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Abstract—A dual closed-loop control system is developed for a
dense medium coal washing process. The controller is designed
to improve the separation efficiency and energy efficiency of the
dense medium cyclone coal beneficiation process simultaneously
making use of a model predictive control (MPC) method and a
pumped-storage system. In the dual loop control, the outer loop
is designed for medium density profile optimization and the inner
loop is used for actuator control of the medium supplying circuit,
taking into consideration of the interplay of the energy efficiency
and separation efficiency. Mathematical models of the pumped-
storage system and the magnetite recycle process of the dense
medium circuit are developed and employed in the design of
the advanced controller. The effectiveness of the designed control
system is demonstrated by simulations based on operational data
from a South African coal beneficiation plant.

Index Terms—Dense medium cyclone, coal washing, dual-
loop control, pumped-storage system, model predictive control,
sampled & delayed measurements.

I. INTRODUCTION

Cleaner utilization of coal is of vital importance because
it is still the largest contributor to electricity generation [1].
This paper deals with coal cleaning processes that remove
undesirable impurities from run-of-mine (ROM) coal to reduce
pollutant emission and improve efficiency of coal utilization.

The most popular and productive coal cleaning technique
is the dense medium cyclone (DMC) washing process that
features high separation efficiency at high throughput [2].

Separation efficiency control of the DMC process used by
industries today are based on either rule-of-thumb or empirical
approaches. In previous work, an open loop controller making
use of geological samples from the ROM was designed [3].
Measurement of the quality of fine coal from the output of the
DMC was not assumed due to its high cost and long delay. In
particular, fine coal obtained after the DMC process is usually
sampled and sent to an off-site laboratory to analyze its com-
positions. The off-site measurement brings in delays of several
hours. This delay, together with the sampled measurement,
contribute negatively to the quality of coal obtained.

Introducing on-site measurement devices will help to reduce
this measurement delay. It was found that the shortest time
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required by measurement equipment available in market is five
minutes according to [4].

The benefits of the measuring equipment must be studied
because of the high cost. This however cannot be done without
a properly designed controller capable of making full use of
the measurement equipment. With this purpose, a closed-loop
controller was designed in [5], making use of sampled and
delayed measurements from the output of the DMC. However,
the open loop controller [3] and the closed-loop controller [5]
only deal with optimization of density profile of the medium
used. A control system for the medium solution preparation
process to track the optimized density profile was only studied
by a more recent paper [6]. Moreover, the interactions between
the DMC process and medium solution preparing process are
ignored in the design of all the three controllers. Therefore,
a complete design is needed to facilitate implementation of
the required control. This is one of the main purposes of the
controller design presented in this study.

In addition, the DMC cleaning processes are highly energy
intensive because of the energy usage of the medium pumping
system. Reducing energy consumption of the DMC process
is an urgent task for coal mines. A pumped-storage system
(PSS) was introduced in [7] to reduce energy waste due
to over pumping in view of the successful application of
demand side management (DSM) technologies to improve
energy efficiency of industrial processes, such as domestic
pumping systems [8], [7], [9], freight trains [10], [11], [12],
[13], [14], [15], hybrid solar power systems [16], [17], [18],
and mining processes [19], [20], [21], [22], [23], [24], [25],
[26], etc. The PSS scheme, however, hasn’t been considered
by existing DMC controllers. Therefore, the other aim of the
control system designed is to make use of the PSS scheme to
improve energy efficiency of the DMC process.

In summary, this study aims to simultaneously improve
the system’s energy and separation efficiencies by a control
system incorporating a pump storage system. This is achieved
by a dual closed-loop control system using model predictive
control (MPC) method (detailed in Section IV). Motivations
of adopting MPC include its predictive control nature which
helps to deal with the sampled and delayed measurements,
its ability to cope with constraints in the design process,
and its robustness against model plant mismatch and external
disturbances that exist inevitably [27], [28]. This is further
evidenced by the fact that MPC is one of the most used control
method in industrial and commercial systems [29], [30]. In
particular, application of MPC to address problems raised
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Fig. 1: DMC coal cleaning process with a PSS

from energy systems has been studied extensively with a great
success. For instance, MPC was use in controlling of pumping
systems [31], [8], solar power systems [16], economic power
dispatching [32], [33], etc.

