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Abstract

Syphilis, a major sexually-transmitted disease, continues to pose major public health burden
in both under-developed and developed nations of the world. This study presents a new
two-group sex-structured model for assessing the community-level impact of treatment and
condom use on the transmission dynamics and control of syphilis. Rigorous analysis of the
model shows that it undergoes the phenomenon of backward bifurcation. In the absence of
this phenomenon (which is shown to arise due to the re-infection of recovered individuals),
the disease-free equilibrium of the model is shown to be globally-asymptotically stable (GAS)
when the associated reproduction number is less than unity. Furthermore, the model can
have multiple endemic equilibria when the reproduction threshold exceeds unity. Numerical
simulations of the model, using data relevant to the transmission dynamics of the disease
in Nigeria, show that, with the assumed 80% condom efficacy, the disease will continue to
persist (i.e., remain endemic) in the population regardless of the level of compliance in condom

usage by males. Furthermore, detailed optimal control analysis (using Pontraygin’s Maximum
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Principle) reveals that, for situations where the cost of implementing the controls (treatment
and condom-use) considered in this study is low, channelling resources to a treatment-only
strategy is more effective than channelling them to a condom-use only strategy. Furthermore,
as expected, the combined condom-treatment strategy provides a higher population-level
impact than the treatment-only strategy or the condom-use only strategy. When the cost of

implementing the controls is high, the three strategies are essentially equally as ineffective.
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1 Introduction

Syphilis, a sexually-transmitted disease (STD), caused by the bacteria Treponema Pallidum con-
tinues to pose a major public health challenge in both the developing and developed parts of the
world [1, 2, 4, 8]. The disease accounts for about 12-13 million infections globally [8] and close to
200,000 fatalities every year [63] (the incidence rate for syphilis varies from country -to-country,
ranging from 3.5 to 30 per 100,000 in countries like Denmark, Germany, The Netherlands and the
United Kingdom [10]) (Data for developing countries are hardly available, though we could find
some for Nigeria in [11]). Furthermore, studies from the World Health Organization (WHO) show
that a significant number of pregnant women (about 2 million) acquire syphilis infection every
year [8] (and mother-to-fetus transmission occurs in 80% of cases [3, 5, 6, 8]).

Syphilis, tagged the “great imitator” by Sir William Olser [46], spreads through direct contact
with sores created by the bacteria. The infection progresses through multiple stages when left
untreated, namely primary stage of infection (usually lasting between 3 and 6 weeks), secondary
stage (usually lasting between 4 and 10 weeks), latent stage (usually lasting between 10 weeks and
2 years) and the late (tertiary) stage of infection (usually lasting over two years) [10, 27]. The point
of syphilis contamination is portrayed by an ulcerative chancre flagging the start of the primary
stage of the disease [10]. The secondary stage of infection is characterized by multiple symptoms,
especially fever, lymphadenopathy, skin rash and genital or perinea condyloma latum [10]. The
latent stage of infection is where damage to internal organ is possible, causing serious health
complications which can lead to death [10]. In the latent stage, all clinical manifestations subside
and the infection is apparent only on serologic testing [10]. The late (tertiary) stage of infection
can manifest as gummatous disease, cardiovascular disease or central nervous system involvement
[10]. Syphilis infection can be treated by using antibiotics, such as penicillin, at any stage of the
infection [10] (in fact, in its early stages, the disease can be cured with a single injection of this

drug. Infected individuals who have syphilis longer than a year may require additional doses).



Infected individuals who recovered from syphilis infection do not acquire permanent
immunity against re-infection [9, 24, 35] (hence, re-infection and relapse of infected
individuals who have recovered from syphilis infection after treatment, can occur at
any stages of the infection [32, 61, 65].

Mathematical and statistical models of infectious diseases have, historically, provided useful
insight into the transmission dynamics and control of infectious diseases. However, for syphilis,
very few such models have been designed and used to help to understand its complex transmission
dynamics and to evaluate the contribution of any proposed interventions before they are imple-
mented [18]. A basic mathematical model that assumes infected individuals acquire temporary
immunity only after recovery from the latent and tertiary infections was designed and analysed
by Garnett et.al. [18]. Grassly et. al. [38] were able to fit an SIR model for syphilis for more
than 65 US cities between 1941-2002 using realistic data set. Another mathematical model that
includes inoculation and behavioral patterns as control while emphasizing that secondary and later
syphilis infections confer immunity was designed and analysed by Milner and Zhao [25]. Oxman
et. al. [28] used multicompartment iterative computer simulation with empirically derived input
data to simulate and ascertain behavioral and sociological features necessary to produce epidemic
transmission. Iboi and Okuonghae [20] designed and analysed a mathematical model for the trans-
mission dynamics of syphilis that incorporates early and late latent stages of syphilis infection,
reversions of early latent syphilis to the primary and secondary stages as well as the three potential
outcomes that emanate from the late latent stage of infection while Saad-Roy et.al. [29] devel-
oped a deterministic model for syphilis transmission in gay men population. This study presents
a new, two-group, deterministic, sex-structured mathematical model for gaining insight into the
transmission dynamics of syphilis in a population. The model is based on the following main

assumptions:

1. For mathematical convenient, the primary and secondary stages of infection are lumped to-
gether (and are referred to as “early stage of infection”). Furthermore, the latent and tertiary

stages of infection are lumped together (and are referred to as “late stage of infection”).

2. Individuals in both (“early” and “late”) disease stages, including those who failed treatment,

are assumed to be capable of transmitting the disease.

3. Re-infection and disease relapse in recovered individuals occur [9, 10, 24, 32, 35, 61, 65].

The paper is organized as follows. The model is formulated in Section 2, and its qualitative features
are analysed in Section 3. Detailed sensitivity and uncertainty analyses of the reproduction number
of the model are carried out in Section 4. Similarly, optimal control analysis is carried out in Section

5. This is followed by discussion and concluding remarks in Section 6.



2 Model Formulation

The total sexually-active population at time ¢, denoted by N(t), is divided into the total male
(N (t)) and female (Nf(t)) population. The total female population is further sub-divided into
five mutually-exclusive compartments of susceptible females (Sp(t)), infected females in the early
stage (Irgp(t)), infected females in the late stage (Ipp(t)), treated females who failed treatment
(Qr(t)) and treated females who recovered from the infection (Rp(t)). Similarly, the total male
population is sub-divided into susceptible males (Sy(t)), infected males in the early stage (Iyg(t)),
infected males in the late stage (Ip1(t)), treated males who failed treatment (Qp/(t)) and treated

males who recovered from the infection (Rps(t)). Thus,

N(t) = Np(t)+ Nu(t),
Np(t) = Sp(t) +Ire(t) +IrL(t) + Qr(t) + Re(t),
Ny(t) = Su(t) +Iue(t) + Iun(t) + Qum(t) + Ru(t).

The susceptible populations (for both males and females) are increased by the recruitment of
new sexually-active individuals (assumed susceptible) into the population at a rate Ay (Ap) for
males(females). Susceptible males acquire syphilis infection, following effective contact with in-

fected females (i.e., those in the Irg, Ir; and Qp classes), at a rate Ay, given by

Mrlt) = (1= ewen) B Tp(0) + vl (8) + €6Qe 1) 2.1)
F
Similarly, susceptible females acquire syphilis infection following effective contact with infected

males (i.e., those in the Iy g, Iy and Q) classes) at a rate

Me(t) = (U= crer) PP (L (0) + oneLass () + nQua (1), (22
wm(t)

where the parameters er and €, (with 0 < €p, €y < 1) are the efficacy of condom use for females
and males, respectively, while cp and ¢, (with 0 < ¢p,cpr < 1) represent, respectively, the pro-
portion of females and males that use condoms consistently (i.e., they are compliance proportions).
Hence, the terms ercp and €p;c); represent the overall effectiveness of condom use for suscepti-
ble females and males, respectively. The terms pr and pj; are the probabilities of transmitting
syphilis from male-to-female and female-to-male per contact, respectively. The parameters (g
and (), are the average number of sexual partners for females and males, respectively. Thus, the
terms kr = Brppr and Ky = Bupar represent the effective contact rates for male-to-female and

female-to-male transmission of syphilis, respectively. Furthermore, the modification parameters vp



and vy, account for the assumed variability in the relative infectiousness of individuals in the Irj,
and Iy, classes, in comparison to infected individuals in the Irg and I,g classes for females and
males, respectively. Similarly, the modification parameters (g and &y, account for the assumed
variability in the relative infectiousness of individuals in the Qr and @), classes, in comparison to
infected individuals in the Irg and I;g classes for females and males, respectively.

