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Abstract

In this dissertation, boundary stabilization of a linear hyperbolic system of balance laws is
considered. Of particular interest is the numerical boundary stabilization of such systems. An
analytical stability analysis of the system will be presented as a preamble. A discussion of
the application of the analysis on specific examples: telegrapher equations, isentropic Euler
equations, Saint-Venant equations and Saint-Venant-Exner equations is also presented. The
first order explicit upwind scheme is applied for the spatial discretization. For the temporal
discretization a splitting technique is applied. A discrete 1.2—Lyapunov function is employed
to investigate conditions for the stability of the system. A numerical analysis is undertaken and
convergence of the solution to its equilibrium is proved. Further a numerical implementation
is presented. The numerical computations also demonstrate the stability of the numerical

scheme with parameters chosen to satisfy the stability requirements.
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Chapter 1

Introduction

We consider hyperbolic systems of conservation laws with source terms (also called hyperbolic
systems of balance laws) in one-space dimension. If the system involves k hyperbolic balance

laws, then it can be written in the form
U+ 0, F(U)+G((U) =0, (1.1)

where U (z,t), F'(U) and G (U) represent vectors of k physical quantities, vector of flux
functions associated with physical quantities and source terms that balance the system of
conservation laws, respectively. The balance laws are complemented by initial condition and
for finite spatial domain boundary conditions need to be defined. The notations 0; and 0,
denote partial differentiation with respect to ¢ and x, respectively. In the case where there are
no source terms involved (i.e. G (U) =0, VU), a hyperbolic system of conservation laws in

one-space dimension can be described as a set of k£ conservation laws in the following form

O,U + 9,F (U) = 0. (1.2)

Hyperbolic systems of balance laws are useful in describing the transport of a set of physical
quantities that have a mathematical physics and an engineering interest. Therefore, these
kinds of systems have a large number of applications in the physical modeling of different
phenomena. Some of the relevant examples include the telegrapher equation that describes

the propagation of an electric signal along an electric line [31], the isentropic gas dynamics that

1
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CHAPTER 1. INTRODUCTION 2

describes the flow of gas through a medium [35], the Aw-Rascle and Greenberg equation that
describes the dynamics of road traffic flow [45], the Saint-Venant equation that describes the
dynamics of shallow water flow along an open channel [8], the Saint-Venant Exner equation
that describes the dynamics of shallow water flow with sediment transportation along an open
channel [22] and the Euler equations for gas dynamics that describes the behavior of gas flow
in pipelines [13]. In addition, hyperbolic systems of balance laws are used to model networked
flow in which case the flow through the edge of the network is governed by the balance law.
The flow through the node (or vertex) of the network, outgoing or ingoing to an edge, is

coupled by algebraic conditions motivated by physical considerations.

The mathematical analysis of balance laws has been an active field of research for more
than fifty years [18]. For more details of the mathematical properties of balance laws, the
reader is referred to Introduction part in [18]. In particular, in the recent past the boundary
control problem of hyperbolic systems of balance laws has been a very active area of research
[6, 17, (16l 46, 22] [21], 125, 27], 34}, 139, 42]. In a nutshell, this is the problem of finding boundary
control action that will be used at the boundary points (or at the nodes of the network in
networked flow) to stabilize the solution of hyperbolic systems of balance laws to a preferred

equilibrium state.

In such cases, researchers have focused on well-posedness (i.e. existence, uniqueness and sta-
bility) of a hyperbolic system of balance laws [15] 28]. Besides the existences and uniqueness, a
stability analysis for boundary control of a hyperbolic system of balance laws has been studied
for different categories such as for a linear hyperbolic system of conservation laws in [34], a
linear hyperbolic system of balance laws in [42], non-linear hyperbolic systems of conservation
laws in [39] and networks of such in [20]. More details of the Lyapunov stability analysis of a

linear hyperbolic system of balance laws are discussed in Chapter 3]

For the stability analysis of a boundary control of a hyperbolic system of balance laws, there
exists a candidate Lyapunov function which is in a positive quadratic form. According to the
Lyapunov stability analysis theorem, the time derivative of the Lyapunov function needs to be
in negative quadratic form to show the stability of the system. This technique was introduced

for a linear hyperbolic system of conservation laws in [17] [25], a linear hyperbolic system of

© University of Pretoria
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CHAPTER 1. INTRODUCTION 3

balance laws in [9] and later for networks of hyperbolic 2 x 2 systems of balance laws in [8].
This approach is briefly analyzed for a linear hyperbolic system of balance laws in [22]. Using
the discussion of the linear case, this approach is further extended to a non-linear hyperbolic

system of conservation laws in [16] and remarks have been given to extend it further [16].

For practical purposes numerical aspects of a hyperbolic system of balance laws have also
seen tremendous development [40, 41]. For instance, in the above mentioned literature and in
general, numerical results for the stability analysis of a hyperbolic systems of balance laws have
been given to support the theoretical stability analysis. This stability analysis has been applied
to some important examples such as shallow water flow along an open channel [17, [8, 22, 19]
and gas dynamics [4]. However, there is limited literature on the boundary stability analysis
of hyperbolic systems of balance laws. Recently, researchers have investigated conditions
for the numerical stability of a discretized linear hyperbolic system of conservation laws by
considering a single flow domain [3] and networked flow domain[24]. Beside these, numerical
boundary stabilization for a linear hyperbolic system of balance laws with constant coefficients
was considered in [26]. In these studies, a discrete Lyapunov function was introduced and the

decay rate of the time derivative was shown.

The purpose of this work is to consider a numerical boundary stabilization of a linear hyperbolic
system of balance laws with a varying flux function. The analysis of a numerical discretization
of stabilization problems with boundary controls for a linear hyperbolic system of balance
laws will be undertaken. In particular, an investigation of conditions for the decay of discrete
solutions of linear hyperbolic systems of balance laws will be presented. For details of numerical
analysis the reader is referred to Chapter 5| The numerical stability analysis technique used
in this work is similar to that used in [3]. A discrete Lyapunov function will be applied in the
investigation of conditions for decay rates depending on numerical schemes that have been

employed. Numerical results for this study will be presented in Section [5.2]

In summary the dissertation is organized as follows: Chapter 2| gives a brief introduction to
hyperbolic systems of balance laws, explains some relevant topics for the discussion of this
dissertation and provides applications into physical modeling including telegrapher’s equations,

isentropic Euler equations, Saint-Venant equations and Saint-Venant-Exner equations.

© University of Pretoria
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In Chapter [3] the analytical stability analysis of the systems in general and particular form are
presented. Beside this, the analytical stability analysis for examples discussed in Chapter
is presented. In particular, details in the investigation of conditions for the stability of such

systems are shown.

In Chapter[4], the numerical methods for linear hyperbolic systems of balance laws are presented

and the numerical discretization of the above mentioned examples are discussed.

Chapter [5| is the main part of this dissertation. The numerical stability of the linear system
in general and particular form is analyzed. In particular, conditions for the numerical stability
analysis are investigated. Furthermore, the numerical stability analysis and simulations are
performed on the above mentioned examples. The main purpose of the computation is to test
the validity of the numerical stability analysis and to compare the implications of the analytical

results.

Finally, the main conclusions are presented and possible topics for further work are also men-

tioned.

© University of Pretoria
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Chapter 2

Hyperbolic Systems of Balance Laws

The focus of this chapter is to introduce a hyperbolic systems of balance laws in one space
dimension. We restrict ourselves to linear (or linearized) hyperbolic systems of balance laws,
which have wide application to some physical problems such as shallow water flow with and
without transportation of sediment along a channel and current flow along an electrical trans-
mission line. In particular, we discuss the general, quasilinear, linearly coupled and decoupled
representations of hyperbolic systems of balance laws. Furthermore, we deal with the general
initial and boundary conditions for the hyperbolic systems of balance laws. Finally, shallow
water flow along a channel with and without transportation of sediment, current flow along
an electrical transmission line and isentropic gas dynamics are presented and they are among
relevant examples of hyperbolic systems of balance laws, which will be discussed in this dis-

sertation.

2.1 Balance Laws in One-Space Dimension

Consider a system of k first-order partial differential equations in one-space dimension of the

form

@ui—i—@xfi(ul,...,uk)+gi(u1,...,uk):O, izl,...,k, (21)

© University of Pretoria
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CHAPTER 2. HYPERBOLIC SYSTEMS OF BALANCE LAWS 6

where the unknowns u; depend on space, x, and time, t. Equations in (2.1)) can be expressed

in the form
U+ 0, F(U)+GU)=0, z€R and t>0, (2.2)

where U := [uy, ..., u]" : R x [0, +00) — Q, with Q C R being a non-empty, open and
connected set, is a vector of k physical quantities, F(U) := [f1(U),.. .,fk(U)}T Q) — RF
is a vector of k flux functions which depend on the components of U only and G(U) :=
(g1 (U), ..., gr(U)]" : Q@ — R” is a vector of source terms also depending on the components
of U only. The system is called a system of balance laws. If the source terms are

neglected (or G =0 ), the system is written in the form
oU + 0, F(U) =0. (2.3)

The system ([2.3)) is called a system of conservation laws.

2.2 Hyperbolicity and Strict Hyperbolicity

In order to study hyperbolicity for the system ([2.2)), we assume a smooth solution vector U
with smooth flux function F'(U). By applying the chain rule, the system ([2.2)) can be expressed

in a quasilinear form
U +AU),U+GU)=0, z€R and t>0, (2.4)

with a Jacobian matrix

Ou 1(U) ... 9w 1(U)

amfk(U) ce akak(U>

Definition 1 (Hyperbolicity, [18]). The system (2.4)) is called hyperbolic if for every U € (,
the k x k Jacobian matrix A(U) has real eigenvalues \;(U) < --- < \.(U) and k linearly

independent right eigenvectors r1(U), ..., (U).

© University of Pretoria
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CHAPTER 2. HYPERBOLIC SYSTEMS OF BALANCE LAWS 7

Let us recall that the right eigenvectors of A(U) satisfy
AO)r,(U) =NU)r(U), i=1,...,k.

Similarly, left eigenvectors, I1(U), ..., 1, (U) associated with the eigenvalues, \;(U), ..., \x(U)

satisfy
LIOYAWU) = NO)(U), 1=1,...,k. (2.5)

Moreover, if eigenvalues are distinct, then left and right eigenvectors are orthogonal and can
be normalized [38]. In this case, the normalized right and left eigenvectors associated with
distinct eigenvalues satisfy

0 ifi#j7,

1 ifi=j.

Li(U)r;(U) =

Definition 2 (Strict Hyperbolicity, [18]). The system ({2.4) is called strictly hyperbolic if for
every U € (), the k x k Jacobian matrix A(U) has real and distinct eigenvalues \,(U) <
s <N (D).

2.3 Characteristic Curves and Variables

In the system (2.4), each equation can contain the relation of a temporal derivative of a
physical quantity with spatial derivatives of one or more physical quantities. Therefore, the
system is known as a strongly coupled one [5]. However, the system (2.4) can be
expressed in characteristic form [7]. This can be done by applying a coordinate transformation.
Let us define a coordinate curve by V := ¢(U) under a transformation ¢ : 0 — I" C R* such

that the pre-image is defined by U := ¢~ (V) and
H(U)A(U) = D(U)H(U), (2.6)

with H(U) := Vy¢(U) and D(U) := diag{\;(U) : i = 1,...,k}. Therefore, pre-multiplying
both sides of the system (2.4) by H(U) and using (2.6]), we transform the system ([2.4)) into

the following form

WV +IV)L,V+MUV)=0, ze€R, t>0, (2.7)

© University of Pretoria
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with
J(V):=D(¢” (V) and M(V):=H(¢~(V))G(¢ (V).

Remark 1. In condition (2.6)), the matrix of left eigenvectors of the Jacobian matrix, Ly (U),
such that Lp(U)A(U) = D(U)Lg(U), can be taken to complete the transformation of the
system into the system ({2.7)), which is commonly referred to as decoupled or weakly
coupled [5], since each equation does not involve spatial derivatives of other characteristic

variables.

Remark 2. In linear systems case, if the Jacobian matrix is diagonalizable, has distinct eigen-
values, then there exist coordinate curves that satisfy (2.6)) [7]. Otherwise (i.e. in the nonlinear
case), we can only obtain coordinate curves that satisfy the condition in (2.6) when k = 2.

For further detail, the reader is referred to literature [18, [32].

2.4 Steady State and Linearization of Hyperbolic Sys-

tems of Balance Laws

For the reason that we are interested in linear or linearized hyperbolic systems of balance laws,
a review of some concepts about a linear hyperbolic system of balance laws is useful. Using the
discussion in [12], the system is said to be linear with constant coefficients if all diagonal
entries of 7 (V') and components of M (V') are constant. If all diagonal entries of 7 (V') and
components of M (V') depend on the independent variables x and ¢, then the system ({2.7) is
said to be linear with variable coefficients. The system is still linear if components of

M (V') depend linearly on the characteristic variables.

In case we have a nonlinear system, we deal with linearization about a steady state. We

introduce below the definition of a steady state.

Definition 3 (Steady state [7]). A steady state (or equilibrium ) is a time-invariant solution

U(x,t) = U*(x) for all t € [0,+00) of the system (2.2)), that is U* satisfies

0. F(U*(z))+G(U*(x)) =0, zeR. (2.8)

© University of Pretoria
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We use now Taylor's approximation in order to linearize the vector valued function F'(U) and
G(U), which are assumed to be at least twice continuously differentiable, about the equilibrium

point U*(z). We obtain
F(U) = F(U*(2)) + Vo F(U) [y (U — U*(2)) + R, (2.92)
and
G(U) = G(U* (@) + Vo G(U)|y—v (U — U*(2)) + Re, (2.9b)
with remainder in Lagrange form
Rp = o VEF(U)lov.(U — U*(@))?,  and
Ro = VOO, U~ U* (@)

for some U,(x) component-wise between U*(z) and U. Thus, substituting the linearized form

(2.9) of F(U) and G(U), by neglecting the remainder Rr and Rg, into the system ([2.2)) and
using (2.8)), we obtain

(U —U*(2)) + (Vo F(U)|v=v+)) 0:(U = U*(2)) + 0, F(U*(z)) + G(U*(z))
+ [0: (VuF(U)|v=v+@)) + VoG(U)|y—v+(m)] (U —=U*(z)) =0, z€R t>0. (2.10)

By the discussion in [7], one sees the system ([2.10)) is the linearization of the system ([2.2)

about the steady state, which can be rewritten as
WZ + B(x)0,Z+C(x)Z =0, z€R, t>0, (2.11)

with
Z=U-U"(z), B(zx):=VyF(U)|ly=u+@ and
(@) (x) v (U)|v=v+@) (2.12)
C(z) := 0, (VuF(U)|y=v+@) + VoG(U)|v=v+)-
If the Jacobian matrix B(z) is diagonalizable, then there are real eigenvalues \;(z) =

MN(U(x)),i=1,... k.

In order to decouple the linearized system (2.11)), let us define a coordinate curve by W :=

¥(Z) under a transformation ¢ : & — I' C R* such that the pre-image is defined by

© University of Pretoria
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Z = (W) and by definition of coordinate transformation for each steady state we have

W*(z) = ¢(Z*(x)) = 0. In addition, the transformation satisfies
N(Z)B(z) = A(z)N(Z), (2.13)
where
N(Z) :=Vz(Z) and A(z) == diag{\(z) 1i =1,... k}. (2.14)

Thus, pre-multiplying both sides of the system (2.11]) by N(Z) and using (2.13]), we transform
the system ([2.11]) into the following form

oW + Az)o,W + ()W =0, ze€R, t>0, (2.15)
where
(2)W = N (= (W))C(x)p~ (W). (2.16)

Remark 3. We observe now the nonlinear system (2.2)) is linearized about a steady state
solution, U*(z), and is expressed as a decoupled system (2.15)). Furthermore, at steady state
of the system (2.2)), the decoupled system ([2.15)) has a steady state solution W*(x) = 0.