Although coal-to-medium ratio affects the separation effi-
ciency of the DMC process [34], it is not considered in this
study because the flow rate of medium supplied to the DMC
is not affected by the PSS and controllers designed.

The rest of this paper includes four parts. Section II gives a
brief introduction of the DMC process operating with a PSS.
Section III presents a brief review of the DMC model devel-
oped in [35] and the detailed modeling process of the medium
circulation process. Section IV discusses the controller design
process and Section V presents some simulation results to
validate the effectiveness of the proposed control approach.
Section VI concludes the findings.

II. THE DMC CLEANING PROCESS WITH PSS

Fig. 1 shows the schematic diagram of a DMC coal washing
process operating with a PSS proposed in [7] (the part in the
dotted box). The ROM coal is first processed by a de-slimming
cyclone and de-watering screen, after which it is fed to the
DMC feed sump where it gets blended with the dense medium.
This mixed coal and medium slurry is then fed to the DMC
for separation. In the DMC, the feed coal is separated into two
streams, i.e. fine coal exiting at the top of the DMC and the
discard exiting at the bottom of the DMC. These two slurries
streams from the output of the DMC are subject to drain
and rinse screens for magnetite recycle. The final outputs are
stored in product silo and discard silo respectively for further
processing. The diluted medium recovered are then collected
and sent to a magnetic separator for magnetite recovery.

The recovered medium is in the form of concentrated
magnetite and fed to a corrected medium sump, where extra
magnetite and water are added to formulate the required
medium solution. The valve used to add water and the screw
conveyor used to add magnetite to the corrected medium sump
are the actuators that can be controlled to adjust the density
of the medium and therefore determines the fine coal quality.

In the current operation of the process studied, large amount
of energy is wasted by the corrected medium pump because
excessive amount of medium is pumped up from the corrected
medium sump at the bottom to the top of the plant. The
surplus medium pumped up is simply redirected by a medium
splitter to flow back to the corrected medium sump without
entering the separation process (see flow stream 7 in Fig. 1).
In an energy audit carried out at the mine studied, it was
identified that only 25% of the medium pumped is used in by
the separation process. The 75% over pumping leads to poor
energy efficiency and high energy cost for the plant.

In order to reduce energy consumption of the process
without jeopardizing fine coal quality, a PSS consisting of
an intermediate storage tank, a secondary pump and a re-mix
sump was introduced in [7]. This PSS, shown in the dotted
box in Fig. 1, forms a secondary medium circulation loop,
which captures and pumps the excess medium returned by
the medium splitter back to the top of the plant, preventing
this portion of medium from flowing down to the bottom of
the plant and therefore reducing energy consumption of the
corrected medium pump. Although one more pump is added in
the process, it can be observed that the differential head of the
added pump is much shorter than that of the corrected medium
pump, resulting in a pump with smaller size hence less energy
consumption. With this structural change, energy efficiency of
the plant can be improved remarkably as discussed in [7].

Consequently, the DMC coal preparation process with a PSS
operates similar to the original configuration but with an extra
medium circulation loop is obtained as shown in Fig. 1.

III. PROCESS MODELING

The DMC model developed in [35] is given here followed
by detailed modeling of the medium circulation process.

A. Model of the DMC

The DMC model suitable for controller design was devel-
oped in [35]. A brief review of this model is provided here.

1) The DMC feed sump: With reference to Fig. 1, the
percentages of ash, sulfur, moisture and volatile, xi,c, and the
percentage of the dense medium, xi,m, in the slurry feeding to
the DMC can be calculated by the following equations [35].

ρ̇mb =−
Qmb

Vmb
ρmb +

Qm

Vmb
ρm +

1
Vmb

Wore, (1)

xi,c =
xore,cWore

Qmbρmb
, (2)

xi,m =
Qmρm

Qmbρmb
, (3)

where ρmb is the density of the mixed slurry. Vmb, Qmb,m, ρm
and Wore are, respectively, the volume of the DMC feed sump,
the medium flow rate, the medium density, and the mass flow
rate of coal feed to the DMC feed sump. Qmb is the flow rate of
the mix to the DMC. xore,c = [xore,ash,xore,S,xore,H2O,xore,vol ]

T

represents the percentages of the different compositions in
the ROM coal. The subscript c denoting a set with elements
{ash,sulfur,moisture,volatile} is used to simplify notations.



