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The need to ease pressure from the depleting fossil fuel reserves coupled with the rising global

energy demand has seen a drastic increase in research and uptake of renewable energy sources in

recent decades. Of the commonly exploited renewable energy resources, hydropower is currently the

most popular resource accounting for 17% of the world’s total energy generation, a portion which

translates to 85% of the renewable energy share. However, despite the huge potential, hydropower

is dependent on the availability of water resource, which is affected by climate change. During wet

seasons, hydropower system operators are faced with a deluge of floods which results in excess power

generation and spillage. The situation reverses in dry seasons where system operators are compelled

to curtail power generation because of low water levels in the hydro reservoirs. The later situation is

more pronounced in drought prone regions such as Southern Africa where some hydropower plants are

completely shut down in dry seasons due to water shortage.

This dissertation focuses on the application of optimal control to hydropower plants with pumpback
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retrofits powered by on-site hydrokinetic and wind power systems. The first section of this work

develops an optimal operation strategy for a high head hydropower plant retrofitted with hydrokinetic-

powered cascaded pumpback system in dry season. The objective of pumpback operation is to recycle

a part of the downstream discharged water back to the main dam to maintain a high water level

required for optimal power generation. The problem is formulated as a discrete optimisation problem

to simultaneously minimise the grid pumping energy demand, minimise the wear and tear associated

with the switching frequency of the two pumps in cascade, maximise restoration of the reservoir

volume through pumpback operation and maximise the use of on-site generated hydrokinetic power

for pumping operation. Simulation results based on a practical case study show the pumping energy

saving advantages of the cascaded pumping system as compared to a classical pumped storage (PS)

system.

The second section of this work develops an optimal control system for assessing the effects of eco-

logical flow constraints to the operation of a hydropower plant with a hydrokinetic-wind powered

pumpback retrofit. The aim of the control law in this case is to use the allocated water to optimally

meet the contractual obligations of the power plant. The problem is formulated as a discrete optim-

isation problem to maximise the energy output of the reservoir subject to some defined technical and

hydrological constraints. In this system, pumping power is met primarily by the wind power generator

output supplemented by the on-site generated hydrokinetic power. The excess hydrokinetic power

is exported to the grid to meet the committed demand. Three different optimisation scenarios are

developed: The first scenario is the baseline operation of the hydropower plant without any intervention.

The second scenario incorporates the hydrokinetic-wind-powered pumpback operation in the optimal

control policy. The third scenario includes the downstream flow constraint to the optimal control

policy of the second optimisation scenario. Simulation results based on a practical case study show

that ecological flow constraints have negative effects to the economic performance of a hydropower

plant.
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LIST OF ABBREVIATIONS

Ac cross sectional area of the penstock (m2)

Au base area of the main dam model (m2)

Am base area of the intermediate reservoir model (m2)

Ar base area of the re-regulation reservoir model (m2)

At true or accepted value

Ahk area swept by the hydrokinetic turbine rotor (m2)

Awt area swept by the wind turbine rotor (m2)

Cp Betz Limit

Eg total daily energy produced by the hydro-turbine generator (MWh)

EHK total daily energy produced by the HK system in a day (MWh)

Ehk total daily hydro-turbine energy consumed by pumping system (MWh)

Ehg total daily hydrokinetic energy exported to the grid (MWh)

Egk total daily grid energy supplied to the pumping system (MWh)

Eopt total daily optimal energy output of the system (MWh)

HK hydrokinetic

HKEC hydrokinetic energy conversion

HKT hydrokinetic turbine

HPP hydropower plant

Hi net differential head of pump Ki; i = 1,2 (m)

ho(t) net head of the hydropower system (m)

hm(t) water level in the intermediate reservoir (m)

hr(t) re-regulation reservoir water level (m)

hu(t) water level in the main dam model (m)

hre f anemometer reference height (m)

J objective function

min ; max minimum and maximum of the variables

masl meters above sea level

MILP mixed integer linear program

MINLP mixed integer nonlinear program

MIQP mixed integer quadratic program
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N total number of sampling intervals

nhk a variable denoting the number of HK generators

nwt a variable denoting the number of wind power generators

PHK(t) total HK generator power output (MW)

PHK,r nominal power rating of a single HK generator

OC optimal control

PS pumped storage

PSO particle swarm optimisation

Pg(t) hydro-turbine power output (MW)

Pg,r hydropower plant’s rated power output (MW)

Pgk(t) grid power import for pumping operation (MW)

PK(t) power demanded by the pumpback system (MW)

PKi power demanded by pump Ki; i = 1,2 (MW)

Phg(t) excess HK power supplied to the grid (MW)

Phk(t) a fraction of HK power supplied to the pumping system (MW)

PWT,r rated power output of the wind generator (MW)

Pld(t) instantaneous system load (MW)

qo(t) turbine discharge rate (m3/s)

qin main dam in-stream flow rate (m3/s)

qk flow rate of pump K (m3/s)

qr controlled re-regulation reservoir discharge rate (m3/s)

RPM revolution per minute

Rwt rotor diameter of wind turbine (m)

ui control switch for pump Ki; i = 1,2

v desired wind speed at hub height, hhub (m/s)

vre f wind speed at the reference height (m/s)

vr rated wind speed (m/s)

vi cut-in wind speed (m/s)

vo cut-out wind speed (m/s)

υ river current velocity (m/s)

υr rated speed of water (m/s)

WEC wind energy conversion
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Wu(t) instantaneous volume of water in the main dam (m3)

Wm(t) instantaneous volume of water in the intermediate reservoir (m3)

Wr(t) instantaneous volume of water in the re-regulation reservoir (m3)

ω weighting factor

ts system sampling period (h)

Zm experimental measured values

ηe electrical efficiency of the hydro-generator

ηm mechanical efficiency of the hydro-turbine

ηk combined efficiency of pump K and its motor drive

ηwt overall efficiency of the wind power system

ρa density of air (kg/m3)

ρw density of water (kg/m3)

σm,dev standard deviation

λ ground surface friction coefficient

χ Weibull shape parameter
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CHAPTER 1 INTRODUCTION

1.1 PROBLEM CONTEXT AND MOTIVATION

The depleting fossil fuel reserves coupled with their externalities such as global warming underscore

the need to explore and exploit clean and sustainable energy sources. To this end, the last five decades

have seen increased research and utilisation of hydro, solar and wind as renewable alternatives

to conventional sources. Some of the commonly cited advantages of renewable energy sources

include environmental friendliness, natural abundance and their comparatively low operational costs

when compared to their conventional counterparts. Despite increasing interests in solar and wind,

hydropower is currently the most popular renewable energy resource thanks to its operational flexibility,

ability to adapt quickly to changes in system load demand and its relatively high reliability. Currently,

hydropower contributes 17% of the world’s electrical energy demand, a portion which accounts for

85% of the renewable energy share [1]. Its share in the global energy matrix is projected to double by

2050 because of its ability to stabilise supply-demand variations caused by high penetration of the

intermittent solar and wind 1. However, the achievement of this projected growth may be hampered

by the projected global decline in precipitation in the next four decades [1, 2, 3, 4]. The effects of

climate change on hydropower generation have already been experienced in some vulnerable regions

such as Southern Africa. Some countries in this region such as Tanzania, Zimbabwe, and Zambia

have experienced a drastic decrease in hydropower generation in dry seasons in recent years due to

the increase in prolonged droughts events. For instance, low water levels in the Kariba dam during

prolonged droughts experienced in recent years resulted in massive power shortages in Zambia and

Zimbabwe. In Tanzania, many hydropower plants (HPPs) were shut down in 2015 because of low

1https://www.iea.org/topics/renewables/subtopics/hydropower/
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CHAPTER 1 INTRODUCTION

reservoir water levels resulting in an acute power shortage 2. The effects of climate change and the

increase in human settlement in the Pangani basin in Tanzania have resulted in over-allocation of water

for irrigation farming resulting in an acute water shortage for hydropower generation. One of the

affected power systems in Tanzania is the Pangani hydropower system. Due to the water shortage, the

91.5 MW Pangani hydropower system has been generating below 30% of its installed capacity in dry

seasons in recent years. The anticipated decrease in precipitation in Southern Africa underscores that

hydropower generation problem in the already affected countries is bound to decrease further [1]. This

impending crisis, underscores the need to explore integrated water conservation and optimal control

strategies that can optimise the performance of hydropower facilities.

One of the commonly encountered problems in the operation of hydropower systems is handling of

conflicting objectives, which often times make the optimal control (OC) problem large scale and

hard to solve. Because of their flexibility to respond to changes in system load demand and their

comparatively low operational cost, impounded hydropower plants are commonly used as peaking

plants in hydrothermal systems. In single purpose hydropower plants, the optimal control problem

entails adjusting the turbine discharge rate to maximise hydropower generation when it is most

profitable, such as during high peak-price hours [5]. In de-regulated markets with time differentiated

energy prices, this operation strategy, referred as hydropeaking in technical literature, entails storage of

sufficient water in the plant reservoir during off-peak hours for peak generation to maximise revenue

generation. However, in practice, dams serve other purposes including provision of an aquatic habitat

for downstream aquatic species, provision of water for irrigation farming, recreational navigation,

and water abstraction for both domestic and industrial use. Therefore, practical optimal operation of

a hydropower dam requires a balance between maximum revenue generation and protection of the

downstream riverine ecosystem.

Without environmental regulatory policies, hydropeaking has the potential to cause downstream

flooding with negative effects to aquatic biodiversity [6], riparian farming and recreational navigation

[7]. To minimise these environmental effects, downstream ecological flow constraints are integrated

into the OC policies of hydropower plants (HPPs), which often times reduce their operational

2http://www.telegraph.co.uk/news/worldnews/africaandindianocean/tanzania/11923748/Tanzania-turns-off-

hydropower-as-drought-bites.html

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

flexibility to respond to changes in energy price signals and hence a reduction in revenue generation

[8, 9]. The effects of minimum ecological flow constraints are more pronounced in systems with big

disparities between peak and off-peak power demand in dry seasons; a scenario that requires HPP

operators to store sufficient water during off-peak hours for optimal peak generation. These conflicting

objectives underscore the need to assess the economic impacts of ecological flow policies and develop

mitigation strategies that can optimise the utility of hydropower reservoirs with minimal effects to the

downstream riverine ecosystem.

Many studies in the current literature on the optimal operation of hydropower plants have focused on

water resource planning [10, 11, 12], optimal reservoir discharge [13] and scheduling of hydropower

generators [14, 15, 16, 17] to maximise their beneficial use. Some studies have investigated the effects

of incorporating ecological flow constraints in the OC policies of hydropower reservoirs [8, 18, 19].

In these studies, the commonly investigated environmental regulatory policies are minimum flow

requirements and the ramp rate constraints [8]. A few works in the current literature have studied

the effects of pumpback operation between the afterbay and the main storage reservoir to the energy

yield of hydropower reservoirs [20, 21]. However, the problem of optimal control of the pumping

operation to minimise the pumping energy demand has not been well studied. For instance, in [20, 21],

the authors propose the pumpback operation during off-peak hours to store sufficient water in the

hydro reservoir for peak generation. In this case, the rationale of pumping operation is justified by the

difference between peak and off-peak energy prices to off-set the high pumping losses of the system.

This system is uneconomical in high head applications where high pumping losses are more than

the peak and off-peak price differences. The use of grid energy for such energy intensive pumping

operation is also economically unattractive. There is no work in the current literature that has explored

the use of alternative renewable energy alternatives for pumpback operation as applied in optimal

control of hydropower systems.

This dissertation identifies optimal control of hydropower plants with hydrokinetic and wind powered

pumpback operation as a potential area of increasing the energy yield of a hydropower reservoir in dry

seasons. From the afterbay of conventional HPPs, water flows freely downstream with approximately

45% of the gravitational potential energy released from the reservoir. A fraction of this free energy

can be tapped using the hydrokinetic energy conversion (HKEC) system to power the pumpback

operation.

Department of Electrical, Electronic and Computer Engineering
University of Pretoria
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CHAPTER 1 INTRODUCTION

1.2 RESEARCH OBJECTIVE AND QUESTIONS

The main research objective of this dissertation is to optimise the energy output of HPPs in dry seasons

using hydrokinetic/wind powered pumpback operation. To achieve this objective, the following specific

objectives are stated:

1. To investigate the effects of pumpback operation to the energy output of a HPP in dry season.

2. To investigate and validate the energy saving potential of the cascaded pumpback system as

compared to the classical pumped storage system.

3. To model an on-site hydrokinetic and wind power system for powering the pumpback operation

of a HPP in the dry season.

4. To investigate the effects of minimum ecological flow constraints to the performance of a HPP

with a pumpback retrofit.

In order to achieve the above stated objectives, the following research questions will be addressed in

this dissertation:

1. What is the impact of pumpback operation to the daily energy yield of a hydro reservoir in the

dry season?

2. What are the energy saving advantages of a cascade pumpback system as compared to a classical

PS system for high head applications?

3. What are the effects of downstream flow constraints to the performance of a hydropower

reservoir?
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CHAPTER 1 INTRODUCTION

1.3 HYPOTHESIS AND RESEARCH APPROACH

This dissertation develops an optimal control strategy for maximising the economic value of the

available water in a hydropower reservoir with and without downstream flow policies in dry seasons.

The first section, presented in chapter 3, proposes a cascade pumping strategy to minimise the overall

pumping energy demand of the pumpback system. The second part, presented in chapter 4, investig-

ates the effects of environmental flow constraints on the performance of a hydropower system with

hydrokinetic-wind powered pumpback operation over a 24 h control horizon. To minimise reliance on

the much needed grid power for pumping operation, an on-site hydrokinetic and wind power system is

proposed for powering the pumpback operation in both system. An optimal control policy is developed

for the operation of the resultant hydropower system under the two optimisation cases. The following

hypotheses are stated:

1. Pumpback operation improves the energy output of the hydropower reservoir in dry seasons.

2. Cascade pumping reduces the daily pumping power and energy demand of the pumpback system.

3. Integrating downstream flow constraints to the optimal control policy of a hydropower reservoir

has negative impacts on its daily energy yield.

4. The optimal control of the proposed system improves the overall daily energy yield of the

reservoir operated with and without ecological flow constraints.

The following approaches will be used to achieve the afore-listed research objectives:

• Literature review- A literature survey will be carried out to identify previous research works that

relate to the proposed optimal control system as well as establish a body of knowledge on the

optimal operation of hydropower reservoirs. Pertinent to the literature survey is the establishment

of the existing optimisation approaches applied to the optimal control of hydropower plants with

and without ecological flow policies.

• Mathematical model formulation- This will entail developing mathematical models that charac-

terise the operation of each of the sub-systems of the proposed hydropower plant. These models
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CHAPTER 1 INTRODUCTION

include the pumpback model for both classical pumped storage and cascaded pumping system,

the hydropower reservoir model with and without environmental regulatory policies and the

on-site hydrokinetic and wind power system for powering the pumpback operation.

• Simulation and results- Different optimisation scenarios of a hydropower plant with pumpback

operation will be developed. The first scenario, presented in chapter 3, will entail the optimal

control of a HPP with a cascaded pumpback retrofit powered by the on-site hydrokinetic power

system. To validate the operational advantages of a cascaded pumpback system, its simulation

results based on a suitable case study will be compared with the performance of a classical

pumped storage (PS) system. The second optimisation scenario, presented in chapter 4, will

assess the effects of ecological flow constraints on the performance of a hydropower plant with

hydrokinetic-wind powered pumpback operation. In the second scenario, three optimisation

models will be developed and analysed: The first model will present the baseline operation of

the plant in the case study without any intervention, supplying power to meet a deterministic

time-varying consumer load in the dry season. The second model will present a hydropower plant

with a hydrokinetic-wind-powered pumpback operation to investigate the effects of pumpback

operation to the performance of the plant. The third model will incorporate both pumpback

operation and downstream flow constraints in the optimal control policy of the plant. The

objective of the latter case is to assess the effects of pumpback operation to the performance of

the plant in question.

• Case study- The proposed optimal control systems will be applied to suitable case studies and

the simulation results will be used to validate the research hypotheses as well as answer the

proposed research questions set out in this dissertation.

1.4 RESEARCH GOALS

This research aims at achieving the following goals:

1. To maximise the daily energy output of a hydropower reservoir in dry seasons.
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CHAPTER 1 INTRODUCTION

2. To investigate the comparative advantages of a classical single pump and cascaded pumping

systems as applied in the optimal control of hydropower plants.

3. To investigate the effects of downstream ecological flow constraints to the performance of a

hydropower plant with a pumpback retrofit powered by on-site hydrokinetic and wind power

systems.

1.5 RESEARCH CONTRIBUTION

The main contribution of this dissertation is developing a cascade pumpback model as a water conser-

vation strategy for a high head hydropower plant to minimise the pumping power and overall pumping

energy demand of the system. The dissertation also proposes the use of on-site hydrokinetic and wind

power systems for pumping operation to minimise reliance on the grid power. In the course of the

research, the following papers were developed:

1. Fhazhil Wamalwa, Sam M.Sichilalu, Xiaohua Xia, Optimal control of hydrokinetic-powered

pumpback system for a hydropower plant in dry season: A case study, Energy Procedia 105

(2017):94-101

2. Fhazhil Wamalwa, Sam M.Sichilalu, Xiaohua Xia, Optimal control of conventional hydropower

plant retrofitted with a cascaded pumpback system powered by an on-site hydrokinetic system,

Energy Conversion and Management 132 (2017):438-451.

3. Fhazhil Wamalwa, Sam M.Sichilalu, Xiaohua Xia, Effects of downstream flow constraints on

the performance of a hydropower system with hydrokinetic-wind powered pumpback operation,

Energy (Submitted April 2017).

4. Fhazhil Wamalwa, Sam M.Sichilalu, Xiaohua Xia, Optimal energy mix of a micro-hydro-wind-

grid system powering a dairy farm in Western Cape, South Africa, 9th International Conference

on Applied Energy-ICAE2017, August 21-24 2017, Cardiff, UK.
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CHAPTER 1 INTRODUCTION

1.6 OVERVIEW OF STUDY

Chapter 1 of this dissertation has introduced the background as well as the motivation of the research

work. It has covered the study objectives, research questions, goals and a brief overview of the

approach to be followed in the research. Chapter 2 will review the current literature to establish the

bounds of knowledge on optimal control of hydropower systems with pumpback operation. Pertinent

to literature study is the establishment of relevant theoretical knowledge and mathematical models

of the various components of the proposed hydropower systems including conventional hydropower

systems, hydrokinetic and wind energy systems as well as the pumpback system. At the end of

literature review, a research gap to be addressed in the dissertation is established. Chapter 3 presents

an optimal control system for a conventional hydropower plant with a cascaded pumpback retrofit

powered by an on-site hydrokinetic energy conversion system. The main objective of this chapter

is to establish the performance advantages of a cascaded pumpback system over a classical pumped

storage system. Chapter 4 presents an optimal control system for assessing the effects of ecological

flow constraints to the performance of a hydropower plant with a pumpback retrofit powered by on-site

hydrokinetic-wind hybrid power system while chapter 5 presents the conclusion of the dissertation and

the recommendations for future research directions.
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CHAPTER 2 LITERATURE STUDY

2.1 CHAPTER OBJECTIVES

This chapter presents a review of the current literature on the optimal control of hydropower systems.

