
FILTERING IN MICROCHANNEL HEAT SINK TOPOLOGY OPTIMIZATION

Lacko P.*, Blommaert M., Dekeyser W., and Baelmans M.
*Author for correspondence

Department of Mechanical Engineering,
KU Leuven, Belgium,

E-mail: paul.lacko@kuleuven.be

1 ABSTRACT
In recent years, microchannel heat sinks have increasingly

been designed using mathematical approaches such as topology
optimization. This tactic can lead to novel heat sink lay-outs
with enhanced performance over existing designs. Physics dic-
tate a preference towards very short and small channels for the
cooling fluid, benefiting the heat transfer performance. However,
the feature size depends on the coarseness of the numerical grid
used in the optimization, and very fine designs can simply not
be manufactured using existing technologies. In structural opti-
mization, mesh-independent filtering methods are used to ensure
grid independence and manufacturability.

In this research, design and sensitivity filtering are tested
within liquid cooling microchannel heat sink topology optimiza-
tion. The optimized designs are evaluated with a focus on the
level of grid independence and manufacturability that can be
achieved through incorporation of these methods. Additionally,
a mutual comparison of both filter methods is performed. Results
indicate that for unconstrained optimization problems and under
certain conditions relating the filters, it can be proven that both
methods will lead to identical results.

2 INTRODUCTION
For many years now, electronic components such as CPUs,

graphics cards, and other devices have become increasingly
smaller in size and at the same time more powerful in capac-
ity. These devices can only maximize their potential if there is
sufficient cooling available to keep them at the required work-
ing temperatures for proper operation. To this end, air-cooling
devices such as fans are becoming increasingly inadequate and
being replaced by liquid cooling alternatives such as microchan-
nel heat sinks.

Research into microchannel heat sinks was initiated by Tuck-
erman and Pease [1] and the foundation for heat sink topology
optimization was laid with the equations derived by Borrvall
and Petersson [2]. Since these developments, there have been a
rather limited number of research studies on topology optimiza-
tion specifically applied to different types of heat sinks [3–10].
Finite elements methods are in all cases the numerical method
of choice. The presented research uses the work by Van Oeve-
len [11] as a starting point, where the finite volume method is

NOMENCLATURE

A [m2] Surface area
c [J/(kg.K)] Specific heat capacity
F [-] Filter matrix
h [W/(m2.K)] Heat transfer coefficient
i [-] Index number for cell i
k [W/(m.K)] Thermal conductivity
n [-] Number of design variables
Ne [-] Neighborhood of element e
p [Pa] Pressure field
q [-] Interpolation parameter
Q̇ [W] Heat transfer rate
R [m] Filter radius
T [K] Temperature field
vi [m3] Volume of cell i
~v [m/s] Velocity field
w [-] Weighting value

Special characters
α [N.s/m4] Inverse permeability

[-] Relaxation factor
β [-] Steepness of projection function
ε [-] Porosity/Controlled field
ε̃ [-] Filtered porosity/Physical field
ε̄ [-] Projected porosity
J [W] Cost function
η [-] Projection threshold
µ [Pa.s] Viscosity
ρ [kg/m3] Density
ϕ [-] State variables
Ω [-] Domain

Subscripts
c Cell center
d Design filter
diff Difference
e Related to cell e
f Fluid
g Sensitivity filter
i Related to cell i
s Solid
source Source

used to investigate density-based topology optimization applied
to pressure-driven microchannel heat sinks.

To date, there are a number of issues that may appear dur-
ing the optimization process that create a barrier to real world
applicability of the optimized heat sink layouts. These problems
include numerical instabilities such as checkerboarding, a depen-
dence of optimized layouts on the coarseness of the design grid,
and an overall lack of manufacturability of final designs.

These issues are also known in the field of structural topology
optimization, and are often tackled by using restriction meth-
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ods [12]. Among these methods, mesh-independent filtering
methods have proven very popular due to their simplicity in im-
plementation and effectiveness [13].

The present research focuses on the application of mesh-
independent filtering methods to microchannel heat sink topol-
ogy optimization. Concretely, two research questions are stud-
ied. Firstly, can the application of mesh-independent filtering
methods lead to grid independent optimized designs? Secondly,
can these methods ensure manufacturability of optimized de-
signs?