Remark 4. If G(U*(x)) = 0, then the system (2.2)) has a constant steady state [7], which is

both time and space invariant, and the linearized decoupled system ([2.15)) can be written as
oW + Ao, W +1IW =0, z€R t>0, (2.17)

where A and 11 are constant matrices.

In the case the system (2.2)) can be transformed into the decoupled system (2.7)), the system

(2.7)) can be expressed using the total time derivative [7, [37] of the following form

d’UZ‘ dx .

di = 8t1)7;+ aam’(]i, 1= 1,...,]{?, (218)
with

— =\ =1,... 2.1

R v S N (2.19)

© University of Pretoria
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where \;(V) := X\i(¢~1(U)), M;(V') are the components of M (V') and v; are also the compo-

nents of V' or characteristic variables, which are constant along the corresponding characteristic

curves defined by the differential equations ([2.19)).

Due to strict hyperbolicity of the decoupled system (2.7]), the non-zero eigenvalues, which
are also called characteristic speeds, can be separated into positive and negative. Therefore,

depending on the sign of the characteristic speeds, the characteristic curves are illustrated in

Figure [2.1] below.

Figure 2.1: Characteristic curves.

Similarly, the decoupled linearized system ([2.15)) can be written in terms of the total time

derivative in the form

= 8twi + —tﬁxwz, 1= 1, ey k‘, (220)

with

dz L ()W (z,t)

= =AW (a,0) + L i=1,... .k (2.21)

aac wy

where I1;(z) are the rows of the matrix II(z) and w; are the components of W or characteristic
variables, which are constant along the corresponding characteristic curves defined by the

differential equations ([2.21).
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dv; dw; .

From both equations (2.18)) and (2.20]), one obtains d—z = 0 and ;Z = 0 for each i =

1,...,k, respectively. Therefore, these characteristic variables are called Riemann invariants

7.

2.5 Initial and Boundary Conditions

In order to formulate a Cauchy problem with the system ({2.2), which has a unique solution,
we need to specify initial and boundary conditions. Therefore, the spatial domain can be

restricted to a finite interval [0, [].

The initial condition for each physical quantity can be specified in the following form
U(x,0) =Up(x), ze€]0,], (2.22)

where Uy : R — €) is a vector function depending on x. Since we are interested in the linear

system ([2.15)), the transformation given by (2.12)) and (2.13]) can be used to express the initial
condition (2.22)) in terms of the characteristic variables

W(z,0) =¢(Z(z,0)) = Wy(z), x€]l0,]], (2.23)
with
Z(x,0) =U(z,0) = U*(z) = Up(z) — U*(x), (2.24)

where W, : [0,1] — €2 is a vector function depending on z.

The boundary conditions for the system (2.2) at the boundary points of [0,[] are required
to include information about the incoming and outgoing signals [7]. It is described by the

following form
T(U(0,4), UL, 1) =0, >0, (2.25)

with T : Q x Q — R*. Then, the incoming wave should be determined by the outgoing wave

at the boundary points.
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In the interest of expressing boundary conditions for the linear system (2.15)) in terms of
characteristic variables, the system can be assumed to be strictly hyperbolic. Therefore, there
are non-zero distinct eigenvalues or characteristic speeds. Without loss of generality, the

characteristic speeds can be arranged in the following order
Me(2) <o < A (2) <0< Ap(2) <--- < M (x), Vzelo,l]. (2.26)
Thus, the diagonal matrix A(x) in the system can be expressed in the following form
A(z) = diag{A"(z),—A"(2)}, Vz €]0,l],

with AT (z) := diag{ i (x),..., \n(2)} and A~ :=diag{| A1 (2)], - - -, | Ae(2)]}.

Since the characteristic variables represent travelling waves along rightward and leftward direc-
tions corresponding to m positive and k —m negative characteristic speeds, which is illustrated
in Figure 2.2 below, the number of boundary conditions specified in terms of the characteristic
variables at x = 0 and x = [ should be equal to the number of positive and negative charac-
teristic speeds, respectively [5, [7]. Therefore, the characteristic variables can be categorized

in the following form

W= [wtw", (2.27)
with
Wt =[wy,...,wn]" and W™= [wmnir,.. ., wi] . (2.28)

tl\ + —

w W
t

W+
W-

t
00 x [

Figure 2.2: The moving waves to the leftward and rightward directions.
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Then, using the transformation given by (2.12)) and ([2.13)), the incoming and outgoing infor-

mation can be expressed in terms of the characteristic variables in the following form [7]

Win(t) == [WF(0,8), W= (1,)]"  and  Weu(t) := [WF (1L, 8), W= (0,8)]", t>0.

(2.29)
The linear boundary condition for the system (2.15) is defined by
Win(t) = KWou(t), (2.30)
with
|Eu K
Ky Ko

where K11, K12, K21 and Ko, are real matrices of dimensions m xm, mx (k—m), (k—m)xm

and (k —m) x (k —m), respectively and the coefficients are determined from the boundary

conditions ([2.25)) using the transformation given by (2.12) and (2.13) [5, [7), 22].

The Cauchy problem in terms of the characteristic variables is formulated as follows

oW + Az)o,W +1l(x)W =0, x€[0,l], t>0, (2.31a)
w0 =K Wb . t>0, (2.31b)
W—(l,t) W=(0,1)

W(z,0) =Wy(z), x€]|0,l]. (2.31c)

The Cauchy problem under the special case of the linear system with constant coefficients is

formulated as follows:

oW + A0, W +1IW =0, z€][0,1], t>0, (2.32a)
W (0,1) Wi, t)
- K . >0, (2.32b)
W=(l,t) W=(0,t)
W(x,0) =Wy(x), =z €]0,l]. (2.32¢)

Remark 5. The condition for the initial condition (2.23)) compatible with the boundary condi-

tions (12.30) may be required in the well-posedness of the Cauchy problems (2.31)) and (12.32)),

which will be discussed in the next section.
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2.6 Well-posedness of The Cauchy Problem for Linear

Hyperbolic Systems of Balance Laws

Consider the Cauchy problem ([2.31f) associated with the linear hyperbolic systems of balance

laws ([2.15)), the boundary conditions ([2.30)) and the initial condition (2.23)). In case, the initial

condition, W, € H((0,1); R*), satisfies the compatibility condition
W (0) W (D)

=K

, (2.33)
Wo (1) W5 (0)

then, we have the following theorem.
Theorem 1 ([7]). For every W, € H'((0,1); R*) satisfying the compatibility condition (2.33)),
there exists a unique solution
W e CHIL((0,1); RY); [0, +-00)) N CO(H'((0,1); RY); [0, +00))
of the Cauchy problem (2.31). Moreover, there exists Cy > 0 such that, for every W, €
H((0,1); R*) satisfying the compatibility condition (2.33)), this unique solution W satisfies
W G )l o.0y) + W (G5 Ol o ey < Coe™ IWollgs oy ¥ € [0, +00),

W D)lzo,re) < CO€COtHW0H]LQ((O,Z);]R’V)’ vt € [0, +00).

In case the compatibility condition is not satisfied, we deal with the weak solutions of the

Cauchy problem ([2.31)), which is defined as follows:

Definition 4 (Weak solution [7]). Let Wy € L?((0,1); R*). An L%-solution W : (0,1) x
(0, +00) — R¥ of the Cauchy problem (2.31)) is a map W € C°(IL%((0,1); R¥), [0, +00)) such
that, for every T > 0 and every T = [pT, | € C*([0,1] x [0, T]; R*) satisfying

e (Lt) AT(D)TIKHAT(0) AT TR AT(D)

7(0,1)

4 , Vtel0,T],
v (0,1) AT(0)TEHAT(0) AT(0)TERA ()] | v (1)

we have
/0 /0 (D" (1) + 00" (z, ) A(x) + " (2, 1) (O:A(z) — I1(z))) Wdadt =

I I
/OSOT(%T)W(%T)CZ%—/O " (z,0)Wo(z)d.

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

CHAPTER 2. HYPERBOLIC SYSTEMS OF BALANCE LAWS 16
Theorem 2 ([7]). For every W, € L2((0,1); R*), the Cauchy problem (2.31)) has a unique

IL2-solution. Moreover, there exists C; > 0 such that, for every Wy € L2((0,1); RF), the

solution W' to the Cauchy problem ([2.31)) satisfies

||W<.’t)||L2((0,l);Rk) S 01601t||WOHL?((OJ);Rk)? Vt 6 [O, +OO)

Consider the Cauchy problem associated with the linear system with constant coefficients

(2.17)), the boundary conditions (2.30)) and the initial condition (2.23). Then, we have the

following definition of a weak solution:

Definition 5 (Weak solution [22]). Let W, € IL?((0,1); R¥). A map W : (0,1) x [0, +00) —
R* is a solution of a Cauchy problem (2.32) if W € C°(L?((0,1); R¥), [0, +00)) is such that,
for every ¢ = [pT, 7] € C([0,1] x [0, +00); R*) with compact support and satisfying

)| |(A)TIERAT (AT TIELAT || 97(0,8)

¥ ¥
v~ (0,2) (A7)THKLAT (A7) THRG,AT | [ (L 1)

)

we have
+oo  pl !
/ / (000" (1) + D™ (z, )N — @ (2, )IT] Wdzdt + / " (z,0)Wy(z)dx = 0.
0 0 0

With this definition, we have the following proposition.

Proposition 1 ([22]). For every W, € L%((0,1);R*), the Cauchy problem (2.32)) has a
unique solution. Moreover, for every T > 0, there exists C(T) > 0 such that, for every

Wy € L2((0,1); R¥), the solution to the Cauchy problem (2.32) satisfies

W (O lizopre < COWollizonmey, ¥t € [0,7T].

Finally, consider a Cauchy problem associated with a linear system of conservation laws

oW + A(x)o,W =0, x€]l0,l], t>0,

W 0.) =K W) t>0 (2.34a)
W=(1,t) W-(0,8)] ’ '

W(x,0) =Wy(x), x€]0,l],
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and a Cauchy problem associated with the source term

oW +1(x)W =0, xe€]|0,l], t=>0,

W+(0,t) W(l,t)
=K , t>0, (2.34b)
W=(l,t) W=(0,t)
W(.T,O) :WO(:U)7 LS [Oal]a
separately. Then, the well-posedness of the Cauchy problem ([2.31)) makes the system (2.34))

well-posed [14].

2.7 Examples of Hyperbolic Systems of Balance Laws

In this section, we deal with hyperbolicity, characteristic decomposition and linearization of

some examples of hyperbolic systems of balance laws.

2.7.1 The Telegrapher Equations

Consider a piece of wire that connects a power supply and a resistive load, which can be used
in modeling the propagation of current and voltage along this wire (or transmission line). This

physical phenomena is modeled by the following system of balance laws [31]

Lo (z,t) + 0,V (x,t) + RI(z,t) =0, (2.35a)
CoV (x,t) + 0,1 (x,t) + GV (x,t) =0, z€]0,]], t>0, (2.35b)
where I and V' represent the current density and the voltage along the transmission line at
any time, respectively. The parameters L, C', R and G (all per unit length) represent the line

self-inductance, the line capacitance, the resistance of the two conductors and the admittance

of the dielectric material separating the conductors, respectively (see Figure below).
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Figure 2.3: Example of a transmission line

In order to define a Cauchy problem associated with the telegrapher equations ([2.35)), the

following initial and boundary conditions are specified

@0} _ Dole) . 2e0l], (2.36)
V(z,0) Vo(x)
and
V(0,8) = —RoI(0,£) and V(L) = RI(,{), t>0, (2.37)

where Ry and R; represent the internal resistance of the power and the load, respectively.

Assuming non-zero value of the constants L, C, R and G, the system ([2.35]) can be expressed

in a linear system with constant coefficients as given by

oY + Ao, Y + BY =0, (2.38)
with
1 0 Lt L'R 0
Y = , A= and B :=
V ct 0 0 c-a

Remark 6 ([31]). One obtains an equation
adiV — 02V + bo,V + ¢V =0, (2.39)
with
a:=LC, b:=RC+ LG and c:=RG,

by eliminating I from the system (2.35)). This can be done by differentiating equations ([2.35al)
and (2.35b)) with respect to x and t, respectively and substituting one into the other. If
b= c =0, then equation (2.39) has a wave equation form.
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With steady state solution I*(x), V*(x) such that
0,V*(x)+ RI"(z) =0 and 0,I"(x)+ GV*(z) =0, (2.40)

the system ([2.38)) can be written as a linear system about a steady state as follows:

02 + A0, Z + BZ =0, (2.41)
with
Z — 21 — I — [*(Qf)
29 V —V*(z)

The system (2.41)) has two distinct eigenvalues, which have opposite signs

1 1
A= ——=<0< T A

VIC ViC

Thus, the system (2.41)) is strictly hyperbolic, which can be transformed into characteristic
form. Therefore, each characteristic variable is defined using left eigenvectors of A correspond-

ing to eigenvalues or characteristic speeds

wy| \/g Il [z Zo+ 21
w9 —\/g 1 Z9 29 — 21

and the inverse transformation gives

1 |C 1
21 = 5 (w1 — ’wg) Z and Z9 = § (U)l + 'lUQ) .

Hence, by using the characteristic variables the system ([2.41)) is expressed as a decoupled

|
ﬁ\ Al

linear system with constant coefficients

oW + AO,W +TIW =0, z€][0,1], t>0, (2.42)
with
w A
1 , A= ' and II:= o ,
Wo 0 A Y2 M
where
n=a9\e 2Eo9\e T L
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The initial and boundary conditions can be expressed in terms of the characteristic variables
by using the characteristic variables and inverse transformation into the initial condition ([2.36))

and the boundary conditions ([2.37)). i.e.

wi(z,0) | |(Vo(2) = V(@) + (o) = I"(2)) 1/ & (2.43)
walw0)| | Wote) = V() = (o) — 1)) /B
and
w00 _ |0 k| juill?) ’ (2.44)
wa(l, 1) kai 0 ws(0, 1)
with
k1o := RO\/E_\/Z and ko = Rl\/a_\/z

- RyWC+VL RNC + VL

2.7.2 The Isentropic Euler Equations

Consider an inviscid ideal gas flowing in a rigid cylindrical pipe with [ unit cross-section (see
Figure with no heat transfer through the pipe (called isentropic flow). This model is gov-
erned by isentropic Euler equations, which are derived from Euler equations for gas dynamics
by neglecting the enthalpy [7] [35]. The simplified isentropic Euler equations in the form of a

system of balance laws are given by

Op+ 0, (pV) =0,

V2

) z €[00, t>0, (2.45)
8,V + 8, (7) + ;(%P(p) +CVV| =0,

where p, V' and P(p) (with P’(p) > 0) denote the density, velocity and pressure of gas and

C|V| corresponds to a friction term.

TS

0 1]

Figure 2.4: An example of a pipe.
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Initial and boundary conditions for the system ([2.45|) can be specified in the following form

p.0)| _ | pol@) , zelol], (2.46)
V(z,0) Vo(z)
and
V(0,1) = —kop(0,8) and V(I,t) = kip(l,1), >0, (2.47)

where kq and k; are arbitrary constants.

In quasilinear form, the system ([2.45)) can be written as follows

QY + A(Y)d,Y + G(Y) =0, (2.48)
with
v 0
y= "], Ay) = "I and GY) =
4 P'(p)/p V CV|V]|

where \/P'(p) is the sound velocity.

