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Z. Brzezniak et al.

1 Introduction

The aim of this paper is to study a class of stochastic reaction-diffusion equations driven by
a Lévy noise. A motivating example is the following stochastic partial differential equation
with a Dirichlet boundary condition

du(t,&) = Au(t, &) dt + [u(t, &) —u(t, §)%]dt
V@]
+ Ttw\ dL(t), t>0,
u(t,&) =0, £e€d0,

u(0,6) = up§), £€0,

where L = {L(¢) : t > 0} is a real valued Lévy process whose Lévy measure v has finite
p-moment for some p € (1,2] and O C R? is a bounded domain with smooth boundary.

One consequence of our main results is that for every ug € Co (O) there exists a Co(O)-
valued process u = {u(t) : t+ > 0}, which is a martingale solution to problem (1.1). The
diffusion coefficient in Eq. 1.1, i.e., the function g(u) = /]u[/(1 + 4/[u]), is just a simple
example of a bounded and continuous function, the drift term f () = u — 1> is an example
of a dissipative function f : R — R of polynomial growth, and the Laplace operator A is
a special case of a second order operator. Our results allow us to treat equations with more
general coefficients than those in the model problem (1.1). In fact we can study stochas-
tic partial differential equations with second order uniformly elliptic dissipative operators
with non-constant coefficients and an unbounded nonlinear map as drift term. Moreover,
our results are applicable to equations with infinite-dimensional Lévy processes as well as
systems with more general initial data, for instance, elements of the Lebesgue or Sobolev
spaces L1(O) or Wg (). The details are presented in Sections 4, 5 and 6.

In our paper we adopt the approach used in [10] by the first named author and Gatarek, in
which a similar problem but driven by a Wiener process was treated. The major differences
of the current work with respect to [10] are as follows. Firstly, the approach [10] heavily
depends on the use of the theory of It6 integral in martingale type 2 Banach spaces with
respect to a cylindrical Wiener process, while we use an approach which relies on stochastic
integration in martingale type p Banach spaces with respect to a Poisson random measure,
see [13]. Secondly, the compactness argument in [10] relies on the Holder continuity of
the trajectories of the corresponding stochastic convolution process. However, the trajecto-
ries of the stochastic convolution process driven by a Lévy process are not continuous, then
the use of the counterpart of the Holder continuity, i.e. the cadlag property of the trajecto-
ries seems natural to be used. Unfortunately, as many counterexamples have shown, see for
instance a recent monograph [65] as well as the recent papers [19] and [11], the trajectories
of the stochastic convolution processes driven by a Lévy process may not even be cadlag in
the space in which the Lévy process lives. Hence, this issue has to be handled with special
care. Thirdly, we do not use martingale representation theorem, unlike the authors in [10]
who used a result by Dettweiler [27]. Instead we use an ad hoc method based on a generali-
sation of the Skorohod representation theorem, see Theorem C.1. Finally, in order to control
certain norms of the approximate solutions, instead of using stopping times as in [10], we
apply interpolation methods. Summarizing, this paper contains general results on the exis-
tence of martingale solutions to stochastic reaction-diffusion equations with dissipative type
coefficients of polynomial growth and with multiplicative Lévy noise. We should also point
out that, as a by-product of our results, we are able to fill a gap in the proof of the main
result in the article [43]. The gap is related to the Step I, see page 8, in the current paper.
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Our paper confirms an observation that has already been made in earlier papers [13,
42] that the theory of stochastic integration with respect to a Poisson random measure in
martingale type p Banach spaces is, to a large extend, analogous to the theory of stochastic
integration with respect to a cylindrical Wiener process in martingale type 2 Banach spaces
provided the space of y-radonifying operators is replaced by the space L? (v), where v is the
intensity measure of the Poisson random measure in question. We would also like to point
out that the theory of Banach space valued stochastic integrals with respect to a Poisson
random measure is richer than the corresponding Gaussian theory, see the recent paper [30]
by S. Dirksen. It would be of great interest to develop a theory of inequalities for stochastic
convolutions and generalise the paper [13] in the framework of [30].

It is worth mentioning that although SPDEs with unbounded nonlinearity driven by a
Lévy process have not been as extensively studied as their Gaussian counterparts, there
exists a number of interesting recent publications on the subject. For instance, Truman
and Wu [74, 75], Jacob et al. [61], and Giri and Hausenblas [41] studied equations with
Burgers type nonlinearities driven by a Lévy noise. In addition, Dong and Xu in [31] con-
sidered the Burgers equation with the compound Poisson noise, thus in fact dealing with a
deterministic Burgers’ equation on random intervals and random jumps. Some discussion
of stochastic Burgers’ equations with additive Lévy noise is contained in [19], where it was
shown how integrability properties of trajectories of the corresponding Ornstein-Uhlenbeck
process play an important role in the existence and uniqueness of solutions. In the recent
paper [32] Dong and Xie studied the stochastic Navier-Stokes equations (NSEs) driven by
a Poisson random measure with finite intensity measure. Fernando and Sritharan [37] and
the first two named authours together with Zhu [17] studied the 2-D stochastic NSEs by
means of a local-monotonicity method of Barbu [4]. This method seems to be restricted to
the 2-D NSEs and does not require the use of compactness results. In their beautiful mono-
graph [65] Peszat and Zabczyk studied classes of reaction-diffusion equations driven by an
additive Lévy process. In this case, the stochastic evolution equations can be transformed
into an evolution equation with random coefficients, a method which usually does not work
with multiplicative noise. In another recent paper [55] Marinelli and Rockner investigated
a certain class of generalized solutions to problems similar to ours. Rockner and Zhang in
[67] established the existence and uniqueness of solution to and a large deviation principles
for a class of stochastic evolution equations driven by jump processes. Finally, Debussche
et al. in [25, 26] considered a stochastic Chafee-Infante equation driven by an additive Lévy
noise and investigated the dynamics of the equation, for instance, the first exit times from
domains of attraction of the stationary solutions of the deterministic equation.

The stochastic PDEs driven by Lévy processes in Banach spaces have not been inten-
sively studied, apart from a few papers by the second named author, like [42, 43], a very
recent paper [13] by the first two named authors and [54] by Mandrekar and Riidiger
(who actually studied ordinary stochastic differential equations in martingale type 2 Banach
spaces). Martingale solution to SPDEs driven by Lévy processes in Hilbert spaces are not
often treated in the literature. Mytnik [60] constructed a weak solution to SPDEs with
non-Lipschitz coefficients driven by space-time stable Lévy noise. In [58] Mueller studied
non-Lipschitz SPDEs driven by nonnegative stable Lévy noise of index o € (0, 1). Mueller,
Mytnik and Stan [59] investigated the heat equation with one-sided time independent stable
Lévy noise. One should add that the noise in the paper [58] does not satisfy the hypothesis
of the current work.

The current paper is organized as follows. In Section 2 we introduce the notations used
later on in the paper and we present the standing hypotheses and essential preliminary facts.
Our two main results, i.e Theorems 3.2 and 3.4 are stated in Section 3. In that section we also
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present Theorem 3.5 which could be seen as the reformulation of some of our main results
in terms of a Lévy process and not a Poisson random measure. Three examples illustrating
the applicability of our results are presented in Sections 4, 5 and 6. To be more precise,
SPDEs with dissipative polynomial drift driven by a real-valued «-stable tempered Lévy
process are treated in Section 4, SPDEs with a bounded drift driven by a space-time Lévy
white noise are treated in Section 5 and finally, stochastic reaction-diffusion equations with
dissipative polynomial growth drift, driven by a space-time Lévy white noise, are treated in
Section 6. In Section 7 we state and prove several preliminary results about the stochastic
convolution processes which we believe are interesting in themselves. Sections 8 and 9
are devoted to the proofs of our results. Unfortunately, these proofs are very technical and
long and hence their brief outline is presented just after the statement of Theorem 3.5, see
page 22. In the appendices we recall some definitions and well-known results in analysis
and probability theory. We also prove new results, amongst them a modified version of the
Skorohod representation theorem, see Theorem C.1, which are interesting in themselves.

We finish the Introduction by pointing out that the approach presented in this paper (or
rather it’s earlier arXiv version) has already been taken up and used for the proof of the
existence of solutions to Stochastic Navier-Stokes equations and second grade fluids driven
by Lévy noise, see [57] and [44], respectively.

Notation 1 By N we denote the set of natural numbers, i.e., N = {0, 1,2, ---} and by N,
respectively N*, we denote the set N U {400}, respectively N \ {0}. Whenever we speak
about N, respectively N-valued measurable functions, we implicitly assume that the set N,
respectively N, is equipped with the full o-field 2, resp. 2V, By R, we denote the set
[0, oo) of nonnegative real numbers and by R, the set R \ {0}. If X is a topological space,
then by B(X) we denote the Borel o-field on X. By Leb we denote the Lebesgue measure
on (R4, B(R?)) or (R, B(R)). The space of bounded linear operators from a Banach space
Y| to a Banach space Y» is denoted by L(Y], ¥»). The norm of A € L(Y], Y») is denoted
by Al zey,. vy If O C R4 is a bounded domain with smooth boundary 3O, by Co(O) we
denote the space of real continuous functions on O which vanish on the boundary §0.

Suppose that (Z, Z) is a measurable space. By M (Z), respectively My (Z), we will
denote the set of all R, respectively [0, co]-valued measures on (Z, Z). By M(Z), respec-
tively M (Z), we will denote the o-field on M(Z), respectively M (Z), generated by
functions

ip:M(Z)>ur— u(B) eR,
respectively by functions
ip: M (Z) > p— u(B) €0, o00],

for all B € Z. Similarly, by M;(Z) we will denote the family of all N-valued measures on
(Z, Z), and by M[(Z) the o-field on M;(Z) generated by functions ig : M(Z) > u >
wB)eN,Be Z.

Finally, by Z ® B(R;) we denote the product o-field on Z x Ry and by v ® Leb we
denote the product measure of v and the Lebesgue measure Leb.

For a Banach space Y by D([0, T'], Y) we denote the space of all cadlag functions u :
[0, T] — Y which we equip with the Jj-Skorohod topology, i.e., the finest among all
Skorohod topologies.
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2 Hypotheses, Notations and Preliminaries

In this section we introduce the notation and hypotheses used throughout the whole paper.
Moreover, we present some preliminary results that will be frequently used later on.

2.1 Analytic Assumptions and Hypotheses

Let us begin with a list of assumptions. Whenever we use any of them this will be clearly
indicated.

Let E be a Banach space and let A be a closed linear densely defined map in E. The
norm in the space E is denoted by |-| and the norm of any other Banach space Y is denoted
by [-]y.

In what follows we will frequently use the following assumptions about the Banach space
E and the linear map A.

Assumption1 1(i) Assume that E is a separable UMD and type p, for a certain p €
(1, 2], Banach space.1
1(ii) A is a positive operator in E, i.e, a densely defined and closed operator for which
there exists M > 0 such that for . > 0

1+

1(iii) —A is the infinitesimal generator of an analytic semigroup denoted by (e~ A)IZO on
E. We also assume that A has compact resolvent.

1(iv) The semigroup (e’ A)lzo on E is of contraction type.

1(v) A has the bounded imaginary power (briefly BIP) property, i.e., there exist constants
K > 0and ¥ € [0, 7) such that

1A+ ) <

IA™ | 2y < KePVl, s e R. .1

2(i) There exists a separable Banach space X such that the embedding £ C X is dense
and continuous.

2(ii)) The linear map A has a unique extension to X. This extension map is still denoted
by A and satisfies Assumptions 1(ii), 1(iii) and 1(iv).

Notation 2 For any y > 0, the completion of E with respect to the norm |A~Y-| will be
denoted by D(A~7). For any y > 0, the domain of the fractional power operator A (in E)
will be denoted by D(A?Y). With few exceptions we will only speak about fractional powers
of the operator A with respect to the space E and not X nor B and hence the notation A¥ and
D(AY) should be unambiguous. Those few exceptions are when we use notation D(A‘;,),
for instance in Theorem 3.2. Finally, let us note that since by assumption A~! exists and is
bounded (on E), the fractional powers A~Y, y > 0, are bounded (on E) too.

Before we proceed further we make the following useful remark.

Remark 2.1 Since E is a separable, UMD and martingale type p Banach space, we infer
from [9, Remark 4.2, also Theorem A.4] that for every 8 € R, the space By = D(AP)is also

Ut is known that if E has the UMD property and of type p then it is a martingale type p Banach space (see,
for instance, [9]).
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a UMD, martingale type p Banach space. The linear map A has an extension (or restriction
depending on whether 8 is smaller or larger than 0) Ao (usually denoted by A) to By which
satisfies Assumptions 1(ii), 1(iii) and 1(v). The operator — A generates a contraction type
semigroup which will still be denoted by {e~'4} _ = on By. Moreover, if A has the BIP
property then so has A.

One of the consequences of the BIP property in Assumption 1(v) is that the fractional
domains of the operator A are equal to the complex interpolation space of an appropriate
order between D(A) and E, see e.g. [72].

Finally, if a linear operator A on a Banach space E is positive, then —A is the
infinitesimal generator of a Co-semigroup in E, see for instance [10, Remark 2.1].

>0

If E is a separable Banach space and ¢ € [1, o), we denote by L9(0,T; E) (see,
for instance, [29]) the Lebesgue space consisting of (equivalence classes of) Lebesgue
measurable functions u : [0, T] — E such that

1
T q
lullza,7:E) = </0 lu(s)|? dS) (22)

is finite. The Besov-Slobodetskii space W*4(0, T'; E), where o € (0, 1), consists of all
u € L1(0, T; E) such that the seminorm

1
T _ q q
lulwea0,1:E) 1= (/ / |u|§t)_ slﬁiy ds dt) (2.3)

is finite. The space LY(0, T; E) and W*4(0, T; E) equipped with the norms (2.2) and,
respectively,

T 1
Ju(t) — u(s)| 7
| ullweao,7:) = (/0 Ju(s)| ds + / / ”|,_S|?+iq dsdr) 2.4)

are separable Banach spaces.

We will denote by C ([0, T']; E) the Banach space of all E-valued continuous functions
defined on the interval [0, T'] equipped with the supremum norm. Similarly, if k € N*, then
by Ck([O, T1; E) we will denote the Banach space of all E-valued functions of Ck-class.
We will denote by C ([0, T1; E), for B € (0, 1), a (non-separable) Banach space of all
functions u € C([0, T']; E) such that

. jutt) —w)| _
”u”Cﬁ([O,T];E) = Ssup |l/t(t)|+ sup — % (25)

0<t<T 0<s<t<T |t —s|P

We will also denote by H'9(0, T; E) the space of functions u € L9(0, T; E) with
weak derivatives Bu := u’ € L%(0,T; E). Endowed with the graph norm of B, the
space Hl’q(O, T; E) is a Banach space. By Hol’q(O, T; E) we denote the subspace of
H'“(0, T; E) consisting of all u € H'-(0, T; E) such that u(0) = 0.

Now we introduce an important operator A = A7 which will play a crucial role in our
analysis. We start by setting

Bu =u', ue D(B),
D(B) = Hy“(0, T; E).
The space D(B) is a Banach space when equipped with the graph norm

lulpsy == lulrao,7:5) + |U'|La0,1:E), u € D(B).
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Define also a linear operator A by the formula
D(A) = uel9(0,T;E): Au(-) € L1(0, T; E)}, (2.6)
Au = {[0,T] >t — A(u(t)) € E}. 2.7
The domain D(A) of A is a Banach space with norm
lulpay := [W'|La0.1:E) + |AulLa0,1:E), u € D(A).

Let us note that if A + « 1, k > 0, satisfies parts 1(ii), 1(iii) and 1(v) of Assumption 1, then
A + kI satisfies them as well, see Dore and Venni [33].
Finally, we define the operator A by
A =B+ A,
D(A) := D(B)N D(A).

The domain D(A) is endowed with the graph norm., i.e,

lulpay = lulp) + lulpay, u € D(A).

We recall that although A is the sum of the closed operators A and B, it is not necessarily
a closed operator. However, if E is an UMD Banach space and A + « 1, for some « > 0,
satisfies parts 1(ii), 1(iii) and 1(v) of Assumption 1 then, since A = B —«I + A+ «1, by
Dore and Venni [33], see also Giga and Sohr [39], A is a positive operator. In particular, A
has a bounded inverse. Consequently, one can define the fractional powers A=, & > 0. In
particular, for o € [0, 1], A™¢ is a bounded linear map in L4(0, T; E), and for o € (0, 1),

t
(A_“fja)::fiasjﬁ(t—nﬂa_le_a_”Af(ﬂds, (2.8)

forany t € (0,T), f € L9(0,T; E). Under the parts 1(i)-1(v) of Assumption 1, the
parabolic operator A and its fractional powers A™%, o € [0, 1], enjoy several nice prop-
erties for which we refer the reader to [10]. The properties of A~* which are the most
relevant to our study are summarized in the following lemma whose proof can be found in
[10, Theorem 2.6 and Corollary 2.8].

Lemma 2.2 Assume that E is an UMD Banach space and an operator A satisfying Assump-
tions 1(ii)-1(iii) is such that A + kI, for some k > 0, satisfies Assumption 1(v). We also
suppose that (A + k1)~ is a compact operator in E. Let o, B, 8 be nonnegative numbers
satisfying

1
0<B+6<a——. 2.9)
q

Then, A=% is a compact linear map from L1(0, T; E) into CP([0, T1; D(A%)). In particular,
ifa > é, then A% is a compact map from L1(0, T; E) into C([0, T]; E).

2.2 Stochastic Preliminaries
The aim of this subsection is to introduce some additional probabilistic notation. We also
present some basic results about stochastic integration with respect to compensated Poisson

random measure.

Assumption 2 Let us assume that (Z, Z) is a measurable space, v € M (Z), i.e., visa
nonnegative measure on (Z, Z).
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We assume that B = (2, F, F, P), where F = (F;);=0, is a filtered probability space
satisfying the so called usual conditions, i.e.,

(i) Pis complete on (2, F),
(i) foreacht € Ry, F; contains all (F, IP)-null sets,
(iii) the filtration F is right-continuous.

Let us start by recalling the following definition which is taken from [45, Definition
1.8.1].

Definition 2.3 In the framework of Assumption 2, a time-homogeneous Poisson random
measure on (Z, Z) over 3 with the intensity measure v ® Leb, is a random variable

n:(Q,F) > (Mi(Z xRy), Mi(Z x Ry))
satisfying the following conditions

(a) foreachU € Z® B(R,), n(U) := iy on : @ — N is a Poisson random variable
with palrameter2 En(U);

(b) n is independently scattered, i.e., if the sets U; € ZQBRy), j =1,---,n
are pairwise disjoint, then the random variables n(U;), j = 1,---,n are pairwise
independent;

(¢) forallU € Z and I € B(R}),

E[n(U x D] =v® Leb(U x I) = v(U) Leb();
(d) foreach U € Z, the N-valued process
(0,00) x Q5 (1, ) — n(w)(U x (0,1])

is F-adapted and its increments are independent of the past, i.e., the increment between
times ¢ and s, ¢ > s > 0, are independent form the o -field Fy.

If n is a time-homogenous Poisson random measure as above, then by 1 we will denote
the corresponding compensated Poisson random measure defined by

AU x 1) =nU x 1) —E@U x 1)) =nU x I) —v(U)Leb(I), U € Z,1 e BR,),

with the convention that co — oo = 0.

We proceed to the definition of functional spaces that we need throughout the paper.
Suppose that Y is a separable Banach space. We denote by LY(Z,v;Y), ¢ € [1, 00), the
space of all (equivalence classes of) measurable functions & : (Z, Z) — (Y, B(Y)) such
that

Elaz vy = (/;l%'l?zv(dz)>q < 00.

Similarly, we define the space L? (2; Y) and L9 (Q27; Y), where Q7 = [0, T'] x €2, see [29].
In the latter case, we consider the product o-field B([0, T]) x F. By L0 (2; Y) we denote
the set of measurable functions from (2, F) to Y.

For T € (0, 00] let N'(0, T; Y) be the space of (equivalence classes of) progressively
measurable processes £ : [0, T) x Q@ — Y.

21f En(U) = oo, then obviously n(U) = oo a.s..
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For g € (1, 00) we set

T
N9, T; V) = {s e N(O,T;Y): / HOIFTIRS oo]P’—a.s.}, (2.10)
0

T
MI0,T;Y) = {s e N, T; Y):E/ GRS oo}. (2.11)
0

Let ./\/'Step(O, T;Y) be the space of all £ € N(0, T; Y) for which there exists a partition
0=t <t < ---<t, <Tsuchthatfork € {1,---,n}, fort € (tx—1, %], E@) =
&(t) is Fy,_,-measurable and £(r) = O for t € (t,, b). We put Mgtep = Min Nstep-
It can be easily shown that M9(0, T; Y) is a closed subspace of L([0,T) x ;YY) =
L([0, T); L1(S2; Y)).