Individuals in the Irp and I g classes progress to the corresponding late stage (Ipr, and Iyr)
classes at rates op and o), respectively. Males and females are treated at rates 7, and 7,
respectively. A fraction, fr(fy), of the treated individuals from the early stage of infection will
recover, and move to the Rp(R)y) class, while the remaining fraction, (1 — fr)((1 — far)), will fail
treatment and move to the Qp(Qy/) class. Individuals in the late stage of infection who eventually
show symptoms of the disease are treated at a rate artr (ar7y) for females (males), where ar
is the modification parameter for the variability in the treatment rate of individuals in the late
stage of infection, in comparison to those in the early stage of infection. A fraction, gr(gas), of the
treated individuals in the late stage of infection, will recover and move to the class Rr (Rys), while
the remaining fraction, (1 — gr)((1 — gar)), will fail treatment and move to the Qr (Qr) class.
Individuals who have failed treatment will eventually be treated successfully at a rate ny7e (nr7ar)
for females (males), and move to the Rr (Rjys) class. The parameter ny < 1 accounts for the
assumed decrease in the recovery rate of individuals in the Qr and @Q);; classes, in comparison
to successfully-treated individuals. Recovered individuals acquire re-infected at rates §pAp(t) and
Orr A (t) for males and females, respectively (with 0 > 0 and 6,; > 0 representing the re-infection
parameters for males and females, respectively). Recovered individuals can relapse, and become
infectious again, at a rate vg (yur)-

Furthermore, natural mortality occurs in all epidemiological classes at a rate p, while individuals
in the Iy, and Iy, classes suffer an additional disease-induced mortality at rates 0z and 6/, for
females and males, respectively. Combining all these definitions and assumptions, it follows that
the model for the transmission of syphilis in a sexually-active population is given by the following
system of differential equations (a flow diagram of the model is depicted in Figure 1, and the state

variables and parameters of the model are tabulated in Table 1):



dSr
dt

dlrg

T Ae(Sp+0pRp) +vrRp — (05 + 75 + 1) [pE,

dl
dIZL =oplpg — (arTr + 6 + ) IFp,

d

% = (1= fp)trlre + (1 — gr)artelp, — (Nrmr + 1) QF,

dR

d_tF = frrlre + grartrlpn + Nr7rQF — OpArRe — (0 + vr)Rp, (2.3)
2.3

dS

dl
é‘zE = M\ (Sas + 0aeRoar) + YarRar — (oas + s + 1) g,

dI
d]\ZL = O-M]ME — (O[TTM +5M +M>IML7
d
% = (1= fa)udye + (1 — gm)art Iy — (e + 1) Qs

dR
d—tM = futmlve + guortadyn + nrmQur — O A Ry — (04 var) Rags

=Ap — (Ap+ 1)Sk,

where Ay and Ap are as given in Equations (2.1) and (2.2), respectively. For the model (2.3),

the following conservation law of sexual contacts holds:

BrNp
Ny -

BrNr = BumNur,so that, By = (2.4)

The analysis of the model (2.3) will be carried out with S, replaced by the equation in (2.4). The

model (2.3) complements other models for syphilis transmission dynamics in the literature (such
as those in [18, 20, 25]), by, inter alia:

(i) Splitting the total population in terms of gender (males and females).
(ii) Allowing for the re-infection of individuals who recovered from the infection.

(iii) Allowing for the relapse of individuals who recovered from the infection.

The result below holds for the model (2.3).

Theorem 2.1 All solutions of the model system (2.3) with positive initial data remain positive for

all time t > 0. Furthermore, the model is a dynamical system on the region Q = Q;UQy C R xR,



Am
AF \* ~ SM
S VLT e d
LYY - -
NS el
. - 4\'4“ rd
R N Pt A
- - -
- ‘\ _ "\ N L7 [
u AN AR
—— & A .
| = L - S e [
e« FE .1 < R
‘%“ " ¢’ i b \’k
%S . - <.
s E ~
- o
-’ O P 5+ M
o 6F + U ’ —
Q; b a— BeTF Qe It
< ey 1oy,
(1-fearty
‘ foalty Ty BmTm
A T m N
m o \ 1 P
< Ry,
R ] 8, Ay +Y
F MM M
— BAr +Yr u

Figure 1: Schematic diagram of the model (2.3)
with,

Q = {(SF, Irg, IpL, Qr, Rp) : Sp+ Irg + Ipp + Qr + Rp = Np < AF/,M},

Q = {(SM; Ine, Iy Qurs Bor) = S+ I + I + Qu + By = Ny < AM/,U},
and the region Q is attracting with respect to the model (2.3) with initial conditions in R2°.

The proof of Theorem 2.1 is given in Appendix A. Thus, it is sufficient to consider the dynamics
of the flow generated by the model (2.3) in €2 ([64]).

3 Mathematical Analysis

3.1 Asymptotic Stability of Disease-free Equilibrium (DFE)

The DFE of the model (2.3) is given by

A A
5'0 = (S;7I;’E7];L7Q;7R}as}k\/[7[]T/[EHI])’\}L’Q)’]:M’R?\/I) = (7F7070707 07 7M70707070) .



The local stability of & will be explored using the next generation operator method [34]. Using
the notation in [34, 37], the non-negative matrix, F', of new infection terms and the M-matrix, V,

of transition terms associated with the model (2.3) are

0 0 0 0 xp xpvy xpéy O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
e 0 0 0 0 0 0 0 0 ’
ry xyve rpér 000 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
and,
k1 0 0 —YF 0 0 0 0
—0F ko 0 0 0 0 0 0
1= fr)r —(L—gr)artr ks 0 0 0 0 0
V= —frTF —grQaTTR —nr7r  ky 0 0 0 0 |
0 0 0 0 ks 0 0 —YM
0 0 0 0 —oM ke 0 0
0 0 0 0 —(—fu)mw —(0—gm)oartn kr 0
0 0 0 0 —fmT™m —gMOTTM —nrtm ks
where,

(1 —epcp)prPrAr (I —emen)pmBuAm
Tp = , Ty = .
AM AF
ki = orp+Tr+p, ko =artp+0r+pu, k3=nrte+p, ki=p+r,

ks = om+7m+p, ke =artu +0m +p, ke =nrtv +p, ks = p4

It follows that the basic reproduction number of the model (2.3), denoted by R = p(FV 1) (where

p denotes the spectral radius), is given by

Ro=vVRrRum,



where,

(1 — epcp)prBrkiTy and Ry — (1 — enrear)parBarksTar

R —
F T+ Tpo T + T

with,

Tr = 1r€plka(l — fr) + arop(l — gp)] + ks(ks + veop),

Ter = ke{p® +[or +3r +7e(L+0r)0° + (00 (7r + 0 +78) +76(1 = fr)lTen},
Try = yroe{p’® + [6p +nr7r + Trar(1 — gp)|pt 4+ Nr7EoF},

Ty = 7Tvéulke(1 — far) + aron (1 — gar)] + kr(ke + varonr),
T = kelr’ + [oar +yar +7ar(L+00)|i? + [nr(Tar + o + ) + (L= far)| T,
Tve = ymou{p? + 16 + nrmar + Taror (1 — ga) i+ 0r7ardar }

The result below follows from Theorem 2 in [34].

Lemma 3.1 The DFE of the model (2.3), given by &y, is locally-asymptotically stable (LAS) if
Ro < 1, and unstable if Ry > 1.

The threshold quantity Ry measures the average number of new syphilis infections generated by
a single infected individual in a completely susceptible population [14, 30, 34]. It is the geometric
mean of the reproduction numbers for females (Rr) and males (Ry/). In particular Rp (Ras) rep-
resents the average number of new syphilis infections in the female (male) population generated
by a single infected male (female) introduced into a completely susceptible female (male) popu-
lation. The square root in the expression for Ry in (3.1) is due to the fact that two generations
(males-females-males) are needed to complete the syphilis transmission cycle.

Lemma 3.1 implies that syphilis can be effectively controlled in (or eliminated from) the com-
munity (when Ry < 1) if the initial sizes of the subpopulations of the model are in the basin of
attraction of the DFE (&). To ensure that disease elimination is independent of the initial sizes of
the sub-populations, it is necessary to show that the DFE is globally-asymptotically stable (GAS)

if Ry < 1. This is explored, for a special case, in Section 3.2.2.