In chapter 1, pumpback operation was identified as a potential strategy for improving the energy output

of hydro reservoirs in dry seasons. To minimise the use of grid imported power for pumping operation,

the previous chapter also proposed the hydrokinetic and wind as potential distributed renewable energy

(DRE) resources for powering the pumpback operation. Hence, this chapter introduces the general

theoretical concepts of the various system components of a hydropower scheme with a pumpback

retrofit powered by the hydrokinetic and wind energy resources.

2.2 CONVENTIONAL HYDROPOWER SYSTEMS

Hydropower is one of the oldest and the most advanced renewable energy resources in the world. It

was first generated in 1878 to power a single electric lamp in Northumberland, England 1 but currently,

hydropower has evolved to account for 17% of the world’s total energy and 85% of the renewable

energy share [1]. A hydropower system converts the kinetic energy of moving water into mechanical

and subsequently into electrical energy by use of a hydro-turbine generator. In general, hydropower

plants (HPPs) can be classified either on the basis of their sizes or on the basis of their deployment

technology. On the basis of their sizes, hydropower plants can be classified into five categories: Large

(more than 30 MW), Small (1 MW–30 MW), Mini (100 kW–1 MW), Micro (10 kW–100 kW) and

Pico (less than 10 kW) hydro plants.

1https://www.hydropower.org/a-brief-history-of-hydropower
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CHAPTER 2 LITERATURE STUDY

On the basis of their deployment technology, they can be classified into conventional plants, pumped

storage (PS) plants and hydrokinetic (HK) power plants. Conventional hydropower plants can be

classified further into impounded and diversion plants. An impounded HPP also referred as a peak

HPP is made by creating a dam on the course way of a river to temporarily store water that would

be released controllably through a penstock to power a hydro-turbine generator. On the other hand,

a diversion HPP (also referred as run-off-river HPP), which is the most popular technology, is made

by diverting a part of the river flow either directly into an off-site reservoir/canal or a penstock for

electricity generation before releasing the diverted water back to the downstream river flow. The key

feature of a conventional HPP is the water head which is the vertical height between the water surface

in the dam and the hydro-turbine generator. The ability of Peak HPPs to hold water and regulate its

release in response to system demand makes them dispatchable to some extent [22]. On the other

hand, the water discharges from the run-of-river HPPs follow the natural river flow making them

non-dispatchable [22].

Unlike a conventional HPP which is characterised by natural in-stream flows, a PS plant is a ’closed’

system with minimal to zero natural inflows. It makes use of two reservoirs, one situated at a

higher elevation than the other. In pumping mode, a PS system converts electrical energy into

gravitational potential energy stored in an upper reservoir which is re-converted back to electrical

energy in generation mode. PS systems are mainly used as giant utility-scale energy storage facilities

for excess off-peak energy in systems with big disparities between peak and off-peak load demand and

also for mitigating the power variability of intermittent renewable resources such as solar and wind

[23, 24, 25]. When a PS is used as a storage facility for surplus off-peak energy, the surplus electrical

energy is used to pump water from the lower reservoir to the upper reservoir which is released during

peak hours via a hydro-turbine generator to generate electricity. The PS technology is currently the

most matured energy storage technology and widely used in utility-scale applications because of its

high energy density; with a current installed capacity of 130 GW as of 2016 [26]. In deregulated

energy markets, PS systems can be operated as merchant entities to exploit price arbitrage opportunities

resulting from inter-temporal energy price variations to make profits [27, 28]. In this case, the rationale

of operating PS systems as merchant entities is based on the assumption that the peak and off-peak

energy price differences outweigh the round-trip system losses. Otherwise, it would be uneconomical

to a operate PS system considering that pumping energy is always more than the generated energy

due to system round trip losses. PS facilities can also be deployed as long term giant energy storage

facilities in power systems with surplus hydroelectric energy during rainy seasons [29].
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CHAPTER 2 LITERATURE STUDY

2.2.1 Hydropower plant models

There are many hydropower plant models in the current literature generally classified as linear (non-

elastic) and non-linear (elastic) models [30, 31, 32]. The linear models use linearised equations at

operating point while the non-linear models use non-linear equations of mechanical power and the

relationship between the turbine discharge, the system head and gate opening [30]. These models

are further sub-classified as with and without surge tank effects. They are further categorised as with

elastic and non-elastic water column in the penstock as shown in Figure 2.1. Hydro turbines are also

classified into two main categories; the impulse type such as the Pelton wheel turbine and the reaction

type such as the Francis and Kaplan [31].

Hydropower plant model

Linear

Nonlinear

Elastic water column in 

penstock, non-elastic water 

column in tunnel

Without surge tankWith surge tank

Non-elastic water column 

in penstock and tunnel

Elastic water column 

in penstock

Non-elastic water 

column in penstock

Figure 2.1. An overview of the various hydropower plant models

Since, the core objective of this dissertation is on optimal reservoir operation (not the generator perform-

ance), the hydropower model with non-elastic water column effect is adopted for modelling simplicity.

Such a model assumes negligible hydraulic resistance, inelastic penstock wall and incompressible

water flow, turbine output is proportional to the product of head and volumetric flow, and velocity of

water is proportional to gate position.
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CHAPTER 2 LITERATURE STUDY

Figure 2.2 shows the typical schematic of a conventional hydropower plant. As shown, it comprises a

hydro reservoir (the main dam), the surge tank, the penstock and the hydro turbine generator system.

The main function of a surge tank is to regulate the water flow during load reduction and sudden

increase in the load on the hydro generator (water flow transients in penstock) and thus reducing

the pressure on the penstock. The generator and the turbine are connected directly by a vertical

shaft.

Turbine

Generator

Forebay

Afterbay

( )oq t

( )gP t

( )oh t

Reservoir

Penstock

Surge tank

Figure 2.2. Layout of a conventional hydropower system

The most general model of a hydropower plant starts with hydraulic and then mechanical power

modelling. The hydraulic power is developed when a volume of water falls from the plant reservoir

through a height via the penstock. The hydro-turbine converts this kinetic energy of falling water

into mechanical energy which is subsequently converted into electrical power output. In general, the

theoretical electrical power out of a conventional hydropower system, Pg(t) (MW), is a non-linear

function of the turbine discharge rate, qo(t), and the net hydraulic head of the system, ho(t), given by

the following expression [33]:

Pg(t) = ρwgηmηeho(t)qo(t)×10−6, (2.1)
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CHAPTER 2 LITERATURE STUDY

where ρw = 1000 kg/m3 is the density of water, g = 9.81 m/s2 is the gravitational acceleration

constant while ηm and ηe are respectively, the mechanical and electrical efficiency of the hydropower

system.

2.3 HYDROKINETIC POWER SYSTEMS

Unlike the conventional hydropower systems that require water heads, hydrokinetic (HK) systems are

designed to extract the kinetic energy of water currents at very low to zero heads [34]. Hydrokinetic

energy conversion (HKEC) systems are generally classified into two main categories depending

on where they are deployed; namely marine and riverine HKEC systems. Marine HKEC systems

are deployed in marine environments and they include tidal stream, ocean wave, ocean current and

ocean thermal HKEC systems while riverine HKEC systems are deployed in rivers to harness the

kinetic energy of the river currents [35]. The various HKEC technologies are discussed in [34]. The

energy extraction efficiency of HK system depend on the turbine designs which are categorised into

horizontal axial turbines (two-blade turbine, three-blade turbine, multi-blade turbines) and vertical

axial turbines [34]. A state of the art review of the technological developments of the hydrokinetic

turbines is presented in [36]. One of the problems associated with the use of axial flow HK turbines is

the interruption of power generation caused by the attachment of the debris onto the turbine which

impairs its deployment in rapid rivers with debris. The problem causes frequent stoppage of the turbine

by the operator to remove the debris. This problem has been mitigated by a turbine designed with

swept-back blades that allow it to automatically shed the debris [37]. The operation principle of a

hydrokinetic turbine is similar to that of a wind turbine except that the HK turbine is powered by

the kinetic energy of water currents. Therefore, the theoretical power output of a HKEC system is

expressed as follows:

PHK(t) = 0.5ρwAhkηhkCpυ
3×10−6, (2.2)

where PHK(t) (MW), Ahk and υ are respectively, the total instantaneous power output of the HKEC

system, the area swept by the HK turbine rotor and the river current speed. The coefficient ηhk

denotes the combined efficiency of the HK turbine and the HK generator while Cp is the turbine power

coefficient, also known as the Betz limit [34]. Despite having a similar working principle, a HK turbine
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CHAPTER 2 LITERATURE STUDY

produces far more power than a wind turbine of the same dimension because water has a higher energy

capacity than wind; water is about 835 times denser than the wind. HK turbines extract energy from the

water currents by reducing the speed of flowing water. To ensure flow continuity, there is a theoretical

limit to the amount of kinetic energy of a flowing water that can be extracted by a hydrokinetic turbine;

known as the Betz limit [34].

2.4 WIND POWER SYSTEMS

Wind is one of the oldest energy sources that have been exploited immensely to power technological

developments throughout many civilisations. It was traditionally used to power sailing ships and

windmills but the development of a wind turbine led to the current upsurge in the use of wind to

generate electricity [38]. Besides environmental friendliness, the popularity of wind energy is owed to

its natural abundance and low operational costs of wind power systems when compared to conventional

systems. However, one of the limitations of wind power systems is the large area required by wind

turbines and thus, they are mostly deployed in rural areas with large open spaces [39]. Wind resource

is also intermittent in nature. That is, the power output of a wind generator varies with changes in

wind speed which is weather-dependent and thus non-dispatchable. This drawback can be mitigated by

deploying wind energy resource in hybrid integrations with other renewable resources and by use of

energy storage devices (ESDs), which in this dissertation is the pumped storage system. Therefore,

besides boosting the overall performance of the resultant hybrid power system, the use of wind-

generated electricity to power the pumping system will also mitigate its variability.

Generally, wind turbines are classified into two categories; horizontal axial (with the rotational axis

parallel to the ground) turbines and vertical axial (rotational axis is perpendicular to the ground)

turbines [38]. Vertical axial turbines have the omnidirectional advantage; they can be powered by the

wind from all directions. However, they suffer from low energy conversion efficiency, low starting

torque and low power production because of low wind speeds closer to the ground [40]. They are

commonly used in small-scale residential applications such as roof-top installations. On the other

hand, horizontal axial turbines have a comparatively higher energy extraction efficiency and they are

commonly used in large-scale wind power installations due to their ability to produce more power at a

given wind speed when compared to their vertical axial counterparts. In this dissertation, horizontal

axial turbines are used.
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The power output of a wind turbine is dependent on the wind speed at the given location, air density,

the area swept by the turbine rotor and the energy extraction efficiency of the turbine as specified by

the manufacturer [41]. When modelling a horizontal axial turbine wind power system, it is important

to determine the wind speed at the hub height, hhub, since that is the actual wind speed that interacts

with the turbine rotor to produce power. In general, the theoretical power output of a wind turbine,

PWT (t) (MW), is expressed as follows [41]:

PWT (t) = 0.5ρaAwtηwtCpv3×10−6, (2.3)

where ρa is the air density, Awt is the area swept by the wind turbine rotor while ηwt is the overall

efficiency of the wind energy conversion (WEC) system. The quantity v denotes the wind speed at the

desired height, hhub, which is normally taken at 10 m as the standard height. In this dissertation, the

power law expression for the hub height wind speed used in [40] is adopted:

v = vre f

(
hhub

hre f

)λ

, (2.4)

where vre f denotes the wind speed at the reference height, hre f , while the exponent λ denotes the

coefficient of the ground surface friction which is a function of the hub height, time of day and the

season of the year, the temperature, the wind speed and the nature of the terrain classified as rough or

smooth. Typical values of λ are given in [38] classified on a range of 1
7 to 1

4 depending on the nature

of the terrain. In this dissertation, λ = 1
7 is used as a typical value commonly adopted for open land

WEC installations. The desired wind speed, v, obtained from equation (2.4) is the actual wind speed

for computing the power generated by a wind generator.

2.5 THE PUMPBACK SYSTEM

Many hydropower plant operators in drought-prone regions, such as Southern African, are normally

compelled to curtail power generation in dry seasons due to low water levels in the hydro reservoirs.

This problem has become more pronounced in Southern Africa in recent years with Zimbabwe, Zambia

and Tanzania worst affected in the face of prolonged droughts occasioned by the on-going climate

change. To mitigate such situations, some works in the current literature have proposed pumpback
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operation during off-peak hours to maintain a high reservoir water level for optimal and safe operation

of the HPPs in peak hours [20, 21]. In general, the pumping power of a pump, PK(t) (MW) is directly

proportional to the discharge capacity of the pump, qk(t), and the hydraulic head of the pumping

system, H, expressed as follows:

PK(t) =
9.81Hqk(t)

ηk
×10−3, (2.5)

where the coefficient ηk is the combined efficiency of the pump, K, and its motor drive.

2.6 OPTIMISATION APPROACHES IN HYDROPOWER SYSTEMS

Optimisation is the process of finding the best solution that minimises or maximises a given objective

function subject to a set of constraints [42]. The solution that satisfies the set constraints is called an

optimal solution. An optimisation problem which is solvable subject to some defined constraints is

referred to as a constrained optimisation problem. In some cases, the optimisation problems do not

have constraints: such problems are referred to as unconstrained optimisation problems. Optimisation

problems can also be classified as single objective or multi-objective problems with the later class

having more than one objective to be optimised simultaneously. Multi-objective optimisation problems

are generally complex and hard to solve as compared to single objective problems. In many multi-

objective optimisation problems, it is difficult to get a single optimal solution that optimises all the

objective vectors simultaneously and as a result, the optimal solutions are commonly referred to as

Pareto optimal or non-inferior solutions. Which means, improvement of the performance index of one

objective is pitched against the performance indices of other objectives in the multi-objective function

[42].

Many optimisation problems in hydropower systems are generally multi-objective problems because

hydropower dams are, in most practical cases, multi-purpose reservoirs. Besides hydropower genera-

tion, rivers serve other purposes such as downstream recreational navigation, provision of a habitat

for aquatic biodiversity, water abstraction for irrigation farming as well as the abstraction for both

domestic and industrial use. Therefore, practical optimisation in hydropower systems entails the search

for optimal solutions that balance multiple conflicting objectives.
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In many optimal control studies in hydropower systems, the commonly investigated objectives include

maximisation of the energy output of the reservoir and minimisation of operational costs of the system.

In general, variations in many studies in the current literature include the objective to be optimised,

system size and configuration, control horizon (short term and long term), handling of uncertainties

and problem dimensionality such as single-reservoir and multi-reservoir systems [43] which often

determine the optimisation techniques employed. The main sources of uncertainties in the operation of

hydropower plants (HPPs) are water inflow, energy price and load variability. This section focuses on

reviewing research works on optimal operation and control of hydropower systems.

One of the operational problems in hydropower systems that have received substantive attention in

the current literature is water resource planning. In many studies, the problem is formulated as a

multi-objective optimisation problem with conflicting sub-objectives [10, 11, 12, 44, 45]. In [10], a

water resource allocation problem to maximise water use for irrigation, hydropower generation and

navigation is formulated as a multi-objective problem and solved as a linear program subject to technical

and hydrological constraints. A similar water allocation problem is solved in [11] using dynamic

programming approach to maximise revenue from the generated hydropower while minimising costs

of meeting contractual power demand from alternative energy sources subject to both environmental

and system regulatory constraints. In [5], the authors propose an optimal control model for assessing

the opportunity cost of ramp rate restrictions on the operation of a HPP under a contract to supply a

deterministic but time-varying consumer load. The problem is formulated as a nonlinear scheduling

program to meet the load demand at all times subject to both technical and operational (including ramp

rate) constraints over a 120 h control horizon.

Another important operational aspect of a hydropower system that has been studied widely in the

current literature is scheduling and dispatch. In many studies, the scheduling objective is to maximise

the profitability of a HPP in de-regulated energy markets subject to energy price uncertainties as well as

in-stream flow variability as summarised in [46]. In hydrothermal systems, scheduling objective is to

minimise the operational cost of the hybrid system [47]. A stochastic dynamic programming strategy

is proposed in [16] for short-term scheduling of a HPP to maximise revenue generated from the sale of

energy in a pool-based market. In [48] a linear program is employed to solve the problem of maximising

the energy output of a head-dependent HPP subject to reservoir storage and penstock release constraints.

In [49] a short-term optimal scheduling strategy for a coupled multi-reservoir multi-unit hydropower

system is presented for maximising profit in a day-ahead market taking into consideration detailed
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constraints of each reservoir and generator unit as well as forbidden discharge between cascaded

reservoirs. The problem is formulated as a multi-objective mixed-integer nonlinear program (MINLP)

to maximise expected revenue and minimise generator start-up costs. A similar multi-reservoir multi-

unit scheduling problem with spatial-temporal coupling between and among reservoirs: the turbine

discharge from an upstream reservoir forms the in-stream flow into the downstream reservoir, is solved

as a mixed integer linear program (MILP) in [50] to maximise revenue generated from sale of energy

in a pool-based energy market with deterministic time-varying 24 h price forecasts. In [49, 50], integer

variables are used to represent the ON-OFF behaviour of each hydropower generator in the multi-unit

system. However, the discretisation of the non-linear hydropower function employed in mixed integer

linear programming to model the hydraulic head variations increases the computational complexity of

solving the scheduling problem, more so over a short-term control horizon. These limitations of mixed

integer nonlinear programming can be surmounted by employing mixed-integer quadratic programming

(MIQP) technique that captures the non-linear relationship between hydropower generation and the

turbine discharge as well as the hydraulic head variations [51].

In hydrothermal systems, the commonly pursued optimisation objective by many system operators

is meeting system load demand at minimal operational costs [47, 52]. The various techniques and

approaches to solving the hydrothermal scheduling problem are reviewed in [53]. A review of the

application of dynamic programming, mixed integer programming, evolutionary algorithms (simu-

lated annealing and genetic algorithm), Lagrangian relaxation technique, interior-point and artificial

intelligence approaches (neural networks) to solve scheduling and unit commitment problems in

hydrothermal systems is presented in [53]. In [54], a short-term scheduling strategy for minimising the

operational cost of a hydrothermal system based on a nonlinear network flow concept subject to system

transmission and other physical and operational constraints is presented. The optimisation objective

is to maximise the use of hydropower generators in the system to minimise the thermal fuel costs in

the overall system. The authors in [55] present an optimal scheduling strategy for hydro and thermal

generators in a large hydrothermal system taking into account the system demand and hydrological

variability. A similar large-scale operational cost minimisation hydrothermal scheduling problem is

solved in [56] using stochastic dual dynamic programming approach over a long-term control horizon.

