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FIXED POINT RESULTS OF GENERALIZED
SUZUKI-GERAGHTY CONTRACTIONS ON f-ORBITALLY
COMPLETE B-METRIC SPACES

Bahru Tsegaye Leyew! and Mujahid Abbas!»?

In this paper, we introduce the concept of a generalized o-Suzuki-
Geraghty type contraction mapping and obtain fixed point results in the
framework of an f-orbitally complete b-metric space. The results proved
herein tmprove, generalize, and unify various comparable results in the ez-
isting literature. Some examples are presented to validate the effectiveness
and applicability of our main result. It is also shown that the presented
results are proper extensions of corresponding results in the existing litera-
ture. As an application of our obtained result, we establish the existence of
a solution of integral equations in the setup of b-metric spaces.
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1. Introduction and preliminaries

Fixed point theory deals with the conditions that guarantee the existence
of one or more points in a nonempty set which remain invariant under the
action of mapping. This theory has attracted considerable attention due to
its several applications in areas such as variational and linear inequalities,
optimization, and approximation theory. Banach contraction principle has
been generalized in many directions. In some generalizations, the contractive
nature of the mapping is weakened (see [3], [4], [8], [15], [16] ) and in other
cases, the structure of ambient space is generalized (see [3], [6], [7], [9] and
references therein).

In the sequel, N and R will denote the set of natural and the set of real
numbers, respectively. We set R} = [0, 00) and Ny = N U {0}.

Theorem 1.1. [8] If (X, d) is a compact metric space and f : X — X satisfies
d(fz, fy) < d(x,y) (1)
forall z,y € X, with x #vy. Then [ has a unique fized point in X.
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Theorem 1.2. [16] Let (X, d) be a compact metric space and f a self mapping
on X. If for any x,y € X with x # y,

%d(m, fz) <d(z,y) = d(fz, fy) <d(z,y), (2)

then f has a unique fized point in X.

Suzuki type fixed point theorems characterize the completeness property
of underlying metric spaces [15] but Banach contraction principle does not
characterize this property [5].

Definition 1.1. [2] Let X be a nonempty set, f: X — X and o € X. Choose
a point x1 € X such that x1 = fxo. Continuing this process having chosen
x1,...,Tk, we choose 1 € X such that v, = fx, = f" oy, n=0,1,2,....
The sequence {x,} thus obtained is called a sequence of successive approrima-
tions or Picard sequence with initial point xo. The set {xo, fzo, f*xo, [P0, ...}
is called an orbit of f at the point xy and is denoted by Of(xy).

Let 8 be the class of all mappings 8 : R — [0, %) which satisfy the
condition: lim,,_,. t, = 0 whenever lim,_., 5(t,) = % for some s > 1. Note
that 8 # (). For instance, a mapping 3 : R — [0, 1) given by 3(t) = te~% if
t >0 and fB(t) = 0 if ¢ = 0, qualifies for a membership of S.

Theorem 1.3. [9] Let (X,d) be a complete metric space and f : X — X
be a mapping. If there exists 3 : RE — [0,1) which satisfies the condition
lim,, o B(t,) = 1 implies that lim, . t,, = 0 and for any z,y € X, we have

d(fx, fy) < Bld(x, y))d(z,y), (3)

then f has a unique fixed point z € X. Moreover for any choice of an initial
point xg € X, sequence of successive approximations converges to z.

Definition 1.2. [10, 12, 14] Let X be any nonempty set and o : X x X —
R. A mapping f : X — X is said to be (i) a-admissible if a(z,y) > 1
implies that o fx, fy) > 1; (i) triangular a-admissible if it is an a-admissible
and a(x,z) > 1 and a(z,y) > 1 imply that o(z,y) > 1; (iii) an a-orbital
admissible if a(x, fz) > 1 implies that o(fz, f2x) > 1; () triangular o-
orbital admissible if f is a-orbital admissible and a(x,y) > 1 and a(y, fy) > 1
imply that o(zx, fy) > 1.

Lemma 1.1. [12] Let f be a self triangular a-admissible mapping on a nonempty
set X. If there exists xy € X such that a(xo, f(x0)) > 1, then a(f™xo, frxo) >
1 for all m,n € N with m < n.

Let X be any nonempty set and o : X x X — R. A mapping f: X — X
is said to have a property (H), if for any z,y € X with x # y, there exists
w € X such that a(x,w) > 1, a(y,w) > 1 and a(w, fw) > 1.
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Let f: X — X. We set
d
Nz, y) = max {d<x, ), d(z. f2),d(y, fu).