Now for & € Mgtep(o’ T; LP(Z,v; E)) we set

i© =Y [ e0.0i0 00D, @.12)
=1

It is shown in [13] that if E is a Banach space of martingale type p € (1,2], then [ is

a bounded linear map from Mé’tep (0, T; LP(Z, v; E)) (with respect to the norm inherited

from MP (0, T; LP(Z, v; E))) to L? (2, E). In particular, there exists a positive constant
C > 0 which depends only on p and E such that

T
E|1&))P < C/ E/ &, D)IPv(dz)dt (2.13)
0 z
and IEf(E) = 0 for any £ € Mé’tep(o, T; LP(Z,v; E)). From these facts, we can define
by Eq. 2.12 the stochastic integral of a process & € MPE (0, T; LP(Z,v; E)) with

step
respect to the compound random Poisson measure 7. The extension of this integral to

MP(, T, LP(Z, v, H)) is possible, thanks to the density of M2, (0, T, L?(Z, v; E)) in

step
the space MP?(0, T, LP(Z, v; E)). More precisely, we recall the following result whose
proof can be found in [13, Theorem C.1].

Theorem 2.4 Assume that p € (1, 2] and E is a martingale type p Banach space. Then
there exists a unique bounded linear operator

I: MPO,T,LP(Z,v; E)) - LP(Q, F,E),
such that for & € ./\/lsptep O, T,LP(Z,v; E)) we have I (§) = i(E). In particular, there exists

a positive constant C which depends only on E and p such that

ElI(&)|P < CEfm/ |&(t, x)|P v(dx) dt, (2.14)
o Jz

for every &€ € MP(0, T, LP(Z, v; E)). Moreover, if ¢ € MP(0,T, LP(Z, v; E)), then the
process I (1j0.n&), t > 0, where

[Lj0.n&]1(r, x; ) == 1j0,1(N)é@T, x, w), t =0, r e Ry, x € Zand w € Q,

is an E-valued p-integrable martingale.

The above construction is done in the spirit of Métivier, see [56, Exercise 9, p. 195], see
also [13] for further details. As pointed out to the authours by the referee, the construction
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of the Itd stochastic integral can also be done by defining the stochastic integral first for pre-

dictable integrands, and then extending the stochastic integral to progressively measurable

integrands using the fact that the dual predictable projection of a Poisson random measure,

see Theorem II.1.8 in [46], is absolutely continuous with respect to the Lebesgue measure

(with respect to the ’time” variable). See also [3] for a recent use of this classical notion.
As usual, we put

t
/O /;S(s, 2)n(dz, ds) == 1(1jp.n€), t €[0,T].

Let us state the following useful result which can be proved using the argument of [15, Proof
of Theorem 3.4].

Proposition 2.5 Assume that (Z, Z) is a measurable space, v is a nonnegative measure on
(Z, 2) and*B = (Q, F, (Ft)1>0, P) is a filtered probability space. Assume also that ) and
N2 are two time-homogeneous Poisson random measures on (Z, Z) over *B, both with the
same intensity measures v @ Leb. Assume that p € (1, 2], E is a martingale type p Banach
space and & € MP(0, T, LP(Z, v; E)).

IfP-a.s. n1 = ny on Mj(Z x [0, T]), then for any t € [0, T], P-a.s.

t t
/‘Oé(s,z)ﬁl(dz,ds):/(; &(s, 2) n2(dz, ds). (2.15)

We close this section with the following maximal inequality whose proof can be found
in [13, Corollary C2].

Theorem 2.6 Assume that 1 < g < p < 2 and E is a martingale type p Banach
space. Then, there exists a constant C > 0 such that for any T > 0 and any process

Ee MP, T, LP(S,v; E)) we have
q T q/p
< CIE(/ /|$(r,x)|pv(dx) dr) . (2.16)
0 N

/t/é‘;(r,x)f)(dx,dr)
0 JS

2.3 Lévy Processes and Poisson Random Measures

E sup
1€[0,T1]

The subject of this section is to give a short account on the correspondence between Lévy
processes and Poisson random measures. Namely, given a Lévy process on a Banach space,
one can construct a corresponding Poisson random measure. Conversely, given a Poisson
random measure on a Banach space, one may find the corresponding Lévy process. To
illustrate this fact, let us first recall the definition of a Lévy process.

Definition 2.7 Let Z be a Banach space. An Z-valued stochastic process L = {L(¢) : t >
0} over a probability space (2, F, P) is called an Z-valued Lévy process iff the following
conditions are satisfied.

i) Lo=0as.;
(ii) forallm € N*andO0 < 1y < ] < ---t,, the random variables L(zy), L(f;) — L(t),
..., L(ty) — L(t,—1) are independent;
(iii) forall 0 <s,1t, the laws of L(¢t + s) — L(s) and L(t) are equal;
(iv) the process L is stochastically continuous;
(v) the trajectories of L are a.s. Z-valued cadlag.
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If F = {F;};>0 is a filtration on JF, we say that an Z-valued stochastic process L = {L(¢) :
t > 0} is a Lévy process over a filtered probability space (2, F, F, P) iff it is F-adapted,
satisfies conditions (i), (iii-v), and

(ii)> forall 0 <s < ¢, the increment L(r) — L(s) is independent of Fy.

In order to discuss Lévy processes in more detail we need to recall a definition of a Lévy
measure.

Definition 2.8 (Linde [51, section 5.4]) A o-finite Borel measure X on a separable Banach
space Z is called a Lévy measure on Z iff its symmetric part A 4+ A~, where A~ (A) =
A(—A), A € B(Z), is a symmetric Lévy measure, i.e.,

i A2+A7({0}) =0,and

(ii) the function, with Z’ being the dual of Z,

Z' 5 a+> exp (/ (cos(x,a) — 1) ,u(dx))
z

is a characteristic function of a Borel® probability measure on Z.

The class of all Lévy measures on Z is denoted by .Z(Z).

For the readers convenience let us now list a few basic properties of Lévy measures, see
[51], Theorem 5.4.8 (i,ii) and Proposition 5.4.5 (i,ii,iv). First let us recall a useful notation
[51, p. 68]:

K(x,a) =™ — 1 —i(x,a)ly,(x), x€Z,aeZ,
where (x, a) is a shortcut notation for the duality pairing Z(x, a)Z, and, for r > 0, U,
denotes the closed ball with radius r and centered at 0 in Z.

Proposition 2.9 Suppose that X is a o -finite Borel measure on a separable Banach space
Z. Consider the following conditions.

@) rdop =0;
(i) A isaLévy measure on Z,
(ii) Foreverya € Z/, fz |K (x,a)|d\(x) < oo and the map

Z'5a > 2 KxOd™ ¢

is a characteristic function of a Borel probability measure, denoted by es (L), on Z;
(i1’) forevery$§ > 0, A(Z \ Us) < oo,

(V) sup {fUl |,z a), P v(dz) ta € 7, lal < 1] < 0.

Then we have the following implication: (i) = (i) Vv (ii") v (iv'). Moreover, if (i") holds,
then (i) < (ii).

Suppose now that L = {L(t) : t > 0} is an Z-valued Lévy process over a probability
space (2, F, P), where Z is a separable Banach space. Then for each ¢t > 0 the measure
W being the law of the Z-valued random variable L () is infinitely divisible and hence, see

3Since we assume that Z is a separable Banach space, then every Borel probability measure on Z is Radon,
see [62, Theorem 11.3.2].
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[51, Theorem 5.7.3], there exist a Lévy measure v; on Z, a Gaussian measure p, on Z and
a vector x; € Z such that
e = es(vr) * pr * Oy, . (2.17)

A proof of a finite dimensional version of this result can be found in [70, Theorem 8.1].

From now on we will assume that the process L is purely non-Gaussian, i.e., that p; = §o
for all + > 0, see [70, Definition 8.2]. We also assume that x; = O for all # > 0. Thus, see
[51, Remark p.84],

ﬁz(a) — efZK(x,a)dv,(x)’ ac Z/,

ie.,
Ee!(L®:a) = oz Kaydu = ¢ 7/, (2.18)

Because L is a Lévy process, and not simply an additive process, the measures (tt;);>0
form a convolution semigroup and therefore, the measure v; is equal to rv, where v = v;. A
purely non-Gaussian Z-valued Lévy process with x;, = 0 for all ¢ > 0 satisfying (2.18) will
be called a Lévy process with generating triplets {0, tv, O}.

The following theorem is a generalisation of (a version of) Theorem 19.2 from [70].
The result below is an infinite dimensional generalisation of a summary of the first two
steps of the proof of [70, Theorem 19.2]. This generalisation is possible because of three
important inequalities used by Sato are also true in general separable Banach spaces. Firstly,
Lemma 20.2 from [70] is true in Banach spaces, see for instance Prop 1.1.1 on p. 15 in
the monograph [50] by Kwapien and Woyczyriski. Secondly, Remark 20.3 in [70] is just
Remark 1.1.1 p. 17 in [50]. Finally, Lemma 20.5 in [70] is Theorem 1 on p. 29 in the
Kahane’s book [49].

Theorem 2.10 Assume that L = {L(t) > O} is an Z-valued Lévy process defined on a
probability space (2, F, P) with the system of generating triplets {80, tv, 0}. Let us define
a measure v on (0, 00) x (Z \ {0}) by

(0,11 x B) = v (B) =tv(B), B € B(Z\{0}).
Let Q¢ € F be such that for every o € Qo, the function
[0,00) 3t L(t,w) € Z
is cadlag. Define a map N by

#{s: (s, L(s,w) — L(s—, w)) € B}, ifw € Q,

N(B, w) := { 0 ifweQ\ Q. (2.19)
Then

®  the function N is a time-homogenous Poisson random measure on (0, 00) X (Z \ {0})
with intensity measure b = Leb ® v,

®  there exists a set Q1 € F with P(Q2) = 1 such that for every w € Q the following
hold:

(1) foreverye > 0andt € (0, 00) the measure N (-, w) restricted to (0, t] x (Z \ Ug)
is supported on a finite number of points, each of which has N (-, w)-measure 1;
(2) foreverys € (0, 00), N({s} x (Z\ {0}), a)) is equal to 0 or 1,

® there exists a set Q3 € F with P(Q23) = 1 such that for every w € 3,

Se(t, w) :=/ [xN(d(s, x), w) — xD(d(s, x))] (2.20)
©.11% (U\Us
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converges, as € N\ 0, to an element of the Skorohod space D([0, 00), Z), locally
uniformly, i.e., uniformly on any bounded interval C [0, c0),
® the Z-valued process Y = {Y, it > O} defined, for v € Q; = Q3N Q2 by

Y (w) := lim S, (¢, w) + / xN(d(s, x), w) (2.21)
eN\0 ©.11x (2\Uy

is a Lévy process with generating triplets {0, tv, 0}. In particular, the process Y is
identical in law with the process L.

Remark 2.11 We have seen that since L is a Lévy process, v; = tv. This implies as above
that N is a time-homogenous Poisson random measure. Moreover, the equality (2.20) can
be written as,

Se(t, ) := / [xN(d(s, x), w) — xdsv(dx)]. (2.22)
©.01x (U1\U;)

The above theorem enables us to define an Itd integral with respect to the Lévy process
L in terms of the corresponding compensated Poisson random measure N,

t
/G(s)dL(s) ::f G(s)xN(d(s, x)) (2.23)
0

0,1]xU;

N / G(s)xN(d(s, x)).
©0.11x(2\U;

where G is an appropriate process taking values in the space L£(Z, V), where V is an
appropriate Banach space.

From now we will consider only such processes that N restricted to (0, 0c0) X (Z \U 1)
is equal to O.

Given a process G as above, we can define a process &

£:[0,00) x Q3 (t,®) > {Z3 x> 1y, (0)G(s)x € V} € L%Z, v, V). (224)

In view of Section 2.2, the integral fot G (s)dL(s) is well defined for all ¢ € [0, T], provided
V is a martingale type p Banach space for some p € (1, 2] and the process & defined above
takes values in LO(Z, v, V) and belongs to the class M7 (0, T, L?(Z, v; V)). Moreover, for
every g € (1, p], there exists a constant C > 0 independent of G such that

T
CE(/ /|s(r,x)|‘; v(dx)dr)q/p
0 zZ

T
=CIEZ(/ / G (x| v(dx)dr)q/p. (2.25)
0 U, v

E

IA

t
sup / G(s)dL(s)
0

te(0,T]

q
Vv

In fact, using the above approach, we can extend the definition of the It6 inte-
gral with respect to the Lévy process to the integrands belonging to the whole class
MP, T, LP(Z,v; V)) by

t
/ §(s)dL(s) = / E()N(d(s, x)). (2.26)
0 (0,1]xU;
We finish this section with a result somehow converse to Theorem 2.10 but whose proof,

in the finite-dimensional case, can be traced to the Proof of Theorem 19.2 in [70, pp.132-
134]. As we have observed earlier, this proof generalises to an infinite dimensional setting.
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Theorem 2.12 Assume that on a probability space (2, F,P), N is a time-homogenous
Poisson random measure on (0, 00) X (Z \ {0}), where Z is a separable Banach space, with
intensity measure Leb ® v. Then

® there exists a set Q1 € F with P(Q) = I such that for every w € Q1 the following
hold:

(1) foreverye > 0andt € (0, 00) the measure N (-, w) restricted to (0, t] x (Z \ US)
is supported on a finite number of points, each of which has N (-, w)-measure 1;
(2) foreverys € (0, 00), N({s} x (Z\ {0}), a)) is equal to 0 or 1,

® there exists a set Q3 € F with P(Q23) = I such that for every w € Q3, as € \( 0,
&mwy:/ [xN(d(s, x), w) — x dsv(dx)] (2.27)
©.11% (U\Ue

converges to an element of the Skorohod space D([0, 00), Z), locally uniformly, i.e.,
uniformly on any bounded interval C [0, 00),
® an Z-valued process Y = {Y(t) it > O} defined, for w € Qé = Q1 N Q3 by

Y, w) := lim S, (¢, w) + / xN(d(s, x), w) (2.28)
eN\0 ©.11x(2\U1)
is a Lévy process with generating triplets {0, tv, O}.

The details of the results presented in this subsection will be dealt in a separate
publication [16].

3 Martingale Solutions of Stochastic Reaction-diffusion Equations
3.1 Statements of the Main Results

In this section we will state our main results. For this purpose, we will introduce the
problem, the concept of a martingale solution, and the main assumptions.

Let the Banach spaces E, X and the linear operator A be as in Assumption 1. We also
assume that we have a probability space (2, F, P) and Poisson random measure 1 as in
Assumption 2 and Definition 2.3. Throughout we fix T > 0.

We consider the following stochastic evolution equation:

{ du(t) + Au(t)dt = F(t,u(t))dt +fZ G(t,u(t); z) n(dz,dt), te(0,T],

u(0) =ug € X. G.D

where 7) is the compensated Poisson random measure corresponding to 1, see Definition 2.3.
Using the notation introduced in Notation 2, the assumptions on the nonlinear map G

read as follows.

Assumption 3 There exists p € (0, %) and a bounded and separately continuous map

_1
G:[0,T]1x X — LP(Z,v, D(A""7)).

1
Let us observe that this implies that the map AP"PG [0, T] x X — LP(Z,v, E) is well
defined. In what follows, we will use the latter instead of G.
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Next we will present assumptions on the drift operator F. For this purpose we first recall
the notion of the subdifferential of the norm ¢, for more detail see [23].

Given x,y € Xthemap ¢ : R > s — |x + 5sy| € R is convex and therefore is right
and left differentiable. Let us denote by D4 |x|y the right/left derivative of ¢ at 0. Then the
subdifferential d|x| of |x|, x € X, is defined by

dlx| := {x* € X*: D_|xly < (y,x*) < D1lxly, y € X},

where X* is the dual space to X. One can show that not only d|x| is a nonempty, closed and
convex set, but also

x| ={x* € X*: {x,x") = |x| and |x*| < 1}.
In particular, 9]0| is the unit ball in X*.

Assumption4 (i) Themap F : [0, T] x X — X is separately continuous.
(ii)) There exist numbers ky > 0, g > 1 and k > 0 such that with

a(r) =ko(1+r7),r >0,
the following condition holds for ¢t € [0, T'],
(—Ax+ F(t,x +y),z) <a(lylx) —klx|x, x € D(A),y € X,z €d|x|]. (3.2)

(iii) There exists a sequence (F,),eny of bounded separately continuous maps from
[0, T] x X to X such that

(a) F, satisfies condition (ii) above uniformly in 7,
(b) F, converges in X pointwise on [0, T] x X to F.

With all the notations and concepts presented above we are ready to define a martingale
solution to the problem (3.1). Let us add a remark that is surely obvious to many readers
while leaving it out could lead to a confusion for some other readers. Although in order to
present the problem we have used a probability space and a PRM, these two objects are part
of the solution. The only given objects are the space (Z, Z) and measure v € M (Z).

Definition 3.1 Let us assume that E and X are Banach spaces satisfying parts 1(i), 2(i) and
2(ii) of Assumption 1. Let us also assume that v is a o—finite nonnegative measure on a
measurable space (Z, Z), i.e., v € My(Z). Let p € (1, 2] a real number as in part 1(i) of
Assumption 1.

An X-valued martingale solution to the problem (3.1) is a system

Q, F,P,F,n, u 3.3)

such that

i) (2, F,F,P)is a complete filtered probability space with a filtration F = {F; : ¢t €
[0, T']} satisfying the usual conditions,

(i) n is a time-homogeneous Poisson random measure on (Z, B(Z)) with intensity
measure v ® Leb over (2, F,F, P),
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@) wu : [0,T] x Q — X is an F-progressively measurable process such that for any
tel0,T],Pas.

t
f 'e—(t—r)AF(r’ u(r))‘ dr < oo, 3.4
0 X

! p
/ / ‘e_(’_r)AG(r,u(r);z)‘ v(dz) dr < oo, 3.5)
0 Jz E

and forany ¢ € [0, T], P as.,
t
u(t) = e "u0) + / e ARG u(r)) dr (3.6)
0

t
+f / e~ DA G(r, u(r); 2) 7i(dz, dr).
0 Jz
If in addition there exists a separable Banach space B such that
u e D(0,T];B), P-as,

then the system (3.3) will be called an X—valued martingale solution to problem (3.1) with
cadlag paths in B.

We will say that the X—valued martingale solution to problem (3.1) with cadlag paths in
B is unique iff for any other martingale solution to Eq. 3.1 with cadlag paths in B

(@ F PLF ),
the laws of the processes u and u’ on the space D([0, T']; B) are equal.

We refer to a recent paper [15] where the uniqueness in law of processes defined by
stochastic convolutions with respect to PRM’s are discussed.
We we formulate our main theorem.

Theorem 3.2 Let p € (1,2], E, X and A be as in Assumption 1. Let v be a o—finite
nonnegative measure on a measurable space (Z, 2), i.e., v € My (Z). Let the nonlinear
maps G and F satisfy Assumption 3 and Assumption 4, respectively. Assume that X C

D(Apf%) and that

1
the embedding X — D(A”™ 7) is continuous.
Let g be the number from Assumption 4(ii). Assume that q < qmax, where

_1
—2_ if — Agenerates a contraction type semigroup on D(A”” ),

_ =
dmax = pp .
ﬁ otherwise.

3.7

Assume also that there exists a separable UMD Banach space Y such that

(1 Xcv,
(2) A has an extension Ay which satisfies the parts 1(iii)-1(v) of Assumption 1 on Y,
(3) and D(AY) C X for some§ <1 — 1

Gmax

Then, for any ug € X problem (3.1) has an X -valued martingale solution with cadlag paths
1
in D(A”™7), see Definition 3.1.
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Moreover, for any ¢ € (q, qmax) and r € (1, p) the stochastic process u satisfies

T N
E([ |u(t)|§(dt>" < 0.
0

1
Remark 3.3 If the maps F(¢, -) and APTr G, ) are Lipschitz continuous uniformly with
respectto t € [0, T], i.e., there exists K > O such that for all # € [0, T] and all u, u; € X,

|F (2, u2) — F(z, up)lx

A

Klup —uylx,

A

1 1
/ |APT7 Gt uz; 2) — AP TP Gt un; 1B v(d2) < Klug — %,
Z

then the SPDEs (3.1) has a unique strong solution. In our work we are interested in the case
when both these conditions are relaxed.

In order to prove Theorem 3.2 we will consider an auxiliary problem for which we will
prove an auxiliary existence result (see Theorem 3.4) which holds under more restrictive
conditions than the ones stated above. More precisely, we require that the nonlinear maps
F and G satisty the following set of conditions.

Assumption 5 There exists p € [0, %) such that the (nonlinear) maps
F:[0,T] x X - D(A"7Y), (3.8)
1
G:[0,T1x X — LP(Z,v, D(A”" 7)), (3.9)

are bounded and separately continuous.

Remark The above assumption can also be stated in a more precise way, see Assumption 3.
To be precise, we could request that there exists p € [0, %) such that the maps

APTIF [0, TI x X — E, (3.10)
1
AP"PG:[0,T] x X — LP(Z,v, E), (3.11)

are bounded and separately continuous.