3.2 Backward Bifurcation Analysis
3.2.1 Existence of backward bifurcation

Before investigating the global asymptotic stability of the DFE, it is instructive to determine the

number of equilibrium solutions the model (2.3) can have. Let
&1 = (5S¢ Irp: Irr, @F B Sirs Inies Tarn, Qi Bag)

be any arbitrary equilibrium of the model (2.3). Furthermore, let

PrBF

Ar = (1= erer) o (e + varlyip + € @Q3r)
M
3.1
A = (1= enmcnr) N (Urg +vrlpy + ErQF)
F

be the associated infection rates (“force of infection”) for females and males, respectively, at
steady-state. To find conditions for the existence of an equilibrium for which syphilis infection is
endemic in the population (i.e., the scenario where at least one of I5y, I5, Q% Inig, I, and Q%
is non-zero), the equations of the model (2.3) are solved in terms of the aformentioned infection
rates at steady-state (A} and Ajf). Setting the right-hand sides of the equations of the model
(2.3) to zero (at steady-state) gives:

o ArF o AF(anAF + anp) e AP (a2 AF + ag)

P TP O O+ C) T (O 4 ) (CrA A+ C)

e AF(aAF + az) o anAp

P+ +C)" T (N4 ) (G + Cy)’ (3.2)
g Ay o Anp(bu ARy + bio) oo Ani(bai AT + bao)

Mo Xe o TP (O 4 ) (DN A+ Do) M (s ) (Do + Ds)’

Kk Aﬂ;\;(b31>\7\2 + b32) R** _ b41/\7\j<[

o

MO 4 ) (DX + Ds)’ (A37 + 1) (DAY, + Do)’
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where,

a1y = koksApOp, a1o = koksApky, ao = ksopApOp, as = ksopApky,

az; = Np7p[ka(1 — fr) + opar(1 — gr)|0r, ass = ApTrlke(l — fr) + opar(l — gr)lky,

aq = ApTrlarnropTr(l — gr) + nr7rka(1 — fr) + frkoks + grarorks], Dy = T + T,
bir = kekrApOnr, bio = kekrAprks, boy = kroprApnOnr, boo = krongApsks, (3.3)
bar = A [ke(1 — far) + onrar (1 — gur)|0n, b2 = Aymarlke(1 — far) + onrar (1 — gar)]ks,

b = Aurularnronma(l — gu) + nrmacke(1 — fur) + farkskr + guaronka], Cy = Tpi + Tro,

C, = Oplkikoks + frkokstp + grarksopte — arpnropTe(1 — gr) — nrkemr(1 — f£)],

Do = Oulkskeky + farkskear + guarkzonmy — arnrommiy (1 — gar) — nrkemar (1 — far)]-
Substituting (3.2) with (3.3) into the expressions for A\3* and A3} in (3.1), and simplifying, gives

AF(ci AR + ci2) Ay (a1 Ay; + coo)

Ay = and \J = , 3.4
M c13(A5)2 4 cuNF + 15 F Co3(A35)% + coa A5 + 25 (3:4)
where,
ci1 = (1 — emem)pmBu(ans + vpags + Epasy), ci2 = (1 — epmem)pyBu(ais + vpags + Epass),
c13 = a11 + ao; +asy, ¢y = ApCy + 12 + ago + ase + aq1, c15 = ApCh, (3.5)
co1 = (1 — epcp)ppBr(bin + varbar + Enbsi), co2 = (1 — €pcp)prBr(bia + varbas + Earbs2),
Ca3 = b1 + b1 + 031, o = Ay Dy + big + bag + bga + bay, co5 = Ay Dy,
so that the non-zero (endemic) equilibria of the model (2.3) satisfy:
Dy(AEYE 4+ Dy(N55)2 + Ds(A\55)? + DAy + Dy = 0, (3.6)
where,
D, = 013031 + C14C01C23 + 015033,
Dy = co3(c14C2 + 2¢15C04) + Co1(C14C24 + 2¢13C02) — 011031 — C12C23Ca1,
D3 = ¢15(¢34 + 2¢23¢25) + Coa(CraCas — C12€23) + €135 + Ca1(CraCas — 2¢1120 — C12604), (3.7)

2
Dy = 2cy4c95¢15 + 022(014025 - 012024) — C11C99 — C25C12C21,

D5 = 015035 <]. — 012022) = 015C§5<1 - Rg)

C15Co5

11



It can be seen from (3.5) and (3.7) that D; > 0 (since all the model parameters are non-negative).
Furthermore, D5 > 0 whenever RZ < 1 (Ro < 1). Thus, the number of possible positive real roots
the polynomial (3.6) can have depends on the signs of Dy, D3 and D,. This can be analyzed using
the Descartes’ Rule of Signs on the quartic f(z) = Dyz*+ Do + D3x® + Dyz + D5 (with z = \35).

Hence, the following results are established.
Theorem 3.2 The model (2.3)

(a) has a unique endemic equilibrium if Ro > 1 and either of the following holds

(i) Dy >0,D3 >0,D4 >0;

(ii) D2 <0,D3 < 0,D4 <0;
(iii) Dy > 0,D3 < 0,D, < 0
(iv) Dy >0,D3>0,D,4 <0;

(b) could have more than one endemic equilibrium if Ro > 1 and either of the following holds

(i) D2 <0,D3>0,D4 <0;

(ii) Dy <0,D3<0,D4 > 0;
(iii) Dy > 0,D5 < 0,Dy > 0;
(iv) Dy <0,D3 > 0,D4 > 0;

(c) could have 2 or more endemic equilibria if Ry < 1 and any, or all, of Dy, D3 and Dy are

negative.

Item (c) of Theorem 3.2 suggests the existence of multiple endemic equilibria when Ry < 1 (which
is typically a signature for the existence of the phenomenon of backward bifurcation [10, 14, 20, 26]).
The phenomenon of backward bifurcation, which is characterized by the co-existence of a stable
DFE and a stable endemic equilibrium when the associated reproduction number of the model is
less than unity, has been observed in numerous disease transmission models, such as those for (or
with) vector-borne diseases [19, 30, 44, 45, 47, 48, 49|, imperfect vaccination [39, 40, 41, 42, 43],
multi-groups [50, 51] etc. The presence of this phenomenon in the model (2.3) is now formally

explored.

Theorem 3.3 The model (2.3) undergoes a backward bifurcation at Ro = 1 whenever (where the

eigenvectors vy, U7, Wa, W3, Wy, Ws, Wy, Wy, Wy, Wi are defined in Appendiz B)

5 10
Op(vy — vs)ws — vy Zwi >0 and Oy (v; — vig)wip — v7 Zwi > 0.
=2 =7

12



The proof of Theorem 3.3, based on using center manifold theory [15, 32], is given in Appendix
B (the associated backward bifurcation diagram is depicted in Figure 2). The epidemiological
implication of Theorem 3.3 is that the classical epidemiological requirement of having Ry < 1,

while necessary, is no longer sufficient for the effective control of (or elimination of) the disease in

+hAa AArmI11n it
10000 e
t:" 5 wt
&
g
2 80001
m
% Stable EEF
e}
m
a
™ G000
=
L
"=
a1
=] "
E A000H ; Lhstakle EEF
I}h ®
= Hj
[T
G
= 20004 1
E Stable OFE y: Unstable OFE
= &
2 \ . i
u -
l} L Y u T T T T
08 09 10 1 13
Ry

Figure 2: Backward bifurcation diagram of the model (2.3), showing the profile of I}, as a function
of Ry. Parameter values used are: Ap = 160, = 0.1/70, Sr = 0.085,pr = 0.9,cp = 0.1,vp =
1,ér = 1,0p = 0.4,y = 0.975,0Fp = 0.012, 7 = 0.975, fr = 0.975, gr = 0.965, ar = 0.08,n7 =
1.5,6F = 051;5F = 1097AM = 160,CM = O.]_,I/M = ]-an = ]_,QM = O4,’7M = 0975,0']\/[ =

0.085A
0.12, 7as = 0.975, exr = 0.91, far = 0.975, gas = 0.965, 6y = 10.9, By = ——t

1 (so that, py, =
M
0.2690300627 and a = 5.85501984 x 10° > 0).
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3.2.2 Non-existence of backward bifurcation

Models that incorporate re-infection of recovered individuals are known to lose their backward
bifurcation property when the re-infection parameters are set to zero (see, for instance, [19, 30, 51]).
In this section, the role of the re-infection of recovered females (fr) and males (0);) on the backward

bifurcation phenomenon of the model (2.3) will be investigated. It is convenient to define Ry =

RO ‘GFZQJ\/I =0-

Theorem 3.4 The special case of the model (2.3) in the absence of re-infection of recovered indi-

viduals (i.e., Op = 0y = 0) does not undergo a backward bifurcation at Ro = 1.