3 MODELING
3.1 Model equations

The steady state Brinkman equations are used to describe the
fluid flow through both solid and liquid material. The equations
lead to the Stokes flow equations in pure liquid areas and will
obey no slip conditions at liquid-solid interfaces. It includes an
additional pressure loss term for flows through porous media.
The heat transfer model is formulated based on an advection-
diffusion equation. The equations are:

−∇ ·µ∇~v+∇p+α(ε)~v = 0 , (1)
∇ ·~v = 0 , (2)

∇ ·ρc~vT −∇ · k(ε)∇T = 0 , (3)

where~v is the velocity field, p the pressure field, T the tempera-
ture field, µ the liquid viscosity, α the material inverse permeabil-
ity, ρ the liquid density, c the specific heat capacity of the liquid,
k the material thermal conductivity, and ε the material porosity.
µ, ρ, and c are all constants. α and k are determined by the value
of ε and are calculated through interpolation, as follows:

α(ε) = αs +(α f −αs)ε
1+q
ε+q

, (4)

k(ε) = ks +(k f − ks)ε , (5)

where the subscript f denotes the fluid material and s the solid
material. q is an interpolation parameter used to discourage the
optimization algorithm from retaining intermediate porosity val-
ues in optimized designs. This is accomplished by increasingly
penalizing the ‘mixed phase’ between solid and fluid for larger
values of q.

3.2 Model approximations
The equations are solved in two dimensions including ad-

ditional correction terms to account for the third dimension,
namely the height of the heat sinks [11]. Additionally, Stokes
flow is used for the fluid model based on the assumption of low
Reynolds numbers in the fluid subdomain due to the small phys-
ical dimensions of the channels that appear in the optimized de-
signs. Variations in the density and viscosity with the tempera-
ture are omitted.

Regarding the inverse permeability α, the value αs for the
solid material is ideally equal to infinity. However, high values

generate instabilities during the optimization. In practice, αs is
restricted to an intermediate value, corresponding to a material
that still allows some throughflow, which contradicts the physics
of actual solids. The results of this decision will become appar-
ent in the section 7.

3.3 Optimization problem
The reduced optimization problem is formulated as:

minimize
ε

J (ϕ(ε),ε) =−Q̇ =
∫

A
h(ε)(T (ε)−Tsource)dA

subject to 0≤ ε≤ 1, i = 1, . . . ,n.
(6)

where ϕ = [~v, p,T ] are the state variables. J (ϕ(ε),ε) is the re-
duced cost functional, in this case the maximization of the heat
transfer from the constant temperature heat source to the cooling
fluid. ϕ(ε) is a solution to the model equations for a given input
design ε. ε is the material porosity, which is used as the control
variable in the topology optimization problem. The values of the
porosity are constrained in each grid cell i between 0 correspond-
ing to solid material, and 1 corresponding to fluid material. n is
the number of grid cells.

4 FILTERING METHODS
In essence, filtering methods perform a smoothing operation

on a specified variable field to obtain a new variable field with
more desirable properties that is subsequently used in the opti-
mization process. Here, we will use a weighted average of vari-
able values around a specified cell or element e as smoothing
operation.

To do this, we must first define a neighborhood around the cell
e, called Ne [13], as Ne = {i| ∃~xi ∈Ωi 7→ ||~xc,e−~xi|| ≤ R}, where
~xc,e and~xi are the spatial locations of the center of cell e and any
point within the domain of cell i (Ωi) respectively, and with R the
filter radius. After selecting a value for the filter radius, one can
evaluate the neighborhood Ne to determine which cells must be
included in the filtering operation for cell e, and this for all cells
in the design domain.

There are two classes of filtering methods, namely design- and
sensitivity-based methods [12, 13].

4.1 Design filtering
In structural mechanics, design filtering is always called “den-

sity” filtering, since the material density is the design variable.
However, in heat sink topology optimization, the design variable
is the porosity ε. We will also use ε to denote the design variable
field in this article.

Design-based filter methods work by modifying the design
variable field ε through an averaging operation to create a
smoothed design variable field, denoted by ε̃. This smoothed
field is subsequently used to evaluate the design. In other words,
ε becomes the controlled field on which design updates occur,
and ε̃ is the actual physical field. ε̃ is calculated in each opti-
mization iteration based on the values of ε. Mathematically, the
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filtered porosity in cell e can be written explicitly as [13, 14]:

ε̃e =
∑i∈Ne w(~xi)viεi

∑i∈Ne w(~xi)vi
, (7)

where vi is the volume and w(~xi) the weighting function value
for subcell i.

A linearly decaying weighting function is used,
w(~xi) = R−||~xc,e−~xi||, however other weighting function
choices are possible as well [13]. The filtered densities are
renormalized to ensure the amount of material before and after
filtering remains the same.