( d(z, fx)d(z, fy) + d(y,
d(z,y), 1+s(d(x )+ d(fx
L@.y) =maX 3 4o fa)d(e,fu) b dly. foydly,
\ 1+ d(z, fy) +d(y, fr)

(d(x,y),d(z, fx),d(y, fy),d(f*z, fx),d(f*z,y), )

Ld(2e ), e, ), DTV A0 T

My (z,y) = max d(z, fx)d(z, fy) + dy, fy)d(y, fz
1+ s (d(z,y) + d(fz, fyg)
d(z, fr)d(z, fy) + d(y, fy)d(y, f)

\ 1+d(x,fy)+d(y,fx) /
Definition 1.3. [12] Let (X,d) be a metric space and o : X x X — R. A
mapping f : X — X 1is called a generalized o-Geraghty contraction if there
exists a B : R — [0,1) such that nhig B(t,) = 1 implies that nIEEO t, =0 and
for any x,y € X, we have a(z,y)d(fz, fy) < B(N(z,y))N(z,y).
Theorem 1.4. [12] Let (X,d) be a complete metric space, a : X x X — R
and f: X — X. If following conditions hold:

(1) f is a generalized a-Geraghty contraction and a triangular a-orbital ad-

missible mapping;
(2) there exists xg € X such that a(xo, fzo) > 1;
(3) f is continuous.

(2, ) + dy, /)
G

Then f has a fized point x, € X and {f"xo} converges to x..

The concept of a b-metric space was introduced by Czerwik in [6]. Since
then, several papers have been published on the fixed point theory of various
classes of single valued and multivalued operators in b-metric spaces (see [6,
7, 11]).

Consistent with [1, 3, 7, 13], the following definitions and results will be
needed in the sequel.

Definition 1.4. [6, 7] Let X be a nonempty set and s > 1 a given real number.
A function d : X x X — R is said to be a b-metric if for any x,y,z € X, the
following conditions hold:
(bml) d(z,y) = 0 if and only if z = y;
(bm2) d(z,y) = d(y,x);
(bm3) d(z,y) < s (d(z,z) + d(z,y))
The pair (X, d) is called a b-metric space.
Example 1.1. [13] Let (X,d) be a metric space, and p(z,y) = (d(z,y))?,
where p > 1 is a real number. Then p is a b-metric with s = 2P~
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Note that a b-metric d : X x X — R is not necessarily continuous
in each variable. Also, if b-metric d is continuous in one variable, then it is
continuous in the other variable (see [1]).

Definition 1.5. [3] Let (X,d) be a b-metric space. Then a sequence {x,} in
X s called (a) Cauchy sequence if and only if for all € > 0 there exists n. € N
such that for each n,m > n., we have d(x,, ) < €; (b) a convergent sequence
if and only if there exists x € X such that for all € > 0 there exists n. € N such
that for all n > n. we have d(z,,z) < €. The b-metric space X is complete if
every Cauchy sequence {x,} in X is convergent to some point z € X.

Latif et al. [11] proved the following Suzuki type theorem in the context
of a complete b-metric space.

Theorem 1.5. [11] Let (X, d) be a complete b-metric space and f a triangular
a-admissible self mapping on X. If there exists a § € & such that for any
r,y € X,

1

5(1(1‘, fx) < Sd(xay> = S@(Q?,g)d(fx,fy) < ﬁ(L(x,y))L(:c,y).

Then f has a fized point provided that the following assertions hold:

(i) there exists xy € X such that a(xg, fzo) > 1;
(i) for any sequence {z,} in X with a(x,, x,11) > 1 for n € Ny such that
T, — T as n — 00, we have oy, ) > 1.

Definition 1.6. [4] A b-metric space X is said to be f-orbitally complete if
every Cauchy sequence in Of(xg) converges in X, where f is a self mapping
on X and xy € X.

Note that every complete b-metric space is f-orbitally complete. But the
converse does not hold in general.

Example 1.2. Let X = R. Define d(z,y) = |¢* —e¥|*. Then (X,d) is a b-
metric space with parameter s > 2. It is known that (a + b)? < 2P71 (aP + bP)
for all a,b >0 and p > 1. Let x,y,z € X. Then

e —e?|” < (le” — | + [e* — e'])* < 227 (e — " + |e* — e¥)

implies that d(x,y) < 2(d(x,2) + d(z,y)). The space (X, d) is not a complete
b-metric space. Indeed, for the sequence {z,} defined by x, = —n, there
exists N € N such that N < n < m implies that d(z,,xz,) = |e* — e*|* =
(e —e™? < e N 0 as N — oo. Hence the sequence {—n} is a b-Cauchy
sequence. However, {—n} is not convergent. If x, — x for some x € X, then
d(zy, ) = le™™ — e*|> = 0 gives that e* = 0, a contradiction. Let f : X — X
be the mapping defined by fx = xqy for some xy € X. Then (X, d) is f-orbitally
complete b-metric space.
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Definition 1.7. Let (X,d) be a b-metric space with parameter s > 1 and
a: X xX — R. A mapping f : X — X is called a generalized a-Suzuki-
Geraghty contraction if there exists a € 8§ such that for any x,y € X,

Sd(r, ) < sd(x,y) = sale,y)d(fr, fy) < Gy, )My(r,y). (7

2. Main Result

In the sequel, we assume that a b-metric d is continuous in one variable.