The system (2.45]) about a steady state solution Y*(z) := [p*(x), V*(x)]” such that

0z (p*(x)V*(x)) = 0,
V*2(z) 1 . e (2.49)
00 (75 ) 0Pl ) + CV @IV ) =
can be linearized in the following form
OZ + A(x)0,Z + B(x)Z = 0, (2.50)
with
21 p—p(z) «
Z = = , A(x):=AY*(r)) and
B 9, V" (x) 0zp" ()
(z) := (P”(P*(r)) _ P'(P*(Qf))> Oup*(x) 8,V*(x) + 2C|V*(2)]
o (@) 2w ) PP g

The linearized system ([2.50) under subsonic conditions (i.e. V? < P’(p)) has two distinct

eigenvalues, which are opposite in sign

Ao (Y¥(x)) i= V7 (x) =V P'(p(2)) <0 < V7(x) + / P'(p*(x)) = M(Y"(2)).

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

CHAPTER 2. HYPERBOLIC SYSTEMS OF BALANCE LAWS 22

In order to decouple the linearized system (2.50)), the matrix of left eigenvectors of A(z) can

be used and then the characteristic variables are

wif —1;'*((,;;)(90)) 1 Z| | *2 + 2 —1;’*((;);)(3:))
T P’ (p*(z - P/ (p*(z ’

and the inverse transformation gives

Z1 = & (U)l — ’w2> and Z9 = — (w1 + U}Z) .

2y/P'(p*(x)) 2
The linearized system ([2.50)) can be written in characteristic variables, which is a decoupled

linear system with variable coefficients, as follows

oW + Az)o,W + ()W =0, z€[0,l], t>0, (2.51)
with
W .= o . Az) = M) 0 and Il(z) := (@) Na(e) ,
(0 0 Xo(x) Y21(x)  e2(z)

where the characteristic speeds A\;(z) := A\ (Y*(2)) and A\y(z) := Aao(Y*(x)) and the coeffi-
cients

__Cvr@)|vr
711(1.) T V*2( ) (

—~

0l (oG >P"< D _P@P ) ey ] o

)|
()

b

__Cvr@)|v
712(:(;) T V*2( ) (

—~

AP(p(x))  23/P'(p(x)) 2

b

( Bl 4 L) @) _1>

+ OV (2)],

___ov@IVr(@)| (p@Pp) s @) P () 1
)= V*2<x>—Pf<p*<x>><4P'<p*<x>> PEE S @) 2)

+ C|V*(x)| and

rm(z) = —— SV @V @) (L @) P pt (@) P
V*2<gj) — P'(p*(x)) \ 2 AP (p*(z)) /P @)

— V*(x)) + C|V*(z)].

The initial condition (2.46]) and the boundary conditions (2.47)) in the new coordinates can be

expressed in the following form

wi(#,0) = (Vo(z) = V*(2)) + (po(x) — p*(x)) w z € [0,1] (2.52)
wo(z, 0) (Vo(z) — V*(x)) — (po(z) — p*(x)) YD) b

p*(x)
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and

w1 (0, t) _ 0 1{712 wq (l, t) £ >0 (2 53)
w2(l’ t) ka1 0 ’LUQ(O, t) ’ 7 .
with
k1 := hop”(0) = v/ P(p(0)) and ko = fap(1) = Pl(p*(l)).
kop*(0) + v/ P'(p*(0)) k() + /P (p*(D))

2.7.3 The Saint-Venant Equations with Source Terms

Consider water flow along a prismatic channel with rectangular cross-section, a width of [ unit
and constant bottom slope (see Figure 2.5). In this case, the Saint-Venant Equations [8] is
given by

1 e x e (0,1, t>0, (2.54)
where the physical quantities H and V represent the depth and velocity of the water, re-
spectively and the source terms g, C; and S, represent a gravitational constant, a friction

parameter and the constant bottom slope of the channel, respectively.

Figure 2.5: Lateral view of a prismatic channel with rectangular cross-section, width of [ unit

and constant bottom slope.

The initial and boundary conditions for the system (2.54)) are specified as follows

H, 00 _ H@| o, (2.55)
V(z,0) Vo(z)
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and
V(0,t) = —koH(0,t) and V(I,t)=kH(,t), t>0, (2.56)

where ko and k; are parameters.

The system ([2.54]) can be written in quasilinear form

oY + AY)o.Y +G(Y) =0, (2.57)
with
H V H 0
Y = , AY) = and G(Y):= ,
4 g Vv 9(Crig —95)

The Jacobian matrix A(Y') has the following eigenvalues

M=V ++/gH and Xo:=V —+/gH.

Under the sub-critical flow condition i.e. V' < y/gH, we have Ay < 0 < A;. Therefore, the
system ([2.57)) is strictly hyperbolic, which can be transformed into characteristic form. Since

we are dealing with a linear system, a linearized system about steady state is considered.

Let Y*(z) := [H*(z), V*(x)]" be a steady state solution for the system (2.57)) such that
O.(H*'V*(x)) =0,

“2(, z € [0,1]. (2.58)
Os (%V*Q(:cHgH*(x)) (o)

@) 95) =0,

The linearization of the system (2.54]) about the steady state is given by

WZ + A(x)0.Z + B(x)Z = 0, (2.59)
with
P H — H*(z) A = V*(z) H*(x) nd
29 V —V*(z) g V*(x)
0V (x) O H*(x)

0y ()" 0,0 (@) + 205 (42)

—~
=
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The characteristic variables for the system (2.59)) are defined using left eigenvectors of A(x)
in the following form
vl | VEE Y |a| |2ty EE

W2 — H*—(a:) 1 Z9 22_211/H*L(1‘)

and the inverse transformation gives

1 H*(x)
21 = 5 (w1 - w2)

1
and 2z, = 5 (w1 + wy) .

Using the steady state condition (2.58]), the characteristic variables and the inverse transfor-

mation, the system ([2.59) can be written in the following characteristic form

A 0
o || 4 | o, ||+ [t meled | e (2.60)

Wa 0 Xo(x) Wa Yor(x) yao(w) | |wo

with the characteristic speeds A\i(z) := V*(z) + \/gH*(x) and \y(x) := V*(z) — \/gH*(2)

and the coefficients

OV @) 4V (@) —2gH (@) -1 1 ]
Y (z) = H*(z) A(gH* (2 )_V*Q( ) +V*($) 2 gH*(x)]
. 95, 1+ 2\/gH* —AV*(z
gH* () = V"2(2) |
V@) |1 2y/gH (x) 1 !
T2(2) : H*(z) [4(9H*(x) —V*2(z)) + V*(x) * 2 gH*(x)]
B ng 1-2 gH*($)
gH*(x) = V**(x) 4 ’
() 2OVP@ | _142V/gH @) 1 ]
PTG | a(gH (2) — V@) | V@) 2/gH ()
B ng 1—|—2\/gH*({B) and
gH* () = V**(x) 4 ’
(z) _GVR@ L] L 2yeilis) — Vs
PR Vi) 2 g ) 4<gH*< > V*2< >>

_|_

95 [1 — 2, /gH* AV (2

gH*(z) = V**(z)
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The initial condition ([2.55|) and the boundary conditions ([2.56) in characteristic variables can

be expressed in the following form

wn(@,0)| _ |(o@) =Vi@) + (@) - @)\ 7g | 0,0,  (2.61)
ws(z, 0) (Vo(z) = V*(2)) — (Ho(z) — H*(2)) \/ 75
and
0, 0 k It
wi@.01 _ Il R B (2.62)
U)Q(l, t) ]{721 0 UJQ(O, t)
with
ko H*(0 ki 0
k12 = O and kgl = o
kO + H’?(O) kl + H*(I)

2.7.4 The Saint-Venant-Exner Equations with Source Terms

Consider the transport of sediments in a water flow along the prismatic channel with rectangular
cross-section and constant bottom slope where the sediment moves predominantly as bed load
(see Figure [2.6)). In this case, the Saint-Venant-Exner equations [22] is achieved by coupling

of the Exner equation to the Saint-Venant equations, which is given by

1., %6

OV + 0 |V +g(H+DB) )+ {Crr =95 | =0, wefo,1], >0, (263)
1

5’tB + 8:,3 (gav3> = 07

where the physical quantities H, V' and B represent the depth of the water and the velocity
of the water, the bathymetry, respectively and the source terms g, S, and C represent a
gravitational constant, the bottom slope of the channel and a friction coefficient, respectively

with a parameter a, that encompasses porosity and viscosity effects on the sediment dynamics.
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BECO RSt

0 [t

Figure 2.6: Lateral view of a prismatic channel with rectangular cross-section, constant bottom

slope and a sediment bed.

Initial and boundary conditions for the system ([2.63]) can be specified in the following form

H(z,0) Hy(x)
V(z,0)| = | Vo(z) |, z€][0,1], (2.64)

and

V(0,8) = —koH(0,t), V(I,t) = —k (H(,t)+ B(l,t)) and B(0,t)=0, t>0,

(2.65)
where kqy and k; are parameters.
The system ([2.63]) in quasilinear form can be written as follows
oY +A(Y)0,Y + G(Y) =0, (2.66)
with
H ViH 0 0
Y =|Vv|, A(Y) =g V g and G(Y) = Cf%z —ng
B 0 aV? 0 0

The eigenvalues of the Jacobian matrix, A(Y") can be obtained by Cardano-Vieta method,
which is discussed in Appendix [B] To this end, we consider the characteristic equation of

A(Y), which is a cubic equation
A3 =2V A% 4 (V2 —g (H + Vza)) A+ V3ag = 0.
Let

1 1
Q=—5[BgH +(1+3a9) V] and R=—=[(2+9ag) V"~ 189HV].
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Then we obtain distinct real eigenvalues (or characteristic speeds) if

D=@Q+ R’
1 2 27,6 1 2 2 4
:—m(élag—l—l)ag 1% —2—7(3ag + 5ag + 1) HgV
1 1
— — (3ag® = 2) H?¢°V? — —H’¢’ < 0.

27 27

This is satisfied if
8H?gV? < (4ag + 1) a®gV°® + 4 (3a’g® + bag + 1) HV* + 12H?ag’V* + 8H? ¢,

which is always satisfied since H > 0 and 8H?gV? < 4HV*+4H3g?. To determine the signs
of the characteristic speeds, we consider a positive flow (or V' > 0). Since |A] = —V?3ag,
the characteristic speeds either all are negative or one of them is negative. However, since
two of them, say \; and A3, which are characteristic speeds of the water flow, have opposite
signs from Saint-Venant equations and the water flow is much faster than the motion of the

sediment, one can write the signs of the characteristic speeds in the following order,
)\3 <0< )\2 < )\1,

where ), is characteristic speed of sediment.

The left eigenvectors of the A(Y') can be computed by using the corresponding eigenvalues

as suggested in [22]. For simplicity, we adopt as it is described there by

X (V—=X)(V—=X)+gH" '
Lz:()\_)\)()\_/\k) H\; ) Z%j%kG{l,?,g} (267)
gH

Since we are interested in a linear system, we move now into the linearization of the system
(2.66). Thus, let Y* = [H*,V*, B*]" be an equilibrium solution of the system (2.66) such
that C(V*)* = gS,H*. Then, the linearization of the system (2.66]) around the equilibrium

can be computed as discussed above and is given by

07 + A7 + EZ =0, (2.68)
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with
21 H - H*
Z= |z =|V-Vv, A=AY") and
23 B — B*
0 0 0
E:= |-C/¥2 0
0 0 0

The characteristic variables of the linearized system ([2.68|) can be obtained in the following

&1 Ly 21
52 = | Lo 22| >
53 L z3

where L; := L;(Y*),7 = 1,2,3 and the inverse transformation gives

5=+t b (2:692)

2 [ = V) &+ (= V) &+ (s = V)&, (2:695)

2 ::g;{* (= V)2 =gH" ) &+ (A = V) = gH ) &+ (s = V)" — gH") &] .
(2.69¢)

The linearized system (2.68]) in characteristic variables can be expressed as follows

Substituting (2.69)) into (2.70]), we have

v \i 5 )
i + Ni0,& + (Cfm) ((/\Z-—)\ ST )lzl (2N — 3V*) & =0,

i4j4ke{1,2,3). (2.71)

To simplify the expressions in the equation (2.71]), we let

o= (Cf}/fi) ((/\i—%))\z&‘—/\k))’ i#i#keil23).
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In that case, equation ([2.71)) can be written as

3
Onwi + Nigw; + Y (20 —3V*) 61§ =0, i=1,2,3, (2.72)

=1
where w; := %@;. Therefore, equations in ([2.66]) can be written in the following characteristic

form
oW + Ao, W +1IW =0, (2.73)

with
wq A 00 MmoY2 V3
W= lwy|, A=10 X 0 and II:= [y, ~v 93]
w3 0 0 A3 oY V3
where v; := (2)\; — 3V™) §;.

One can determine the signs of coefficients, d;,7 = 1,2, 3, from the signs of eigenvalues [7].
These are going to be determined as follows: for

M (2) -3V (CK>
00— ) n =) \ T )

Since \; > 0, A\ — Ay > 0 and A\ — A3 > 0, 71 has the same sign as 2)\; — 3V*. From trace

of the Jacobian matrix, we have
20\ — 3V =V*— 2X9 — 2X3 > 0,
since A3 < 0 and Ay is small.

Similarly, for

A (2 =3V (C’ K)
T 00— ) e — ) \FHE )
Since Ay > 0, Ay — A1 < 0, Ay — A3 > 0 and the speed of water flow is greater than the

motion of the sediment, 2 has the opposite sign of 2\, — 3V* < 0.

Finally, for

(20— 3V (CE)
BT 0w —a) s — ) \ FH )

Since A3 < 0, A3 — A1 < 0 and A3 — Ay < 0, 73 has the opposite sign of 23 — 3V* < 0.

Therefore, all the coefficients are strictly positive.
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The initial condition ([2.64|) and the boundary conditions ([2.65)) in characteristic variables can

be expressed in the following form

wy(x,0) %Ll H(z,0)— H*
wy(2,0)| = |£L2| | V(z,0)=V*|, z€l0] (2.74)
wg(l‘,O) %Lg B([L’, 0) — B*
and
w1 (07 t) 0 0 k‘13 w1 (l, t)
IUQ(O,t) = 0 0 k23 ’LUQ(Z, t) , > 0, (275)
U)3<l, t) /{731 ka O wg(O, t)
with
k13 ': 53L1C1 k23 — 53L2Cl k31 — (51 (L2C2L3<3 — L3<2L2C3) and
C LG  0oLs(y’ 03 (LaGoLi G — L1GaLaGs)
gy = —03 (L1GaL3C3 — L3CaL1(3)
2 (LaCaLiCs — L1CaLaCs)
where
1 0 1
Ci=|—ko|, GC:i=|-k| and (:= |-k
0 1 0

2.8 Summary

In this chapter, the hyperbolic systems of balance laws in one space dimension has been
summarized. Some well-known definitions and fluid dynamics models have been included in

the discussion of this chapter.

In the next chapter, we will discuss boundary stabilization of a linear hyperbolic system of

balance laws and apply it to examples presented in this chapter.
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Chapter 3

Boundary Stabilization of Linear

Hyperbolic Systems of Balance Laws

The main purpose of this chapter is to discuss a stability analysis of linear hyperbolic systems
of balance laws in one spatial dimension. For this reason, we use a Lyapunov function to
investigate conditions for exponential stability of a Cauchy problem associated with a linear

system.

3.1 Lyapunov Exponential Stability Analysis

In this section, we investigate conditions for exponential stability of the Cauchy problem ([2.31))
under steady state solution W = 0. For this reason, the definition of exponential stability

follows.

Definition 6 (Exponentially stable [7]). The system (2.31a)) (or (2.32a))) with boundary
condition (2.31b]) (or (2.32b))) is exponentially stable for the 1.>—norm if there exist n > 0

and C' > 0 such that, for every initial condition Wy(x) € 1L2((0,1); R¥), the L% solution to
the Cauchy problem (2.31)) (or (2.32))) satisfies

WD) o,me) < Ce_ntHWOHH_,?((OJ);R’“)’ t=>0.

