somee>0 and k € [0,1),

then the following hybrid prozimal point algorithm {x,,}22 , defined for any x1 €

X?
Zn = a?"ygegin[f (v) + - d?(y, )]
(3.1) Yn = (1 — an)zn)

Tn+1 = (1 - Bn)zn 5] ﬁnTyn
converges strongly to p € Q.

Proof. Let p € Q. Then f(p) < f(y), Vy € X. Thus, by Lemma 2.7, we obtain

o) + id?(p,m < fly)+ id%y,p), Vye X,

and hence it follows from (2.5) that p = Jy, p, V n > 1. Indeed, from (2.4) and
(3.1) , we have z, = Jy_ x, and as Jy  is nonexpansive (see [25]), so we obtain

d(Zn,p) = d(J)\nxna J)\np) < d(xnvp)'
Using (3.1) and Lemma 2.2 (ii), we obtain

d2(ynap) = dz((l - an)zn)vp)
< and®(0,p) + (1 — a)d* (2, p) — an(1 — ay,)d*(0, 2,).
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Also from (3.1) and (2.3), we obtain

d2(a:n+1,p) = dQ((l — Bn)zn © BnTYn, p)
< (1- 5n)d2(znap) + ﬂndQ(Tymp) — Ba(l — 5n)d2(zna Tyy)
< (1- 5n)d2(znap) + ﬂn[dz(yn,p) + kdz(ym Tyn)]
—Bn(1— ﬁn)d2(zanyn)
< (1- Bn)dQ('Zmp) + ﬁndz(ymp) + Bnkld(Yn, 2n) + (zn,Tyn)}Q
—Bn(1 - ﬁn)dQ(zmTyn)
< (1= Bn)d*(2n,p) + Bud® (Yn, D) + 2kBnd? (yn, 20)

(3'2) _Bn(l — Bn — 2k)d2(zna Tyn)

< (1- 5n)d2(znap) + ﬂndQ(yn,p)
+B[and? (0, 2,) + (1 — ) d?* (2, 2n) — an(1 — a,)d?(0, 2,,)]
—Bn(1 = Brn — 2k)d2(zn7Tyn)
< (1= an)d*(20,p) + Bnd®(yn, ) + 2kBnaid’(0, 2,)
—Bn(1 = B — Zk)dQ(Zna Tyn)
< (1- /Bn)dQ(znap) + anlgnd2(07p) +(1 - an)ﬁndQ(Znap)
— 0 B (1 — 0, )d?(0, 2,,) + 2k 302 d%(0, 2,,)
—Bn(1 = Bn — Qk)dz(znaTyn)
< (1- anﬁn)d2(xnvp) +(1- anﬁn)d2(07p)

— B[l — an — 2k, ]d*(0, 2,,)

—Bn(1 = Bn — 2k)d*(zn, Tyn)
< (1= anBn)d® (@0, p) + (1 — nBn)d?(0, p)
< max{d*(zn,p),d*(0,p)}.

By induction, we obtain
&(n, p) < max {d(e1,), 2(0,p) }.
Thus {z,}52, is bounded, and hence {y,}5; is bounded. By (3.1) and Lemma
2.2 (iii), we have
2 2 72 2 72 a7
(3.3) d*(Yn,p) < @, d*(0,p) + (1 — o) d"(2n, p) + 2an (1 — @) {Op, Zﬁ>
Substituting (3.3) into (3.2), we obtain

d2(;vn+1,p) < (11— anbn)d (zn,p) + 2anﬁn[and2(0,p + 2kand2(07zn)

)
)

+2(1 — an)<0p7 ZnD)] = Bu(1 — Bn — 2k dz(znaTyn)
< (1= apfBn)d? xn,p) + 20 B[ d?(0, p) + 2ka, d?(0, 2,,)
(3.4) +2(1 — ozn)<0p7 Znb)] — Bn(1 = Bn — 2k)d* (2, Tyn)
< (1= anBn)d®(xn, p) + 20, Buland?(0,p)
(3.5) 1 2kand?(0, 2) + 2(1 — an) (0p, 7).

