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ABSTRACT
The aim of the present study is to investigate the effect of ve-

locity slip, thermal slip and zero mass flux boundary conditions
on the boundary layer flow of nanofluid over an upward facing
horizontal plate. We consider two-dimensional laminar free con-
vective boundary layer flow of a nanofluid past an upward fac-
ing permeable horizontal plate located in a porous medium. Lie
group analysis is used to determine the similarity equations of
the governing equations. The effects of relevant parameters on
the dimensionless fluid velocity, the temperature, the nanopar-
ticle volume fraction, the rate of heat transfer and the rate of
nonoparticle volume fraction are investigated and shown graphi-
cally and discussed.

INTRODUCTION
Embedded solid-state cooling layers which have relatively

high thermal conductivity in terms of the heat-generating
medium into which they are introduced, present as a viable pas-
sive method of reducing peak operating temperatures in, for in-
stance, integrated power electronic and other applications where
an increase in power density is of interest. The thermal per-
formance of such a bi-material cooling method is dependent on
geometric, material property and thermal interfacial parameters.
This paper reports on the influence of five such identified pa-
rameters, as obtained via a numerical study. Single-directional
heat extraction from a rectangular solid-state volume is consid-
ered and the thermal performance obtained for such a boundary
condition is described.

We consider two-dimensional laminar free convective bound-
ary layer flow of a nanofluid past an upward facing permeable
horizontal plate located in a porous medium. We select a co-
ordinate frame in which the x̄-axis is in the horizontal direction
and ȳ is normal to it, see Fig. (1). The temperature T and the
nanoparticle volume fraction C assume constant values Tw and
Cw, respectively at the boundary. Assume that Tw > T∞. The am-
bient values of T and C are denoted by T∞ and C∞, respectively,

Figure 1. Coordinate system and flow model.

as y tends to infinity, . The Oberbeck-Boussinesq approximation
is used. A magnetic field of variable strength is applied perpen-
dicular to the plate. The following field equations represent the
conservation of mass, momentum, thermal energy and nanoparti-
cles, respectively. The variables are (ū,v̄): velocity components,
T :the temperature and C: the nanoparticle volume fraction. Mak-
ing the standard boundary layer approximation based on an order
of magnitude analysis to neglect the small order terms, we have
the governing equations,
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The appropriate boundary conditions are, following Karniadakis
et al. [1], Kuznetsov and Nield [2], Pakravan and Yaghoubi [3]

ū = λūw(x̄/L)+ ūslip, v̄ = 0,T = Tw(x̄/L)+Tslip(x̄/L),

DB
∂C
∂ȳ

+
DT

T∞

∂T
∂ȳ

= 0 at ȳ = 0,

ū→ 0,T → T∞,C→C∞, p̄→ p̄∞ as ȳ→ ∞,

 (6)

where α =
k

(ρcp̄) f

is thermal diffusivity of the fluid and

τ =
(ρcp̄)p̄

(ρcp̄) f
is a parameter, ρ f is density of the base fluid, µ is the

dynamic viscosity of the base fluid, β is the volumetric expansion
coefficient of nanofluid, ρp̄ is the density of the nanoparticles,
(ρcp̄) f is the effective heat capacity of fluid, (ρcp̄)p̄ is the effec-
tive heat capacity of the nanoparticle material, k is the effective
thermal conductivity of the porous medium, −→g is gravitational
acceleration. Here DB represents the Brownian diffusion coeffi-
cient and DT signifies the thermophoretic diffusion coefficient,

ūw(x̄/L) = λ
α

L
Ra2/5

(
x̄
L

)1/5

: velocity of plate, L: characteris-

tic length of the plate, ūslip =
µ
ρ

N1(x̄/L)
∂ū
∂ȳ

: linear slip velocity,
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(
x̄
L

)
= (N1)0
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: velocity slip factor with (N1)0 con-

stant velocity slip factor, Tslip

(
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= D1(
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L
)

∂T
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: thermal slip,

D1

(
x̄
L

)
= (D1)0

(
x̄
L

)2/5

: thermal slip factor with (D1)0 con-

stant thermal slip factor, λ > 0 is for stretching sheet, λ < 0 is
for shrinking sheet and λ = 0 represents stationary plate. We
assume that the boundary layer is optically thick and the Rosse-
land approximation or diffusion approximation for radiation is
valid, Bég et al. [4]. Thus, the radiative heat flux for an optically

thick boundary layer (with intensive absorption), as elaborated

by Sparrow and Cess [5] is defined as qr = −
4σ1

3k1

∂T 4

∂ȳ
, where

σ1(= 5.67× 10−8 W
m2K4 ) is the Stefan-Boltzmann constant and

k1(m−1) is the Rosseland mean absorption coefficient.
The following nondimensional variables are introduced to reduce
Eqns.(1)-(6) into dimensionless form
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x̄
L
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ȳ
L

