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Abstract

This paper addresses the problem of global finite-time synchronization of two different dimensional chaotic systems. Firstly,
the definition of global finite-time synchronization of different dimensional chaotic systems are introduced. Based on the finite-
time stability methods, the controller is designed such that the chaotic systems are globally synchronized in a finite time. Then,
some uncertain parameters are adopted in the chaotic systems, new control law and dynamical parameter estimation are proposed to
guarantee that the global finite-time synchronization can be obtained. By considering a dynamical parameter designed in the controller,
the adaptive updated controller is also designed to achieve the desired results. At last, the results of two different dimensional chaotic
systems are also extended to two different dimensional networked chaotic systems. Finally, three numerical examples are given to

verify the validity of the proposed methods.
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1. INTRODUCTION

In the past few decades, the problem of synchronization for chaotic systems has attracted much attention in [1], [2], [3], [4], [5],
[6]. Since the authors have studied the problem of synchronization in 1990 [1], synchronization between two chaotic systems has
been applied into many applications, such as secure communication, neural network, biology and information processing [7], [8],
[9], [10], [11]. Up to now, there exist some different types of synchronization, for instance, complete synchronization [12], cluster
synchronization [13], [14], projective synchronization [15], phase synchronization [16], anti-synchronization [17], generalized
synchronization [18].

It should be noticed that the synchronization problem is almost studied between two identical or similar systems. To the
best knowledge of the authors, there exist some natural behaviors modeling with different orders in our life. For instance, the
synchronization of heart and lung has been studied in [19]. Thus, it is interesting to investigate the synchronization of two systems
with different orders. Up to present, some interesting results have been obtained. For example, the synchronization between two

different dimensional systems is considered based on the secure communication [20], [21]. By using reduced order of the drive
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system, the synchronization between two different dimensional systems is achieved in [22], [23]. The generalized synchronization
of two different dimensional systems are studied in [18], [24], [25], [26]. In [18], a Lyapunov approach is introduced to attain
the desired results.

In practice, the parameters of the chaotic systems sometimes can not be obtained exactly for the different kinds of external
disturbance and noises. Thus, the synchronization problem with unknown parameters is becoming essential for the practical
applications. Some relevant results have been investigated in [22], [23], [27], [28], [29]. In [23], an adaptive control scheme
is proposed to attain the full and reduced order synchronization with uncertain parameters. In [29], based on the finite-time
stability methods [30], faster synchronization of two chaotic systems is achieved in a finite time. In addition, the finite-time
techniques have advantages to enhance the robustness and to overcome the disturbance [31]. Some more results about finite-time
synchronization can be found in [29], [32], [33], [34]. It should be noted that the systems considered are either of some specific
forms or analyzed without considering the unknown parameters. Then, by taking unknown model uncertainties and external
disturbances into account, global finite-time synchronization of two chaotic systems with different orders is investigated in [35].
Moreover, a more general derivative of the Lyapunov function is derived to design finite-time observer for a class of nonlinear
systems in [37], [38]. Based on the aforementioned reasons, it is important to study the finite-time synchronization of different
dimensional chaotic systems with unknown parameters.

In this paper, global finite-time synchronization of two different dimensional chaotic systems is studied. Based on the finite-time
stability, the definition of global finite-time synchronization is given first. Then, the synchronization schemes are derived with
and without considering the unknown parameters, respectively. At last, the adaptive updated law is taken into consideration, the
controller is designed to achieve the desired results. The main contributions of this paper include: i) The synchronization schemes
of two different dimensional systems are proposed to achieve global finite-time synchronization with and without considering
the unknown parameters, respectively. ii) The adaptive updated law of parameters is also proposed to guarantee the stability. iii)
finite-time synchronization of two networked chaotic systems with different order is first considered in this paper.

This paper is organized as follows. In Section II, the problem statement and some definitions and lemmas are introduced. In
Section III, global finite-time synchronization of two different dimensional systems is derived. Then, some unknown parameters
are taken into account, new controller is designed based on the estimations of unknown parameters. In Section IV, two examples

are provided to verify the validity of the our proposed design methods. At last, Section V concludes the paper.

II. PRELIMINARIES

Let R” denote n-dimension real space and R* denote 1-dimension positive real space. For any x € R”, let ||x]| = xTx)l2,
Superscript “T” denotes the transpose of a vector or matrix. For a matrix A € R™" (e R™™"), A~! denotes the inverse matrix of
A (the right inverse matrix of A).

