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ABSTRACT

In this paper a bivariate gamma type distribution emanating from the diagonal elements of an inverse
Wishart type distribution is developed; which in turn originates from the complex matrix variate elliptical
class. From this, a bivariate Weibullised gamma type distribution is also presented, of which the bivariate
Nakagami-m type is a special case. The derived results may be applied as decision statistics for a MIMO
(multiple input multiple output) system with two transmit antennas. It is proposed that under this
elliptical umbrella some performance measures such as the outage probability of MIMO systems can be
analyzed in broad generality.
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1 Introduction

In the field of multiple input multiple output (MIMO) systems and wireless communications, fading
channels are characterized as statistical distributions used to model and describe the signal degradation
from the transmitter to the receiver of wireless signals. Certain assumptions such as geographical area,
type of transmitters or receivers etc. give rise to certain distributions being preferred to describe the fading
of signals. Some of these include the Rayleigh and Rician (see Miller (1974)), Hoyt (see Hoyt (1947))),
and Nakagami (see Nakagami (1960)) fading. Rayleigh fading is of particular interest in this paper.
de Souza and Yacoub (2008)| mentioned that the Rayleigh probability density function (pdf), moreover
specifically the basis for assuming Rayleigh fading in wireless communications, is usually derived based
on the assumption that from the central limit theorem for large number of partial waves, the resultant
process can be decomposed into two orthogonal zero mean and equal standard deviation normal random
processes. This is an approximation and the restriction of complex normal is unnecessary - it is not
always a large number of interfering signals. Thus a more general assumption than normal may not be
that far from reality (see also [Ollila et. al. (2011)).

In this paper, the complex matrix variate normal assumption in the construction and motivation of
the Rayleigh fading model is relaxed and generalized to that of the complex matrix variate elliptical
class. By doing so, different members of the complex matrix variate elliptical class can be assumed as
underlying models and compared to that of the usual complex matrix variate normal. In particular, the
complex matrix variate ¢ distribution is assumed and investigated comparatively with regards to said
normal assumption. However, the complex elliptical class is assumed first in the fading environment, and
subsequently investigated for the complex matrix variate ¢ case.

The complex matrix variate elliptical class is shortly reviewed next. Let H :m X p be a complex
matrix variate that is distributed according to the complex matrix variate elliptical distribution, denoted
as H~ CEp, ;(0,1,,0%, h), with the following pdﬂ

fu(H) = [S[7"h(~ tr HS'H), (1)

! Corresponding author: johan.ferreira@up.ac.za
2H denotes Hermitian transpose.



with covariance matrixf’] & > 0 :p x p and density generatoif]] & : R* — R*. [Provost and Cheong (2002)
reports that the pdf of this complex elliptical random matrix H can be represented as

fux(H) = / fern ot (IS () dt ()
R+

where fon,,  (01.0t-15)(H[t) is the pdf of a complex matrix variate normal distribution, denoted as
CNpp(0,1,@t713) and S (¢) is a weight function depending only on ¢. Note that S (¢) is not necessarily
positive on all its domain. From representation it is evident that any characteristic of complex matrix
elliptical variates can be studied under a complex matrix variate normal assumption with a scale change
in covariance matrix.

Next, the platform is set for matrix variates within the wireless communications framework relevant
in this paper. A single user MIMO system depends on the channel propagation matrix H in the following
manner:

y=Hx+v,

where y,v € C™*! x € CP*! and H € C™*P (C™*P denotes the space of complex positive definite
matrices of dimension m x p). For a Rayleigh fading model, the distribution of an m X p channel
matrix H is usually assumed to be CNy, ,(0,I,, ® X) distributed, with m > p (see Miller (1974)).
However, assuming a Rayleigh type fading model implies that the channel matrix H and noise vector
v are independently distributed according the complex matrix variate elliptical distribution, in other
words, H ~ CE,, ,(0,1,,®%, k), and (independently) v ~ CEy,1(0,02L,,) (see [Telatar (1999)). Thus
in this paper the complex matrix variate normal assumption that H usually follows is substituted with
the complex matrix variate elliptical distribution following the assumption of Rayleigh type fading. The
following proposition presents the Rayleigh type fading under consideration in this paper.