32
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In order to investigate conditions for exponential stability in sense of the Definition [ we need

to define the following candidate IL.? Lyapunov function
!
L(t) := / W (2, )®(z)W (z,t)dz, t>0, (3.1)
0

where ®(z) := diag{ PTe #* P~el*} with PT :=diag{p1,...,pm}, P~ := diag{pm+1,---, Pk}
and p; >0,i=1,... k.

Theorem 3 ([7]). The system ([2.31a)) with boundary condition ([2.31bl) is exponentially stable

for the L2 —norm if there exists ;1 > 0 and p; > 0,7 = 1, ..., k, such that the following matrices
AT(1) 0 Ptre# 0 T AT(0) 0 Pt 0
- K K (3.2)
0 A=(0) 0 P~ 0 A= (1) 0 P e
and
plA(@)|@(2) — A (2)@(2) + T (2) @ (2) + D(2)(z), @ € [0,]] (33)

are positive definite.

Proof. The time derivative of the Lyapunov function (3.1)) by using the Cauchy problem ({2.31)

is obtained as follows
L'(t) = /0 l O (W'e(z)W) du,
— /0 l [(atW)T o)W + WTd(x) (atW)} dz,
_ /0 l (~A@)D,W ~ )W) )W + WTB(x) (~A()0,W — ()W) der,
!

[(&CW)T A(z)® ()W + WTQ(x)A(x)axW] dz

(W ()@ ()W + W (z)(z)W] da.

J
J

0. A(2)®(2)W + W B (2)A(2)0,W = 9, (WTA(2)®(2)W) — WIN (2)D(2)W
— WTA(2)® ()W
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A@)®'(x) = —p|A(z)| (),

we have the following

- /l O (WTA(z)®(2)W) da

— /0 W [plA(z)|®(z) — N (2)@(z) + T (2)®(z) + @(x)(z)] W,

l

— [WTA(z)®(2)W],

— / W [plA(z)|®(z) — A (2)@(z) + T (2)®(z) + @(x)(z)] Wk,
TLOADRMW (L, t) — WT(0,6)A(0)2(0)W(0,1)]

W
/ W[ mA 2)|®(2) — A (2)@(x) + 17 (2)(x) + B()TI(x)] Wz,

AT(1 Ptert 0 WH(l,t)
Pett| |W=(1,t)

AT(0 0 W+(0,t)
P-| |w-(0,0)
/ wh] u|A )| ®(x )@ (z) + I (2)®(z) + O(2)Il(z)] Wdz,
w0 (A prert 0| [+,
W (0,0) o A©|| o Pl |w0d
wro.n] [t o 1[pr o ] [wros
W=(l,1) 0 A ()] |0 Pet| |W(t)
[ W HA@[8() ~ X (@)0() + I (@) + Bla)l@)] Wds
wran] [are o ] [pren o] [weay
W (0,1) o A©|| o p||wd
Wi | [A+(0) 0 } [P+ 0 }K W+(l,t)]
W=(0,4)] 0 A ()] |0 PeH W=(0,1)
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by using the assumptions made for the matrices (3.2)) and (3.3)).

Since the matrices (3.3)) and p|A(x)|®(z),Vx are positive definite, for any vector W € RF it

implies that

W p|A(2)|@(2) — A(2)®(2) + T (2) @ () + (2)I1(2)] W > pW T |A ()| @ ()W
> paWre(z)W,

with « := mini<i<y |\;(z)|. Therefore, we have
0<a<l

L'(t) < —,ua/ WTe(z)Wdx = —nL(t), 1= ua. (3.4)

0

Hence, the Cauchy problem (2.31)) is exponentially stable for the > —norm.

In the special case, we deal with the Cauchy problem (2.32)) under the steady state solution
W = 0. Here, the candidate IL.? Lyapunov function (3.1]) can be used to investigate conditions

for exponential stability in the sense of Definition [f]

Corollary 1 ([22]). The system (2.32a)) with boundary condition (2.32b]) is exponentially
stable for the IL2—norm if there exist ;1 > 0 and p; > 0,i = 1,2,...,k, such that the

following matrices

At 0| [Pte™ 0 oA 0| PY 0
- K K (3.5)
0 A 0 P 0 A | |0 Pe
and
plA|®(z) + TF 0 (x) + &(2)I1, 2 € 0,1] (3.6)

are positive definite.

Proof. The time derivative of the Lyapunov function (3.1)) by using the Cauchy problem ([2.32)

is obtained as follows
I
L'(t) = / O (W' (z)W) da,
0

-/ [@W) oW + wrew) @) da.

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

CHAPTER 3. BOUNDARY STABILIZATION OF LINEAR HSBL

_ /Ol (=AW —TOWY" B()W + WD () (—A,W — TIVV) d,
__ /0 l [(0.0)" AB(@)W + WTa(x)AD,W | da
— /0 l (W @ (z)W + W (z)IW] da.
Since
0.V A ()W + WP (2)A0,W = 9, (WTAD(2)W) — WTAP (2)W
and
A2)9'(x) = —p|A|D(z),
we have the following
L'(t) =— /0 | Oy (WTAD(2)W) da
- [ AR + 1) + o] W,
= — [WTAD(2)W],
— /Ol W [p|A|@(z) + T ®(x) + ©(2)IT] Wd,
=— [WH(LOADW (I, t) — WT(0,6)AD(0)W (0, )]

- /Ol WT [ Al® () + 7@ (z) + B(2)T] Wi,

_ wra o o] [pren o ] [wran

o wean| (oA 0 Pert| W)
N o] [ar o] e o] [weo.n
w0 |0 Ao P| W00

_ /Ol W [ A|®(z) + T 0(z) + ®(2)IT) W,

-7 r - -

WL AT 0| |[PTe ™ 0 | |WT(l,¢t)
W=(0,t) 0 A 0 P~

— - T r - -

wHo,6)] [A* o] [Pt 0 | w00
W] |0 A|]o Pe
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- [ AR + 10 ) + o] W,

- 1T
W(l,t) AT 0| |Pre 0 | |WH(,t)
W=(0,t) 0 A 0 P | |W(0,0)
- 1T
WH(l,t At 0| | P w(l
+ (9) KT
W (0, 1) 0 A~ Pet W=(
/WT p|A|@(z) + I ®(z) + @(2)IT] Wdz < 0, (3.7)

by using the assumptions for matrices ([3.5)) and (3.6)). Since the matrices (3.6) and u|A|®(z), Va

are positive definite, we have the following implication for any W € R,
W p|A|®(x) + TTT®(2) + &(2) W > pWA|®(2)W > paW T d(x)W,
with o := miny<;<, |\;|. Therefore, we have
L'(t) < —pa /l WTo(x)Wdxr = —nL(t), n:= pa. (3.8)
0
Hence, the Cauchy problem is exponentially stable for the I.>—norm.

Remark 7. Boundary conditions that satisfy conditions ({3.2)) (or (3.5)) ) are called Dissipative
Boundary Conditions [22]. In order to show that conditions (3.2))(or (3.5)) and (3.3)(or
(3.6)) are positive definite, it suffices to show that the determinant of every principal sub-

matrix is positive (see Appendix .
One of the conditions in the Corollary (1| is to show that the matrix (3.5) is positive definite,
which alternatively is expressed in the following corollary.
Corollary 2 ([7]). If there exists x> 0 and p; > 0,i = 1,...,k such that
plA|®(z) + T ®(2) + ®(2)IT, = € [0,1], (3.9)

is positive definite and

IAKA™Y < 1,

with A := \/P|A|, where P := diag{P", P}, then the system (2.32al) with boundary

condition (2.32b)) is exponentially stable for the IL>—norm.
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Proof. From equation (3.7)), the time derivative of the Lyapunov function (3.1)) can be ex-

pressed as follows

L'(t) = Ly(t) + Ly(t), (3.10)
with
- AT
) W (l,t) ATPTe 0 W(l,t)
Ll(t) = -
W=(0,t) 0 AP~ | |W(0,t)
- 1T
WH(l,t AT Pt 0 WH(l,t
M LA x|Vl
W=(0,t) 0 A= P et W=(0,t)
and

!
() = — / WT [1(2)|A| + 17 (x) + & (x)IT] W.
0
By using the assumption for the matrix (3.9)), for any . > 0, we have
Liy(t) < 0,Vt > 0.
Then, positive definiteness of the matrix(3.9) implies that for any vector W € RF,

Wpd(z)|A| + 7@ (2) + S(2)IW > apWid(z)W, Vo c[0,]], «o:= min |\

1<i<k
Therefore,

Ly(t) < —nL(t), t>0, n:=au.

Consider the following quadratic form, which is a special case (L (t) at n=0)

. wean] e o ] [wran

o] | 0o AP W

N wean] L [aree o W1, 1)

W (0.1)| 0 AP | W)
- wean] [ape o ] [weas)]
] [ o AP W)

] T [+ (1,

| (yie)” (v M)

W(0,1)] |W(0,1)
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| wra "Tarpr o WH(1, 1)
v 0 AP | |W(0,0)
+ | VAP WW’”D (WK W””)D,
W_(O,t) W_(()?t)
I U1 I P B L GO I (et [W*(l,t)
W] | 0 AP [W(0,0)) W=(0,t)
R a0 1 [wran]
o ween] | o AP W)
-1 WH(l,t) i
AP) K (AP AP
+ | (VINP) & (VIAP) (w)lw’)] ,
_ wean] e o ] [wea
I U (R 0 AP | |W(0,t)
-1 W(l,t) i
(v s ()| H(mp) _ ] |
(0,1)
where in the last line, the parameters p; > 0,1 =1,...,k, can be selected such that
H(MAP) !W+(l’t)]1 and {Wﬂl’t)] £0, t>0.
W=(0,1) W=(0,)
If
H<\/|A|P> K <\/|A|P>7 H <1,
then

wean] e o ] [wra
0 AP~

- _T -
WH(l, ¢t A*PT 0 WH(l, ¢t
s g ||
0 AP~

3

__wranl [W+(l,t)]+ \/ﬁ[ (l,t)]
% W=(0, 1)
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T T
W+t W+t W+t W1, t
__|mran] plwren] L weo) e
W(0,1) w0, |w(0,1) W (0,¢)

Therefore, by assumption ||AKA™Y|| < 1, a sufficiently small u > 0 can be chosen such that
L' (t) < 0 and then
L'(t) < —nL(t), t>0.

Hence, the Cauchy problem (2.32)) is exponentially stable for the > —norm.

3.2 Analytical Results

In this section, we look at the application of the Lyapunov exponential stability analysis to
some examples of linear (or linearized) hyperbolic systems of balance laws, such as the teleg-
rapher equations, isentropic Euler equations, Saint-Venant equations and Saint-Venant-Exner
equations. For each of these physical problems, we investigate conditions for the stability

analysis.

3.2.1 Application to Telegrapher Equations

The Lyapunov function for the telegrapher equations ([2.35)) in decoupled characteristic form

(2.42)) can be defined by ({3.1]) with

Wy pre 0
W .= and ®(z) = , pu>0,p >0,py >0.
Wo 0 poeh®

The time derivative of the Lyapunov function ({3.1)) is obtained by (3.10]) with

T
w1 (l, t) |/\1|p1€_ul 0 B KT |>\1|p1 0 w1 (l, t)

Li(®) = - l
U)Q(O,t) 0 |/\2|p2 0 ’)\2’])26“ U}Q(O,t)

and

Li(t) := —/0 W [p®(z)|A| + T ®(z) + ©(2)IT] Wdz.
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In order to show that the time derivative of the Lyapunov function, (3.10]), is negative, it

suffices to show that the determinant of every principal sub-matrix of the matrices

Ai|pre ™ — k3, Xa|paet 0
| A1lpy 21/ A2|p2 (3.11)
0 |Aalp2 — Kol A lps
and
plAL|pre ™ + 2yipre ™M yapaet® + yopre 7 (312)
Vapaeh® 4+ yopreTHT | Aa|pae + 271 poet?
is positive.
The determinant of the sub-matrices of the matrix (3.12)) are
pArlpre™ + 2ypre™ = (ufAr| + 271) pre™, (3.13)

and

Pipai® A da] + 2o pyipipe + 2|\ lpmipipe + 47pipe
— 23Dy — 293p1pe — e,
=p1p2i M Aa| + 2| Xa|mipripa + 2|\ [pmipipa + 477 p1p2 — 4v3p1p2
— M3 ps + 2v3pipe — € TSP,
= (LA xe] 4+ 20 (M) 4 |Xe]) +4 (7F —73)) P2 — (Y2p2e™ — 722?16_“x)2>

X — U 2
= [(M|>\1| +271) (| A2] +2m1) — 47%] Pip2 — (72]926“ — Yapre " ) . (3.14)

If | Ai]+2v1 >0, || +27v1 > 0,92 > ~2 and if p; and py can be chosen such that p; = po,

then for sufficiently small 1 > 0,

pa AP
max et — e ~ 0
Ogg{%pz Yopre M} = 0,

and both determinants (3.13)) and ({3.14)) are positive.

Therefore, with the choice of p; and ps, the matrix (3.11)) is positive definite if k12 and ko

Dy A
|k12’ < )\—i and ‘k21| < /\—; e*“l,

satisfy

respectively.
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3.2.2 Application to Isentropic Euler Equations

The Lyapunov function for the isentropic Euler equations ([2.45)) in decoupled characteristic

form (2.51)) is defined by ([3.1)) with

w1 pre e 0
W .= and ®(x) = , 1>0,p1 >0,p >0.
Wo 0 poeh®

The time derivative of the Lyapunov function ({3.1)) is obtained by (3.10) with

T

Li(t) == — wi(l,1) M (Dlpre™ 0
wy(0, 1) 0 |A2(0)[p2

[A1(0)[p1 0 % wy (1, 1)

0 Aa(1) | paet! ws(0,1)

_KT

and

L) = — /0 W [l A(2)|®(x) — N (2)B(x) + () B(z) + B(e)T(x)] Wz,

In order to show that the time derivative of the Lyapunov function, ([3.10]), is negative, it

suffices to show that the determinant of every principal sub-matrix of the matrices

Aq(l e M — k2 I\ (1 et 0
(A (D)|pa 511 22(0)p2 (3.15)
0 |)‘2(0>|P2 - k%2|)\1(0)|p1
and
plA () [pre™ — N (z)pre ™ + 2911 (x)pre " Yo1(2)paet™ + yia(x)pre
Vo1 (2)paeh® + yr2(x)pre P A2 () |paeh® — No(2)paeh® + 200 () poet® 7
(3.16)
is positive.

The determinant of the sub-matrices of the matrix ([3.16) are

i () [pre ™ = Ny (@)pre ™ + 290 (@)pre ™ = (ulAa ()] — N, () + 201 (2)) pre ™,
(3.17)
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and

pip2i® | M(2) Ao ()] — [ (@) [pAS (2)p1p2 — [Na(2) | (2)prp2
+ 2[A1 (@) |22 (2)pip2 + 2 e (@) [y (@) pipa + Ay () Ay (2)p1p2
— 271 (@) 22 (2)p1p2 — 2X5(2) 711 (%) p1p2
— 205, ()3 + 22 () Y21 (1) pipe — €12 (),
= (W2 (@)Ae(@)] + N (@) (2) = A (@) Ny () — plAa (@)X (2)) prp2
+ 2 (A ()] = A(2) r22(2) + (sl Ae(@)| = A5(2)) Y11 (2)) P1p2
— (721(x)poet™ — 712(@2916_’“)2 ,
= (A (@)] = A (2)) (1] A2(2)] = Ay(2)) prp2
+ 2 (M ()] = Ai(2)) 22 () + (sl Ae(@)| = A5(2)) Y11 (2)) P1p2

— (21 (x)p2e” — 712(515)2916_’“)2 : (3.18)
If the following holds for all z € [0,1] and u > 0,

pld(@)| = Ai(z) >0, plra(z)] — Ay(z) >0,
plA ()] = Ay (@) + 2711 (2) > 0,

pl Ao (@) — Ny(z) + 27y20(x) > 0,

and if p; and p, can be chosen such that

P _ max N21(2)

P2 0<z<l 712(@’) ’

then for sufficiently small p > 0,

max {yo1 (2)p2e!® — y12(x)pre ™"} = 0,

0<z<lI

and both ([3.17]) and ([3.18)) are positive.