The proof of Theorem 3.4, based on using center manifold theory, is given in Appendix C. The
consequence of Theorem 3.4 is that this study confirms the fact that re-infection (of recovered
individuals) does, indeed, cause backward bifurcation in syphilis transmission dynamics. To further
confirm the absence of backward bifurcation in the model (when Ry < 1) for the special case of
the model (2.3) with 0p = 0); = 0, a global asymptotic stability result is given for the DFE (&).

Theorem 3.5 The DFE of the special case of the model (2.3) with 0p = 0y = 0 is GAS in Q

whenever 7%0 < 1.

The proof of Theorem 3.5, based on using a Comparison Theorem [22], is given in Appendix D
(the result in Theorem 3.5 is numerically illustrated in Figure 3). The epidemiological implication
of Theorem 3.5 is that, in the absence of re-infection (i.e., p = 0, = 0), syphilis will be effectively
controlled in (or eliminated from) the community if the threshold quantity R, can be brought to

(and maintained at) a value less than unity.

3.3 Existence of Unique Endemic Equilibrium: Special Case

In this section, the possible existence of a unique endemic equilibrium of the model (2.3) will be
explored, for the special case with no re-infection (i.e., 0 = 05, = 0). In the absence of re-infection

of recovered individuals (i.e., Op = 0y = 0), the coefficients D; (i = 1...5) in (3.7) reduce to

2
Dy = Dy =0, D3 = ci5¢5 + c22C14Cou,

Dy = 2c94¢95015 + Caa(cracas — c12¢24), (3.8)
C12C22 5

D5 = C15C§5 (1 - ) = 015635[1 - (Ro)z]
C15C25
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Figure 3: Simulation of the model, showing the total number of infected individuals as a function
of time, using multiple initial conditions. Parameter values used are: Ap = 160, u = 1/70, fr =
0.1,pp = 0.97CF = 0.5,I/F = 17§F = 1,91: = 07’}/1:‘ = 0975,0'1:‘ = 0.12,TF = 05,fp = 0.7579}? =
0.65,0./T = 008,77’1“ = ]..5,€F = 051,5}7 = OQ,AM = 160,CM = O.5,VM = 17£M = ]_,QM = O,’}/M =

. F

O.975,0’M = 0.12,TM = 0.5,6M = O.gl,fM = O.75,gM = 065,51\/1 = Og,ﬁM = A (SO that,
. M
Ro = 0.3975 < 1).
Thus, the polynomial (3.6) now becomes
D3(\55)? + DyNy; 4+ Ds = 0. (3.9)
Ro)? — 1
Solving the quadratic (3.9) gives the roots A\jj = ~ 2~ and Ay = c15025|(Ro) ] <0
~ ~ Coq C15C24 + C14C22
whenever (Rg)? < 1 (Ry < 1). Hence, in this case (with 8z = 03y = 0), no endemic equilibrium
exists whenever (Rg)? < 1 (Ry < 1). Further, for (Rg)? > 1 (R > 1), the roots A5 = ~
C24

c15¢25](Ro)? — 1]

~ C15C24 + C14C22
Ro > 1. This result is summarised below.

and \}; = > (0 confirm the existence of a unique endemic equilibrium when

Theorem 3.6 In the absence of re-infection of recovered indwviduals (i.e., O = Oy = 0), the

model (2.3) has a unique endemic equilibrium whenever Ro > 1, and no endemic equilibrium
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Condom efficacy in males €y,

otherwise.

The result below follows from Theorem 3.4, Theorem 3.6 and Item (iv) of Theorem
4.1 in [15].

Theorem 3.7 The unique endemic equilibrium of the special case of the model (2.3), with p =
Oy =0, is LAS whenever 7@0 > 1 and 7@0 near 1.
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Figure 4: Contour plot of Ry, as a function of condom compliance (cpr) and efficacy (epr) in males.

4 Uncertainty and Sensitivity Analysis

The asymptotic analysis of most epidemiological models have dependably been based on the thresh-
old quantity called the basic reproduction number, which can lead to uncertainties particularly
when the model consists of many parameters. Another reason for uncertainties in these models is
the absence of precision in the estimation of all associated parameters, error in collecting and in-

terpreting data and natural variations. Thus, to determine the impact of the model parameters on
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the transmission dynamics of the syphilis, an uncertainty and sensitivity analysis will be conducted
using Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs) [60].

LHS is a statistical method for generating a sample of plausible collections of parameter values
from a multidimensional distribution [60]. Using the range of plausible values for the thirty-one
parameters of the model (2.3) (see Table 2 for the mean and associated distributions of these
parameters), a sample of size n = 10,000 is obtained through LHS. LHS treats the model inputs
(i.e., the model parameters), as random variables. Thus, appropriate probability distributions will
be associated with each parameter. The analysis below assumes that the model inputs can take the
form of uniform, gamma or normal distributions. The LHS procedure is implemented by dividing
the range of values for each given parameter into equally probable, intervals and one selected at
random from each interval with the objective of uniformly filling the input space [60].

PRCC is a robust sensitivity measure for nonlinear but monotonic relationships between input
and output, as long as little to no correlation exists between the inputs [54]. PRCC is considered
to be more powerful at determining the sensitivity of a parameter that is strongly monotonic yet
highly nonlinear [55]. The analysis below uses PRCCs to assess the sensitivity of the output (Ry)
to that of the model input parameters. The magnitude, as well as the statistical significance, of
the PRCC value of a parameter indicates that parameters contribution to the models prediction
imprecision [60]. The parameters with large PRCC values (> 0.5 or < —0.5) are the most important
[56]. Thus, a PRCC approaching -1 to +1 indicates a strong effect of the corresponding parameter
to Ro. The sign indicates the qualitative relationship between the parameter inputs and Rq. A
negative sign indicates that the LHS parameter is inversely proportional to the Ry.

The analysis is completed using parameter values relevant to syphilis transmission dynamics
in Nigeria [11], given in Table 2. The distribution of the mean value of Ry as a function of
distributions of various parameters of the model reveals that the estimate of Ry for syphilis is
approximately 4.44 with 95% CI. The probability that Ry > 1 for syphilis is given by 1. Hence,
under the assumed conditions, syphilis will become endemic in the population.

Results from the sensitivity analyses of the model, using R, as the response function, show
(Figure 5) that the top five dominant parameters of the model are effective contact rate for females
(kr = Brpr) and males (k) = Bupar), proportion of treated females(males) in the early stage
who recovered from infection (fg(fyr)), condom compliance in males (cp;) and the modification
parameter for the assumed decrease in the recovery rate of individuals in the Q) and Q) classes, in
comparison to successfully-treated individuals (7). The implication of these analyses is that
effective community-wide control of the disease can be achieved by minimizing the
contact rates xr and k), (perhaps by implementing an effective public health education

campaign to encourage safer sex practices within the sexually-active population), early
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detection and treatment of infected individuals (this can be achieved by devoting
resources to monitoring infected individuals via contact tracing), encouraging and
increasing condom compliance in the sexually-active male population (this can also be
achieved via effective public health education campaign) and increase the recovery rate
of individuals who failed treatment (by, perhaps, using better drugs and encouraging
treated individuals to adhere to the prescribed treatment regimen). Thus, this study
identifies key parameters that should be targeted for the design of effective public
health strategy or policy for combatting the spread of syphilis in the community.