Proposition 1 Let Z = X + jY where j = /—1, and where X, Y are independent and identically zero
mean elliptical random variates with common variance o? (that is, CE (0, o2, h)) Let z = \J22 + 9% =
re'? denote an element hij of H. The joint pdf of r (amplitude of the fading signal) and 6 (phase of the
fading signal) in the complex elliptical class is given by

2
2y _ r __r
f (7“,9|a ) = / 5521 OXP < t_102> S (t)dt
R+

with
2

r T
h(T|02) = / W exp <_W) S(t) dt,
R+

where v > 0, as the Rayleigh type pdf. The distribution of the phase 6 remains uniform, with pdf (see
Miller (1974))

1
k(0|02 = 5 0<0<or

and zero otherwise.

In this paper the main contribution is to propose a Rayleigh type fading distribution (see Proposition
, and subsequently derive the joint distribution of the diagonal elements of (HH H)_l, where H ~
CE;,2(0,1,@3, h); this is called a bivariate gamma type distribution and is discussed in Section [2| In

3For a matrix X, X > 0 indicates the matrix is positive definite.
4R* denotes the positive real line.



addition, particular members of the complex elliptical class is investigated (specifically the complex matrix
variate normal- and complex matrix variate ¢ distributions) as underlying models for the newly proposed
bivariate gamma type distribution. Subsequently, a bivariate Weibullised gamma type distribution ema-
nating from the proposed bivariate gamma type distribution is introduced, where a special case of the un-
derlying complex matrix variate normal is a particular new contribution not studied by Xu et. al. (2009),
in addition to the underlying complex matrix variate ¢ case. Bivariate distributions have been exten-
sively explored in the literature; we refer to Balakrishnan and Lai (2002), de Souza and Yacoub (2008)\,
de Souza et. al. (2012),/Chen et. al. (2014), [Ermelova and Tirkonnen (2015), and Mahdavi et. al. (2017)
to mention some. Finally in Section [3] possible application of the derived results are proposed with re-
gards to the outage probability and the equal gain diversity of an m x 2 MIMO system; which is analyzed
in a broad generality from an elliptical viewpoint, and comparatively investigated for the underlying
complex matrix variate normal- and ¢ cases. Section [ contains final conclusions.

2 Bivariate distributions

In this section, a new bivariate gamma type distribution, extending the work of Xu et. al. (2009), em-
anating from the complex matrix variate elliptical class is proposed. In particular they considered the
joint distribution of the diagonal elements of W = [w1; wia; w?y was], where W = (H”H) ™!, with H :
(m x 2) distributed according to a complex matrix variate normal distribution C'N,2(0,1,,®3) Withﬂ
Y =[1¢; £ 1] as the covariance matrix. Suppose H ~ CE,, 2(0,1,,®%, h). Then S = H”H is complex
matrix variate Wishart fype distributed, and the pdf is given by

_ 18|™%G(8)

fs(S) = Ty(m) =™ S >0, (3)

where I'y(m) denotes the complex multivariate gamma functionlﬂ and Where[]

G(s) = /tQm etr (—t27'S) S (t) dt.
R+
2.1 Bivariate gamma type distribution

The following lemma defines a complex matrix variate inverse Wishart type distribution. Subsequently,
a bivariate gamma type emanating from the diagonals of this complex matrix variate inverse Wishart
type distribution is derived.

Lemma 2 Suppose S follows a complex matriz variate Wishart type distribution with pdf @ Then
W = S~! follows a complex matriz variate inverse Wishart type distribution with pdf

tzm 1 m+2 1 m
A RZ I'y(m) (w11w22 - wmwfz) (1_55*> Y

t
X ex — —~ lw + wog + w * + ’U)* S (+) dt
p{ wi1wag — wiawiy(1 — EE¥) [win + w2z + wi2€ 125]} (t)

where W > 0.

>a* denotes the conjugate transpose of a.
2
STo(m) = [[ a0 (m —i+1) =72l (m)T (m + 1)
i=1
Tetr (-) defines exp (tr (-)).



