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ABSTRACT

We present new results from the simultaneous application of

Planar Laser-Induced Fluorescence (PLIF) and Particle Tracking

Velocimetry (PTV), complemented by Direct Numerical Simula-

tions (DNSs), aimed at the detailed hydrodynamic characteriza-

tion of harmonically excited liquid-film flows. The experimental

campaign spans the Reynolds number range Re = 8− 320, and

three Kapitza numbers Ka = 85, 350 and 1800. PLIF was em-

ployed in order to generate spatiotemporally resolved film-height

data, and PTV to generate two-dimensional (2D) planar velocity-

vector maps of the flow-field underneath the wavy interface. By

combining the two optical techniques, instantaneous and highly

localised flow-rate data were retrieved, based on which the ef-

fect of local film topology on the flow-field is studied in detail.

Surprisingly, the instantaneous flow rate is found to vary linearly

with the instantaneous film-height, while both experimental and

numerical flow-rate data are closely approximated by a simple

analytical relationship with only minor deviations. This relation-

ship, which is reported here for the first time, includes the wave

speed c and mean flow-rate Q, both of which can be obtained by

simple and inexpensive methods, thus allowing for spatiotempo-

rally resolved flow-rate predictions to be made without requiring

any knowledge of flow-field information.

INTRODUCTION

We undertake a combined experimental-computational study

dedicated to the detailed hydrodynamic characterisation of

isothermal, harmonically excited, gravity-driven liquid films

flowing over a flat, inclined plate. Such films are employed in a

broad range of industrial applications, such as condensers, evap-

orators, heat exchangers, and micro-cooling schemes, to name

but a few, owing to their high surface-to-volume ratios and ex-

cellent heat and mass transfer capabilities even at low liquid-

flow rates. It therefore comes as no surprise, that numerous the-

oretical [1,2], experimental [3,4] and computational [5,6] stud-

ies have sought to elucidate the complex flow phenomena un-

derlying these flows, ever since the groundbreaking work of P.L.

NOMENCLATURE

c [m s−1] Wave speed
D [m] Characteristic dimension for the Re defintion

f [s−1] Forcing/wave frequency

g [m s−2] Gravitational acceleration
h [m] Film height
Ka [-] Kapitza number

Q [m3 s−1] Liquid flow rate
Re [-] Reynolds number
t [s] Time

u [m s−1] Flow velocity

v [m2 s−1] Kinematic viscosity
x [m] Distance along the film
y [m] Distance across the film

Special characters
β [◦] Film inclination angle

ρ [kg m−3] Density

σ [N m−1] Surface tension

Subscripts
f Fluid
N Nusselt: Referring to the Nusselt solution
w Wave
x Axial direction of the flow

Kapitza was first published back the late 40s [7].

Despite the numerous experimental studies conducted so

far, only a limited number of publications relating to

spatiotemporally-resolved variations of the film height and ve-

locity is available, owing to the challenges inherent to the par-

ticular measurements. Nevertheless, the application of advanced

optical diagnostic techniques, such as Chromatic Confocal Imag-

ing (CCI), PLIF, Particle Image Velocimetry (PIV) and PTV, has

contributed significant advancements in our understanding of the

physical mechanisms underlying these flows. For example, Di-

etze and co-workers [8,9] confirmed, the presence of backflow in

falling liquid-films using CCI and micro-PIV, Adomeit and Renz

[10] and Moran et. al. [11] observed systematic deviations from

Nusselt velocity-profile predictions depending on film topology

using micro-PIV, and Zadrazil and Markides [12] observed mul-

tiple recirculation zones within disturbance waves in downwards

annular flows by employment of PLIF and PIV.

Despite such novel insights, a systematic study linking spa-
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tiotemporally resolved film-height variations to spatiotemporally

resolved flow-rate variations in thin liquid-film flows is still lack-

ing. The main purpose of the present paper is to meet this ob-

jective by bringing together, for the first time, film-height mea-

surements recovered using PLIF simultaneously with space- and

time-resolved velocity measurements generated by application

of PTV, as well as high-fidelity numerical results generated via

a DNS of the full two-phase system based on a state-of-the-art

finite volume method Volume-of-Fluid (VOF) framework.