5 Optimal Control Analysis

In this section, an analysis to determine an optimal intervention strategy, based on the two controls
(treatment and compliance to condom use), will be carried out. It is assumed that the treatment
rate 7r (7)) and condom compliance rate cp(cys) for females (males), are now time-dependent, and

will therefore act as the control variables. Using these controls, the model (2.3) now becomes

ds
= — Ap — (Ap + 1) Sk,
dt

dl

dZ;E = Ap(Sr+0rRp) +vrRr — k1lpg,

dl

dI;L =orlrg — kolpr,

d

% =(1— fr)rr(t)Ipr + (1 — gr)artr(t)pL — k3QF,

dR

d_tF = frrr(t)Ire + grartr(t) Irn + nr7e(t)QrF — OpArRe — kyRp, 51)

5.1

ds

d—é\/[ = Ay — (A + 1) S,
dl

C?;[E = A (Sy + 0 Ry) + vy Ry — ks,
dl

d]\tM =onmIve — kelnr,

d

fl?tM =1 = fa)re () I + (1 = gar)ormar(8) I, — k7 Qs

dR

d—tM = fuma () Ive + guortar () Inr + nrma (1) Qar — O A Bar — ks Ry,
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Figure 5: PRCC plots of the various parameters of the model sensitivity indexes of Rq with respect to the model parameters.
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where,

Ar(t) = [1- EFCF(t)]%[IME(t) + vl (t) + EuQu(t)], By = B;?f)
Au(t) = [1- eMcM(t)]]])VMF—%\;[[IFE(t) + vplpL(t) + EpQp(t)],

ki = op+71p(t)+p, ko=carte(t)+dp +p, ks =nrre(t)+p, ky=p+yr,
]{55 = 0M+TM<t)+LL, ]{JGZOéTTM(t)—i-(;M—F,u, k7:7]TTM<t>+M, /{JSZM—F’YM.

Counsider the cost function:

T
JTp, T, cpycm) = / |:W1]FE + wolpp +wsQp + walyp + wslyg + we@
0

5.2
1 2 1 2 1 2 1 2 52)
+ 5&17[7’]:@)] + §w8[TM(t)] + §OJ9[CF(t)] + §W10[CM(t)] dt.
Here, the parameters w;, (i = 1,2,...,10) are the weight factors to help balance each term in the

integrand in (5.2), so that none of the terms dominates. The terms in the integrand in (5.2) are

explained as follows:

(i) The term wylpg+wolpp +wsQr 4+ wilpy g +wslyg +we@r represents the cost associated with

monitoring infected individuals in all stages.

(ii) The term w;[Tp(t)]? +ws|[Tar(t)]? represents the cost associated with all forms of treatment for

all infected individuals.

(iii) The term wg[cr(¢)]? + wio[car(t)]? represents the cost associated with the public health ed-
ucation campaign to educate the public on safer sex practice (condom compliance; correct

and consistent usage).

The aim is to minimize the total number of infected females and males, while ensuring that the
cost associated with the controls (condom use and treatment) are minimized. It is assumed that
the costs of the controls are nonlinear and take quadratic form. The goal is to find an optimal
quadruple (75:(t), 75;(t), ci(t), ¢;;(t)), such that

* * X * :
J[TF77M70F70M] = min J[TF,TM7CF7CM]7
TF,TM,CF,cM EW

where the control set (W) is defined as:

W = {(1e(t), 7m(t), cr(t), cm(t)) € L1<Oatf)|@11 < 71p(t) < a2, a9 < (1) < age,
bir < cp(t) < big,ba < cp(t) < boo}.
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5.1 Analysis of Optimal Control

The Pontryagins Maximum Principle [53] gives the necessary conditions that the optimal con-
trol quadruple must satisfy. This principle converts Equations (5.1) and (5.2) into a problem of
minimizing pointwise a Hamiltonian (H), with respect to the controls 7z, T, cp and ¢y, defined

by:

H =wlpg + wolpr + wsQr +wilyp + wslyr + ws@Qur

+ %M[TFU)P + %ws[TM(t)]z + %wg[CF(t)P + %MO[CM(t)]z + Asp g1 + Arppge (5.3)

+ /\IFL93 + )\QFg4 + >‘RF95 + /\SMgﬁ + )‘IMEg7 + /\IMLQS + /\QMg9 + ARI\lgl()’

where,

g1 = Arp— (Ar+p)Sr,

92 = Mp(Skp+0rRp) +vrRr — kilrg,

93 = orlpp — kalpy,

90 = (1= fr)rW)Ire + (1 — gr)arTr(t)IrL — ksQF,

95 = frre(t)lre + grarte(t)prL +nr7e(t)Qr — OpApRr — ky R,

96 = A — (A +p)Su,

g7 = Au(Sm + 0 BRy) + vy Rar — kslue,

9s = omlue — kelur,

99 = (1= fa)rae(@) e + (1 — gu)ortar () I — k7Qur,

g = futa(t)Ine + guortar () I + nrmar(t)Qar — O A Bar — ks Ry,

and Ag,, Arpg, Aipps AQps ARps ASuy> AMarms Mz AOur» ARy, are adjoint functions. By applying Pon-
tryagin’s Maximum Principle [53], and the existence result for the optimal control quadruple (75(%),
Tr (1), ¢ (t), i, (1)) [52], the following result holds:

Theorem 5.1 There exists an optimal control quadruple (75,74, C, Ciy) and corresponding so-
lution, Sy, g, I, Q% R, Sir, Liges Lign, @3 and R, that minimizes J[Tp, Tar, ¢p, car] over W.
Furthermore, there exists adjoint functions Ag., Mpp, App> AQrs ARps ASars AMaygs Marr> AQas> MRag s
such that

d\,  OH

@ oy o4
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with transversality conditions

Ai(ty) =0, where j = Sp,Irg, IrL, Qr, Rp, Sv, Ive, Inir, Qs R (5.5)

Furthermore, the optimal control quadruple (T3, Ty, Cr, Chy) Satisfy the optimality conditions

Tp = min {Cng, max (au, Zl> }, Ty = min {agg, max <a21, ZQ) },
(5.6)
C} = min {bn, max <b12, Z3) }, C*M = min {le, max (bgg, Z4> },

where,
7, = tpelies = Aor + fror = Arp)l+ arlrL(Arey = Aqr) + (arlrrgr +1rQ@r)(Aer = Arr)
Wy ’
Zo = IJVIEP‘IME - /\QM + fM(AQJW — )\RJW)] + aTII\/IL(/\IML — )\QJW) + (O‘TIJWLQM + UTQM)()\QJ\/I — /\RM)
ws ’ (5.7)
7. erprBr(Ime +vmlvn + EmQum)[SF(Aipn — Asp) + 0rRe (A1 — ARy
3 WQNM )
Z4— empmBr(Ire +velpr +ErQr)[Sv( Ay — Asy) + OBy (Arys — ARy )]
wioNF '

The proof of this theorem is postponed to Appendix E.

5.2 Numerical Results

In this section, numerical simulations for the optimal control solution will be carried out using the
parameter values in Table 2, and initial data relevant to syphilis transmission dynamics in Nigeria
[11]. In particular, we set Sg(0) = 91,186,775, Irr(0) = 4,582, I (0) = 366,580, Qr(0) =
87,063, Rp(0) = 0, Sy (0) = 91,186,775, Iye(0) = 4,582, I,(0) = 366,580, Q@ (0) = 87,063
and Ry(0) = 0 [11]. The optimal control solution is obtained by solving the optimality system,
consisting of 20 ordinary differential equations [62] (i.e., a combination of the equations of the
model (2.3) and the associated adjoint equations given in (5.4)). The equations of the model (2.3)
are solved forward in time with MATLAB ODEA45, first of all, using any initial guess for control.
Using the transversality conditions (5.5), the adjoint equations are solved backward in time using
the same MATLAB ODE45 routine. This process is done iteratively until the control variables

converges. Numerical simulations are then carried out based on the following assumptions:
1. Tt is assumed that 0 < 7p(t), Ta(t) < 1,0.1 < cp(t) <0.3,0.4 < cp(t) <0.8.

2. The weights w;(1 = 1,2,...,6) are assumed to be equal. This ensures the same cost for

monitoring infected and recovered individuals in any class.

22



3. The weights w; and wg are greater than the weights wg and wyg. This assumes that the cost
associated with treatment 7 and 7); exceeds the cost associated with condom compliance

cr and cj since treatment usually takes up to 90 days to clear infection.

4. The weights associated with the cost of controls always exceeds that for monitoring individ-

uals in any class (i.e.,, w; <wj, 1=1,2,...,6, 7 =7,8,9,10).