Proof. Consider W = S™%, with Jacobian J = J(S — W) = |W|?™ (see[Maiwald and Kraus (1997)).
From (@, it follows that the complexr matriz variate inverse Wishart pdf is given by

fW) = fs(Wh) J

2m
N /F2<m)’\f\7‘m+2‘2’m etr (—tS7IW ) S (t) dt (5)

where W > 0, which leaves the final result. ]

Theorem 3 Suppose W follows a complex matrixz variate inverse Wishart type distribution with pdf (@
Then the pdf of (X1, X2), the inverse of the diagonals Wy and Way of W, is given by

21 —a?) X 1 a2 \" .
o) = 1 S e (rw)

0
k
kj k (1 — a2)p
X —1)ktP
2 () 1 o et

X /tm+k-p_1F <m+k+p+1,

R+

1_%2@:1 + x2)> S (4) dt, (6)

where x1,19 > 0, m > 0, 0 < a®> < 1, T'(:) denotes the gamma function and T (-,-) denotes the upper
incomplete gamma function (see Gradshteyn and Ryzhik (2007), p. 899, eq. 8.350.2).

Proof. From , let
E=ae™® o= €], b=uarg(§) and 0 < a < 1,wis = \/wnwggpe*ie, 0<h<2m 0<p<l1,

where 12 = —1 is the complex unitary, then J = |2pwiiwaa|. It then follows that

£2m 1 1\
wi1, wag, P, Bt) =
flwn, waa, p,01t) [a(m) (wuwzz(l - ,02)> (1 - az)

t
— 2ap+/ 0—0b)| 2 .
X exp { s (1 — p2)(1 — a?) (w11 + wa2 + 2ap\/wi1ws2 cos( )]} pw11W22

The focus is to obtain the joint pdf of the inverted diagonal elements of W. Making the transformations
X1 =Wt and Xo = Way' with J = (X1X2)72:

2t2m(x1x2)m_1p(1 _ p2)—(m+2)
(1 —a?)"T'(m)['(m — 1)

t
X exp {— A== a) [x1 + 22 + 2ap\/x129 cOs(f — b)}} .

flx1,x2,p,01t) =

The pdf of (X1, Xa, p, ) is given by

f(z1,22,p,0) = /f(xl,ﬂﬁzapﬂt)s(t)dt
R+

2($1Q;2)m—1p(1 - p2)_(m+2) -
P s
R+

t
X €Xp {— I -a) (1 + 22 + 2ap\/T122 cos(0 — b)]} dt. (7)
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Note that

2m
I(A(t)) = ; exp (A(t) cos (0 — b)) db
B () o )2 k
% W< )

where A(t) = 2PV I1T2 xm and fo cos? 1 0df =0 ¥V n. Thus, we have that

(1=a?)(1-p?)
C A(zme) (1 — p?) (M) -
f(w1,20,p) = (11_2a2)mr(m)f‘(m —1) R[ t2mS (t)
G ) <1 1202 o221 79 k
X exp < (1 — p2)(1 — a2)> kzo (k:!)2 ((1 — a2)2(1 — p2)2> dt. (8)

To obtain the pdf of (X1, X2), let Z; = X;/(1 —a?), i=1,2, and Y =
the pdf of the bivariate gamma type is given by

2
[z, 22) = <1 _1a2> f21,2, (1?&2,1?@& (9)

with pdf of (Z1,Z2,Y) given by

(1_71,)2); with J = (1 — a2)2. Then

—a?)m a
Fornmy) = o IS e ey - 1)
k=
X / 207K e {—t(21 + 22)y} S (¢) dt. (10)

Subsequently, the pdf of (Z1,Z2) has form

f(z1,22) = f(z1, 22,9
/

CL2 m & a2k
_ /F(QTELI)F( )_1 230 k') (zlz2)m+k 1ym+k<y 1)k

/ 2078 exp {—t(21 + 22)y} S (t) dtdy

1)k+p

o0
— a’ Yotk
- p( 1) Z (k)2 (2122) Z( > (71 +22 ymktp Tl

0

« /tm+k_p—1f(m—|—k+p+ Lz + 22)) S (t) dt, (11)
R+

using |Gradshteyn and Ryzhik (2007), p. 346, eq. 3.381.3. Therefore from and (11)), (X1, X3) has the
g y yzhik (2007), p. 346, eq fore from (9) and (11)), (X1, X2)



following bivariate gamma type pdf

201 —a?) X 1 a? \" ik
flan,z) = F(m()I‘(m—)l)Z(k!)2 <1—a2> (212)™ "

t
X /tm”“pll“ <m +k+p+1, 172(331 + 5'32)> () dt,
—a
R+

where x1,x2 > 0, leaving the final result. [

2.2 Graphical representation

In this section the graphs of pdf for the bivariate gamma type distribution @ are displayed for two
special cases, namely the complex matrix variate normal and the complex matrix variate ¢ distributions
as underlying models for H.