In [57], the noise annealing network approach is applied employed to solve the cost minimisation prob-

lem in a large hydrothermal system subject to the system’s load balance, hydrological constraints and

technical constraints of the thermal generators. In [52], a mixed integer linear programming approach

is employed to solve the cost minimisation problem in a hydrothermal power system over a short-term
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planning horizon subject to both hydrological constraints of the hydro system and thermal generators’

technical constraints. The general large-scale non-linear planning problem is first decomposed into

small sub-problems for each of the hydro units in the system and solved using mixed integer linear

programming approach.

Optimal control of pumped storage (PS) systems as merchant entities in pool-based energy markets

is also a well-studied problem in the current literature [52, 58, 59, 60, 61, 62, 63]. In these cases, PS

facilities are used to store cheap-to-buy-off-peak energy which is then recovered during peak time

and sold at high peak prices to make profits [58]. The rationale of operating a PS system is based

on the assumption that the peak and off-peak price differences are higher than the round-trip system

losses. Otherwise, it would be uneconomical to operate a PS facility except where it is purely used for

storing energy for mitigating the peak and off-peak system demand variations as well as enhancing

dispatchability of intermittent renewable resources [59].

In [60], MILP is used to solve the scheduling and the unit commitment problem of a head-dependent

multi-unit PS power system to maximise profit in a deregulated energy market over a short-term control

horizon. The problem is first formulated as a MINLP owing to the nonlinear power function of a

hydropower system and then converted into a MILP by enhanced linearisation technique. A Lagrangian

relaxation technique is employed in [61, 62] to optimally schedule a large hydrothermal power system

with PS facilities to minimise the net thermal operational costs of the resultant system subject to

physical and operational constraints. Particle Swarm optimisation (PSO) and genetic algorithm are

employed in [64] and [65] respectively to solve the short-term scheduling problem of a multi-reservoir

hydrothermal system to minimise the operational costs of the resultant hybrid system subject to both

hydrological as well as thermal constraints of the systems. The problem is formulated as a large-scale

hard to solve non-linear problem taking into account the spatial-temporal coupling among the cascaded

reservoirs, the head-dependent nonlinear hydropower function and the valve-point loading effect in the

thermal plant’s fuel cost function.

In the afore-studied literature, the complexity of the optimisation problems varies depending on their

nature (number of reservoirs involved), constraints and the number of objectives involved. For instance,

when compared to single-reservoir problems, multi-reservoir problems are more complex due to

hydraulic coupling between and among adjacent reservoirs [43, 65] and higher dimensionality which

make these type of problems large scale and hard to solve [33, 43]. In many optimisation studies
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involving multi-reservoir multi-purpose systems, trade-offs and compromises are made in search of

optimal operation policies which are often difficult to get [45]. However, for modelling simplicity, this

dissertation focuses on the optimal control of a single reservoir HPP. The above-referenced studies are

based on ’business-as-usual’ scenarios with regard to water availability. None of them has tackled the

problem of mitigating the variability of water availability between wet and dry seasons; a problem

commonly experienced by the HPP operators in drought-prone regions such as Southern Africa. Where

the pumpback operation is proposed such as in [20, 21], optimal control of pumping operation to

minimise pumping energy demand is not considered. Therefore, the next chapter considers a cascaded

pumpback retrofit to a conventional high head hydropower plant to maximise the energy yield of the

system at minimal pumping power and energy demand.

2.7 SUMMARY

This chapter presented a literature survey on optimal control of hydropower systems. Pertinent to

the review is the establishment of the bounds of theoretical as well as practical knowledge on the

components of the optimal control model proposed in the previous chapter. This entails a review

on conventional hydropower plants, the wind energy system and the hydrokinetic energy conversion

systems. The last section of the chapter presents a review on the various optimal control approaches

of hydropower systems in the current literature. The next chapter will present an optimal schedul-

ing strategy of a conventional hydropower plant retrofitted with the hydrokinetic-powered cascaded

pumping retrofit.
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CHAPTER 3 OPTIMAL CONTROL OF A

HYDROPOWER PLANT WITH A

HYDROKINETIC-POWERED

CASCADED PUMPBACK RETROFIT

3.1 CHAPTER OVERVIEW

This chapter presents an optimal scheduling strategy for a conventional high head hydropower plant

retrofitted with a cascaded pumpback system. The aim of the pumpback operation is to maintain a

high reservoir water level required for optimal power generation. The general optimal control (OC)

problem is formulated as a discrete mixed integer nonlinear optimisation program to; minimise grid

pumping energy demand; minimise wear and tear associated with the switching frequency of the

pumping system; maximise restoration of the volume of the hydro reservoir; and maximise the use of

hydrokinetic (HK) power for pumping operation. The proposed optimal control is applied to a suitable

case study and the simulation results compared with the performance of a classical pumped storage

model to validate the economic advantages of cascaded pumping as a water conservation measure

applied in hydropower system.

3.2 INTRODUCTION

In predominantly hydropower systems with big disparities between peak and off-peak power demand,

pumpback operation during off-peak hours has been proposed in [20, 21] as a potential operational

strategy for increasing the energy yield of the hydro reservoirs. In [20], the pumpback operation is

employed to optimise the energy output of a hydropower plant (HPP) over a 12-month control horizon
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CHAPTER 3 OPTIMAL CONTROL OF A HPP WITH CASCADED PUMPBACK RETROFIT

with seasonal changes in in-stream flows as a source of uncertainty. The drawback of this pumping

approach is the sole reliance on grid energy for pumping operation and high pumping energy demand

over the control horizon; minimisation of pumping energy is not considered in the optimisation model.

In [21], a pumpback retrofit is proposed for a high head application to maximise the energy output

and revenue of a HPP in a day ahead market with deterministic time-varying energy prices over a 24

h control horizon with a constant in-stream flow. In this case, the high head losses associated with

a single high lift pump has the potential to undermine the economic viability of the model. In this

chapter, we propose a cascaded pumping strategy for minimising the pumping power and pumping

energy demand of the pumpback system for high head hydropower application.

Cascading the pumpback operation reduces the overall pumping problem into a multi-pump problem

which can be solved to minimise the pumping power and pumping energy demand through optimal

scheduling over a given control horizon, 24 h in this chapter. Defining a pump switch as a state

transition from OFF to ON state [66], the optimal control problem of the pumping system to minimise

the pumping energy demand is solved in [67, 68]. Since pumping energy demand over a given

control period is proportional to the number of switches or the cumulative operating hours of the

pumping system, minimisation of the number of switches of a pump over a given control period has

the potential to minimise the wear and tear of the pump [66, 69]. This chapter presents the first attempt

at implementing cascaded pumping strategy for the pumpback operation to optimise the performance

of a hydropower reservoir.

The main contribution of this chapter include: (1) The use of alternative hydrokinetic energy for

pumpback operation, (2) cascading the pumpback operation to minimise pumping power and pumping

energy demand for high head applications and (3) minimisation of the wear and tear of the pumps

by minimising their switching frequency. The work presented in this chapter has been published in

[70].

3.3 MATHEMATICAL MODEL FORMULATION

There are various hydropower facility models in the current literature, generally classified as linear and

non-linear as described in section 2.2.1. Some dynamic models such as the one employed in [21, 71]

considers a dynamic mechanical turbine efficiency expressed as a function of rotor angular speed,
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turbine blade radius, turbine flow rate and the reservoir head, which makes the models complex. In

this dissertation, the simplified model employed in [18], which assumes a fixed mechanical turbine

efficiency, is used for modelling simplicity since the objective of the study is to optimise the reservoir

performance, and not the generator performance.

3.3.1 Schematic model layout

The layout of the proposed hybrid hydropower system with a cascaded pumpback retrofit is shown

in Figure 3.1. As shown, the pumpback system comprises two pumps, K1 and K2, inter-staged with

an intermediate reservoir, M. The pumps are powered exclusively by the hydrokinetic (HK) power,

Phk(t), supplemented by the grid power import, Pgk(t). In cases when the total HK power, PHK(t), is

more than the total pumping power demand, the excess HK power, Phg(t), is supplied to meet the

contractual grid demand. In the figure, ho(t), hu(t) and hm(t) are respectively, the hydraulic head of

the dam, the height (depth) of water in the dam and the water level in the intermediate reservoir at

time t. The hydrokinetic power system comprises nhk HK generators installed downstream the power

plant to harness a part of the kinetic energy of free-flowing water to power the pumpback system. The

pumps, K1 and K2, are powered through their respective switches, u1 and u2.
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Figure 3.1. Schematic layout of the system with cascaded pumpback operation

In Figure 3.1, Pg(t), PK1(t) and PK2(t) denote respectively, the hydro-turbine generator power output

and the pumping power demands for pumps K1 and K2. On the other hand, qin, q1, q2 and qo(t)

are respectively, the constant river in-stream discharge, the flow rate of pumps K1, the flow rate of

pump K2 and the turbine discharge rate expressed in m3/s. The speed of water downstream, υ (m/s),

is assumed constant over a short-term (24 h) control horizon considered in this dissertation. In the

proposed OC system, the downstream river flow is assumed un-regulated and therefore, the plant

operator has full flexibility to adjust qo(t) in response to changes in system load demand to optimise

the value of the reservoir water. The control variables of the model include qo(t), nhk(t), Phk(t), Pgk(t),

Phg(t), u1(t) and u2(t) while hu(t) and hm(t) constitute the state variables of the model.

3.3.2 Model operation constraints and assumptions

In this chapter, a typical day in the dry season with low constant in-stream flow, qin, is assumed. To

optimise the economic value of the available water, it is assumed in the case study that there is no
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spillage and all water discharged from the reservoir is utilised for hydropower generation. Also, for a

short control horizon, 24 h in this chapter, it is assumed that evaporation and precipitation effects on

both the intermediate reservoir and main dam water surface are negligible and can be ignored.

For modelling simplicity, cylindrical models for both the main dam and the intermediate reservoir with

base areas; Au and Am respectively are assumed in this chapter. Given the hypothetical cylindrical

models, the reservoir water level (height) can be expressed as a function of the available amount of

water. Therefore, if the volume of water in the main dam at a time t is expressed by Wu(t), then the

height of water in the main dam, denoted by hu(t), can be expressed as follows:

hu(t) =
Wu(t)

Au
. (3.1)

Similarly, if the instantaneous volume of water in the intermediate reservoir is denoted by Wm(t), then

its level (height), hm(t), can be written as follows:

hm(t) =
Wm(t)

Am
. (3.2)

Further, in the case study, it is assumed that a hypothetical contract exists for the HPP operator to supply

power to a customer with a deterministic time-varying load profile. The contract specifies the amount

of power to be supplied at each time t. Therefore, the HPP operator is under an obligation to meet the

daily load demand of the customer, the grid in this case, using the allocated water for that particular

day. No power generation above contracted demand is permitted. The HPP operator has two options

of meeting the power demand of the hypothetical contract; full supply from the hydro generation or

a combination of HPP generation with a supplementary supply from the on-site hydrokinetic power

system.
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3.3.3 Sub systems

3.3.3.1 Hydro reservoir

If the density of water ρw = 1000 kg/m3 and the gravitational acceleration constant g = 9.81 m/s2,

then the theoretical power output of a conventional hydropower system, Pg(t) (MW), can be expressed

as a non-linear function of the system head, ho(t), and the turbine discharge rate, qo(t) [33] expressed

as follows:

Pg(t) = 9.81ηmηeqo(t)ho(t)×10−3, qmin
o ≤ qo(t)≤ Ac

√
2ghmax

o , (3.3)

where ηm and ηe are respectively, the mechanical and electrical conversion efficiency of the hydro-

turbine generator, qmin
o is the minimum turbine discharge rate, hmax

o is the maximum head of the system

before spillage occurs while Ac is the cross-sectional area of the penstock.

For a short scheduling period, 24 h in this chapter, with negligible precipitation and evaporation effects

to and from the water surface, the water mass balance of the main dam can be represented by the

battery state of charge model in [72]. Therefore, the level of water in the main dam at any given time t

can be expressed in continuous time domain as follows:

hu(t) = hu(0)+
1

Au

∫ t

t0

(
qin(t)+q2u2(t)−qo(t)

)
dt, (3.4)

where hu(t) and hu(0) are respectively, the water level in the dam at time t and the initial level in

the dam at time t0(t = 0). The quantities qin, q2 and qo are respectively, the river in-stream flow, the

discharge rate of pump K2 and the turbine discharge rate expressed in m3/s. u2(t) is a binary variable

[0,1] denoting the ON/OFF state of the switch of pump K2. Equation 3.4 shows that the level of water

in the dam at time t, i.e, hu(t), is equal to the level at time t0, i.e, hu(0), plus the net sum of the inflows

and outflows during the time interval [to, t], i.e
∫ t

t0(qin(t)+q2u2(t)−q0(t))dt.

For optimal operation of the reservoir, its water level at any given time t is constrained to lie within a

minimum value, hmin
u , and a maximum value, hmax

u , given by the following expression:
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hmin
u ≤ hu(t)≤ hmax

u . (3.5)

3.3.3.2 Intermediate reservoir

In the proposed optimal control system, the intermediate reservoir provides a temporary storage for

cascading the operation of the two pumps, K1 and K2. Similarly, following the assumptions described

in section 3.3.2, the water mass balance of the intermediate reservoir can be expressed in terms of

reservoir height as follows:

hm(t) = hm(0)+
1

Am

∫ t

t0

(
q1u1(t)−q2u2(t)

)
dt, (3.6)

where hm(t) and hm(0) are respectively, the height of water in the reservoir at the end of time t and

the level at the initial time, t0. The quantity q1 denotes the discharge rate of pump K1 controlled by a

binary switch u1(t). In the same vein, the water level in the intermediate reservoir at any given time

is constrained to lie within a minimum level, hmin
m , and a maximum level, hmax

m , expressed as follows

equation (3.7):

hmin
m ≤ hm(t)≤ hmax

m . (3.7)

3.3.3.3 Cascaded pumping system

The objective of the pumpback operation is to maintain a high water level in the hydro reservoir to

optimise its power generation; the amount of water discharged for each unit of hydropower generated

is inversely proportional to the level of water hydro reservoir. The proposed optimal control model

employs the constant speed pumps assumed to work at their full rated capacity and controlled by

ON/OFF switches, u1 and u2. Therefore, the pumping power demand of each pump depends only on

the ON/OFF state of the control switches expressed as follows:
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PKi(t) =
9.81Hiqiui(t)

ηki
×10−3, i = 1,2, (3.8)

where PKi(t) (MW), Hi, qi and ui are respectively, the power demand, the hydraulic head , the flow rate

and the control switch of pump Ki at time t. The coefficient ηki denotes the combined efficiency of

pump Ki and its motor drive. In the proposed model, the pumping power demand of the pumps is met

primarily by the power flow from the HK power system, Phk(t). In cases when the on-site generated

HK power is less than the pumping power demand, grid power, Pgk(t), will be imported to offset the

deficit. Therefore, the pumping power balance is expressed as follows:

Phk(t)+Pgk(t) = PK1u1(t)+PK2u2(t), (3.9)

where PK1 and PK2 are the nominal power rating of pumps K1 and K2 respectively.

3.3.3.4 Hydrokinetic power system

In the proposed optimal control model, the hydrokinetic power system, comprises nhk HK generators

in parallel installation downstream the river. The theoretical power output of the HK power system,

PHK(t), is given by equation (3.10).

PHK(t) = PHK,rnhk(t), (3.10)

where PHK,r is the nominal power rating of each of the HK generators. In the proposed OC model, a

fraction of the HK power, Phk(t), is supplied to meet the pumping power demand of the pumpback

system and the excess HK power above the pumping power demand, Phg(t), is supplied to meet the

contractual grid demanded from the HPP operator. Therefore, the power balance of the hydrokinetic

system is expressed as follows:

PHK(t) = Phk(t)+Phg(t). (3.11)
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3.4 DISCRETE MODEL FORMULATION AND OPTIMISATION

If we consider the discrete time instant j from t = 0 with the sampling time interval ts, the water mass

balance of the dam expressed by equation (3.4) can be re-expressed in discrete time domain by the

following equation (3.12):

hu, j+1 = hu, j +
ts
Au

(
qin +q2u2, j−qo, j

)
, (3.12)

where hu, j+1 and hu, j are respectively, the water level in the main dam at the end of the discrete time

j+1 and the level at the end of the previous time period, j. Equation (3.12) can be expressed iteratively

by equation (3.13) as follows:

j = 0; hu,1 = hu,0 +
ts
Au

(
qin +q2u2,0−qo,0

)
,

j = 1; hu,2 = hu,1 +
ts
Au

(
qin +q2u2,1−qo,1

)
,

j = 2; hu,3 = hu,2 +
ts
Au

(
qin +q2u2,2−qo,2

)
,

...

hu, j = hu,0 +
ts
Au

(
qin +q2

j

∑
i=1

u2,i−
j

∑
i=1

qo,i
)
, (1≤ i≤ j).

(3.13)

Equation (3.13) is the discrete time domain expression of the state dynamics of the main dam.

Therefore, the water level constraint of the main reservoir can be expressed in discrete time domain as

follows:

hmin
u ≤ hu,0 +

ts
Au

(
qin +q2

j

∑
i=1

u2,i−
j

∑
i=1

qo, j
)
≤ hmax

u . (3.14)

Similarly, the state equation (3.6) of the intermediate reservoir can be re-expressed in discrete time

domain as follows:

hm, j+1 = hm, j +
ts

Am

(
q1u1, j−q2u2, j

)
, (3.15)
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which can be expressed iteratively as follows:

j = 0; hm,1 = hm,0 +
ts

Am

(
q1u1,0−q2u2,0

)
,

j = 1; hm,2 = hm,1 +
ts

Am

(
q1u1,1−q2u2,1

)
,

j = 2; hm,3 = hm,2 +
ts

Am

(
q1u1,2−q2u2,2

)
,

...

hm, j = hm,0 +
ts

Am

(
q1

j

∑
i=1

u1,i−q2

j

∑
i=1

u2,i
)
, (1≤ i≤ j),

(3.16)

where hm, j+1 and hm, j are respectively, the height of water in the intermediate reservoir at the end of

discrete time period j+1 and the previous time period j. Similarly, the water level constraint of the

intermediate reservoir is expressed in discretised form as follows:

hmin
m ≤ hm,0 +

ts
Am

(
q1

j

∑
i=1

u1, j−q2

j

∑
i=1

u2, j
)
≤ hmax

m , (3.17)

where hmin
m and hmax

m are respectively, the minimum and the maximum operational bounds of the

intermediate reservoir.