Theorem 2.1. Let (X,d) be a b-metric space with parameter s > 1, « :
XxX —=>Rand f: X = X. Assume that X is f-orbitally complete and the

following conditions hold:
(a) there exists xg € X such that a(xg, fzo) > 1;
(b) f is a generalized a-Suzuki-Geraghty contraction and a triangular o-
orbital admaissible;
(c) either f is continuous or for any sequence {x,} in X with a(x,, Tyi1) >
1 such that x, — x as n — oo, we have a(x,,x) > 1 for all n € Ny.
Then f has a fized point z in X and {f"x¢} converges to z. Moreover, [ has
a unique fixed point if condition (a) is replaced with the property (H).

Proof. Let xg be a given point in X such that a(zg, fzg) > 1. Define a sequence
{z,} in X by 2,41 = fz, = f"xy, n € Ny. Since f is a-orbital admissible,
we obtain that a(fzo, f2x¢) > 1, that is, a(z1,z2) > 1. Continuing this way,
we get a(x,,r,11) > 1 for all n € Ny, If x,, = x,,41 for some ny € Ny,
then x,, becomes a fixed point of f and the proof is finished. Assume that

Tps1 # x, for all n € Ng. Now we show that lim d(z,,x,.1) = 0. Clearly,
n—oo
1

Ed(xn, fx,) < sd(zp, xpi1). As a(rp, The1) > 1 and s > 1, we have

A(Tnt1, Tr2) = d(fTn, [Tn41)
< SOé(l’n, xn—i—l)d(fxm fxn—i-l) < B(Mf(xm $n+1))Mf<.In, ‘TTL-H);

where
( d(xm $n+1> (xm fxn)a d(xn+lv fxn—l-l)a d(fom fxn)a )

d(fzxm Tny1), i (fona fTni1), %d(fzxn, Tn),
d(xm fanrl) + d(xn+1, fxn)
2 )
d(.%’n? fxn) (l’n, fxn—i-l) + d(xTH—l? fmn—i-l)d(xn—kla fxn)

1 +s (d(xna anrl) + d(fxn; fxn+18) 7
d(£n7 fl'n)d(xna fajnJrl) + d(xn+17 fanrl)d Tnt1, fxn)

\ 1+ d(xrw fxn-i-l) + d($n+l> fxn) /
S max {d(x?% xn—l—l)a d(xn—‘rl? xn+2)} .

My (zy, Tpt1) = max
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Thus, we have
d($n+17 xn+2) S ﬁ(max {d<xn7 In—l—l); d(xn+17 $n+2)}) max {d(l’n, xn—l—l)a d(xn—i-h In+2)} .
If max{d(zp, xpni1), d(Tpi1, Tni2)} = d(Tpi1, Tnsz), then we obtain

d(Tn1, Tnia)

s S d(xn+1a xn-i—?)

d($n+1>$n+2) < 5(d($n+1axn+2))d($n+1>$n+2) <
a contradiction. Hence

A(@pt1, Tpya) < B(A(Tn, Tng1))d(@n, Tpg1) < d(Tn, Tngr). (8)

Thus {d(xy, xns1)} is (strictly) decreasing sequence of positive real numbers.
Consequently, there exists ¢ > 0 such that lim,, ., d(z,, z,+1) = ¢. We claim
that ¢ = 0. If not, then by (8) we have

d($n+1a xn—i—Q) d(xn+1a mn+2)

< Bld(wn,a011)) < -

sd(Tp, Tpi1) —  d(Tp, Tpir)
which implies that lim 8(d(z,%,41)) = * and hence lim d(z,, z,41) = 0, a
contradiction. Therg?()ioe nHOO
lim d(x,, x,41) = 0. 9)

n—oo

Now we show that {z,} is a b-Cauchy sequence. Assume on the contrary that
{z,} is not a b-Cauchy sequence. Then we may choose an ¢ > 0 such that for
all £ > 1, there exists ny > my > k with

d(Tpm,,, Tn, ) > €. (10)
Without any loss of generality, we assume that n; is the smallest index satis-
fying (10). Then
(T, Tnypo1) < € (11)
Note that
€< d(xmkv xnk) < Sd<mmk7 xmk-i—l) + Sd(xmk-i-l’ xnk)'