With the choice of p; and po, the matrix (3.15) is positive definite if k15 and ko; satisfy

A (1)
A2(1)

Pr i
P2

|k’12| <

and |k321| <

Y

)\2—(0)‘ p1}]92

A1(0)

respectively.
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3.2.3 Application to Saint-Venant Equations

The Lyapunov function for the Saint-Venant Equations (2.54)) in decoupled characteristic form
(2.60) is defined by (3.1]) with

w1 pre e 0
W .= and ®(x) = , 1>0,p1 >0,p >0.
Wo 0 poeh®

The time derivative of the Lyapunov function ({3.1)) is obtained by (3.10) with

T
L) = — wi(l,1) [Au (D) Ipre* 0
w;(0, 1) 0 [A2(0) |p2
—KT ’)‘1(0)|p1 0 K wl(lat)
0 ha(l)[pae ws(0,4) |

and

Ly(t) = _/o W [p|A()|®(z) — A(2)®(x) + H(z)" @(z) + ®(z)(z)] Wdz.

In order to show that the time derivative of the Lyapunov function, ([3.10]), is negative, it

suffices to show that the determinant of every principal sub-matrix of the matrices

Aq(l e M — k2 I\ (1 et 0
(A (D)|pa 511 22(0)p2 (3.19)
0 |)‘2(0>|P2 - k%2|)\1(0)|p1
and
plA () [pre™ — N (z)pre ™ + 2911 (x)pre " Yo1(2)paet™ + yia(x)pre
721($)p2@“w =+ 712(33)17167’” M’)\2(1’>|p2€’w - )\/2(33)1?26“95 + 2722(33)]926’“ 7
(3.20)
is positive.

The determinant of the sub-matrices of the matrix ([3.20) are

i () [pre ™ = Ny (@)pre ™ + 290 (@)pre ™ = (ulAa ()] — N, () + 201 (2)) pre ™,
(3.21)
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and

pip2i® | M(2) Ao ()] — [ (@) [pAS (2)p1p2 — [Na(2) | (2)prp2
+ 2[A1 (@) |22 (2)pip2 + 2 e (@) [y (@) pipa + Ay () Ay (2)p1p2
— 271 (@) 22 (2)p1p2 — 2X5(2) 711 (%) p1p2
— 205, ()3 + 22 () Y21 (1) pipe — €12 (),
= (W2 (@)Ae(@)] + N (@) (2) = A (@) Ny () — plAa (@)X (2)) prp2
+ 2 (A ()] = A(2) r22(2) + (sl Ae(@)| = A5(2)) Y11 (2)) P1p2
— (721(x)poet™ — 712(@2916_’“)2 ,
= (A (@)] = A (2)) (1] A2(2)] = Ay(2)) prp2
+ 2 (M ()] = Ai(2)) 22 () + (sl Ae(@)| = A5(2)) Y11 (2)) P1p2

— (21 (x)p2e” — 712(515)2916_’“)2 : (3.22)
If the following holds for all z € [0,1] and u > 0,

pld(@)| = Ai(z) >0, plra(z)] — Ay(z) >0,
plA ()] = Ay (@) + 2711 (2) > 0,

pl Ao (@) — Ny(z) + 27y20(x) > 0,

and if p; and p, can be chosen such that

P _ max N21(2)

P2 0<z<l 712(@’) ’

then for sufficiently small p > 0,

max {yo1 (2)p2e!® — y12(x)pre ™"} = 0,

0<z<lI

and both (3.21]) and ([3.22) are positive.

With the choice of p; and po, the matrix (3.19) is positive definite if k15 and ko; satisfy

A (1)
A2(1)

Pr i
P2

|k’12| <

and |k321| <

Y

)\2—(0)‘ p1}]92

A1(0)

respectively.
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3.2.4 Application to Saint-Venant-Exner Equations

The Lyapunov function for the Saint-Venant-Exner equations ([2.63) in decoupled characteristic

form (2.73)) is defined by ([3.1)) with

w1 pre 0 0
W= |w, and ®(z) = 0 pee ™™ 0 |, p>0,p1>0,p2>0,p3>0.
ws 0 0 pzel?

The time derivative of the Lyapunov function (3.1)) is obtained by ({3.10]) with

T

wi(l,t) [ Ai[pre 0 0
Li(t) == — ws(l,t) 0 | Aa|poeH 0
W3(O,t) O O ‘Ag‘pg
|)\1|p1 O O wl(l,t)
_KT 0 |)\2|p2 0 K wg(l,t) y
0 0 |\3|psert ws(0,1)

and

Liy(t) == —/O W [p@(z)|A| + T ®(z) + ©(2)IT] Wdz.

In order to show that the time derivative of the Lyapunov function, ([3.10]), is negative, it

suffices to show that the determinant of every principal sub-matrix of the matrices

| Ai|pre™ — k3| As|pset — kg1 k32| A3|pser! 0
—ks1ksa|As|pset | Aa|pae™ — K3y As|pset! 0 ;
0 0 | Aslps — Kis|Alp1 — ks Aa|pa
(3.23)
and
P |pre " 4+ 2vipre M yopre M 4y poe MY vsp1e M + yipset”
Vopr€ T+ YoM p|Xo|paeTHE + 290pae MY y3pae T 4 yopset |, (3.24)
vspie M + yipzet” Y3pae M + vyopzel® P As|pset® + 2yspset”
is positive.
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The determinants of every sub-matrix of the matrix (3.24)) are

plAalpre™ + 2yipre™ = (u[Ar] + 2m) pre, (3.25)

(2 |\] prepipa + 2 [Ao| pyapipa + (A o] 12pipe — 1 %p2® + 271720102 — 201 %) €

= (2 [A1] pyepipa + 2 [Xa| pyipipz + A Az #2P1p2 — (mp2 — 72101)2) e, (3.26)

and

12| M A2 As|prpopse ™ + 2p® [ Ao As|ipipapse ™ 4 20| My As|yop1 papse

+ 20° | M Aol ysprpapse ™ 4 2| Aslyivapipapse T + 2p| M|y yspipapse
+ 20| Mt [yayspipepse " — p|As|yipapse " — plAs|yipipse

— iAol vipapiet® — pAalgptpae T — plMNapipsett — pligpipge e,
= 1°p1paps (A1 Ao As] + 2] A0 As |71 + 2| A1 A |2 + 2| A1 Ao ys) e

+ 2u|As|vivepipapae ™" + 2u| Aa|viyapipapse ™ + 2| Ar[yavspipapse

— 1 Aslps (ViP5 +3p1) €7 — pldalps (VP35 +A3pie ) e

— pilhalpy (vapse™ + sppe ) e7h,

= (p1paps (A1 Ao 3] 4 2[ Aoz ]71 4 2| A1 As]v2 + 2[ A1 Xalys) e

— 1t As|ps (ViP5 — 2mepipe +23pi) €M

— 1| Aa|p2 (7%19%62#1 — 2M1Y3p1ps + 7§p%6_2w) e

— | Ailpr (Vap3e* — 2| \|hayspaps + 3phe ) e,
= (p1paps (A1 Ao As] 4 2[ Aoz ]71 4 2] A1 As]72 + 2[ A1 Aalys) e

— X — U 2 — U
— 1l Aslps (ip2 — 72p1)” €7 — plXalpa (1apse” — qapre ) e

€T — T 2 _ X
— A1 pr (72]936” — Y3pee” " ) e M. (3.27)

Since y1 > 0, 72 >0, 93 > 0, Ay > 0, Ay > 0 and |\3| > 0, if one can choose p;, p2 and p3

such that p; = 71, po = 72 and p3 = 73, then for sufficiently small > 0,

Qe —pTY A HT LAY
max et — e ~ 0 max et? — e ~ 0
ngg{%pg yspre M} =0, ; ng{wm Yapee M} =0,

and the determinants (3.25)), (3.26)) and ([3.27) are positive.
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Therefore, with the choice of p;, p2 and ps3, the matrix (3.23)) is positive definite if k13, ko3,

k31 and k3o satisfy

As

2

As

1

V3

—, |/€23| < g
94!

|l€13‘ <

2

3.3 Summary

A A
, |k‘31| < ‘—1 ﬂe‘“l and ’]{?32| < 2 Ee_“l.
v As| 73 Az | 73

In this chapter, we have discussed the exponential stability analysis of linear hyperbolic systems

of balance laws in general and particular cases. Furthermore, it has been applied into some

relevant examples of linear or linearized hyperbolic systems of balance laws.
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Chapter 4

Numerical Methods for Linear

Hyperbolic Systems of Balance Laws

In this chapter, we mainly focus on first-order numerical schemes for the solution of linear
hyperbolic systems of balance laws in one-space dimension, in particular upwind scheme for
conservation part and centered discretization for source terms by considering two main ap-
proaches; direct and splitting methods. For this reason, we study finite volume methods under

a uniform grid and then we give a first-order discrete linear hyperbolic systems of balance laws.

4.1 Finite volume methods in one space dimension

Consider the Cauchy problem associated with a linear hyperbolic system of balance laws
in one-space dimension and the independent variables x and t are defined on finite intervals
[0,{] and [0, 7], respectively for [ > 0 and T" > 0. In order to obtain numerical solution for
this system, the finite volume methods (FVM) will be used [33]. Therefore, the spatial and
temporal interval will be discretized into subintervals (also called grid cells). For simplicity, we
use a uniform grid illustrated by Figure below with grid sizes for the temporal and spatial

intervals denoted by At and Az, respectively. Hence, there are a finite number of grid points

49
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along the time and the space directions, which are denoted by

t":=nAt, n=0,...,N, and =x,

1
J—3

=jAz, j=0,...,J,

with NAt =T and JAx = [, respectively. Moreover, the left and right boundary points are

denoted by x_1 and Ty_1, respectively. Let z; = (j + %)Ax for j =0,...,J — 1 denote cell

1
2

centers.
Ax
/—/H
tn—i—l
At
tn
| | |
Lj-1 Lj Ljt+1

Figure 4.1: Example for a uniform grid

The next step in FVM here is approximating the integral of W over each grid cell (zj_%, xj+%).
Therefore, the value W' approximates the jth cell average at time ¢",n = 0,..., N and it
can be expressed as

wn 1 [i+3

J :A_$ z 1 W(gj’t”)dx’ J=0,....,J -1 (41)
i-3

Since W' is a smooth function, an approximate value W} can be obtained by the midpoint
value of W at each midpoint of the cells and then the integral of WW over the spatial domain

[0,1] is approximated by Zj;ol WAz at each time step t",n =0,..., N.

In order to obtain a numerical solution for the Cauchy problem (2.31]), we use the integral

equation form of an equivalent expression for the system ([2.31a]). Since

Op (Mx)W) = A(x)0, W + N ()W,
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the system ([2.31a]) can written in the following form
OW + 0, (A(x)W) + (I(z) — A'(z)) W = 0.

Therefore, the integral form is expressed as follows

Tird

Oy W(z,t)dr = Az, )W(a:j_%,t) — A(.Tj+%)W( ]+1,t)
R (4.2)
- AL P (O(x) — N(x)) W(x,t)de, j=0,...,J—1.

We integrate now the semi-discrete integral equation (4.2) over [t", "] n=10,...,N —1

to obtain
Tl il gl
W (x, " Y dw — W(x,t")dx = / A(mj_%)W(xj_%, t)dt
v @ tn
-3 i-% .
—/ A )W (@, t)dt
ot
/ — N(x)) W(x,t)dzdt
1
j=0,...,J—-1

(4.3)

Dividing the fully discrete integral equation (4.3) by Az and using equation (|4.1)), we obtain

At

n+l __ n . . : o B _ N B

Wi =W Az <O 0;- 5) AtS;, j=0,....,J-1, n=0,...,N—1,
(4.4)

with
1 t’ﬂ+1
Oj*% = Kt/tn A(mjf%)w(iﬁj t)dt and
thrl
- Y |
5 AtAa: / (z)) W(x,t)dxdt

1
2

Since the system ([2.31a)) is strictly hyperbolic this fully discrete system (4.4)) can be obtained
by means of a numerical flux O and a numerical source function S [10, [33]. It was shown in

Chapter 2 that the characteristic variables w;,7 = 1, ..., k are constant along the characteristic
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curves and represent the propagation of information with positive and negative characteristic
speeds )\; ;. With this, for positive A; ;,7 = 1,...,m,j = 0,...,J — 1, the corresponding
values w;(x;,t"*1),i = 1,...,m depend only on the values of w;,i = 1,...,m at time " to
the left of 2; and w]'/" depends only on w};. Similarly, for negative \;j,i = m+1,... k,j =
0,...,J—1, the corresponding values w;(x;,t"""),i = m+1,...,k depend only on the right

li=m+1,..., k depends only on w;';. In that case, the flux O;_1 and the

, n+
of z; and w;’;

K\J

source term .S; can be written in the following form

T
O. 1 [O+ 1,03’ 1} and S;:= Sj*+5j7

J—3 3
with
+ 1 o + +
O~ Li=E A= (z;_ )W (z;_1,t)dt and
tn+1
+
] AtAx / B )W (x, t)dzdt,
with
At 0
G (z)=1"(z) — (z) and G (z)=1II"(z) — ,
0 —A(2)

where matrices I+ (z) € R¥*™ and 11~ (z) € R¥**=m)  Therefore, the flux Oj,t_l depends
2
only on the values x;_y, z;, W=7 | and W=7 and the source term S} and S}~ depend only

on the values z;_1, x;, W*?fl and W+? and xj, Tj41, , W7

j and W_?H, respectively and

then for each j=0,...,J—1landn=20,...,N — 1, we have

Oi;l_% = Oi(l’j_l,,l’],Wi;L 1,Wi7-1),
S+? =8t (zjo1,z;, W e 1,W+n) and
ST =8 (x5, 2, W W)

Hence, the discretization of the system ([2.31a)) can now be expressed as follows

W W A O (g, e, WL W) — OF (o0, 25, W WHY)

Wi w=; Az O™ (wj, 2501, W75, W) = O (0,25, Wi ,WTT)

— At [ST (w1, 5, W+;L s W+?) + 8 (2, Tt W_n W_?H)} ;
j=0,....0—1, n=0,...,N—1. (45)
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In order to obtain a numerical solution for the system ([2.31al), we should use a convergent,
consistent and stable numerical scheme for the discretized system as Az, At — 0 [33].
For this reason, we choose the first-order upwind method and then the numerical flux can be
expressed in the following form

O (wj_y, 2, W W) o= AT (2,2 )W), and

O (xj_1, 2, Wi, W) = A ()W
The numerical source term by using two possible approximation methods, which are called

centered discretization and upwinded approximation [36], can be expressed as follows
ST (wj_r, 2, W, W) := G ()W) and
S” ('rj7 Lj+1, Wﬁ;’L? W7?+1) = g7<xj)W7;L7

and

W) =5 (G (— )W + G ()W) and

i1

S+ (l’jfl, Zj, W+n
S (i, W, WT) = s (G ()W + G (2j0)W 5 ),

respectively. It must be noted that the stability holds under CFL condition

At

— max |>\ZJ‘ Sl

Ax  1<i<k ’
1<j<T—1

Hence, the first-order discretization of the system ([2.31a]) with centered discretization can be

written in the following form

n+1 n n n n
_n+1 _n A —1r/—n - _n J _n|’

j=0,...,.J—1, n=0,...,N—1, (4.6)
with

A;r_ = A (z,

=

However, since
A_ N — _n A — _n _n

Jj+1 J+1
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+ L Aj_ N Aj__l 0 Wwr
A - BN A
o 0 - ( J+1 Aj )
L AL 0 W= P
= Ar _ g | TAT
0 Aja] (W7 =W

the fully discretized system (|4.6) can be expressed as follows

W WA AL 0| (W W A W
a1 | -n A — -n -n J _n|’

j=0,...,J—-1, n=0,...,N—1. (47)

The discretized system ({4.7)) is an explicit discretization. Then an explicit with implicit source

terms discretization can be expressed in the following form

n+1 n n n n+1
_n+1 _n A —xrr_m _ _n J _n+1 |’

j=0,...,J—1, n=0,...,N—1. (4.8)

In the special case, the linear system with constant coefficients ([2.32a]) can be discretized

using similar method of discretization for the system (4.7)). Therefore, it is obtained as follows

Wt acar o] s e
a1 | —-n _A_ - -n —-n N _n|’
W W TLo AW -wl, W

j=0,...,J—=1, n=0,...,N—1. (4.9)

The explicit with implicit source terms discretization for the linear system with constant coef-

ficients can be expressed in the following form

wert ] fwe] ae a0 e o] e
o+l | -n _A_ — -n -n B _ntl |’

j=0,....,J—1, n=0,...,N—1. (4.10)

In general, the direct method approach, which has been used to discretize the systems ([2.31al)
and (2.32a)) might have some problems in the analysis of convergence and stability. For
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instance, in [44] the direct method of discretization fails in the analysis of convergence. For
this reason and to obtain better results, we prefer to use the splitting method approach

discretization. Therefore, by using this method the following discretized linear systems with

variable coefficients

WL W A (AL, 0 | (W (4.113)
_ _ 11a

5N n A — -n —n ’

_W J w J v 0 Aj+1 |44 J -W j+1

W W+ W+

Wit W-, W,

n=0,....N—1, j=0,...,J—1,

and with constant coefficients

n

W+ +n - +n 4
SR —% S (4.122)
_ _n €T _ _n _-n
W Uy 0 AT [W7 =W,
][] [
T I e AtIT| o, (4.12b)
W W=, W=
n=0,...N—1, j=0,...,J—1,

are obtained.