3.4.1 Objective function

The objective function is expressed in discrete time domain by equation (3.18). The first term,

ts
N
∑
j=1

Pgk, j, minimises the grid pumping energy demand. The second part, ts
N
∑
j=1

(s1, j + s2, j), minimises

the switching frequency of the two pumps, K1 and K2, to reduce wear-and-tear. The third term,

ts
N
∑
j=1

q2u2, j, maximises the restoration of the water volume in the main reservoir through pumpback

operation while the fourth term, ts
N
∑
j=1

Phk, j, maximises the use of hydrokinetic energy to power the

pumpback system. Objective function:

min J = ts

(
ω1

N

∑
j=1

Pgk, j +ω2

N

∑
j=1

(s1, j + s2, j)−ω3

N

∑
j=1

q2u2, j−ω4

N

∑
j=1

Phk, j

)
, (3.18)
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where J is the objective function to be optimised and
4
∑

i=1
ωi = 1 is the weighting factors that determine

the relative importance of each of the objective terms. The control horizon is 24 h with a sampling time,

ts = 0.25 h. j = 1, . . . ,N is sampling interval and N = 96 is the total number of samples. In general, the

maintenance cost of a pump relates to wear and tear associated with the number of ON/OFF switches

of the pump [73]. Therefore, minimising the switching frequency of the pumps reduces their associated

wear and tear costs. In this chapter, the Pretorian method developed and employed in [74] is adopted

for minimisation of the switching frequency of the cascaded pumps. This approach introduces an

auxiliary variable, s, represented by a value of 1 whenever a transition from OFF to ON state of a

pump occurs. Minimising the state transitions of s reduces the switching frequency of the pump by

augmenting the adjacent ON/OFF switches and consequently reducing the overall number of switches

of each of the pumps over the 24 h control horizon.

The objective function expressed by equation (3.18) is solved subject to the following con-

straints:
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Pg, j +Phg, j = Pld, j, (3.19)

PHK, j = Phk, j +Phg, j, (3.20)

Phk, j +Pgk, j = PK1u1, j +PK2u2, j, (3.21)

hmin
u ≤ hu,0 +

ts
Au

(
qin +q2

j

∑
i=1

u2,i−
j

∑
i=1

qo,i
)
≤ hmax

u , (3.22)

hmin
m ≤ hm,0 +

ts
Am

(
q1

j

∑
i=1

u1,i−q2

j

∑
i=1

u2,i
)
≤ hmax

m , (3.23)

Pmin
g ≤ Pg, j ≤ Pmax

g ; 0≤ qo, j ≤ Ac
√

2ghmax
o , (3.24)

Pmin
HK ≤ PHK, j ≤ Pmax

HK ; nmin
hk ≤ nhk, j ≤ nmax

hk , (3.25)

Pmin
hg ≤ Phg, j ≤ Pmax

hg , (3.26)

Pmin
hk ≤ Phk, j ≤ Pmax

hk , (3.27)

Pmin
gk ≤ Pgk, j ≤ Pmax

gk , (3.28)

ui, j− si, j ≤ 0, i = 1,2 si, j ∈ [0,1], (3.29)

ui, j−ui, j−1− si, j ≤ 0, i = 1,2, (3.30)

ui, j ∈ [0,1], i = 1,2, (1≤ j ≤ N), (3.31)

The equalities (3.19) and (3.20) are respectively, the grid and the hydrokinetic power balances. Equality

expressed by equation (3.19) shows that the power supplied to the grid is the sum of the hydro turbine

generator output and the excess hydrokinetic power. Equality expressed by equation (3.21) shows

that the total pumping power of the pumpback system is the sum of the HK power supplied to the

pumps and the supplementary grid power import. Inequalities (3.22) and (3.23) are respectively, the

state constraints of the dam and the intermediate reservoir bounded by their respective minimum and

maximum allowable limits. Inequalities (3.24), (3.25), (3.26), (3.27) and (3.28) are respectively, the

control variables bounds for: the hydro-turbine generator power output which depends on the turbine

flow rate bounds, the total HK power output, the surplus HK power exported to the grid, the HK power

supplied to meet the pumping power demand and the supplementary grid power imported to offset

pumping power deficit. The inequality (3.29) initialises the auxiliary variable si, j as the initial status

of ui, j while the inequality (3.30) favours the control with less switching frequency. These auxiliary

constraints allow the objective function expressed by equation (3.18) to simultaneously optimise its

four defined objective terms. Equation (3.31) is a binary control variable constraint for the switches, u1
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and u2, which control pumps K1 and K2 respectively.

3.4.2 Algorithm formulation and implementation in MATLAB

The proposed OC model yields a constrained mixed integer linear problem which can be solved using

any mixed integer linear programming (MILP) solvers such as ’intlinprog’ in MATLAB. In this

dissertation, the OPTI toolbox SCIP (Solving Constraint Integer Programs) solver is employed because

of its fast optimisation speed and robust ability to handle constrained problems. SCIP is currently,

the fastest non-commercial solver with a complete suite for solving both mixed integer (linear and

non-linear) programming and linear programming problems 1. SCIP integrates constraint programming

(CP) for solving constrained optimisation problems and mixed integer programming (MIP) used for

solving mixed integer optimisation problems with some of the decision variables taking integer values

at the optimal solution [75]. The canonical form of a MILP is expressed as follows:

min f T X subject to


AAAXXX ≤≤≤ bbb

AAAeqXXX === bbbeq

LLLB ≤≤≤ XXX ≤≤≤UUUB,

(3.32)

where AAAXXX ≤≤≤ bbb denotes the inequality constraints, AAAeqXXX === bbbeq the equality constraints and LLLB≤≤≤XXX ≤≤≤UUUB

denotes the lower and the upper bounds of the control variables. The constraints 3.25 and 3.31 are

respectively, integer and binary constraints that make the problem a candidate for MILP; in this case

SCIP is preferred because of its speed and robust ability to satisfy constraints.

The control variables of the OC model are as follows: binary variables, u1, j and u2, j, real num-

ber variables; qo, j, Phk, j, Phg, j and Pgk, j, an integer variable, nhk, j, and the auxiliary variable, si, j (

i=1,2).

The objective function expressed by equation (3.18) is expressed in canonical form by equation

(3.32).

1http://scip.zib.de/
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The vector X contains all the control variables of the model expressed by equation (3.33).

X =
[
u1,1...u1,N , u2,1...u2,N , nhk,1...nhk,N , qo,1...qo,N ,

Phk,1...Phk,N , Pgk,1...Pgk,N , Phg,1...Phg,N , s1,1...s1,N , s2,1...s2,N

]′
9N×1

. (3.33)

From the objective function equation (3.18):

f T =
[
01...0N , −ω3q2,1...−ω3q2,N , 01...0N , 01...0N ,

ω1,1...ω1,N , ω1,1...ω1,N , 01...0N , ω2,1...ω2,N , ω2,1...ω2,N

]
1×9N

. (3.34)

The lower and the upper bounds of the control variables are expressed by equation (3.35) and equation

(3.36) respectively.

Lower bounds

lbT =
[
01...0N , 01...0N , 01...0N , 01...0N ,

01...0N , 01...0N , 01...0N , 01...0N , 01...0N

]
9N×1

. (3.35)

Upper bounds

ubT =

[
11...1N , 11...1N , 301...30N , 451...45N ,

2
∑

i=1
PKi,1...

2
∑

i=1
PKi,N ,

2
∑

i=1
PKi,1...

2
∑

i=1
PKi,N , nhkPHK,1...nhkPHK,N , 11...1N , 11...1N

]
9N×1

. (3.36)

The detailed formulation of the inequality and equality constraints of the problem are attached to

Addendum A.
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3.4.3 Case study

The case study is based on Pangani fall hydropower plant (HPP), one of the three HPPs that form a

cascade of the Pangani hydropower system located on Pangani River in Tanzania. The first one is

Nyumba ya mungu (NyM) plant, a 2×4 MW hydropower plant located at NyM dam which discharges

into the 2×10.5 MW Hale HPP. From the Hale power plant, water flows into the Pangani fall dam

that feeds the 2×34 MW Pangani fall HPP which drains into the Indian Ocean 64 km downstream.

The Pangani hydropower system has a total installed capacity of 91.5 MW. However, the generation

capacity drops to 30% during dry seasons due to low water levels in the dams; a situation which

has worsened in recent years due to prolonged droughts 2 caused by the on-going climate change.

Hydropower generation of the Pangani fall HPP has declined in the last 10 years [76] and reached the

lowest point in 2014 with a production level of 25 MW; a situation that threatened its shutdown 3. In

this chapter, pumpback operation to maintain a high water level to optimise the hydropower generation

of the reservoir is proposed. To minimise the pumping power and energy demand of the system, a

cascaded pumping strategy is proposed. To validate the economic advantages of the cascaded pumping

system over the classical PS system, the performance of the hydropower plant is simulated over a 24 h

control period. The simulation assumes a normal average day in dry and rainy seasons with a constant

in-stream discharge.

3.4.3.1 Pangani fall hydropower plant

The Pangani fall dam has a live capacity of 0.8×106 m3. The reservoir has a maximum and minimum

hydropower operating level by volume of 1.7×106 m3 and 0.9×106 m3 respectively. The plant is

installed with 2×34 MW SAV340/110/14 generators with a nominal capacity of 2×40 MVA and a

power factor of 0.85. The plant turbines’ speed is 428 revolutions per minute (rpm) [77]. In this case

study, an initial volume of 1.1×106 m3 is assumed, which is a typical average capacity of Pangani fall

reservoir in dry season. For modelling and control simplicity, a cylindrical model with a base radius of

71.36 m and a design depth of 68.75 m are assumed. In the table, Pg,r denotes the rated power output

of the HPP.
2http://www.iucn.org/dbtw-wpd/edocs/2007-002.pdf
3http://www.theeastafrican.co.ke/news/Tanzania-to-switch-off-all-hydropower-stations/-/2558/2905900/-/ep5kq9/-

/index.html
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Table 3.1 shows the salient features of Pangani fall HPP with the height given in meters above sea level

(masl) [77].

Table 3.1. Salient features of Pangani fall hydropower plant

Res-vol (m3) hmax
u (masl) hmin

u (masl) ho (masl) Pg,r (MW) qmin
o (m3/s) qmax

o (m3/s) qin (m3/s)

1.4×106 177.5 176.0 170.0 68.0 9.0 45.0 12.5

3.4.3.2 Intermediate reservoir parameters

The intermediate reservoir is used to create a temporary storage for continuous pumping operation of

the two pumps , K1 and K2, in cascade as shown in Figure 3.1. An optimal scheduling strategy that

alternates the operation of the two pumps has the potential to minimise the pumping power demand as

well as the overall pumping energy over the given control horizon. For optimal pumping operation, the

intermediate reservoir is sized by rule of thumb to ensure 12 h continuous outward pumping by pump

K2 without restorative inward pumping by pump K1 and 12 h inward pumping by pump K1 without

discharge by pump K2. Since the two pumps, K1 and K2, are sized equally, the maximum capacity of

the intermediate reservoir can be approximated to 2.4×105 m3 with a design radius of 35.60 m and a

design height of 60.0 m. Table 3.2 shows the design specifications of the intermediate reservoir.

Table 3.2. Design specifications of the intermediate reservoir

Design shape Design capacity (m3) Radius (m) Design height (m) hmax
m (m) hmin

m (m)

Cylindrical 2.40×105 35.6 60.0 60.0 10.0

3.4.3.3 Cascaded pumping system parameters

In the case study, the SJT vertical turbine pumps from Sulzar Ltd are employed. They have a

performance range of upto 17.3 m3/s, maximum head of 110.0 m and pressure of upto 64.0 bar4.

Table 3.3 shows the specifications of the pumps used in the case study.

4https://www.sulzer.com/en/Products-and-Services/Pumps-and-Systems/Vertical-Pumps/Vertical-Wet-Pit-Pumps/SJT-

Vertical-Turbine-Pumps
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Table 3.3. Design Specifications of the pumping system

q1 (m3/s) q2 (m3/s) H1 (m) H2 (m) Head range (m) Pressure (bar) ηk (%)

5.5 5.5 85.0 85.0 upto 110.0 up to 64.0 90.0

3.4.3.4 Hydrokinetic generator parameters

The hydrokinetic system used in this case study comprises the CC035A river-in-stream turbine models

developed by the Clean Current Renewable Energy Systems Inc 5 and the flooded, permanent magnet

generators. The CC035A turbine has a rotor diameter of 3.50 m and requires a minimum river depth

of 7.0 m for effective deployment. The technical specifications of the HK turbines used in this chapter

are given in Table 4.2.In the table, ηt and ηg are respectively, the efficiency of the mechanical gear box

of the turbine and the electrical efficiency of the system. The Betz limit, Cp, is factored in the power

output model expressed by equation (3.10).

Table 3.4. Hydrokinetic turbine specifications

Model nhk PHK,r (kW) Aw (m2) υr (m/s) ηw (%) ηg (%) Cp

CC035A 26.0 65.0 9.6 3.0 90 85 0.45

Each of the CC035A HK turbine model has a rated power output of 65.0 kW and a nominal speed of

75 revolution per minute (rpm). It operates optimally in a current speed range of 1.50-3.70 m/s.

3.4.3.5 Uncertainty analysis of the demand load

There are several techniques used in sensitivity (uncertainty) analysis in a given model to determine its

viability and reliability at the design stage. In this chapter, the methodology used in [78] is adopted for

ascertaining the confidence level of the load in the case study. The random error (noise) in addition

to the instrument’s absolute uncertainty is introduced in the load demand which in this case is the

recorded load profile of the hydropower plant referred to as the measured value. The true (accepted)

values are then estimated from the measured (corrupted) values. The resulting difference between

5http://www.cleancurrent.com/river-turbines
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measured and true values is due to random errors. For analysis purposes, random errors are generated in

MATLAB software with a distribution mean of 0 and standard deviation of 1 which is then multiplied

by the absolute uncertainty of the watt-meter σm,meas = ±0.01; a value which is often given by the

manufacturer of the demand measuring instrument.

Zm = At +RANDm ∗σm,dev, (3.37)

where Zm, At , RANDm and σm,dev are respectively, the measured value of mth measurement, the true

value, the random noise and the standard deviation of the mth measurement while m = 1, . . . ,24 is the

number of measurements. The Pangani fall hydropower load demand profile is analysed for sensitivity

and the results are shown in Table 3.5. Further analysis is done to determine the relative uncertainty of

each given measurement.

Relative uncertainty (%) =
Absolute uncertainty

Measured value
. (3.38)

In this case, the weakest link rule 6 is applied where the measurement with the largest relative

uncertainty is picked from Table 3.5. In this case, the largest relative uncertainty is 0.022% which is

used to determine the absolute uncertainty of the final objective function.

6http://www2.fiu.edu/ dbrookes/ExperimentalUncertaintiesCalculus.pdf Date accessed 10.10.2016
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Table 3.5. Uncertainty analysis of the Pangani fall HPP on load demand profile

Measured values (MW) Rand error σm,dev True values (MW) Absolute uncertainty Relative uncertainty

50 0.534 0.01 49.995 (50 ±0.01) 0.020%

50 0.885 0.01 49.991 (50 ±0.01) 0.020%

50 0.899 0.01 49.991 (50 ±0.01) 0.020%

50 0.626 0.01 49.994 (50 ±0.01) 0.020%

60 0.138 0.01 59.999 (60 ±0.01) 0.017%

60 0.218 0.01 59.998 (60 ±0.01) 0.017%

60 0.182 0.01 59.998 (60 ±0.01) 0.017%

60 0.042 0.01 60.000 (60 ±0.01) 0.017%

60 0.107 0.01 59.999 (60 ±0.01) 0.017%

60 0.616 0.01 59.994 (60±0.01) 0.017%

60 0.940 0.01 59.991 (60±0.01) 0.017%

60 0.355 0.01 59.996 (60±0.01) 0.017%

65 0.411 0.01 64.996 (65 ±0.01) 0.015%

65 0.984 0.01 64.990 (65 ±0.01) 0.015%

65 0.946 0.01 64.991 (65 ±0.01) 0.015%

65 0.677 0.01 64.993 (65 ±0.01) 0.015%

45 0.988 0.01 44.990 (45 ±0.01) 0.022%

45 0.767 0.01 44.992 (45 ±0.01) 0.022%

45 0.337 0.01 44.997 (45 ±0.01) 0.022%

45 0.662 0.01 44.993 (45 ±0.01) 0.022%

45 0.244 0.01 44.998 (45 ±0.01) 0.022%

45 0.296 0.01 44.997 (45 ±0.01) 0.022%

45 0.680 0.01 44.993 (45 ±0.01) 0.022%

45 0.528 0.01 44.995 (45 ±0.01) 0.022%

The simulation is performed for both measured and true values, At , to establish the confidence level of

the results of the proposed model. The measured and true value simulation results are presented in

Figure 3.5 and Figure 3.6 respectively in sub-section 3.5.1.3.

3.5 RESULTS AND DISCUSSION

The proposed optimal control (OC) is simulated for two scenarios: The first scenario simulates the

performance of the system on a typical day in the dry season with low in-stream flow, simulating a

typical dry season case. The second scenario simulates the performance of the system on a typical
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day in the rainy season with high in-stream discharge. To validate, the performance advantages of the

cascaded pump-back system, simulation for a single pump classical PS system is also carried out for

the two scenarios. The comparison of the performance of the two systems is presented in sub-section

3.5.1.6.

3.5.1 Operation scenario I

3.5.1.1 Optimal switching of the pumpback system

switching operation of the pumping system

In this operation mode, the switching of the pumping system is unconstrained. This is achieved by

setting the weighting factors ω1 = ω3 = ω4 = 0.33;ω2 = 0. The results of the switching operation of

the pumps of this operation mode and the resultant change in water level of the intermediate reservoir

are shown in Figure 3.2. The lower bound of the intermediate reservoir is set at 10.0 m while the initial

water level is set at 15.0 m. Also shown in the top row graphs of Figure 3.3 is the power demand of

each of the two pumps, which is 4.82 MW whenever they are in operation, otherwise it is zero.

