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ABSTRACT 
      This study numerically investigated influence of non-

uniform circumferential heat flux distributions boundaries on 

secondary flow, internal heat transfer and friction factor 

characteristics of a horizontal circular tube in turbulent mixed 

convection regime. A three dimensional steady-state 

numerical simulation for inlet Reynolds number of 3 030 to 

202 400 was implemented on ANSYS Fluent version 14. The 

circumferential non-uniform heat flux distribution was 

simulated as a sinusoidal function of heat flux incident on the 

tube model. The k-ε model was used to simulate the turbulent 

flow of the heat transfer fluid through the tube model.  A 

steel tube with wall thickness of 5.2 mm, length to inner-

diameter ratio of 160 and thermal conductivity of             

16.27 W/mK was used. The tube-wall heat conduction and 

the external heat flux losses via convection and radiation 

were also considered. It was found that circumferential spans 

of non-uniform heat flux distributions boundaries have 

significant effects on the buoyancy-driven secondary flow for 

Reynolds number range of 3 030 to 9 100. The Richardson 

number increased with the circumferential span of the heat 

flux boundary due to buoyancy-effects and the internal heat 

transfer coefficient was higher than where buoyancy-effect 

was neglected. Internal heat transfer coefficients and friction 

factors for non-uniform heat flux cases were found to be 

higher than the uniform heat flux cases. These revealed that 

at Re less than 9 100, secondary flow effects, heat flux 

intensities and heat flux distributions boundary type must be 

considered in determining internal heat transfer and friction 

factors characteristics of the tube. Internal heat transfer 

coefficients increased with fluid inlet temperatures, while 

friction factor decreased with an increase in fluid inlet 

temperatures. For Re above 9 100, internal heat transfer 

coefficients and friction factors are independent of secondary 

flow effects, heat flux intensities, circumferential spans of 

heat flux distributions and heat flux boundary type. This 

indicates that classical correlations are suitable for higher 

Reynolds turbulent flow, but in laminar and low Reynolds 

turbulent flow regimes, classical equations were not suitable 

for non-uniform heating.  

 

Key words: non-uniform heat flux distributions; turbulent 

mixed convection; secondary flow; internal heat transfer 

coefficient; friction factor.   

 

INTRODUCTION 
     Heat transfer and fluid flow in circular tubes in turbulent 

regime are very essential in many engineering applications 

such as heat exchangers, solar thermal collectors, boilers and 

other industrial equipment. In these systems, the exterior  

NOMENCLATURE  
A 

 
[m2]

 
surface or cross sectional area

 

f
 

[-]
 

Darcy friction factor 
g  

Gr 

[m/s2] 

[-] 

acceleration due to gravity 

Grashof number 

h, h   
[W/m2K] heat transfer coefficient and average heat 

transfer coefficient 

I [-]
 

number of segments which receives heat flux 
In [-]

 
turbulent intensity 

k  [W/m K] thermal conductivity   

L, LTOT  [m] axial dimension and total axial length of tube 
M [-]

 
total number of the axial divisions 

(m, n) [-] numerical surface location                

N [-] total number of the circumferential divisions 

Nu Nu  
Pr 

[-] 

[-] 

Nusselt number and average Nusselt number 

Prandtl number 

q  [W] heat transfer 

q   [W/m2] heat flux 

R , R
   

 [m] radius and average radius 

r 

Re 
Ri  

[m] 

[-] 
[-] 

radial coordinate  

Reynolds number 
Richardson number 

T, T  
[K] temperature and average temperature 

t  [m] tube wall thickness 

v, v  [m/s] velocity, average velocity 

x [m] axial coordinate 

     Greek Letters 
  [°] angle span of the heated segment of the tube 
β 

θ 

[K-1] 