As {z,} and {z,} are bounded, so there exists D > 0 such that

[ d?(0, p) + 2k d®(0, z,) + 2(1 — ) (Op, Za)] < D
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Now from (3.4), we obtain
ﬁn(l - ﬂn - Qk)dz(znaTyn) S dQ(xnap) - dz(xn—i-lvp)

We have now the following two cases.
Case 1: Assume that {d(z,,p)} is non-increasing. Then {d(z,,p)} is convergent.
It follows from (3.6) that

Bn(1 = B — 2k)d* (2, Tyn) — 0 as n — 0o
which implies that

(3.7 d(zn, Tyn) = 0 as n — oo
Now from (3.1) and Lemma 2.2 (i), we obtain
dyn,zn) = d(((1 = an)zn), 2n)
(3.8) < and(0,2,) + (1 — an)d(zn, 2n) — 0 as n — oo.
By (3.7) and (3.8), we obtain that
(3.9) A(Yn, Tyn) < d(Yn, 2n) + d(2n, Tyn) — 0 as n — oco.
Note that
o ) = 5 (s p) + -, 20) < F0) — £(2).
As f(p) < f(zy) for all n > 1, so we have
(3.10) d* (2, 2n) < d*(20,p) — d*(2n, ).
Thus
d*(@nt1.0) < (1= Ba)d® (20, D) + Bnd® (Yn, p)2kais Bnd? (0, 2,)
< (1= Bn)d(@n,p) + anBud?(0,p) + (1 = ) Bnd’ (20, p)
— 0 fn(1 — ay — 2k, )d?(0, 2,,)

< (1= Ba)d*(@n, ) + anfnd®(0,p) + (1 — an)Brd? (zn, ).
Hence

Planp) < o (Eanp) - )
(3.11) +0,d?(0,p) + (1 — an)d*(2n, p)-
Now by (3.10) and (3.11), we have

d*(xp,2n) < ﬁln (dQ(scn,p) dz(:an,p))

i (€(0,p) = &(2,7) ).

Since {z,} and {z,} are bounded and {d(z,,p)} is non-increasing sequence, there-
fore lim d(zy,z,) =0 and hm d(xn,yn) = 0. Also from (3.9), we obtain that

n—roo

lim d(xn, Ty,) =0

n—oo

and

(14 L)d(xn, yn) + d(yn, Tyn).

INIA
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Thus
(3.12) lim d(x,, Tx,) = 0.

n— oo

As A, > A >0, so by Lemma 2.8 and Lemma 2.2(i), we obtain

An — A A
d(Jntn, Ir,2n) = d(JAxn, JA( e @ Exn))
S d(l’n, (1 - %)J)\n‘rn ¥ %xn)
< (1- %)d(wn,zn) — 0 asn — oo.
Also,
(3.13) A Xy InTp) < d(Tp, 20) + d(2n, Iazn) = 0 as n — oo.

Since {x,,} is bounded and X is a complete CAT(0) space, therefore by Lemma
2.3, there exists a subsequence {z,, } of {z, } such that A —limx,,, = v € X. Then,
from (3.12) and the fact that 7" is A-demiclosed at 0, we obtain that v € F(T).
From (3.13) and the fact that Jy is nonexpansive [25], we have v € Q. By Lemma
2.6, we have

(3.14) lim sup((?},ﬂ) <.
Note that from (2.1) and (2.2), we obtain
00, 2:0) = (00, %) + (00, 50)