We state the following theorem whose proof will be given in Section 8. Although it is
only an auxiliary result, it is still important as it is the main tool for the proof of Theorem
3.2 and we are not aware of a related result in the existing literature.

Theorem 3.4 Let E and A be as in Assumption 1 and (Z, Z, v) be a measure space with

1
v € My (Z). Let the hypothesis in Assumption 5 be satisfied. Then, for every ug € D(A””7)
problem (3.1) has an E-valued martingale solution

(Q, F,P,F,n, u

_1
with cadlag trajectories in D(A”™ 7).
Moreover, the stochastic process u satisfies

T
/ Elu(t)|f dt < oco. (3.12)
0

In view of Section 2.3, Theorem 3.4 can be written in terms of a Lévy process as follows.
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3.2 Formulation of our Results in Terms of Lévy Processes

Let Z be a separable Banach space with the Borel o-field Z = B(Z). Assume that L =
{L() : t = 0} is a Z—valued Lévy process with generating triple (¢, zv, 0), see Theorem
2.10, such that for some fixed p € (1, 2],

/ lzIbv(dz) < o0, (3.13)
U,

where as in Section 2.3, U is the closed unit ball in Z. Note that if suppv C Ui, then the
Poisson random measure N corresponding to L restricted to (0, 00) x (Z \U 1) is equal to O.
Here, instead of Assumption 3 we assume the following set of hypotheses.

Assumption 6 There exists p € (0, %) such that the diffusion coefficient G is bounded
and separately continuous map

APT3G [0, T] x X — L(Z. E). (3.14)

Remark Let us notice that this framework is less general than the one of Poisson random
measures. In particular, if the map G satisfies Assumption 6 then the map G defined by

G:[0,TIx E>(t,u) > {Z >3z 1y, (2)G({t,u)z} € LP(Z,v; E).

satisfies, in view of Eq. 3.13 and the continuous embedding E C X, Assumption 3.
We consider the following stochastic evolution equation

du(t) + Au(@®)dt = F(t,u(t))dt + G(t,u@))dL(t), (3.15)

u(0) = uop.

In view of above remark and Section 2.3 we get the following result which is crucial in
our reformulation of Theorem 3.4 in terms of Lévy processes.

Theorem 3.5 Assume that the Banach space E, the linear map A and the map F satisfy the
assumptions of Theorem 3.4. Let us assume that Z is a separable Banach space and Y =
{Y(t) it > 0} is an Z-valued Lévy process defined on a probability space (Q°, FO,PY)
with the system of generating triplets {80, tv, O} such that suppv C Uj and, for some
p € (1, 2], the condition (3.13) is satisfied. Assume that the map G satisfies Assumption 6.

1
Then, for every ug € D(A”™ 7) there exists a system
(Q,F,P,F, L, u
such that

(i) (R, F,F,P) is a complete filtered probability space with filtration F = {F;};c[0,7]
satisfying the usual conditions;
(i) L = {L@):te€l0,T]} is a Z—valued Lévy process with Lévy measure v over
(Q, F,F,P);
(i) u =A{u() :t € [0,T]}is an E-valued and adapted process, with D(Ap_%)—valued
cadlag paths, such that

T
/ Elu(t)|% dt < oo, (3.16)
0
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(F(t,u(t)) : t € [0,T]) and (G(t,u(t)) : t € [0, T]) are well defined D(Apf%)-

1
valued, resp. LP(Z,v; D(A””?))-valued and progressively measurable processes,
and forallt € [0, T], P-a.s.

t
u(t) = e uy —l—/ e ARG u@r)) dr
0

t
+/ e DA G, u(r) dL(r). (3.17)
0

Proof of Theorem 3.5 This result readily follows from Theorem 3.4 because of the follow-
ing argument.

Let us consider a separable Banach space Z and an Z-valued Lévy process ¥ = {Y () :
t > 0}, defined on a probability space (2°, F°, P¥) with the system of generating triplets
{80, tv, 0} such that supp v C Uy, and condition (3.13) is satisfied for some p € (1, 2]. Let
N be the corrsponding Poisson random measure given by Theorem 2.10.

1
Let us fix ug € D(A”” 7). Since the map G satisfies Assumption 6, by Theorem 3.4,
there exists a system

@, F,P,F,n, u
which is an FE-valued martingale solution problem (3.1) (with cadlag trajectories in

D(A” _%)). In particular, n is a time-homogeneous Poisson random measure on a Banach
space Z with the intensity measure v ® Leb such that condition (3.13) is satisfied. Applying
Theorem 2.12 we can find a Z-valued Lévy process L = {L(t) : ¢ > 0} with the generating
triplets {80, 7v, 0}. By the results discussed in Section 2.3 we infer that the system

(Q,F,P,F,n L)

is a martingale solution to problem (3.15). O
3.3 Outline of the Proof of Theorems 3.2 and 3.4

The detail of the proofs of the theorems 3.2 and 3.4 are given in Sections 9 and 8§, respec-
tively. These proofs are very technical and to make the reading of the paper easy, we outline
the proofs of Theorem 3.4 and Theorem 3.2 in this subsection.

Outline of the proof of Theorem 3.4 The proof relies on a combination of approximation
and compactness methods. Namely, we approximate the initial condition u( by a sequence
(xn)nenN C E satisfying

1
Xn — ug strongly in D(A”77),

as n — o0o. We also define a sequence (u,),cn of adapted E—valued processes by

'
uy (1) = e 'y, —I—/ e UIAF (s, li,(s)) ds
0

t
+ f / e UTIAG(s, fiy(5); 2) Fi(dz; ds), 1 €0, T], (3.18)
0 A
where 1, is defined by

ifs € [0,27"),

u,(rydr, ifs >27", (3.19)

A xl’lv
Un (S) = D (5)
Gn(s)—27"
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and ¢, : [0, 0c0) — [0, 00) is a function defined by ¢, (s) = 2%, if k € Nand % <s< k;;l ,
i.e., ¢p(s) = 27"[2"s], s > 0, where [¢] is the integer part of # € R. Here we have used the
following shortcut notation

1
]ﬁf(t)dt = @ /Af(t) dt, A eB(0,T)),

" Leb

where Leb denotes the Lebesgue measure. Let us point out that between the grid points,
Eq. 3.18 is linear, therefore, u,, is well defined for all n € N.

Secondly, we proved that for any o € (0, p) and p’ € (0, p) there exists a constant C
such that the following inequalities hold

/
P
Sup A a7y 0 7.5y = C
neN

AP
SUp E| A” i1}, 0.7,y = C.
neN

sup Ellunllfyero.7:5) < C-
neN
The proofs of these uniform estimates are non-trivial and rely on Lemmata 7.2 and 7.4,
Proposition E.1 and the maximal regularity for deterministic parabolic equations.
Thirdly, by defining a sequence of Poisson random measures (1, ),eN by putting n, = n
for all n € N, we will prove that for any p’ € (0, p) the family of the laws of
random variables ((#,, 1,))neN is tight on the cartesian product space [L”(O, T;E)N

D0, T1; D(A/’/*l))] x Mj(Z x [0, T]). Because a cartesian product of two compact sets
is compact, it is sufficient to consider the tightness of the components of the sequence

((un, Mn))neN.
For this aim let us define two auxiliary sequences of stochastic processes by

fu@) = F(t,a,(1), t€l0,T],
t
v (1) = / / e "TIAG (s, lin(5): 2) ii(dz; ds), 1 €0, T].
0 Jz
The tightness of laws of the processes (u,),eny on LP(0, T; E) N D([0, T]; D(Aplfl))
follows by observing that
Uy, = v, + Aflf,, + ef'Ax,,, neN,

and using Lemma 2.2 (for A7l fn) and the Lemmata 7.6 and 7.7 (for v,). The tightness of
the laws family of (1), <N follows from [62, Theorem 3.2].

This tightness result along with the Prokhorov theorem and the modified Skorohod
Representation Theorem, see Theorem C.1, implies that there exist a probability space
(fz,ﬁ, ]f”) and LP(0,T; E) N ([0, T]; D(A/’/‘l)) x M;(Z x [0, T])- valued random
variables (ux, 1x), (n, ), n € N, such that P-as.

(W, Mn) = (Use, M) (3.20)
in LP(0, T, E) N D([0, T1, D(A”~Y)) x M;(Z x [0, T1), fin = 1. and
L((n, n)) = L((un, 10)),

for all n € N. Taking the new filtration [ as the natural filtration of (i, A, Us, Ns)
we prove that over the filtered probability space (Q, F,F,P) the objects 7, and 7, are
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time-homogeneous Poisson random measure with intensity measure v ® Leb. We also prove
that in appropriate topology
iy — ¢~ Yo = AT Fu (i ())ds — By = 0,

where a process v, is defined analogously to the way we have defined the process v, by
replacing u,, with #,. Using (3.20) and the uniform a priori estimates we obtain earlier we
can pass to the limit and derive that [P-a.s.

i () = e Mug + f e TIAF (s, u(s))ds + / / e TIAG(s, Uy (5)) T (dz, ds).
0 0 JZ
This ends the proof of Theorem 3.4. O

The scheme of the proof of Theorem 3.2 is very similar to the above idea, but it is longer
and more complicated. In the next paragraph we will simply outline the main ideas of the
proof and refer the reader to Section 9 for more details.

Outline of the proof of Theorem 3.2 The proof of Theorem 3.2 also relies on approxima-
tion and compactness methods. We mainly exploit the Assumption 4(iii) to set in the
Banach space E an approximating problem with bounded coefficients. This approximating
(auxiliary) problem takes the form

duy (1) + (Auy (t) + F (2, up (t))dt = fZ G(t, un(t))n(dz, dt),

(3.21)

un(0) = uo,
which, thanks to Theorem 3.4, has an E-valued martingale solution with cadlag paths in

1
D(A”” 7). We denote this martingale solution by
(2, Fu, o, P,y s ).

The stochastic process u, can be written in the form

t
u,,(t) = €_tAM0 +/ e_(t_s)AFn(S’ u,,(s))ds
0

t
+ / / IG5, 1y (5))7in (dz. d)
0 VA

= U+ 2,(1) + vy (1).

The first step of the proof is to derive uniform a priori estimates concerning the convolution
processes z, and v,,. In this step the results obtained in Section 7, especially Lemmata 7.9
and 10, will play an important role. In fact, thanks to parts 1(i)-1(v) of Assumption 1, we
can apply these results and deduce that for any ¢ € (¢, gmax) and r € (1, p),

r

sup By [ I[0all5 0 7.y + SUP 12001 | < oo.
neN LO.T:E te[0,T]

Let us fix § € (¢, gmax) and p’ € (0, p). We set By = D(A”~!) and put
Xr =C(0, T X) x L0, T; E) ND([0, TT; Bo) x M;(Z x [0, T]). (3.22)
In the following step we will prove that the family of laws of (z,,, vy, 7 )nen is tight on X7.
For this aim we will prove that the laws of the sequence (vn)nen, respectively (1,),en, are
tight on L9(0, T; E) N D([0, T1; Bo), respectively M;(Z x [0, T])). The tightness of laws
of the sequence (v,),eN is a consequence of Lemmata 7.6 and 7.7. The tightness of the

family of laws of (1,),en is a consequence of [62, Theorem 3.2]. The tightness of family
of laws of the sequence (z;)nen on C([0, T]; X) is difficult to prove. A proof of this fact
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relies very much on the hypotheses (3.2)—(3.2) in Theorem 3.2. Firstly we will need to use
Lemma 9.1, see [23] for a proof, as well as the previous uniform estimates, to prove that for

some p € (1, q“;‘x) SUpP, el Fn (-, tn (D5 0,7,y is bounded in probability. Observing that

Zn = A"VE, (-, uy () and using Lemma 2.2, which is applicable thanks to parts 1(i)-1(v)
of Assumption 1, we will deduce that for some 6 < 1 — % the family of laws of (z;,),eN 1S
tight on C ([0, T]; D(A?,)) and hence on C ([0, T']; X).

This along with the Prokhorov Theorem and the modified Skorohod Representation The-
orem, see Theorem C.1, imply that there exist a probability space ( Q, F , ]fD) and X7- valued
random variables (z4, Vs, 11x), (Zn, Un, M), n € N, such that P-as.

(Zns Ons n) = (24, V4, 1y) in X7, (3.23)
and, foralln € N, 7j,, = 5, and

L((Zn, O, ﬁn)) = L((zn, Vn, Nn)).

Next we will carefully construct a new filtration [ and prove that over the new filtered
probability space (€2, F, F, IP) the objects 7j,, and n, are time-homogeneous Poisson random
measure with intensity measure v ® Leb. We also prove that in appropriate topology

iy — e Aup — / e CTIAE (s, fin(s))ds — / e~ CTIAG(s, 1, (5))7(dz, ds) = 0,
0 0

where i, = e~ 4ug + 2, + ,. Putting us := e~ "4ug + 2+ + vs and using (3.23) and the
uniform a priori estimates we obtained earlier we can take the limit and deduce that P-a.s.

ux () :e*'Auo+/'e*<’*S)AF(s,u*(s))ds+f/ e UG (s, uy ()74 (dz, ds).
0 0 JZ

This ends the hardest part of the proof of Theorem 3.2. The scheme of the proof of Theorem
3.4 is very similar to the above idea and simpler. We refer the reader to Sections 9 and 8 for
the omitted details. O

4 Application I: Reaction-diffusion Equations with Lévy Noise
of the Spectral Type

Throughout this section, we assume that O is a bounded open domain in RY, d e N*, with
C® boundary. We also fix real numbers 7 > 0, ¢ € (0,2), p € (1,2] and g € (1, 00).
Finally we assume that L = {L(¢) : t € [0, c0)} is a real-valued tempered «-stable Lévy
process, i.e., a Lévy process with the Lévy measure v, given by

Ve (dz) = ljg<1lzl ™ e ldz, zeR. 4.1
Our aim in this section is to study an equation of the following type,

(4.2)
du(t,§) = Au(t, &) dr —u(r,§)|1" sgn(u(r, §)) +u(t, §) dt
+ V@ HI/ A+ Vu@. HNAL@®). 1€0,T], €O,
u(t,§) =0, £e00,1e(0,T],

u(0,8) = uo§), €0,
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We will achieve our aim by finding the conditions on the coefficients so that Theorem 3.2 is
applicable. For this purpose we will reformulate problem (4.2) using a more general setting
and the language of the Poisson random measures.

Firstly, we denote by X = Co(O) the space of real continuous functions on @ which
vanish on the boundary 0. For y € R and r € (1, 00) by the symbol HY"" (O) we will
denote the fractional order Sobolev space defined by mean of the complex interpolation
method, see [73, Definition 1, page 301]. By Hg "(O) we will denote the closure of the
space Co(O) in H”""(0), see also [73, Definition 2, page 301]. We will simply write H?""
and H}"" when there is no risk of ambiguity.

Let us briefly recall the definitions of these spaces. If k is a natural number and p €
[1, 00) is a real number, we denote by H*P (), see [38, section L.6], the space of all
functions u € L?(O) whose weak derivatives D%u of degree |a| < k exist and belong to
L?(0). Endowed with a natural norm | - I, ,

. k,
lullf , = > ID"ul},, ueH"P(O),
lyI<k

this space is a separable Banach space. The closure of the space C§°(O) in the space

H*P(0) is denoted by Hg P(O). In the case B € Rt \ N, the fractional order Sobolev
spaces HA?(0O) can be defined by the complex interpolation method, i.e.,

HPP(O) = [H*P(0), H™P (O)]y, (4.3)

where k,m € N, k < m, and 9 € (0, 1) satisty g = (1—30)k+9m. Itis well known, see e.g.

[52, Theorem 11.1, chapter I] and [73, Theorem 1.4.3.2 on p. 317] that Hg’p(O) = H5?(O)

iffs <1
)4

We denote by A the operator —A in L?(Q) with the Dirichlet boundary conditions, i.e.,

{ D(A) = HyP(O) N H2P(0), (4.4)

Au = —Au, ue€ D(A).

Next, let us consider a separately continuous real valued functions f defined on [0, T'] x
O x R satisfying the following condition. There exists a number K > 0 such that for
t>0,xeO,ueR,

— K+ [u|"1j0,00)(w)) < ft,x,u) < K1+ [u|?1(—00,01()). 4.5)
It is not difficult to prove that if f satisfies (4.5), then
ft,v+2)sgn(v) < K(1+|z]9), forallv,z e R,z € [0, T].
Therefore, by [10, Proposition 6.2] the Nemytskii map F defined by
F(t,u)€) = f(t,&uéE), ueX,c£€0,te[0,T], (4.6)

satisfies items (i) and (ii) of Assumption 4 on X.
Approximating f by a sequence (f,)52,, where for any ¢ € [0, T]and £ € O

f@ & u), ifuel—n,n]
fn(t»;;_v”) = f(t’gvn)v 1fMZ”7
f(tv Ev _I’Z), ifu < —n,

we obtain a sequence (F,),en defined by
Fp [0, T]x X 5 (t,u) > {O 3 x > fu(t,§,ué))} € X,

which satisfies Assumption 4(iii).
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Next we reformulate the noise appearing in the problem that we want to study. In view
of the results of Section 2.3, see [1], to the real-valued Lévy process L there corresponds a
time-homogeneous Poisson random measure n with Lévy measure v, on Z = R defined by
Eq. 4.1. Moreover, the Lévy processes L = {L(¢) : t > 0} and L= {I:(t) :t > 0}, where

t
L) ::f /zﬁ(dz,ds), t>0,
0 JR

have the same law on ID([0, c0); R).

Now, let g be a bounded and separately continuous function defined on [0, T] x O x R
and taking values in R. Furthermore, we assume that g (¢, x, -) is continuous uniformly w.r.t.
(t, x). Let G be defined by

Gtou;2) (&) =g(t, &, u(€)z, 1€[0, T, uecl (©),zeR, &ecO. 4.7

With this notation problem (4.2) can be rewritten in the following form

du(t) + Au(t) dt = F(u(t)) dt + [p G(t,u,z2)ij(dz,dt), € (0,T], “5)
u(t) = ug. )

The following theorem is a corollary of Theorem 3.2.

Theorem 4.1 Assume thata € (0,2), p € (1,2], p > «, d € N*. Let vy be a Lévy measure
on R given by Eq. 4.1. Assume that ¢ > 1 and let r be a number satisfying

r > max{qd, 2d}.

Then, for any ug € Co(O) there exists a Co(O)-valued martingale solution
(2, F,F,P,n,u) to problem (4.8) with cadlag trajectories in L"(O) such that 0 is a
time-homogeneous Poisson random measure on (R, B(R)) with intensity measure v, @ Leb.

Proof Let us fix parameters «, p, d, g as in the assumptions. Next let us choose real num-
bers r > max{qd,2d} and k € (%, i). Let us also choose X = Co(0), E = H," and

B=L"Letusputd = % Then, since% < % we infer that § < i < % and § < %. We

also deduce that

dmax = 7 > (.

1)

Next, we denote by A = A, the minus Laplace operator —A with the Dirichlet boundary
conditions in the space B. Since r > p, r > 2d and p € (1, 2] we infer that E and B are
separable, UMD and type p Banach spaces. Now it is well known that the assumptions of
the first and second part of Theorem 3.2 are satisfied by A,.

We put Z = R and v = v,. Then, we immediately see that

C, :=/ 1z|? v(dz) < o0.
z

We define a map G by

G, ):X3ur{Z>zr> zgou}eLP(Z,v;E),t€[0,T].
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The map G may not be defined on the whole space X, but the map A 3G is because § = 5.
Indeed, we have the following chain of inequalities.

fz 1A G () ()5 v(dz) = fz 1A% (g o w)2) |7 v(dz)

= /Z|A:5<gou)|§|z|%(dz> < CplA? A (gow)ll, < Cplglhee.

Since the function g is continuous one can easily check that the continuity condition in
Assumption 3 is satisfied. Observe that

G(t,u)(z) = G(t,u,z),t €[0,Tlue X,z € Z,

where G is defined in Eq. 4.7.

Since k¥ > % we have E C X. Moreover, it is straightforward to check that the nonlinear
map F defined by Eq. 4.6 satisfies Assumption 4 on X.

Finally, let Y = L"(O) and Ay = A,. Since 1 — - > % and % > 4 we can find

gmax o
k1 € (4, 3) such that
KL
DA)CXCY.

Thus all the assumptions (with our choice of spaces and maps) of Theorem 3.2 are sat-
isfied and therefore the proof of the existence of a solution with the requested properties
follows. N

5 Application II: Reaction-diffusion Equations of an Arbitrary Order
with Space-Time Lévy Noise

The aim of this section is to show how Theorem 3.4 can be applied to Stochastic reaction-
diffusion equations driven by the space-time Poissonian white noise. This type of noise,
which is a generalization of the space-time white noise, has been treated quite often in the
literature, see for instance [65, Definition 7.24] (see also [7]).

We begin by introducing the assumptions on the drift of our problem and the driving
noise. In the second subsection we will present the detail about the coefficient of the noise.
Finally, after a careful statement of the assumptions on our problem we will formulate and
prove the existence of a martingale solution to stochastic reaction-diffusion equations driven
by a space-time Poissonian noise.