On taking upper limit as k£ — oo, we have

¢ < limsup d(Zmy, 11, T, )- (12)
S k—o0
Now we claim that either
1
§d(l’mk, f$mk) < Sd(xmk’ xnkfl) (13>
1
or §d(xmk+1, fm11)) < 8d(Tmps1, Tnp—1) (14)
hold for all £ € Ny. If not, there exists a ky € Ny such that
1 1

Ed(xmk()’fxmko) > Sd(xmkoaxnko—l) a‘nd §d(l’mk0+17 fxmko-f'l) > 3d<xmk0+17 xnko_l)’
(15)
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Now by (8) and (15), we have

d(xmko ) Imko"l‘l) < S(d(xmko ) xnk0—1> + d<xmk0+17 xnk0_1)>

1
2
1

1
< 5d(Tmy s fTm,,) + §d($mk0+1, [T, +1)

éd(‘%‘mko ) xmko-l-l) + éd(xmko-l-l? mmk0+2)

< Ty Ty 1) + 5@y s Ty +1) = @iy Ty 41)

a contradiction and hence the claim follows. Suppose that (13) holds. By
Lemma 1.1, it follows that a(x,,, xn,—1) > 1. Now by (7) and (12), we have

€ < slimsup d(zm, +1, Tn,) < Umsup sa(Tum,, Tn,—1)d(fTimys fTn,—1)

k—oo

k—o0 (16)

< lim Sup(ﬁ(Mf(:Emk, xnk—l))Mf(xmk’ xnk—l))'

k—o0

Note that

lim sup M (@, , Tnye—1)

k—o00
p

= lim sup max
k—o0

= lim sup max <
k—o0

\
< max {€, se, s€,0, €} = se.

Thus

d(l’mk, xnk—l)a d(xlmka f$mk)7 d($nk—1a {xnk—l)7 d(f2xmk> fxmk)a )
d(f2xmkaxnk71); gd(fomka fxnkfl)a %d<f2xmk>xmk)a
d LTy fxnk—l) + d(xnk—la fxmk)

(
2s ’
d(xmka fxmk)d(xmkv f$nk—1) + d(xnk—b fxnk—l)d('xnk—lv fxmk)
L+ s [d(@py s Try—1) + d(fTm,,, fTn,—1)] ’
(@ ) ATy S Tng1) + @, ST 1) A (T, f )
1 + d<xmk7 fxnk71> + d<xnk717 fxmk>

(.’L'mk, xnk—l)a d(xmka xmk-i-l)a d(znf_b :Enk)a d<xmk+27 xmk-i-l)a
(xkar?v xnk*1)7 _d(xmk+27 xnk)’ _d(xkar?? xmk)v

2s
d $mk7 xnk) + d(xnk—17 'ka—‘rl)

)

QU

(
25 ’
d(xmky xmk—i-l)d(xmka xnk) + d(xnk—la xnk)d(xnk—b a:mk—&-l)
I+ [d(xmk’ xnk—l) + d(xmk-i-lv :Bnk):l 7
d(xmm xmk‘f'l)d(xmk’ xnk) + d(xnk—la xnk)d Tny—1, xmk"!‘l)
1 + d(xmka xnk) + d(xnk—la xmk-l-l)

e <limsup (B(Ms(zp,, Tng—1)) M (T, Tnp—1)) < selimsup S(M¢(Tm,, Tnp—1))-

k—o0

As € 8, we obtain limsup (M (Tm,, Tn,—1)) =
k—o00

k—o00

k—o0

. Consequently, we have

1
lim My (2, , Tn,—1) = 0 and klim d(xp,,, Tp,—1) = 0. This further gives that
—00

lim d(z, , s, ) = 0, a contradiction to (10). We now assume that (14) holds.

k—o00
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Then by (10), we obtain that € < d(xp, , Tn,) < SA(Tpy,, Timy+2) +SA(Timy425 Tny )
which implies that

< < limsup d(Zm, +2, Tn, )- (17)

S k—o0

It follows from (9) and (11) that
lim sup d(xpm, 41, Tn,—1) < se. (18)

k—o0

Also, from Lemma 1.1, we have a(%,, 11, Zn,—1) > 1. Now

€ S slim sup d<xmk+27 xnk) S lim sup Sa(xmk+17 xnkfl)d(f‘rmk+17 fxnkfl)
k—o00 k—o0
< lim Sup(ﬂ(Mf<xmk+la xnk—l)))Mf(xmk.—i—la xnk—l)'
k—ro0
(19)

where

lim sup M (@, +1, Tny—1)

k—o0
p

d(xmk+1> $nk,1), d(xkarla fxmk+1>7 d(.’L’nk,h fxnkfl%

A(Tmpt1> fng—1) + (@ —1, [T, 11)
—d(f? k020 J T np—15 J Lmy
< limsupmax<{ 2s (f* 41, Ty 41), 7