As shown in the figure, the OC switches ON pump K2 between 00:00 and 01:30 to optimise restoration

of the main dam water level. However, when the water level of the intermediate reservoir approaches

the minimum limit, the OC switches OFF K2 and in turn switches ON K1 to restore its volume. The

OC is seen to alternate the operation of pumps K1 and K2 in short intervals, after every 15 minutes,

between 02:30 and 05:30 to optimise the water level of the main dam. As a result, the optimal water

level of the intermediate reservoir, Ropt , remains constant at the minimum level of 10.0 m, shown in

the second row of Figure 3.2. Afterwards, the OC operates pump K1 for a longer period, between

05:30 and 11:00, to ensure a high water level in the intermediate reservoir before bringing in K2 for

onward pumping to the main dam. As a result, the water level of the intermediate reservoir rises from

10.50 m to 23.66 m between 05:00 and 11:00 as shown in Figure 3.2. Subsequently, the OC alternates

the operation of K1 and K2 for the remainder of the control horizon to ensure a high water level in the

main dam at low pumping power and energy demand. As shown, in the second row of Figure 3.2, Ropt

decays to a minimum level of 10.0 m due to the pumping action of K2. The results of Figure 3.2 show

the effects of the unconstrained operation of the pumpback system: There is high switching frequency
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of the two pumps in cascade resulting in high wear and tear. Throughout the control horizon, the OC

switches ON pumps K1 and K2 11 and 12 times respectively. The wear and tear associated with the

high switching frequency of the system can be minimised by augmenting the adjacent switches with

short intervals between them into one and reducing the overall number of switches throughout the

control period.
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Figure 3.2. Optimal operation without switching constraint

Optimal control with minimum switching frequency

In this operation strategy, an auxiliary variable, si, j, [i = 1,2] that minimises the number of switches of

the pumps in the 24 h control period is introduced in the optimisation objective function as shown in

equation (3.18). This is achieved by setting the objective weights ω1 = ω2 = ω3 = ω4 = 0.25. The

results of this operation mode are shown in Figure 3.3. Because of the low initial water level in the

intermediate reservoir, the OC switches ON pump K1 from 00:00 to 11:00 to raise its water level

before bringing in pump K2 for onward pumping to the main dam. After 11:00, the OC switches OFF

pump K1 and in turn switches ON K2 for the remainder of the day to keep a high water level in the

main dam in order to optimise the performance of the HPP. As shown, the reservoir water level would
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fall below its minimum level at 13:00 if pump K2 was operated before K1. The water level drops to

the minimum level of 10.0 m at the end of the day. The second-row graph shows the change in water

level of the intermediate reservoir as a result of the pumping actions of pumps K1, HK1, and pump K2,

HK2. Ropt (m) is the optimal intermediate reservoir water level due to the combined pumping actions

of the two pumps, K1 and K2. As shown in the figure, HK1 rises steadily to 50.0 m by 11:00 before

restoration of the dam water level commences. During this period, the overall water level, Ropt , is

equal to HK1 because pump K2 is in OFF mode. At the end of the control horizon, the intermediate

reservoir water level drops to 10.0 m, proving that the OC meets all the operational constraints of the

system. In general, the OC scheduling strategy is observed to alternate the operation of pumps K1 and

K2 in order to minimise the overall pumping energy demand. This is one of the main advantages of

the cascaded pumpback system over the classical single pump PS system.
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Figure 3.3. Optimal operation of the system with switching constraint
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3.5.1.2 Water level and flow rates of the main dam

The optimal flow rates and the corresponding change in water level of the main dam are shown in

Figure 3.4. In the figure qo and q2 are respectively, the turbine flow rate for hydropower generation and

the discharge rate of pump K2 while qin f low denotes the combined in-stream discharge and flow rate

of pump K2, qin +q2. As shown in the figure, qin f low is 12.5 m3/s whenever K2 is in OFF mode and

18.0 m3/s whenever K2 is in ON mode. The turbine flow rate, qo, varies in response to the changes

in hydropower generation level, Pg. In this case, qo is 20.9 m3/s between 00:00 and 00:15 but rises

to 24.46 m3/s between 00:15 and 02:00 in response to an increase in Pg as shown in Figure 3.5. A

decrease in Pg between 02:00 and 04:00 results in a corresponding decrease in qo from 24.46 m3/s to

20.9 m3/s. An increase in Pg between 04:00 and 06:00, shown in Figure 3.5, results in a corresponding

increase in qo as shown in Figure 3.4. Subsequently, the OC varies qo in response to changes in Pg

throughout the remainder of the control horizon. The optimal water level in the dam, Hopt , is as a result

of the change due to the combined inflows, Hin f low, less the change due to turbine discharge, Hout . The

baseline case is depicted by Hout which is the change in the water level of the main reservoir in the

absence of the proposed pumpback operation. As shown in Figure 3.4, Hopt drops from the initial level

of 176.0 m to 117.1 m at the end of the day. For the baseline case, the water level in the dam, Hout ,

would drop from 176.0 m to 101.9 m. However, the pumpback system maintains a high water level in

the dam to optimise the performance of the plant throughout the control horizon. Hin f low shows the

would be water level in the dam if there was inflows without turbine discharge, qo. In this case, the

water level of the dam would rise from 176.0 m to 257.3 m leading to an overflow at the end of the

day.
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Figure 3.4. Flow rates and changes in water level of the main dam in dry season

3.5.1.3 Optimal power flows of the system

Figure 3.5 shows the results of the optimal power flows of the system based on the measured values

for the objective weights ω1 = ω2 = ω3 = ω4 = 0.25. As shown in Figure 3.5, the OC alternates the

use of Phk and Pgk in meeting pumping power demand throughout the control horizon. For instance,

between 00:00 and 00:15, the pumping power demand of 4.82 MW is met by 1.47 MW supplied by

Phk and 3.35 MW from Pgk. However, the OC opts to meet the pumping power demand fully by Phk

between 00:15 and 02:00, between 04:00 and 06:16, between 08:45 and 16:15, between 16:30 and

20:00 and between 21:00 and 24:00, otherwise it is met fully by the grid import power, Pgk. This can
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be attributed to the lower grid load demand hence the grid power, Pgk, while much of the produced HK

power, Phg, is fed into the grid to conserve water in the main dam. The total grid pumping energy in

the case study is 35.74 MWh.
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Figure 3.5. Optimal power flows of the system in dry season

As shown as well in Figure 3.5, all the on-site generated HK power of 21.62 MW is exported to the

grid between 02:00 and 04:00, between 06:15 and 08:45, between 16:15 and 16:30, and between 20:00

and 21:15 as the OC opts to meet the pumping power demand by the grid import power, Pgk. On the

other hand, Pg varies in response to changes in grid load demand supplemented by Phg. For instance,

Pg supplies 29.85 MW supplemented by Phg of 20.15 MW to meet the committed demand of 50.0 MW

between 00:00 and 00:15. However, a decrease in Phg from 20.15 MW to 16.8 MW at 00:15 against

a constant Pld of 50.0 MW results in a corresponding increase in Pg from 29.85 MW to 33.2 MW.

This inverse complementary relationship between Pg and Phg, especially between 06:15 and 08:45,

between 16:15 and 16:30, and between 20:00 and 21:15, is one of the advantages of the proposed
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CHAPTER 3 OPTIMAL CONTROL OF A HPP WITH CASCADED PUMPBACK RETROFIT

optimal control model. A decrease in Pg in response to an increase in Phg conserves water in the dam

and consequently optimising the energy output of the hydro reservoir.

3.5.1.4 Uncertainty analysis on optimal power flows

Visual inspection of Figure 3.6 of true value power flows shows a close match of the power flows from

the measured values, shown in Figure 3.5. However, there are some minor observable differences in

pumping power demand between the two cases. When true values are used as shown in Figure 3.6, the

OC opts to meet the pumping power demand using Pgk between 00:00 and 00:15, between 03:15 and

04:00, between 06:15 and 09:30, between 12:30 and 13:00 and between 20:00 and 21:45 otherwise it

is met by Phk.
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Figure 3.6. Sensitivity on the optimal power flows of the cascaded system in dry season
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CHAPTER 3 OPTIMAL CONTROL OF A HPP WITH CASCADED PUMPBACK RETROFIT

The net effect between the two cases is a slight difference in daily grid pumping energy, Egk. The

case based on true values results in Egk value of 35.6 MWh as compared to the measured value of

35.74 MWh.

3.5.1.5 Optimal daily energy production in dry season

Table 3.6 shows the optimal energy flows of the proposed OC system with a hydrokinetic-powered

pumpback retrofit for a typical day in dry season. As shown in the table, weighting factors have

effects on the optimal results of the system. In the table, EK (MWh) denotes the pumping energy

demand of the system which is the summation of HK pumping energy, Ehk (MWh), and grid pumping

energy,Egk (MWh), over the 24 h control horizon. The optimal energy output, Eopt (MWh), is the result

of the summation of hydro-turbine energy output, Eg, excess HK energy supplied to the grid load, Ehg,

less the grid pumping energy demand, Egk. From Table 3.6, the objective function simulated using

measured values for the case when ω1 = ω2 = ω3 = ω4 = 0.25 results in an optimal hydro-turbine

energy output, Eg = ∑Pgts = 859.5723 MWh, where Pg = gρwηeqoh o10−6. In this chapter, weighting

factors are not optimised, therefore, to ascertain their effects, different combinations of weights are

considered. An equal weight to each of the four objective vectors results in grid pumping energy, Egk,

of 35.60 MWh and Eopt of 1264.30 MWh per day, which translates to 47.09% increase in the daily

energy yield of the resultant system.

Table 3.6. Daily optimal energy flows for a cascaded system in dry season

4
∑

i=1
ωi = 1 Eg (MWh) Ehg (MWh) Ehk (MWh) Egk (MWh) EK (MWh) Eopt (MWh) Increase (%)

ω1 = ω2 = ω3 = ω4 = 0.25 859.57 440.29 78.69 35.60 114.30 1264.30 47.09

ω2 = ω3 = ω4 = 0;ω1 = 1 859.57 440.29 79.36 34.94 114.30 1264.92 47.16

ω1 = ω3 = ω4 = 0;ω2 = 1 816.16 518.99 0.00 114.98 114.98 1184.90 45.18

ω1 = ω2 = ω4 = 0;ω3 = 1 781.12 518.99 0.00 220.59 220.59 1078.30 38.05

ω1 = ω2 = ω3 = 0;ω4 = 1 943.00 356.30 162.68 57.91 220.59 1241.39 31.64

On the other hand, allocating full priority to minimisation of the grid pumping energy, Egk, by setting

ω1 = 1;ω2 = ω3 = ω4 = 0, results in the best optimal solution with the lowest grid pumping energy

demand of 34.94 MWh. This optimisation scenario also results in the lowest overall pumping energy

demand of 114.3 MWh with 47.16% increase in the overall energy yield of the resultant system;

which is the highest gain when compared to other operation strategies. On the other hand, setting
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CHAPTER 3 OPTIMAL CONTROL OF A HPP WITH CASCADED PUMPBACK RETROFIT

ω1 = ω2 = ω4 = 0;ω3 = 1, which maximises the restoration of the dam volume by the pumping action

of K2 results in the highest grid pumping energy demand, Egk, of 220.59 MWh and 38.05% increase

in the overall energy output of the system. This is expected because maximisation of restoration of

the water level of the main dam results in continuous pumping operation by both pumps K1 and K2

throughout the 24 h control horizon resulting in the highest pumping energy demand of 220.59 MWh

with the OC opting to meet it fully by Egk.

The case of weights ω1 = ω2 = ω3 = 0,ω4 = 1 results in the optimal solution with the lowest Ehg

of 356.3 MWh with 31.64% gain in the overall energy output of the system, which is the lowest

performance index when compared to other combinations of weights. This is because maximisation of

HK pumping energy, Ehk, minimises grid HK energy export, Ehg, resulting in the low gain in overall

energy yield, Eopt , despite high Eg. These results with ranging values of weights provide a framework

of reference for decision makers when faced with multiple objectives so that effective trade-offs and

choices are made with regard to the priority of each of the sub-objectives.

Finally, this proposed OC model yields results with uncertainty error in the performance index based

on true values discussed in subsection 3.4.3.5 and 3.5.1.4 equal to:Eg = ∑Pgts = 859.5684 MWh

against the energy output simulated from the measured values of 859.5723 MWh, which are in close

agreement. This proves a low risk of uncertainty implying that the model’s results have high confidence

level to the margin of:

4E = ∑Pgts×0.022×10−2 = 0.1891, (3.39)

where 0.022×10−2 is the weakest link. A value of4E = 0.1891 gives this model the energy output

results with the marginal uncertainty error of E = (859.5723±0.1891).

3.5.1.6 Comparison with the classical single pump pumpback system

The pumpback system for the classical PS system employs a single high lift pump for pumping water

from the afterbay to the forebay of the power plant. Figure 3.7 shows optimal switching and flow

rates of the classical PS system when the weights ω1 = ω2 = ω3 = ω4 = 0.25. As shown, for the same

initial conditions of the dam and grid load demand, the optimal control keeps pump K in ON mode

throughout the control horizon to maintain the same level of system performance achieved by the

cascaded pumpback system.
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Figure 3.7. Optimal decay of the dam for the classical PS system in dry season

Figure 3.8 shows the optimal power flows of the classical PS system when the weights ω1 = ω2 =

ω3 = ω4 = 0.25. As shown, the pumping power demand of 9.19 MW is met solely by the grid import

power, Pgk, between 00:00 and 05:30 and between 19:45 and 20:30, otherwise it is met by the HK

power, Phk.
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Figure 3.8. System power balance of the classical PS system in dry season

Table 3.7 shows the energy flows of the classical PS system for the same weighting factors used to

simulate the results of the plant with the cascaded pumping system shown in Table 3.6. As shown, for

the same weighting factors, the pumping energy demand for the classical PS system is far higher for

the first three operation strategies as compared to the cascaded pumping system. For instance, for the

case when the weights ω1 = ω2 = ω3 = ω4 = 0.25, the classical PS systems’ pumping energy demand,

EK , is 220.59 MWh as compared to 114.30 MWh demanded by the cascaded pumping system.

Table 3.7. Daily optimal energy flows for a classical PS in dry season

4
∑

i=1
ωi = 1 Eg (MWh) Ehg (MWh) Ehk (MWh) Egk(MWh) EK (MWh) Eopt (MWh) Increase (%)

ω1 =ω2 =ω3 =ω4 = 0.25 943.56 356.44 162.54 58.05 220.59 1242.00 31.63

ω2 = ω3 = ω4 = 0;ω1 = 1 908.63 299.05 219.94 0.00 219.94 1207.68 32.91

ω1 = ω3 = ω4 = 0;ω2 = 1 873.92 325.79 173.20 47.28 220.48 1152.43 31.87

ω1 = ω2 = ω4 = 0,ω3 = 1 867.51 432.49 0.00 220.59 220.59 1079.40 24.43

ω1 = ω2 = ω3 = 0;ω4 = 1 943.56 356.44 162.54 58.05 220.59 1242.00 31.63

In this regard, using the classical PS system as the baseline, the cascaded pumpback system saves

106.29 MWh of pumping energy, which translates to a saving potential of 48.18%. Similarly, the

case when the weights ω1 = 1;ω2 = ω3 = ω4 = 0 results in 114.30 MWh of pumping energy demand
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CHAPTER 3 OPTIMAL CONTROL OF A HPP WITH CASCADED PUMPBACK RETROFIT

for the cascaded system as compared to 219.94 MWh of the single pump classical PS system. This

translates to 48.03% energy savings when the classical PS system is used as the baseline. In similar

veins, allocation of full optimisation priority to the restoration of the dam volume, that is by setting

the weights ω1 = ω2 = ω4 = 0;ω3 = 1 results in an optimal solution with pumping energy demand

of 220.59 MWh for both cascaded and classical PS systems for the same weighting factors. This

is because this operation strategy results in continuous pumping throughout the control period in

both systems resulting in the highest pumping energy demand. In comparison, the use of a cascaded

pumping system for this case results in 38.05% increase in energy yield of the cascaded pumpback

system as compared to 24.43% gain realised by the classical PS model. This underscores that the

cascaded model has a comparative advantage over the classical PS system even under the worst

operational scenario.

In general, the high pumping energy demand for the classical single pump PS system when compared

to the cascaded pumping system in the first three operational scenarios shown in Table 3.6 and Table

3.7 is as a result of the high pumping head bridged by a single high lift pump for the classical case.

Optimal operation of the cascaded pumpback system reduces the pumping power and pumping energy

demand by alternating the operating schedule of the two pumps at some point over the control horizon

as shown in Figure 3.2 and Figure 3.3 resulting in lower daily pumping energy demand.

3.5.2 Operation scenario II

This scenario simulates the performance of the proposed optimal control system on a typical day in

the rainy season with high in-stream discharge, qin. Under this operation scenario, the OC should opt

to keep the pumping system in OFF mode throughout the control horizon since the high in-stream

discharge is sufficient to optimally meet the committed grid load demand.

3.5.2.1 Optimal flow rates of the main dam in rainy season

During the rainy season, Pangani River discharge increases to an average of 25 m3/s, which is high

enough to maintain a high water level in the dam to meet the committed load demand of the HPP.

Figure 3.9 shows the optimal power flows for the cascaded pumpback system on a typical day in the

rainy season. As shown, the OC keeps all the pumps K1 and K2 in OFF mode and as a result, all the
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518.99 MWh of on-site generated HK energy is exported to the grid. Figure 3.11 shows the optimal

flow rates and the corresponding change in water level of the dam throughout the control period. The

constant supply of 21.62 MW of HK power results in low demand for Pg between 16:00 and 24:00 and

as a result, a sharp decrease in qo from 31.95 m3/s to 17.22 m3/s is observed.
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Figure 3.9. Optimal power balance of the system in rainy season

Because of the high qin of 25.0 m3/s as compared to the turbine discharge rate, qo, of 17.22 m3/s,

the water level in the dam rises from 171.9 m, to 184.7 m between 16:00 and 24:00 as shown in

Figure 3.11. Table 3.8 shows the optimal energy flows of the proposed model on a typical day in the

rainy season for the case when the weights ω1 = ω2 = ω3 = ω4 = 0.25 for both the cascaded and the

classical PS systems.
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Figure 3.10. Optimal flow rates and change in water level of the dam in rainy season

Figure 3.11. Optimal flow rates and change in water level of the dam in rainy season

As shown in the table, pumping energy, EK , is zero throughout the control horizon because the OC

opts to operate the pumping system only during the dry season when there is low qin. As a result, all

the generated HK energy of 518.99 MWh is exported to the grid resulting in 66.45% increase in the

overall energy yield of the resultant system.

Table 3.8. Daily optimal energy flows in the rainy season

4
∑

i=1
ωi = 1 Eg (MWh) Ehg (MWh) Ehk (MWh) Egk (MWh) EK (MWh) Eopt (MWh) Increase (%)

ω1 = ω2 = ω3 = ω4 =

0.25

781.02 518.99 0.0 0.0 0.0 1300.0 66.45
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3.6 SUMMARY

This chapter presented an optimal control for a conventional hydropower plant (HPP) retrofitted with a

hydrokinetic-powered pumpback system in the dry season. The objective of the study was to maximise

the energy output of the plant for meeting a deterministic time varying load by simultaneously;

minimising the grid imported pumping energy demand; minimising the wear and tear of the pumps;

maximising the use of the on-site generated hydrokinetic (HK) energy for pumping operation; and

maximising the restoration of the volume of the dam through pumpback operation. Simulation results

based on a practical case study showed the potential of the proposed optimal control to save pumping

energy up to 48.18% and increase the overall energy output of the resultant hybrid system by 30 to

48% in dry seasons and up to 66.45% in the rainy season. The high increase in energy yield of the HPP

in the rainy season is occasioned by the exportation of all the on-site generated HK energy to the grid

because the pumpback system was in OFF mode. When compared to the single pump classical pumped

storage (PS) system, the cascaded pumping system showed superior performance with lower pumping

energy demand. For the optimisation scenario when the weights ω1 = ω2 = ω3 = ω4 = 0.25, the

cascaded pumping system resulted in an overall pumping energy demand of 114.30 MWh as compared

to 220.59 MWh demanded by the classical PS system. Using the classical model as the operation

baseline, the use of cascaded pumping system resulted in an energy saving potential of up to 48.18%.