Corollary 4 For the bivariate gamma distribution, let (see |Provost and Cheong (2002))
S(t)=46(t—-1) (12)

where 6(-) is the dirac delta or impulse function having the property [ f(z)é(z)dx = f(0), for every
R+
Borel-measurable function f(-), i.e. H has a complex matriz variate normal distribution. We then obtain

the result of | Xu et. al. (2009). Specifically, let x =t — 1, then

t
Il = /tm+k—p—1I‘ <m+k+p+ 1,1_7012(.%'1 +5C2)> (S(t— 1)dt
R+

1

which simplifies to the bivariate gamma distribution

21—a?) X 1 a2 \* .
fnormal(xlax2) = F(n’L()F(m—)l)Z(k:‘)2 (1_a2> (.’L’1$2) et

k=0
k
E\ (—1)kP(1 — a?)P 1
T 1, —— 1
ngo <p) (21 + wo)mthtptl mtktptl, 1—a2($1+x2) ’ (13)

where x1,x9 > 0.

Corollary 5 For the bivariate gamma t distribution, let

S (t) = (3)% 31,4 (14)



i.e. H has a complex matriz variate t distribution with v > 0 degrees of freedom. Using
|Grradshteyn and Ryzhik (2007), p. 657, eq. 6.455.1, observe that:

v)z y v t
I, = (%) /tz+m+k—p_2e_2tF (m+k+p+1,1—2($1+5€2)) dt
—a

)% <w1+x2

mk+p+1
1—a? )

I (% + 2m + 2k)

(5+m+k—p—1) (5% 4+ B
g Tm p 1-a2 T 2

1—a?

v
v v . 2
X 2F1 (17§+2m+2k,§+m+k—p,m>

where oFy () denotes the Gauss hypergeometric function (see |Gradshteyn and Ryzhik (2007), p. 1010,
eq. 9.14.2). The final expression for the pdf of bivariate gamma t distribution with v degrees of freedom
has form

B 2(%)2 . 2T (¥ + 2m + 2k)
filenm) = Ry (m - )rQ(g) (1 — a2)m-2k ,;::0 2(k!)2
k
% (xle)m-i-k—l Z (Zk;) (_1)k+p

y 1-a2 132 (15)
(54+m+k—p—1) (282 + % s
2 m p 1—a2 2

where x1, 19 > 0.

In Figure 1 through 4 the nature of pdfs and is illustrated for some arbitrary parameters.
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Figure 1 Pdf with contourplots for m =5 and a = 0.25,0.5,0.75 (fltr)
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Figure 3 Pdf with contourplots for m = 5,v = 10 and a = 0.25,0.5,0.75
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Figure 4 Pdf with contourplots for a = 0.5,v = 10 and m = 4,5,6 (fltr)

It is observed from Figures 1 and 3 that when a approaches 1, the pdf becomes more dense. The underlying
t case, in comparison to the normal distribution, exhibits fatter tails as expected.

2.3 Product moments

In this section, the product moments of the bivariate gamma type distribution with pdf @ is derived.
Subsequently the expression of the product moments is obtained for both underlying complex matrix
variate normal- and ¢ cases, and the Pearson correlation coefficient investigated.
Remark 6 The product moment of (X1, X2) with pdf (@ is given by

B(X[X3) = (1-a®)"" B(2]25) (16)
with

E(ZiZy) = ///zfzgf(zlyzzay)dzldzzdy

R+ R+ 1
Ji 2(1 —a®)™ N a** +k—1, m+k k
— r_n m m -1
/ / /ZIZZ F(m)F(m — 1) Z (k')2 (2122) Yy (y )
R+ R+ 1 k=0