< d(0,v)d(zn, zn) + <Ov,m>,

so from li_>m d(zy, 2,) = 0 and (3.14), we have

lim sup((i)}, Zat) < 0.
Using v := p in (3.5), we obtain that
d2(1'n+17p) < (1- O‘nﬁn)dQ(xna v) + 2an5n[and2(07 v) + 2kand2(07 Zn)
%
(3.15) +(1 = ) (00, Z,8)].
Consequently,
dz(zn-&-la U) < (1 - anﬂn)dz(xna U) + n Bnoy,
where 0, = a,d?(0,v) + 2ka,,d*(0,z2,) + (1 — a@((ﬁ,ﬁ}. It follows from
Lemma 2.10 that d(z,,v) — 0 as n — oo, that is, x, - v asn — oo .
Case 2: Assume that {d(z,,p)}n>1 is non-decreasing sequence. Now, there exists
a subsequence {n;} of {n} such that
d(xnwp) < d(xnr‘rl’p)
for all i € N. Now by Lemma 2.9, there exists an increasing sequence {m;};>1 such
that m; — oo, d(2m;,p) < d(m;41,p) and d(z;,p) < d(@pm;41,p) for all j > 1.
Also from (3.6) and the fact that a,,; — 0, we obtain
/ij (1 - ﬂmj - 2k)d2(zmj?Txmj) < d2(l’mj,p) - dz(xmj+1,p)
+am]‘ ﬁm_,» [D - d2 (xm7’p):|
This implies d(2p,, T%m;) — 0 as j — oo. Thus, as in Case 1, we obtain that
d(Zm,, TTm,;) — 0 as j — oo. Following arguments similar to those in the proof of
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Case 1, we get lim sup<0_1>),:rmj ) < 0. Also from the inequality (3.15), we obtain
that,

d2(xmj+17p) S (]- - amj/ij)d2(‘rmj7v)
(3.16) 20, B, [, 2 (0,0) + 2kt d* (0, 2m,)
+(1 = o, ) (00, 5, )]

which implies that

O‘mjﬂmde(zmjyp) S dQ(me,v) - d(xm]'-‘rl?p) + 205mjﬁmj [O‘mde(OaU)
42k, d2(0, 2, ) + (1 = Qi ) (00, )]

In particular, d?(zpm,,v) < d?(2m,+1,v) and am; Bm, > 0 give that
(0, T, ) < [, d2(0,0) + 2k, d2(0, 2. ) + (1 — i, ) (00, 2 ).

Using lim sup((ﬁj, m) < 0 and the fact that a,,, — 0 as j — oo, we obtain that
d(Zm;,v) = 0 as j — oo. This together with (3.16) implies that d(z,,+1,v) — 0
as j — oo. But d(xj,v) < d(Tm,+1,v), for all j > 1. Thus we obtain that z; — v.
Hence the result follows. O

Remark 3.2. Theorem 3.1 extends the result of Bac¢dk [4] from weak convergence
to strong convergence and the result of Cholamjiak et al. [15] from nonexpanvive
mapping to Lipschitzian demicontractive mapping. Also Theorem 3.1 extended
the result in [36] from strict pseudo-contractive mapping in a real Hilbert space to
Lipschitzian demicontractive mapping in a more general space than Hilbert space.
We studied a new hybrid proximal point algorithm for solving convex minimization
problem as well as fixed point problem of Lipschitzian demicontractive mappings
in CAT(0) spaces. Our method of proof is different from that of Cholamjiak et al.
[15] and Chang et al. [12].

Remark 3.3. Since every Hilbert space is a complete CAT(0) space [28], there-
fore Theorem 3.1 is an extension and generalization of the results of Guler [24],
Rockafellar [45] and Kamimura and Takahashi [48].

4. APPLICATIONS

Let C be a nonempty closed and convex subset of a real Hilbert space. The
normal cone for C' at a point z € C, denoted by N (x), is defined by

Ne(z)={2"€e H:(y—z,2") <0,VyeC}

For a proper lower semicontinuous convex function f : H — (—o0, 0], the subdif-
ferential mapping df of f is defined by

(4.1) Of(x)={«* € H: f(x)+ {y —z,2") < f(y), Vx,y € H}.

Rockafelllar [46] proved that df in (4.1) is a maximal monotone operator. The
mapping (I + A\9f)~! is called the resolvent of the operator df with parameter
A > 0, so the proximal operator is equivalent to resolvent of the subdifferential
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operator, that is,
. 1
¢ = argmin(f(z) + or|lz - ull3)

& Oeaf(x)—k%(x—u)
& uex+Mf(x)
(4.2) s xe(I+20f) Hu).