5.1 The Noise and the Deterministic Nonlinear Part of the Problem
Letd > 1, p € (1, 2], and O be a bounded open domain iI_l R‘_l v!itll boundary 00 of C*°
class. We consider a complete filtered probability space (€2, 7, F, P) where the filtration

F = (F¢)s>0 satisfies the usual conditions.
The assumptions on the noise in the equation that we are interested in are given below.
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Assumption 7 Let IT : © — M;(O x [0, 00)) be the space-time Poissonian white noise
on (O x R, B(O) x B(R), Leb ® Leb)* with intensity measure v @ Leb. We assume that:

supp v C (=1, 1) and there exists p € (1,2]: Cp(v) := / 1z|Pv(dz) < oo. 5.1
R

Remark 5.1 By Theorem A.6 we can find a homogeneous Poisson random measure 1 with
intensity measure D ® Leb such that

n(@)(U x C x D) = I(@)(U x C x D), U € B(O), C € B(R), D e B([0, 0)),
v(C) = /R/O lc(¢, &)de v(dE), C € B(O) x B(R). (5.2)

We fix p as above for the remainder of this section. We also put v = Leb ®v, where Leb
is the Lebesgue measure on O.

Let also k be a positive integer. Borrowing the presentation of [10, Section 6.3] we
introduce a differential operator A of order 2k as follows.

(a) The differential operator A defined by
Au(x) =~ Y aa(x)D*u(x),x € O, (5.3)
lo| <2k

is properly elliptic (see [73, Section 4.9.1]). The coefficients a, are C* functions on
the closure O of O.
(b) Asystem B = {B; }’;:1 of differential operators on 30 is given,

Bj= Y bjuD", (5.4)
let|<m

with the coefficients b; , being C* functions on dO. The orders m; of the operators
B; are ordered in the following way:

0<mi <mj <...<mg.
We assume that mj < 2k and

> bja@Ene £0.x€0,j=1.2,... .k (5.5)

la|=m;

where n; is the unit outer normal vector to 00 at& € 0.
(¢) Foranyx € Oand & € R"\{0} leta(x, &) = Z\a|=2k ay (x)EY. We assume that

k) e D e RM(0), (5.6)
la(x, &)
() I bre = Yoo da(X)E then for all x € 90, & € To(30), 1 € (—00,0] the

polynomials
{t=>bj(x,E+n)}, j=1,---,k

4Leb is the Lebesgue measure on O and R and we refer to Appendix A for the definition and facts about
space-time Poissonian white noise.
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are linearly independent modulo polynomial {t — Hljzl(r — t1(#)}. Here T, (O) is
the set of all tangent vectors to 30 at x € 30 and r;“ (#) are the roots with positive
imaginary part of the polynomial defined by

Cot—alx, &+ 1tny) —t.

The differential operator A induces a linear unbounded map A, on the Banach space L" (0),
r > 1, defined by

{D(A,):{MGHZk”:Bju|80=0f0rmj <2k -1}, 5.7)

A,u=Au, ue D(A)).

Assume 6 > 0, r € [p, 00). Let A, be the linear operator in the Banach space L"(O)
o

defined in Eq. 5.7. The space D(A) will be used in what follows quite often and hence
it is convenient to write it down in terms of Sobolev spaces and boundary conditions, as in
equality (5.7). We have, for 6 € [0, 2k],

r 1
DAF) = Hy" = {u e H*" : Bju|,,, =0form; <6 — -, (5.8)

Throughout we put £E = H g’r. It is well-known, see for instance Triebel’s monograph
[73, Section 4.9.1], Seeley’s paper [71] or Lunardi’s book [53, Section 3.2] (also [10, Section
6.3]), that A, satisfies parts 1(iii)-1(v) of Assumption 1 on the space E.

Now we introduce a nonlinear map which will play the role of the drift for our stochastic
equation.

Assumption 8 Assume that a function f : [0, T] x O x R — R is separately continuous
and bounded. Moreover, we assume that f (¢, x, -) is continuous uniformly w.r.t. (¢, x).
We denote by F the Nemytskii map associated to f, i.e., defined by

Ft,u)(x) := f(t,x,ux)), uel (0),xeO,tel0,T], 5.9

and assume that F : [0, T] x L"(O) — L"(O).
The restrictions of F to [0, T] x H g,r will also be denoted by F.

5.2 Coefficient of the Noise

We begin this subsection with the precise statement of the assumptions on the coefficient of
the noise.

Assumption 9 Let g : [0,7] x O x R — R be a bounded function that is separately
continuous with respect to the first and the second variables, and g(z, x, -) is continuous
uniformly w.r.t. (¢, x).

We define a nonlinear map Gy : [0, T] x L"(O) — L"(O) to be the Nemytskii operator
associated to g; that is,

Got,u)(x) :==gt,x,u(x)), wuel (0), xeO.

Because of Assumption 9, in view of the Lebesgue Dominated Convergence Theorem
(DCT) for every t > 0 Gy(t, -) is a continuous map from L"(O) into itself and for each
u € L"(0), the function Gy(-, u) : [0, T] — L"(O) is strongly measurable.
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Let B; ., (O), be the Besov space as defined in Appendix B. By Proposition B.1 along
with Corollary B.4 we can define a bounded linear map
n p—(d—-9)
D :LP(O) > LP(O xR; V5 B, o " (0)), (5.10)
by setting, for v € L”(O),
[Pv](x, y) = (v(X)d)y, (x,y) € OxR. (5.11)
Indeed, @ is linear and by Corollary B.4 and Eq. 5.1 we have the following chain of

equalities/inequalities

[ My avvan = [ s, P g, D)
OxR )( 0) —(d )( )

Ox

= /@lvsx'[;(d‘rl)(o)dx X[R|y|pv(dy)fccp(‘))|v|ip(o)~

Finally, by the choice of 6, r, and p above, the embeddings
HY' € L'(0) C LP(O),

are continuous, so we can define a nonlinear map G by

d
G = ®0Go:[0,T] x Co(O) — LP(O x R, ¥; B,féf‘f’(@)). (5.12)

In what follows we will also denote by G the restriction of the previously defined map
G to the sets [0, T] x Hg’r with r € (p, o0) and € > 0. It follows from the corresponding
properties of the map Gg that for every ¢+ > 0, G(¢,-) is continuous and that for each
o,r . .
u € Hg" the function G (-, u) is strongly measurable.

Claim 5.1 Assume that p € (1,2],d e N, r > p, k € Nand 6 > 0 satisfy

d 2k
0+d—= <. (5.13)
r p

Then there exists § < % such that the map A,_‘SG defined on [0, T] x E is LP(Z, v, E)-

valued, bounded and continuous on E := H g,r and measurable on [0, T].

Proof Letus fix k, r, d 0 and p as in the assumptions. Thus, we can choose x > d — 4
such that § : 92% < 1. Let us also notice that E ¢ H?" (0©). Therefore, since A rnaps

H~*"(O) into H?: ’(O) and, by [73, Theorem 4.6.1-(a,b)], the Banach space B, 00 (O)
is continuously embedded in H " (), we infer that the map A~ 3G is LP(O x R, D; E)-
valued continuous. Therefore, by the continuity and boundedness of the function g, the
function A% G from [0, T]x E into L? (O xR, V; E) is separately continuous and bounded.
Since § < % we deduce that G satisfies Assumption 3 with p = % — 4. O

Remark 5.2 If d < 7 then we can find & > < such that condition (5.13) is satisfied and
the space E is continuously embedded in Cy ((9).
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5.3 The Formulation of the Result

Let 1 be the compensated Poisson random measure associated to the time-homogeneous
Poisson random measure given by Remark 5.1. With the functional setting we described
above, the problem that we are interested in is

du(t) + Aru(r)dt = [, p Gu()[E, £17(dE x dt x dt)
+ F(t,u(t))dt, t € (0,T], (5.14)
u(0) = uyg.

Remark 5.3 A very important example of problem (5.14) is the following SPDE

a ,
5M(t,$)+Au(t)dt = fu@® &) +gu@&)LE NE€O, 1€(0,T],

u(0,§) = uo§), £€0, (5.15)
u(t,&) = 0, for§ €90, t € (0, T],

where A is a second order differential operator, both f and g are continuous and
bounded real functions defined on R and, roughly speaking, L denotes the Radon-Nikodym
derivative of the space-time Lévy white noise’ L, i.e.,

dL(, 1)

LEn=— 9%

We are finally ready to define the concept of solution to problem (5.14).

Definition 5.4 Let p € (1,2] and v a Lévy measure on R satisfying condition (5.1). Let
A, be the linear operator in the Banach space L"(O) defined by Eq. 5.7. Put E = H g,r, for
some # > 0Qandr > p.

An E-valued martingale solution to Eq. 5.14 with cadlag paths in L" (O) is a system

Q,F,P,F,nu), (5.16)
where

(i) (R, F,F,P)is acomplete filtered probability space equipped with a filtration F =
{F1}i>0 satisfying the usual conditions,
(ii) 7 is a space-time Poissonian white noise® on O x R with jump size intensity D =
Leb ®v.
(iii)) u is a E-valued F—progressively measurable stochastic process such that

T
IE/ lu(s)|% ds < oo. (5.17)
0

(iv) wisa L"(O)-valued cadlag process.

SWe refer again to Appendix A for the definition of space-time Lévy noise.
6We refer to Appendix A for the definitions and facts about space-time Lévy and Poissonian noise
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(v) foreveryt € [0, T], u satisfies the following equation P—a.s.

t
ut) =e Mrug + / e~ CIAE(r u(r)) dr (5.18)
0

t
+ / / DA Gu(r)E, C17(dE x di x dr).
0 JOxR

Remark 5.5 The last condition in Definition 5.4 should be understood that both integrals in
equality (5.18) make sense as E-valued random variables and (5.18) holds as an equality of
E-valued random variables.

The following result will be shown by applying Theorem 3.4.

Theorem 5.6 Let p € (1,2], v be a Lévy measure on R satisfying condition (5.1), and A
be a differential operator having the properties (a)-(d) in Section 5.1. For > 0 andr > p
we put E = Hg‘r, where A, is the linear operator in the Banach space L™ (O) defined
in Eq. 5.7. Let F and G be the two maps defined in Eqs. 5.9 and 5.12, respectively, and
satisfying Assumptions 8 and 9, see pages 29 and 29. In addition, let us assume that the
numbers p,r, 0, d and k satisfy (5.13). Then, for every ug € Hg’r there exists a Hg‘r-valued
martingale solution u to Eq. 5.14 with cadlag trajectories in L™ (O).

The above theorem can be reformulated in terms of space-time Lévy noise, but since
such a result would not be significantly different from the last one, we omit it and leave as
an exercise to an interested reader.

Proof of Theorem 5.6 Let us fix the numbers d, &, p, and r, the space E and the operator
A, as in the statement of the theorem. Also, let F' (resp. G) be defined by equality (5.9)
(resp. (5.12)).

Since r > p, the separable Banach spaces E and B are UMD and martingale type p.
As we mentioned above A, has the BIP property on E, is a positive operator with compact
resolvent and —A, generates a contraction type Co-semigroup on E. Owing to Claim 5.1 we

1

can find p € [0, %) such that the map Af PG definedon [0, T] x E is L?(Z, v, E)-valued,
bounded and continuous w.r.t. E and measurable with respect to time. Thus all assumptions
but Assumption 5 of Theorem 3.4 are satisfied. However, by Assumption 8 the Nemytskii
map F defined for¢ € [0, T] and u € E by

Ft,u)(x) := ft,x,ux)), xe€O,

satisfies Assumption 5. Hence, since Theorem 3.4 is applicable, we infer that problem
(5.14) has a E-valued martingale solution u. Since A, is a infinitesimal generator of a
contraction Cp-semigroup on L"(O), by [77], the paths of the process u are cadlag in
L"(O). O

Remark 5.7 Let O be a bounded open domain in R¢, with d > 1. Let n be a fixed natural
number. Foreachi =1, - -+ , n let v; be a Lévy measure on R satisfying (5.1). For each i =
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1,---,n,let {L;(t); t > 0} be a Lévy noise with Lévy measure v;. For a fixed T € (0, c0)
we consider the following system of SPDEs

du;(t) + Aju;(t)dt = ZZ:] gie(t, x,u1(t,x), ..., u,(t,x))dLy(t)
+fitt,x,u1(t,x), ..., u,(t,x))dt, t € (0,T],x € O,
ui(0) =u;p0, x €0,
Bj,,'u,'(t,x) =0,1te€[0,T],x €90,
(5.19)
where A;,i = 1, --- , n, are differential operators of order 2k satisfying conditions (a)-(d),
see pages 27 and 28. Furthermore, we assume that

f=1A1_:10TIxOxR" >R, g= [gi-,‘i]?,zzl 1[0, T] x O x R" — R"™ ",

are separately continuous and bounded. In addition, we assume that g(z, x, -) is continuous
uniformly w.r.t. (¢, x). Problem (5.19) was studied by Cerrai in [20] when each L, is a
Wiener process.

We will apply the previous theorem on the Banach space £ = Hg’r(O, R"™) to check

that for any ug = (u;0)"_, € Hol’r((’), R" N Hg’r((’), R™) there exists a H&"'(O, R" N
Hg”(o, R™)-valued martingale solution to Eq. 5.19 with cadlag paths in L" (O, R"). For
this purpose we consider the diagonal matrix

A 0 ... 0

0 Ay ... O
a=|. " .

0 0 ... A,

and denote by Gg : [0, T] x L"(O,R") — L"(O,R") (resp. F) the Nemytskii operator
associated to maps g and respectively f. We also set Z = R” and define the Lévy measure
ponO x Zby ) =Leb®(v; ® - - ® vy). As above we can define a bounded linear map

®: E— LP(O x Z; B, 4770, R")) by formula (5.11), i.e.,

[Pv](x, y) = (v(X)dx)y, (x,y) € O xR,
and put G = ® 0 Gg. The restriction of the maps F and G to sets [0, 7] x E are still denoted
by F and G, respectively. We denote by 7 the Poisson random measure with intensity mea-

sure Leb(dr) ® V(dx,dz) on [0, T] x O x Z. Then problem (5.19) can be rewritten in the
following form

du +Audt = F(t,u)dt + fOxZ G(t,u)[x, z]n(dx x dz x dt),
u(0) = ugp.

The existence result we claimed earlier is now a straightforward consequence of Theorem 5.6.

(5.20)

6 Application III: Stochastic Evolution Equations with Fractional
Generator and Polynomial Nonlinearities

In this section we will deal with a problem that is similar to the problem from the previ-
ous section, but with one important modification. From now on we will assume that the
nonlinear term F is of polynomial growth. We put kK = 1 and assume that A and B are dif-
ferential operators satisfying conditions (a)-(d), see page 27. As in the previous section we
fix r > 1 and denote by A, be the linear operator induced by A in the Banach space L" (O).
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Let y € (0,1] and A} be the fractional power of A,. It is well known (see, for instance,
[72, Theorem 4.3.3]) that

1
DA = Héky’r ={ue H*rr . Bju|3o =0form; <2ky — ;},
and for any 6 € [0, 2ky]
6 1
D((AV)%7) = Hg” ={ueH: Bju|,,, =0form; <6 — ;}. 6.1)

We also consider a space-time Poissonian white noise IT on (O x R, B(O) x B(R)) with
Lévy measure v ® Leb satisfying (5.1) with a fixed number p € (1, 2]. As in Remark 5.1 to
IT we can associate a time-homogeneous Poisson random measure n with intensity measure
v =Leb®v.

Next, let g : [0, T] x R x O — R be a bounded, separately continuous w.r.t. to the first
and second variables, continuous in the third variable uniformly with respect to the other
two. Next, as in previous section we consider the map

G110, T] x L'(O) — LP(O x R, : B4~ 0y,
defined by
(G, w)](x,y) =[(gt, ux), x)é]y, ue L' (0), (x,y) e OxR. (6.2)

We also consider a separately continuous function f : [0, T] x O x R — R satisfying
condition (4.5), for some ¢ > 1. We denote by F the Nemytskii operator defined by

F(t,u)(x) :== f(t,x,ulx)), wueCy(O),xeO,rel0,T]. 6.3)

We consider the following approximation of the function f by a sequence (f;)nen of
functions defined, for any ¢ € [0, T], x € O andn € N, by

f, x,u), ifuel[-n,n]
falt,x,u):=3 f(t,x,n), ifu>n,
ft,x,—n), ifu <-—n.

By setting F, (¢, u)(§) = fn(t, &, u(&)) for (t,u,&) € [0,T] x Co(O) x O we obtain a
sequence (Fy),en of bounded and separately continuous maps defined on [0, T] x Co(O)
into Co(O) satisfying (3.2) uniformly in n, and pointwise converging to F in Co(O). Hence,
the nonlinear map F defined by Eq. 6.3 satisfies Assumption 4 with X = Cp(O).

Remark 6.1 An example of a real valued function f satisfying the above conditions is

f:[0,00) x O xR > (1,8, u) —> —|ul? sgn(u). (6.4)

With the various mappings we have introduced above we consider the following SPDEs

du(t) + AL u()dt = fOXR G(t,u(t))&, c1i(dE x d¢ x dr)
+F(t,u(t))dt, t € (0,T], (6.5)
u(0) = uop.

Theorem 6.2 Let v be a Lévy measure on R satisfying the conditions (5.1) with a fixed
p € (1, 2]. Let us also assume that A is a differential operator satisfying the properties (a)-
(d) from page 27. For y € (0, 1, let Al be the fractional power of the linear operator A,
defined in Eq. 5.3. Finally, let F and G be the maps defined in Eqs. 6.3 and 6.2, respectively.

@ Springer



Stochastic Reaction-diffusion Equations Driven by Jump Processes

In addition to the assumptions on G above we also assume that pd < 2ky and that F
satisfies Assumption 4.5 with some g € (1, p). If r > max{p, %}, then for any ugy €
Co(O) there exists a Co(O)-valued martingale solution to Eq. 6.5 with cadlag trajectories
in L™ (O).

Before we embark on the proof of this result let us make the following remark.

Remark 6.3 If the intensity measure v of the space-time white noise is finite, then as in the
proof of Theorem IV.9.1 in [45] the solution can be written as a concatenation of solutions
to the deterministic reaction-diffusion equations on random intervals with the initial data
being a measure-valued random variable.

To be more precise, let & := Leb(O) x v(R), (1;);en be a family of independent,
exponentially distributed random variables with parameter A and

o0
N6 = 1iz,000. 20,

n=1

where T,, = Zl'-':l 7;,n € N. Let also (¥;);en be a family of independent v/v(R) distributed
random variables and {x; : i € N} be a sequence of independent and uniformly distributed

random variables in O. Then, the space-time white noise 1 can be written as follows: for
any A € B(O), B € B(R) and I € B([0, 00))

axnxn<|® if N(t) =0,
X X =
7 YN S v (AXx Bx ) if N@t) > 0.

Using this representation the above SPDEs can be described by a deterministic PDE
with initial condition being a measure in the time intervals [T, T,,+1), i.e., u solves the
deterministic PDE

%M(t,é) + Au(®)dt = f(u(t,8)) £ €O, te (T, Tht1),
w(T;, €) = w(T) + Yyby,, E€0O, (6.6)
u(t,€) = 0, for& € 30, t € (T, Tpi1).

It follows that our conditions have to be stronger than the conditions in [8], which is indeed
the case. In fact, for y = 1 we assume that d < % which is stronger than d < q%l imposed
by Brezis and Friedman in [8].

Proof of Theorem 6.2 We just give a sketch of the proof because it is very similar to the
proofs of Theorem 4.1 and Theorem 5.6. Let us fix the numbers d, y, p, g, and r as in the
statement of the theorem. We denote by A} the fractional power of the linear operator A,
induced by —A on the Banach space B = L" (). Also, let F be defined by equality (6.3).
By Remark 5.2 we can find 6 > % such that 0 + d — % < 2](7’/ and the Banach space

E = Hg’r is continuously embedded in X := Cy(O). Thus, owing to the assumption on
g (resp. f) we can argue as in the proof of Claim 5.1 (resp. Claim 6.3) to prove that the

map G (resp. F) satisfies Assumption 3 (resp. Assumption 4) with p € (0, % — %). Since
r > p, E and B are separable, UMD and type p Banach spaces. Finally, let Y = L"(O) and
Ay = A! . Since 1 — qz—“ >1- % and r > %, we can find k1 € (%, 1-— %) such that

H"" cXcyY.
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Since —A/ is an infinitesimal generator of a contraction type Cop-semigroup on ¥ = B =
L"(0), all the assumptions of Theorem 3.2 are satisfied by problem (5.14). Hence, we easily
conclude the proof of Theorem 6.2 from the applicability of Theorem 3.2. O

7 Some Preliminary Results about Stochastic Convolution
In this section we will state several results concerning the stochastic convolution process.
7.1 The Stochastic Convolution

Let us begin with listing the assumptions we will be using throughout the whole section. We
assume that £ and A are respectively a Banach space and a linear operator satisfying parts
1(i)-1(v) of Assumption 1. A real number p € (1, 2] satisfies part 1(i) of Assumption 1 and
p € (0, %) satisfies Assumption 3.