In our experiments we utilise three Ka number liquids (aque-

ous glycerol solutions), Re spanning the range Re = 8−320, and

two inlet forcing frequencies, fw = 7 and 10 Hz. The definitions

of Re and Ka are given in Equations 1 and 2. Ka represents

the dimensionless ratio of surface tension to inertial forces, and

acts as an indicator of the hydrodynamic wave regime. Aqueous-

glycerol solutions were utilised in order to allow for a wide range

of Ka values to be selected. Laminar, as opposed to turbulent

falling-films, were investigated in order to allow for direct film-

height and flow-field comparisons to DNS and low-dimensional

modelling results.

Re =
UD

νf
(1)

Ka =
σf

ρfνf4/3(gsinβ)1/3
(2)

EXPERIMENTAL METHODOLOGY

A detailed description of the experimental setup and data pro-

cessing methodologies employed in this study can be found else-

where [13,14], and thus, only a brief synopsis is provided here

for completion. The liquid circulates within a closed loop com-

prising a 400×285 mm glass test-section over which film flows

develop. The test section is inclined at β = 20 ◦ to the horizontal,

while a settling chamber is installed at the inlet in order to dis-

pense the flow uniformly over the plate. Upstream of the cham-

ber, the flow is split into a steady (Q) and a pulsating supply (Q′),

the latter generated using a rotating valve. This arrangement al-

lows for accurate control of both wave frequency and amplitude.

The flow rate is measured using an ultrasonic flowmeter which is

installed upstream of the settling chamber.

Excitation of the dye- (Rhodamine B) and particle- (glass hol-

low spheres) seeded flow is performed from the wall side using a

double-cavity frequency-doubled Nd:YAG laser (100 Hz). Imag-

ing is also carried out from the same side in order to limit image

distortions (see Figure 1). The imaging setup comprises a pair

of LaVision CMOS cameras, synchronised with the laser by a

LaVision high-speed controller. The imaging planes of the two

cameras are mapped and corrected for perspective distortions us-

ing a calibration graticule immersed inside the liquid solution,

and a pinhole model available in LaVision Davis. The resolution

PIV 
camera

PLIF
camera

Laser sheet

Settling chamber

PIV
filter

PLIF 
filter

c

(a)

Laser 
sheet

Settling chamber

Glass 
substrate

Laser sheet
optics

Nd:YAG laser

(b)

Figure 1: Schematic of the test section showing the orientation

of the two cameras and laser relative to illuminated flow domain

from: (a) top, and (b) front. Reproduced from reference [13].

varies between 28.0 and 29.7 µm/pixel, and the imaging domain

along the film extends to approximately 33 mm.

Sample PLIF and particle images subjected to perspective-

distortion corrections and reflection removal are presented in

Figure 2. The particle images are used to generate 2-D veloc-

ity vector maps PIV calculation) by means of a four-pass cross-

correlation approach, with the resulting vector-to-vector spatial

resolution varying between 220− 240 µm depending on the ex-

perimental run. Individual particles are tracked (PTV calcula-

tion) by employment of the obtained PIV results as reference

estimators of the velocity field.
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Figure 2: PLIF (left column) and particle (right column) image-

pairs, subjected to perspective-distortion corrections and reflec-

tion removal. Reproduced from reference [15].

A series of experiments were conducted for error estimation

and quality assurance purposes. First, film-height data from flat

films (Ka = 14.1) were compared to the 1D, steady, fully devel-

oped solution of the Navier-Stokes equation under the assump-

tion of negligible inertia (Equation 3), also known as the Nusselt

solution [16]. The Nusselt height hN is expressed as a function of

the fluid kinematic viscosity νf, the gravitational acceleration g,

the inclination angle β and the volumetric flow rate Q. The flow

Re = Q/(νfw) = Qs/νf is expressed as a function of the volumet-

ric flow rate per unit span of the flow, Qs = Q/w, and νf. The

resulting deviations amount to ≈ 20 µm, with the uncertainty as-

sociated with the film-height measurement corresponding to 3%.

hN =

(

3νQ

gwsinβ

)1/3

=

(

3ν2Re

gsinβ

)1/3

(3)

Relative deviations were also calculated between PTV-derived
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interfacial and bulk velocities on the one hand, and analytical re-

sults on the other, with mean values amounting to 3.2% for both

test cases. Finally, flow rate comparisons were pursued between

LIF/PTV-derived and flowmeter data, with the resulting mean

deviation amounting to 1.6% over six flat and nine wavy flows.

DNS METHODOLOGY

DNSs of the entire two-phase system, including the gas and

liquid bulk phases ans the gas-liquid interface, are conducted by

resolving all relevant length and time scales using a finite-volume

framework with collocated variable arrangement [17]. The mo-

mentum and continuity equations are solved in a single linear

system of equations. The momentum equations are discretized

using a second-order backward Euler scheme for the transient

term, while spatial terms are discretized using central differenc-

ing. The continuity equation is discretized using a balanced-

force implementation of the momentum-weighted interpolation

method which couples pressure and velocity.