For the cascaded pumpback system, the optimal control was observed to alternate the operation of

pumps K1 and K2 throughout the control horizon in order to reduce the overall maximum pumping

power demand and the overall pumping energy of the system. This is one of the main advantages of

the cascaded pumping system. Furthermore, simulation results showed that integration of the auxiliary

constraint in the switching transitions of the pumps reduces the switching frequency of the pumps in

the pumpback system, thereby reducing the wear and tear associated with pump switches.
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON

THE PERFORMANCE OF A

HYDROPOWER PLANT WITH

PUMPBACK OPERATION

4.1 CHAPTER OVERVIEW

Chapter 3 presented an optimal control model of a high head hydropower plant (HPP) with a

hydrokinetic-powered cascaded pumpback retrofit. Simulation results based on a practical case

study showed that a cascaded pumpback system is economical in terms of pumping energy demand

when compared to the classical single pump pumped storage system. In chapter 3, the downstream

river flow of the system was assumed un-regulated and thus the HPP operator had the full flexibility

to vary the turbine discharge rate in response to the changes in system load demand to maximise the

economic value of the available water. In this chapter, downstream ecological flow constraints are

introduced in the optimal control model of the HPP. Wind power is also introduced to form a hybrid

HK-wind power system for powering the pumpback operation. The main objective of the chapter is

to assess the effects of downstream flow constraints to the performance of a HPP. The plant operator

seeks to maximise the economic value of the available water in meeting deterministic time-varying

consumer load.

4.2 INTRODUCTION

The main objective of optimal operation of hydropower plants (HPPs) is to maximise the energy and

revenue yield of the reservoirs. In deregulated energy markets, optimal control may entail adjusting
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

the turbine discharge rate in response to changes in energy prices to maximise power generation

when it is most profitable [79]. Where power generation is the sole purpose and the reservoir release

rate is not regulated, the facility operators can maximise their reservoirs’ value by storing sufficient

water during off-peak hours for optimal peak generation [80]. However, this operation strategy,

technically known as hydropeaking [81], has adverse effects to the downstream riverine ecosystem

[6, 8, 82, 83, 84]. Generally, dams serve multiple purposes including provision of a downstream habitat

for aquatic biodiversity, recreational navigation, water abstraction for irrigation farming and supply

for both domestic and industrial use [85]. Therefore, without environmental constraints, operation

of peak HPPs can cause large variations in downstream flow regimes with negative consequences to

human settlement and farming, recreational navigation and aquatic biodiversity [7, 86, 87, 88, 89, 90].

According to [86, 91, 92, 93], low downstream flow during off-peak hours and high flow during peak

hours can cause stranding of fishes and other aquatic species. To minimise the effects of operation

of HPPs to the downstream riverine ecosystem, environmental flow policies are incorporated in their

operation policies [9]. The minimum flow constraint, the maximum ramp-up and ramp-down rates,

and maximum water allocation for power generation over a given control horizon are the commonly

used ecological constraints to the operation of hydropower systems [9].

Therefore, it is proposed in this chapter that optimal operation of a HPP entails striking a balance

between environmental protection and maximisation of energy output of the reservoir. These conflicting

objectives underscore the need to assess the impacts of regulatory policies and develop mitigation

strategies that can maximise the reservoir utility while at the same time effecting maximum downstream

riverine ecosystem protection.

The effects of pumpback operation and the downstream re-regulation reservoir to the performance of a

HPP are investigated in [19]. However, the drawback of this model is the use of the much needed

hydro reservoir generated power for pumping operation. Unlike the model presented in [19], in this

chapter, a hydrokinetic-wind hybrid power system is proposed for powering the pumpback operation.

Also investigated in this chapter is the effects of the downstream discharge rate to the performance

of the combined hybrid power system. Ramp rate constraint is not considered in this chapter

since the penstock discharge rate is already constrained by the technical constraints of the turbine-

generator. In general, the aim of the proposed optimal control model is to meet the contracted power

demand at all times taking into account the technical, operational and downstream river flow constraints.
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4.3 MODEL FORMULATION OF THE SYSTEM

4.3.1 Schematic layout of the system

The schematic layout of the proposed hydropower system with a hydrokinetic-wind powered pumpback

retrofit is shown in Figure 4.1. It should be noted that the re-regulation reservoir is constructed far

downstream the power house to ensure that its state dynamics does not have an effect on the hydraulic

head of the HPP upstream.

Penstock
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Figure 4.1. Layout of the hydropower system with pumpback operation

As shown, the pump K is primarily powered by the wind generated power, PWT (t), supplemented

by the hydrokinetic (HK) power, Phk(t). The excess HK power after meeting pumping power deficit
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unmet by the wind generator, Phg(t), is supplied to the grid to meet the system load. In the proposed

model, the speed of water released from the powerhouse, υ m/s, is assumed constant and therefore,

the total HK power output, PHK(t), is a variable which depends on the number of installed generators

in parallel operation, nhk. On the other hand, wind generator power output, PWT (t), depends on the

wind speed, v (m/s). In Figure 4.1, Pg(t) and PK(t) denote the hydro-turbine generator power output

and the pumping power demand of pump K supplied through control switch u respectively. In this

model, the control variables include, the turbine discharge rate through the penstock, qo(t), the number

of HK generators, nhk(t), the HK pumping power supply, Phk(t), the excess HK power supplied to the

system load, Phg(t), and the state of the pump switch, u(t). The water level in the main dam, hu(t), and

the level in the re-regulation reservoir, hr(t), constitute the state variables of the system. A control

horizon of 24 h is chosen to give accurate optimal operational predictions rather than a year long

horizon.

4.3.2 Sub-system models and constraints

4.3.2.1 Conventional hydropower system

A conventional hydropower system comprises a dam reservoir and a hydro-turbine generator system as

shown in Figure 2.2. The theoretical power output of a HPP, Pg(t), is a nonlinear function of the water

head, ho(t), which depends on the available volume of water, W (t), and the turbine discharge rate,

qo(t), expressed by equation (3.3). At any given time t, Pg(t) is constrained by the turbine technical

capacity as follows:

Pmin
g ≤ Pg(t)≤ Pmax

g , (4.1)

where Pmin
g and Pmax

g are respectively, the minimum and the maximum bounds of the variable,

Pg(t).
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4.3.2.2 Main dam

In this chapter, a cylindrical model for the main dam with a base area, Au, is assumed. The water mass

balance of a hydro reservoir over a short scheduling period is given by equation (3.4) in section 3.3.3.1.

Therefore, using the relationships and assumptions described in section 3.3.2, the water mass balance

of the dam for the baseline optimisation scenario is expressed as follows:

hu(t) = hu(0)+
1

Au

∫ t

t0

(
qin(t)−qo(t)

)
dt, (4.2)

where hu(t) and hu(0) are respectively, the level of water in the main reservoir at the end of time t and

the initial water level at time t = 0.

For the model with a pumpback retrofit, the level of water in the main dam is a function of the natural

in-stream flow, pumped discharge and the turbine discharge for hydropower generation expressed as

follows:

hu(t) = hu(0)+
1

Au

∫ t

t0

(
qin(t)+qku(t)−qo(t)

)
dt, (4.3)

where qk is the discharge rate of pump K expressed in m3/s while u is a binary variable [0,1] denoting

the ON/OFF status of the switch that controls pump K. For a short control period, the in-stream flow

rate, qin, is assumed constant in this chapter.

4.3.2.3 Re-regulation reservoir

The main function of the re-regulation reservoir is to control the downstream discharge rate back to

the river without significant alteration of its flow regimes as well as to provide a temporary storage to

ensure pumping continuity of the system. To maximise the economic value of the available water; zero

spillage is assumed; all water discharged is utilised for hydropower generation. Therefore, the water

mass balance equation of the re-regulation reservoir is expressed as follows:
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hr(t) = hr(0)+
1
Ar

∫ t

t0

(
(1−α)qo(t)−qr(t)−qku(t)

)
dt, (4.4)

where hr(0) and hr(t) are respectively, the initial water level of the reservoir at time t = 0 and the

level at the end of time period t. The quantity qr(t) denotes the re-regulation reservoir release rate to

the downstream river flow, while α denotes the fraction of the turbine discharge lost in cooling and

spillage in the machine house. In this chapter, a 20% loss is assumed.

The minimum environmental flow constraint imposed on the operation of the hydro reservoir is defined

as follows:

qo(t)≥ qmin
r ; qr(t)≥ qmin

r , (4.5)

where qmin
r denotes the minimum discharge rate of water from the re-regulation reservoir into the

downstream river flow. Equation (4.5) shows that at any given time t, the hydro-turbine discharge rate,

qo(t), must be greater than the defined minimum downstream release rate, qmin
r , which is less than the

instantaneous re-regulation reservoir release rate, qr(t). For optimal reservoir operation, the total daily

turbine discharge must not exceed the daily water allocation for hydropower generation expressed as

follows:

1
Au

∫ t

t0
qo(t)dt ≤Wu, (4.6)

where Wu denotes the total daily volume of water allocated for hydropower generation.

4.3.2.4 Wind power generator

The power output of a wind turbine, PWT (t), is dependent on the wind speed at the given location the

air density, ρa, the area swept by the turbine rotor and the energy extraction efficiency of the turbine,

ηwt . There are various models developed in the current literature for computing the power output of

a wind turbine generator [38, 94] based on various assumptions such as linear and quadratic turbine

power functions [95]. However, in this chapter, the simplified model used in [96] is adopted:
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PWT (t) =


PWT,r

vχ−vχ

i
vχ

r −vχ

i
, (vi ≤ v≤ vr)

PWT,r, (vr ≤ v≤ vo)

0, (0≤ vi and v≤ vo),

(4.7)

where v is the wind speed at the desired height, hhub, while χ is the Weibull shape parameter, which in

this chapter it takes the value of 2. PWT,r, vr, vi and vo are respectively, the rated power output of the

wind generator, the rated wind speed, the cut-in wind speed and the cut-out wind speed.

At any given time t, the power output of the wind generator, PWT (t), is bounded to lie between a

minimum value, Pmin
WT , and a maximum value, Pmax

WT , expressed by equation (4.8).

Pmin
WT ≤ PWT (t)≤ Pmax

WT . (4.8)

4.3.2.5 Hydrokinetic generator

A hydrokinetic turbine operates on a similar principle like that of a wind turbine except that it is

powered by the kinetic energy of the water currents. Therefore, the instantaneous power output of

the hydrokinetic energy conversion (HKEC) system, PHK(t), is expressed as a function of the river

current velocity υ ,(m/s) and the area swept by the HK turbine rotor, Ahk, given by equation (2.2). The

instantaneous power output of the HKEC system is governed by the following constraint:

Pmin
HK ≤ PHK(t)≤ Pmax

HK , (4.9)

where Pmin
HK and Pmax

HK are respectively, the minimum and the maximum power output of the HKEC

system. In the proposed model, a fraction of the HK power produced is supplied to meet the pumping

power demand, Phk(t), while the surplus, Phg(t), is exported to meet the grid demand. Therefore, the

power balance of the HKEC system is expressed as follows:

PHK(t) = Phk(t)+Phg(t). (4.10)
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The HK pumping power demand, Phk(t), is constrained by equation (4.11):

Pmin
hk ≤ Phk(t)≤ Pmax

hk , (4.11)

where Pmin
hk and Pmax

hk are respectively, the minimum and maximum bounds of the variable Phk(t).

Similarly, the excess HK power supplied to the grid at any given time is bounded by equation (4.12)

where Pmin
hg and Pmax

hg denote the lower and the upper bounds of the variable Phg(t) respectively:

Pmin
hg ≤ Phg(t)≤ Pmax

hg . (4.12)

4.3.2.6 Pumpback system and constraints

In the proposed hydropower system, pumpback operation is employed to maintain a high reservoir

water level required for optimal power generation. In the optimal control model, the pump K is powered

primarily by the wind power, PWT (t), supplemented by Phk(t). Therefore, the power balance of the

pumping system is written as follows:

PWT (t)+Phk(t) = PKu(t), (4.13)

where PK is the nominal power rating of pump K while u(t) is a binary notation for the ON/OFF

status of the switch through which the pump is powered. The relationship between the pumping power

demand, the discharge rate of the pump and the net differential head to be bridged by the pump is given

by equation (2.5).

4.3.2.7 System power balance

For the baseline optimisation model, the system load demand, Pld(t), is met fully by the hydro-

turbine power output, Pg(t). Therefore, at any given time t, Pg(t) must be equal to Pld(t) expressed as

follows:

Department of Electrical, Electronic and Computer Engineering
University of Pretoria

62

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

Pg(t) = Pld(t). (4.14)

In the optimisation scenario with a pumpback retrofit, the total system load demand, Pld(t) is met

primarily by the hydro-turbine generator power supply, Pg(t), supplemented by the surplus HK power

above the pumping power demand, Phg(t). Therefore, the system load power balance is expressed as

follows:

Pg(t)+Phg(t) = Pld(t). (4.15)

4.4 DISCRETE MODEL FORMULATION AND OPTIMISATION

4.4.1 Objective function

The objective of the proposed optimal control model is to meet contractual power supply to the grid

over a 24 h control horizon in the dry season. The optimisation problem is first formulated for the

baseline operation scenario as follows:

max J = ts
N

∑
j=1

Pg, j, (4.16)

where j is the discrete time instant while ts is the system sampling interval, which is 0.25 h in this

chapter and the number of samples, N = 24
ts
= 96. The objective function expressed by equation (4.16)

is solved subject to the following constraints:

Pg, j = Pld, j, (4.17)

hmin
u ≤ hu,0 +

ts
Au

(
qin−

j

∑
i=1

qo,i
)
≤ hmax

u , (4.18)

Pmin
g ≤ Pg, j ≤ Pmax

g ; 0≤ qo, j ≤ Ac
√

2ghmax
o , (4.19)
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where hmin
u , hmax

u and respectively, the minimum and the maximum bounds of the water level in the

main dam for optimal operation. Pmin
g and Pmax

g denote respectively, the minimum and maximum power

output of the hydro-turbine generator.

In the second scenario, a hydrokinetic-wind-powered pumpback retrofit is incorporated in the op-

timal control of the hydro reservoir. A fraction of the total HK power generated is supplied to the

pumpback system while the surplus HK power is exported to meet contractual load demand. There-

fore, the optimisation problem is formulated to maximise the energy yield of the resultant system as

follows:

max J = ts
N

∑
j=1

(
Pg, j +Phg, j

)
, (4.20)

subject to the following constraints expressed in discrete time domain:

Pg, j +Phg, j = Pld, j, (4.21)

PHK, j = Phk, j +Phg, j, (4.22)

Phk, j +PWT, j = PKu j, (4.23)

hmin
u ≤ hu,0 +

ts
Au

(
qin +qk

j

∑
i=1

ui−
j

∑
i=1

qo,i
)
≤ hmax

u , (4.24)

Pmin
g ≤ Pg, j ≤ Pmax

g ; 0≤ qo, j ≤ Ac
√

2ghmax
o , (4.25)

Pmin
HK ≤ PHK, j ≤ Pmax

HK ; nmin
hk ≤ nhk, j ≤ nmax

hk , (4.26)

Pmin
hg ≤ Phg, j ≤ Pmax

hg , (4.27)

Pmin
hk ≤ Phk, j ≤ Pmax

hk , (4.28)

Pmin
WT ≤ PWT, j ≤ Pmax

WT , (4.29)

u j ∈ [0,1], (1≤ j ≤ N), (4.30)

For the optimisation scenario with a pumpback retrofit and downstream flow restrictions, besides the

constraints 4.21– 4.30, the objective function (4.20) is solved subject to the following constraints:
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hmin
r ≤ hr,0 +

ts
Ar

(
(1−α)

j

∑
i=1

qo,i−qk

j

∑
i=1

ui−
j

∑
i=1

qr,i
)
≤ hmax

r , (1≤ i≤ j), (4.31)

qo, j ≥ qmin
r ; qr, j ≥ qmin

r , (4.32)

N

∑
j=1

qo, j ≤Wu, (4.33)

4.4.2 Optimisation algorithm formulation

The baseline optimisation model of the hydro reservoir has only one real number control variable,

qo, j, while the model incorporating a pumpback retrofit and a down-stream re-regulation reservoir

comprises five real number control variables: nhk, j, qo, j, qr, j, Phg, j and Phk, j and one binary variable, u j,

solvable by the OPTI toolbox SCIP algorithm in MATLAB.

4.4.2.1 The objective function

The objective functions expressed by equation (4.16) and equation (4.20) can be expressed in canonical

form as follows:

max f T X subject to


AAAXXX ≤≤≤ bbb

AAAeqXXX === bbbeq

LLLB ≤≤≤ XXX ≤≤≤UUUB,

(4.34)

where f T X is the objective function to be solved subject to inequality constraints, AAAXXX ≤≤≤ bbb, equality

constraints, AAAeqXXX === bbbeq, and the lower and the upper bounds of the control variables, LLLB ≤≤≤ XXX ≤≤≤

UUUB.

For the baseline optimisation model, the vector X contains the single control variable defined by

equation (4.35):
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X =
[
qo,1...qo,N

]′
N×1

. (4.35)

For the optimisation model with a pumpback retrofit and the re-regulation reservoir, the vector X is

given by equation (4.36).

X =
[
u1...uN , nhk,1...nhk,N , qo,1...qo,N , qr,1...qr,N , Phk,1...Phk,N , Phg,1...Phg,N

]′
6N×1

. (4.36)

From the objective function expressed in equation (4.16),

f T =
[
− 9.81

1000 ηmηeho,1...− 9.81
1000 ηmηeho,N ,

]
1×N

. (4.37)

In the same vein, from the objective function expressed by equation (4.20),

f T =
[
01...0N , 01...0N , − 9.81

1000 ηmηeho,1...− 9.81
1000 ηmηeho,N , 01...0N , 01...0N , −11...−1N ,

]
1×6N

. (4.38)

The lower and the upper bounds of the control variable of the baseline model are expressed by equation

(4.39) and equation (4.40).

Lower bounds

lbT =
[
8.51...8.5N

]
N×1

. (4.39)

Upper bounds

ubT =
[
451...45N

]
1×N

. (4.40)

Similarly, the lower and the upper bounds of the control variables of the model with a pumpback

retrofit are expressed by equation (4.41) and equation (4.42) respectively.

Lower bounds
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lbT =
[
01...0N , 01...0N , 8.51...8.5N , 8.51...8.5N , 01...0N , 01...0N

]
6N×1

. (4.41)

Upper bounds

ubT =
[
11...1N , 121....12N , 451...45N , 251...25N , PK,1...PK,N (PHKnhk)1...(PHKnhk)N

]
1×6N

. (4.42)

The detailed formulation of the inequality and equality constraints of the baseline optimisation problem

and the proposed model with a pumpback retrofit are attached to Addendum B.

4.4.3 Description of the case study

The case study for validation of the proposed optimal control model is based on Hale hydropower plant

(HPP), a 21 MW HPP located on Pangani River in Tanzania. Hale HPP is one of the three HPPs that

form the cascade of Pangani hydropower system. The total water discharged into Hale hydropower dam

is the sum total of discharge from NyM HPP plus discharges from Mkomazi and Luengela seasonal

rivers, less abstraction for irrigation farming and losses at Kirua swamp [77]. The combined effects of

the on-going climate change and increased abstraction for irrigation farming upstream have resulted

in a drastic decline in Hale dam inflows in recent years. For instance, Luengela and Mkomazi rivers

have reduced into seasonal streams that dry up during dry seasons leading to very low inflows into

the Hale dam. The dwindling inflows make Hale HPP a perfect case study for the application of the

pumpback retrofit to maximise the energy value of the available water. The Hale HPP is installed with

2×10.5 MW Vertical Francis turbines with a total generation of 2×12.350 MVA. Table 4.1 shows

the salient features of the Hale HPP [77].