We also assume that the following are given: a measurable space (Z, Z), a nonnega-
tive measure v € M4 (Z) on (Z, Z), a filtered probability space B = (2, F, F, P) such
that the right-continuous filtration F = (F;);>0 satisfies the usual conditions, and a time-
homogeneous Poisson random measure n with Lévy measure v. For any progressively
measurable process £ : [0, 00) x Q@ — LP(Z, v; E) such that

T
IE/ f 1E(s, 2)|Pv(dz)ds < o0, T > 0,
0o Jz

one can define the so called stochastic convolution process by the following formula

t
SE) (1) = / / e U4 (s, 2)7i(dz, ds), t > 0. (7.1)
0 Z

We will frequently use the real interpolation spaces (E, D(A™))g,4 = D% (9, q), for
0 € (0,1),q €[1,00) and m € N, defined by

D6, q) := {x € E 1 |x|p,5.9) < 00},

d 4q 1 1-0 4 ,—tA, g dt
|x|DA(9761) = |x|E+f0 1" =7 Ae™! x|1, x € E.

Letus fix M > 0 and T > 0. Throughout this section we denote by By (E) the set of all
F-progressively measurable processes & satisfying

/ A" EGs, 2)[Fv(d2) < M7, forLeb@Pae. (5, 0) € [0,TI x 2. (12)
zZ

Let us recall the following two important results. A proof of the first one can be found in
[13, Theorem 2.1].

Theorem 7.1 For every 0 € (0,1 — %) there exists a constant C = 6‘9 (E) such that for
any D4 (0, p)-valued progressively measurable process & the following inequality holds for
every T > 0,

T T
EA|6@XMP fthEA‘LEUJN&wwvwmm. (13)

DyO+5.p

Before proceeding to the statement and the proof of the second result, let us state the
following important remark.
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Remark Since, by part 1(v) of Assumption 1, A satisfies the BIP property, it follows from
[72, Theorem 1.3.3] and [72, Theorem 1.15.3] that, for §,0 € (0,1) with § < 6, the
following embeddings are continuous

D4(6, q) C D(AY). (7.4)

Lemma 7.2 If o’ € (0, p), then there exists a constant C| > 0 such that

EIA” SEN 0.5 < CIT* PP MP. & € By (E).

Proof of Lemma 7.2 Let us fix p’ € (0, p) and put § = p’ + % —p € (0, %). Let us also
choose & € By (FE) and put u = G(§). Since, by [9], a type p UMD Banach space is
a martingale type p Banach space, by Eq. 7.2 and Theorem 2.4 we infer that the stochas-

tic convolution process f(; f 7 e =94 APV E(s, 2)ii(dz, ds) is well-defined. Moreover, by
Theorem 7.1 and Eq. 7.4 it takes values in L? (0, T’; D(A%)) almost surely. Since

1 ‘ 1
u(t) = A" f / e TIA[AT T E(s, )] i(dz ds), 1 €0, T],
0 JZ
and§ = p'+ % — p we infer that u belongs to L? (0, T; D(A”")) almost surely. Furthermore,

E|A” u()|y = E

t ] P
/ / APeIAAPT I E (s, 2)ii(dz, ds)
0 VA E

IA

d ‘ _1
E /0 /Z 1A%~ 4N ) |A°T P EGs, DI v (da)ds

t 1 tl—pS
CMP/ 7{sds:CM’7 .
o (t—s)P 1 —ps

Since p§ € (0, 1), it follows from Eq. 7.5 and the Fubini theorem that

IA

T2—p5
M
(I = pd)(2 - pd)
Thus the proof of Lemma 7.2 is complete. O

EIA”ul} 0 .5y < C (7.5)

Lemma 7.3 Let the assumptions of Lemma (7.2) hold. Let p' € (0, p) and putr B =
D(AP Y. If& € By (E), then

(i) there exists a constant Cy = Co(T) > 0 such that

E sup |[A”7'SE)@)|P < CaMP,

0<t<T

(ii) and the process u = G (&) admits a B-valued cadlag modification (which will be still
denoted by G(&)).
(iii) If in addition the operator — A generates a contraction type semigroup on the space

1 1
D(AP™7), then the parts (i)-(ii) are true for B = D(A”” 7).

1
Proof Letus fix & € By (E) and setu = &(§), and = Apﬁ?ﬁlé. By Eq. 7.2, we have

flAw(S,z)lpv(dz) < MP, aa.s €[0,T].
z
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Hence, it is known, see [77, Lemma 3.3], that the process v defined by

t
v(t) ;=/ /e—(f—“f‘w(s,z)ﬁ(dz,ds), t €0, T,
0 JZ
is the unique strong solution to the problem
dv(t)-l—Av(l)df:f Y (t, 2)n(dz, dt),
z

with v(0) = 0, and hence satisfies
t '
v(t)—i—/ Av(s)ds =/ /W(s,z)ﬁ(dz,a’s), te[0,T]. (7.6)
0 0 JZ

Let § := %—}—p/—p <landB:=1- % + p — p’ > 0. By applying A? to both sides of
1
the identity (7.6) and by noticing that A~'u = A» "y, we infer that for ¢ € [0, T]

t t
AP @) =/ Ap’u(s)ds+A—ﬂ/ fA"‘%g(s,z)ﬁ(dz,ds). (1.7)
0 0 JZ

Using the inequality (2.14) in Theorem 2.4 we obtain

p
E sup

0<t<T

t
AP fo / AP EGs, 2)i(dz, ds)
VA

T 1
< CIIA*ﬁHaE)lE/ /|A"‘F§(s,z)|1’u(dz)ds < CTMP.
0 V4

Next applying Holder’s inequality twice and invoking inequality (7.5) we get
E sup

t
/ AP u(s)ds
0<t<T!Jo

This completes the proof of (i) with Co(T) = CCy T + C1T?.
Since, by [76, Theorem 4.1], the function

¢:C(0,T]; E) x (0, T); E) 5 (x,y) = x +y € D(0, T']; E),

p T
< Tp’llE/ AP u(@®)|P dt < C;TPMP.
0

is continuous, in view of the identity (7.7) and Theorem 2.4 we easily deduce that the pro-
cess u has a D(A?~)-valued cadlag modification. This completes the proof of part (ii) of
our lemma.

Since, by [9], any UMD Banach space of type p is also an martingale type p Banach
space, and & satisfies (7.2), part (iii) is easily deduced by applying [77, Corollary 5.1]. [l

The next lemma is about estimates of G(§), & € By (E) in the Besov-Slobodetskii
spaces WP (0, T; E), see its definition on page 5.

Lemma 7.4 Let the assumptions of parts (i)-(ii) of Lemma 7.3 hold. Assume that a € (0, p).
Then there exists a number C3 > 0 such that

ENSE) s o.r:p) < C3M?. & € Bu(E).

Proof Letus fix & € By(E) and put u = G(&). Let us fix « € (0, p) and let us choose an
auxiliary p’ € (a, p). In view of Lemma 7.2 and the definition of the (2.3) it is sufficient
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to estimate the mathematical expectation of the seminorm (2.3) of u. For this aim, without
loss of generality, we can take s < t € [0, T']. As in the Gaussian case we have

u(t) —u(s) = Si(t,5) + S, s),

where
t
Sis) = [ [ 00 iz dn. S = (0= 1) us)
s JZ

In view of the definition (2.3) it is sufficient to prove that there exist two positive numbers

C31, C3p such that
/ /t |Sl([ I dsdt < Cy1MP
A < )

|t —s|°‘1’+1
t
152, 9)I7 )
//|t_s|l+addtSC3ZM'

Let us begin with estimating Sj. By using the Fubini Theorem, [13, Corollary C.2], the

1 1
estimate ||A5_pe’(”’)A||Z(E) < C(t —r) "% and the definition (7.2) of the class
By (E), we infer that

dsdt
|t _ S|l+o¢p X

f /HAP e AL gy |APTBE(r, )P v(dz)dr

dsdt 1=
cM? pp=1g4
/ /0 |z—s|'+fwfo T

dsdt
p ppltplo—a)
M / /0 |t—s|1+(“ PP = CMTT

S

I A

IA

IA

In order to study the term S, let us recall, see [63, Theorem I1.6.13], that there exists a
C > 0 such that
‘A‘V (e_hA - 1)} <CH', h>0. (1.8)
L(E)

Therefore, by applying the Young inequality for convolutions we infer that

- T ,t ||Afp’(ef(z—s)A _ I)HZ(E)lAp,“(S)lpd .,
2 < PR sdt

T T=s |A (7" = D%
C]E/ |Apu(s)|”</ £E) gr )d
0 0

|r|l+pa

IA

IA

T
CE| A u”il’(O,T;E)/O = 1+pp' =) g0

IA

CE|A”? “”zP(O,T;E)TP(p —a)

Invoking Lemma 7.2 and the estimate for S; concludes the proof of the lemma. O
Remark 7.5 Since o € (0, %) we cannot infer from the above Lemma that the process G (§),
& € By(E), has an E-valued cadlag modification. It is known, see for instance [48], that

if E is a Hilbert space, the driving Lévy process L lives in E and {4 : ¢ > 0} is con-
traction type Co-semigroup on E, then the stochastic convolution process fo e ATIGL(s)
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has an E-valued cadlag modification. If E is a Banach space, then it is sufficient to assume
that either E is a p-smooth Banach space or the semigroup {¢~*4; ¢ > 0} on E is ana-
Iytic, see [77]. However, we should note that in our framework we do not have such a nice
situation. Indeed, roughly speaking, our semigroup is analytic and contractive on a martin-
gale type p, p € (1, 2], Banach space E and our noise lives in a larger space than E (say
D(A™),a > 0), and in general even if —A is the infinitesimal generator of an analytic
semigroup of contraction type it is not known whether the stochastic convolution G(§),
& e MP(,T,LP(Z,v; E)), has a cadlag modification in E or in a smaller space, say
D(AY), y > 0, than E. This is even an open question for the case when E is a Hilbert
space, see for instance [66].

The next three lemmata are about tightness of the family of the laws of {&(§) : & € By (E)}

Lemma 7.6 Let the assumptions of parts (i)-(ii) of Lemma 7.3 hold. Then, the family of the
laws of {&(&) : & € By (E)} is tight on LP (0, T; E).

Proof As in Lemma 7.3 we choose an auxiliary 0" € (0, p) and put B = D(A/’/‘l). Let us
alsoput ¥ = D(A”"). Since, by Assumption 1, A has compact resolvent, it follows from
the combination of [35, Proposition 5.8], [73, Theorem 1.15.3, pp 103] and [73, Theorem
1.16.4-2, pp 117] that the embeddings ¥ < E and E <> B are compact. Thanks to
Lemma 7.2 and Lemma 7.4 {S(§) : & € By (E)} is uniformly bounded on MP?(0, T; Y) N
LP(Q2; W*P(0, T; E)). Hence, since the embedding

WP, T; EYNLP(0, T : D(A”)) < LP(0, T; E)

is compact, see [40, Step 1 of Proof of Theorem 2.1], it follows from the Chebyshev
inequality and [40, Theorem 2.1] that the laws of {&(§) : & € By (E)} are tight on
LP,T; E). O

Lemma 7.7 Let the assumptions of parts (i)-(ii) of Lemma 7.3 hold. Then the family of the
laws of {&(&) : & € By (E)} is tight on D([0, TT; D(A"’/_l))for any p’' € (0, p).

For the proof of this lemma we need the following general result.

Lemma 7.8 Assume that p € (1,2], T > 0. Assume that E and Y are two martingale type
p Banach spaces such that the embedding E — Y is compact. For every § € By (E) let a
process v = V(&) be defined by

t
v(t):/ /E(s,z)ﬁ(dz,ds), t [0, T].
0 Jz

Then the family of the laws of {v =W (&) : &€ € By (E)} on D([0, T); Y) is tight.

Proof We need to check items (a) and (b) of Corollary D.2.
By the maximal inequality (2.16) in Corollary 2.6 (see also [13, Corollary C2]) there
exists C > 0 such that for any & € By (E) we have

E sup |v(s)|? < CMP.
s€[0,T]
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1
Lete > 0and K, = {y € X : |y| < (Ce~")» M}. It follows easily from the Chebyshev
inequality that

P(w() ¢ Ke,t €[0,T)) = [(Cé‘_l)%M]_”IE sup [v()|” <e.
t€[0.T]

Corollary D.2-(a) follows from this inequality and the compactness of the embedding £ C
Y.
Next, letus fix 0 < o < v < T. Then by [13, Corollary C.2] and the Jensen inequality
E sup |v(#) —v(o)|ly = E sup

/ /S(s 2)n(dz, ds)
telo,1] telo,7]

CE(/ /|§(s,z)lyv(dz)ds>
o JZ

1
C<E/ /|§(S, z)lf,v(dz)ds) ’ <CM(t —0)71'.
o V4

Thus we can apply Corollary D.2-(b) from which the sought result follows. O

IA

IA

Proof of Lemma 7.7 Letus fix & € By (E) and putu = &(&). Let us fix auxiliary numbers
o' €(,p)andy € (o, p). Letusput B=p — p' +1— % > 0 and let us rewrite identity
(7.7) as follows

t t

AP @) = A"/’V/ A u(s)ds +A”3/ f Ap—%s(s,z)ﬁ(dz, ds)
0 0 JZ

vi(t) +v(t), tel0,T].

It follows from Lemma 7.8 that the family of laws of {vy(§) : & € By (E)} is tight on
D0, T'T; E).
On the other hand, since y < p, by Lemma 7.2 there exists C > 0 such that

'
Ef |AY u(s)|Pds < CMP?.
0

Since o’ — ¥ < 0, the map AP~V . E > Eis compact. Therefore, since vy (t) =
A"”VfotAyu(s) ds we infer that the family of laws of {v{(§) : & € By (E)} are tight on
C([0, T']; E). Hence we easily conclude the proof of (i) since, by [76, Theorem 4.1], the
function

¢:C(0,T]; E) x (0, T); E) 5 (x,y) = x +y € D(0, T']; E),

is continuous. O
We also need the following auxiliary result.

Lemma 7.9 Assume that all the assumptions in Lemma 7.3 are satisfied. Then, for every

q € (p, ll_p) (P 7555 p ) and every r € (1, p) there exists C > 0 such that
14

EISE)le.r:p) < CM. € € Bu(E). (79)
Moreover, the family of the laws of {&(&) : & € By (E)} on LY(0, T; E) is tight.
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Proof of Lemma 7.9 Letus fix g € (p, , ) Since q(f —p) < land ¢ > p we can find

o' € (0, p) such thatq(p —p)=1-— p(p 0). Let us next put

1
——p 1 —
g .= 2 - Pe___ P,

s—p+p  l—pptpr g

’ _1
and let us define, as in proof of Lemma 7.6, Y = D(A” ). We also put B = D(A”” 7). Then
by the reiteration property of the complex interpolation we have,

E =[B, Y],
and therefore we get, see [6],
Iyl <Iylg Iyly, yev.

Next, let us take an arbitrary r € (1, p) and put s = ;, ; ++= = 1. Then srf = p and,
since r < p,rs*(1 —0) < p. Let us choose an auxiliary § > 1 such that 8rs*(1 — 6) = p.

Let us fix & € By (E) and put u = &(&). Then, by the Holder and Jensen inequalities,

0 r(1-0) r(1-0)
E'“'Z‘I(O,T;E) S ]El]u'qug(O,T;Y)Iu'LOO(O,T;B)iI |:|M|LI’(() T Y)|M|Lo<)(0 T: B)]
1 1
5r6 Srs*(1—-0) |8s*
E['“'ZVP(O,T;Y)] [|”|LOC(0,T;B)]

r

IA

xr

P q P 5 5q
E['”'LP(O,T;Y)] E['”'LN(O,T;B)] <C4M’,

where Lemma 7.2 and Lemma 7.3-(iii) were used to obtain the last inequality. The proof of
the first part is complete.

To prove the second part we observe that by the same argument as above, given g and r,
we can find ¢ > 0 and C > O such that

E|6(§)|qu(O,T;D(A€)) 5 CMr, é‘_ € BM(E) (710)

Moreover, by Lemma 7.4, for any fixed o € (0, p), we can find C3 > 0 such that
ENSE) s 1.5y < C3MP. & € Bu(E).
Since the embedding D(A?) < E is compact, the embedding
L0, T; D(A*)) NW*P(0,T; E) — L0, T; E)
is compact. Hence the second part of the Lemma follows. O

Next we will formulate an analogous result in the case when only the assumptions of
parts (i) and (ii) of Lemma 7.3 are satisfied. The proof will be similar to the last lemma with

1 /
the difference that instead of taking B = D(A””7) we need to take B = D(A” ~1).

Lemma 7.10 Let the assumptions of parts (i) and (ii) of Lemma 7.3 be satisfied with p’ €
(0, p). Then, for every q € (p, 1= ,) and everyr € (1, p), there exists C > 0 such that

E|6(E)|Lq(0,T;E) <CM'", & eByE). (7.11)
Moreover, the family of the laws of {&(&) : & € By (E)} on LY(0, T; E) is tight.

@ Springer



Stochastic Reaction-diffusion Equations Driven by Jump Processes

Proof of Lemma 10 Let g € (p, I_Lp,), o’ € (0, p) and define 6 = g. As in proof of

Lemma 7.9 we let Y = D(A?) and B = D(A”~1). Then by the reiteration property of the
complex interpolation we have the continuous embedding,

B, Y]y = D(A?T" 1) C E.

Owing to Lemma 7.2 and parts (i) and (ii) of Lemma 7.3 we can argue exactly as in the
proof of Lemma 7.9 and show that for any r € (1, p) we have

,
EISE)),, ¢ 7. poassr1) =

CM", & e Bu(E), (7.12)
which implies inequality (7.11). Thanks to Eq. 7.12 we can again use the same argument as
in proof of Lemma 7.9 to deduce that the family of the laws of {S(§) : & € By(E)} on
L1(0, T; E) is tight. O

8 Proof of Theorem 3.4

We begin the proof of Theorem 3.4 by introducing a sequence of approximating processes.
Let us fix for the whole section a number 7 > 0. Consider a sequence (x,),ecNy C E such

1
that x, — ug strongly in D(A””7) as n — oo. Define a function ¢, : [0, c0) — [0, c0)

by ¢u(s) = 2., ifk e Nand 5 <5 < 5L ie, ¢, (s) = 27"[2"s], s > 0, where [¢] is the

integer part of ¢ € R. Let us define a sequence (u,),en of adapted E—valued processes by

t
Uy () = e x, +/ e UAE (s §i,(s)) ds
0
t
+ / f e OIAG(s, in(s): Dz ds), 1[0, T,  (8.1)
0 Z

where 1, is defined by

Xn if s € [0,27"),

f;"(g),z—n u,(r)dr, ifs > 2-n,

lin(s) == [ (8.2)

and where we have used the following shorthand notation

1
]gf(t)dt = Leb(A) /Af(t) dt, AeB(0,T).

(Here Leb denotes the Lebesgue measure.) The E-valued process i is piecewise constant
adapted and hence progressively measurable. Between the grid points, Eq. 8.1 is linear,
therefore, u,, is well defined for all n € N.

Next we will prove certain uniform estimates for the sequence (u,),en. Let us recall
that F is a bounded nonlinear map defined on [0, T] x E and taking values in D(AP™D.
Furthermore, it is separately continuous.
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Proposition 8.1 For any a € (0, p) and p’ € (0, p), there exists a constant C such that the
following inequalities hold

sup EIA” un |1} o 7.1y < C (8.3)
neN '
SupE”Ap lzn ”i”(O,T;E) S C; (84)
neN
sup Ellun iy, p0.7:5) < C- (8.5)
neN

Proof Without loss of generality we take T = 1. For each n € N we divide the interval

[0,1] into small intervals of length 27" each by setting: Iy = [2%, kzin]), k=0,..2"—1.
k

We also put Jo = Ip and Jy = |J I, k = 1, ..., 2" — 1. Define the sequences of processes
=1
{uk : k=0,..,2" — 1} and {aX : k =0, ..., 2" — 1} inductively by

ul(r) = e xy + fe AR (s, x,)ds
i [, e TOAG (s, x,)ii(dz, ds), 1€ I,
129,0) =Xp, t € lp;

k(1) = e Ay + [1e DA (s, ik (5)ds
+Jo J7 €7 TG (s, ik ())7idz, ds),
=: gu(t) + y5(0) + 2K (), ift € Uy,

Ak_l .
A~ R ) ift € Jp—1,

iy (1) = {flk—l u’,‘l_l(s)ds ift € I,
k=1,---, 2" — 1.