Ra1/5,u =
L
α
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L
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ρ f α2 Ra−4/5,

 (7)

where Ra = gβ(1−C∞)(Tw − T∞)L3ρ f /(αµ) is the Rayleigh
number. A stream function ψ defined by

u =
∂ψ

∂y
and v =−∂ψ

∂x
, (8)

is introduced into Eqns. (1)-(6).
Note that Eq.(1) is satisfied identically. Hence we have
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The boundary conditions in Eq.(6) become

∂ψ

∂x
= 0,

∂ψ

∂y
=−λax1/5 ∂2ψ

∂y2 , θ = 1+bx−2/5 ∂θ

∂y
,

Nbφ
′(0)+Ntθ′(0) = 0 at y = 0,

∂ψ

∂y
→ 0, θ→ 0, φ→ 0, p→ 0 as y→ ∞.


(13)

The parameters in Eqns.(9)-(13) are Pr, Nt, Nb, Nr, Le, a, b, Tr,
R and M. They represent the Prandtl number, the thermophoresis
parameter, the Brownian motion parameter, the buoyancy ratio
parameter, the Lewis number, the velocity slip parameter, ther-
mal slip parameter, the wall temperature excess ratio parameter,
the convection-radiation parameter and magnetic field parameter
respectively, which are defined by Kuznetsov and Nield [2] and
Uddin et al. [6; 7]
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(14)

SYMMETRIES OF THE PROBLEM
By applying the Lie group method to Eqns. (9)-(12), the in-

finitesimal generator for the problem can be written as

X = ξ1
∂

∂x
+ξ2

∂

∂y
+η1

∂

∂ψ
+η2

∂

∂θ
+η3

∂

∂φ
+η4

∂

∂p
(15)

where the transformations are (x,y,ψ,θ,φ, p) to
(x∗,y∗,ψ∗,θ∗,φ∗, p∗).
The infinitesimals ξ1,ξ2,η1,η2,η3 and η4 satisfy the following
first order differential equations

∂x∗

∂ε
= ξ1(x∗,y∗,ψ∗,θ∗,φ∗, p∗),

∂y∗

∂ε
= ξ2(x∗,y∗,ψ∗,θ∗,φ∗, p∗),

∂ψ∗

∂ε
= η1(x∗,y∗,ψ∗,θ∗,φ∗, p∗),

∂θ∗

∂ε
= η2(x∗,y∗,ψ∗,θ∗,φ∗, p∗),

∂φ∗

∂ε
= η3(x∗,y∗,ψ∗,θ∗,φ∗, p∗),

∂p∗

∂ε
= η4(x∗,y∗,ψ∗,θ∗,φ∗, p∗).

 (16)

After algebraic manipulation, the forms of the infinitesimals are

ξ1 = c1x+ c2, ξ2 =
2
5

c1y+ c3,

η1 =
3
5

c1ψ+ c4, η2 = c5,

η3 = c6, η4 = (c5 + c6)y+
2
5

c1 p,


(17)

where ci(i = 1,2, ...,6) are arbitrary constants. Hence, the equa-
tions admit six finite parameter Lie group transformations. It
is observed that the parameters c2 and c3 correspond to transla-
tions in the variables x and y, while the parameter c4 corresponds
to translation in the variable ψ. It is also observed that the pa-
rameter c1 corresponds to scaling in the variables x, y, ψ, and p

respectively. The characteristic equation is

∂x
c1x+ c2

=
∂y

2
5

c1y+ c3

=
∂ψ

3
5

c1ψ+ c4

= . . .