Consider the following drive system:

X(1) = F(x(1), x(0) = xo, (D

where x(#) € R"” denotes the system state, F': R” — R" is a continuous function with F(0) = 0. The controlled response system
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is given by
¥ = Gy(@) + u(), 2
where y(f) € R™ denotes the system state, u(f) € R” denotes the control input, G : R™ — R™ is a continuous function.

Remark 1: When m = n, (1) and (2) are chaotic systems with same order. Lots of relevant works about synchronization and
finite-time synchronization have been studied in [29], [32], [33], [34]. When m # n, the generalized synchronization of (1) and (2)
with different order is studied in [18], [24], [27]. There are few results about the finite-time synchronization of chaotic systems
with different order. Therefore, it is essential to give some theoretical results.

Remark 2: When F(x(t)) = Ax+ f(x), G(¥(¢)) = By + g(y), the finite-time synchronization of (1) and (2) is investigated in [27].
By taking into unknown system parameters account, then, F(x(¢)) = Ax + f(x) + fi(x)®, G(y(?)) = By + g(y) + g1(»)¥, where O,
and ¥ are the vector of unknown parameters. When A = 0 and B = 0, finite-time synchronization of (1) and (2) is considered
in [28] with unknown parameters. In summary, systems (1) and (2) have an more general form of the existing results. In addition,
it should be noticed that lots of well-known chaotic systems could be written as the form of (1) and (2), such as, Lorenz system,
Chen system, Rossler system, Duffing system, hyperchaotic Lozenz system and hyperchaotic Rossler system.

In this paper, our aim is to design the controller u(¢) to guarantee that different dimensional systems (1) and (2) are synchronized
in a finite time. Now, we give the following definition of finite-time synchronization of systems (1) and (2).

Definition 1: [28] Consider systems (1) and (2). If there exist two continuously differentiable functions ¢ : R” — R” and
¢ : R™ — R”, an open neighborhood U c R" of the origin such that ey = ¢(xp) — (o) € U and a function 7 : U\ {0} — (0, +o0)

and
LMy 7e,) lle(®l] = lim,q,) [l9(x) — W)l = 0,

lle@Il = 0,1 > T (eo),

3)

where e(f) € R" denotes the synchronization error of different dimensional systems (1) and (2). Then, systems (1) and (2) are said
to be finite-time synchronization. If the open set U can be selected as R”, systems (1) and (2) are said to be global finite-time
synchronization.

The following lemmas are useful for our main results.

Lemma 1: [36] For any real numbers «;, i = 1,2,---,n and d € (0, 1), the following inequality holds:

(lanl + laal - + ) <l + laal? - - + |al”. )
Lemma 2: [37] Assume that there is a Lyapunov function V(e(?)) defined on a neighborhood U c R" of the origin, and it
satisfies the following differential inequality
V(e(n) < —kV'(e(1)) - pV(e(n)), V1t = 1, &)
where k> 0, 0 <5 <1, and p > O are three constants. Then, for any given f, the following inequality
Vl_”(t) < Vl—n(to)e—(l—n)p(t—to) _ 5[1 _ e—(l—n)p(t—to)L to<t<T,
p
In(L+(p/k)V(e)'™)
(I-mp

Remark 3: When p = 0, VYt > ty, V(e(t)) < —kV"(e(t)), the global finite-time stability has been studied in [30] with the settling

V!™(t)
k(1=n) *

holds and V() =0, Vt > T’, T’ denotes the settling time, given by 7’ = #( +

time 7" = ty + It is easy to verify lim,_,o 7" = T"”. Thus, inequality (5) can be applied with a wider range of forms.
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For instance, finite-time observers have been studied for triangular nonlinear systems in [37], [38]. In [39], global finite-time
observers are designed for a class of Lipschtiz nonlinear systems.

Remark 4: In [27], Lemma 2 is used to prove the finite-time stability with p = 0. By comparing the settling time 7" in [27]

1- 1-1 1-n 1
and 7" in this paper, we have that 7/ — 7" = I p/OVae) 1) _ Y 1) ﬁ(lnaﬂp/k)v(’”) DY Z(ZO)) <0and 7" -T"” =0 if and

p(1-n) k(1-m) — P
only if V(#y) = 0. Thus, by using (5), a faster convergence performance will be achieved. In this paper, our aim is to construct

an appropriate controller to satisfy inequality (5).