[-] 

thermal expansion coef. of heat transfer fluid 

temperature factor  
  [kg/m3]     density of the heat transfer fluid 

  [°] angle span of each circumferential division 

or tangential dimension 

     Subscript 

a , atm free stream air , atmosphere
 

∞ radiant surroundings
 

b bulk fluid property 

conv convection
 

f , i fluid, factor, inner surface
 

m, n at position m, n
 

o outer surface
 

r , rad in radial direction , radiation
 

tu ,w
 

tube , wall
 

 

walls of the tubes are usually subjected to either 

circumferential uniform or non-uniform heat flux boundary 

conditions. A number of experimental and numerical studies 

have been conducted for horizontal tubes with uniform heat 

flux boundary conditions [1-4] for forced-convection flow at 

high Reynolds numbers and neglecting the low turbulent 

mixed convection regime. For a horizontal circular tube, 

under the influence of gravitational field and non-uniform 

circumferential heating condition, the buoyancy-driven 

secondary flow in the week turbulent flow regime could still 

have significant effects on the forced-convection heat transfer 

and could also differ significantly from that of the uniform 
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heating case. Considering the buoyancy-driven secondary 

flow phenomenon, the classical heat transfer correlations, for 

uniform heating condition, could be inappropriate for 

determining heat transfer characteristics of such a horizontal 

circular tube with non-uniform heating boundary condition. 
Studies that could provide information on the effects of 

buoyancy-induced secondary flow in the weak turbulent 

mixed convection heat transfer for the non-uniform heat flux 

boundary cases are still lacking in the literature. This could 

be due to the complexity of such thermal boundary conditions 

and the difficulties in achieving the non-uniform thermal 

boundary conditions in an experimental set-up. 

Peyghambarzadeh[5] and Grassi and Testi [6] experimentally 

investigated the turbulent mixed convection in the entrance 

region for uniformly heated horizontal tubes. The present 

study numerically investigates the influence of different 

circumferential spans of non-uniform heat flux distributions 

boundary on secondary flow, internal heat transfer and 

friction factor characteristics of a horizontal circular tube in 

turbulent mixed convection regime. The influence of 

different fluid inlet temperatures on the internal convective 

heat transfer coefficient and the friction factors for the tube 

model in the turbulent mixed convection regime are also 

investigated for two base-levels non-uniform heat flux 

intensities.  

 
PHYSICAL MODEL AND PROBLEM DESCRIPTION 
      Figure 1 gives a representation of the geometry of the 

tube model being considered in a horizontal orientation. It 

has an outer radius of Ro = 73 mm, a wall thickness of            

t = 5.2 mm, length to inner-diameter ratio of approximately 

160 and a thermal conductivity of 16.27 W/mK. The tube 

model is divided into NM  number of sections in the axial 

and circumferential directions.  
 

 
Figure 1 Geometry of the tube model. 

 

    
 

Figure 2 Cross-section of the tube model in Figure 1 

     Figure 2 is the cross-section of the tube model, under the 

influence of the gravitational field (g), and non-uniform heat 

flux distribution flux boundary (indicated by red shading) 

with maximum intensity from the bottom portion of the tube 

for a circumferential span of α.  The temperature differential 

along the circumferential wall of the tube due to the non-

uniform heat flux distributions could create density variations 

within the fluid. In the weak turbulent flow regime, the 

buoyancy-induced secondary flow could have significant 

effects on the pure forced-convection heat transfer under the 

non-uniform heating condition and the effects could also 

differ from that of the uniform heating case. This situation 

needs to be investigated for the case of a horizontal circular 

tube. Also, the available heat transfer correlations for uniform 

heating conditions in the turbulent mixed convection regime 

may not be suitable for non-uniform heating boundary 

condition.  

 
NUMERICAL FORMULATION AND HEAT 
TRANSFER MODEL 
     In Figure 2, the circumferential wall of the tube model 

was divided into N = 36 segments for the purpose of 

simulating the circumferential non-uniform heat flux 

distributions boundary around the tube. Each of the segments 

subtends an angle span of   defined as: 

                                N




2


  
                                             

(1)                                                                     
 

The segment, 1in  (in a clockwise fashion) represents where 

the heat flux distribution starts and can be expressed in terms 

of N in equation (2).
   

                     

 
1

2
1 




I
n

N
i

                                              
(2) 

where n = 1, 2, 3… N = 36, and i = 1, 2, 3… I.  I is the 

number of segments of the tube model which directly 

received the heat flux expressed in equation (3) and α is in 

the multiple of 20°. 