4.2 The discrete Cauchy problem

The discretized initial condition for the discretized system (4.7) can be specified by using

equation (4.1)) and (2.31cd) as follows

1 [T+)
szﬂ/ P Wo@)dr, j=0,....J—1. (4.13)

i-3

In order to discretize the boundary condition ([2.31b), there must be extra cells (also called
ghost cells) to approximate the cell average at cell center. Since we are interested in first-
order accurate approximation, we need only one extra cell to specify boundary values for

each characteristic variable. Therefore, for each characteristic variable traveling to the right
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direction, we set boundary condition at the left boundary point and for each characteristic
variables traveling to the left direction, we set boundary condition at the right boundary point.
Hence, the boundary values at boundary points T_1 and T;_1can be approximated by W 1",
and W™}, respectively and then by using the algebraic relation of boundary values (2.31b)),

we have

WJri? Ky Kis VV*”+1 v
I/V—n—H B Ko Koy W_n+1 , n=0,..., -1 (414)
J 0

We have now the discrete Cauchy problem associated with the discretized system ({4.7)), initial
(4.13) and boundary (4.14)) conditions.

In general, the numerical solution, W', for the discretized system (4.7)) is now used to approx-

imate the smooth solution for the Cauchy problem ([2.31]), which is expressed in the following

form
N-1J-1
Wite,_y o, )xiemans), (4.15)
n=0 j=0
where [, - g X is a step function over [z;_1, ;1) x [t t"*].

4.3 Application to some hyperbolic systems of balance

laws

4.3.1 The Telegrapher Equations

The telegrapher equations in the decoupled linear system with constant coefficients form ([2.42))

can be discretized by considering the splitting method approach and then it can be expressed

as follows
w1 w," At |\ 0 wy” — w
I A~ VT 0 N -1, (4.163)
_UJQ? 'LUQ? xr 0 |/\2| UJQJ w23+1
wl?“ 171? M2 &71?
== — At > 7=0,...,J—1 (416b)
_w2?+ w2? Y2 N wg?
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The discretization of the initial condition (2.43)) and the boundary conditions ([2.44)) can be
obtained by using (4.13)) and (4.14]), respectively and then it can be expressed as follows

1 Tird
0 __ 2 ;—
Wi =g [P =00 (417)
1=32
and
w rr_LJrl O k w n+1
S . o O e I U S § (4.18)
w23+1 kor 0 w2g+1

4.3.2 The Isentropic Euler Equations

The isentropic Euler equations in the decoupled linear system with variable coefficients form
(2.51)) can be discretized by considering the splitting method approach and then it can be

expressed as follows

—~MNn n n "
o w," At )\l,j—l 0 Wiy — Wiy q
A = P =0, N -1, (41%)
—n n T . T — T
Wa; waj 0 hogial] [wof —wofy,
n+1 o n . ; Wy
wy; Wy At Y115 V12,5 Wy i=0 J—1 (4 19b)
— 5 —_— 9000y . )
n+1 o Wo
ws) Wa V215 V22| |Wej

The discretization of the initial condition (2.52)) and the boundary conditions ([2.53)) can be
obtained by using (4.13)) and (4.14]), respectively and then it can be expressed as follows

1 Tivl
0 _ 2 ;=
W= gz ) W@, j=0...0-1 (4.20)
)
and
w n+1 0 k w n+1
B UYL  n=0,. . N1 (4.21)
w27}+1 kor 0 w2g+1

4.3.3 The Saint-Venant Equations

The Saint-Venant equations in the decoupled linear system with variable coefficients form

(2.60)) can be discretized by considering the splitting method approach and then it can be
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expressed as follows

W1 ; W15 At )\1,]'71 0 Wy — Wij
il _ J -5 j T, n=0,...,N—1, (4.22a)
—n n T n w
w5 W) 0 Pagal] [waf —wafyy
n+1 ~n , T
Wy ey Ay Y1 Y125 | | Wiy =0 J-1 (4.22b)
— 9 _— PECEL ] . b
Wy Wy Vo1 V22| |We2j

The discretization of the initial condition (2.61)) and the boundary conditions ([2.62)) can be
obtained by using (4.13]) and (4.14]), respectively and then it can be expressed as follows

1 Tivl
0 __ 2 -
and
w 714_1 O ]{ w n+1
e 12 1j-1 , n=0,...,N—1. (4.24)
w23+1 kor 0 w2g+1

4.3.4 The Saint-Venant-Exner Equations

The Saint-Venant-Exner equations in the decoupled linear system with constant coefficients
form ([2.73) can be discretized by considering the splitting method approach and then it can

be expressed as follows

@_1/? wlz-‘ )\1 0 0 ”LUlzvZ — wﬁ_l

At
Wy | = Jwal | =5 |0 A 0| wof—wyly |, =0, N =1, (4.253)
_1/1\15? U}3? O 0 |)\3| w3? — wgg_i_l
w0 Yo | |wn
wQ?“ = |waj | — At [y v 3 woy |+ J=0,.0, J—1 (4.25b)
_w;;?“ @5? T2 @5?

The discretization of the initial condition (2.74]) and the boundary conditions (2.75]) can be
obtained by using (4.13)) and (4.14]), respectively and then it can be expressed as follows

o 1 Tivl

j :A_{ﬂ . Wo(l’)dl’, :O,,J—l (426)
)
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and
wl’f{l 0 0 k13 wlf}ﬂ
U)QT’I'I = 0 0 ko w{}i‘} , n=20,... ,N — 1. (427)
w;"y k31 ks 0O wag

4.4 Summary

In this chapter, the numerical methods for a linear hyperbolic system of balance laws has
been discussed and used to discretize the Cauchy problem of examples of hyperbolic system

of balance laws presented in Chapter [2|

In the next chapter, numerical boundary stabilization for a linear hyperbolic system of balance

laws will be presented.
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Chapter 5

Numerical Boundary Stabilization of
Linear Hyperbolic Systems of Balance

Laws

In this chapter, we investigate conditions for a numerical exponential stability analysis of

discretized Cauchy problem associated with discretized linear hyperbolic systems of balance

laws (4.7)) and (4.9)) by considering the time splitting method with the discretized initial (4.13)
and boundary (4.14) conditions under steady state solution W = 0,Vj = 0,...,J — 1,V

n=0,...,N—1. For this reason, we introduce a discrete version of the I.? Lyapunov function

(3.1]) and exponential stability definition for IL?—norm.

5.1 Discrete Lyapunov Exponential Stability Analysis

In this section, our aim is to investigate conditions for the exponential decay of the numerical

solution W". First, we define exponential stability as follows.

Definition 7. The discretized linear hyperbolic system (4.11)) (or (4.12)) with the discretized

boundary conditions (4.14)) is exponentially stable if there exist n > 0 and C' > 0 such that,
for every W) € L?((z;_1,2;,1);R*), j = 0,...,J —1, the solution to the discretized Cauchy

60
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problem (4.11)) (or (4.12))), (4.13)), (4.14)) satisfies

J-1 . J-1 .
sz [W]n} [VV]”} < Ce ™™ sz [WJ@} [I/I/j@] , n=0,...,N.
=0 =0
Consider a Cauchy problem defined by the discretized system ({4.11f) with the discretized
initial (4.13) and boundary (4.14) conditions under steady state solution W = 0,Vj =
0,....0—1,¥yn=0,....,N—1.

In order to obtain conditions for the stability of the Cauchy problem, we define the following
discrete candidate Lyapunov function

J—1
L"=Azy (Wr)' &,Wpr, n=0,...N, (5.1)

=0

where ®; := diag{ Pte "%, P~eli}, with
P*(x) :=diag{p1,...,pm}, P (z):=diag{pms1,---,px} and p; >0, i=1,... k.

Theorem 4. LetT" > 0 be fixed and for each j = 0,...,J —1 assume \; ; > 0,i=1,...,m
and \;; < 0,i=m+1,...,k. Let the discrete Lyapunov function be defined by (5.1)). If
the CFL condition A—fcmax 1<i<t | Aij| < 1 holds and there exists a real number ;i > 0,

A 0<j<I—1
pi >0,i=1,...,k, such that 0 < poe "% — 3 < 1, where

a= min |[\;| and f= max A},
1<i<k 1<i<k
0<j<J1 0<j<)—1

7 ®; + O;I0; — AT @10, j=0,...,J —1, s positive semi-definite (5.2)

and

PreraipY 0 | Premmmont 0
- K K,  (53)
0 P-er-1A] 0 P-ermi-1A;

is positive definite, then the numerical solution W' of the Cauchy problem (4.11)), (4.13),

(4.14) converges to a steady-state solution W; = 0 for the L2 —norm.
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Proof. The time derivative of the Lyapunov function (3.1) is approximated by using the
discrete Lyapunov function (5.1)), which is obtained in the following form

Ln-‘rl — " B Ln+1 _ Zn zn S

_ 4
AL At T A (54)
with
_ oL
I":=acy (W;L) ®,Wr, n=0,...,N.
=0

In order to show that the time derivative (5.4)) is a negative definite quadratic form, it suffices

to show that both approximation of the time derivatives

J-1

It Zn Az o
AT T A {(WJW)T ;W — (Wf) <I>jW}l} , (5.5)
§=0
and
" — L Az i — \NT 7 §
At At 2 (WJ> ©;W = (W) ;W (5.6)
=0

are negative definite quadratic forms.

We use now the discretized system (4.11)) with boundary condition (4.14)) to obtain the fol-

lowing
%;E” :% — [(ﬁ}jn _ Aﬂ‘[jW]@>T o, (W]ﬂ _ AtHﬁ@) _ (WJ@)T ®, (Wfﬂ :
=0
o
A5 (1) - (7))
=
N J—1 [(fﬁjﬂ)THJT(I)j <,ij”) . (Wf)T@jHj (ﬁ}jﬂ) — At (WJ@)THJT(I)J'HJ‘ (Wﬁﬂ ;
=0
— Az j:: (Wa”)T [T, + @11, — ArTf 1] (1)
and
T
=1 Aw= | (. At AL, 0| W W
% :Kjgzo (WJ : A_i JO | Aj W_; - W_Z']; ;

o (an)Tq)J' (an) )

R O R L
AT 0 A (W W,
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AI J-1 n n -n n n —_n, n n
=r 3 [y =y (wy = =) ey (W = 0y (w7 =) - (W) e (7).
j=0
with

+ n
D; .= Di 0 and =" .= Wa
i = ) == T
0 Din Wi

where D = 2LAT | and Di,, == £LA7 . Then,
L' —L" AL [ T n T n N on
At :EZ[(WJ') ®; (W) =2(W7)" &;D; (W}') +2 (W)')" ®;D; (=3)

J=0

+ (W) D@D (W) + (55) D;®;D; (25)
~2(Wp)" D@55 () - (W) @5 (7))
53 [ ) w0, (W) #2077 (1 - Dy @ (=)
+ (W) Dy, 0; (W7) + (7)) Dy, (E?)} :
By the CFL condition and since (I — D;) ®;D; is a positive definite diagonal matrix, we have

I-—D; >0 and

2(W)' (I —D;)®;D; (23) < (W' (I - D) ®;D; (W) + (22)" (I — D)) ®;D; (Z1),
= (W) @;D; (Wp) — (Wr)' D;&;D; (W)
+ (Eﬂ)T‘I)jDJ (=) - (E?)Tqu)ij (=7)-

Therefore,

Lr— " Az —n =n
71 [y’ 4
N W b ATy 0 W
= J
=0 w-" 0 Aj_+1 W_;l

- T
J-1 W n 1774 n
1 = o, Ao 0 S
=0 _” 7?+1 0 Aj_—H W 7?+1
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Consider the second term on the right hand side of the above equation

T
J-1 4n + 4n
J
—-_n —_ —-n
J-1 [ 17T
- +n +o—pwi AT +n
5 WP | [ PremmiAt 0 W
- 9
= (W 0 PrertiAs, | W)
=0 L J+1] L j+1 Jj+1
J-1 [ mr
— (W, e HAT pFeThTi-L AT 0 W+,
= J J
- -n —pAx p— ux; - —n
j=0 _W || 0 e HATPTe J“Aj_H %74 [
J—1 r
- +"n +o—HTj—1 AT +n
- W || Prerat 0 W
- 9
- —n —olTi41 AT —n
J—1
_ Az +1 T pt+ —paj 1 A+ +n
e (W*2_)) Pte A (W)
Jj=0
J—1
—pAz -1 T p—_pzji1 p— —n
+e (W) Prer = Ar, (W),
Jj=0
J—1 J—1
_ n\T LT n _ _n\T _ A —
= ¢ HAT (W+j) Pte “xJA;F(WJ“j) +e “A”E (W j) P e‘“‘”ﬂAj (W

i—0 j=0

— et (W P A (Wg) + e At (W) T Prerm AL (W),
T
— ¢ HAw f W |Pretohy 0 Wy
= |W 0 PretmAy | WG

+ (W) Premmo AT (WH ) — (W) Pre oAt (W)

T

= ) P g (W) + (W) e (W),

T -

J-1 n + n
— ¢ HAT Z W+j . Aj 0 W+j
_n J — _n
- T -
W | | Preropt 0 W+
_|._
W 0 Prerriany | | W
- T
B W+ Pre it Ag 0 Wiy
w-r 0 Perips | | W
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T

J-1 n + n
— o HAZ Z W+j D, Aj 0 W+j
§=0 W_? 0 A; W_?
- QT
W PremopAt 0 W
n T T ~1 % J—1
W | 0 Perrii S W
- 4T
B W+ Pre tIAy 0 W+
W | 0 permipy | | won