III. MAIN RESULTS

In this section, our main results include three parts: Global finite-time synchronization of different dimensional chaotic systems
is studied in subsection A. Then, some uncertain parameters are considered in the chaotic systems (1) and (2), sufficient conditions
are also derived to guarantee global finite-time synchronization in subsection B. To the end, the adaptive updated laws of parameters
designed in controllers are adopted, and some new sufficient conditions are given to achieve the desired results. In subsection C,
finite-time synchronization of two chaotic systems is extended to two networked chaotic systems, the corresponding controller is

designed to guarantee the stability.

A. Global finite-time synchronization of chaotic systems

Consider chaotic systems (1) and (2), define e(t) = ¢(x) — ¢(y), the error dynamics are given by

e =Js(0)x = J,(n)y = Jp()F(x) = J,(N(G() + u®)), (6)

where J4(x) and J,(y) denote the Jacobin matrices of functions ¢(x) and ¢(y), respectively. Particularly,

9 (x) 94 (x) . 941(x)
dxy dxy 0x,
0pr(x)  94(x) . O(®)
) i) 0x,
Joy=| 7T T
0 (x) 0 (v) . 0P (0)
dxy dxs dx,
Io () G . 9y
o dy> Oym
0p2(0) 0 . ()
ady dy, Oym
Jo(y) = .] . .
o) dp») . 98
Ay Oy Oym

Assumption 1: r < min{m,n} and matrix J, is row full-rank.

In order to achieve global finite-time synchronization of systems (1) and (2), the following controller is proposed

u(t) = =G(y) + J;' MU (OF (x) + k- (@, e(1) + pe(?)), )

where 1n(a, e(t)) = [sign(e1(t)le1 ()|, - - -, sign(e,())le-(0|*]1", & € (0, 1] are constants, k > 0, p > 0, and e(?) = (e1(?), e2(?), - - -, e,(1))"

and sign(-) denotes standard the sign function.
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Remark 5: In [27], the parameter @ = m;/my, is a rational number, where m; and m; are two positive odd integers and my > m;.
This is a very strong restriction of parameter selection. In this paper, @ can be selected in (0, 1] arbitrarily.

Substituting (7) into (6), we have
e(t) = —k - n(a, e(t)) — pe(t). ®)

Now we give our main results.
Theorem 1: Consider chaotic systems (1) and (2) under Assumption 1, if the controller u(¢) is designed in the form of (7), then
the error dynamics (6) are global finite-time stable at the origin. We can also say that systems (1) and (2) are global finite-time

. . . . . (1-a)/2
synchronized with the settling time, given by T’ =ty + In(l+(p/)Vieo) ™)

(I-a)
Proof: Consider the following positive definite function '
Vo (t) = e (e(?). 9
Then, the derivative of V,(¢) along (8) can be calculated as
Vo (0) = 2eT (e(t) = —2keT (n(a, e(t)) — 2pe’ (He(?). (10)
When a = 1, the error system can be rewritten as
e(t) = —ke(t) — pe(t). (11

The derivative of V,(f) along the system (11), we have

dVa (1)

o lan = =20k + e’ (He(®) <0,

which implies the system (11) is globally asymptotically stable. Moreover, for the continuity of a, there exists £ > 0 such that

aVa(1)

g < or @ € (1 —&,1). More details can be found in , . Next, will prove the global finite-time stability o
L)) < 0 f a 1). More detail be found in [32], [37]. N ill he global finite-ti bility of

system (8). From (10), by Lemma 1, it follows that

V() = =2ke” (1) - sign(e)le(n)|* — 2pe” ()e(r)
= =2k 3, le/D)|*" = 2pe” (n)e(1)

a+l

< 2k(eT (De®) T —2pel (He(r)

a+l

< =2kV, ()T = 2pVu(2).

12)

In(L+(p/R)V(en) ")

By Lemma 2, the error dynamics (8) are globally finite-time stable with 7’ = 7y + o)y

. The proof is completed here.