Note that, by definition, ufl is equal to the restriction of u, to J; and u, = u%n_l. Hence
to prove our proposition it is sufficient to check that the estimates (8.3)—(8.5) are true and
uniform w.r.t k on J; for uﬁ and ﬁ’n‘ withk =0,...,2" — 1.
On the interval Jy we have
ud(t) = e "x, + fée’(”“)AF(s, Xp)ds
+Jo [, e OG5, xw)ii(dz, ds) (8.6)

= &) + 30 + 2 (0).
First, it follows from [28, Theorems 2 and 7] that there exists a constant C > 0 such that
foranyn e N

E[uApgn 120 o) + ||A”y2||i,,(,0;E)] < Clxul” + CE|A?7 FII] ) iy < C-

Secondly, we derive from [28, Theorems 7 and 19] that for any o € (0, p) there exists a
constant C > 0 such that for any n € N

E[||gn||’v’w,p(,0;m + ||y,?||’v’w.p(,0;5)] < Clxul? + CEIAPT'FI] ) oy < C-

Hence combining these two remarks with Lemma 7.2, Lemma 7.4 and Proposition E.1 we
infer that (8.3)—(8.4) are true on Jy for ug and ﬁg. Using the same approach we can prove
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by induction that for each « and p as above there exists a constant C > 0 such that for any
n e€Nandk € {0, ...,2" — 1} we have

IE[nAﬂgnn{,,(,k;E) + ||Apy,§||§p(,k;E)] < Clon|? + CEJ AP F (L a]] gy
S C?
and
IE[ugnné’w,p(,k;E) + vy ||’;Va.p(,k;E)} < Clxal? + CENAPT F (a1 o)
<C.

With the same argument as above we check that (8.3)—(8.5) are correct and uniform w.r.t k
on each J; with k = 0, ..., 2" — 1. With this fact and the identity u,, = u,zln_l , we conclude
the proof of our proposition. O

We will also need the following result.

Proposition 8.2 Suppose that (x;),en C E is a sequence such that

1
|A?" 7 [x, — ug]l = 0 asn — oo.
Then, the sequence (g")neN defined by Eq. 8.6 is convergent (and hence the set {g, : n € N}
1
is pre-compact) in the Banach space C([0, T1; D(A”"?))N L?(0, T; E).

1
Proof of Proposition 8.2 The convergence in C ([0, T]; D(A”” 7)) is obvious. From [28,
Theorem 2] we infer that for any 6 € [% - p, %] there exists some C > 0 such that

_1
supllA”[gn — e Auolll] 0. 7.p) < CIA” P [xn — uoll?, 8.7)
neN
from which we derive the convergence in L”(0, T'; E). O

After these preliminary claims we are now ready for the proof of Theorem 3.4 which will
be divided into several steps. But before we go further let us define a sequence of Poisson
random measures {1, },en by putting n, = n foralln € N.

Step (I) The family of the laws of ((un,Nn))nen Is tight on [LP(O,T;E) N
D([0, T1; D(A?~1)] x M1 (Z x [0, T1), for any p’ € (0, p).

Proof To simplify notation we set By = D(A/’/_]) for any p’ € (0, p). Define three
functions f;, g, and v, by

fu() = F(t,4,()), t€[0,T], (8.8)
en(t;2) =G(s,u,(t);z), tel0,T], ze€Z, (8.9)
and
t
v (t) = / / e TIAG(s, fin(s); 2) i(dz; ds). (8.10)
0 Z

We argue exactly as in [10]. We recall that the space MP? (0, T'; E), the operators A and .4
are defined on page 9 and 7, respectively. Since, by estimates (8.4) and Assumption 5, the
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family (AP~ f,)nen is bounded in MP (0, T; E) and AA~! is bounded on L?(0, T; E) it
follows from [10, Theorem 2.6] and Lemma 2.2 that A~! f, = A= (AA~H)1=P A1 £, is
tight on LP(0, T; E) N C([0, T]; E). This fact, the compact embedding E C Bg and the
continuity of the embedding

C([0, T]; Bo) C D(O, T'; Bo)

imply that A1 fnistighton LP(0, T; E) ND([0, TT; Bg). Next by estimates (8.4), Lemma
7.6 and Lemma 7.7, we infer that the laws of the family (vy,),en are tighton L (0, T; E) N
D([O, T]; Bo). Finally, from Proposition 8.2 it follows that the family of functions {e_'Axn :

n € N} is precompact in L?(0, T; E) N ID([0, T1; Bo). Since
Up :Un+A71fn+eilA-xna neN,

we easily conclude that the laws of the family (u,),en are tight on LP(0,T; E) N
D([0, T1; Bo). Since M;(Z x [0, T]) is a separable metric space, by [62, Theorem 3.2] the
family of the laws of (n,,),en are tight on M;(Z x [0, T]). Consequently, the family of the
laws of ((uy, Nn))nen is tight on 37, where

37 =[LP0, T; E)yND([0, T1; Bo)] x M;(Z x [0, T]). (8.11)
O

Remark Let us observe that the space 37 defined above in Eq. 8.11 differs from the space
Xr defined earlier in Eq. 3.22. From Step (I) and Prokhorov Theorem (see, for instance, [24,
Theorem 2.3]) we deduce that there exist a subsequence of ((u,, 7,))neN, still denoted by
((4n, Mm))neN, and a Borel probability measure (i, on PlT such that L(u,, n,) — s weakly.
By Theorem C.1 there exist a probability space (2, F, P) and a sequence (ﬁn, ﬁn)
37-valued random variables such that

neN’ of

the laws of (it,, 7j,) and (i, n,) on 37 are equal, (8.12)
and there exists a 37-valued random variable (i, ) on (£2, F, P) with
L((s, 15)) = s
such that P-a.s.
(ttn, Mn) = (ux, 5) in 37, (8.13)

and 1, = n, for all n € N. The sequence (i,,),en has similar properties as the original
sequence (u,)neN- Those we will use are stated in part (i) of the next step.

Step (II) The following holds

(1) sup,en llitn ”LP(Qx[o,T];E) < 00 and
(i) foranyr € (1, p) we have
lim E [y — uallypo,7: ) = 0-

n—00

Proof Let us begin with an observation that in view of Eq. 8.12, for any n € N, the laws of
u, and ir,, on L? (0, T; E) are identical. Hence,

(172 ||Ll’(£2><[0,T];E) = |lu, ”LF(S_ZX[O,T];E)’

and part (i) easily follows from estimates (8.3).

@ Springer



Stochastic Reaction-diffusion Equations Driven by Jump Processes

Let us fix r € (1, p). Since_ uy is 37-valued, it follows from part (i) that the
sequence ||i, — u*||er(0 r.p) is P-uniformly integrable. Since by Egs. 8.13 and 8.11,

itn — uell ©.1:E) 0 on €2, by applying the Vitali Convergence Theorem we deduce
part (ii). ' O

Before we continue we should note that the random variables

in, s : Q— LP(0,T; E),

induce two E-valued stochastic processes still denoted with the same symbols, see for exam-
ple [18, Proposition B.4] for a proof for the space L7> (R ; lem, (R?)). Now let F = (Fi=0
be the filtration defined by

Fi =0 (00 (s), {um(s),m € N}, us(s);0 < s <) UN), 1 €0, T], (8.14)

where A denotes the set of null sets of F. Since Nn = N, it is easy to show that the filtration
obtained by replacing 7, with n, in Eq. 8.14 is equal to F.

The next two steps imply that the following two E-valued integrals over the filtered
probability space (2, F, F, P)

t
/ f eI G (s, iy (5), 2)) i (dz, ds), 1> 0,
0 Z
and
t
/ / e DA Gs, 1,(), 2)) Fu(dz. ds), 120,
0 JZ

do exist.

Step (III) The following holds

(i) for every n € N, i, is a time-homogeneous Poisson random measure on B(Z) x
B0, T]) over (Q, F, F, ]f”) with intensity measure v ® Leb.

(i) 74 is a time-homogeneous Poisson random measure on B(Z) x B(0,T]) over
(Q, F,F, P) with intensity measure v @ Leb;

Proof Before embarking on the proof, let us first recall that in view of Theorem C.1 we
infer that 7, (@) = n*(®) forall® € Qand n € N.

For a random measure 1 on S x [0, T] and for any U € S let us define an N-valued
process (N (t, U))i>0 by Nu(¢,U) :== u(U x (0,¢]), t > 0. In addition, we denote by
(N (1))r>0 the measure-valued process defined by

Ny(t)={S>Uwr N,(t,U)eN}, tel0,T].

O
Proof of Step (III)-(i) Let Uy, ..., Uy € Z,be k disjoint sets and ¢ > 0. Since 5, is a time-
homogeneous Poisson random measure and the random variables N, (¢, U;),l € {1, ..., k},
are independent, we have
. k k
Eel (ZI:I 01 Ny, (LUI)) — 1_[ Eei 01Ny, (t,Ur) ) (815)

=1
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Since 7, and 5, have equal laws, for any U € Z and ¢t > 0, the characteristic functions of
the random variables N, (¢, U) and Ny, (¢, U) are equal. Therefore, it follows from Eq. 8.15
that

I‘Eei(ﬂ‘:n 61 Ny, (f»Ul)) _ ﬁ]@ei 61N3, (1.UD)
=1

from which we easily deduce that 7, satisfies Definition 2.3 (a)-(c). In order to finish the
proof of part (i) of Step (III) we only need to show that 7, satisfies Definition 2.3 (d)
with the filtration defined in Eq. 8.14. For this purpose let us fix m € N, 1y € [0, T] and
r > s > to. It follows from the definition of I that 7, is F-adapted and it remains to prove
that X,, = N iin (1) — Nj, (s) is independent of ]:",0. By Definition 2.3 (b) the random variable
X, = Nj, (r) — Nj,(s) is independent of Nj, (fo), so we only need to show that X, is
independent of i,,(0) and u, (o) for any ¢ < #y. In what follows we fix o € [0, #p]. Since
LWy, 1m) = LU, nm), it follows that

£(ﬁm|[0,a]v )_(m) = [f(um|[0,rr]7 Xm), (8.16)

where X,, = N, (r) — Ny, (s). Recall that 1,, = n4 and u,, is the unique solution to
the linear stochastic evolution Eq. 8.1, hence it is adapted to the o-algebra generated by
nm. Consequently, u,|[0,5] is independent of X, and we infer from this last remark and
(8.16) that u,,|[0,s] is independent of X,.. The remaining part of the proof, which consists
in showing that X, is independent of u.|[0, o], is addressed in the next lemma. O

Lemma 8.3 Assume that (2, F,P) is a probability space and Y is a Banach space and
that (yn)neN is a sequence of Y -valued random variables over (2, F, P) such that y, — v«
weakly, i.e., for all ¢ € Y* Ee'®¥n) — Eel'$-Y) If z is a another Y-valued random
variable over (2, F, P) such that y, and z are independent for alln > 1, then y, and z are
also independent.

Proof of Lemma 8.3 The random variables y, and z are independent iff
Ee' 1210200 = e @12 Fe'Y+ 61,6, € V™.

The weak convergence and the independence of z and y,, for all n € N justify the following
chain of equalities.

Ee! @13t — [im Ee!15H020) = Jim Ee/”1? Ee2n = Ee!®1% B,
n—oo n—o0

O

Since im|[0,5] 1s independent from X,,, Lemma 8.3 implies that u4|[0,0 is independent
of X,,.

Proof of Step (I1I)-(ii) We have to show that 7, is a time-homogeneous Poisson random
measure with intensity v ® Leb. But this will follow from Step (III)-(i), since 1. (w) =
Nm (w) forallw € Q and m € N. O

Step (IV) The following holds

(i) foreveryn €N, the process uy is a F-progressively measurable;
(ii) the E-valued process u is F -progressively measurable.
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Proof One may suspect that there is a simpler proof by by adaptiveness and left-continuity.
However, here the problem is that u, € D([0,T]; Y) with E C Y densely and continu-
ously. Because G is only defined on [0, T] x E, we want u as an E-valued process to be
progressively measurable.

As we noted earlier, one can argue as in [18, Proposition B.4] and prove that the random
variables ii,, u, : @ — LP (0, T; E) induce two E-valued stochastic processes still denoted
with the same symbols. Here, we have to show that for each n € N, u, and u, are IF-
progressively measurable. By definition of IF, for fixed n € N the process ii,, is adapted to
F by the definition of F. Let us fix r € (1, p). By Step (II) the process i, is bounded in
L"(Qr; E), hence, there exists a sequence of simple functions (u]'),;en such that u_;” — Uy
as m — oo in L (Qr; E). In particularly, by using the shifted Haar projections used in
[15, Appendix B] we can choose (u_;’]) meN to be progressively measurable. It follows that i,
is progressively measurable as a L” (Qr; E)-limit of a sequence of progressively processes.
Finally, since i1, — u, asn — oo also in L" (Qr; E), it follows that u, is progressively
measurable. O

Let 1 be a time-homogeneous Poisson random measure over (<, F T, ]f”) with intensity

1
measure v ® Leb, v be an E-valued progressively measurable process, 1o € D(A””7) and
KC be a nonlinear map defined by

t
Kx, v, w) () := e ug +/ e =94 F(s, u(s)) ds
0

t
+ / / e~ I G (s, v(s): 2)ji(dz, ds), 1t €][0,T]. (8.17)
0 Jz
Here, as usual, i denotes the compensated Poisson random measure of w.

Step (V) Forallt € [0, T] and n € N we have P-almost surely
itn (1) — KX, . ) (1) = 0,
where ﬁ,, is defined by

. {xn, ifs €[0,271),

Uy = ., _ : ,
n 2 [ (R dr. ifs = 27",

(8.18)

Proof First, let p’ € (0, p) and
X} = LP(0, T: E) N L®(Ry; D(AP ™)
and
X2 = M;(Z x [0, T)).

Again for simplicity we set By = D(Ap/_l). It is proved in [14] that the map G : flT — flT
defined by
ifs € [0,277),

Xn,
Gu)(s) == o(6) i .
2 f%(x)%,n u(rydr, ifs >27"
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is well defined, linear and bounded; Therefore, for any n € N, thAe two triplets of random
variables (u,, n,, i) and (ity, N, Uy), where i, = G(u,) and u, = G(u,), have equal
laws on %1T X XZT Second, let us define processes Z, and Z, by

t

Zu(1) = ey, +/ e 94 F(s,u,(s)) ds
0

t
+ / / eI G(s,un (s, 2))7i(dz, ds), t €10, T, (8.19)
0 JZ

t

Za(t) 1= ey, +/ e DA F(s,h,(s)) ds
0

t
+ / f eI G (s, (s, 2)ii(dz, ds), t € [0, T]. (8.20)
0 JZ

Let us also define processes En and En by replacing (u,, n) and (i1, n) by (uy, 11,) and
(ftn, 7,) in formula (8.19) and (8.20), respectively. Thanks to the continuity of the linear
map G and Assumptlon 5, it follows from [15, Theorem 1] that the quintuples of random
variables (i, Ny, Un, Zn, Zn) and (i, 7, un, Zns z,,) have the same law on 37 x .’{1 X %1
%1 . Consequently W (u,, Z,) and W (u,, zn) have equal laws on R, where the continuous
functional U: X1 x X — Ris defined by

T
Vv, w) = / |v(t) — w(t)|p, dt, forv e Xrand w € Xr.
0

Therefore, for any function ¢ € Cp(R, R;) we have

Enl@(¥ (itn, 22))] = E[@(W (itn, Z0))]- (821
Now let ¢ > 0 be arbitrary and let ¢, € Cp(R, Ry) be defined by

L, ify €[0,¢),
— &
¢e(y) = { 1[¢.00)(¥), otherwise.

It is easy to check that

]TD(\I-’(IZ,,,E,[) > 5) fg’z soo)(\p(ﬁn’gn))d]p

+Ja o, e) (W (i, Zp)) Ll Win.2n) 7P
- ]E¢£(\'IJ(M,“ Zn))

The last inequality altogether with Eq. 8.21 implies that
B (W, 2) 2 &) < By (W(atn, 2). (8.22)
Since for any ¢ and P-almost surely u, () — Z,(t) = 0 we obtain that P almost surely
W (uy, Zy) = 0, which along with Eq. 8.22 yield that for any ¢ > 0
P(W (i, Z0) = &) = 0.
Since ¢ > 0 is arbitrary, we infer from the last equation that I@—a.s.,
W (ity, Zn) = 0.

This implies that for P almost all 7 € [0, T'] and almost surely u, (1) = Zn (t). Since two
cadlag functions which are equal almost all ¢ € [0, 7] must be equal for all ¢ € [0, T'], we
derive that almost surely o

iy = Kxn, g, Mn)s
forallz € [0, T]. O
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Step (VI) We have

- — 0, asn — oo.
LP(x[0,T];E)

HIC(xn, iy i) — K (uo, iy, 0x)

Proof First, notice that since 1, = n, for any n € N, the convergence in Step (VI) is
equivalent to

— Qasn — oo.
LP(0,T;E)

E HIC(xn, tin, 14) — Ko, s, 77*)

Observe that for any any n

E H’C(xm Un, Nx) — K(uo, us, ;7*)
_rT
+ E f
0
_ T t .
+]E/ ‘/ /e*(fﬂ)AG(S,b_tn(S);z)ﬁ*(dz,ds)
0 0 Jz

t
[ [ s o iz, as)| " ar)
0 JZ

{IE/ ‘ —1A [xn —ug] dt
LP(0,T; E)

P
dt

/ e A Fis. i (s) — FGs.uate)] ds
0

= C(S5+S7+S7).
1 1
Since A’ 7x, — A’ 7uy in E, the Lebesgue DCT implies

T 1 1 1
e / A= P e A gy (AP Fug — AP~ F )P dif —> 0,
0

asn — 00.
Since uy, = K(xy,u s Tix), arguing as in the proof Proposition 8.1 we can show that
i, € W%P(0, T, E) P-as., for any « € (0, 1 ) Hence by inequality (E.1) it follows that

P-a.s.

—npa

Nty — will? oo . gy < Cllitn — wsll? oo 7.5y + C27P |l | 2a
LP(0,T;E) LP(0,T;E) We.pP(0,T;E)"

Hence, in view of Eq. 8.13 and the continuous embedding £ C X we infer that

lim 4, = u,in L?(0, T; X), Pas.. (8.23)

n—o0

Next, by the Young inequality we infer that
T t R
[ e F o — Pt st
0 0
T A
< C/ |AP~VF (s, i (5)) — APV F (s, us(5))|P ds,
0

for some C > 0. By Assumption 5 and since i, u, € LP(0,T; E) P-a.s., there exists a
constant C > 0 such that for any n € N

T
/ |AP7VE (s, it ()17 ds < C,
0
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and

T
/ AP~ VF (s, uy(s)|P ds < C.
0

The continuity of F (see Assumption 5), the convergence (8.23) and the Lebesgue DCT
imply
ST — 0 as n — oo.

In a similar way we will show that S5 — 0 as n — oo. In particular, from Fubini Theorem
and Theorem 7.1 as well as (8.13) we infer that

_ T gt
5=t )]
0o Jo Jz

le™CIAG (s, ity () 2) — Gs, us(5); 2)]1Pv(dz) ds dt

- T 1 ~ 1
< CEf / (AP T G s, fin(5): 2) — AP T Gs. us(s); )17 v(d2) ds,
0 V4

1
where C = (fOT AP PesAP ds). By Assumption 3 there exists a constant C > 0 such
that

sup,, / AP 7 G (s, itn(9); )IP v(d2) < C, (8.24)
z

hence by the continuity of G, the convergence (8.23) and the Lebesgue DCT

S5 — 0 as n — oo.

To establish Theorem 3.4 we need to check the following claim.

Step (VII) We have that P-a.s. Jorallt € [0, T] uy(t) = K(uo, us, ns)(@).

Proof Letus fix r € (1, p). From Steps (II) to (VI) we infer that i,, — u, in L" (Qr; E),
ity = K(xn, thy. iln) in L' (Qr: E),
and
K (s tin, 1) — K(uo, ux, ns) = 0in L™ (Qr; E).
By the uniqu_eness of the limit, we infer that u, = K(ug, us, ns) in L” (S_ZT; E), which
implies that P-a.s. u, (1) = K(uo, us, ns)(t) ae. t € [0, T]. By equality (8.13) we infer
that P — a.s., u, € D0, T]; Bo) Hence by combination of Lemmata 7.2 and 7.3, and

[28, Theorem 2.8] we deduce that P—a.s. K(uo, us, n+)(-) € D([0, T1; Bp). Hence P-a.s.
uy (1) = K(ug, us, ns) () forall t € [0, T]. O

It follows now from Step(III)(ii), Step(IV)(ii) and Step(VII) that the system
(Q, F.,F,P, Nx, Ux) 1S an E-valued martingale solutlon satlsfymg (3.12), to problem (3.1).
The process u. has cadlag paths in By := D(A/’ 1 for any p’ € (0, p). Since, by assump-
tion, the maps F and G are bounded, the operator —A is the infinitesimal generator of a

1
contraction type semigroup in D(A”” 7), we easily infer from Lemma 7.3-(iii) along with
1
Eq. 3.12 that the paths of u are cadlag in D(A”™ 7). This completes the proof of Theorem 3.4.
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9 Proof of Theorem 3.2

In this section we replace the boundedness assumption on F' by the dissipativity of the drift
—A + F. The spaces E, X are as in Assumption 1, and we recall that £ C X C D(AP~D.
Before we proceed let us state the following important consequence of Assumption 4.