S
k—o0 d($mk+1> fxmk+1)d($mk+17 fxnkfl) + d(ﬂﬂn,rl, fxnkfl)d(wnkfla fxkarl)

d(fokarl? fxkarl)a d(fomk+17 $nk,1), _d(fokarlu f‘rnkfl)7

1+ SJd(Qka_H, 'rnk_]-) + d(f'rmk"rl? fxn —1)]
d(xmk-&-lv fﬁmk+1)d Tmp+1, fxnk—l) + d(l‘nk—h fxnk—IS

d(xnk—la fxmk-i-l)

\ 1+ d<xmk+17 fxnk_l) + d<Ink—17 fxmk"!‘l)
= max { s¢, se, se, (5) €} = se.

Thus

e < limsup (B(M(Tmy+1, Tng—1)Mp(Zmpt1, Tnp—1)) < eslimsup B(My(Tmy41, Tng—1))

k—o0 k—o0

1
gives limsup B(M (T, +1, Tny-1)) = S s B € 8 which further implies that

k—o0

klim M (241, Tn,—1) = 0. Consequently, by (6) we have klirn A(Tpmys1s Tnym1) =
—00 —00

0 which further gives klim d(zp,, Ty, ) = 0, a contradiction to (10). Thus {z,}
—00

is a b-Cauchy sequence in the orbit O(z). Since X is an f-orbitally complete
metric space, {x,} b-converges to a point z € X. Now we prove that either

1

Ed(xn,f:cn) < sd(zp, 2) (20)
or %d(a:nﬂ,fxnﬂ) < sd(xpy1, 2) (21)

hold for all n € Ny. If not, there exists ng € Ny such that

1 1
§d(xn0,fxno) > sd(xp,, z) and §d(xn0+1, frngr1) > sd(Tngt1, 2). (22)

9
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Now by (8) and (22), we have

1 1
d(mnm $n0+1) <s (d(xnm Z) + d<xno+17 Z)) < §d($no> fxno) + §d($no+l> fxno+l)

1

1

= _d(‘rm)v mno-&-l) + §d(l‘no+17 $n0+2) < id(‘rno: mno-ﬁ-l) + §d($n07 xno-i—l)

2
- d(xno ) mno-i-l)

a contradiction. Hence either (20) or (21) hold for all n € Ny. Next, we prove

that z = fz. If not, then d(z, fz) > 0. Note that

lim My (x,, 2)

B (d(z,,2),d(zy, fr,),d(z, f2),d(f2r,, fr,),d(f*T., 2), )
ld(f%n, fZ), id(fZZL‘n, xn>’ d(mm fZ) + d(za f$n)7
s 2s 2s
= lim max d(xn,fxn)d(xn,fz) +d(2,f2)d(2,f$n)
nee 1+ s[d(x,, zg + d(fx,, fzg] ’
d(xp, fen)d(z,, f2) +d(z, f2)d(z, fz,)
L L+ d(z,, fz) +d(z, fx,) J
=d(z, fz).

If (20) holds for all n € Ny, then we have,

d(z, fz) < s lim
n—oo

< s lim
n—o0

(
(

d(Z7 ‘r”+1> + d<13n+1, fZ)) - th_glo (d(fflfn, fZ) + d(xn-i-la Z))
So(Tp, 2)d(f2n, f2) + d(Tni1, 2))

< s lim (B(Mj(zn, 2)) My (2, 2) + d(zn 41, 2))
< ol . :
< snh_g)lo B(Mf(xn,z))nh_}rgo My(xn, 2) + th_{& d(xpi1,2)
<s lim B(M¢(zn, 2))d(z, f2).
n—oo

This further implies that * < lim S(M/(z,,z)). Consequently, we have

n—o0

lim (M, (2, 2)) = é

n—oo

and hence lim My (z,, z) = 0. That is d(z, fz) = 0, a contradiction. Similarly,
H

if (21) holds for all n € Ny, then we have d(z, fz) = 0, a contradiction. Hence
z is a fixed point of f. To prove the uniqueness: Let z and z* be two fixed
points of f such that z # z*. Then by condition (H), there exists w € X
such that a(z,w) > 1, a(z*,w) > 1 and a(w, fw) > 1. Since f is a triangular
a-orbital admissible, we obtain that a(z, f"w) > 1 and «a(z*, f"w) > 1 for all
n € No. As 3d(z, fz) = 0 < sd(z, f"w), by (7) we have

d(z, "M w) < sa(z, ffw)d(z, fw) < B(My(z, fhw))Ms(z, ffw) (23)
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for all n € Ny, where

( d(27 fnw)’ d(z’ fZ), d(f”w’ fn—‘—lw)’ d(f227 fz)a d(fQZa fn,w)’ )
nt1 n
Lo, ), a2, 4SO A 1)