Table 4.1. Salient features of Hale HPP

Storage (m3) hmax
u (masl) hmin

u (masl) Head (m) Pg,r (MW) qmax
o (m3/s) qmin

o (m3/s) qin (m3/s)

1.9×106 331.0 329.8 63.0 21.0 45.0 8.5 16.5
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4.4.3.1 Re-regulation reservoir parameters

The proposed optimal control model of a HPP incorporates a re-regulation reservoir downstream

beyond the powerhouse to control the release rate back to the river as well as to provide a temporary

storage for pumpback operation. The aim of the pumpback operation is to maintain a high water level

in the main dam required for optimal power generation [70]. The amount of water discharged for each

unit of hydropower generated is inversely proportional to the system head (water level in the dam).

For optimal operation of the system, the capacity of the re-regulation reservoir must be big enough

to maintain a minimum downstream discharge even with low discharge from the powerhouse and

provide capacity for pumpback operation. In this chapter, the reservoir is designed by the rule of thumb

with a capacity of 3.85×105 m3 and height is 35.0 m. In the model, the minimum reservoir level for

pumpback operation as well as the downstream discharge is set at 5.0 m.

4.4.3.2 Pumping system parameters

The proposed model employs the Sulzar Ltd’s SJT vertical turbine pumps for pumpback operation.

Their performance features are shown in Table 3.3. The proposed model is applied to the Hale HPP

which has a net hydraulic head of 63.0 m. In the model, the design pump flow rate is set at 6.5 m3/s

to optimise restoration of the dam water level in the dry season for optimal operation of the system

[21].

4.4.3.3 Hydrokinetic system parameters

The hydrokinetic energy conversion system used in the case study comprise of twelve CC025A

river-in-stream HK turbines developed by the Clean Current Renewable Energy Systems Inc 1 and

the flooded, permanent magnet generators. The CC025A turbine has a rotor diameter of 2.2 m and

requires a minimum river depth of 2.8 m for effective deployment. The technical specifications of the

hydrokinetic turbines (HKTs) used in the case study are given in Table 4.2. The CC025A HK turbine

model has a rated power output of 33 kW and a nominal speed of 75 rpm.

1http://www.cleancurrent.com/river-turbines
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Table 4.2. Hydrokinetic turbine specifications

Model nhk PHK,r (kW) Ahk (m2) υr (m/s) ηt (%) ηg (%) Cp

CC035A 12 33 3.8 3.0 90.0 80.0 0.48

4.4.3.4 Wind generator parameters

The case study employs the 75 kW ZECWP horizontal wind turbines manufactured by ZEC wind

Power 2 for powering the pumpback system. In the table, nwt , vi, vo and vs are respectively, the number

of wind turbines in parallel operation, the cut-in wind speed, the cut-out wind speed and the survival

wind speed . The quantities Rwt and vr are respectively, the wind turbine rotor diameter and the rated

wind speed. The ZECWP 75 kW wind turbines have a rotor speed of 42 rpm and a tower height of 36.0

m. To generate sufficient wind power to power the pumpback system of the proposed model, eight

wind turbines are proposed. The technical specifications of the Vestas- ZECWP 75.0 kW turbines used

in the case study are shown in Table 4.3.

Table 4.3. Wind turbine specifications

Model nwt PWT,r (kW) Rwt (m) vr (m/s) vo (m/s) vi (m/s) vs (m/s) Cp

ZECWP 8.0 75.0 10.0 7.5 25 3.0 52.0 0.48

4.5 RESULTS AND DISCUSSION

The performance of the proposed optimal control (OC) model was analysed under different optimisation

scenarios. The first scenario simulates the baseline case in the dry season while the second case

incorporates wind-HK-powered pumpback operation in the operation policy of the HPP. The objective

of second optimisation scenario is to assess the effects of pumpback operation to the energy yield of

2http://www.zecwindpower.com/zecwp-75kw-wind-turbine/technical-specifications/
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the hydro reservoir. The third optimisation scenario incorporates pumpback operation and downstream

flow constraints in the OC policy of the hydro reservoir. The objective this third scenario is to assess the

effects of environmental flow constraints to the performance of the hydropower plant in question.

4.5.1 Optimisation scenario I

4.5.1.1 Baseline operation of the hydropower plant

In the baseline operation scenario, the objective of optimal control is to use the daily allocated water to

fully meet the HPP’s contractual obligation. This scenario gives the plant operator full flexibility to

adjust the turbine discharge rate, qo, in response to changes in the system load demand. Figure 4.2

shows the results of the baseline operation of the HPP in question. In the figure, qin is kept constant at

16.5 m3/s while qo varies in response to the changes in Pld throughout the control horizon. In the model,

the system load, Pld , is met fully by the hydro-turbine generation, Pg. For instance, qo is 18.36 m3/s

when Pld is 8.50 MW between 00:00 and 03:00. However, an increase in Pld from 8.50 MW to

11.0 MW between 03:00 and 04:00 results in a corresponding increase in qo from 18.36 m3/s to

23.76 m3/s. The system peak load of 419.50 MW that occurs between 10:00 and 12:00 corresponds

to a peak turbine discharge of 42.11 m3/s. Shown in the far right of the first row of Figure 4.2 is hopt ,

which is the change in the dam water level as a result of qin, less qo. In the case study, a constant qin of

16.5 m3/s is assumed, which is a typical inflow rate of Hale dam in dry seasons experienced in recent

years in the face of prolonged droughts. As shown in the figure, the water level in the dam model

decays from the initial level of 300.0 m to 272.5 m at the end of the day. With the model base area of

4.0×104 m2, the change in water level of the dam model translates to 1.1×106 m3. This is the daily

minimum amount of water allocation required for sufficient hydropower generation to meet the plant’s

contractual obligation.
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Figure 4.2. Baseline operation of Hale hydropower plant

4.5.2 Optimisation scenario II

This optimisation scenario incorporates pumpback operation in the optimal control policy of the hydro

reservoir. A re-regulation reservoir is constructed downstream the powerhouse to provide a temporary

storage for pumpback operation as well as re-regulate downstream flow regimes. It should be noted

that the re-regulation reservoir is located downstream such that its level dynamics does not affect the

hydraulic head of the hydropower system upstream. Where a daily water allocation for hydropower

generation is specified, optimal pumpback operation can help maximise the reservoir energy output

without violation of the daily discharge constraints.

4.5.2.1 Change in water level of the model with pumpback retrofit

The results of the optimal flow rates and their corresponding effects on the water level of the dam with

a pumpback retrofit are shown in Figure 4.3. In the figure, qin f low denotes the combined inflows into

the dam, which is the sum of the river in-stream discharge, qin, and the pumped capacity, qk. As shown

in the first row of Figure 4.3, qin and qk are constant at 16.5 m3/s and 6.5 m3/s respectively, giving a
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constant total inflow , qin f low, of 23.0 m3/s. On the other hand, the turbine discharge, qo, is seen to

vary in response to the changes in system load, Pld . As shown in Figure 4.3, the peak turbine discharge

of 34.15 m3/s occurs between 10:00 and 11:00, which corresponds to a system peak load of 19.50

MW, shown in Figure 4.5.

Time(h)

0 4 8 12 16 20 24

F
lo

w
 r

at
e 

(m
3
/s

)

10

20

30

40 q
o

q
k

q
in

q
inflow

Time (h)

0 4 8 12 16 20 24

W
at

er
 l

ev
el

 (
m

) 

300

320

340
h

opt
h

out
h

inflow

Figure 4.3. Optimal flow rates and change in reservoir water level

Shown in the second row of Figure 4.3 is the change in the dam water level in response to the combined

inflows and outflows. In the figure, hout is the change in the reservoir water level in response to the

turbine discharge rate, qo. hin f low is the change in reservoir water level due to combined system inflows,

qin f low, while hopt is the net optimal change in water level due to the combined inflows and outflows

of the reservoir. An important observation to note is the would be operation scenario if the dam was

operated without pumpback operation; the water level would fall below the minimum operational

limit by 16:00 making it technically infeasible to generate power for the last eight hours of the control
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period. However, pumpback operation keeps the dam water level above its minimum limit throughout

the control horizon as shown in Figure 4.3. If the dam was operated without inflows, its water level

would drop from the initial level of 300.0 m to 288.6 m by end of the control period. In the same vein,

if there were continuous inflows without penstock discharge for hydropower generation, qin f low would

raise the water level of the dam above its operation limit by 05:00 leading to spillage. However, the

combined effects of qin f low and qo raises the optimal water level, hopt , from the initial level of 300.0 m

to 302.3 m by end of the control horizon.

4.5.2.2 Optimal WEC and HKEC power flows of the pumpback model

Figure 4.4 shows the power flows of the wind energy conversion (WEC) and the hydrokinetic energy

conversion (HKEC) systems for the model simulated with the pumpback operation. As shown in the

figure, PHK and PK are constant at 5.05 MW and 4.22 MW respectively. The OC switches ON all the

12 installed HK generators to maximise their beneficial use in meeting the system power demand. In

the model PK is met primarily by PWT supplemented by Phk. The surplus HK power, Phg, is supplied

to meet the contractual grid load. In the figure, Phk is seen to change inversely in response to the

changes in PWT to maximise the use of wind power for pumping operation. An increase in PWT causes

a corresponding decrease in Phk and increase in Phg; and an increase in Phg causes a decrease in Pg as

shown in Figure 4.5. For instance, an increase in PWT from 0.83 MW to 1.99 MW between 13:00 and

14:00 causes a corresponding decrease in Phk from 3.39 MW to 2.24 MW and an increase in Phg from

1.64 MW to 2.80 MW. This increase in Phg results in a decrease in Pg from 16.86 to 15.70 MW as

shown in Figure 4.5.
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Figure 4.4. Pumping power flows of the system

The inverse complementary relationship between between PWT and Phk underscores the ability of the

proposed model to maximise the use of wind power for pumping operation and maximise HK grid

power export, Phg.

4.5.2.3 Power flows of the system with pumpback operation

Figure 4.5 shows the results of the load balance of the model with a pumpback retrofit operated without

ecological flow constraints. As shown, Pg and Phg have a complementary inverse relationship; an

increase in Phg results in a corresponding decrease in Pg by the same magnitude, which maximises the

use of Phg in meeting the system load demand. For instance, between 12:00 and 13:00, the system

load demand of 18.5 MW is met by 16.86 MW supplied by Pg supplemented by 1.64 MW supplied by

Phg. However, an increase in Phg to 2.80 MW at 13:00 results in a corresponding decrease in Pg from

16.86 to 15.57 MW. This inverse complementary relationship is also seen between 15:00 and 17:00

and between 18:00 and 20:00.
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Figure 4.5. System load balance

Table 4.4 shows the daily energy flows of the proposed OC model. In the table, Eld , Eg, EHK , EWT ,

Ehg, Ehk and EK are respectively, the daily committed energy demand, the energy generated from the

hydro reservoir, the energy flow from the HKEC system, the energy flow from the WEC system, the

fraction of HK energy supplied to the grid, the fraction of HK energy supplied to the pumpback system

and the overall pumping energy demand over the control horizon. As shown in the table, the HKEC

system supplied 51.46 MWh to meet the system load demand, Pld , of 325.35 MWh. This is equivalent

to 15.85% of the system load.

Table 4.4. Optimal system energy flows

Eld (MWh) Eg (MWh) EHK (MWh) Ehg (MWh) Ehk (MWh) EWT (MWh) EK(MWh)

325.35 273.89 120.86 51.46 69.40 31.99 101.39

4.5.3 Optimisation scenario III

Under this operation scenario, the minimum downstream flow constraint is incorporated in the OC

policy of the HPP with a pumpback retrofit. In section 4.5.2, the optimal performance of the model
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

was simulated with downstream flow constraint of qmin
r and qmax

r of 8.5 m3/s and 45 m3/s respectively,

which coincides with the technical constraints of the turbine discharge of the Hale HPP as shown in

Table 4.1. Thus, under this optimisation scenario, the HPP operator has the full flexibility to adjust qo to

effectively respond to the changes in the system load demand, Pld . To assess the effects of downstream

environmental flow policy to the operation of the HPP in question, qmin
r is raised to 17.00 m3/s while

qmax
r is lowered to 25.0 m3/s. This downstream flow restriction limits the operational flexibility of the

reservoir operator to vary qo in response to the system load demand.

4.5.3.1 Optimal pumpback model operation with downstream flow constraints

Figure 4.6 shows the comparative results of the turbine discharge rates and their corresponding hydro-

power generation levels for the system when operated with and without minimum downstream flow

restrictions. In the figure, qo,1 and qo,2 are respectively, the turbine discharge for the model without and

with minimum environmental flow constraints while Pg,1 and Pg,2 are their corresponding hydropower

generation levels. As shown in the figure, qo,2 > qo,1 throughout the day. This is occasioned by the

high downstream flow requirement of the model with environment flow restrictions. Correspondingly,

as shown in the second row of Figure 4.6, Pg,2 > Pg,1 throughout the control period. For a deterministic

and fixed load, an increase in Pg output has a direct opportunity cost of a corresponding decrease in

free HK energy in the model.
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Figure 4.6. Effects of minimum ecological flow to the performance of the system

The peak turbine discharge for the model with qr constraint, which occurs between 11:00 and 12:00, is

36.87 m3/s. The peak turbine discharge for the model without minimum flow constraint is 34.15 m3/s

and it occurs between 10:00 and 11:00. Correspondingly, as shown in the second row of Figure 4.6,

peak Pg,2 is 19.35 MW while peak Pg,1 is 17.92 MW. In general, the high qr required for the model

with downstream flow restriction compels the OC to release more water consequently resulting in high

Pg,2 generation.

An important comparative observation made when the proposed OC model is simulated with down-

stream flow constraint, qr, is the differences in the decay rate of the water level in the dam. In Figure

4.7, hout,2 and hout,1 denote the change in water level of the dam in response to turbine discharge, qo, for

the case with and without qr constraint respectively. In the second row of the figure, hopt,2 and hopt,1 are

respectively, the net optimal change in water level of the dam for the case with and without qr constraint.

As shown in the first row of Figure 4.7, when operated without environmental flow restriction, the

dam water level, hout,1, would drop from the initial level of 300.0 to 288.6 m by the end of the control
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

horizon. However, when the HPP is operated with downstream environmental flow constraint, the

dam water level, hout,2 would fall from the initial level of 300.0 to 280.0 m. Correspondingly, the net

optimal water level of the dam for the operation case with qr constraint, hopt,2, falls from the initial

level of 300.0 to 294.2 m at the end of the control horizon. This contradicts with the optimisation case

without qr constraint where hopt,1 rises to 302.3 m by end of day. Of interest to note is the rise in hopt,1

to 302.3 m at the end of the control period because of the high net inflows, qin f lows, as compared to

outflow, qo, for the optimisation scenario without qr constraint.
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Figure 4.7. Decay rate of the reservoir under minimum flow constraint

The difference in the dam water level at the end of the day for the two cases, as shown in Figure 4.7,

underscores the opportunity cost of environmental flow constraints to the operation of a HPP in terms

of water economy. For the case with qr constraint, the plant operator releases more water to meet the

downstream flow requirements resulting in the high decay rate of the dam. For instance, at 16:00, the

dam water level had risen to 300.4 m for the case without qr constraint while it fell to a low of 295.2

m for the case with downstream flow constraint.
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

Another important operational aspect of the proposed OC model is the initial conditions and system

dynamics of the re-regulation reservoir. Figure 4.8 shows the optimal change in water level of the

re-regulation reservoir for the optimisation case without qr constraint, hr,opt−1 and for the case with qr

constraint, hr,opt−2. As shown in Figure 4.8, despite the comparatively high initial point of 35.0 m for

the case with qr constraint,hr,opt−2 decays to a minimum of 11.2 m at the end of the control horizon.

This contrasts with the optimisation case without qr constraint; as shown in the figure, hr,opt−1 rises

from the initial point of 15.0 to 34.55 m at the end of the day, implying that the net inflow from the

powerhouse is higher than the combined reservoir outflows resulting in an increase in volume.
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Figure 4.8. Change in water level of the re-regulation reservoir

The observable state dynamics of the re-regulation reservoir shown in Figure 4.8 underscores the

importance of the initial conditions of the reservoir in ensuring un-interrupted downstream flow regimes

as well as continuous pumping operation of the pumpback system over the given control horizon.

4.5.3.2 Power flows of the pumpback model with downstream flow constraints

Figure 4.9 shows the results of the effects of downstream discharge, qr, constraints to the performance

of the WEC and the HKEC systems of the proposed OC model with a pumpjack retrofit. As shown,

the total HK power output, PHK , varies in response to the changes in Phg and Phk throughout the control

horizon. These results contrast with the results of the model without qr constraint shown in Figure

4.4 in which the OC switches ON all the 12 installed HK generators, nhk1 shown in Figure 4.10, to
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

generate a constant PHK output of 3.03 MW throughout the control horizon. When qr constraint is

integrated in the OC policy of the HPP in the case study, the high turbine discharge, qo, results in high

Pg,2 as shown in Figure 4.6. This results in Pld being met almost entirely by Pg and as a result, only a

small supply of Phg is required to meet the contractual load deficit. The high Pg caused by the high qr

constraint compels the OC to vary nhk−2 at each discrete time j to generate just enough Phg and Phk

to meet the deterministic system load demand, Pld , and pumping power demand unmet by the wind

generator output, Phk.
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Figure 4.9. Effects of high downstream flow on HK-wind power flows

Figure 4.10 shows the results of the effects of qr constraints to the optimal number of HK generators,

nhk, that can be operated at any given time, j. In the figure, nhk−1 and nhk−2 are respectively, the

HK generators in parallel operation for the optimisation case without and with downstream flow, qr,

constraint. As shown, for the optimisation case without qr constraint, the OC switches ON all the 12

installed HK generators to maximise the use of Phg in meeting Pld . A different scenario is observed

when the model is simulated with qr constraint: The OC varies nhk−2 to produce just enough Phk and

Phg to offset the pumping power deficit and the unmet system load respectively. For instance, between

00:00 and 03:00, the OC switches ON nine HK generators to produce just enough HK power for

meeting the system deficit. An increase in wind generation, PWT , between 03:00 and 08:00 results in

a decrease in Phk and correspondingly, the OC adjusts nhk−2 from nine to eight and subsequently to

six. The high PWT between 15:00 and 16:00 results in a sharp decrease in Phk with a corresponding
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

decrease in nhk−2 from five to two. Subsequently, the OC varies nhk−2 in response to the changes in

Phk and Phg for the remainder of the control horizon.
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Figure 4.10. Effects of minimum ecological flow rate to the HKEC system

Figure 4.11 shows the results of the effects of downstream flow constraints to the HK power exported

to the grid, Phg. In the figure, Phg,1 and Phg,2 are respectively, the excess HK power exported to the grid

when the OC model is operated without and with qr constraints. As shown, Phg,1 > Phg,2 throughout

the control horizon. Because of the high qmin
r for the model with qr constraint, the OC is compelled

to increase the turbine discharge, qo, resulting in high Pg generation, shown as Pg,2 in Figure 4.6.