Let i¢ be the indicator function of C, that is,

o) = 0, ifzeC
T o, ifzéC

Then ic : H — (—o00,00] is a lower semicontinuous function on H and dic is a
maximal monotone mapping. Let Jyx = (I + A\dic) 'z for all A > 0 and z € H.
From the fact that dicz = Negx for € C, (see [47]), we obtain
ueJy & zreEu+Nicusx€u+ ANcu
& z—u€AINcue (r—uy—u) <0, VyeC
(4.3) & u= Pox;

but z € (I +Adf)~!(u), and so it follows that

1
v = argmin(ic(r) + oylle — ull3)
& x€(A+0ic) H0)
& 0€(A+dic)r e —Ax €icx
& (—Az,y—2)<0,Vyel
& zeVIC,A)
and hence
. 1
S argmmln(f(ir)JrﬁHx*UHg)
& z€(A+0ic) H0)
(4.4) < zeVIC A).

Now using Theorem 3.1, we obtain strong convergence theorems for approximating
a fixed point of an L-Lipschitizan demicontractive mapping and solution of the
variational inequality problem for -inverse monotone mapping.

Theorem 4.1. Let C' be a nonempty closed and convex subset of a real Hilbert
space H, T : C — C an L-Lipschitizan demicontractive mapping such that T is
demiclosed at 0 and A : C — H be a y-inverse strongly monotone mapping and
B: C — H be a mazimal monotone such that F(T)NVI(C,A) # 0. If {an},,
{Bn}S2, are sequences in (0,1) and {\,} € (a,b) C (a,2\) satisfying the following
conditions:

(c1) limy,,— o0 ayy = 0;

(€2) ooy an = o0o;
(e3) 0<e< B, <1-—2k,
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then the following hybrid proximal point algorithm {z,}>2; defined for any
r €C,
zn = Po(2n — ApAxy,)
(45) Yn = PC((l - an)zn)
Tn+1 = (1 - ﬂn)zn + BnTyn

converges strongly to the minimum-norm point p of F(T)VI(C, A).

Proof. Put Bx = dicx. The conclusion follows from Theorem 3.1 in view of (4.4).
(|

Theorem 4.2. Let C' be a nonempty closed and convex subset of a real Hilbert
space H, T : C — C an L-Lipschitizan demicontractive mapping such that T is
demiclosed at 0 and A, B : C — H be mazximal monotone mappings such that
Q= FTONA+B)™0) # 0. If {an}>q, {Ba}32, are sequences in (0,1)
satisfying the following conditions:

(c1) limy,,— 00 @y = 0;

(€2) 3oy an = 00;

(e3) 0<e< B, <1-—2k,

then the following hybrid proximal point algorithm {x,}22 , defined for any x1 €
C?

(4.6) Yn = Po((1 — an)Us, (0 — AnAxy,))
Tnt+l = (]- - ﬂn)U)\nxn + BnTyn
( here Uy, x, := (I + \yB)"tz, and \,, C (a,1),a > 0) converges strongly to the
minimum-norm point x* of Q.
Proof. We know that df is maximal monotone. From (4.2) and (4.3), we have that
0 € 0f(x) if and only if f(x) = Hélgf(y) and y € (I + dic)~(x) if and only if
y
y = Pox for all x € H, y € C. The conclusion now follows from Theorem 3.1. [
4.1. Numerical example. We give an example in support of Theorem 3.1. Let
X = R* be endowed with Euclidean norm |[[.||2. For each 2 = (z(1), 2 2(3) () ¢
X, let A: X — X be defined by A(z) = (22 +20), 2@ 424 206) 21 25(4)
(), which is continuous linear and monotone mapping. We define f : X —
(700, OO} by
1
f(z) = 5114z~ all3,

where
2 0 1 0 0
0 1 0 1 0
A=11 0 10 and =1,
0 -1 0 2 0

The function f is proper convex and lower semi continuous function, (cf. [16, 38]).
Then, for A, =1 for each n > 1, we obtain from (cf. [38]) that