3

2) The DMC: After mixed in the DMC feed sump, the
slurry then enters the DMC where the separation occurs.
Compositions of slurries that exit the DMC are governed by
following equations derived from mass flow balance [35].

ẋo,c =
1

Voρo

[
Wixi,c−Qoρoxo,c−Quρuxu,c−Voxo,cρ̇o

−Vuxu,cρ̇u−Ku,cVuρu(ρc−ρm)(xi,c− xu,c)
]
,

(4)

ẋu,c =
1

Vuρu

[
Wixi,c−Qoρoxo,c−Quρuxu,c−Voxo,cρ̇o

−Vuxu,cρ̇u−Ko,cVoρo(ρm−ρc)(xi,c− xo,c)
]
,

(5)

ẋo,m =
1

Voρo

[
Wixi,m−Qoρoxo,m−Quρuxu,m−Voxo,mρ̇o

−Vuxu,mρ̇u−Ku,mVuρu(ρo,m−ρm)(xi,m− xu,m)
]
,

(6)

ẋu,m =
1

Vuρu

[
Wixi,m−Qoρoxo,m−Quρuxu,m−Voxo,mρ̇o

−Vuxu,mρ̇u−Ko,mVoρo(ρm−ρu,m)(xi,m− xo,m)
]
,

(7)

ρ̇o =
1

Vo

[
Wi−Qoρo−Quρu−KuVu(ρu−ρm)xi,ash

]
, (8)

ρ̇u =
1

Vu
[Wi−Qoρo−Quρu−KoVo(ρo−ρm)xi,C] , (9)

where xo,c, xu,c are 4×1 vectors representing the percentages
of the compositions in the overflow and underflow of the
cyclone, respectively. xo,m and xu,m are scalars that represent
the percentage of magnetite in the overflow and underflow
of the DMC, respectively. ρo and ρu are the densities of
slurries exiting at the overflow and underflow of the cyclone.
Wi =Qmbρmb is the slurry feed rate to the cyclone. The volume
parameter Vc denotes the volume of slurry inside the cyclone
which is assumed to split at a constant ratio α into the volume
that reports to the overflow Vo =

α

1+α
Vc and the volume that

reports to the underflow Vu =
1

1+α
Vc. Similarly, Qo and Qu are

the flow rates to the overflow and underflow of the cyclone
that are split by the same ratio α . The Ko, Ku, Ko,c, Ku,c, Ko,m
and Ku,m are DMC specific constants. xi,C is the percentage of
carbon content in the DMC feed slurry, which is defined as
xi,C = 1− xi,m−∑c xi,c.

The percentages of fixed carbon in the cyclone overflow and
underflow after medium recycling process, xo,C and xu,C, are
obtained by

xo,C = 1− 1
1− xo,m

∑
c

xo,c, (10)

xu,C = 1− 1
1− xu,m

∑
c

xu,c. (11)

The model given in equations (1)–(11) is derived from [35].
Advantages of this model are threefold. Firstly, the percentages
of different components in the cyclone outputs can be obtained
directly. Secondly, it only involves differential equations which
takes much less time to solve compared to computational
fluid dynamics based models. This makes it possible to apply
controller designed with this model in a real-time environ-
ment. Thirdly, the accuracy of this model was validated with
experiments to be more than 95%, which is much better than
that of empirical models used for control purposes [36].

B. Model of the medium circulation process

1) The magnetite recycle process: The medium trapped in
the under- and over- flows of the DMC outputs are subject
to drain and rinse screens for magnetite recycle. The diluted
medium collected under the screens is then sent to magnetic
separator for subsequent magnetite recovery as shown in
Fig. 1. Studies have shown that in the DMC circuit, medium
entering the DMC can only be recycled by a certain percentage
because of losses in the circulation [37], therefore, the mass
flow rate of concentrated magnetite from the output of the
magnetic separator can be obtained by considering magnetite
losses and mass flow balance of the magnetic separator. In the
modeling process, the following assumptions are made:

1) β percent of the magnetite entering the DMC will report
to the magnetic separator for magnetite recovery;

2) ηs percent of the magnetite entering the separator will be
separated out from the diluted medium slurry;

3) The processing delay inside the magnetic separator is
negligible; and

4) The concentrated magnetite from the outlet of the mag-
netic separator has a stable density, ρrm.