Consequently, the system load, Pld , is almost entirely met by Pg and as a result, the model requires only

a small quantity of Phg, denoted by Phg,2 in Figure 4.11, to meet the system load deficit. For instance,

between 15:15 and 16:15, Phg,1 supplied 4.3 MW to meet the system’s contractual demand of 13.5

MW. In the same period, the OC for the model with qr constraint supplied just 0.11 MW of Phg,2 to

cover the same demand deficit. In this chapter, the decrease in Phg in response to an increase in qr

underscores the opportunity costs of environmental constraints to the economic performance of the

model. The numerical differences in the total HK energy supplied to meet the system load, Ehg, shown

in Table 4.4 and Table 4.5 underscores the measure of the opportunity cost of the downstream flow

constraints.
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Figure 4.11. Effects of ecological flow constraints on Phg flows

Table 4.5 shows the daily energy output of the model simulated with minimum qr constraint. As

shown, the total energy output of the HKEC system is 74.28 MWh, which is less than the 120.86 MWh

generated by the model without qr constraint shown in Table 4.4. If the pumpback model of section

4.5.2 is taken as the comparative baseline, it is seen that raising the minimum qr to 17.0 m3/s results in

38.54% decrease in the energy yield of the HKEC system. In the same vein, subjecting the hydropower

reservoir to a high qmin
r results in an Eg output of 320.47 MWh, which is higher than 273.89 MWh

of Eg generated by the model without minimum qr constraint. This translates to 17.00% increase in

hydropower generation from the hydro reservoir.

Table 4.5. Optimal system energy flows of the model with downstream flow constraint

Eld (MWh) Eg (MWh) EHK (MWh) Ehg (MWh) Ehk (MWh) EWT (MWh) EK(MWh)

325.35 320.47 74.28 4.88 69.40 31.99 101.39

Similarly, comparison of the results of Table 4.4 and Table 4.5 shows that increasing qmin
r to 17.0 m3/s

results in a change in Ehg from 51.46 MWh to 4.88 MWh which translates to 90.52% decrease in the

amount of hydrokinetic energy supplied to meet the committed grid load.
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CHAPTER 4 EFFECTS OF FLOW CONSTRAINTS ON THE PERFORMANCE OF A HPP

4.6 SUMMARY

This chapter presented an optimal control model for assessing the effects of the pumpback operation

and downstream flow constraints to the performance of a hydropower plant in dry seasons. The

objective of the study was to use the available water to meet deterministic but time-varying system load

over a 24 h control horizon. Three different optimisation scenarios were studied: the baseline case; the

case with wind-hydrokinetic-powered pumpback capabilities; and the operation scenario incorporating

the pumpback operation and the downstream ecological flow constraints. Simulation results based on

a hypothetical case study showed the potential of the model with pumpback capabilities to reduce the

daily amount of water allocation for hydropower generation.

Similarly, the results of the second operation scenario showed that incorporation of the wind-HK-

powered pumpback operation in the optimal control of the plant in the case study reduces the energy

demand from the hydro reservoir for meeting the system load by 15.82%, which is a positive perform-

ance indicator that conserves the reservoir water. This performance was caused by the exportation of

the surplus hydrokinetic energy to the grid to meet the system load.

Incorporation of the downstream flow constraints in the optimal control policy of the third optimisation

scenario resulted in 38.54% decrease in the energy output of the hydrokinetic systems; which is a

negative performance index in this chapter considering that the hydrokinetic energy is free energy

extracted from the downstream water flow that can be used to offset reliance on hydro reservoir

generation. The decrease in the energy yield of the hydrokinetic system is a measure of the opportunity

cost associated with environmental restrictions to the operation of a hydropower plant. In general,

using the amount of hydrokinetic energy generation in the hybrid system as the performance index of

the proposed model, the system performance presented in this chapter showed that incorporation of the

downstream flow constraint in the operation policy of a hydropower plant has an opportunity cost of

reduced utilisation of the freely available hydrokinetic energy.
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CHAPTER 5 CONCLUSION

This dissertation developed two optimal control models for maximising the energy output of a con-

ventional hydropower plant in dry season. Many hydropower plants in drought-prone regions such

as Southern Africa experience low power output in dry seasons due to low water levels in the dams.

Pumpback operation to maintain a high reservoir water level for optimal hydropower generation is

presented in this dissertation. In the first optimal control model presented in chapter 3, a cascaded

pumping system powered by the on-site hydrokinetic energy resource is proposed. The objective of

the model is to meet the contractual grid obligations at minimal pumping energy demand over a 24

h control horizon. The problem is formulated as a discrete multi-objective optimisation function to

simultaneously; minimise the grid pumping power demand; minimise wear and tear associated with

the switching frequency of the cascaded pumps; maximise restoration of the reservoir volume through

pumpback operation, and maximise the use of on-site generated hydrokinetic power for pumping

operation. To validate the performance advantages of a cascaded pumping system over the classical

pumped storage system, the proposed optimal control is applied to a suitable case study. Simulation

results demonstrate the potential of a cascaded pumpback system to minimise the overall pumping

energy demand of the control system over a 24 h control horizon by alternating the switching of the

two pumps.

The second optimal control model, presented in chapter 4 investigates the effects of downstream

environmental flow constraints to the performance of a conventional hydropower plant with the wind-

hydrokinetic powered pumpback operation. The objective of the model is to optimise the economic

value of the available water in meeting contracted consumer load. Three different optimisation scenarios

were studied in this optimal control model presented in chapter 4: The baseline case; the case with the

wind-hydrokinetic-powered pumpback operation; and the case integrating both pumpback capabilities

and downstream flow constraints.
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For the second and the third optimisation scenarios, a downstream re-regulation reservoir for temporary

storage for pumping continuity as well as to re-regulate the rate of water release back into the river

is incorporated in the plant’s operation policy. The operation strategy was for the optimal control

to meet the pumping power demand primarily by the wind power supplemented by the hydrokinetic

power, while at the same time maximise the use of surplus hydrokinetic power in meeting the plant’s

contractual obligations.

Simulation results based on a suitable case study showed the potential of the model with a wind-

hydrokinetic -powered pumpback retrofit to reduce the daily amount of water needed for the hydro-

power plant to meet its contractual obligations. This was occasioned by recycling of the downstream

discharged water to increase its economic value as well as exportation of the surplus hydrokinetic

power to the grid to offset a part of the system demand.

Simulation results of the third optimisation scenario showed that integration of environmental flow

constraints in the optimal control policy of a hydropower plant reduces the hydrokinetic energy yield

by 38.54%, which in this dissertation is a measure of the opportunity cost of environmental constraints:

Hydrokinetic energy is considered a free energy resource that can be utilised optimally to minimise

reliance on the hydro reservoir generated power.

5.1 CONTRIBUTION

In summary, this dissertation presented optimal control strategies for improving the economic value

of the available reservoir water for hydropower generation in dry seasons. The cascaded pumpback

system presented in chapter 3 is shown to reduce the pumping energy demand over a 24 h control

horizon as compared to the classical PS model. The results of the first model, presented in chapter 3,

also showed that the optimal control executed pumpback operation only during the dry season. That is,

the pumpback system was OFF throughout the control horizon in the rainy season with sufficient water

level in the dam to cover the plant’s contractual obligations. The results of the second model, presented

in chapter 4, showed that integrating environmental flow constraints in the optimal control policy of a

hydropower plant reduces its economic performance as evidenced in the reduction of the generation

of the free hydrokinetic power. Both the models mark the first attempt at using alternative renewable

on-site wind and hydrokinetic power for pumping operation as applied in hydropower systems.
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CHAPTER 5 CONCLUSION

5.2 RECOMMENDATIONS AND FUTURE RESEARCH

1. The current work is based on the open-loop optimal control strategy of a hydropower plant

with a pumpback retrofit. An interesting future research direction will be the application of the

closed-loop optimal control strategies such as model predictive control (MPC) which have better

performance in handling system uncertainties such as changes in system load, in-stream flow

variability and variations in wind speed. The application of closed loop control strategies could

improve the performance of the hydropower system in question.

2. In the current work, the proposed optimal control models are analysed for a 24 h control period

with a constant in-stream river flow. Future research can be the extension of the optimisation

horizon to a longer period, such as 12 months, to take into account seasonal variations in

in-stream flows as a source of uncertainty.

3. In this dissertation, economic analysis of the proposed optimal control models is not considered.

Future research work should consider life cycle cost analysis of the system to validate the

economic feasibility of the proposed models.

4. The models proposed in the current work considers constant speed pumping; the pumps are

assumed to work at their full rated capacity whenever in operation. Therefore, future research

into the application of variable speed pumping is recommended.

5. In the current work, the objective of the optimal control is for the hydropower plant to meet

deterministic system load which does not optimise the revenue generation of the facility since

the hourly generation levels are capped. A future research should consider a non-deterministic

HPP in a pool based market with time-varying energy prices, such as time-of-use (TOU) tariff

structure, to maximise the revenue yield of the system.
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ADDENDUM A CHAPTER 3 DETAILED

ALGORITHM FORMULATION

A.1 EQUALITY MATRICES

Equation (3.19) constitutes a sparse matrix Aeq1, given in equation (A.1) and vector beq1 shown in

equation (A.2):

Aeq1 =


0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 9.81ηmηeho
1000 · · · 0

... 0 · · · 0
... 0 · · · 0

... 1 · · · 0
... 0 · · · 0

... 0 · · · 0
...

. . .
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. . .
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...

. . .
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. . .
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... 0 · · · 0

... 0 · · · 0
... 0 · · · 9.81ηmηeho

1000

... 0 · · · 0
... 0 · · · 0

... 0 · · · 1
... 0 · · · 0

... 0 · · · 0


N×9N

.

(A.1)

beq1 =


Pld,1

...

Pld,N


N×1

. (A.2)

Similarly, the matrix Aeq2 shown in equation (A.3) and vector beq3 shown in equation (A.4) are

constituted from equality constraint (3.21) for the pump power balance.

Aeq2 =


−PK1 · · · 0

... −PK2 · · · 0
... 0 · · · 0

... 0 · · · 0
... 1 · · · 0

... 1 · · · 0
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

...
. . .

...
...
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. . .
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0 · · · −PK1
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... 0 · · · 0
... 0 · · · 0

... 0 · · · 1
... 0 · · · 1

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0


N×9N

.

(A.3)
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beq2 =


01
...

0N


N×1

. (A.4)

Lastly, the matrix Aeq3 shown in equation (A.5) and vector beq3 shown in equation (A.6) are constituted

from the HK power balance of equation (3.20).

Aeq3 =


0 · · · 0

... 0 · · · 0
... PHK · · · 0

... 0 · · · 0
... −1 · · · 0

... 0 · · · 0
... −1 · · · 0

... 0 · · · 0
... 0 · · · 0

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

0 · · · 0
... 0 · · · 0

... 0 · · · PHK
... 0 · · · 0

... 0 · · · −1
... 0 · · · 0

... 0 · · · −1
... 0 · · · 0

... 0 · · · 0


N×9N

.

(A.5)

beq3 =


01
...

0N


N×1

. (A.6)

The canonical form , AAAeqXXX = bbbeq is given in equation (B.10).

Aeq =


Aeq1

Aeq2

Aeq3


3N×7N

, beq =


beq1

beq2

beq3


3N×1

. (A.7)

A.2 INEQUALITY MATRICES

The general formulation of the inequality constraint is shown in equation (A.8):

AAAXXX 6 bbb. (A.8)
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ADDENDUM A CHAPTER 3 DETAILED ALGORITHM FORMULATION

Expression (3.22) constitutes the upper boundary matrix A1 given by equation (A.9) and the upper

boundary vector b1 given by equation (A.10). Where the lower boundary matrix A2 =−A1 and the

lower boundary vector b2 is given by equation (A.11).

A1 =


0 · · · 0

... q2ts
Au
· · · 0

... 0 · · · 0
... − ts

Au
· · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
...

. . .
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. . .
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. . .
...
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. . .
...
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. . .
...

0 · · · 0
... q2ts

Au
· · · q2ts

Au

... 0 · · · 0
... − ts

Au
· · · − ts

Au

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0


N×9N

.

(A.9)

b1 =


hmax

u −hu,0− qints,1
Au

...

hmax
u −hu,0− qints,N

Au


N×1

. (A.10)

b2 =


−hmin

u +hu,0 +
qints,1

Au
...

−hmin
u +hu,0 +

qints,N
Au


N×1

. (A.11)

Similarly, the inequality constraint equation (3.23) constitutes the matrix A3 given by equation (A.12)

and vector b3 expressed by equation (A.13):

A3 =


q1ts
Am
· · · 0

... −q2ts
Am
· · · 0
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. . .
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· · · q1ts
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... −q2ts
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· · · −q2ts
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... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0


N×9N

.

(A.12)

b3 =


hmax

m −hm,0
...

hmax
m −hm,0


N×1

. (A.13)

The lower boundary matrix of the intermediate reservoir A4 =−A3 and lower limit vector b4 is given

by equation (A.14).
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b4 =


−hmin

m +hm,0
...

−hmin
m +hm,0


N×1

. (A.14)

By letting

A51 =



1 0 0 . . . 0

−1 1 0 . . . 0

0 −1 1 . . . 0
...

...
. . . . . .

...

0 0 . . . −1 1


N×N

, A52 =



−1 0 0 . . . 0

0 −1 0 . . . 0

0 0 −1 . . . 0
...

...
...

. . .
...

0 0 0 . . . −1


N×N

, (A.15)

then, the inequality expressed by equation (3.29) can be written as

A5 =
[

A51, A51, 0, 0, 0, 0, 0, A52, A52

]
N×9N

, (A.16)

b5 =
[
0, 0, 0, ..., 0

]T

N×1
. (A.17)

Therefore, the final expression of the matrix A and vector b is given by equation (A.18)

A =



A1

A2

A3

A4

A5


5N×9N

, b =



b1

b2

b3

b4

b5


5N×1

. (A.18)
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ADDENDUM B CHAPTER 4 DETAILED

ALGORITHM FORMULATION

B.1 BASELINE OPTIMISATION MODEL

B.1.1 Equality matrices

The equality matrix Aeq and the vector beq1 of the baseline model are formulated from equation (4.14)

as follows:

Aeq =


9.81ηmηeho

1000 · · · 0
...

. . .
...

0 · · · 9.81ηmηeho
1000


N×N

, beq1 =


Pld,1

...

Pld,N


N×1

, (B.1)

where the vector beq = beq1.

B.1.2 Inequality matrices

From the state constraint of the dam expressed by equation (4.18), the inequality matrix A1 and

the upper boundary vector b1 are constituted. The lower boundary matrix A2 =−A1 and the lower

boundary vector b2 are given in equation (B.3).
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ADDENDUM B CHAPTER 4 DETAILED ALGORITHM FORMULATION

A1 =


−ts
Au
· · · 0

...
. . .

...
−ts
Au
· · · −ts

Au


N×N

. (B.2)

b1 =


hmax

u −hu,0− qints,1
Au

...

hmax
u −hu,0− qints,N

Au


N×1

, b2 =


−hmin

u +hu,0 +
qints,1

Au
...

−hmin
u +hu,0 +

qints,N
Au


N×1

. (B.3)

The final canonical expression, AAAXXX = bbb is formulated in equation (B.4).

A =

A1

A2


2N×N

, b =

b1

b2


2N×N

. (B.4)

B.2 MODEL FOR OPTIMISATION SCENARIO II & III

B.2.1 Equality matrices

From the system power balance equation (4.21), a sparse matrix Aeq1 given by equation (B.5) and a

vector beq1 is given in equation (B.1) are constituted.

Aeq1 =


0 · · · 0

... 0 · · · 0
... 9.81ηmηeho

1000 · · · 0
... 0 · · · 0

... 0 · · · 0
... 1 · · · 0

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

0 · · · 0
... 0 · · · 0

... 0 · · · 9.81ηmηeho
1000

... 0 · · · 0
... 0 · · · 0

... 0 · · · 1


6N×N

. (B.5)

Similarly, the sparse matrix, Aeq2 given by equation (B.6), and a vector, beq2 given in equation (B.7)

are constituted from the pumping power balance equation (4.23).
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Aeq2 =


−PK · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
... 1 · · · 0

... 0 · · · 0
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

0 · · · −PK
... 0 · · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 1
... 0 · · · 0


6N×N

. (B.6)

beq2 =


−PWT,1

...

−PWT,N


N×1

. (B.7)

From the hydrokinetic energy conversion system power balance equation (4.22), the matrix Aeq3 shown

in equation (B.8) and the vector beq3 shown in equation (B.9) are constituted.

Aeq3 =


0 · · · 0

... −PHK · · · 0
... 0 · · · 0

... 0 · · · 0
... 1 · · · 0

... 1 · · · 0
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

0 · · · 0
... 0 · · · −PHK

... 0 · · · 0
... 0 · · · 0

... 0 · · · 1
... 0 · · · 1


6N×N

. (B.8)

beq3 =


01
...

0N


N×1

. (B.9)

The final canonical expression , AAAeqXXX = bbbeq is formulated in equation (B.10).

Aeq =


Aeq1

Aeq2

Aeq3


3N×N

, beq =


beq1

beq2

beq3


3N×N

. (B.10)

B.2.2 Inequality matrices

Equation (B.11) shows the upper boundary matrix A1 constituted from the dam’s water level constraint

equation (4.24). The lower boundary matrix A2 =−A1. The upper and the lower boundary vectors b1

and b2 are expressed in equation (B.3).
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A1 =


qkts
Au
· · · 0

... 0 · · · 0
... −ts

Au
· · · 0

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

qkts
Au
· · · qkts

Au

... 0 · · · 0
... −ts

Au
· · · −ts

Au

... 0 · · · 0
... 0 · · · 0

... 0 · · · 0


N×6N

. (B.11)

Similarly, the re-regulation reservoir water level constraint equation (4.31) constitutes the matrix A3

given by equation (B.12). The lower boundary matrix of the intermediate reservoir A4 =−A3 while

the upper boundary vector b3 and the lower boundary vector b4 are expressed in equation (B.13)

A3 =


−qkts

Ar
· · · 0

... 0 · · · 0
... ts

Ar
· · · 0

... −ts
Ar
· · · 0

... 0 · · · 0
... 0 · · · 0

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...
...

...
. . .

...

−qkts
Ar

· · · −qkts
Ar

... 0 · · · 0
... ts

Ar
· · · ts

Ar

... −ts
Ar
· · · −ts

Ar

... 0 · · · 0
... 0 · · · 0


N×6N

. (B.12)

b3 =


hmax

r −hr,0
...

hmax
r −hr,0


N×1

, b4 =


−hmin

r +hr,0
...

−hmin
r +hr,0


N×1

. (B.13)

Thus, the final expression of the matrix A and vector b is given by equation (B.14)

A =


A1

A2

A3

A4


4N×N

, b =


b1

b2

b3

b4


4N×N

. (B.14)
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