« / 10 R) expy {—ty(z + 22)} S (1) didzdzady
R+

) o0
_ 2(1 — a2)m a* //t—r—m—k—n—m—k+2m+2k
TC(m)L'(m—1) (k!)?
k=0 1 R+
F(r+m+E)T(nd+m+k) .. k
yrrm+k yrmtk y" Ty — DTS (4) didy
2(1 _ a2)m > a2k
= r 1318 k
F(m)I‘(m—l)kZ_O(k:!)? (r+m+ETDT(n+m-+k)

o0
% /t—(r+n)s(t)dt / y—(r—i-n—i-m—l—k) (y — l)kdy
R+ 1
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using (@ and|Gradshteyn and Ryzhik (2007), p. 346, eq. 3.381.4. Further using Gradshteyn and Ryzhik (2007),
p. 315, eq. 3.191.2:

_ a2 m e a2k

E(Z1Zy) = F(er(zl)F(m)— 0 kZ:O (k!)2F(r+m+k)F(n+m+k)
X /t—(”")S(t)dtB (r+n+m—1,k+1)

R+
26(r +n)(1 — a®)™ <= a

I'(m)['(m —1) k:Z:O (k!
XF(r+n+m71)F(k+1)

F(r+n+m+k)

26(r +n)(1 —a®)™ T'(m +r)T(m +n)

T Tmlm—1)  (mtrtn-1) 2Py (r,mim + o+ m; a) (17)

2%k
‘)2I‘(r +m+Ek)(n+m+ k)

using the definition of the Pochhammer symbol, and where B (-,-) is the beta function, and (provided it
exists)

K(u) = / £ (L) dt. (18)

R+
Corollary 7 The product moment of (X1, X2) with pdf s given by

2(1 — a?)™ "+ (m + )0 (m + n)

Erormal (X1X3') =
(X1 X7) C(m)T(m—1) (m+7r+n—1)

using (@

Corollary 8 The product moment of (X1, X2) with pdf s given by

oy (ryn;r +n 4+ m; a2) (19)

20— q2yrtntm (y)”"r (2= (r+n))T(m+7r)I(m+n)
Ey (X1X3) = F(m)rz(m — 1)1‘2(%) (m+r+n-1) (20)

X oF1(r,n;r +n+m; a2)

using and |Gradshteyn and Ryzhik (2007), p. 346, eq. 3.381.4.

By using the expressions for the product moment in and , the Pearson correlation coefficient can

now be determined usin = B(X1X5)~ B(X1)E(X2)

g Px1,Xo \/E(Xlz)—E(Xl)2\/E(Xg)—E(Xz)
is graphed for arbitrary parameter values (m = 3, v = 5,15) against a? to illustrate the effect of a® on
the correlation between X7 and Xs.

=. In Figure 5 this correlation coefficient
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Figure 5 Pearson’s correlation coefficient for increasing values of a?

Corollary 9 The moment generating function (mgf) of (X1, X2) is given by

1 7\ ; i—i2:(J)(1—a IT(m4+)T'(m+7—1 .
M(QlaQZ):Z?Z <i>qiq§ 267 ) ( I ) 2 F1(i,j — i;j +m; d®)

= ' par L(m)I'(m—1) (m+j-—1)
where m > 0, 0 < a? < 1, and with k(j) as defined in (@

Proof. Substituting and into the definition of the mgf, together with|Gradshteyn and Ryzhik (2007),
p- 25, eq. 1.111, yield

[e o]

1 :
M(qiq2) = B Y 5(@X1+qXa)
j=07"
N N A j—i
= Z;Z i G@ EXiX3)
7=0 =0
X1 2yi+(—) i i
= Z;Z ; |1 (1_“) Ez,.2 (lez )
j=0“" i=0
N (Y i gy 26G)( = a?)"
— - / 1—
;E()qq (=) Fom)m — 1
F'm+49l'm+j5—1 .
( (m)+(j_1) >2F1(z,.7—1;.7+m;a2)
_ vyl (aj)Qi 2 (L= a?)m
j:Oj! —\i F'(m)['(m —1)
I'm+4)I'(m+j5—1 L
<L (m)Jrg._l)] ) JFy (i, — 154 + msa?)
which concludes the proof. n
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2.4 Bivariate Weibullised gamma type distribution

Bivariate Nakagami-m distribution has many applications in wireless communications (see

de Souza and Yacoub (2008)|and references therein). A bivariate Nakagami-m type distribution that em-
anates from this bivariate gamma type distribution is thus of particular interest. A bivariate Weibullised
gamma type distribution (see also (Chen et. al. (2014)) is proposed, which originates from the bivariate
gamma type distribution (see (@), of which the bivariate Nakagami-m type distribution is a special case.