B. Global finite-time synchronization of chaotic systems with unknown parameters
For chaotic systems (1) and (2), if there exist some unknown parameters in them, then, they can be rewritten as

X(1) = Fi(x(1) + f(0)®,
@) = Gi(y(®) + g + u(@),

13)

March 26, 2017 DRAFT



where x(f) € R" denotes the system state, F; : R” - R", G; : R" - R", f : R" - R™?, g : R" — R"™4 are continuous
functions, ® € R? and ¥ € R? denote the vector of unknown parameters. The controller (7) can not be used again for the

existence of unknown parameters. Thus, the following adaptive law is proposed to estimate the unknown parameters ® and ¥:

B = (Jy(x) - )T e(t) — k - sign( @)D" — pd,

¥ = ~(J, () - gONTet) — k- sign(P)FP - p¥, (14)
where @, ¥ denote the estimations of ® and ¥, ® = — @, ¥ = ¥ - ¥ and ne,1], k>0, p>0.
Now, based on (14), the controller u(¢) can be designed as
(1) = =G1(y) = s + J; O (O(F1(x) + f()D) + k- sign(e)lel” + pe(n)]. (15)
Then, the error dynamics are derived
&(1) = Jy(O)F1(x) + f()P) = J,O0)(G1() + DY + ) (16)

= ~Js()fOD + J,()gMF ~ k - sign(e)lel” — pe(?).
Now, we give our main results.
Theorem 2: Consider chaotic systems (13) and (14) under Assumption 1, if the controller u(¢) is designed in the form of (15),

then the error dynamics (16) are global finite-time stable at the origin. We can also say that systems (13) and (14) are global

In(L+(p/k)V(eo)' /)

finite-time synchronized with the settling time, given by 7’ = 1y + =

Proof: Consider the following positive definite function
V, @) = e®)!e(t) + DT D + PTP. (17)
Then, the derivative of V,(¢) along (16) can be calculated as
V, () = 27 (De(r) + 207D + 297F = 27 (1)e(t) + 207D + 297
= —2eT(t)J¢(x)f(x)(i) + ZeT(t)J‘p(y)g(y)‘i’ — 2ke (¢) - sign(e)le|” — 2peT (te(t)
+207 (J5(x) - f(x)Te(t) — 2kDT - 5ign(®)| D" - 2pdT
=297 (J,(y) - g e(®) — 2kPT - sign(P)|P|" - 2pPTP
= =2ke" (¢) - sign(e)lel” - 2kDT sign(cf))ld)l” —2k9PT . sign(‘i’)|‘i’|”
—2pel (He(t) — 2pdT D — 2pPTP.

(18)

Similar proof to the Theorem 1, it is easy to obtain that the error system (16) is asymptotically stable. Moreover, we also have
V() < —2kV,(0'F = 2pVi (1).

. . . . . . (1-n)/2 .
Then, the error system (16) is also globally finite-time stable with the settling time 7’ = #; + %. The proof is
completed.

For system (13), we can also design an adaptive controller as follows:

b = (J5(x) - f) elt) — k - sign(@)|DI" - y()D,

W = —(J,() - g0 e(t) — k- sign(B)I — y(1) P,

u(t) = =G1(y) — g¥ + I, MUp()(F1(x) + f()D) + k - sign(e)lel” + y(1)e(D)],
Y(0) = —e(t) e(t) = "D — PP — k- sign(y(O)y®I" — py (D),

19)
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where 7, p, k are the same as (15).

Based on Theorem 2, we have the following Corollary.

Corollary 1: Consider chaotic systems (13) and (14) under Assumption 1, if the controller u(?) is designed in the form of (19),
then the error dynamics (16) are global finite-time stable at the origin. We can also say that systems (13) and (14) are global
finite-time synchronized.

Proof: Consider the following positive definite function
V, () = e®)e(t) + y(t)* + DTD + P19 (20)
Then, the derivative of V,,(¢) along (16) can be calculated as
V,(6) = 2eT (£)e(t) + 2y(tyy(t) + 207 & + 297 %
= kel (1) - sign(e)le|” — 2k®DT - sign(®)| D" — 2kPT - sign(P)[P|" — 2y (e (1)e(r)
-2y(O®T D - 2y()PTY + 2y(e(n)" e(r) + 2y(NDT D + 2y(t)PTW + 2ky (1) - sign(y()yDI" — 2py(1)*
= —2ke” (1) - sign(e)le|! — 2kDT - sign(®)| D" — 2kP7 - sign(P)|PJ"

—2ky(t) - sign(y(O)lyOI" = 2py(1)*
< —2kV,(0" = 2pV,(0).

1)

The rest proof is similar to Theorem 2, it is omitted here. The proof is completed.

Remark 6: If m = n, let ¢(x(r)) = x(t), ¢(¥(¢)) = ¥(¢), the error dynamics are e(t) = x(t) — y(¢), then, the it can be transformed
as complete synchronization problem. Obviously, it is a special case of our proposed design methods.