The gas-liquid interface is captured and advected using a com-

pressive (VOF) method [18] and surface tension is described us-

ing the CSF model [19]. Gradients in surface tension coefficient

as well as mass transfer at the interface are neglected. The vol-

umetric surface force given by the CSF model is discretized on

the same computational stencil as the pressure gradient to assure

a balanced-force implementation of surface tension [19].

The applied computational domain is chosen to allow a direct

comparison with the experimental results and is represented by

an equidistant Cartesian mesh with a resolution of 10 cells per

equilibrium flat film height. A monochromatic forcing is im-

posed at the domain inlet by periodically changing the mass flow

at a given frequency and amplitude, matching the inlet conditions

of the experimental setup.

TRENDS AND RESULTS

Wave characteristics

Examples of typical solitary waves observed in our experi-

ments and simulations are presented in Figure 3. Increasing the

flow Re for a fixed Ka results in an increase in the wave-crest

height (maximum film-height) as well as the mean film-height.

The wave-crest height ceases to increase following the onset of

flow recirculation with respect to a frame of reference moving

with the wave speed [20]. The wave-trough height (minimum

film-height) initially decreases with increasing Re, and then set-

tles to a near-constant value which is independent of the forc-

ing frequency. Consequently, the normalised (by the mean film-

height) wave amplitude also increases with increasing Re. Forc-

ing at 7 Hz rather than 10 Hz (for a constant Re) results in a

decrease in the number of capillary ripples ahead of the main

wave, and an increase in the wave amplitude for Ka = 85 and

350 films. In contrast, the Ka = 1800 films appear to be unaf-

fected. An excellent agreement between experiments and sim-

ulations was obtained for all wave characteristics, such as the

mean, maximum and minimum wave-heights, as well as for any

flow-field data, including the bulk and interfacial velocities, and

fw = 7 Hz

fw = 10 Hz

0

1

2

3

h
 [

m
m

] Re = 21

Ka = 85

0 5 10 15 20 25 30
x [mm]

Re = 54

Ka = 350

x [mm]
0 5 10 15 20 25 30

(b)(a)

Re = 195

Ka = 1800

x [mm]
0 5 10 15 20 25 30

(d)

Re = 95

Ka = 1800

0 5 10 15 20 25 30
x [mm]

(c)

0

1

2

3

h
 [

m
m

]

Figure 3: Film height measurements near the crests of solitary

waves for two excitation frequencies (7 Hz and 10 Hz) and: (a)

Ka = 85 and Re = 21, (b) Ka = 350 and Re = 54, (c) Ka = 1800

and Re = 95 and (d) Ka = 1800 and Re = 195. Reproduced from

reference [15].

axial-velocity profiles. Sample comparisons between film height

and interfacial velocity measurements recovered by simultane-

ous application of PLIF and PTV, and DNSs, are presented in

Figure 4.

(a) (b)

(c) (d)

Figure 4: Instantaneous film height h, normalised with the Nus-

selt height hN and interface velocity u normalised by the Nusselt

velocity uN, for flows pertaining to Ka = 85, Re = 7.5 and fw = 7

Hz ((a) and (c)), and Ka = 350, Re = 77 and fw = 7 Hz ((b) and

(d)). Reproduced from reference [20].

Flow rates

Instantaneous and local flow-rate measurements were gener-

ated by combining film height and bulk-velocity data. When pur-

suing flow rate comparisons between waves from different flows,

or between experimental results and their analytically derived

counterparts, the practice of phase-averaging PTV maps corre-

sponding to the same spatial domain was adopted. This allows

us to derive axial velocity profiles at any location along the wave
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topology, which when integrated and multiplied by the local film-

height and span, yield flow-rate measurements with high spatial

resolution. For the same film-height values [16], bulk velocities

can be calculated using the corresponding Nusselt relationship,

yielding flow-rate predictions. A sample result generated by em-

ployment of the particular methodology is presented in Figure 5

(a), revealing pronounced deviations between experiments and

analytical results near the wave crest. These can be justified

on the following basis: Since the wave-crest height exceeds the

mean film-height considerably, any local flow-rate predictions

(based on the Nusselt equations) pertain to a film with a constant

thickness which exceeds the mean film-thickness. An equivalent
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Figure 5: (a) Flow rate comparison of experiments and analytical

calculations for a wave pertaining to Ka= 85, Re= 21 and fw = 7

Hz. (b) Flow rate time-trace generated by simultaneous applica-

tion of PLF/PTV over a 1-s recording period, for the same flow

conditions. Reproduced from reference [15].