The solution profiles of the four optimal controls (7}, 74, ¢i and ¢},) are depicted in Figure
6. Furthermore, Figure 7 shows, as expected, a marked reduction in the disease burden in the
presence of the optimal control (as against the case with no such control). This figure also shows a
corresponding increase in the number of recovered individuals. Further numerical simulations are
carried out to illustrate the impact of the cost of implementing the four controls on the number
of new cases of infections in females (i.e., A\pSr) and males (i.e., A\y;Syr)generated over a 30-day
period. For these simulations, three control strategies are considered, namely the condom-only
strategy (where the treatment controls are set to zero), the treatment-only strategy (where the
condom controls are set to zero) and the combined treatment-condom strategy. The weights w;
and wg correspond to the cost associated with all forms of treatment for all infected females and
males whiles, the weights wg and w;g, corresponding to the cost associated with the public health
education campaign to educate the public on safer sex practice (condom compliance; correct and
consistent usage), are chosen for this purpose. The weights values 10, 100 and 1000 are considered
low as compared to the weights (w;(¢ = 1,...,6)) which are set to 1 while the weight values
10%,10%,10% and 107 are regarded as high. The results obtained, tabulated in Table 3, show that, for
low cost of controls, the treatment-only strategy resulted in 629,330 new cases, while the condom-
only strategy accounted for over 1 million new cases, over the 30-day period. Thus, for situations
where control resources are limited, investment in treatment programs is far more effective than
investment in condom use as prevention. Furthermore, as expected, the combined treatment-
condom strategy provides an even more effective population-level impact than the treatment-only
strategy. For situations where the cost of implementing the controls is high, the three strategies

are equally ineffective (close to 2 million new cases).
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Discussion and Conclusions

Syphilis is one of the most deadly sexually-transmitted diseases. Every year, it accounts for over
12 million cases and over 200,000 fatalities globally (inflicting major public health burden in both
developing and developed of the world) [1, 2, 4, 8, 10, 63]. Control against syphilis include rapid
diagnosis of suspected cases, treatment of confirmed cases and condom use.

This study presents a new deterministic model for gaining insight into the transmission dynam-
ics of syphilis in a population. In addition to allowing for the assessment of the population-level
impact of treatment and condom use strategies, the model includes some pertinent features of the
disease, such as the multiple stages of infection in untreated patients (represented by “early” and
“late” stage of infection) [10] and allowing for reinfection of, and disease relapse from, recovered
individuals.

Rigorous qualitative analysis of the model shows that it undergoes the phenomenon of back-
ward bifurcation when the associated reproduction number of the model (denoted by Ry) is less
than unity. The epidemiological consequence of backward bifurcation, a dynamic phenomenon
characterised by the co-existence of the stable disease-free equilibrium and a stable endemic equi-
librium when Ry is less than unity, is that the classical epidemiological requirement of bringing
(and maintaining) Ry to a value less than unity, while necessary, is no longer sufficient for the
effective control (or elimination) of the disease [10, 14, 20, 26]. In a backward bifurcation situation,
effective disease control is dependent on the initial sizes of the sub-populations of the model. In
other words, the presence of backward bifurcation in the transmission dynamics of a disease makes
its effective control difficult. It is shown that the backward bifurcation phenomenon of the model
is caused by the reinfection of recovered individuals.

It is worth emphasizing that, although the reinfection of recovered individuals is an important
and well-known feature of syphilis transmission dynamics [32], many of the published modeling
studies in the literature do not incorporate such property [18, 38, 28, 20, 29| (and, as a consequence,
fail to capture the reinfection-induced backward bifurcation property of the disease). This study is
one of the very first to theoretically illustrate the phenomenon of backward bifurca-
tion in syphilis transmission dynamics (Milner and Zhao [25] also showed the presence
of backward bifurcation in syphilis dynamics, and used this property to explain the
resurgence of syphilis in recent decades). It is shown that, in the absence of backward bifur-
cation (i.e., when reinfection of recovered individuals does not occur), the disease-free equilibrium
of the model is globally asymptotically stable whenever the associated reproduction number is less
than unity. Thus, for the case when reinfection of recovered individuals is small enough, the im-
plementation of the two control strategies adopted (condom use and treatment of confirmed cases)

can lead to the effective control (or elimination) of the disease from the community if they can
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result in bringing (and maintaining) the associated reproduction number of the model to a value
less than unity. Thus, this study suggests that the prospects of the effective control of syphilis in
a population, using treatment and condom strategies, are promising.

The model developed in this study consists of numerous parameters, and uncertainties were
expected to exist in the estimate of their values used in the numerical simulations of the model.
The effect of such uncertainties (on the simulation results obtained) was assessed using Latin
Hypercube Sampling [60], with the reproduction number of the model as the response function. It
is shown, using data relevant to the transmission dynamics of the model in Nigeria [11], that the
reproduction number of the model lie within the range (3.19,6.15), with a mean of 4.44. Thus,
this study suggests that the current level of treatment and condom strategies are inadequate to
effectively contain the spread of the disease in the country (since they fail to bring the mean value
of Ry to a value less than unity). In other words, more needs to be done in terms of increasing
compliance in condom use, rapid diagnosis and treatment of confirmed cases and public health
education and counselling to encourage safer sex practices.

Detailed sensitivity analysis of the model shows that the most important parameters that affect
the reproduction number of the model (hence, disease burden) are the condom efficacy, condom
compliance, proportion of treated individuals in the early stage who recovered and the modification
parameter associated with the decrease in recovery rate for individuals who failed treatment. This
suggests (as expected) that increasing condom compliance and recovery rate of those who failed
treatment will decrease syphilis burden in the community.

Optimal control analysis, using Pontraygin’s Maximum Principle, was carried out to assess
the impact of the cost of implementing the controls (singular and combined administration of
condom use and treatment strategies). The simulation results obtained show that, when the cost
of implementing the controls is low, treatment-only strategy is significantly more effective than the
condom-use only strategy. In particular, while the treatment-only strategy accounted for 642,360
new cases over a 30-day period, the condom-only strategy resulted in 1.3 million cases over the
same time period. In other words, these simulation suggests that, in this scenario (with low
cost of implementation), the control resources should be targeted towards encouraging/enhancing
treatment use in the community. The combined condom-treatment strategy is, expectedly, shown
to be more effective than the treatment-only strategy (it accounted for new cases over the 30-day
period). However, for the case when the cost of implementation of the controls is high, the three
strategies are equally as ineffective (each resulting in nearly 2 million new cases over 30 days). Thus,
this study suggests emphasizing treatment ahead of condom use if the cost of implementation of
controls is low. This study is perhaps the first to apply optimal control to syphilis transmission

dynamics (the models in [18,; 38, 28, 20, 29] do not include such analysis). Overall, this study
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shows that effective control of syphilis in a population, using condom and treatment strategies, is
feasible if their effectiveness level (especially condom compliance rate) are high enough.

The study is preliminary, and can be extended in numerous ways, such as including the effect
of vertical transmission, testing of pregnant women and their sexual partners and public health
education and counselling for safer sex practices. Moreover, the study can be extended to include
the effect of age structure and account for all four stages of syphilis disease. Further theoretical
results, such as the global asymptotic stability of the unique endemic equilibrium (which exists for

Ro > 1 in the absence of reinfection), can also be explored.
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Appendix A: Proof of Theorem 2.1

Proof. Tt is easy to check that the equations for male and female susceptible individuals in the

model (2.3) lead to the following first-order inequalitity equations:

45
dt

dSy

+ (Ap + p)SF > 0 and 7

+ Ay + p)Sy > 0.
Multiplying these inequalities by the integrating factors pp(t) = exp( fot (Ar(s)+p)ds and py(t) =
exp(f(f(/\M(s) + p)ds and observing that

dSF

pF[W + ()\F + M)SF] = m

dt

d(SMpM)

ds
and pF[d—tF + (Aar 4 1) Su] = T

then integration with respect to time from 0 to t gives Sp(t) > 0 and Sy/(t) > 0 at all times, re-
spectively. However, this direct approach does not apply to the remaining equations. Nevertheless,
having the nonnegativity of Sr and Sy, in mind, it can be shown that the remaining eight equa-
tions in the model (2.3) form a monotone system. Consequently, all its solutions corresponding to
positive initial data remain positive at all times ¢ > 0 (see [64]).

By adding the first five and the last five equations of the model (2.3), we obtain the conservation
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law

dN

d_tF = Ap —uNp —dplpr, < Ap — uNp,
dN

d—tM = Ay — puNy — ol < Ay — Ny

Thus, a standard comparison theorem or Gronwall inequality can be used to show that the general

a priori estimates below hold.
0 < Np(t) < Np(0)e™™ 4+ —(1—e ")

0< Ny(t) < Nag(0)e 4+ =201 — ey,
In particular, we have a priori estimates
0< Np(t) < —if Np(0) < —

0< Nu(t) < =2 if Ny(0) <
W

Combining these a priori estimates and the fact that the right-hand side of the model (2.3) is
locally Lipschitz, we conclude that there exists a unique global solution in the domain 2 (see
Theorem 2.1.5 in [33]). Thus, the model (2.3) is a dynamical system on 2. On the other hand, if

a solution is outside the region €2, that is

A A
Np(t) > =£ and Ny (t) > =2,
H H
dN dN
then, it follows from the above conservation law that th < 0 and d—tM < 0. Hence, the above
A
general a priori estimates show that Np(t) tends to — and Ny, (¢) tends —— as ¢ — oo. Thus,
H H

the region € is attracting.