Remark 7: In [27], finite-time synchronization of two chaotic systems with different order is studied, and the relation between
the design parameter, the initial state of system and the convergent time are also discussed. Moreover, the authors investigated
the finite-time synchronization with the error dynamics e(t) = y(f) — ¢(x(¢)) without considering the unknown parameters. Then,
by considering the unknown parameters, finite-time synchronization with the error dynamics e(?) = ¢(x(r)) — ¢(y(¢)) is attained
in [28]. It should be noticed that the parameters designed in controller must be the proportion of two odd integers in both [27]
and [28]. In this paper, the restriction on the parameter is removed. Moreover, the adaptive updated law is proposed to estimate

the parameter, which is designed in the controller.

C. Global finite-time synchronization of networked different dimensional chaotic systems

In this subsection, finite-time synchronization of two different dimensional chaotic systems is extended to finite-time synchro-

nization of networked chaotic systems. Consider the following dynamical networks consisting of N identical nodes:
&) = fit@0) + X, aixj@,i=1,2---,N, (22)

where x;(f) = [x;1(2), x2(2), - - -, xin(1),]7 € R” dentes the state vector of ith node, The abbreviation x(¢) = [x; ()7, -, xy@®"17,
Fx) = [fi(x1), -, fn(xn)]?, where f; : R" — R" is a continuous function. A = (a;;) € R¥*V denotes the weight configuration
matrix. If there is a connection between nodes i and j (i # j), then a;; = a;; > 0; otherwise, a;; = a;; = 0. The diagonal elements
of matrices A are defined as

ai=- 3 a 3)

J=1j#i
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For simplicity, the drive system (22) can be written in following form:
X(1) = f(x(0) + Ax(r) = F(x). (24)
The response system can be given as follows:

y(®) = g(y(0) + Ay(1) + u(r) = G(y) + u(®), (25)

where y(t) = [y, -, yv@®T17, yi(®) = Vi (®, yi(®), - - -, Yim(®]" € R™ denotes the response state vector of x;(r) of the ith node.
u(@®) = [ ®7, -, un(®T17, ui(f) € R™ denotes the control input of the ith node. g(-) := [g1(-), - -, gn()]”", where g; : R™ — R™
is a continuous function.

In view of (24)- (25), the synchronization error system can be obtained

é(1) = Jo(0)x = Jo(n)y = Jp(O)F (x) = J,0N(GO) + u(?)), (26)

where e(t) = [e1()", e2()T, -+, en()"]7, ei(t) = p(xi(1)) = p(Vi(D)). J(x) = diag{Jy(x1), Jp(x2), - -+, Jp(xn)} and Jy(y) = diag{J,(y1),
Jo(y2), -+, Jo(yn)}, where Jy(x;) and J,(y;) denote the Jacobin matrices of functions ¢(x;) and ¢(y;), respectively. Particularly,

01 (x)  Oh(x) . Odi(x)
0xi) Oxpp OXin
Oo(xi)  Od(x) . Oda(x)
0x; 0x; Oxin
Joy=| " T Tl
0 (x) O (x) . Od(xi)
Oxiy Oxi Oxin
dp1v) O .. ()
dyii dyi Oim
9p(v) 02 . Opa()
By dyin Byim
J ga(y i) = . : . . .
0o, vi) O vi) . Opr()
dyin dyi Oim

In order to achieve global finite-time synchronization of systems (24) and (25), the following controller is proposed

u(®) = =G + J;' MUp(DF(x) + k- 1, e(1) + pe(?)), @7

where n(a,e(t) = [p(a, ey, -, n(e, en(®)'", nla,ei(n) = [sign(ej())lea ), - -, sign(ei()lei ()], @ € (0,1] are con-
stants, and sign(-) denotes standard the sign function, £ > 0, p > 0.

Substituting (27) into (26), we have
e(t) = —k - n(a, e(t)) — pe(t). (28)

The main result is stated as follows.
Theorem 3: Consider chaotic systems (24) and (25) under Assumption 1, if the controller u(¢) is designed in the form of (27),

then the error dynamics (28) are global finite-time stable at the origin. We can also say that systems (24) and (25) are global

In(1+(p/k)V(e0) ")

finite-time synchronized with the settling time, given by 7’ =ty + Ta)p

The rest of proof is similar to Theorem 1 and omitted here.
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IV. NUMERICAL SIMULATIONS
In this section, we give two examples to verify the effectiveness of our proposed methods.