analysis was also pursued for time-varying flow rate results, gen-

erated using the following approach: Film-height data were aver-

aged over a 1.8 mm region of the flow (along the axial streamwise

of the flow) on a per image basis, while averaged axial-velocity

profiles were generated over the same spatial domain and inte-

grated over the film height. Thus, every PLIF/PTV image pair

contributed a single, local and instantaneous flow-rate measure-

ment. Upon averaging all individual flow rates over an entire

image set corresponding to a fixed flow-condition, a mean flow-

rate was obtained. A sample flow rate time-trace pertaining to

a 1-s recording period is presented in Figure 5 (b), alongside a

complementary analytical result.

Correlation between the local and instantaneous film height

and flow rate

The flow conditions considered for the purpose of the upcom-

ing analysis span three aqueous-glycerol solutions (Ka = 85, 350

and 1800), four Re per liquid composition spanning the ranges

Re = 11–25, 37–76 and 94–276, respectively, and two forcing

frequencies ( fw = 7 Hz and 10 Hz). DNS data are provided for

three Re per liquid solution for flows with Ka = 85 and 350.

In an effort to assess the effect of unsteadiness and perform

a detailed mass-transfer characterisation, we generated instan-

taneous flow-rate and film height time-series (see for example

Figure 5 (b)), and plotted the results against each other after nor-

malizing by the mean values. Thicker film regions (waves) trans-

port more liquid mass than thinner ones (substrate film), but less

than that predicted by the Nusselt solution in the same regions.

It should be noted that for a Nusselt flow, a cubic relationship

between the flow rate and film height is anticipated, QN ≈ h3
N

.

(a)

(b)

Figure 6: (a) Instantaneous flow-rate data normalised by the

mean flow-rate, and plotted against instantaneous film-height

data normalised by the mean film-height, for a Ka = 85, Re = 25

and fw = 7 Hz flow. (b) Instantaneous flow-rates plotted against

instantaneous film-heights for a Ka= 350, Re= 65 and fw = 7 Hz

flow from both experimental and DNS data. Reproduced from

reference [15].

An example of such a plot is shown in Figure 6 (a), and in-

cludes the respective Nusselt predictions of the instantaneous

flow-rate based on the measured film heights. The flow-rate

data are normalised by the mean flow-rate measured at the down-

stream location where the flow was imaged, and which is equal

by continuity, to the mean flow-rate at the inlet, QN, while the

film-height data are normalised by the local mean film-height.

The colour scheme associated with the data points describes the

probability density. It is interesting to note, that based on the

experimental data on display, the local and instantaneous flow-

rate varies linearly with the local and instantaneous film-height,

rather than as Q ≈ h3. This is a direct outcome of the devia-

tions between experiments and the Nusselt description observed

in Figure 5, and discussed earlier.

Based on similar results generated over the range of exam-

ined film-flow conditions, we can report that such linear trends

were identified consistently in both experiments and the simula-

12th International Conference on Heat Transfer, Fluid Mechanics and Thermodynamics

88



tions. Moreover, both the slopes and y-axis intercepts of first-

order polynomial fits to the data (Q̂ = Aĥ + B) were found to

vary across different flow conditions. In an effort to determine

the slopes (A) and intercepts (B) a priori, the following analysis

was carried out. The continuity equation between two locations

along a fully-developed wavy film-flow, x and x+δx , in a frame

of reference moving with the wave speed, c, dictates that:

∫ h(x)

0

(Ux(x)− c)dy =

∫ h(x+δx)

0

(Ux(x+δx)− c)dy , (4)

where h(x) is the film height at x, and h(x+δx) the film height at

x+ δx. Integrating this equation over the film height, and noting

that h(x+δx) = hx +δx and Q(x+δx) = Qx +δQ results in:

δQ = cδx . (5)

Integrating Equation 5 between a location downstream of the

inlet where Q = Q = QN and h = h, that is, where the local and

instantaneous flow-rate and film thickness are equal to the mean

flow-rate and mean film-thickness, and any other location farther

downstream (x) gives:

Q(x) = (Q− ch)+ ch(x) , (6)

a relationship that links the local and instantaneous flow-rate per

unit span Q(x) to the local and instantaneous film-height h(x),

via the wave speed c and the mean flow-rate Q. The latter also

corresponds to the inlet flow-rate QN (flowmeter measurement),

which will be used in the following expressions. A sample plot of

the local and instantaneous flow-rate per unit span Q(x) against

the local and instantaneous film-height h(x) generated using both

experimental and DNS data is provided in Figure 6 (b), for a

Ka = 350, Re = 65 and fw = 7 flow. According to Equation 6, the

plotted data should display a first-order polynomial relationship

with a slope described by A = c and an intercept B = Q− ch.