With the above assumptions, one can model magnetite
recycle process and obtain the following equaton

Qp
m =

Qcm(ρm−ρw)

ρ
p
m−ρw

, (12)

where Qp
m and ρ

p
m represent the volume flow rate and density

of the magnetite particles carried in the dense medium. Qw
and ρw represent the volume flow rate and density of water
contained in the medium solution. Qcm = (1− rV

m)Qm is the
volume flow rate of the medium flowing into the DMC
process, in which rV

m is the ratio at which the corrected medium
is returned by the medium splitter (See Fig. 1).

Therefore, the mass flow rate of magnetite reporting to the
magnetic separator can be obtained by

mm = βQp
mρ

p
m =

βρ
p
mQcm(ρm−ρw)

ρ
p
m−ρw

, (13)

where mm is the mass flow rate of the magnetite reporting to
the magnetic separator according to assumption 1 above.

Following equation (13) and assumptions 2-4, the volume
flow rate of the concentrated medium can be obtained as

Qrm =
ηsβQcmρ

p
m(ρm−ρw)

ρrm(ρ
p
m−ρw)

. (14)

2) The PSS: The densities of slurry flows in the PSS
scheme must be modeled to facilitate controller design.

According to the mass balance of the re-mix sump, the
density of medium that enters the DMC feed sump and DMC
thereafter can be modeled by the following equation:

Vm
dρm

dt
=−Qmρm + rV

mQmρm +Qcmρcm, (15)

where ρcm is the density of corrected medium in the corrected
medium sump, and Vm is the volume of the re-mix box.

The density ρcm is adjusted by controlling the volume flow
rates of the water, Qw, and the magnetite, Qmm, to the corrected
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Fig. 2: Diagram of the dual-loop controller

medium sump. The density of the corrected medium can be
obtained using

Vcor
dρcm

dt
=−Qcmρcm +Qrmρrm +Qwρw +Qmmρ

p
m, (16)

where Vcor is the medium volume in the corrected medium
sump, Qrm and ρrm are the flow rate and density of the
magnetite recovered by the magnetic separator (flow stream
15 in Fig. 1). Qmm is the flow rate of the make-up magnetite
particles added by the screw conveyor. The volume change of
the medium in the corrected medium sump is described by

dVcor

dt
= Qrm +Qw +Qmm−Qcm. (17)

The volume flow rate of the linear valve is a function of
the fluid density and valve position:

Qw =Cwlw

√
∆P
ρw

, (18)

where Cw is the valve coefficient, lw is the valve position in
percentage, and ∆P is the pressure drop across the valve.

The volume flow rate of the magnetite particles added by
the screw conveyor can be related to the speed of the motor
driving the conveyor belt by the following equation: 1

Qmm = Q1
ρb

m

ρ
p
m

N, (19)

where Q1 is a conveyor belt related constant, ρb
m is the bulk

density of the magnetite and N is the motor speed in rpm.

IV. CONTROLLER DESIGN

A. Outer loop controller

For the outer loop, sampled measurements on the percent-
ages of ore compositions from different geological locations
of the mine pits are used as feed forward information to
derive a feed forward controller as shown in [3]. With help
of the feed forward control, a closed-loop controller can be
designed with sampled and delayed feedback measurements
from the output of the DMC. Because the DMC process model
is nonlinear with strong coupling between different states, a
nonlinear model predictive controller is proposed to control
the relative density of the medium. Diagram of the overall
control system is depicted in Fig. 2, where the dual-loop
control is clearly shown. In this figure, FF density controller

1Conveyor Eng. & Mfg. Co. Screw conveyor components & design. Version
2.20.

and FB density controller refer to the feed forward control and
feedback control of the outer loop controller, respectively.