Appendix B: Proof of Theorem 3.3

Proof. 1t is convenient to define the following change of variables x; = Sp, ¥ = Ipg, x3 =
Irp, v4 = Qp, 5 = Rp, w6 = Sy, 7 = Iyp, 18 = Iyr, T9 = Qp and 119 = Ry, so that
Ny = 21 + 29 + 23 + 24 + 25 and Ny, = x6 + T7 + 23 + T9 + T190. Furthermore, by using the

vector notation X = (21,9, T3, T4, T, Tg, T7, Tg, T, T19) ", the model (2.3) can be written in the
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dX
form E =F= (f17f27f37f4>f57f67f77f87f97f10)T7 as follows:

dry
dt
dr,
dt
dzs
dt
dr
dt
dx 5

= Ap — (Ar + p)z1,

= Ap(z1 + Ors5) + yres — k12,

= opxy — ko,

= (1 — fp)Trra + (1 — gp)arTres — ksty,

—— = frTrTy + grarTrxs + NrTrTs — OpApTs — ks,
d (B.1)

dl’ﬁ
— =Ay — (A
7 v — (Aar + )z,
dx
d_t7 = A (6 + On10) + Ymr10 — ks27,
dl’g k
—_— = 0N X7 — X
7 MT7 618,
dx
d_tg = (1 — fM)TM[E7 + (1 - gM)OéTTMxS - k7$9,
dz19
at vz + guarTis + Nty — O AnTio — ksio,

where (as before),

ki = op+T1p+u, ke =0artp+0p+p, ks =nrmr + 1, ki =p+p,
ks = om+7m+p, ke =arta+om +p, kr=nrtar + i, ks =+ v,

and, now,

p
Ap = (1= eper) S (7 + varms + Eno)
M

N,

(xg + vpxs + Epmy)
F

The Jacobian of the system (B.1), at the associated DFE (&), is given by

where,
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0 —=x —XTpV —x 0
L 0 0 0 0 F FUM FéM
0 zrp xpvy xpéy O
0 —k1 0 0 YF
0 0 0 0 0
A= 0 of —kg 0 0 ; B = )
0 (U-frme (1-gr) oo S
— T, — arT, —
F)TF gr)oTTR 3 0 0 0 0 0
0 i QTTRgF nrtr  —ky
0 —TM —TMVE —I]y[fp 0 — K 0 0 0 0
0 X nr TMVUE xMEF 0 0 —k5 0 0 YM
C=10 0 0 0 0 and D=1 0 oM —kg 0 0 ,
0 0 0 0 0 0 (1 — fM)TM (1 — gM)OéTTju —k7 0
0 0 0 0 0 0 TMfM aATTMIM nrTr —kg

with,

(1 — epcr)prBriAr .

(1 — enrenn) P By
Ay '

Ap

Tp =
Consider, next, the case when Ry = 1, and choose pj; as a bifurcation parameter. Solving for py,
from Ry =1 gives

ok (Tp1 + Tr2) (T + Thrz)
Pymv =Py = ’
prBrBumkiks(1 — enrenr) (1 — eper) TrTy

(B.2)
where (as before),

Tr = 7eéplka(l — fr) + arop(l — gp)] + ks(ks + veor),

Tev = ka{p’ +lor +yr + 7e(L+ o)’ + [r(7e + or +36) + 76 (1 = fr)lmen},

Trs = yror{p® + [0r +nr7e + 7rr(1 = gp)i + 0r7edr},

Ty = tvlulke(l — far) + aron(l — gu)] + kr(ke + varoar),

Tan = ke + [ow +yn + 7 (U 00)lp” + [ (Tar + oar + a0) + e (1 = fan)lrari},
Tare = ymon{p® + [6ar + nrmar + Tarar(1 — gar) |+ nerardar}.

It can be verified that the transformed system (B.1), with py; = p},, has a non hyperbolic equi-
librium point such that the linearized system has a simple eigenvalue with zero real part, and all
other eigenvalues have negative real parts. Hence, the centre manifold theory [13, 15, 34] can be
used to analyse the dynamics of the model (B.1) near py; = p},. Using the notation in [15], the

following computations are carried out.
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Eigenvectors of J(&))
PM=Py
It can be shown that the Jacobian, J(&) at pa = pj, (denoted by Jp« ) has a right eigenvector

(associated with the zero eigenvalue), given by

T
W = [wla Wz, W3, Wy, Ws, We, W7, Wg, Wy, wlO] )

where,
w prBrArwr(1 — epcp)laronmvén (1 — gu) + Taaénke(1 — far) + kr(ke + varonr)]
1 = = )
pAarkeky
S PrBrAFkokskqwr(1 — epcp)larontmén (1 — gu) + Ta&aks(1 — fur) + kr(ks + varon)]
2 )
Anrkehr T
_ OFwy (1= fp)mrws + (1 — grp)arTrws _ JFTRWy + grarTRws + NrTrwy
w3y = —, Wy = , Ws = ’
ko k4 k4
O W7
we = —(1—epen)puPr(we + vpws + Epwy), w; =wr; >0, wg = T
6
Wa — (1 - fM)TMw7 + (1 - gM)OéTTMws — JuTvWwr + guarTarws + NrTawy
9 — ) 10 — .
k7 k8

Furthermore, Jpx has a left eigenvector (associated with the zero eigenvalue), given by

V= [Uh V2, U3, V4, Us, Vg, U7, Ug, V9, UlO]a

with,
vy = 0,
vy = prBrksvr(1 — enrenr)larorTrér(1 — gr) + Trrka(1 — fr) + ka(ks +vror))
T ’
vy = (1 —gp)arTrvs  grarTrypve  puBrve(l — caen)vr
ko Foky ko ’
v = paBrur(1 — exren ) {nryemr(ke + VFU}}) + Eplkikoky — YrTE(frke + gFCVC[’UF)]}7
F1

Vs = w; ve =0, vy =uv7 >0,
k4
ve = prBr(l — crep) v Apvs I (1 — gun)arTarvg i IMOaTTNMYMUT
Anrkg ke keks ’
Ve prBr(l — crep)SuArve | MrTMyMUT _ PYM"U7.

AM]{?7

k7k58 , Vio = kg
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Computations of bifurcation coefficients a and b

It can be shown, by computing the non-zero partial derivatives of F' at the DFE (&) and simpli-
fying, that

. 2
0= D vty (&)
iU

ki j=1
y 5
:A—(l — €rcp)PrBu {QF(UQ — V5)Ws — Vs Z wi:| (w7 + vprws + Epwy) (B.3)
F i=2
o 10
+ (1 — enrear) Py Br | Oar (V7 — vio)wio — v7 Z w; | (wg + vpws + {pwy).
Am =T
Thus, the bifurcation coefficient, a, is positive whenever
5 10
Op(vy — vs)ws — vy Zwi >0 and Oy (v7; — vig)wip — v7 Zwi > 0.
i=2 =7

Furthermore, it can be shown that:

10 82]‘
k
b = kawim(go),

k,i=1

= BFU7(1 — EMCM)(’LUQ + vpws + fF’LU4) > 0.
Hence, it follows, from Theorem 4.1 in [15], that the model (2.3) exhibits a backward bifurcation
at Ry = 1 whenever

5 10

Op(vy — vs)ws — vy Zwi >0 and Oy (v; — vig)wip — v7 Zwi > 0.