Theorem 10 Suppose that (X1, X2) is bivariate gamma type distributed with pdf (@ The pdf of (R1, R2),
where R; = ( )E s given by

1)k+p 2\p+1 k ﬁ m+pB1k—1_ Bom+kfBy—1
2 (1 a 2 1 1 2 2
fonr) = gt 5oy WY o (g [ S
T'(m k o (k!)? 1—a (ri 4 rh2)mtktp+l
t
y /thrkplI‘ <m—|—k:+p—|— 1 (i )) S (1) dt 21)
R+

for r1,m79 > 0, m, By,B5 >0 and 0 < a®> < 1. This distribution is called a bivariate Weibullised gamma
type distribution.

1 1
Proof. Consider the transformations Ry = (%) P1 and Re = (%)52 with J = By Bym?r fl_lrgrl.
The pdf of (R1, Rz) is obtained from (6):

0 k ke
flrir) = r(i()lrznjz—) 1)Z(k1!)2 <1i2a2> (mrflm@) o

k 2
o N Gl [ M v
p ( Bl + m,r§2)m+k+p+1

mry

t

x/tm““‘f"lr (m+k+p+ L= 2(mr’fl+mr§2)> (1) iy Bym*ry* 1y
—a

R+

— 25152 i 1 a’ : rﬁ1m+51k—lrﬁzm+k/@2—1 Zk: k (_1)k+pmm+kfp71
~ Dm)D(m — 1) & (k)? \ 1~ a? 1 2

p=0 P

SR e D (g 1, — (4 med?) ) S () d
(r B1 + r/32)m+k+p+1 m p "1 — a2 mrl mrq
R+
which concludes the result. []

Remark 11 When 8, = B4 = 2, then has the pdf of a bivariate Nakagami-m type distribution:

k+ k
f(ri,re) = AL ahym iz B [l (ryrg) 22kt (1—a®)”
7 L(m)I'(m — 1) k o (k!)? 1-— (mr? + ma2)mtktp+l
t
X /tm+k—p—1I‘ <m +k+p+1, T— a2 (mr% + mr%)) S (t)dt, (22)

R+

forri,m9 >0, m >0, 0 < a® < 1. For the special cases under consideration, observe the following:
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i) Substituting (@ into (@, a bivariate Nakagami-m distribution has pdf

frormal(T1,72) = M if: (];)(—1)k+p ( a’m? )k (T1T2)2m+2k_1

[(m)I'(m —1) & = (k!)? 1-—a?
(1 —a?)P 1 5 5
(mr%+mr%)m+k+ﬁ+1r m+k+p+ 1,m (mri +mr3) |, (23)

where 1,79 > 0.

i) Substituting mto (@, a bivariate Nakagami-m t distribution has pdf

_aym2m (v)2 2 F (Y (DR s 02002 \F (] g2)P (g ) 2 2E1
flrr) — 0@ (3)° $59n ()Y ( ) (L—a?)" (rirs)

B2 \1-a2) (mr? +med)ymthtpil

v v t
X /tm+k+z—P—2e—ztr mtk+pt+l—s (mrf + Wg)) dt, (24)
—a

where 1,72 > 0.

In Figures 6 and 7 the nature of pdfs and is illustrated for some arbitrary parameters.

: \\ .
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30 02 04 06 B 10 12 14 00 02 04 06 08 10 12 14 00 02 04 06 OB 10 12 14

Figure 6 Pdf with contourplots for m =5 and a = 0.25,0.5,0.75 (fltr)
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Figure 7 Pdf with contourplots for m =5, v =5 and a = 0.25,0.5,0.75 (fltr)

As before, it is observed from Figure 6 that when a approaches one, the pdf becomes more dense.

3 MIMO Applications

In this section, possible applications are proposed of the newly developed models in section 2.

3.1 Application in Rayleigh type fading environment

Let H be the matrix for MIMO system with two transmit antennas, where H ~ C'E,;, 2(0,1,,®3, h) and
is subject to Rayleigh type fading (see Proposition [I)). Based on our notation, the outage probability at
a certain threshold zy, is obtained as (see [Simon and Alouini (2005))

Flaw) :F( Tth )

1—a?

where
F(z) = P{max(Z1,73) < z} .