After solution of the adjoint model to determine the sensitivity
of the cost function with respect to changes in the filtered design,
these sensitivities must be modified in a consistent way by ap-
plying the chain rule to retrieve the sensitivity with respect to the
original controlled porosity values as follows [13]:

∂J
∂εe

= ∑
i∈Ne

∂J
∂ε̃i

∂ε̃i

∂εe
, (8)

where the first factor in the right-hand side is the cost function
gradient, typically calculated with the adjoint approach, and the
second factor accounts for the filtering operation and can be de-
rived analytically based on equation 7.

4.2 Projection
Design filtering produces a smoothing effect of the design

field. However, this leads to the filtered field taking on interme-
diate values, which from an optimization point of view is unde-
sirable, because we would like porosity values in the optimized
design to be either 0 or 1. In structural topology optimization,
this problem is typically handled by incorporating a projection
operation after the filtering operation in each optimization step
to push the values of the filtered field back to {0,1}-solutions.
A Heaviside step projection formulated as a continuous differen-
tiable function is most often used [15, 16]:

ε̄e =
tanhβη+ tanhβ(ε̃e−η)

tanhβη+ tanhβ(1−η)
, (9)

where ε̄ denotes the projected field, η the threshold location for
the projection, and β controls the steepness of the Heaviside step,
with β= 0 corresponding to no projection and β=∞ to a discrete
step function. As with design filtering, the cost function sensitiv-
ity should be modified in a consistent manner to take projection
into account. This leads to an equation for the sensitivity similar
to equation 8 but with an additional factor, which can be found
in [15]. Remark that projection is not always used in conjunction
with design filtering, rather it is optional.

4.3 Sensitivity filtering
Sensitivity-based filter methods work by modifying the sensi-

tivities ∇J through an averaging operation to create a smoothed

sensitivity field, denoted ∇̃J . Mathematically, the filtered sensi-
tivity in cell e can be written explicitly as [17]:

∂̃J
∂εe

=
∑i∈Ne w(~xi)vi

∂J
∂εi

∑i∈Ne w(~xi)vi
. (10)

This expression is identical to design filtering, equation 7, except
for the variable that is being filtered, which is in this case the
design sensitivity. Sensitivity filtering is performed after calcu-
lation of the design sensitivities, and the filtered sensitivities are
fed to the optimization algorithm to determine the design update.
In this case, no projection is required to achieve {0,1}-solutions,
since the design field ε that is controlled through optimization is
the same as the physical field ε̃ used to evaluate the designs.

4.4 Differences
There are two main differences between design and sensitiv-

ity filtering, excluding projection. First of all, the number of de-
sign fields used in the optimization routine differs in both meth-
ods. For design filtering, the physical field ε̃ is derived from
the controlled field ε based on the averaging operation, equation
7. The relationship between these two fields can be written as
ε̃ = f (ε) = Fdε. Here, Fd = f (R) represents the filter matrix,
which can be constructed for a given filter radius R, with the
subscript d denoting the design filter. Filtering can be written in
such a manner since the weighted averaging is a linear operation.

Sensitivity filtering on the other hand only consists of a single
design field ε which doubles as the physical field ε̃, hence the
two fields are equal. Let us denote the adjoint gradient vector by
∇J . The smoothed sensitivity then becomes

∇̃J = f (∇J ) = Fg∇J , (11)

with Fg = f (R) the filter matrix for a given filter radius R, the
subscript g standing for gradient (to differentiate from subscript
s which previously stood for solid).

The second difference between the two methods is in the ap-
plication of the constraints. In both cases, the box constraints
[0,1] are applied to the controlled field ε. However, since the
physical field ε̃ is used to evaluate the cost function and hence
design performance, it is only logical that this field should in fact
lie within the box constraints. As previously stated, ε = ε̃ for the
sensitivity filter, hence the constraints are applied to the desired
field.

This is not the case with the design filter, and application of
the box constraints to the controlled field ε will lead to intermedi-
ate porosity values in the physical field ε̃. This also explains why
projection is often applied when using design filtering to obtain
discrete {0,1}-solutions.

4.5 Equivalence
A third research question presents itself: can we obtain the

same optimized design through design and sensitivity filtering,
irrespective of which method we use? For this to be the case, we
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can postulate the following. Suppose we start from an initial de-
sign ε0 with corresponding initial cost function value J (ε = ε̃0)
evaluated based on the physical field. In order for design and sen-
sitivity filtering to remain equal after an optimization step with
new cost function value J , the design fields used to evaluate the
cost function must be identical.