Lemma 9.1 (See Da Prato [23]) Assume that X is a Banach space, — A a generator of a Co-
semigroup of bounded linear operators on X and a mapping F : [0, T] x X — X satisfies
Assumption 4. Assume that for T € [0, oo] two continuous functions z,v : [0,7) —> X

satisfy
t
7(t) = f e UTOAF (s, 72(s) + v(s)) ds, t < T.
0
Then

t
lz(D)|x < f e KD g(lu(s)|x)ds, 0<t<T. 9.1
0

Before giving the proof of Theorem 3.2 let us notice that Assumption 4 implies that

|[F(t, »Ix =a(lylx), t=0, yeX. 9.2)

Proof of Theorem 3.2 Without loss of generality we assume that k = 0. Let (F,),en be a
sequence of functions from [0, co) x X to X given by Assumption 4(iii). In particular, there
exists a sequence (R7;),eN of positive numbers, such that | F, (s, y)|x < R} forall (s, x) €
[0,T] x X,n € N,and |F,,(s,x) — F(s,x)|x — Oasn — oo forall (s,x) € [0, T] x X.

Finally, by the continuity of the embeddings X < D(A” _%) C D(A”71) the family of
functions (Fy)nen, F and G satisfy all the assumptions of Theorem 3.4. Hence, we infer
from the applicability of Theorem 3.4 that there exists an E-valued martingale solution to
the following problem

{ dun(t) = [—Aun(t) + Fu(s, un(0)1dt + [, G(s, un(1); 2) fla(dz, d1),
9.3)
u,(0) = uop.

Let us denote this martingale solution by
(s Fus P, By o)

We denote by E,, the mathematical expectation on (2, Fp, Py).

1
In view of Theorem 3.4, for each n € N, u,, has cadlag paths in D(A” ~ 7). Moreover,
un(t) = e "ug + 24 () + va (1), 1 €[0, T,

where
t
() = / / e UTIAG (s, up(5); 2) fin(dz; ds), (9.4)
0 JZ
t o
() = / e IR, (5, un(5))) ds. 9.5)
0
Notice, that z, (t) = u, (1) — va (1) — e Aug, t € [0, T]. Similarly to the proof of Theorem

3.4 the proof of Theorem 3.2 will be divided into several steps. The first two steps are the
following.
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Step (I) Let gmax be defined by Eq. 3.7. Then for any q € (q, gmax) and r € (1, p), we have

sup E, ||v,1||rLé(0 gy < O° 9.6)
neN e
O
Proof Step (I) follows from Lemma 7.9 and Lemma 10. O

Step (II) For any g € (q, gmax) and r € (1, p) defined in Step(I), we have
supE, sup Izn(t)l)q; < 00. 9.7
neN — 0<t<T

Moreover, the laws of the family (z,)neN are tight on C([0, T]; X).

Proof By Lemma 9.1 we infer that for any 7 > 0

T
Sup_ 12, (1)]x = / e a (Jun(s)lx + e xlx ) ds
0<t<T 0

T
<cC / (1 + ()% + Ie_SAx|;’() ds. 9.8)
0

Since the embedding E C X is continuous, it follows from Step (I) that there exists ¢ > ¢
such that for any r € (1, p)

0. 9.9

,
supEn|vn|Lq(0 rx) <
. T

Therefore,

supE, sup Izn(t)|3’; < 00.

n 0<t<T
Hence, we proved the first part of Step (II). Note that the last inequality implies that
7
L9(0,T;X)
Before we proceed further, we recall that there exist 6 < 1 — q.ﬁ and an UMD, type p

sup, E; |z, | < 0.

and separable Banach space Y such that D(A?,) C X C Y. To prove the second part we use
the identity z, = A;an (s, un(s)), where A;l = B + Ay with Ay being defined as in
Eq. 2.6 by replacing A with Ay, and Remark 2.1 along with Lemma 2.2. But first we need
to show that for some p € (1, qr(‘;‘x), the sequence (| F, (-, un ()| 15(0.7:7)) e 1S bounded
in probability. Let us fix p € (1, qrz‘ii). By Lemma 9.1 and the continuity of the embedding

E C X we infer that
| Fu(s, un ()12 < C+ e Auol? + v ()12 + |2, ()129).

From this inequality we easily deduce that

[FaCottn O 5 0.7y = CA A+ 10177 0 oy 12l 7% 0,7:%))- (9.10)

Taking ¢ = pg € (¢, gmax) and raising to the power [;—2 both sides of Eq. 9.10 implies that

ST
I~

- r L
|Fn(', ”"('))|Zﬁ(0,T;X) =< C(l + |v”|Z‘7(O,T;X) + |Zn|Zoo(()’T;X))-
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Since Y C X is continuous we obtain that
i r r
5 - r
|Fn('a un(.))|zﬁ(0,T;Y) = C(l + +|Un I{iq(O,T;X) + |Z”|Z°°(O,T;X))' (911)

By Chebyshev inequality we derive that for any m € N

Pn<|Fn(S7 un(s))lLﬁ(o’T;y) > m) = 1'7_ (C +En|vn(s)|;iq(0 T:X)
mad 1

+Ey ]2, (5)] ZQ(O,T;X))

Since E, |v, (S)IZci O.T:X) and E, |z, (s)|ZT(7 ©.7:x) &re uniformly bounded w.r.t n, we derive

that sup,,en| Fu (-, un ()| 150, 7. ) is bounded in probability for any p € (1, (I'ZJ)

Next we choose p € (1, q';i) such that 9 € (0, 1—%). Since 6 < 1—% and D(A?,) C X,

we can infer from Lemma 2.2 that the family of the laws of (z, = ATVFC, Un()))neN i
tight on C ([0, T]; D(A(f,)) and hence on C([0, T']; X). O

Remark 9.2 Let g be a number in the interval [p, oo). It follows from Step (I) and Step (II)
that for any ¢ € (¢, gmax) and r € (1, p)
i

Li(0,T;X) =C.

sup |, [|uy, |

n>1

For ¢ < p the above inequality holds with g = p.

Remark 9.3 In [10], the first named author and Gatarek constructed an approximation of F
as follows. Let (F,),cn be defined by

F(s,x)if [x|x < n,

_n_ i
F(s, Iy x) otherwise.

Fu(s,x) = {
By Eq. 9.2 |F,,(s, y)| < a(n),foralls > 0, y € E. They solved the Problem (9.3) driven
by Wiener noise on the random interval [0, 7, A T] where the sequence of stopping times

{t, : n > 1} is defined by

T, = inf{t € [0, T] : |u,(t)|x = n}.
By proving that sup, (o 7}|un (#)|x is uniformly bounded, which implies that 7, 1 T almost
surely as n — 00, and then using (9.2) and Lemma 2.2 they could show that the laws of
Zp is tight on C([0, T]; X). In our framework we know a priori that u,, is only cadlag in

D(A”/_]) for p’ € (0, p), hence 7, will not be a well defined stopping time and we will not
be able to show that sup, (g 71|ux (£)|x is uniformly bounded.

In order to use Theorem C.1 we also need the following.
St~ep (IID) For p’ € (0, p) let By = D(Ap/’l). The family of laws of (vy)neN is tight on
L9(0, T, E) N[0, T1; By) and that of (ny)nen is tight on My (Z x [0, T)).

Proof By Lemma 7.6 and Lemma 7.7 the laws of the family (v,)sen are tight on
L9(0, T, E) N I([0, T1,By). Since E,n, (A, I) = En(A,I) for all A € B(Z) and
I € B([0, T)), the laws of n, and n,, on M;(Z x [0, T]) are identical for any n, m € N.

@ Springer



Z. Brzezniak et al.

Hence, we can deduce from [62, Theorem 3.2] that the laws of the family (#,),eN are tight
on M;(Z x [0, T]). O

Let B as in Step (IIT). From Steps (I), (II), (III) and Prokhorov’s theorem it follows that
there exists a subsequence of ((z,, Uy, 1))neN, also denoted by ((z,, U, Mn))nen and a
Borel probability measure p, on X7, where the space has been defined earlier in Eq. 3.22,
such that the sequence of laws of (z,,, Uns r]n),,eN converges to (. Moreover, by Theorem
C.1, there exists a probability space (Q .7: IP’) and X7-valued random variables (2, v, %),
(Zn, Un» ), n € N, such that P-a.s.,

(Zns Ons n) = (24, Vs, M) in X7 9.12)
and, foralln € N, 7j,, = 5, and
L((Zn, On, n)) = L((zn, v, 1)) on Xr.

We define a filtration ¥ = (]:'t)te[o,T] on (fl, ]:' ) as the one generated by 7., Z«, Vs« and the
families {z, : n € N} and {v, : n € N}, that is, for ¢t € [0, T],

Fi =0 (0@n(s). (va(s). 1 € N}, 24(5), v4(5). n4():0 < s <) UN) (9-13)

where A denotes the set of null sets of F.
The next two steps imply that the following two Itd integrals over the filtered probability
space (2, F.F, P

/ / eI G5, Du(s) + 2a(5). 2)) Au(dz. ds), 1 €[0,T],
0 Jz
and ;
/ / e I G (5, 0(5) + 24(5). 2) flw(dz, ds), 1 €0, T,
0 Jz

are well defined.

Step (IV) The following hold

(i) foralln € N, nn is a time-homogeneous Poisson random measure on B(Z) x B([0, T])
over (Q ]: lF IP’) with intensity measure v @ Leb.

(ii) ns is a time-homogeneous Poisson random measure on B(Z) x B(0,T) over
(fZ, ]:', I[A?, ]fD) with intensity measure v @ Leb;

Step (V) The following holds

(1) foralln €N, the processes vy, and z,, are IAF—progressively measurable;
(i) the processes 7, and v, are F-progressively measurable.

The proofs of Step (IV) and (V) are the same as the proofs of Step (IV) and (V) of
Theorem 3.4. Also, as earlier in the proof of Theorem 3.4, in order to complete the proof of
Theorem 3.2 we have to prove the following claim.

Step (VI) Let u, = e Aug + z4 + vy and K be the mapping defined by

t
Kuo, u, n)(t) = e ug + / e COAE (s, u(s)) ds
0

t
+/ /e_(t_S)AG(s,u(s);z) n(dz; ds),
0 JZ
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fort € [0, T],u e DO, T], B)yandn € M;(Z x [0, T]). Then I@’-a.s‘,
(1) = K(uo, us, n4) (), vVt €[0,T]. (9.14)

Proof Since the process u, = e g+ 2z, + vy isa martingale solution of problem (9.3)
and

L((Zn, O, ﬁn)) = L((zn, Vn, UM)R

for all n € N, we can argue as in Step (V) of the previous section and prove that P-as.

iy (1) = Ky (uo, ln, ﬁn)(t)v 9.15)

for all r € [0, T]. Here /C, is obtained by replacing F with F;, in the definition of /C. Since
the laws of z,, and z,, are equal on C ([0, T']; X), by Egs. 9.8 and 9.7 we infer that

supE, (12 IIC([O T1x) < 0° (9.16)

n>
Since v, and ¥, have equal laws on L9 (0, T; E), from Eq. 9.6 we deduce that

sup B 1011 5.9 7. ) < 0©- (9.17)
n>1 Y

Invoking (9.12) we infer that, I@’—a.s., asn — 00,
120 — 24ll &go.77:x) — O and ||zn||c( ot = Mzl dorx

Thanks to Eq. 9.16 the sequence ||2n||é7([0 1:X) is ]fD-uniformly integrable. Thus, the
applicability of the Vitali Convergence Theorem implies that

nll)ngoEn”Z””C([O,T];X) = EHHZ*”C([O,T];X)'

Thanks to Eq. 9.16 and this last convergence we can prove, by a similar argument used as
above, that

. . %
nli)nolo Enllzn — Z*llcq([()yT];X) =0. 9.18)

With a similar argument we can also show that

Tim By — vl =0, 9.19)
and
Eq [0, — v« || — 0. (9.20)

Li(0,T;E)
We derive from Eqgs. 9.18, 9.19 and 9.20 that

nlggoEn”un u*”Lq(O T:By) =0,

and
=0,

nll>nolo Epllay, — M*HL‘I(O T:X)
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which is correct because the embedding £ C X is continuous. In the other hand, by
Proposition 2.5 we have

Bl (¥, dins iin) = K i 101 e 7.
= B 1K i, 1) = K e 1N e o )

7

< CE,|| e ™94 (Fuls, iin(s)) — F(s, us(s))) ds

LP*(0,T;X)
r

+C| i [ eI (Gs, iin(9)) — Gs, ux(s))) fix(dz, ds)
MP(0,T;E)
= II'+1,
where 7 = 2;(1 and p* = min(g, p). Arguing as in Step (VI) of the previous section we

can show that 77 — 0 as n — 0. To deal with I{' we first use Assumption 4(iii) given on
page 16 and (9.12) to derive that P,-a.s.

1EuCyiin) = F Gl e o 7.y = O
as n — o00. Since, by Egs. 9.10, 9.16 and 9.17,

A\ 2F
sup By || Fn (-, un)”Lrp* 0.,T:X) < 00,
n>1 e

we can apply the Lebesgue DCT and deduce that I;' — 0 asn — oco. Therefore, asn — oo

E, i, — 0,

_ 7
wellLrm 0.7:80)

IEI’l ”]Cn(x7 ﬁna ﬁn) - ]C(xa Us, n*)||2p*(O,T,B0) - 05

as n — 00. These two facts along with Eq. 9.15 implies that P-as. and fora.e. r € [0, T]
ux(t) = IC(X, Uy, N4) (7).

Since u, and KC(x, uy, ny) are Bo-valued cadlag functions, the last equation holds for all
tel0,T]. O

It follows now from Step(IV)(ii), Step(V)(ii) and Step(VI) that the system
(fZ, F.F, P, n, uy) is an X-valued martingale solution to problem (3.1) with cadlag paths
in By := D(A”/_]) for any o’ € (0, p). Since —A is the infinitesimal generator of a con-

1 ~
traction type Co-semigroup on D(A””7) and u, € L9(0, T; X) almost surely, then we

1
easily infer from Lemma 7.3-(iii) that the paths of u, are cadlag in D(A”” 7). Similar cal-
culations as done in Steps (I) and (IT), see also Remark 9.2, yield that for any ¢ € (¢, ¢gmax)
andr € (1, p)
H
Ellell 0.7, < O
This completes the proof of Theorem 3.2.
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Appendix A: Stochastic Appendices
A.1 Space-time Poissonian White Noise

Analogously to the space-time Gaussian white noise one can construct a space-time Lévy
white noise or space-time Poissonian white noise. But before doing this, let us recall the
definition of a Gaussian white noise, see for e.g. Dalang [22].

Definition A.1 Let (22, F, P) be a complete probability space and let (S, S, o) a measure
space. A Gaussian white noise on (S, S, o) is an F / M(S) measurable map

W:Q— M(S)
satisfying

(1) for every U € S such that o(U) < oo, W(U) := iy o W is a Gaussian random
variable with mean 0 and variance o (U);

(i) if U;,U, € S are disjoint, then the random variables W(U;) and W (U;) are
independent and W (U1 U U,) = W(Uy) + W (U»).

The space-time Gaussian white noise can be defined as follows. Let O C R? be a
domain. Put S = O x [0, 00), S = B(O) ® B([0, 00)) and let o be the Lebesgue measure
on S. The space-time Gaussian white noise is an M (O)-valued process {W (r) : r > 0}
defined by

W (r) ={B(O)>U — WU x[0,r) R}, r >0,
where W : Q@ — M(S) is a Gaussian white noise on (S, S, o). Let (2, F, F, P) be a filtered
probability space. We say that the Gaussian white noise W on (S, S, o) is a space-time
Gaussian white noise over (2, F, I, P) if the process {W;;(r) : r > 0} is F—adapted.

One can show that the M (O)-valued process {W (r) : r > 0} generates, in a unique way,
an L2(O)- -cylindrical Wiener process (W,) r>0, SEE [12 Definition 4.1]. In particular, for any
U € B(O) such that Leb(U) < oo, and any r > 0, W,(IU) =WU x[0,r)) = Wy (r, U).

Analogously, we can define a Lévy white noise and a space-time Lévy white noise.

Definition A.2 Let (2, F, P) be a complete probability space, (S, S, o) be a measurable
space, y € R and let v be a Lévy measure on R. Then a Lévy white noise on (S, S, o)
with intensity jump size measure v is an F / M(S)-measurable mapping

L:Q— M(S)
satisfying
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(1) forall U € S such that 0 (U) < oo, L(U) := iy o L is an infinitely divisible random
variables satisfying, forall6 € R,

Eei@L(U)

= exp (a(U) [iy@ +/ (1 - iexl[,l,l](x)) u(dx)D;
R

(i) if U;,Uy € § are disjoint, then the random variables L(U;) and L(U,) are
independent and L(U; U U,) = L(Uy) 4+ L(Uy).

Definition A.3 Let (2, F, P) be a complete probability space. Suppose that O C R? is a
domain and let S = O x [0, 0), S = B(O) x B([0, 0)) and o the Lebesgue measure on
S.Let v be a Lévy measure on R. If L : Q — M(S) is a Lévy white noise on (S, S, o) with
intensity jump size measure v, then the M (O)-valued process {L (r) : r > 0} defined by

Ly(r)={BO)sUw~ LU x[0,r)eR}, r=>0,

is called a space-time Lévy noise on O with jump size Lévy measure v. We say that
L is a space time Lévy white noise over a filtered probability space (2, F, F, P) iff the
corresponding measure-valued process {Lg; (r) : r > 0}, is F—adapted.

Remark A.4 If L is a space-time Lévy white noise on (S, S, Leb), then the correspond-
ing M(O)-valued process {Ly (¢) : t > 0} is a weakly cylindrical process on L%(0), see
Definition 3.2 [2].

As in the case of space-time Gaussian white noise we also introduce the following definition.

Definition A.5 Let us assume that (2, F, P) is a complete probability space and v be a
Lévy measure on R.

(a) A Poissonian white noise with intensity jump size measure v on a measurable
space (S, S, 0) isa F/M(M;(S x R)) measurable mapping

n:Q2— M;(§S xR) (A.1)
satisfying

(i) forallU € S®B(R) with (c ®v)(U) < 0o, n(U) := iy on is a Poisson random
variable with parameter (Leb ®v)(U);

(ii) if the sets Uy € S ® B(R) and U, € S ® B(R) are disjoint, then the random
variables n(U;) and n(U,) are independent and n (U; U Uy) = n(U;y) + n(Uz),
almost surely.

(b) Let O C R? be a domain. Then, the map 7 defined in Eq. A.1 is called a space-time
Poissonian white noise on O with intensity jump size measure v iff ) is a Poissonian
white noise on (S, S, Leb) with intensity jump size measure v, where § = O x [0, c0),
S = B(O) ® B([0, 00)).

The corresponding measure-valued process {I1; : t > 0} defined by
I, : B(O) x B(R) 3 (U, C) — n(U x [0, 1) x C) € Ny, (A2)

is called an (homogeneous) space-time Poissonian white noise process.
(¢) A space-time Poissonian white noise n on O is called a (homogeneous) space-
time Poissonian white noise over a filtered probability space (2, F, F, P) iff the

@ Springer



Stochastic Reaction-diffusion Equations Driven by Jump Processes

measure-valued process {I1; : ¢+ > 0} defined above is F—adapted. (Compare this
definition with [65, Definition 7.2].)

Theorem A.6 Let (2, F,P) be a complete probability space, v a Lévy measure on R,
O c R? is a bounded set. Let also

n:Q2—> M;(SxR)

be a space-time Poissonian white noise on O with intensity jump size measure v, where
S =0 x[0,00), S = B(O) ® B([0, 00)) and Leb the Lebesgue measure on S. Let I be
the random measure defined by

M:Q— M;(O xR x[0,00))
with
M(@)(U x C x D) =n(w)(U x C x D), U e B(O),C € B(R), D € B([0, 00)).

Then, M is a time-homogeneous Poisson random measure on O x R with the intensity
measure m @ Leb satisfying

m:B((’)xR)aCH// Ic(§,¢)v(de) dé.
RJO

Proof The proof is very similar to the proof of [65, Proposition 7.21], so we omit it. O

Remark A.7 The compensator y of a homogeneous space-time Poissonian white noise with
jump size intensity v is a measure on O x R x [0, co) defined by

B(O) x B(R) x B([0,00)) > (U,C,I)— y(U x C x I) = Leb(U) v(C) Leb(I).

Appendix B: Besov Spaces and Their Properties

We follow the approach to the Besov spaces in Runst and Sickel [69, p. 8, Def. 2]. We are
interested in the continuity of the mapping G described in Section 5. To be precise, we will
prove the following result.