Example 1: Consider the following hyperchaotic Rossler system (20) and the Duffing system (30):

X1(1) = —x2(0) — x3(2),

To(t) = x1(1) + axa (1) + x4(2),

(29)
X3(t) = x1(Dx3(2) + b,
X4(t) = —cx3(1) + dxq(0),
and
y1(@) = y2(8) + w1 (1), 30)
$2(t) = y1() = y; (1) = hyya(t) + ha cos(t) + ua (1),

where the system parameters are selected as a = 0.25, b = 3, ¢ = 0.5, d = 0.05, h; = 1 and hy = 0.8 such that systems (29) and (30)

are chaotic. Select (29) as the drive system and (30) as the controlled system (n > m1). Assume that ¢(x) = [x; + x; + x3, x4]7 and

1 11 0 1 0
@) = [y1,y2]". Then, we have J4(x) = s Je(y) = .
0 0 0 1 0 1

From (6), the error dynamics can be obtained as

e1(t) = =y2(0) + x1(1) — 0.75x2(1) — x3(1) + x4(0) + x1(D)x3(1) + 3 — w1 (1), 31)
et = -y () + y‘?(l‘) + hyya(t) — hy cos(?) — 0.5x3(8) + 0.05x4(1) — us(t).
By (7), the controller is given by
u (1) = =y2(t) + x1(1) = 0.75x2(1) — x3(2) + x4(2) + x1(Dx3(2) + 3 + k - sign(e1(D))ler(D|” + pei (1), (32)
ur(1) = =y1(2) + y3(2) + hiya(t) = hy cos(t) — 0.5x3(2) + 0.05x4(2) + k - sign(ea(t))le2()* + pex().

In the simulations, the initial values of systems (29) and (30) are (x;(0), x2(0), x3(0), x4(0)) = (1, 1, 1, 1), (y1(0),y2(0)) = (2.5, 1.5).
In order to show better convergence performance of our controller, a comparison is made with the controller designed in [27].

Based on the controller design (9) in [27], the following controller is given by

{ ur(t) = =y2(0) + x1() = 0.7522(8) = x3(8) + x4(t) + X1(Dx3(1) + 3 + €11 + e1(1), (33)

up(t) = =y1 () + y(8) + h1y2(t) — hy cos(t) — 0.5x3(1) + 0.05x4(1) + e2(1) + ex(2),
where parameter S > 0 is a rational number. The trajectories of errors e;(f) by using controllers (32) and (33) are shown in
Figure 1 with different parameters. When § = 1/3, by using the controller design (33) in [27], the trajectories of errors e;(f) and
ey(r) are shown in Figure 1(a), where the settling time can be estimated by 7’ = #Ile(to)lll‘ﬁ = 1.1906s. By comparing with

this result, we select k = 1, @ = 1/3, p = 1 in our controller design (32), then, the trajectories of errors can be obtained shown

in Figure 1(b) with the settling time 7’ = —ln(”(lzqk_)(”j(’”)lll_n) = (0.8764s. By fixing k and «, select p = 4, then a faster convergence
P
— In(1+(p/K)lleCt)ll' ™) = 0.5359s.

performance is shown in Figure 1(c) with the settling time 7" Ta)p

By fixing p and a, select k = 3, we
can also obtain a faster convergence performance shown in Figure 1(d) with the settling time 7’ = W = 0.3521s.
From the above comparisons between (33) and (32), it is easy to find that controller (32) has more advantages and shows a better

convergence performance.
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Fig. 1. Trajectories of the errors e;(f) (i=1,2): (a) f=1/3; b)) k=1, a=1/3and p=1;(c) k=1, a=1/3and p=4; (d) k=3, =1/3and p=1.

Example 2: Consider the Lorenz system as the drive system and the Chen hyperchaotic system as the controlled system. The
dynamics are given as follows:
X1(1) = a1 (x2(0) — x1(0)),
X (1) = —x2(1) — x1(Dx3(0) + azx,(0), (34
X3(1) = x1(Dx2(1) — azx3(1),

and
y1(@) = b1(2(0) — y1() + y4(@) + ui (1),

¥2(8) = bay1 () — y1(D)y3(8) + b3ya (1) + ua(2),
¥3(8) = y1(@y2(t) — bay3(2) + us(2),

Ya(@) = =y2(D)y3(1) + bsya(t) + uq(1),
where the parameters are selected as a; = 10, a, = 28, a3 = 8/3, by =35, b, =7, b3 = 12, by = 3 and bs = 0.5 to guarantee that