                        NI




2
                                                      (3)                                                                      

By applying the energy balance principle on the element at 

(n, m) shown in Figure 1, a heat transfer model under steady-

state condition can be obtained in equation (4).  

      
),(,,),(,,)1,(,

),(,),1(,),(,),(,),(,

 nmradonmconvonm

nmnmxnmxnminmo

qqq

qqqqq












          (4) 

 

Where qo,(m,n) is the heat transfer rate on the outer wall surface 

at location (m, n) given in equation (5) as follows:  

 

                       onmonmo Aqq ),(,),(,                                        (5)                                                         

 qi,(m,n) in equation (4) is the heat transfer rate to the working 

fluid at location (m, n) expressed as follows: 

 

            
)(. ,),(,),(,),(,),(, mbnmwinminminmi TTAhq                    (6)                             

 

where hi,(m,n) is the local internal heat transfer coefficient, 

Ai,(m,n) is the inner wall surface area, Twi,(m,n) is the inner wall 

temperature and mbT ,  
is the fluid bulk temperature. The 

average circumferential internal heat transfer coefficient at 
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position m, mih , , is related to the average Nusselt number at 

position m as follows: 

                         
f

imi
mi

k

Rh
Nu

2,
, 

                                       

(7) 

                                                               

 

The average circumferential internal heat transfer coefficient 

can be expressed as: 

                
 mbmiwi

N
n nmi

mi
TTLR

q
h

,,,

1 ),(,
,

2 


 


                              

(8)

                                                         

 

miwT ,, is the circumferential average local inner-wall 

temperature.
 ),(, nmq  and )1,(, nmq  in equation (4) are the 

conductive heat transfers in the tangential direction modeled 

from the Fourier law of heat conduction [7]. Also, ),(, nmxq  

and ),1(, nmxq   are the conductive heat transfers in the axial 

direction modeled from Fourier’s law of heat conduction. 

While ),(,, nmconvoq  is the forced convective heat transfer loss 

from the outer-wall surface at (m, n) to the surroundings 

modeled from Newton’s law of cooling and ),(,, nmradoq  is the 

radiative heat transfer loss to the surroundings modeled from 

the Stefan-Boltzmann law of emissive [7].  

    The
 

mih ,  and miwT ,,  in equation (8) are determined by 

performing numerical simulations implemented in ANSYS 

Fluent version 14.0 [9] for a three dimensional steady-state 

and turbulent flow at Re = 3 030 to 202 400 for different 

circumferential spans of uniform and non-uniform heat flux 

distributions boundaries.   

 
FLUID FLOW THROUGH THE TUBE MODEL 
    The fluid flow through the tube model in Figure 1 was 

assumed incompressible, a three dimensional steady-state and 

turbulent flow. The friction factor ( f ) for the tube model is 

expressed in equation (9) in terms of total pressure drop (Δp) 

over the tube length (LTOT) [8].   

                    

P
vL

R
f

TOT

i 
2

22

                                                    

(9) 

The governing equations for the fluid flow and heat transfer 

in the tube model were the continuity, momentum and energy 

equations presented in vector form [10] given as follows:          

Continuity:          0 V


                                              (10)                                                                    

Momentum:  gVpVV


  2)(                     
(11)

                                                  
     

Energy:          )())(( TkTcVV p  


                           
(12)

                                                                   
 

where     
xrrr 
















11

  

and

 

xr vvvV  



 

 

BOUNDARY CONDITIONS 

     The following boundary conditions were applied:  

(i) Inlet boundary conditions (x = 0): 

         ,rmx  uniform and  mmr  0 kg/s                 (13)   

           obf TrT ,),( 
 
=

 
300 K                                          (14)   

 (ii) Outlet boundary condition (x = LTOT): 

             
  atmpPrP ,

                                                
(15)  

The turbulence variables at the inlet and outlet of the tube 

model were applied using an empirical relation for the 

turbulence intensity (In) [9] expressed in equation (16):  

                  
8
1

Re

16.03

2


avgv

k

In                                           (16) 
 

(31) 

 (iii) Tube inner wall surface boundary condition (r = Ri):
    

               
0 xr vvv                                                   

(17) 

(iv) External wall surface boundary conditions (r = Ro): 