=2 =7
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Appendix C: Proof of Theorem 3.4

Proof. Setting 0 = 03y = 0 in the expression for the bifurcation coefficient a, given in (B.3) above,

gives (it should be noted that the eigenvectors vq, v7, wa, w3, Wy, ws, Wy, Wy, Wy, Wyg are all positive)

ki j=1 i0;
21 >
=— [A—(l — epcr)prPuve(wr + vyws + Enrwy) Z w; (C.1)
F i=2
2
+ A_(l — enrCn) Py Brvr(we + vpws + pwy) Z wi| < 0.
M i=7

Thus, it follows from Theorem 4.1 in [15] that the model (2.3) with 6 = 6, = 0 will not undergo
a backward bifurcation at Ry = 1. O

Appendix D: Proof of Theorem 3.5

Proof. Tt is worth noting, first of all, that the equations for the infected components of the model

(2.3) with 0p = 63, = 0 can be written in matrix-vector form:

B0 _Jw-v- (1-5) k- (1-20) s v, (D.1)

where X(t) = (IFE(t>,IFL(t),QF(t),RF(t),IME(t),IML<t>,QM(t),RM(t))T and the matrices F

and V' are given in Section 3, Furthermore,

0000 zp zpvy zrpém O 0 0 0 00 00O
0000 O 0 0 0 0 0 0 00 00O
0000 O 0 0 0 0 0 0 000O0O
K, — 0000 O 0 0 0 and K, — 0 0 0 000O0O
0000 O 0 0 0 vy rmvr & 00 0 0 O
0000 O 0 0 0 0 0 0 00 0O0O
0000 O 0 0 0 0 0 0 00 0O0O
0000 O 0 0 0 0 0 0 000O0O
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Since K and K, are non-negative matrices and Sg(t) < Ny (t) and Sy (t) < Np(t) in Q, it follows
that

dX (t)
dt

< (F—V)X(t). (D.2)

Using the fact that the eigenvalues of the matrix F'—V all have negative real parts (i.e., p(FV 1) <
1if Ry < 1), it follows that the linearized differential inequality system (2.3) is stable whenever
Ro < 1. Thus, by Comparison Theorem [22],

Tim (T (), Trn (£), Qr(t), Re(t), Tnp(t), Tnw (£), Qu(t), Rar(t)) = (0,0,0,0,0,0,0,0).  (D.3)

A A

Substituting (D.3) into (2.3), it can be shown that Sg(t) — “Eoand Sy(t) = =X ast = .
7 7

Hence,

lim (Sp(t), Ire(t), IrL(t), Qr(t), Re(t), Su(t), Ine(t), Inr(t), Qu(t), Ru(t))

t—o00

A A
= <_F707070707 _M707070,0) = (c:(].
o M

Thus, every solution to the equations of the model (2.3), with 6z = 6, = 0 and initial conditions

in Q, approaches the DFE (&) as t — co whenever Ry < 1. O]

Appendix E: Proof of Theorem 5.1

Proof. Corollary 4.1 of [52] gives the existence of an optimal control quadruple (7z(t), Tas(t), cr(t),
cu(t)) due to the convexity of the integrand of J with respect to (7p(t), Tar(t), cr(t), ca(t)), a
priori boundedness of the state solutions, and the local Lipschitz property of the model (2.3) with
respect to the state variables. Applying the Pontryagin’s Maximum Principle [53], gives

di\iip = —gg Asp(ty) =0, di;;E = _8811;;’ Aipg(ty) =0,
dAdIt” = —;;ZL, Arp (tr) = 0, d;?F = _8861;’ Aqr(ty) =0,
di}? = _aaji Ay (ty) =0, di\;M = —6854 Asy (ty) =0, (E1)
B =y You(t) =0 T = ) =0
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Evaluating (E.1) at the optimal control quadruple (7g(t), 7as(t), cp(t), car(t)) and the corresponding
state variables results in the stated adjoint system (5.4) and (5.5). In the interior of the control set
W, where a1 < Tp<t) < ai192,0a91 < TM(t) < Qa9, b1 < Cp<t) < b12, ba1 < CM(t) < b22, the optlmahty

conditions give

0H
57 = worr ~ IrelA s = Aor + fr(Aar = Anp)l = arlri(Are, = Agr)
— (arIpLgr + nrQr)(Ag, — Arp) =0,
0H
% = WiTMm — IME[/\IME - /\QM + fM()\QM - )\R]V[)] - OéTIML(AIIML - )‘QM)
(E.2)
- (aTIMLgM + nTQM)()‘QM - )\RJM) =0,
oH erprPr(Ive + vilyn + EuQm)[Sr(Mpy — Asp) + 0 Re(Arpp — Arp)]
5 = Wi11Cr — =0,
ock Nu
OH . GMPMBM(IFE +vplpr + gFQF)[SM(AIME — )‘SM) + QMRM()\I]WE — /\RM)] —0
@ = Wi2Cpm — Nr o

The optimal control quadruple (7}, 75/, ¢}, ¢3;) can be obtained by solving the optimality conditions
above, to obtain 75 = Zy,7y = Za, ¢ = Zs,cyy = Zy, where, 2, 2y, Z3 and Z; are defined in
(5.7). Using the bounds for the control variables in the control set W, the controls 75, 71, ¢ and

¢y can be re-written in the form (5.6), as required. O
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State Variable | Description
Sr(Swm) Susceptible females (males)
Irp(IyE) Infected females (males) in the early stage
Irr(Inr) Infected females (males) in the late stage
Qr(Qun) Treated females (males) who fail treatment
Rp(Ry) Treated females (males) who recover from infection
Parameters Description
Arp(An) Recruitment rate of new sexually-active females (males)
7 Natural death rate
or(on) Progression rate from early to late stage for females (males)
Tr (T ) Treatment rate for females (males)
ar Modification parameter for the variability in the treatment
rate of individuals in the late stage of infection, in comparison
to those in the early stage of infection.
nr Modification parameter for the assumed decrease in the recovery
rate of individuals in the Qr and ), classes, in comparison
to successfully-treated individuals.
YE(Yar) Relapse rate for females (males) in Rp(Rys) class
Or(Onr) Re-infection rate for females (males) in Rp(R)/) class
fr(far) Proportion of treated females(males) in the early stage who recovered
gr(gnm) Proportion of treated females(males) in the late stage who recovered
dr(Or) Syphilis-induced mortality for females (males)
in IFL([ML) class
er(enr) Efficacy of condoms in preventing infection in
susceptible females (males)
cr(car) Condom compliance for females (males)
Kr(Kar) Effective contact rate for females (males)
vi(Var) Modification parameter for the assumed increase in infectiousness
of individuals in the Ir (1) class in comparison to those in the (Iy/g) class
Er(&mr) Modification parameter for the assumed reduction of infectiousness

of individuals in the Qr(Q)s) class in comparison to those in the (Iyg) class

Table 1: Description of state variables and parameters of the model (2.3).
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Table 2: Mean values of the model parameters with their assigned distributions.

Parameters \ Distribution \ Range \ Baseline values \ References

i Normal 5.08x107° - 5.89x107° | 5.48x107° day~ ' | [57]

OF, OM Normal 3.89x1072 - 5.73x1072 | 4.762x1072 day~* | [58]

TR, TM Normal 2.75%107! - 4.51x107" | 3.6x107! day~! Implied from [58]
nr Normal 1.99x1072 - 1.79x1071 | 0.1 Assumed

ar Normal 2.35x107% - 4.49x1071 | 2.5 Implied from [58]
fr. fu Normal 8.5x107t-9.5x107! 0.9 Assumed

gr, Gum Gamma, 8.5x1071-9.5x107! 0.9 Assumed

o, O Normal 5.8x1072 - 7.68x1072 | 6.849x1072 day~! | Implied from [20]
€F, €M Uniform 2.5x1071 - 9.5x107! 0.8 [59]

CuM Uniform 4x107t - 8x107! 0.6 Assumed

Cr Uniform 1x107! - 3x107! 0.15 Assumed

Kp, KM Gamma 1.86x107! - 4.54x1071 | 0.3 [58]

Vr, Um Gamma 1-14 1.2 Assumed

Er, Eu Gamma 3.15x1071 - 7.39x107 | 0.5 Assumed

Ap, Ay |- ; 1.0203%10% day~" | [11, 57]

Or, O - - 0.9 Assumed

YE, VM Normal 6x107% - 7.6436x107* | 6.8x107* day~* Implied from [58]

Table 3: Number of new cases of infections for various control strategies using different weights

* o * R * * * * k k
’ Wy, W10, W11, W12 ‘ cp=cu=0 ‘ Tr =Ty =0 ‘ Try ™M CFy Cm ‘

10! 6.3217x10° | 1.2927x10° | 3.5408x10°
102 6.3217x10° | 1.2952x10% | 3.6376x10°
103 6.3220x10° | 1.3188%x10% | 4.1798x10°
10* 6.3447x10° | 1.5012x10% | 5.0647x10°
10° 6.8244x10° | 1.8544x10% | 5.4578x10°
108 1.2124x10% | 1.8611x10% | 9.6992x10°
107 2.0147x10° | 1.8611x10% | 1.6071x10°

43