(35)

systems (31) and (32) are chaotic. Assume that ¢(x) = [x;x2, x; — x3]7 and ¢(y) = [0.5y; — 0.5y, 0.5y3 — 0.5y4]”. Then, we have

x» x3 O
Jo(x) = )
1 0 -1
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05 -05 O 0

Jo(y) = .
0 0 05 -05

Then, from (14) and (16), the updating laws and the error dynamics can be designed as

and

and

{ e1() = —x(O)(x2(t) — x1 (D)1 — x1(8)*az + 0.5(v2(1) — y1(D)b1 — 0.5y1 (b2 — 0.5y2()b3 — k - sign(e1()le1 ()" — pey (D),

a1 (1) = (a0 — xi(O)(x2(ter (1) + ex(t)) — k - sign(@)la " - pa.,
(1) = x1(e1 (1) — k - sign(@r)\as|" — pas,

as(1) = —x3(nex(r) — k - sign(as)las|” — pas,

bi() = 0.501 (1) = y2(0))e1 (1) — k - sign(By)\bl" — pby,
by(t) = 0.5y1(t)er(t) — k - sign(b2)[bal" — pha,
by(t) = 0.5y2(D)e1 (1) — k - sign(By)\bs|" — pbs,
ba(t) = 0.5y3()ex(t) — k - sign(Ba)[bal” — pha,
i’s(f) = 0.5y4(tex(t) — k - sign(bs)\bs|" — pbs,

&) = (D) — x1(0)a; + x3(0)az — 0.5y3(H)by — 0.5y4(H)bs — k - sign(ex(t))lex ()" — pea(t).

From (15), the controller can be designed as follows:

(1) = =b1(y2(t) = y1(1)) = ya(t) + x2(8) = x1(Dx2(1) = X1 (D2 x3(0) + 12D (X2 () = x1(D)ay

+x1(0)%a; + k - sign(e1(0)ley ()" + pe, (1),

(1) = =bay1 (1) + y1(0)y3(t) = b3ya(t) — x2(1) + x1()x2(8) + X1 (12 x3(8) — X2(D(x2(1) = X1 (D)1
—x1(1)*ay = k - sign(e1(0)ler ()" = pe, (1),

u3() = =y1(0)y2(0) + bays(t) = x1(Dx2(0) + (x2(1) = x1 (D)@ — x3(D)as + k - sign(ex(t)ex(DI + pe (1),
ug(t) = =ya(t)ys(t) = bsya(t) + x1(Dx2(1) — (x2(t) — x1 (1)) + x3(D)as — k - sign(ex(t))lex(DN — pe (1),

11

(36)

(37)

(38)

(39)

where the parameters are given as k = 3, p = 2 and n = 0.5. The initial values of systems (34)-(35) are (x;(0), x2(0), x3(0)) =
(4,2,2) and (y1(0), y2(0), y3(0), y4(0)) = (3,4, 1,5). The initial values of estimations &; and Bj are (a1(0),a,(0),as(0)) = (1,1, 1)
and (@1(0), 132(0), 133(0), 134(0), 135(0)) =(2,2,2,2,2). Then, the trajectories of errors e;(f) are shown in Figure 2(a). The trajectories

of estimations &; and b ; are shown in Figure 2(b-c).

From (19), the following adaptive controller can be designed

March 26, 2017

(1) = =by (y2(8) = y1(1)) = ya(@) + x2(0) = x1(Dx2(8) = X1 (D2 x3(0) + X2(1)(22() — x1 (D))

+x1(0)%ay + k - sign(e1(0)ler ()" = yei (1),

() = =bay (1) + y1(Dy3(1) = baya(t) — x2(1) + x1(Dx2(1) + x1 () x3(8) — X2(D(x2(D) — X1 (D)
—x1(1)%a — k - sign(e 1 (1)ley ()" + ye, (1),

us(t) = =y1(Oy2(0) + bays(t) — 1 (Dx2(0) + (02(1) = x1(D)ay — x3(0)a3 + k - sign(ex(D)lex (D) - yea (o),
us(t) = =ya(B)y3(0) — bsya(t) + x1(Dx2(0) — (x2(t) — x1 (D)@ + x3(0)a3 — k - sign(ex(t)ex (D] + yea(t),
Y1) = ~(e]() + &3(1) = T, @ (1) = Ty b (1) = k- sign(yI” + py(o),

(40)
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Fig. 2. (a) Trajectories of the error states e;(f)(1 < i < 4); (b) Trajectories of estimations @; (1 < i < 3); (c) Trajectories of estimations lAzj (1<j<5).

where k = 2, p = 1, n = 0.5. The initial value of y(¢) is given as y(0) = 20, the other initial values are the same. Then, we

can obtain that the trajectories of errors e;(f) are shown in Figure 3(a). The trajectories of estimations a; and b j are shown in

Figure 3(b-c). At last, the trajectory of y(#) is shown in Figure 3(d).