The external wall surface boundary conditions used for the 

uniform and non-uniform heat flux distributions are given in 

Table 1. Two different heat flux intensities base-levels,       

q  =7.1 kW/m
2
 and 14.7 kW/m

2
 were used.  The sinusoidal 

function in Table 1 was based on the ray-tracing of heat flux 

distribution simulation results of Häberle et al. [11], where 

the lower segments of the tube model received the higher 

heat transfer rates and then decreased towards the upper 

segments, as in the case of the absorber tube receiver of a 

linear Fresnel solar collector. 
(v) Near-wall flow boundary condition: 

The k-ε two-equation turbulence model cannot be applied in 

the regions close to the solid boundary where viscous effects 

are dominant over turbulence [12]. The standard wall 

function in ANSYS Fluent [9] was adopted for solving the 

near-wall region flow in the tube inner-wall. 
 
Table 1 External surface heat transfer boundary conditions 

Heat flux 

distribution  

Heat transfer on 

external surface 

Wall element 

range 

1) Irradiated  

Elements: 

(i) Sinusoidal 

non-uniform 

heat flux cases: 













 )
2

1
(

 sin

1

),(,

i

nmo

nn

qq






 

 
and ],1[ Mm    

 ),[ 11 Innn ii    

(ii) Uniform 

heat flux cases: 

2
),(, qq nmo 

 

and ],1[ Mm
    ),[ 11 Innn ii  

 2) Unirradiated 

element: 
0),(,  nmoq  ],1[ Mm  and

  
),[ 11 Innn ii    

Associated fully 

uniform heat 

flux cases: 
2).(,




qq nmo   

and ],1[ Mm
         ),[ 11 Innn ii  

 

 
NUMERICAL METHOD AND MODEL VALIDATION 
     Equations (10) – (12) were solved numerically by the 

finite volume method described by Patankar [13]. The 

convective terms in the momentum and energy equations 

were discretised and solved using a second-order upwind 

scheme and the standard SIMPLEC algorithm was used for 

the pressure-velocity coupling. The k-ε model was used to 

simulate the turbulent flow of the heat transfer fluid through 

the tube model and standard wall function was used for 

solving the near-wall region flow problems. A series of grid 

independence study was conducted in terms of the outlet 

temperature rise of the heat transfer fluid to ensure that the 

grid was sufficiently fine not to have a significant impact on 

the numerical results. The convergence criteria for the 

continuity, momentum and energy equations were set at 

minimum residual values of 10
-6

 and 10
-8

 respectively. The 

heat flux boundary conditions in Table 1 were implemented 

according to the angular position of the boundary cell via 

user defined functions. The thermal properties of the heat 

transfer fluid and the tube material were assumed constant 
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Figure 3 Numerical Nusselt number compared with Nusselt 

number experimental correlations. 

 

and independent of temperature, except for the fluid density 

(ρ) [8] expressed as temperature dependent [ρ = ρo(1-β∆T)]. 

     The model was validated by comparing the numerical 

friction factor and Nusselt number values with friction factor 

and Nusselt number correlations [8] in terms of f, Re, and Pr, 

for turbulent flow in circular tubes, for uniform heat flux 

base-level intensity of 7.1 kW/m
2
. Figure 3 shows that the 

numerical results agreed with the Nusselt number correlations 

and that of the friction factor (figure not shown here).   

 
RESULTS AND DISCUSSION 
     Figure 4 is the visual results indicating the temperature 

contours for different circumferential span (α) of the 

sinusoidal non-uniform heat flux distributions base-level 

intensity of 7.1 kW/m
2
, in the low turbulent flow regime and 

Reynolds number of 5 100. 

 

   
 
Figure 4 Temperature contours for different circumferential 

sinusoidal non-uniform heat flux distributions. 

 

       The non-uniformity of the tube-wall temperature in 

Figure 4 is demonstrated in Figure 5, where the non-uniform 

temperature factor, f  defined in equation (18) is plotted 

against the circumferential position (n) for different α values.  

               
bniw

bnow
f

TT

TT






)(,,

)(,,
                                           (18) 

               



N

n
nmiwniw T

N
T

1
),(,,,,

1

              
 

)(,, niwT is the local average circumferential inner-wall 

temperature and )(,, nowT   is the local outer-wall temperature 

of the tube for segment n.  