By using assumption (5.3)), we have

T -
<« W o Aj_l 0 | |Wwt,
j=0 T 0 Ay, Wﬁ?ﬂ_
T -
J—1 +n + +n
< G—MAJ:Z w J (1)] AJ 0 w J
=0 W_;L i 0 AJ_ W_;l
Therefore,
L o 2wl a0 1w
< - P ’
AT
J-1 +n + +n
+ efl,LACL' w J (I)j Aj 0 w J 7
=0 W_j_ 0 Aj W_j
— - T —
J—1 n + N n
n J —uAT A — _n
j:O _ij_ | 0 AJ+1+6 'uA A] W j
- - T -
J—1 n NI + n
:Z W+ 5, eTHATAT — A 0 w3
i~ Wi ] 0 ePATAT — AT | | W
T
J—-1 n + + n
=0 |W7; 0 A AT [V
J—1 . J—1 T
et 83 (W) ] (W) + B Y (W) a0, ().
=0 =0
Since

I7®; 4 O;11; — At @;11;, j=0,...,J —1,
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is positive semi-definite and there are constants

a= min |\ | and f= max X,
1<i<k ’ 1<i<k J
0<j<J—-1 0<j<J—1

such that 0 < ,uae*“m — [ < 1, we have

< =L e
A7 <0 and Al < —nL",

Ln+1 _ Zn n n

with n = ,uoze*“m: — (. Thus,

Ln+1 —
— < —L". 5.7
A7 7 (5.7)
Recursively applying inequality (5.7)) yields
L™ < (1= Aty)" LY < e AN [0 — o=t 0y N — 1. (5.8)

We use now the inequality (5.8)) to conclude the proof. To this end, let

Ol = 1Il'l§11§1}C {Ui,j . |q)J — Ui,j]| = O} and 02 = {IS]?;& {Ui,j . |Q)J — Ui,j]| = O}
0<5<T—1 0<y<J-1

Then,
Cil <, <CyI, j=0,...,J -1 (5.9)

From inequalities (5.8)) and (5.9), one obtains

J—-1 T J—1 T
CiATY [Wﬂ [Wﬂ < L' < Coe ™ ATy [W]O} [W]O}, n=0,...,N.
j=0 Jj=0

It follows that

J

J—1 T J—1 T
n n n —nt" —
ij;[vvj} [WJ < L' < Ce AxZ[WjO} [Wo}, n=0,...N

=0
where C' := Cy/C,. Hence, the numerical solution W} of the Cauchy problem (4.11]), (4.13),
(4.14)) is exponentially stable for the 1.?—norm.

Remark 8. Stability conditions in the above Theorem [4 for linear hyperbolic system with

variable coefficients are analyzed for examples, which will be presented in the next section.
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In special cases, we consider the Cauchy problem (4.12)), (4.13)), (4.14)) under the steady state

solution, W = 0,Vj = 0,...,J —1,Vn = 0,..., N — 1. The discrete Lyapunov function

(5.1)) can be used to investigate conditions for stability of this Cauchy problem.

Corollary 3 ([26]). Let T" > 0 and assume that \; > 0, i« = 1,...,m and \; < 0,
i = m+1,...,k. Let the Lyapunov function be given by (5.1). If the CFL condition

% maxi<i<x |\;| < 1 holds and if there exists . > 0 such that
O, + 117 ®; — AtIT'®,11 s positive semi-definite (5.10)
and
Ptre Hzs AT 0 Ptre Hzo AT 0
— KT K, (5.11)
0 P~err—1 A~ 0 Pet®i-1 A~

is positive definite for each j = 0,...,J — 1, then the numerical solution W' of the Cauchy

problem (4.12)), (4.13)), (4.14)) satisfies

LM <e ™[O (5.12)
for some n > 0. Moreover, W}" is exponentially stable for the L2— norm.

Proof. The time derivative of the Lyapunov funtion (3.1)) is approximated by using the discrete

Lyapunov function (5.1)), which is given by

Ln+1 S Ln+1 _ Zn zn —In
= +

At At At (5.13)
with
# - %2 ([WJ@H]T o, [ij] _ [anr o, [’W;D : (5.14)
and
Fn  1n Jo1 o .
Doir A > ( ] "o [i] - [wr] " o, W]) | (5.15)
iz

We need now to show that both equations (5.14)) and (55.15|) are negative. It suffices to show

that
Ln—i—l_Zn ZH_LH
I d —— < —nlL" ) 1
A7 <0, an A7 <-nL", n>0 (5.16)
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By using the discretized system (|4.12)) and assumption (/5.10)), we have

E =Sy (- s o i - o] - (1], )

35 () o] - (] 0 )

—Ary ([’Wﬂ " 0,11 4 I, — AT ®,TI] [W;D <0.

J=0

The discretized system (4.12)) with the discretized boundary condition (4.14)) can be used into
equation (5.15)) to obtain the following

P -3 (- ooy =) oz - oo -zp] - ] s o]

with

T
e A + - n _n
D :=diag{D",D"} and [W+] L W jﬂ] ,
where DF := RLAT and D~ := £LA~. Then,

Zn_Ln Ax = n n n n n —_n
O N (UARAUAE AR A PEIARNIE]
j=0

+ [an]TDq)J'D [an] + [E?}TDq)jD [Eﬂ
~2[w;]" pa; [=7] - [wy]" @, [Wr])

J

:i_f 2 (—2 (W) @0 W] +2[W7]" (1 - D) @;D 2]

Jj=0

+ (W) pe;p (W] + [2]" pe;D[E]]).

Since a diagonal matrix (I — D) ®;D is positive definite and I — D > 0 by the CFL condition,
we have the following matrix inequality

2 [W”} (I-D)®,D =] < [W"] (I —D)®;D [WI'] + [EﬂT(I—D) ®;D [27],

J J

= [Wy]" 2,0 [Wy] = Wy]" Dy [W7]

J

+ (=" 2,0 (=] - (=] pa, (5]
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Therefore,
Zn —L" Ax — n1T n —n]T —n
NS A (‘ (Wil @D [W7] + [E5] @D [:j}),
§=0
J-1

(= )" y1A 7] + (221" @501 [21])

[
Il
o

Consider the second term on the right hand side of the above inequality

J-1 J-1 +n 4 +,—pTj A+ +n
EIRINEIES [W ] [P el [W “] |
=0 =0 i 0 Pretm A | Wiy
J—1 J—1
W] P AT W]+ YW ] P AT W],
J=0 J=0
J—1
_6—HA$Z[W+” ] Pre hri-t AT [W-i-” }
7=0
J—1
e TP (W
=0
J—1 J—1
= MY W Pre AT (W] e Ay W] Pre AT (W]
=0 =0

4 e HAT [W*"JTP*e"“”*lA* [W“ﬁl} _ o kA [W+7}_JTP+€—MJ,1A+ [W’”}_J
+ et [T prert A W] — et At (W] et AT (W,

e ML

7=0
+ [W*" ] +emHTo A+ [W*" ] |:W+7}_1:|TP+€*H1JA+ [W“}—J
+ (W Prert i AT W] = [Wg) Pt AT (W,

J-1

= Ay W el W]
7=0

r T

W || Premreont 0 W,
+

W 0 petarip=| | W

- T
S| | Premat 0 W

wen 0 prerpA-| | wen |
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J—-1
— T n T n
BRI
7=0
- 4T
W+, KT Pte koot 0 © W+,
W 0 Peltr-1 A~ w0
- AT
W—H},l Pte kT AT 0 W—H},l
W= 0 Petm A= | Wy

We use now assumption (5.11)) to obtain

<
—

J—1
(=] 0,0 [21] < e 2o Wl e Al W]

j=0

<
I
=)

Then,

Lr—rr

< —pae ALY (W @) W] = =L,
=0

where o := minj<;<x | \;| and 1 := pae "2, Therefore,

Ln+1 —In

< —nL"™.
Al n

It follows that
L™ < (1— Atn)L"
Since 0 < n < 1, recursively applying inequality (5.18)) yields

It < (1 _ Atn)nJrlLO < e—nAt(n-‘rl)LO _ e—nt’“LlLO’ n=0,...

We use now the inequality (5.19)) to conclude the proof. To this end, let

(5.17)

(5.18)

(5.19)

Cl = min {Ui,j : ‘(I)] — Ui,j[’ = O} and CQ = Inax {Ui,j : ‘(I)] — Ui,j[’ = O}
1<i<k

1<i<k <ig
0<j<J—-1 0<j<J—-1
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Then,

From inequalities ((5.19) and ([5.20)), one obtains

J

J—1 T J—1 T
Ciazy [Wﬂ [an} < L"< Coe ™ Ay [Wjo} [Wo}, n=0,. .. N.
7=0 7=0
It follows that

J—1 T J-1 T
sz [WJ”] [W]"] < ["< Ce*”tnA:ch [I/VJQ] [WJQ], n=0,...,N,
§=0

Jj=0

where C' := C5/C. Hence, I/V]” is exponentially stable for the .2 — norm.
One of the conditions in the Corollary [3|is to show that the matrix (5.11)) is positive definite.
However, it has an alternative condition to show, which is described in the following corollary.

Corollary 4. Let T > 0 and assume that \; > 0,i=1,... mand \; <0, i=m+1,... k.
Let the Lyapunov function be given by (5.1)). If the CFL condition % maxi<i<x |A;| < 1 holds

and if there exists y > 0 such that
O+ 7 ®; — AtIIT®, I, j=0,...,J —1, s positive semi-definite (5.21)
and
IAKATY| < 1, (5.22)

with A := /P|A|, where P := diag{ P™, P~ }, then the numerical solution W' of the Cauchy
problem (4.12)),(4.13)),(4.14) satisfies

" S 677725"[107
for some n > 0. Moreover, VVJ” is exponentially stable for the I.>—norm.
Proof. The approximation of the time derivative of the Lyapunov function (3.1) under the
CFL condition % maxi<;<k |\i| < 1 is given by

Ln+1 . Ln+1 _ Zn zn —In
— 2
At At T A (5:23)
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with
Ln+1 _ Zn J-1 1T T . N
R DY <[an} [®,11+ 117 ®; — AT ®,11] [W;D , (5.24)
§=0
and
Ln—[n
T < —MOéG_HAJ:Ln
- 4T
wt" Pte rroAT 0 w+"
+ J—1 KT K J—1
W=y 0 Petti-1t A~ W
- 4T
w+n Pte Hti AT 0 W+
_ J-1 I (5.25)
W4 0 P et A~ W-=¢

where o := minlsl‘gk |)\z|

Since @;I1 + ITT®,; — AtITT ®,11,Vj is positive semi-definite by assumption (5.21]), we have

Ln+1 _ Zn

<0.
At -

In order to show that the remaining approximation of the time derivative is negative, consider

the following quadratic form

- AT
Cwe ] jarer o | (w
W] [ o AP | W
- 1T
R KLY R LS I U
wer 0 AP Wwer
4T
el a0 | (e,
W | | o AP | W
- QT
W+n_ T W+n_
| KT(\/|A]P) (\/|A|P>K I
W W
- 4T
w0 | (e,
w0 AP |
T
n +n
+ | VIAIPK I AP | T
0 0
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_ - T r 4 r - 2
wen ATPY 0 | (W wn
_ J;1 J;l " APK J7—L1 ’
w0 AP W W
—_ - T —_ - — —
B LY B PN O
w0 AP | Wy
2
-1 Wi
+ <\/|A|P> K (~/|A|P> <\/|A|P> e
0
r T
S Y I P o Y e
B w0 0 AP || Wy

2

(v s (i) vy |

n
0

where in the last line, p; > 0,1 =1,...,k, can be selected such that
w+y w+h
<\/|A|P> T =1 and T 20, n=0,...,N—1.
W= W=y
If

|(vine) & (viie) | <,

then
— — T —
w+r | |ATPY 0 Wt
wW-=¢ 0 AP~ W5
- 4T
w+" ATPY 0 W
+ J—1 KT K J-1 :
W*g 0 AP~ W*g
- T - - - 2
w"_ W w"_
<= | o mie T VIAP
| W 0 1 i W 0 | i W 0
- 4T - q - QT
w" w" W+ Ww"
_ _ J—1 |A|P J—1 + J—1 |A|P J—1 —0.
] W=y | ] W=y | I W5 | W

Therefore, by assumption (5.22)), a sufficiently small ;1 > 0 can be chosen such that

Lr— Lt

A7 < —nL" n:= uoze_”Ax,
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and then
Ln+1 —
—_—— < —nlL" =0,...,.N—1. 5.26
At < 77 7 n ) b ( )

Inequality (5.27)) can be expressed by
L™ < (1— Atn)L" (5.27)
Since 0 < n < 1, recursively applying inequality (5.27)) yields

L™ < (1= Atg)" ™ L0 < e mAHD L0 — o=t 0y — 0 N — 1. (5.28)

We use now the inequality (5.28)) to conclude the proof. To this end, let

Cl = min {Ui,j : ‘(I)] — O—i,j[’ = O} and Cg = Inax {Ui,j : ‘(I)] — O—i,j[’ = O}

1<i<k 1<i<k
0<y<J-1 0<y<J-1
Then,
CilI<®;<Col, j=0,...,J—1 (5.29)

From inequalities ((5.28)) and (5.29)), one obtains

J—1 T J—1 T
OleZ [Wﬂ [Wﬂ <L"< Cge‘"t"AxZ [WJO} [Wﬂ}, n=20,...,N.

=0 j=0

It follows that

J—1 - J-1 -
Amz [WJ"] [WJ”] <L"< C’e_"tnAxZ [I/VJQ] [WQ], n=20,...,N,

J=0 J=0

where C' := C5/C. Hence, I/Vj" is exponentially stable for the I.2— norm.

5.2 Numerical Results

In this section, we apply the numerical Lyapunov exponential stability analysis to the examples

of linear hyperbolic systems of balance laws discussed in Chapter [4]
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5.2.1 A Linear Hyperbolic System of Balance Laws with Constant

Coefficients

Consider the following linear hyperbolic system of balance laws in one-space dimension

wq 1 0 wy 15 1] [wy
) + 0, + =0, t>0, z€[0,1, (5.30)

w9 0 -1 w9 1 15 w9

with an initial condition

wi(x,0 —0.5
@0 _ , (5.31)
wy(x,0) 0.5
and boundary conditions
wy (0, ¢ 0 k wy(1,t
1(0,%) = 2 1(L1) : (5.32)
wy(1,1) kar 0 | |wa(0,1)
The solution of the Cauchy problem (5.30]), (5.31)), (5.32)) is
wy(z, 1) —0.5e~ 1t
= , xe€l0,1], t>0. (5.33)
wa(z,t) 0.5e 14
For stability analysis, the Lyapunov function is defined by
1
L(t)==(e"—e ™) e ™, t>0, p>0. (5.34)
1
The discretization of the Cauchy problem (5.30)), (5.31)), (5.32)) is expressed as
Wy wy"” At |1 0 |w™ —w ™
/i] = L — A_ b ti-t s n = 0, ey N — ]., (5353)
_U)Q;L ’IUQ? xr 0 1 ’IUQ?—’LUQ?Jrl
1,71 wy; 15 1| |wi}
Vol =Y - A Ylog=0,..,0 -1, (5.35b)
| wp Wy} 1 15| |way
- =0, J—1, (5.35¢)
-w nl 0 k wy "t
R PV n=0,.. N1 (5.35d)
_w27}+1 kar 0 w2g+1
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The discrete Lyapunov function (55.1]) for the discretized Cauchy problem ((5.35)) is defined by
J-1
L" = Ax Z [ple_’“j (w1?)2 + poet®i (UJQ?)Z} , n=20,...,N. (5.36)
=0

With the above definition, the approximation of the time derivative of the Lyapunov function

is given by
Ln—l—l —_In _ Ln—l—l _ Zn N Zn —_In (5 37)
At At At '
with
_ J-1
L" = sz [ple_‘”j ({U\I?)Q + poet®i (@?)2} , n=20,...,N.
§=0

If the CFL condition holds with
Aty <1,

where ~ is any diagonal entry in a coefficient matrix of the source term and if the choice of
parameters are

w=0.575 pr=py=1 and ks = ko =0.75,

then Corollary (3] is satisfied with the following decay rate
1 — e rhe

- .= min{| — 1|, |1]} = 1.
o= min{| = 1)1}

n=a«a
Hence, the discrete Lyapunov function (5.36]) is bounded above by
L"<e ™[ n=1,...,N,

and the error of the scheme for the Lyapunov function is shown in Table [5.1] and below.

b L =Ll [[E=L"2  p 1

100  0.018922  0.0048535 0.575 0.57335
200  0.011638  0.0030225 0.575 0.57417
400  0.008116 0.002138 0.575 0.57459
800  0.0063934 0.0017033 0.575 0.57479
1600 0.0055439  0.001488 0.575 0.5749

Table 5.1: The behavior of numerical values with number of cells, J, time 7" =1 and CFL =

1.
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b lL =L [[L=L 2 p 1

100  0.018798  0.0047198 0.575 0.57335
200  0.012462  0.0031774 0.575 0.57417
400 0.0091065 0.0023558 0.575 0.57459
800  0.0072704 0.0019062 0.575 0.57479
1600 0.0062423 0.0016541 0.575 0.5749

Table 5.2: The behavior of numerical values with number of cells, J, time T"=1 and CFL =

0.75.