Proposition B.1 Let p, p* € (1,00) be two numbers satisfying % + % = 1. Then for

every f € S(RY) and a € RY the tempered distribution f8, belongs to the Besov space
_d
B4 (R?) and

L4
Ly da= et 11, B.1)
‘ B, L (RY)

In particular, there exists a unique bounded linear map

_d
W LPRY) — LP(RY, B, & (RY))
such that [ ()1(@) = f8a, f € SRY), a € RY.
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In what follows, for any f € L?(R?) we denote by fd, the value of A(f) at a. Observe
that (fé4,9) = fla)p(a), ¢ € S(RY) so that féa = f(a)d,. Hence, in order to prove
(B.1) it is sufficient to prove it for f = 1, i.e.,

d _d
2

18417, = Qm)" 227 P, (B.2)

B, (RY)

Let us recall the definition of the Besov spaces as given in [69, Definition 2, pp. 7-8].
First we choose a function ¢ € S (R?) such that 0 < Yv(x)<l,xe€ R and

IS
‘“")_{ 0 if |x| > 3.
Then put
do(x) = ¥(x), x € RY,
p1(x) = ¥(3) —¥(x), x €RY,
;j(x) = 1277 x), x eRY,  j=2,3,....

We will use the definition of the Fourier transform F = FT! and its inverse F~! as in
[69, p. 6]. In particular, with (-, -) being the scalar product in R, we put

FH @) = 2r) / D f(ydx, f e S®Y).E € RY.
R4

With the choice of ¢ = {¢ ]}"Q o as above and F and F~! being the Fourier and the

inverse Fourier transformations (acting on the space S’ (R?) of Schwartz distributions) we
have the following definition.

Definition B.2 Lets € R,0 < p <ooand f € S'(RY).If0 < g < co we put

q

K _ sj —1 X
1y, = § 2”\ 6,71, ) =17 [F 07 e, ), e
If ¢ = oo we put
_ sj —1 X _ sj —1 X
gy = 027 |77 (0,751, =027 |7 0,70, ) o

We denote by B, , (R?) the space of all f € S'(RY) for which | f| B, is finite.

LemmaB.3 If¢ € S(RY), A > 0and g(x) := ¢(Ax), x € R?, then

— d(-L0)
I.F ]glLl’(Rd) =A (pfl)|\/—'. 1(p|Lp(Rd).
Proof The proof follows from simple calculations so it is omitted. O

Proof of Proposition B.1 As remarked earlier it is enough to show equality (B.2). Since
FYou) = Cr)~ 42 (F 1) %« (F~'u), ¢ € S, u € S’ we infer that for j € N*,

\F e F G Loway = Qm) (F ) % 8al o wey
= Q) "\ F ¢l 1o ma)

—d/2,d(515) = jd () | -
— (27_[) d/22 (p,l)z J (p,l)lf 1¢1|LP(]R¢1)~
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d(5Ep) .
Hence, 8, belongs to the Besov space B & "(R?) as requested and the equality (B.2)
follows immediately. O

Corollary B.4 Assume that O is a bounded and open subset of R? with boundary 30 of
class C*. Let r, q € (1, 00) with g > r then there exists a unique bounded linear map

v LI(O) — LI(O, B,fi((’))) (B.3)

such that [V (f))(a) = f84 f € L1(O), a € O. In particular, there exists a constant C
such that for any f € L1(O)

[ 1l oy, 44 =€ o (B.4)

Proof Tt is enough to prove (B.3) for any f € C5°(O) as that set is dense in L(0). As
before, we first need to show the following version of Eq. B.2

sup 84| _a < C(r,d), (B.5)
ac® B, L& (O)
for a constant C(r, d) > 0 depending only on r and d. For that aim let us fix a € O and
let us recall that according to Definition 4.2.1 from [73], [6,| _a is equal to infimum of
r¥ )

r,00

d

lul _a  overallu € B, & (R?) such that u;o = 8,. Thus |8, _« <184 _a
Byds (RY) Brds (0) Bdy (RY)

and the result follows by applying (B.2).

Second, let W be the linear map defined on L7(O0) by Wf = f§, for f € L7(O) and
a € O. Since, by the assumption ¢ > r, L1(O) C L"(O) it follows from the first part of
the proof that

A

/I‘Ilf(a)qui da_/l.f(a)|q|5a| _d4 da
o B. & (0) o B.d5 (O)

sup Idal _¢ /If(a)lqda
©)JO

*
acO B, %

Cr,d) | f1}40):

The last inequality completes the proof of Corollary B.4. O

IA

IA

Appendix C: A generalisation of the Skorohod Representation Theorem

Within the proofs of Theorems 3.2 and 3.4 we are dealing with the limits of pairs of ran-
dom variables. For us it was important that certain properties of the pairs are preserved by
the Skorohod Representation Theorem. Therefore, we had to use the theorem which is a
modified version of the celebrated Skorohod Representation Theorem.

Theorem C.1 Let (2, F,P) be a probability space and Uy, Uy be two separable metric

spaces. Let x, : Q — Uy x Uy, n € N, be a family of random variables, such that the
sequence (Law(x,))neN is weakly convergent on Uy x U,.
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Fori = 1,2 let ; : Uy x Uy be the projection onto U, i.e.,
Ui xUssx =" x>0 =x eU.

Finally let us assume that there exists a random variable p : Q@ — Uj such that Law (7| o
xn) = Law(p), Vn € N.

Then, there exists a probability space (Q,F,P), a Jamily of Uy x Uy—valued random
variables (Xp)nen, on (Q, F, P) and a random variable ¥+ Q@ — Uy x Up such that

() Law(xn) = Law(xn), Vn € N;
() xn — xx inUp x Uy P-a.s.; B
>iii) 7 0 xp(@) = w1 0 (@) forall v € L.

Proof of Theorem C.1. The proof is a modification of the proof of [24, Chapter 2, Theorem
2.4]. For simplicity, let us put PMU,, := Law(xy), ’PMU,} = Law(my o x,), n € N, and
PMUy = lim,— o0 L(x,). We will generate families of partitions of U and U,. To start
with let (x;);en and (y;)ien be dense subsets in Uy and Uy, respectively, and let (r;);cn be a
sequence of natural numbers converging to zero. Some additional condition on the sequence
will be given below.

Now let O] i= B(x1,m),] O} i= B, r) \ (UZ{ 0} for k = 2. Similarly, C} =
B(y1,r1), Cl := B(yk, 1) \ (Uf;ll Cl.l) for k > 2. Inductively, we put

Of 1= 0" nB.m.

1o s lk—1

O .y = 0K o B no\ (VIS 0k L, ). k=2

Sk 1, slk—1
and similarly, where we will replace ”O” by ”C”

k kel
Ci],u-,] = Cil,...,l’k71 N B(yik»rk)y
k k1 1~k

Ch o= O BN (Ui ). k=2

For simplicity, we enumerate for any k € N these families and call them (Of)iEN, and

(CH) jen.
Let Q := [0, 1) x [0, 1) and Leb be the Lebesgue measure on [0, 1) X [0, 1). In the first
step, we will construct a family of partition consisting of rectangles in 2. O

Definition C.2 Suppose that 1 is a Borel probability measure on U = Uy x U, and ' is
the marginal of u on Uy, i.e., ul(O) = (0 x Up), O € B(Up). Assume that (O;);en
and (C;);en are partitions of U; and U,, respectively. Define the following partition of the
square [0, 1) x [0, 1). For i, j € N we put

lij = [Ml(ilL_:JlOa),m(Ll_JOa))
M1(10i) ( UC) 1(0) (0 XLJJC“) : €D

a=1

7For r > 0 and x let B(x, r) := {y, |y| < r}.
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Remark C.3 Obviously, if 11(0;) = 0 forsome i € N, then /;; = @ forall j € N.

Next for fixed / € N and n € N, we will define a partition ([il]z")A . of @ =
i,je

[0, 1) x [0, 1) corresponding to the partitions (Of);eN and (Cf);eN of the spaces U; and Us,
respectively.

We denote by 1 (O|C) the conditional probability of O under the condition C. Then, we
have forn € N

117 :=[o0.Pmuloh) x [0, PMU, Wi x ¢ | 0f x 1),
B = [Pmui©oh. PMUL 0} + PHULOD)

x [0, PMU W, x €] | 0} x 1)

k—1
Iy = {Z PMU, (0}, ZPMU (ok)> x [0, ank), k=2,

m=1 m=1

and

117 = [0.PMULOD) x [an1. ba).
= [PMU ©oh, PmMUL 0} + PMU! (02)) [an1. bn).
where a, x = PMU,(U; x C| | O} x U>) and
by = PMU,(Uy x C| | O] x Us) + PMU,(U; x Cy | O] x Up).
More generally, for k € N

Iy = [Z PMUL O, ZPM 1(0,})) x [an, by) ,

m=1 m=1

and, fork,r e N

k—1
= [Z PMU,(0,,), ZPMU (Om)>

m=1 m=1

r—1
|:Z79MU (U, x CL |0} x Uy, ZPMU (U, x ¢l o} ><U2)>

m=1 m=1

Finally, for k, I, r > 2
(C.2)

k—1 k
I = [Z PMU,(0,). Y PMU,J(Of,,)) X
m=1

m=1

r r
[Z PMU, (U, x Cy, | Of x Up), Y PMU,(Uy x C, | O} x UQ)) .

m=1
Let us observe that for fixed / € N, the rectangles {Ili,r : k,r € N} are pairwise disjoint
and the family {I,i’r : k,r € N} is a covering of Q. Therefore, we conclude that for any
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n € N U {oo} we have PMU,(Uy x Up) = 1 and ¥, .y PMU,(U; x CL, | O}) = 1.
Consequently, it follows that for fixed /,n € N the family of sets {Ix, : k,r € N}isa
covering of [0, 1) x [0, 1) and consists of disjoint sets. )

The next step is to construct the random variables x, : @ — Uj x Uj, such that
Law(xn) = Law(x,). We assume that r,, is chosen in such a way, that the measure of the
boundaries of the covering (O;) jen and (Cj) jen are zero. In each non-empty sets int( 0;")
and int(C"") we choose points x”? and y;”, respectively, from the dense subsets (x;);cn and
(¥i)ien and define the following random variables. First, we put form € N

Zy (@) = xl'ifd el
Zy (@) = ylifde I, neNU{ool,
and then, for n € N U {00}
- 1 - . 1 -
X (@) = lim Z,,, (o),
_2 - . 2 -
Xy (@) = mll)moo Zy i (@).
Due to the construction of the partition, the limits above exist. To be precise, for any n €
N U {oo} and @ € €2, we have

1Zy (@) = Zy (@) Sy k=m, i=1,2, (C3)
and therefore (Z, ,, (®))m>1 is a Cauchy-sequence for all @ € Q =10, 1) x [0, 1). Hence,

Z! (@), i, n,is well defined. Furthermore, x, is measurable, since Z;L,m are simple functions,

hence measurable. Therefore, Z,’; (w), i, n, is a random variable.
Finally, we have to proof that the random variables x and x, := (X',,l, X—nz) have the
following properties:

() Law(xn) = Law(xy),Vn €N,
(i) xn — x as.in Uy x Uy,
(i) 1 0 xn(@) = 71 0 Xx(w).

Proof of (i) The following identity holds
Leb(I/") = Leb (x'n €0l x C,i)
= PMUYO}) x PMU, (U x CL| O} x Uy)
= PMU,(O} x Us) x PMU,(U; x C. | O} x Uy)
= PMU,(u' € O} and u”® € C')
= PMU((u', u?) € O] x C).

Using the fact that the set of rectangles of [0, 1) x [0, 1) form a 7 -system in B([0, 1) x [0, 1))
and that Leb and PM U are identical on the set of rectangles, we derive from [47, Lemma
1.17, Chapter 1], Leb and PMU are equal on B([0, 1) x [0, 1)). O

Proof of (ii) We will first prove that there exists a random variable x = (x L Xz) such that
sn! — x'and x,2 — x? Leb-a.s. for n — oo. For this purpose it is enough to show that
the sequences (X_nl)neN and (x',f),,eN are Leb-a.s. Cauchy sequences. From the triangle
inequality we infer that foralln, m, j e N,i = 1,2

=

Zh = Zhs |+ |20 - 7

B = | = |7 - 7|+
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Let us first observe that by Eq. C.3, for any n € N, the sequences (Zrll, j)jeN and
(Z’% j) jeN converge uniformly on Qto ! and 3,2, respectively. Hence, it suffices to show
that for all & > 0 there exists a number nq such that (see [34, Lemma 9.2.4])

Leb ({ € 0. 1) x [0, 1) | Zy 1(@) # Zu 1 (), n,m > no}) <.

Since {it,, n € N} converges weakly, for any § > 0 there exists a number ng € N such that®
o (Wn, ) < € for all n, m > ng. Hence, for any § > 0 we can find a number ng € N such
that

(C4
il il il il .
a,'(’r" —a,l”m , b;”n — b;”m <6, krleNi=1,2,n,m>no,
where
In _ 1,l,n ;1,0l,n 2,n 42,0,n
Ik,r - [ak,r ’ bk,r ) X [ak,r ’ bk,r )’
and
Im _ ¢ Lilm ;1,1m 2,0,m 12,0l.m
Ik,r - [ak,r ’bk,r )X [ak,r ’bk,r )
In fact, by the construction of / ,i'r’ and I,ﬁ ,» we have
1,1, 1 k—1 Al
ak’r" = iy (szle) ,n,meN,r keN,
1,1, 1 k—1 1
ak’rm = Iy (Uj=10j) ,n,meN,r keN.
Let us now fix § > 0 and let us choose ng such that p(u,, um) < 8, n, m > ng. Then,
s
1 k—1 Al 1 k—1 Al 1 k—1 Al
nh (U0l <ut (Uh0))') <wh (Uitof) +5. mkren
On the other hand, by symmetricity of the Prokhorov metric,
8
1 k—1 ~l 1 k—1 ~l 1 k—1 ~l
uh (Uzto) < h (U0))') b (Uiiof) +6 rker
Hence, we infer that
‘aé:i’” — a,i‘f’m <6, rkleN, n,m>ng. (C.5)

The second inequality in Eq. C.4 can be proved in a similar way.
Since the sequence (i,)nen is tight on U; x U,, we can find a compact set K1 x K»
such that

sup (1un (U1 x Un) \ (K1 x K2))) < g

Let us fix I € N. Since the set K1 x K> is compact, from the covering (O,l{ X Ci)keN,reN of
U, x U, there exists a finite covering (0}( X Cf)kzly... K,j=1,--,Rr of K1 x K5. Next, observe
that the estimate (C.4) is uniformly for all n, m > ng. Therefore we can use estimate (C.4)
with § = ¢/2(K R) and infer that

K,R

Iin I,m
> Leb (1,(’, ALY nm > no) <
k,r=1

N ™

8 denotes the Prokhorov metric on measurable space (U,U), ie., p(F,G) := infle > 0 : F(O%) <
G(O)+¢,0 €U).
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Moreover, since
Leb ({w € [0,1) x [0, 1) : Zy 1(@) # Zmi(@), n,m = no}) <

= 3 Leb (B ALY nom = no) + Leb (U x U\ (K1 x K2)),
k,r=1
it follows that
Leb ({w € [0, 1) x [0, 1) : Zy1(@) # Zm (@), n,m = no}) < % + g
Summarizing, we proved that for any ¢ > 0 there exists a number nyp € N such that
{0 el0,1) x[0,1) | Zyi(@) # Zmni(),n,m = ng} < e. From [34, Lemma 9.2.4] we
infer (ii). (I

Proof of (iii) Let us denote

k—1 k
J = [Z PMU}O)), ZPMUJ(O,Q)) . k=1,---,NL (C.6)

m=1 m=1

Since the laws of 7| o x, and 7| o x,, n,m € N are equal, J,i’" = J,i’m, n,m € N. Let us
denote these (equal) sets J,f. Since for each J,f we can find a set 0,1( satisfying (C.6) for all
n € N, we infer that for any m € N,

Zy (@) =Z{,(@), ®eQ, nel.

1

®))meN a8 m — o0 and
n,m

Let n € N be fixed. Considering the limit of the sequence (Z
keeping in mind that (an’m (®))meN is a Cauchy sequence implies the assertion (iii). O

Appendix D: A Tightness Criteria in D([0, T]; Y)

Let Y be a separable and complete metric space and T > 0. The space D([0, T']; Y) denotes
the space of all right continuous functions x : [0, T] — Y with left limits. The space of
continuous function is usually equipped with the uniform topology. But, since D([0, T']; Y)
is complete but not separable in the uniform topology, we equip it with the J;-Skorohod
topology, i.e., the finest among all Skorohod topologies, with which D([0, T']; Y) is both
separable and complete. For more information about Skorohod space and its topology we
refer to Billingsley’s book [5] or Ethier and Kurtz [36]. In this appendix we only state the
following tightness criterion which is necessary for our work.

Theorem D.1 ° A subset C of the space P (D([0, T1; Y)) of all Borel probability measures
onD([0, T1; Y) is tight, iff
a.) forany e > 0 there exists a compact set K C Y such that for every F € C

F({xeD(0, Tl;Y):x(t) e KVt [0, T]}) > 1—¢;

9Compare with [5, Chapter III, Theorem 13.5, p. 142].
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b.) there exist two real numbers y > 0, ¢ > 0 and a nondecreasing continuous function
g:[0, T] = Ry such that forallt; <t <th,n>0and » >0

F({x eD(0, T Y) : |x(1) —x@)] = A, [x(t) — x(12)] = A})

< A% [g(t) — g(t)]. VF eC.

Corollary D.2 Let {x, : n € N} be a sequence of Y-valued cadlag processes, each of
the process defined on a probability space (2, Fpn, Py). Then the sequence of the laws of
{x, :n e N}istight on D([0, T]; Y) if

(a) forany e > 0 there exists a compact set K. C Y such that
P, (x,(t) € Ke, t €[0,T]) >1—¢, VneN;

(b) there exist two constants ¢ > 0 and y > 0 and a real number r > 0 such that for all
60>01rel0, T —0),andn >0

E, sup [x,(?) —xp ()" <co”.
t<s<t+0

Proof Corollary D.2-(a) and the Chebyshev inequality imply Theorem D.1-(a). Now fix
t1 <t <t.Then

Py (Ixn (1) — X, (1) = A, X, (1) — x5 (82)| = 1)

<Pa < sup [xn(s) — xx(11)] = )»).
[|=s=

Estimating the RHS by the Chebyshev inequality and using Corollary D.2-(b) leads to

Theorem D.1-(b). This completes the proof of the corollary. O

Appendix E: An Inequality

Let Y be a Banach space with norm |-|, T > O and f : (0, T] — Y is a Bochner integrable
function such that

T
/ | f ()P ds < oo.
0

For fixed n let Iy = (&, %51 and f, : (0, T] — Y be the function defined by f,(s) = 0
for s € Ip and fn(s) =2" flk f(@®)dt fors € Ix41,k =0,1,2,---. We have the following

facts.

Proposition E.1 (i) If f belongs to LP(0,T;Y), then fn € LP(0,T;Y) for each n.
(ii) Leta € (0, %). Then, there exists C > 0 such that for all f € W*P(0,T;Y) andn

< Cc2™ & O.T:Y) - E.1
I £ lwreco. 721, (E.1)

|6 = 7ao)
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Proof Without loss of generality we take 7 = 1 and set t;' = 2]7 We have
21

/T,
> [ ihors
j=1"%

2"—1

1 4
PTG

j=1

1
/ \fa()1Pds
0

From this last equation and the definition of f we derive

"

1
/ | fu(s)|Pds <
0

A
1[~]
R~

A

<> ir@rds.

Therefore

1 1—5h
/ \fo)17ds 5/ | f(s)1Pds,
0 0

which ends the proof of (i).

Next we will prove item (ii). Let s € [0, 1], ¢ € (0, %) and f € W*P(0, T, Y). Since the
intervals Iy, k =0, 1, ..., 2" — 1, form a partition of [0, 1] then eithers € Ipors € (27", 1].
In one hand if s € (277, 1] then there exists k > 1 such that s € I. In this case we have by
Holder’s inequality that

1
ls —r|? dr

1£(s) = fa(s)] < 2"

f (f(s) = f(r)
- X
Ir—1

1
|s—r|P+a

p—1 1

= e L

Szn[/ |s_,,|ﬁ<1+a>_1dr] ’ U £ () = f) dr]p
Lo I |s — r|l+pot

1
<ol [ VOtV
I —1 |S - r|1+p0t

1

1 1 2=
; - F©) = FO
e M oy L
/2—n |f(s‘) f (S)| s —n =1 Ii—1 |S - r|l+ﬂa r §

1 pl
_ If(s) = f)IP -
<2 npafo ) Wdr ds < 27" fll e 0.7:v)- (E.2)

Therefore

On the other hand, by making use of the Holder Inequality we obtain

27’1
/ ()17 ds
0

o—n
2 [ /0 If(s)lqu]

27/1
/0 £ (s) = falo)l? ds

14
q

IA
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where g = ﬁ. Since W*?(Iy) C L"(lp) for any r € [1, ﬁ] we infer from the last

inequality that there exists C > 0 such that

2771
/ |f(s) = fu(s)Pds < C27"pa||f||€vmp(0,]';y)' (E.3)
0
Now inequality (E.1) follows from inequalities (E.2) and (E.3). This completes the proof of
our proposition. O
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