 

 
 

Figure 5 Non-uniform temperature factors at different spans 

of non-uniform heat flux distributions boundaries. 

 

Figure 10 shows that f  is maximum at the peak of the 

profiles (n ≈ 18 and 19), which corresponds to the lower 

central portion of the tube with the maximum incident heat 

flux. In equation (18), for 0f , the outer-wall temperature 

is equal to the bulk fluid temperature, which implies no heat 

transfer from the outer-wall to the fluid at segment n.
 
For

0f , it indicates significant heat transfer from the outer-

wall to the fluid at segment n. Towards the two ends of the 

profiles, 0f
 
indicating heat loss from the fluid at segment 

n and this occurred towards upper region of the tube which 

received insignificant heat flux.
 
 

 
Richardson number for non-uniform heat flux heat 
flux boundaries 
       For a horizontal tube with a circumferential non-uniform 

heating, a secondary flow motion is induced due to fluid 

density differential. This result in counter-rotating transverse 

vortices superimposed on the axial pure forced-convection 

flow, which increases the fluid mixing and thereby increasing 

the internal heat transfer rate. The Richardson number (Ri) 

[8] expressed in equation (19) indicates the relative strength 

of the induced buoyancy-driven secondary flow to the pure 

forced-convection flow in the tube.  

            



/2

)2(

Re

23

2 vR

TVRgGr
Ri

i

i


                                   (19)                          

Re is the Reynolds number and Gr is the Grashof number.  

       Figure 6 shows that Ri increased with an increase in the 

circumferential span of the non-uniform heat flux boundary 

on the horizontal tube and the increase was more pronounced 

at the lower turbulent Reynolds number. This indicates that 

the buoyancy-induced secondary flow due to the non-uniform 

on heat flux distributions boundary has significant effects in 

the turbulent mixed convection regime. Also, Ri decreased 

with an increase in Reynolds number, which shows a stronger 

buoyancy effects at lower Reynolds numbers and a weaker 

buoyancy effects at higher Reynolds numbers. It can be seen 

in Figure 6 that at Re = 5 100, 6 100 and 7 100 for α = 140° 

to 360° and Re = 9 100 for α = 220° to 360° are all in the 

range of 0.1< Ri < 10, which indicated that the turbulent 

mixed convection heat transfer dominated in this Reynolds 

number range. For Re = 16 200, Ri < 0.1 for all the spans of 

the heat flux distributions boundaries considered, indicating 

that buoyancy effect was negligible and that forced-

convection dominated the heat transfer processes. 
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Figure 6 Ri for sinusoidal non-uniform heat flux distribution 

             base-level intensity of 7.1 kW/m
2
 at different  Re. 

 

 
 

Figure 7 Variation of internal heat transfer coefficients with 

              Re for different base-levels heat flux intensities, 

        with and without secondary flow effect. 

 
Heat transfer coefficients for uniform and non-
uniform heat flux boundaries 
     The impact of buoyancy-induced secondary flow on pure 

forced-convection heat transfer in the weak turbulent flow 

regime is demonstrated in Figures 7, 8 and 9. For inlet              

Re = 3 030 to 9 100 in Figure 7, where buoyancy effect was 

neglected, represented with dotted lines, there was no 

significant difference in the internal heat transfer coefficients 

for the base-levels heat flux intensities. The internal heat 

transfer coefficients for the base-level heat flux intensities of 

14.2 kW/m
2
 and 7.1 kW/m

2
 were up to 13 % and 10 % higher 

than where buoyancy effect was neglected. This indicates that 

influence of buoyancy-driven secondary flow cannot be 

neglected for Re less than 9 100. Otherwise, the internal heat 

transfer coefficients would be under-estimated. Figure 8 

indicates that for inlet Re = 12 100 to 202 400, internal heat 

transfer coefficients are independent of secondary flow 

effects, heat flux intensities and heat flux distributions 

boundary type. This could be due to a very weak influence of 

buoyancy-driven secondary flow at higher turbulent flow 

regime. This revealed that for Re = 12 100 and above, the 

classical heat transfer correlations could be used without 

modification to account for non-uniform tube-wall 

temperature variations. 