To facilitate controller design, the DMC model presented in
Section III-A is discretized using the Runge–Kutta method to
be as follows [38]

x(k+1) = f (x(k),u(k)), (20)

where the state of the DMC process at time kTs is x(k) =
[xT

o,c(k),x
T
u,c(k),xo,m(k),xu,m(k),ρo(k),ρu(k)]T , in which Ts is

the sampling period. The control variable is u(k) = ρm(k).
1) Feed forward control: The primary goal of the feed

forward control is to improve the quality of the coal. Reducing
energy consumption of the DMC process by minimizing the
density of medium circulating in the plant is treated as the
secondary objective of the controller. As a result, the following
objective function is adopted.

J =
T/Ts

∑
k=1

[
kp(xo,C(k)− xr(k))2 + keu(k)2], (21)

where xr(k) is the desired percentage of fixed carbon in the
fines at sampling instant kTs, T is the operating time of the
DMC circuit. For simplicity, T is a multiple of Ts. Weights kq
and ke are used to tune the controller and are chosen by users
according to their preferences.

Physical and operational constraints of the DMC process
are described by the following inequalities:

0≤ xo,c(k)≤ 1, (22)
0≤ xu,c(k)≤ 1, (23)
0≤ xo,C(k)≤ 1, (24)
0≤ xu,C(k)≤ 1, (25)

|ρm(k)−ρm(k−1)| ≤ ∆ρm, (26)

ρ
l
m ≤ ρm(k)≤ ρ

u
m. (27)

Inequalities (22), (23), (24), and (25) naturally exist as the
percentages are from 0% to 100%. Constraints (26) and (27)
represent the limits on the rate of change and range of the
medium density. ∆ρm, ρ l

m and ρu
m are, respectively, the limits

on the rate of change, and the lower and upper limits of the
density of the medium.

Define U0 = [u0(k),u0(k+1), · · · ,u0(k+T/Ts)]
T . The feed

forward controller solves the nonlinear optimization problem:

U0∗ = argmin
U0

J (28)

subject to (20) and (22)–(27), whenever new measurement
from the ROM is available.

Remark 1: According to the physical properties of the
entire system, a feasible u0 always exists to satisfy (20) and
(22)–(27). In this section, the optimization (28) is an open
loop one, and u0 is subject to constraint (27), indicating that
the reference u0∗ (generated for the closed-loop MPC to track)
is always feasible and bounded.
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2) Closed-loop MPC: Denote the DMC state and control
reached by the feed forward controller as x0 and u0, and the
carbon content in the fines as x0

o,C. The closed-loop MPC
is to maintain the carbon content making use of feedback
information x by introducing ∆u change to u0 in order to com-
pensate model plant mismatch and disturbances. Therefore, the
objective function for the closed-loop MPC is derived from
(21) and given as

Jo(k) =
Np

∑
i=1

(
kp∆x2

o,C(k+ i|k)+ ke∆u(k+ i−1|k)2

+2kp[x0
o,C(k+ i)− xr(k+ i)]∆xo,C(k+ i|k)

)
+

Nc

∑
i=1

2keu0(k+ i−1)∆u(k+ i−1|k),

(29)

where Np and NC are the optimization and control horizons,
k denotes the current time kTs, |k means that the predicted
value is based on the information up to t = kTs, and ∆xo,C =
xo,C− x0

o,C is the change of carbon content because of ∆u.
The constraints (22)–(27) are transformed into

Ω(∆u(k|k), . . . ,∆u(k+Nc−1|k))≤ γ, (30)

where the nonlinear function Ω(·) represents the constraints
(22)–(27) and γ represents the limits derived therein. The
following terminal constraint is added to ensure the stability
of the controller:

∆xo,c(k+Nc|k) = 0. (31)

Define ∆U(k) = [∆u(k|k),∆u(k + 1|k), · · · ,∆u(k + Nc|k)]T .
The optimization of MPC can then be formulated by

∆U∗(k) = arg min
∆U(k)

Jo(k), (32)

subject to (20) and (30). The optimal control is implemented
in a receding horizon scheme:

∆u(k) = ∆u∗(k|k), (33)

where ∆u∗(k|k) is the first entry of ∆U∗(k).
The final optimal medium density obtained by the closed-

loop controller is given by: u = u0 +∆u.

B. Inner loop controller

The aim of the inner loop controller is to track the optimal
density profile set by the outer loop controller by manipulating
the water addition valve and the magnetite addition conveyor.
This essentially requires designing a controller for the PSS
circuit. To achieve this, the model shown in Section III-B2 is
first transformed into the following state space model.