∂θ

c5
=

∂φ

c6
=

∂p

−α2(c5 + c6)y+
2
5

c1 p
. (18)

The similarity transformations corresponding to the characteris-
tic equation (18) are as follows

η =
y

x2/5 , ψ = x3/5 f (η), p = x2/5h(η),

θ = θ(η), φ = φ(η)

 (19)

For simplicity we assume that ci = 0,(i = 3, ...,6)

SIMILARITY EQUATIONS
On substituting the transformations in Eq.(19) into the govern-

ing Eqs.(9)-(13), we obtain the following similarity equations:

Pr f ′′′+
3
5

f f ′′− 1
5

f ′2 +
2
5

ηh′− 2
5

h−M f ′ = 0, (20)

− 1
Pr

h′+θ−Nr φ = 0, (21)

θ
′′+

3
5

f θ
′+Nbθ

′
φ
′+Nt θ

′2

+
4

3R

[
{1+(Tr−1)θ}3

θ
′]′ = 0, (22)

φ
′′+

3
5

Le f φ
′+

Nt
Nb

θ
′′ = 0, (23)

whether ′ =
d

dη
, subject to the following boundary conditions,

f (0) = 0, f ′(0) = λ+a f ′′(0),
θ(0) = 1+bθ

′(0), Nbφ
′(0)+Ntθ′(0) = 0,

f ′(∞) = θ(∞) = φ(∞) = h(∞) = 0.

 (24)

DERIVATION OF NUMERICAL SCHEME
In order to determine solutions to Eqns. (20)-(23), we convert

Eqns. (20)-(23) into a system of first order ordinary differential
equations by letting f = y1, f ′= y2,...., θ= y6, θ′= y7 and substi-
tuting for the respective functions and derivatives in the original
Eqns. (20)-(23). After some algebraic manipulation the resulting
system of first order ordinary differential equations is

f = y1, f ′ = y2, f ′′ = y3,

f ′′′ =
1

5Pr

(
−3y1y3 + y2

2−2ηPr[y6−Nry4]+5My2
)
,

 (25)
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φ = y4, φ
′ = y5

φ
′′ =−3

5
Ley1y5−

Nt
Nb

[θ′′]

 (26)

θ = y6, θ
′ = y7

θ
′′ =
−3

5
y1y7−Nby7y5−Nty2

7−
4
R

[
(1+(Tr−1)y6))

2(Tr−1)y2
7
]

[1+
4

3R
(1+(Tr−1)y6)3]

.

 (27)

Now that we have our numerical scheme (25)-(27) we can solve
the system numerically using Matlab. Before any computations
can occur we must restrict our domain to η and parameter values
for which Eqn. (25)-(27) would have undefined values. The do-
main is orignally defined from 0 to ∞, but from the physical sys-
tem we know that η≤ 5 will suffice. Parameter values for which
Eqn. (25)-(27) will have undefined values are P = 0, Nb = 0,
R = 0 and Tr = 1.

COMPARISONS
It is worth mentioning that in the case of hydrodynamic

boundary layer flow past a non-radiating stationary plate with
no slip boundary conditions at the wall (M = a = b = λ = 0), the
problem reduces to that which has recently been investigated by
Pradhan et al. [8].

PHYSICAL QUANTITIES
The parameters of engineering interest are the local skin fric-

tion factor C f x̄, the local Nusselt number Nux̄ respectively. Phys-
ically, C f x̄ indicates wall shear stress, Nux̄ indicates the rate of
heat transfer. These quantities can be calculated from the follow-
ing relations:

C f x̄ =
2µ

ρU2
r

(
∂ū
∂ȳ

)
ȳ=0

, Nux̄ =
−x̄

Tw−T∞

(
∂T
∂ȳ

)
ȳ=0

. (28)

Here Ur = gβ(1−C∞)(Tw−T∞)
L2

α
is the characterictic velocity.

By substituting from Eqns.(7) and (19) into Eq.(28), we obtain

Ra7/5
x̄ PrC f x̄ = f ′′(0),

Ra−1/5
x̄ Nux̄ =−

[
1+

4
3R
{1+(Tr−1)θ(0)}3

]
θ
′(0).

 (29)

Here Rax̄ = gβ(1−C∞)∆T x̄3/(αv) is the local Rayleigh number.
Due to zero mass flux boundary conditions, no mass flux exists
at the boundary.