Zn i= Prozs(x) = argmin[f(y)+ %dQ(y,xn)]
yeX n
= (I+ATA) Yz + ATa)
(4.7) = (I+ATA) 2.
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Let z = (z,2® 20 2*) € X and T be a self mapping on X defined by Tz =

3 . . . . . 1 1
—32. Then T is a demicontractive mapping with k£ = z. Now a,, = 15,57, Bn =

3n-1 satisfy Condition (c1)-(c3) in Theorem 3.1. Therefore, for any z; € X,

algorithm (3.1) in view of (4.7) becomes

2n = [+ ATA) 1z,

__ 10n+6
(48) y’n - 10n+7z’n
47 1 3—9
Tp1 = 5%: Zn + 100:;yn7 n > 1.

By (1.3), the algorithm of Cholamjiak et al. [15], using T;z = 9% for each i = 1,2

and o, = g, Bn = %, we obtain by (4.7)

2n =+ ATA) 1z,

_ 9n+1 In
(4.9) Yn = Ton+1%n T ToonTD) 20
9(47n+1) 27n—9
Tntl = ~5gon n T Foo5 Yn» 7= 1.

By (1.4), the algorithm of Chang et al. [12], using T;x = S;xz = % for each i = 1,2
and on, = oy, Bo = it = 1= (an+Bn), 0n = E27, M = G5t &n = Gt
we obtain by (4.7),

2= (I+ATA)a,,
_ 75n%-9n—1 9(420n>+57n+1)
(4.10) Yn = Son(mons) Tn T ~Soon(iont1)  2n

_ _45n-9 9n+18
Tnt1 = Toinin On T To@ntnYn 7 = 1.

The following tables show results of our numerical experiment based on MATLAB
software.

No. of iterations ‘ Ty = (a:g),x,(f),xg’),az%)) ‘ Erros=||z, — Zpn—1]|2 ‘
1 (7.0000, 6.0000, 3.0000, 2.0000)

2 (0.9829, 2.7150,0.4275, —0.0088) 7.5928

3 (0.1548,1.3126, —0.0659, —0.2420) 1.7176

4 (0.0419,0.6624, —0.1170, —0.1845) 0.6644

5 (0.0205, 0.3425, —0.0867, —0.1126) 0.3300

19 (0.0396, 0.4790, —0.1738, —0.1882)6_04 0.0000

TABLE 1. Numerical results for the algorithm (4.8)
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No. of iterations ‘ Ty = (x%l)wgf)?ng),xg)) ‘ Erros=||z, — Zyn—1]|2 ‘

1 (7.0000, 6.0000, 3.0000, 2.0000)

(6.2803, 5.3892, 2.6916, 1.7934) 1.0143
(5.6291,4.8376, 2.4125, 1.6064) 0.9172
(5.0437,4.3415, 2.1616, 1.4382) 0.8246
(4.5184,3.8958, 1.9365, 1.2874) 0.7403

T W N

19 (0.9645, 0.8528,0.4133, 0.2715) 0.1600

TABLE 2. Numerical results for the algorithm (4.9)

No. of iterations ‘ Ty = (xS),xf),x%?’),xﬁf)) ‘ Erros=||z, — Zpn—1]|2 ‘

1 (7.0000, 6.0000, 3.0000, 2.0000)

(4.2571,4.2742,1.8266,1.1196) 3.5572
(2.9551,3.2895, 1.2580, 0.7189) 1.7745
(2.1430,2.5995, 0.9011, 0.4793) 1.1490
(1.5886, 2.0823, 0.6572, 0.3228) 0.8117

U W N

19 (0.0430,0.1350, 0.0048, —0.0130) 0.0302

(1]
2]

(10]
(11]

(12]

(13]

TABLE 3. Numerical results for the algorithm (4.10)
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