Denote the state of the PSS by ζ = [V̇cor,Vcor, ρ̇cm,ρcm,ρm]
T ,

and the control variables by ε = [l̇w, Ṅ]T , one can get the
following equations from (15)–(19):

ζ̇1 =
ηsβρ

p
m(1− rV

m)
2Q2

m

Vmρrm(ρ
p
m−ρw)

(ζ4−ζ5)+Cw

√
∆P
ρw

ε1 +
ρb

m

ρ
p
m

Q1ε2,

(34)

ζ̇2 =ζ1, (35)

ζ̇3 =
1
ζ2

[
− (1− rV

m)Qmζ3 +
ηsβρ

p
m(1− rV

m)
2Q2

m

Vm(ρ
p
m−ρw)

(ζ4−ζ5)

−ζ1ζ3 +Cw
√

∆Pρwε1 +Q1ρ
b
mε2

]
, (36)

ζ̇4 =ζ3, (37)

ζ̇5 =
(1− rV

m)Qm

Vm
(ζ4−ζ5). (38)

Take φ = [φ1,φ2]
T = [ζ2,ζ5]

T as the output, these equations
can be decoupled and linearized using state feedback [39],
[40].

Introduce the coordinate transformation z = T (ζ ) =[
φ1 φ̇1 φ2 φ̇2 φ̈2

]T , the above nonlinear equations (34)-
(38) can be transformed into a new linear system in the z
coordination as follows:

ż = Az+Bv,

φ =Cz,
(39)

where A =


0 1 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

, B =


0 0
1 0
0 0
0 0
0 1

,

C =

[
1 0 0 0 0
0 0 1 0 0

]
. v is the new control variable

defined by
v = F(ζ )+T ε, (40)

where T =

 Cw

√
∆P
ρw

ρb
m

ρ
p
m

ΘmCw
ζ2

√
∆Pρw

Θmρ
p
mQ1

ζ2

, F(ζ ) =[
Θ(ζ4−ζ5)

(Θ3
m + ΘmΘρrm

ζ2
)(ζ4−ζ5)−Θ2

mζ3− Θm
ζ2
(Qcmζ3 +ζ1ζ3)

]
,

in which Θ = ηsβρ
p
m(1−rV

m)
2Q2

m
Vmρrm(ρ

p
m−ρw)

and Θm = (1−rV
m)Qm

Vm
.

The new linear system showing in equation (39) is con-
trollable [39]. Therefore, the original nonlinear system can
be controlled by designing the new control variable v. The
original control variable ε can be determined by

ε = T−1(−F(ζ )+ v). (41)

The linearized model is further discretized to be
z(k+1) = Adz(k)+Bdv(k),

φ(k) =Cdz(k),
(42)

where Ad , Bd and Cd and matrices obtained by applying
zero-order holder method with sampling period of T in

s to the
continues model (39).

Based on (42), an MPC controller with the following stage
objective function is designed for the inner loop:

Jin =

Nin
p

∑
i=1

e(k+ i|k)T
[

kv 0
0 kd

]
e(k+ i|k)+

Nin
c −1

∑
j=0

kcε(k+ j|k)2,

(43)
where e(k + i|k) = [φ(k + i|k)− r(k + i|k)] is the tracking
error, kv, kd and kc are weighting factors, Nin

p and Nin
c are

the predictive horizon and control horizon of the inner loop

MPC, respectively. r(k+ i|k) =
[

Vset
u(k+ i−1|k)

]
is the vector
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consisting of the set volume of medium in the corrected
medium sump and density set by the outer loop controller.
It is noticed that the relationship, Nin

p T in
s ≤ NcTs, should hold

all the time because the optimal density profile set by the outer
loop control is defined over the interval [kTs,(k+Nc−1)Ts].

The constraints are that of the upper and lower limits of the
state variable and the control variable:

ζmin ≤ ζ (k)≤ ζmax,

εmin ≤ ε(k)≤ εmax,
(44)

where the subscript min and max denote the lower and upper
limit, respectively. The following terminal constraint is added
to guarantee the closed-loop stability of the inner loop system:

e(k+Nin
c |k) = 0. (45)

Define ε̄ = [ε(k|k),ε(k+1|k), · · · ,ε(k+Nin
c |k)]T . The opti-

mization in the inner loop MPC can be calculated by

ε̄
∗(k) = argmin

ε̄(k)
Jin(k), (46)

subject to (44) and (45).