Example 3: Consider the following multi-layer complex network with 10 identical nodes:

where

and

March 26, 2017

filxi(1) =

&i(yi(0) =

x(1) = f(x(0) + Ax(D),
y(®) = g(y(®) + Ay(1) + u(?),

-a a 0
b -1 0
0 0 -c
0 1 yit (1)
1 -1 yia(t)

x;1(0)
xpp(1)

xi3()

0
| —xa(®xi3(t)

xi1(Dx2(2)

0
—y3, (1) + 0.8 cos(7)

(41)
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Fig. 3. (a) Trajectories of the error states e;(t)(1 < i < 4); (b) Trajectories of estimations a; (1 < i < 3); (c) Trajectories of estimations 51- (1<j<5); @

Trajectory of the adaptive updated law y().

-4 0 0 1 1 0 0 0 1 1
0 -4 1 1 1 0 1 0
0 1 1

1 o 1 0 1 1 O 1 =5 0
$1 0o 0o o0 o o0 1 1 0 =3

where the parameters are selected as a = 10, b = 30, ¢ = 8/3, A € R!%¥10 5 a symmetrically coupling matrix. Moreover, the initial

values are given as: x(0) = (3 +i,-5—2i,7 + 2)7, y(0) = (=2 + 7i,=7 + 8))T (i =1,---,10). Assume that ¢(x;) = [xi; + Xip, x3]7

1 0
and ¢(y;) = [i1,v2]7. Then, we have Jo(xi) = , Joi) = ] From (26), the error dynamics can be obtained
0 0 1 0 1
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as
i1(1) = 20x;1 (1) + 9xp (1) — x;1(Dx3(1) — yio (D) + 2}21 a;j(xi1 (1) + xp(®) — yi (D) — uin (@),

42)
en(t) = =8/3x;3(1) + x;1 (Dxi2() — yin (1) + yio(8) + y3, (1) — 0.8 cos(r) + Z}gl a;j(xi3(t) — Yo (1)) — upp(2).
By (27), the controller is given by
ui (1) = 20x;1 (1) + 9xpp (1) — x; (Dx3() — y () + Z}-g] a;j(xi1 (1) + x2(t) — yi1 (1) + k - sign(e; ()leq (DI* + pe;i (1),
up(t) = =8/3x3(t) + xi1 (Dx(1) — yir (1) + yo (1) + y3, (1) — 0.8 cos(r) + }-21 a;j(x;3(t) — yp () + k - sign(ep(t))lenvl® + pepn(r).
(43)

In the simulation, we select parameters k = 1, p = 3, n = 3/5, the simulation results are shown in Figure 4.

)
|
[

(t), 1<i<10

n(t), 1<i<10

e

-80 - - - ; -50
0

o
-
N
w
IS
e
.
N
w
IS
@

(2) (W)

Fig. 4. (a) Trajectories of the errors e;1(¢)(1 < i < 10); (b) Trajectories of the errors e ()(1 < i < 10).

V. CoNCLUSION

This paper has addressed the problem of global finite-time synchronization of two different dimensional chaotic systems.
Firstly, the definition of global finite-time synchronization of different dimensional chaotic systems were introduced. Based on
the finite-time stability, the controller was proposed such that the chaotic systems were globally synchronized in a finite time.
Then, by taking some uncertain parameters into account, a new control law and dynamical parameters estimation were proposed to
guarantee that the global finite-time synchronization could be achieved. Moreover, by considering a dynamical parameter adopted
in the controller, the adaptive updated controller was also designed to achieve the desired results. Subsequently, the results of
two different dimensional chaotic systems were also extended to two different dimensional networked chaotic systems. Finally,
three numerical examples were given to verify the efficiency of the proposed methods.

In this paper, the finite-time synchronization of different dimensional chaotic systems is considered based on continuous
controller design. To the best of the authors’ knowledge, the amount of information needs to be transferred may be limited
in some cases and synchronization can be still achieved. For two same dimensional networked chaotic systems, finite-time
synchronization has been studied by designing intermittent controllers in our previous research [40]. In our future work, we will

achieve finite-time synchronization of two networked chaotic systems with different orders via intermittent feedback control.
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