Normalizing Equation 6 based on Q = QN results in the fol-

lowing expression:

Q(x)

QN
=













1−
ch

QN













+
c

QN
h(x) , (7)

which can be used to describe the data plotted in Figure 6 (a),

with A = c/QN and B = 1− ch/QN.

Alternatively, by decomposing h(x) into mean and fluctuating

components, h(x) = h+h′(x), Equation 6 gives:

Q(x)

QN
= 1+

c

QN
h(x)′ , (8)

a first order polynomial expression linking the normalised flow

rate Q(x)/QN to the film-height fluctuation h′(x), via the coeffi-

cients A = c/QN and B = Q/QN ≃ 1.

Linear fits were generated for both experimental and numeri-

cal data in plots of h′(x) against Q(x)/QN, and compared to the

predictions A = c/QN and B = Q/QN ≃ 1. The wave speeds used

in the analytically calculated coefficients were obtained directly

from the experiments and DNS, while QN, which is common to

both, was measured in the experiments and provided as an input

to the DNS scheme. The results for A and B, normalised by their

respective analytical values, are presented in Figure 7.

As was noted earlier, QN is an input to the DNSs and therefore

any deviations from B = 1 are insignificant (≤ 1%), and proba-

bly originate from numerical errors. The experimentally derived

values of B, instead, display a mean absolute deviation of 2.5%,

which is within the experimental error associated with the flow

rate measurement based on the combined PLIF/PTV technique,

as well as the error associated with the flowmeter measurement.

With respect to the slope results, the deviations amount to 4% and

2% for experiments and DNSs, respectively. Thus, the agreement

between experiments, simulations, and the proposed correlation

(Equation 8) is excellent.

It is also very interesting to note that the description based

on Equation 8 does not require explicit knowledge of the film

height, but rather only the fluctuation about some mean value.

Consequently, accurate flow-rate data can be determined for any

location/instant along the film, even if the real mean film-height

is not known; in other words, even if the location of the liquid-

solid interface is not identified in the experiment. In fact, from

an experimental point of view, the application of this simple lin-

ear relationship presupposes knowledge of the mean flow-rate

and the wave speed only, while dispensing of a significant error

source, the location of the gas-liquid interface. The mean flow-

rate can be easily obtained using a flowmeter, whereas the wave

speed can be measured by simple direct imaging (without the

need for an expensive and complex PLIF-PIV setup).

CONCLUSION

PLIF was used to recover spatiotemporally resolved film-

height data, simultaneously with PTV which was employed in or-

der to to retrieve planar velocity-vector maps of the flow-field un-

derneath the wavy interface. By combining the two techniques,

instantaneous and highly localised flow-rate data were also re-

covered, in order to perform a detailed hydrodynamic character-

isation of the film flows under investigation. The experimental

campaign was complemented by state-of-the-art DNSs. To the

best knowledge of the authors, this is the first time that an arse-

nal of experimental techniques in conjunction with detailed nu-

merical simulations have been applied to free-surface thin-film

flows.

The measurement errors associated with the film-height, ve-

locity and flow-rate measurements do not exceed 4%, resulting

in an excellent agreement between experiments and simulations.

From comparisons of film-height and flow-rate results, and the
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(b)

(a)

Figure 7: Results for coefficients generated by linear fits to local

and instantaneous, normalised flow-rate and film-height fluctua-

tion data. Reproduced from reference [12].

application of continuity between two locations along a fully-

developed wavy film-flow in a frame of reference moving with

the wave speed, the instantaneous flow-rate was found to vary

linearly with the instantaneous film-height. The slopes and y-

intercepts of linear fits to the data were closely approximated by

a simple analytical relationship with only minor deviations. This

previously unavailable correlation includes the wave speed c and

mean flow-rate Q, both of which can be obtained by relatively

straightforward and inexpensive methods, thus allowing for spa-

tiotemporally resolved flow-rate predictions to be made without

requiring any detailed knowledge of the flow field.
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