Thus, we need to compute F(-), the cumulative distribution function (cdf) of max(Zy, Z2). To this end,
using and |Gradshteyn and Ryzhik (2007), p. 346, eq. 3.381.1 we obtain

P(Zl < Z, 22 < Zay) - //f(zlazzay)dzldz2
0 0

— g2)m 0 a2k
F(2n(11)1“(m)_ 1) Z (k)2 y Ry — 1)F /‘/2(771 + ks tyz)S (t) dt
=0

k Bt
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where 7 (-, -) denotes the lower incomplete gamma function (see |Gradshteyn and Ryzhik (2007), p. 899,
eq. 8.350.1). Subsequently

oo
F(z) = /P(21 < z,72 < z,y)dy
1

2(1—a®)™ < o T . |
L'(m)(m —1) kzzo (k)2 /R[ Y ( +k)(y — 1)"772(771 + ks tyz)S (t) dtdy. (25)

Finally, for the underlying complex matrix variate normal- and ¢ cases (see and ), the cdf is
given by

[e.e]

201 —a®)" X a _
Frommt(2) = st IS e [y iy — 142+ s 2y (26)
1

and

o0
Fi(z) = > (Z!)Q / y~ (R gy — 1)k / V(i + ks tyz)t3 e Stdidy  (27)
1
respectively. These expressions are evaluated numerically next.

Remark 12 Different expressions and methods are available (see Gradshteyn and Ryzhik (2007) p. 347,
eq. 3.383.3 and p. 899, eq. 8.351.2) for simplified expressions (@) and . However, due to cumber-
some computational execution, the authors utilize a direct integration of these expressions.

A simulation is conducted using Matlab to validate the analytical results. The results and accompanying
figures are illustrated using Mathematica. Figure 8 illustrates the outage probability of the signal-to-noise
ratio (SNR) for MIMO systems with 2 transmitters and m = 3 receivers over correlated Rayleigh type
channels with underlying complex matrix variate ¢ distribution. The analytical results (solid line) match
the simulated results (dashed line) closely, which can be observed by Table 1 indicating selected values
of the outage probability for the analytical- and simulation studies.

Figures 9a and 9b illustrate the results for the underlying complex matrix variate ¢ distribution together
with underlying complex matrix variate normal distribution also for the case of 2 transmitters and 3
receivers for a = 0.5. The different behaviour for small and large outage thresholds is noteworthy, as
evident from Figures 9a and 9b. This observation provides significant insight to the theoretical contribu-
tion of the candidacy of the complex matrix variate ¢ distribution in comparison to the complex matrix
variate normal case. Note that Figure 9b is a magnified version of Figure 9a over a subset of the domain.
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Figure 8 Analytical and simulated outage probabilities, for a = 0.5, v = 10

Outage threshold H Analytical ‘ Simulation

—4 0.0453594 0.04279
-2 0.108779 0.10027
0 0.231966 0.22034
2 0.426804 0.42380
4 0.656033 0.68335
6 0.84272 0.88991
8 0.944624 0.97745
10 0.98230 0.99725

Table 1 Analytical and simulated outage probabilities, for a = 0.5, v = 10
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Figure 9a (left) and 9b (right) Analytical outage probabilities against output threshold, for a = 0.5

Table 2 gives further insight by providing the value of the outage probability versus the outage threshold,
corresponding to Figure 9a. The values in bold indicate when the outage probability is lowest between

the three candidate fittings.

Outage threshold Outage probability Outage probability Outage probability
(t, v=1>5) (t, v =15) (normal)
-2 0.11684 0.105532 0.0980348
—-1.5 0.140931 0.129676 0.121677
-1 0.168608 0.158206 0.150095
—-0.5 0.199999 0.191543 0.183957
0 0.235115 0.230001 0.223877
0.5 0.273826 0.273717 0.270333
1 0.315843 0.32259 0.323553
1.5 0.360719 0.376215 0.383382
2 0.407851 0.433844 0.44914
2.5 0.456514 0.494379 0.519513
3 0.505894 0.556411 0.592509

Table 2 Analytical outage probabilities against the output threshold, for a = 0.5