Assume for the following derivation that an unconstrained
steepest descent optimization algorithm is used. For the sensi-
tivity filter, the new design field ε̃new

g can be written as:

ε̃
new
g = ε̃

0
g−αg∇̃J , (12)

where ε̃0
g is the physical field from the previous iteration, αg is a

relaxation factor on the optimization step, and ∇̃J the sensitivity-
filtered adjoint gradient used in the optimization step. Using
equation 11, this can be rewritten into

ε̃
new
g = ε̃

0
g−αgFg∇J . (13)

For the design filter, the new design field ε̃new
d can be written

as:

ε̃
new
d = Fd(ε

0
d−αd∇εJ ) . (14)

∇εJ is the gradient with respect to the original design field ε.
For optimization problems where all design variables are also
degrees of freedom and regular numerical grids, the filter matrix
Fd is square and symmetric, and the gradient equation 8 can in
fact be rewritten as:

∇εJ = Fd∇J . (15)

Substituting this relation into equation 14 for the new design field
and expanding, leads to:

ε̃
new
d = Fdε

0
d−αdFdFd∇J . (16)

Comparing equations 13 and 16 for the new physical design
field after an optimization step and equating terms leads to the
following conclusion: design and sensitivity filtering produce
identical results, if and only if:

1. The initial physical design fields before an optimization step
are equal: ε̃0

g = Fdε0
d .

2. The optimization step relaxation factors are equal: αg = αd .
3. The filter matrices are related by: Fg = FdFd .

Additionally, the adjoint gradient ∇J must be equal in both
cases, but this will always be satisfied if the initial physical
design field condition is the same. The above derivation cor-
responds to an unconstrained optimization algorithm using the
method of steepest descent. Addition of constraints leads to a
final condition:

4. The constraints must be applied to the physical porosity
field: 0≤ ε̃≤ 1 .

This last condition changes nothing for sensitivity filtering,
but shifts the constraints in design filtering from the controlled
field ε to the physical field ε̃ = Fdε.

5 NUMERICAL IMPLEMENTATION
The model equations are discretized using a finite volume

method and implemented in an in-house topology optimization
framework using MATLAB. The state variables are calculated
on a staggered, Cartesian grid. The adjoint model equations are
derived using the continuous adjoint method.

For the optimization algorithm, both the method of moving
asymptotes (MMA) [18] as well as linear programming with L2-
regularization using quadprog from the MATLAB standard opti-
mization toolbox were used. The optimization problem is solved
using a nested approach, where in each optimization iteration the
state and adjoint equations are satisfied.

The filtering schemes were implemented using explicit formu-
lations as provided in section 4. In order to perform the filtering
operation near the boundaries of the domain, the variables that
are filtered are extended outside of the domain according to a
Neumann boundary condition by creating a mirrored field. The
cell weighting values are calculated using numerical integration
over the cells within the neighborhood matrix.

6 PROBLEM SETUP
The design domain is a 1 cm by 1 cm square surface. The

north and south border correspond to adiabatic walls and the west
and east border are the fluid inlet and outlet respectively. A fixed
overall (static) pressure drop of 10 kPa over the heat sink is as-
sumed and used as the inlet and outlet boundary conditions. The
solid material corresponds to silicon, and water is assumed for
the liquid. All material and parameter values are the same as in
chapter 6 of Van Oevelen [11], except for the interpolation factor
q. Typically, q is gradually increased throughout optimization
to avoid getting stuck in local optima. In this work however, it
is kept constant at a reasonably low value q = 1 for algorithmic
comparison purposes. The domain is discretized into 800x800
cells. When using linear programming, the scale factor for the
L2-regularization term is equal to 100.

Regarding the filter methods, the filter radius is equal to
100 µm with linear weighting in all cases. Assuming deep reac-
tive ion etching is used to fabricate the microchannel heat sinks,
this filter radius corresponds to a manufacturable channel size
that currently is easily achievable. Consequently, we would like
any optimized designs to not contain features smaller in size than
the selected filter radius.

In cases when projection is used, the Heaviside step thresh-
old η is set at 0.5 and the steepness parameter β = 6. Selecting
a value for the steepness involves a trade-off between incom-
plete projection back to {0,1}-solutions for low values of β and
numerical instabilities in the optimization for high values. The
value used here is on the conservative side so as to not disturb
the optimization.
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7 OPTIMIZATION RESULTS
7.1 MMA

Figure 1 shows an optimized design without the use of a fil-
ter. Black corresponds to solid walls, white to fluid-containing
channels. The fluid inlet is on the left and outlet on the right.
It is immediately clear that this design contains a large amount
of very short and fine channels that, while beneficial for the heat
transfer to the fluid, are not readily manufacturable.