2s
My(z, fhw) = max {  d(z, fz)d(z, S w) +d(fhw, [T w)d(fMw, f2)
Ltsld(z, frw) + d(fz, [ w)] ’
d(z, f2)d(z, f"w) + d(f"w, [ w)d(f"w, f2)
( L4 d(z, frHiw) +d(frw, f2) /
Note that the sequence {f"w} is a Picard sequence that converges to a fixed

point z** of f. On taking limit as n — oo on both sides of the above equality,
we get

)

lim My (z, f"w) = lim max
n—oo n—oo

=d(z,2").
If z £ 2**, then from (23) and (??) we have

n+1 n+1
o ) d (e )
s n—oo SMy(z, frw) ~ n—oo My(z, frw)
that is, lim B(M/(z, f"w)) = L. Consequently lim M (z, ffw) = d(z,2**) =
n—oo n—oo
0, a contradiction. Therefore, z = z**. Similarly z* = z**. Thus we have z = 2*,
a contradiction. Hence the result follows. 0

{ d(z, [ w) (f227f"w),§§i(f227 frtw), }
z

< lim SOz, f"0) <

Remark 2.1. As complete b-metric space is f-orbitally complete b-metric
space and triangular a-admissible mapping is triangular a-orbital admissible
mapping (but the converse does not hold in general [12, Example 7]), replacing
My(z,y) with L(x,y) in Theorem 2.1, we obtain Theorem 1.5 as a special case
of Theorem 2.1. We also observe that Theorem 2.1 extends Theorem 1.4 which
in turn generalize Banach contraction principle and Theorems 1.1, 1.2, and 1.3.

The following corollary is the generalization of Theorem 1.4 in the context
of b-metric spaces.

Corollary 2.1. Let (X,d) be a b-metric space with parameter s > 1, f € 8,
and o : X x X — R. Suppose that a mapping f : X — X is such that for any
r,y € X,

S0z, f2) < sd(z.) = sale,y)d(fr. fy) < BN )N ().

If X is f-orbitally complete and the following conditions hold:

(a) f is a triangular a-orbital admissible mapping;
(b) there exists xo € X such that a(xg, fxg) > 1;
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(c) either f is continuous or for any sequence {x,} in X with a(xy,, Tpi1) >
1 for n € Ny such that z,, — = as n — oo, we have o(x,,x) > 1 for all
n e No.

Then f has a fized point z in X and {f"xo} converges to z. Moreover f has
a unique fized point if condition (b) is replaced with condition (H).

If we set B(t) = %, M(z,y) = N(z,y) and a(z,y) = 1 for all z,y € X
in Theorem 2.1, then we have the following result.

Corollary 2.2. Let (X,d) be a b-metric space with parameter s > 1 and
f: X = X. If for any x,y € X, %d(:p,f:v) < sd(z,y) implies sd(fz, fy) <
%N(m,y). Then f has a unique fized point z in X and {f"zo} converges to z
for any choice of xo in X provided that X is f-orbitally complete.

Corollary 2.3. Let (X, d) be a complete b-metric space with parameter s > 1
and f : X — X. If foranyz,y € X, %d(:v,fa:) < sd(x,y) implies sd(fx, fy) <
%d(m,y). Then f has a unique fized point z in X and {f"xg} converges to z
for any choice of xo in X.

Proof. Take N(x,y) = d(x,y) for all x,y € X in Corollary 2.2. O
Example 2.1. Let X = {1, 29,73, 24}. Defined: X x X — R] by

d(w1,72) = d(21,73) = zll, d(w1,14) = d(w2,73) = d(13,74) = %, d(w2,14) = 1,
d(z,z) =0 and d(z,y) = d(y,z) for all z,y € X.

As 1 =d(z9,4) & d(w2,21) + d(z1,24) = 3, d 15 not a metric on X. Clearly,
(X, d). is a complete b-metric space with parameter s > 3 > 1. Define a
mapping f: X — X by

fff — Iy, fo = T1,T2, 23,
o, if T = 1y4.