RESULTS AND DISCUSSION
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Figure 2. Effect of parameter M on f .
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Figure 3. Effect of parameter M on f ′.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.2, b=0.1, Nr=0.2,
Nb=0.6, Nt=0.1, Tr=1.2 andR=1 were used to plot Figs. 2 and 3.
We observe that as M increases, both f and f ′ decrease. f ′ has
turning points on the graphs for M = 1 and M = 5. For M = 1
and M = 5, f ′ reaches a maximum value at about η = 1.5 and
then starts decreasing. For M = 10, both f and f ′remain virtually
equal to zero.
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Figure 4. Effect of parameter Nt on θ.
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Figure 5. Effect of parameter Nt on θ′.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.2, b=0.1, Nr=0.2,
M=1, Nb=0.9, Tr=1.2 and R=1 were used to plot Figs. 4 and 5.
We observe that as Nt increases, θ increases very slowly to reach
zero, while θ′ decreases as Nt increases. A steady increase in
θ′ is observed at approximately η = 3.5 when Nt = 0.2 and at
approximately η = 4.5 when Nt = 0.39 and 0.4.
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Figure 6. Effect of parameter Nt on θ.
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Figure 7. Effect of parameter Nt on θ′.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.6, b=0.6, Nr=0.2,
M=1, Nb=1, Tr=1.1 and R=1 were used to plot Fig. 6, while for
7 parameter values λ = 1, Le=10, Pr=6.8, a=15, b=10, Nr=0.9,
M=10, Nb=4, Tr=1.1 and R=1.5 were used. As Nt increases,
φ decreases for η ≤ 1. For η > 1, φ begins to increase as Nt
increases. As Nt decreases, φ′ decreases. As η increases from
0 to 5, φ′ decreases rapidly converging to φ′ = 0. The boundary
layer thickness is largest for Brownian parameter Nt = 0.4.
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Figure 8. Effect of parameter Nb on θ.
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Figure 9. Effect of parameter Nb on θ′.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.2, b=0.5, Nr=0.3,
M=10, Nt=0.1, Tr=1.1 and R=1 were used to plot Figs. 8 and
9. As Nb increases, θ decreases eventually converging to zero at
η = 5. As Nb decreases, θ′ decreases. We observe that each θ′-
curve has a turning point for the corresponding value of Nb. The
turning point corresponding to Nb = 0.2 occurs at approximately
η = 4, while the turning points corresponding to Nb = 0.3 and
0.4 occur at approximately η = 3.5. As Nb increases the turning
point moves upwards to the left.
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Figure 10. Effect of parameter Nb on φ.
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Figure 11. Effect of parameter Nb on φ′.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.7, b=1, Nr=0.2,
M=1, Nt=0.1, Tr=1.2 and R=1 were used to plot Figs. 10 and
11. As Nb increases, φ increases for η < 1 . For η ∈ (1,5), φ

decreases rapidly to zero as Nb increases. As Nb increases, φ′

decreases for η≤ 1. For η > 1, φ′→ 0, for each value of Nb.
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Figure 12. Effect of parameter Nr on h.

Parameter values λ = 1, Le=10, Pr=6.8, a=0.4, b=0.1,
Nt=0.37,M=5.1, Nb=0.1, Tr=1.2 and R=1 were used to plot Fig.
12. As the buoyancy ratio parameter Nr decreases, h decreases.
h is a decreasing function of η. As Nr decreases h→ 0 as η→∞.

CONCLUSIONS
We performed a numerical study for 2-D steady laminar

incompressible boundary layer flow of a nanofluid over an
upward facing horizontal permeable plate in a porous medium
considering the thermal convective boundary condition. The
governing boundary layer equations were transformed into
highly nonlinear coupled ordinary differential equations using
Lie group analysis, and then solving these equations numerically
using Matlab. The following conclusions may be drawn from
this research:

From Fig. (2) the fluid velocity f decreased as we increased the
magnetic field parameter M. From Fig. (3) f ’ decreased as we
increased the value of M. We see that M = 10 has virtually no
influence on the behavior of f ’ as it remains virtually constant
equal to zero. From Fig. (4) the temperature increased as the
thermophoresis parameter Nt increased. From Fig. (5), θ′ ini-
tially decreased with increasing values of Nt. At approximately
η = 4 an increase in θ′ is observed for increasing values of
Nt. From Fig. (6) the nanoparticle volume fraction φ initially
decreased, as we increased the thermophoresis parameter Nt.
From Fig. (7) φ′ decreased with decreasing Nt eventually tending

to zero as η→ ∞. From Fig. (8) the temperature θ decreases as
Nb increased, while from Fig. (9) θ′ decreased with decreasing
values of Nb. From Fig. (10) the nanoparticle volume fraction
φ initially increased, as we increased the Brownian motion
parameter Nb. However at approximately η = 1, φ→ 0. From
Fig. (11) φ′ decreased with increasing Nb eventually tending to
zero as η→ ∞. From Fig. (12) as the buoyancy ratio parameter
Nr decreased, h is a decreasing function of η, with h → 0 as
η→ ∞.
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