Figure 1. Optimized design without using a filter.

Figure 2 shows an optimized design using a design filter. The
effect of the filter is recognizable in the fact that the number of
very small channels and fine features is greatly reduced. How-
ever, there still are a few narrow channels that would fall outside
of the manufacturing constraints. Another observation is the lack
in connectivity between inlet and outlet channels, this is due to
the low value used for the solid inverse permeability αs.

As mentioned in section 4, design filtering tends to push
the porosity towards intermediate values. Sigmund [13]
used the measure of non-discreteness as a monitoring crite-
rion to quantify how much gray is in an optimized design,
Mnd = 4

n ∑
n
i=1 ε̃i(1− ε̃i) x 100%, with a value of 0% correspond-

ing to a fully discrete design and 100% to a design that is
completely gray. For the optimized design without filtering,
Mnd = 8.45%, which is already a relatively large value. Using
design filtering, this value increases to Mnd = 21.59%. To miti-
gate the increase in gray in the optimized designs, projection can
be used, the results of which are shown in figure 3.

Projection decreases the measure of non-discreteness to
Mnd = 12.71%. This value is not as low as the optimized de-
sign without filtering, confirming that the selected value for the
projection steepness β is not large enough.

Figure 4 shows an optimized design using a sensitivity filter.
The measure of non-discreteness in this case is Mnd = 1.54%.
Again, similarities exist in optimized layout when comparing the
sensitivity filter to the design filter. However, using sensitivity
filtering, a much larger portion of the optimized designs consists
of channels. This observation can also be linked to the value
used for αs, with additional simulations showing a rather unintu-
itive positive correlation between αs and the amount of white in
optimized designs.

In order to determine if grid independence can be achieved by
using filtering, a number of designs were optimized on varying

grid sizes between 50x50 and 800x800. Analysis of the results
showed that there were still considerable variations in the opti-
mized design topologies, indicating that grid independence is not
quite achieved with these methods. However, there are indica-
tions that the studied optimization problem is non-convex with a
large number of local minima. Our research suggests that MMA
is not particularly suited towards handling this type of problem,
and an alternative optimization algorithm should be used, if grid
independence were to be pursued.

7.2 Linear Programming
In order to demonstrate the equivalence between design and

sensitivity filtering under the conditions provided in section 4.5,
a number of optimization simulations were run on a 50x50
grid, and the design fields in each iteration were compared.
To quantify the difference between the filtering methods, the
root mean square (RMS) difference between the design fields

RMSdiff =
√

1
n ∑

n
i=1(εd,i− εg,i)2 was calculated and plotted for

each optimization iteration. The results can be seen in figure 5.
‘LP default’ depicts the RMS difference using quadprog with

default values for the optimization settings. ‘LP high tol’ is the
same simulation with the OptimalityTolerance parameter set to
10−12. For comparison, the RMS difference using MMA for both
design and sensitivity filtering has been plotted as well.

Figure 5 confirms the similarity in design fields using both fil-
ter methods, until the point where the constraints become active,
occurring after the 73rd iteration (denoted with the solid black
line). Beyond this point, the physical design fields ε̃ from both
filter methods start diverging. Using MMA with the constraints
applied to the controlled fields ε, optimization results almost im-
mediately diverge, as should be expected.

8 CONCLUSION AND FUTURE WORK
In this research we have applied design and sensitivity filter-

ing to topology optimization of microchannel heat sinks. Results
indicated that grid independence cannot be achieved using these
filter methods alone. These methods do go some way towards
ensuring manufacturability, however there is no direct relation
between the filter parameters in the optimization and actual man-
ufacturing constraint values such as smallest producible chan-
nel width, which means manufacturability cannot be guaranteed
for any given design. Finally, it has been shown that for uncon-
strained optimization, design and sensitivity filtering can produce
identical optimized designs under certain conditions, indicating
an equivalence between these methods.

Further research into a comparison of the filter methods in-
cluding constraints and the search for a possible equivalence for
these conditions is ongoing. Besides that, there are a number
of shortcomings in the modeling, such as the parameterization
of the solid material and too low value for αs resulting in non-
connectivity, and in the optimization algorithm MMA, where lo-
cal optima are an issue. Both of these issues will be tackled in
the near future as well, by looking into more suitable parameter-
ization methods and optimization algorithms.
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Figure: Optimized designs using various filters.

Figure 2. Design filter. Figure 3. Design filter with projection. Figure 4. Sensitivity filter.
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Figure 5. RMS-difference in design field for various optimiza-
tion algorithms.
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