3.2 Equal gain diversity

Based on the proposed bivariate Nakagami-m type fading distribution with pdf , the performance of
a 2-branch predetection equal gain combiner (EGC) over the bivariate Nakagami-m type fading channels
is investigated (see Karagiannidis (2004)). To this end, an expression is determined for the moments of
the EGC output signal-to-noise ratio (SNR) assuming a bivariate Nakagami-m type fading channel (see

22)-
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Now, suppose that in a fading environment, a 2-branch predetection EGC diversity receiver is operating.
Then, the instantaneous output SNR per symbol (see |Simon and Alouini (2005)) is given by

Yout = oN, (Rl + R2)

where F, is energy per symbol. Hence, the n* moment of the EGC output SNR is evaluated using ,
(18)), |Gradshteyn and Ryzhik (2007)|, p. 315, eq. 3.191.2, and [Gradshteyn and Ryzhik (2007), p. 25, eq.

1.111 as
" 2” 2n 9
Mn—E(Vout)n—< S> ( >//7’17" "Ef(r1, re)dridrs.
2N, —~

It follows that

= () () S (i s

s=0 =0

2 917“% 927"% kL +k k
5,.2n—s % T -1
//7“17’2 ( —a) 11 —a2)> /3/ (y )
1

R+ R+

X /t2(m M exp [ —t i + 2 ; S (t) riredtdydridr
R+

= Bms ) [ £ ( | mltw - )’fdy> S (1) dt
.

R+

where

1 2 E n 2n
2 s
B(2n;s, k) = 4m (1 —a2> <2N0>

3 2n\ 2(1 —a?)" i a?
s JT(r)(r—1) (k)2
=0 0
k-1
L(ty) = //Ti+1r§ns+1< mri % mrj )m
S (1—a?)  (1-—a?)
xexp | —t mrg + mr3 dryidr
p Y 1-a2)  (1-a?) 1072
B s L\"5HL /5t 1
= g—a)" m) gy

xF(n—%+m+k)F(§+m+k>

and

using (Gradshteyn and Ryzhik (2007), p. 346, eq. 3.381.4. Consequently, using and
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Gradshteyn and Ryzhik (2007), p. 315, eq. 3.191.2 we obtain

_ 1 2vny2 1 nath gyt
o = {BEr)(1—a?)E —

xF(n—g+m—l—k’)F(§+m+k>

4k, 1\k
1

g (ty)rtmh
- 33(271)(1 — a?)"*? <nll>n_;+l <;> o K(n)

><F<n—g—i-m—i-k)F(§+m+k>B(n+m—1,k+l)

After some algebra a final expression for the EGD (assuming a bivariate Nakagami-m type distribution)

is given by
o= A (B S () S (2) (2)

=0 k=0

[N

xF(n—§+m+k)F(%+m+k>B(n+m—1,k+1).

The expressions for EGD for the normal- and ¢ case respectively are given by

st = oL (35) 35 (o) o

s=0 k=0
xr<n—g+m+k)r(§+m+k)3(n+m—1,k+1) (28)
and
21 -a? m+”(9) I'(%-n) "2 2 o a2
e = T Fm)m = D (3) <2N> SZ%(S)%(W
xI‘(n—§+m k)F( +m+k>B(n+m—1,k+1). (29)

In Figures 10 and 11 the behaviour of the EGD ((28)) and (29))) is illustrated for some arbitrary parameters.
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Figure 10 and against a, for different values of m, v =5, n=1
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Figure 11 and against m, for different values of a, v=5,n=1

It is observed that correlation between transmitters decreases the EGD severely. Even so, for the under-
lying t distribution, the EGD is higher than that of the normal case. Furthermore for both cases, as the
number of receivers increase the EGD increases correspondingly.

4 Conclusion

In this paper new bivariate gamma- and bivariate Weibullised gamma type distributions have been
presented which originated from the diagonal elements of a complex inverse Wishart type distribution.
Specifically, the pdf, cdf, and product moments of the bivariate gamma type distribution have been
derived. Since the complex elliptical class constitutes a flexible- and broad class of distributions, this
paper provides some insight in the possible usefulness for engineering applications by this assumption.
The results have been applied to evaluate the outage probability of a MIMO system with two transmit
antennas with underlying models the complex matrix variate normal- and t case. In future, different
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members of the complex elliptical class may be explored as possible candidates versus the well-studied-
and assumed normal model in this MIMO field (Clavier (2017))).
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