C. Stability analysis of the closed-loop system

Assumption 1: For a large enough predictive horizon Nin
p

and control horizon Nin
c , there always exist an initial feasible

solution to the optimization problem (46) at k = 0.
Remark 2: The above assumption of initial feasibility is

based on the fact that the system under consideration is
practical, and there should be at least a feasible control
u satisfying all constraints, such that the closed-loop inner
control system is stabilized.

As can be seen from the optimization (46), the inner loop
MPC is designed in a standard framework of MPC with equal-
ity terminal constraint. It then follows that, if the optimization
(46) problem is feasible initially (as given in Assumption 1),
then it is feasible recursively [41]. The stability of the inner
loop system is guaranteed by the recursive feasibility of the
optimization. Convergence rate of the inner loop system can be
tuned by kv, kd , kc and Nin

c , such that the time-scale of the inner
loop system can be assigned much faster than the outer loop
system. It then follows that, in the time scale of the outer loop
system, the inner loop system can be approximately regarded
as an identity matrix between its control inputs (which are the
rate of valve l̇w and the rate of motor speed Ṅ) and its output
(Vcor and ρm, which are the input of the outer loop system).

Remark 3: According to time-scale separation [42] and
singular perturbation [43], the transient process of the inner
loop system should be tuned four times faster than that of
the outer loop system, otherwise the overall stability is not
necessarily guaranteed.

For the outer loop system, if there is no disturbance or
measurement delay, the nominal system would progress as
predicted, and its closed-loop system would be exponentially
stable, which is ensured by the standard theory of nonlinear
MPC with terminal equality constraint [44]. Disturbances and
measurement delays can be viewed as accumulative pertur-
bations, and they can be regarded to be rectified whenever
the measurement is available. The accumulative perturbations

are bounded, since measurements are available at every finite
time. Bounds of the accumulative perturbations increase as
time interval of the measurements grows. It then follows that
the outer loop system is an exponentially stable system plus
bounded perturbations, which is ultimately bounded according
to Lemma 4.6 in [43]. The magnitudes of the ultimate bounds
relate directly to the bounded perturbations.

The entire closed-loop system (combination of the outer
loop and the inner loop systems) can be guaranteed ultimately
bounded by carefully setting the control parameters, such
that the time scale of the inner loop system significantly
faster than that of the outer loop system. Correlation of the
ultimate bounds of the entire system with disturbances and
measurement delays is displayed in the section of simulation.

The above analysis is summarized by the following propo-
sition.

Proposition 1: Consider the model of DMC and medium
circulation process given by Section III, and suppose that
Assumption 1 is satisfied. The controller is designed by
combining the feedforward control (21)–(28), the outer loop
control (29)–(33), and the inner loop control (43)–(46). It
then follows that the overall system is ultimately bounded
with respect to disturbances and measurement delays, and the
ultimate bounds can be tuned by control parameters.

V. SIMULATION

Simulations based on a South African coal processing plant
are given to verify the effectiveness the controller designed.

A. Simulation configuration

In simulations, 15 coal washing DMC modules run 16
hours per day. The coal feed rate to the DMC circuit is
Wore = 9.42kg/s. Ts = 14 s is used to discretize the DMC model
for the outer loop control and T in

s = 0.01 s is used to discretize
the PSS circuit model for the inner loop control. Parameters
of the DMCs are shown in Table I.

B. The benchmark

The designed control system is compared to the
benchmark—the open loop feed forward control proposed
in [3]. This choice of baseline is in accordance with the prin-
ciples of energy efficiency measurement and verification [45].