      In Figure 9, where buoyancy effect was present, the 

internal heat transfer coefficient values were up to 15 % 

higher than where it was neglected. This revealed that the 

buoyancy effects due to the circumferential non-uniform heat  

Figure 8 Variation of internal heat transfer coefficient with 

     Re for different base-levels heat flux intensities, 

  where secondary flow effect was neglected. 

 

 
 

Figure 9 Ave. internal heat transfer coefficients at different 

            inlet fluid temperatures for α = 320° span of non- 

            uniform heat flux distribution, with and without 

              buoyancy effect at inlet Re = 5 050 to 15 100. 

 

flux distributions boundary for a horizontal circular tube must 

be considered in determining the internal heat transfer in the 

turbulent flow regime for Re less than 9 100. Also, the 

internal heat transfer coefficient increased up to 76% by 

increasing the fluid inlet temperature from 293 K to 360 K, at 

the same ambient temperature. This indicates the influence of 

pre-heating the inlet heat transfer fluid on the internal heat 

transfer coefficient of a horizontal circular tube. 

 
Friction factors for uniform and non-uniform heat 
flux heat flux boundaries 
     In Figure 10, at Re = 3 030, the friction factor values for 

non-uniform and uniform heat flux cases were 21 % and 16% 

higher than the pure forced-convection and decreased to less 

than 1% at Re = 9 100. This revealed that the buoyancy-

induced secondary flow is still significant at low turbulent 

flow regime and decreased as Re increased. It also differed 

for different types of heat flux distributions boundaries. In 

Figure 11, sinusoidal non-uniform case represented with solid 

lines differentiated the non-uniform heating from the usual 

assumption of uniform heating for a horizontal tube heated 

from below. It indicates that circumferential span of heat flux 

distributions boundary has a significant effect on buoyancy-

driven secondary flow, especially at higher angle span. Thus, 

friction factor values and heat transfer rates would be under-

estimated if uniform heat flux was assumed where the actual 

heat flux distribution boundary was non-uniform.      
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Figure 10 Variation of friction factors with Re 

 

 
 

Figure 11 Variation of friction factors with Re for uniform 

           and sinusoidal non-uniform heat flux base-level 

        intensity of 7.1 kW/m
2
 at the inlet Re = 4 100 and 9 100. 

      

     In Figure 12, where buoyancy effect was present, the 

friction factor values were up to 16 %, higher than where it 

was neglected. This revealed that the buoyancy effect due to 

the circumferential non-uniform heat flux distribution 

boundary for a horizontal circular tube must be considered in 

determining the friction factor characteristics in the turbulent 

flow regime for Re less than 9 100. Also, the friction factor 

decreased up to 22% by increasing the fluid inlet temperature 

from 293 K to 360 K, at the same ambient temperature. This 

indicates the influence of pre-heating the inlet heat transfer 

fluid on the friction factor of a circular tube. 

 

CONCLUSION 
    The numerical results indicated that buoyancy-driven 

secondary flow must be considered in determining the 

internal heat transfer and friction factor characteristics of a 

horizontal circular tube at weak turbulent flow regime. The 

classical heat transfer correlations for uniform heating 

conditions would be inappropriate for non-uniform heating 

cases for Re less than 9 100. Also, the internal heat transfer 

coefficients increased with the fluid inlet temperatures, while 

friction factor decreased with an increase in fluid inlet 

temperatures. However, for Re higher than 9 100, internal 

heat transfer coefficients and friction factors are independent 

of secondary flow effects, heat flux intensities and heat flux 

distributions boundary type. This indicates that the classical 

heat transfer correlations could be used without modifications 

to account for the tube-wall temperatures variations due to 

non-uniform heat flux boundary.  

 
 

Figure 12 Friction factors at different inlet fluid temperatures 

        for α = 320° sinusoidal non-uniform heat flux base-level 

intensities of 14.2 kW/m
2
 and 7.1 kW/m

2
, with and 

         without buoyancy effect at inlet Re = 5 050 to 15 100. 
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