Let 8 : Ry — [O,%) be defined by [(t) = S—Jlrt Clearly for any x € X, any
sequence in Of(x) converges to 1 € X. Hence (X,d) is f-orbitally complete
b-metric space. Let

B _ { (xlaxl)a (wla .ZL'Q), (IQ,JH), (wla 1'3), ('CCZVIQ)v }

(22, 23), (23, 71), (T3, 22), (73, 73), (T2, 74) [~
Define a: X x X = R{ by a(z,y) = (1) Zoft}(z:z;“%si B Af x € {zy, 29, 23},
then a(z, fx) = alx,r1) = 1 implies that o fzx, f?z) = alry, ) = 1. If
r = x4, then a(z, fx) = 0. Hence for any x € X, a(z, fxr) > 1 implies
that o(fx, f2x) > 1. If v,y € {x1, 29,23}, then a(z,y) = 1 and aly, fy) =
aly,x1) = 1 imply that o(z, fy) = a(z, 1) = 1.If © = x9 and y = x4, then
alz,y) =1 and a(y, fy) = a(y,za) = 0. Hence for any z,y € X, a(x,y) > 1
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and oy, fy) > 1 imply that a(x, fy) > 1. Therefore f is a triangular a-orbital
admissible mapping. Note that, for any x,y € X, the inequalities

1 4
Ed(l',fl') < gd(a:,y)anda(x,y) > 17

give
(m7y) c (.’I)l,xl),(37171'2),(.’1;2,1'1),(.@1,1'3),
(22, 23), (3, 71), (T3, T2), (T2, 4)
As b- metric d is symmetric, we focus only on the set

{(21, 1), (21, 22), (21, 73), (T2, T3), (T2, ¥4) }

If x,y € {x1, 19,23}, then we have

sale,)d(fe, fy) =0 < 5 (My(a,y)) My(r,y).
If x = x9, y = x4, then we obtain that
4 4 4 1
goz(x,y)d(fx,fy) = 504(372,$4)d(f$2, fry) = §d(951,332) — 3
< 2 = B (dlws, 22)) (s, ) < B (My (2, 20)) My (s, 1)

Therefore, for any x,y € X, 1d(z, fz) < 3d(x,y) implies that
sa(@,y)d(fz, fy) < B(Mg(z,y))My(z,y).

Thus all the conditions of Theorem 2.1 are satisfied. Moreover, z = x1 s a
fixed point of f. On the other hand,

alxzy,za) =1, a(rs,x4) =1 and o(x1,x4) = 0.

Thus f is not a triangular a-admissible. Hence Theorem 1.5 is not applicable
in this case.

Example 2.2. Let X = {x1, 79, 23,74, 25} Defined: X x X — RS by

d(xy,x9) = d(z1,23) =8, d(x1,24) = d(x1,25) =6, d(xg,24) =12,
d<:[;27 .fl:'g) = d(x% .’13'5) = d(x37 $4) = d(l’g, xf)) = 27 d($4, 33'5) = 45
d(z,z) =0 and d(z,y) = d(y,z) for all z,y € X.

Since 12 = d(xq, x4) £ d(xa, x5)+d(x5,x4) = 6,and 12 = d(z9, 4) % d(ze, z3)+
d(xs3,x4) = 4,hence d is not a metric on X. Clearly, (X,d) is a complete b-
metric space with s > 3 > 1. Define the mapping f: X — X by

Ty, me = T1,x2, T3,
fr= Ty, if T = 14,
x3, if t = ;.

Let 8 : Ry — |0, %) be defined by 5(t) = %. Clearly for any x € X, any sequence
in Of(z) converges to xy € X. Hence (X,d) is f-orbitally complete b-metric
space. Let
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(x37 $3)7 ($47 1‘4), (x47 $5), (*1'57 1‘4), (x57 x5)

C_ { (x1,21), (1, 2), (w2, 1), (21, 23), (T2, T2), (T2, T3), (T3, 1), (T3, T2), }

Definea: X x X — RS by a(x,y) =1 if (r,y) € C and a(z,y) = 0 otherwise.
If v,y € {x1,x0, 23}, then a(x,y) = 1 implies that o fz, fy) = a(z1,21) = 1.
If v,y € {4, x5}, then a(x,y) = 1 implies that a(fx, fy) = 1. Thus for any
z,y € X, a(z,y) > 1 implies that a(fx, fy) > 1. If x,y,z € {x1,x9, 23}, then
alz,y) =1 and a(y,z) = 1 imply that a(x,z) = 1. If x,y,z € {xy4, x5}, then
alz,y) =1 and a(y, z) = 1 imply that a(x,z) = 1. Hence, for all x,y,z € X
we have a(x,y) > 1 and a(y,z) > 1 imply that a(x,z) > 1. Also, if ©x €
{z1, 19, 23}, then oz, fx) = 1 implies that o fx, fx) = 1 and if v € {x4, x5},
then we have a(x, fx) = 0. Thus, for any ©r € X, a(x, fz) > 1 implies that
alfx, f2x) > 1. For all z,y € {x1, 72,23}, alz,y) =1 and a(y, fy) =1 imply
that oz, fy) = 1. For x,y € {x4, x5}, we have a(z,y) = 1 and a(y, fy) = 0.
Hence, for any z,y € X, a(x,y) > 1 and a(y, fy) > 1 imply that o(z, fy) > 1.
Therefore f is a triangular a-orbital admissible mapping. Note that, for any
x,y € X, the following inequalities %d(m, fx) <3d(z,y) and a(z,y) > 1, give