In the following comparison, the tracking error of the set
carbon percentage in the fine coal product is used as the sepa-
ration efficiency indicator and the daily energy consumption of
the 15 DMC modules is used as the energy efficiency indicator.
In particular, the energy consumption of the benchmark is
calculated by EB = 15

∫ T
0

u(t)Qmgh
3600000ηp

dt, where T is the daily
operation time, g is gravitational acceleration, h is the dif-
ferential head of the corrected medium pump, and ηp is the
combined efficiency of the corrected medium pumping system.
The number 3600000 is a unit conversion factor. The daily
energy consumption of the plant with the proposed DCLC
is calculated by EDCLC = 15

∫ T
0

(
ρcm(t)Qcmgh+u(t)rV

mQmgh1
3600000ηp

)
dt,

where h1 is the differential head of the secondary pump
severing the PSS. h = 60 m, h1 = 20 m, ηp = 0.8 and g = 9.8
m/s2 are used in the following calculations.
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TABLE I: Model parameters
Variable Value Unit
Vmb 0.16 m3

Qmb,m 0.495 m3/s
Qm 0.500 m3/s
α 2 –
Vc 0.38 m3

Ko 0.22 m2s
Ku 0.22 m2s
Ko,c [2.00, 3.90, 1.50, 8.90]T ×10−4 m3/kgs
Ko,m 4.80×10−2 m3/kgs
Ku,c [0.77, 3.90, 0.30, 8.90]T ×10−4 m3/kgs
Ku,m 3.90×10−2 m3/kgs
ρash 2000 kg/m3

ρS 1920 kg/m3

ρH2O 1000 kg/m3

ρvol 1100 kg/m3

ρb
m 2850 kg/m3

ρ
p
m 3500 kg/m3

rV
m 0.75 –

β 0.97 –
ηs 0.98 –
Vcor 2 m3

Vm 1 m3

Cw 0.0002 m3/h·Pa
∆P 100 kPa
Q1 1.18×10−5 m3/s
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Fig. 3: DCLC v.s. benchmark: the outer loop control

C. The dual closed-loop control

In addition to parameters provided in Section V-A, the
predicting and control horizons of the outer loop and inner
loop controllers are set as Np = 7, Nc = 5, Nin

p = 8, and Nin
c = 4.

1) Comparing the DCLC to the benchmark: Taking into
account modeling inaccuracies and process disturbances, the
performance of the controllers are compared under a 5%
random disturbance/uncertainty (Refer to [5] for more details).

Since the disturbances introduced are of random nature,
average performance indicators of 20 simulation runs of the
DMC with the designed control system and the benchmark
controller are compared to provide a fair comparison.

Figs. 3–4 show the comparison between the DCLC and the
benchmark control subject to 5% disturbance in case of 20
minute of measurement delay. Fig. 3 presents the average fine
coal quality indicator and the medium density profile obtained
by the DCLC and the benchmark controller, respectively. One
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Fig. 4: Performance of the inner loop control

can conclude from the figure that the DCLC is superior to the
benchmark controller in improving the fine coal quality. While
the coal quality deviates from the set level during the period
without feedback measurement, the DCLC is able to correct
this deviation whenever new measurement is received.

Fig. 4 is presented to demonstrate the effectiveness of the
inner loop controller. The first subplot reveals that the inner
loop is capable of tracking the medium profile set by the outer
loop control with high accuracy.
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Fig. 5: Performance comparison under varying delays

2) Impacts of the measurement delay: Fig. 5 gives a vi-
sual demonstration of the performance of the DCLC under
measurement delays together with the disturbances. It can be
seen that before the first feedback measurement is received
by the DCLC, the DMC process follows the open loop
feed forward control (the benchmark). After that, the DCLC
corrects the carbon content deviation according to the feedback
measurement. The daily energy consumption of the DMC
modules controlled by the DCLC averages at 4082.72 kWh,
which is about half of that of the benchmark control (8172.18
kWh). It is clear that, in general, the shorter the delay is, the
better the performance indicators are.

VI. CONCLUSION

Advantages of the controller designed in this study over
existing control methods are threefold. Firstly, the controller
presented is capable of making use of both feed forward and
feedback measurements to optimally control the operation of
the process, combining the power of an open loop feed forward
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control and a closed-loop feedback control. Secondly, the
controller is designed considering a pumped-storage system in
order to reduce energy consumption/cost of the plant, enabling
it to improve energy efficiency and separation efficiency of
the dense medium coal beneficiation process simultaneously.
Lastly, the controller designed consists of two loops with each
loop dedicated to its own functionality. Results obtained from a
case study verify that the controller presented is superior to the
benchmark control in terms of improving both the process’s
separation efficiency and energy efficiency.
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