(z,y) € {(z1,21), (21, T2), (T2, 71), (71, T3), (2, T3), (3, 71), (T3, T2), (T4, T5), (T5,74) } -

As b- metric d s symmetric, we focus only on the set

{(z1, 1), (71, 22), (21, 3), (2, 73), (T4, 25) } -

Ifz,y € {z1, 22,3}, then we have 3a(z,y)d(fz, fy) =0 < B (My(z, )) M ( )
x € {x4,25}, then 3a(x,x)d(fz, fr) = 0 < B(Mf(x x)) My(x,x).If v =
y = x5, then

3a(z,y)d(fx, fy) = 3a(zy, x5)d(fra, f2s5) = 3d(22,73) =6
<10 = B (d(z2, x4)) d(z2, T4)
< B (My(x4,75)) My(24,25).

Therefore, for any z,y € X 3d(x, fx) < 3d(z,y) implies that 3a(x, y)d(fz, fy) <
B(M¢(z,y))Ms(z,y). Thus all the conditions of Theorem 2.1 are satisfied.
Moreover, z = x1 s a fixed point of f. On the other hand, if we take x = x4,

y = w5, then 3a(z,y)d(fz, fy) = 3a(zs, 5)d( [z, frs) = 3d(z2,23) = 6 %
Y — B (L(x4,25)) L(x4, x5),where

3
d(l'4, $2)d($4, 513'3) + d(l'g,, l’g)d(l'g), ill'g)

N 25 S a,70) + () | _ 28
d(w4, 22)d(4, v3) + d(25, 23)d (75, 72) |

1 + d(l’4, IL‘3) + d(l’5, IL‘Q)

L(z4, x5) = max

o

Hence Theorem 1.5 does not hold in this case.



14 Bahru Tsegaye Leyew, Mujahid Abbas®

3. Applications to existence of solutions of integral equations

We consider the following integral equation:

b
u(r) =v(r) + )\/ G(r,z)F(z,u(2))dz, (24)

for all 7 € [a,b], where A € R, G : [a,b] X [a,b] = RS, F: [a,b] x R - R, v :
la,b] — R are known continuous functions. Let X = Cla,b] ={ g:[a,0] = R
is continuous} and d : X x X — R{ be the b- metric defined by

d(u,v) = max |u(r) —v(r)[*. (25)

a<r<b

Define the mapping f : X — X by
b
fu(r) =v(r) + )\/ G(r,2)F(z,u(z))dz, r € |a,b]. (26)

Note that (X, d) is a complete b-metric space. Let the mapping o : X x X —
R{ be defined by a(z,y) =1 for all z,y € X.

Theorem 3.1. If the following conditions hold:

(1) [N <1 for X € R;

(2) max f; G*(r, 2)dz < : ! ;
(3)

(4)

a<r<b —a
3) for any z1,29 € R, s > 1, we have |F(z,z) — F(z, z2)\2 < ﬁ |21 — 20|*;

1
4) for any x,y € X and s > 1, we have §d(x, fr) < sd(z,y).

Then the equation (24) has a unique solution u* € X.
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Proof. By Cauchy-Schwarz inequality and the conditions (1)-(3), we obtain

that
| }

sd(fuy, fug) < 8({2?2{!)”“1(7" fua(r)|?
b
< s |A]” max {/ G?(r, 2 dz/ |F(z,ui(2)) — F(z,uQ(z))|2dz}

G(r,z)(F(z,u1(2)) — F(z,us(z2)))dz

a

=% max{
a<r<b
a<r<b
:s|/\|2{max/ G*(r, 2) } {/ |F(z,ui(z F(Z,UQ(Z))|2dZ}
a<r<b
1 1
<ot (b o [ e - wep s}

f 1\ 1" s
< s|A| {b— }— max |uy(r) — ue(r)|” dz

a) 2s? ), a<r<b
2
A]° > Al

A 1
=0y H<1a2<b luqg (r) — us(r)]” = gd(ul,m) < %d(ul,m).

Hence, all the conditions of Corollary 2.3 are satisfied. Therefore the mapping
f has a unique fixed point u* € X, that is, the integral (24) has a unique
solution in X = Cla, b]. O

4. Conclusions

In this paper, we presented the concept of a generalized a-Suzuki-Geraghty
type contraction mapping and obtained fixed point theorems for such mappings
in the framework of f-orbitally complete b-metric space which improve, gen-
eralize, and unify various comparable results [8, 9, 11, 12, 16] in the existing
literature. Examples are given to prove that the generalization is proper and
important one. These main results obtained here can be applied in the exis-
tence of a solution of Integral equations.
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