From Table 5.1 and [5.2] above, we observed that the rate of decay, i converges to u and both

> and L2 norm converge to 0.

In the following figures, we have tested the stability of the system for two different values of

~ under CFL = 1 such that Aty <1 and Aty > 1.

Lyapunov function
1D T T T T T T T T T

— Upper bound
— — —Mumerical value

Figure 5.1: The log-scale of the discrete Lyapunov function for v = 15 (Ay < 1), J = 100
and T'=1 under CFL = 1.
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Lyapunoy function
I I Uplper bo?nd
—— —Mumerical value
//
"
-
4
o s
10+ s 4
s j
vE
7
4
-

] 0.1 0z 0.3 0.4 04a 0B 07 0.8 09 1
Tirme

Figure 5.2: The log-scale of the discrete Lyapunov function for v = 201 (Avy > 1), J = 100
and T'=1 under CFL = 1.

From Figure [5.1] and Figure [5.2] we observed that for the same number of cells the discrete

Lyapunov function is bounded for v = 15 and unbounded for v = 201, respectively.

5.2.2 Application to Telegrapher Equations

The discrete Lyapunov function for the discretized telegrapher equations ({4.16)) is defined by
(5.36)) and the approximation of the time derivative of the Lyapunov function is given by

(5.37).

If the CFL condition £% max{|Ai],[A2|} < 1 holds and if there exists > 0, p; > 0 and

p2 > 0 such that

;1 + 17d; — AtITT @11, j=0,...,J —1, is positive semi-definite (5.38)
and
T
ple_““])\l] 0 0 l{flg ple_“mo\)\l\ 0 0 klg
0 P2l A ko1 0 0 2! X[ | [k2r O
(5.39)
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is positive definite, then
Ln+l . zn
— <0
At ’
and _
L —rr n —uAx .
A < —nL" 0<n:=pae "> <1, a:=min{|\], ||}

In order to show that both conditions (5.38) and (55.39) hold, it suffices to show that the

determinant of every principal sub-matrix of the matrices

My M
H = , (5.40)
My Moy
with
My := 2pre™"%imy — At (pre™"977 + pae®ing3)
My := paet™ing + pre #y, — At (pre " imys + paet®inam)
Moy = 2paet iy — At (pre 73 + paet™iyy?)
and
ple_,ul"]|>\1| — k%1p2eﬂxll—l |>\2| 0 (5 41)
0 P2t [ Ag| — Kfppre H 0 Ay |
is non-negative and positive, respectively.
The determinant of the sub-matrices of the matrix (5.40)) are
2pre iy — At (pre v + paeting) | (5.42)

and

Aty prpy — 2A8% 1% prpa + AtPya pips — 40ty pipy + 40172 p1po
— e My ? + Ay P pips — 2927 pips — €T py?,

= A (1 = 72°) pip2 + 4 (0% = 72°) pip2 — 40y (1 — 12%) pupe

— (p1yae™® — PQVQBW)z ;

—ar (%2 a 722) pipz +4(1 = Aty) (712 - 722) P1p2 — (pﬂze_“mj - p272€“mj)2 .
(5.43)
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If 712 > ¥,2 and if p; and p, can be chosen such that p; = p,, then for 7, > 0 and sufficiently

small ¢ > 0,

2pre 0t .
At < ~ 1 pnr BT~y 0
BN { (pre=#+i} + paeiing) - ax{yapse™® —pre™} =0,

and the determinants (5.42)) and (5.43)) are non-negative.

Therefore, with the choice of p; and ps, the matrix (5.41)) is positive definite if k12 and ko

B B
o] < A_i and |kn| < /\—;6_’”,

Consider the following steady state solution for the telegrapher equations, which is obtained

satisfy

respectively.

by solving the system ([2.40)

I*(z 0.02exp(0.152) + 0.02 exp(—0.15x
W _ PEESE) PRI o, (s
V*(x) —exp(0.15z) 4 exp(—0.152)

with the numerical value taken from [3I]. The length of the transmission line is Im, R =

7.50hm/m, L = 10mH/m, G = 0.003S/m and C' = 0.4F/m.

We take now an initial condition for the system ([2.35]) that is a perturbation of the steady

state solution

I(x,0 0.02exp(0.15z) + 0.02 exp(—0.15x) + esin(7wx
@] p(0.152) | I
V(z,0) —exp(0.152) 4+ exp(—0.15x) + esin(mx)

(5.45)

The decoupled system ([2.42)) has the following eigenvalues
)\1 =0.5 and )\2 = —05,
the coefficients of source terms are

v = 0.3787 and 7y = —0.3713,

and the initial condition, which is obtained by substituting (5.44) and (5.45) into (2.43), is

wi(x,0) = 0.06sin(mx), wy(z,0) = —0.04sin(7rx), =z € [0,1].
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Since the equilibrium solution for the decoupled system ([2.42)) is W*(z) = 0, it is possible the

numerical solution converges to the initial condition in the sense of I.>—norm.

Therefore, the convergence of the discrete Lyapunov function for different values of p > 0 is

shown in Figure below.

w10 Lyapunoy function

==
""""" w=05 H
=075

Figure 5.3: The decay of the Lyapunov function for telegrapher equations. The choice of
parameters are p; = po = 0.6 and ki3 = koy = 0.9 with [ = 1, J = 200 and T" = 10 under
CFL = 0.75.

The three curves that are obtained for different values of 1 > 0, which are shown in the Figure
[5.3] are nearly indistinguishable. Beside this, we observed that the discrete Lyapunov function
converges to 0. This shows, in the sense of L?—norm, the Cauchy problem (4.16)), (4.17),
(4.18]) is exponentially stable.

5.2.3 Application to Isentropic Euler Equations

The discrete Lyapunov function for the discretized isentropic Euler equations (4.19)) is defined
by (5.36)) and the approximation of the time derivative of the Lyapunov function is obtained

by (537).

If the CFL condition £ maxo<j<s—1{|A1j|, |A2;|} < 1 holds and if there exists 1 > 0, p; > 0
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and py > 0 such that

;101 + ;70 — AL ®,10;, j=0,...,J —1, is positive semi-definite  (5.46)

and
T
pre " A | 0 B 0 Kki2 pre MO 1| 0 0 ko
0 P2er 1| Ag o] ko1 0O 0 P2ttt Ao s | | k21 O
(5.47)
is positive definite, then
Ln+1 _ Zn zn —
-~ <0 d —— < —nL"
N Al Ol

where 0 < 7 1= pae ™A — B < 1,

a:= min {|\;|,|A2;|}, and [f:= max {

0<j<J -1 0<j<J—1

Alj = Aljo1 A2jr1 — A
Ax ’ Ax ’

In order to show that both conditions (5.46) and (5.47) hold, it suffices to show that the

determinant of every principal sub-matrix of the matrices

My Mg
R (5.48)
Mia; Ma
with
My = 2pre iy j — At (pre™"977, 5 4 paet™ing, ),
Misj i= poe"™iay j + pre " ivyia ; — At (pre " iyi1 jmi2,j + P2e" 901 j722,5) »
Ma j := 2paet™inyyy ; — At (plewxj’Y%g,j + p2€“1j7§2,j) ;
and
pre PNy 1| — k31 paet Tt Ao 0 (5.49)
0 P2et =t [ Ag o] — kfypre 70| Ay i
is non-negative and positive, respectively.
The determinant of the sub-matrices of the matrix (5.48) are
2pre My — At (pre” "0 + paeting ) (5.50)
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and

At2’yfl,j7222,jp1p2 — 2At2711,j712,j721,j722,jp1}92 + At2”yfg,j7§1,jp1p2
— QAtVfLﬂQQ,jple + 2Aty11,j712,5721,5P1P2 — 2At711,j7§2,jp1p2
+ 2At712,j721,ﬂ22,j171p2 + 4711,;’722,3‘]71]?2

—2px; 2 2 2uxi A2 2
—e IV2,iPT — 2M12,5721,iP1P2 — €7 Y5 ;D5

= At? (V1157225 — 712,j721,j)2]91p2 — 2At (11,5 + Y22,5) (11,5722, — V12,5721,5) P1P2

s o 2

+4 (11,5722, — N12,jV21,5) P1P2 — (ple #5919, 5 — pae 3721,3') ,
. . 2

= At? (V11,7225 — 712,j721,j)2p1p2 - (p1€ Hiy1g5 — poeh W21,j)

+ (4 — 2At (’yu,j + 722,j)) (’711,3"722,]' - 712,4"721,3')]91]72-

If Y11,5722,5 > Y12,4721,5, ¥ and if p; and p, can be chosen such that

b1 V21,5
— = max q— ¢,
P2 O0sisJ=1 (M2,

then for 11 ; > 0,722, > 0,V; and sufficiently small x> 0,

2p1e M ing,
Aty < Jmax Ty, 2 iz 2 ~ 1,
<j< (pre7373y j + paeh®ing, ;)
2267939 ;
Alygg j < [Jmax —— P ~1,
<j< (pre73y ; + paet®ing, ;)

ux A
max ettt — e ~ 0
OSISZ{’szz V2P } )

and the determinants ((5.50]) and (5.51)) are non-negative.

(5.51)

Therefore, with the choice of p; and p,, the matrix (5.49) is positive definite if k12 and kop

satisfy

A A J—
|k’12| < ‘ 20 22 and |k‘21| < A ]26_”,
)\1,71 4 )\2,J b2

respectively.

For simplicity of the numerical tests for isentropic Euler equations, the steady state equations

(2.49)) are solved with gas pressure taken as suggested in [11]

P(p)=rp°, k=04, o=14.
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Therefore, for V*(z) > 0,Vx € [0, ], we follow the calculation done in [29]. The first equation
in (2.49) gives p*(z)V*(x) = a, where a constant a is chosen to satisfy the subsonic condition
and then the second equation in (2.49) becomes

Ay @O (@)
P = @ e @)

dx

With the following choices of parameters

and by setting p*(0) = 0.5, we obtain the following numerical values of the steady state by
using the help of Maple2015 [1]

p*(z) =05, V*(x)=0.6, =z¢€l0,l.

We set now an initial condition for the system ([2.45)) that is a perturbation of the steady state
solution

p*(z,0)=05+¢€ V*(z,0)=0.6+¢ €=0.01.
The decoupled system has the following eigenvalues
A1 =1.2515 and Ay = —0.0515,
the coefficients of the source terms are:
M1 =Mz =1 = Y22 = 6 X 107%,
and the initial condition, which is obtained from , is

wy(x,0) =0.023, ws(x,0) =-0.003, =z €]0,].

Therefore, the convergence of the discrete Lyapunov function for different values of p > 0

and € > 0 is shown in Figure [5.4] below.
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w10 Lyapunoy function

Figure 5.4: The decay of the Lyapunov function for isentropic Euler equations. The choice of
parameters are p; = py = 1, k1o = 0.2 and ko = 4.0 with [ =1, J = 200 and 7" = 10 under
CFL = 0.75.

The three curves that are obtained for different values of iz > 0, which are shown in the Figure

5.4 are nearly indistinguishable. We observed the convergence of the discrete Lyapunov

function to 0. This shows that, in the sense of IL2—norm, the Cauchy problem ([4.19), (4.20),
(4.21)) is exponentially stable.

5.2.4 Application to Saint-Venant Equations

A numerical boundary stabilization for the Saint-Venant equations has the same presentation
as presented for isentropic Euler equations. Thus, we will only discuss here a numerical test
on a specific example. To simplify the numerical computations, we take a constant steady
state from [23]

H*(x)=2 and V*(z)=3, z€]0,(]

with physical parameters ¢ = 9.81, Uy = 0.1 and S, = 0.0459 and initial condition for the
system ([2.54])
H(z,0) =25 and V(x,0) =4sin(rx), =z €]0,].
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The decoupled system (2.60)) has the following eigenvalues

A =7.4294 and Ay = —1.4294,
the coefficients of the source terms are:
Y11 = Y21 = 0.0992  and 715 = Y29 = 0.2008,

and the initial condition, which is obtained from ({2.61)), is:

wy (2,0 —1.8926 + 4 sin(7x
1(2,0) = (r2) .z el0,].
ws(x,0) —4.1074 + 4 sin(7x)

Therefore, the convergence of the discrete Lyapunov function for different values of © > 0

and € > 0 is shown in Figure [5.5] below.

Lyapunov function

--------- p=01
——-p=05 ||
=075

Figure 5.5: The decay of the Lyapunov function for Saint-Venant equations. The choice of
parameters are p; = 0.0992, po = 0.2008, k12 = 0.3 and ky; = 0.8 with [ =1, J = 200 and
T = 10 under CFL = 0.75.

The three curves that are obtained for different values of i > 0, which are shown in the Figure
5.4} are nearly indistinguishable for time getting longer. We observed the convergence of the
discrete Lyapunov function to 0. This shows, in the sense of I.?>—norm, the Cauchy problem

(4.22)), (4.23), (4.24) is exponentially stable.
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5.2.5 Application to Saint-Venant-Exner Equations

The discrete Lyapunov function for the discretized Saint-Venant-Exner equations (4.25)) is
defined by

J—1
L"=Az> (Wr) &,Wr, n=0,..N, (5.52)
3=0
with
w1§L pre e 0 0
VVj” = lwaf | and @; = 0 Poe M 0
w3y 0 0 p3etti

The approximation of the time derivative of the Lyapunov function is obtained by

Ln+1 . B Ln+1 _ Zn zn —In

At N At + At
where
I |
L= Axy (Wr) W7, n=0,. N, W= @
Jj=0 1’[}5?

If the CFL condition £t max{|\i[, [Az[, [As|} < 1 holds and if there exists > 0, p; > 0,

p2 > 0 and p3 > 0 such that

O+ 70, — AtITT I, j=0,...,J —1, is positive semi-definite (5.53)
and
ple_““ ’)\1’ O 0
0 P2 | 0
0 0 p3ert g
T
0 0 klg ple_“w0|)\1| 0 0 0 0 /{,'13
- 0 0 /{323 0 p2€_’“°|)\2| 0 0 0 ]C23 (554)
k31 ksa O 0 0 p3e!®7 1 Ag| | k31 kso O
is positive definite, then
Ln+1 _ Zn
-~ <o,
At -
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and _
Lr—rLr n —pAz :
T<—77L ;o 0<ni=pae™2 <1, a:=min{|\|, | A2], [ As]}

In order to show that both conditions (5.53]) and ([5.54)) hold, it suffices to show that the

determinant of every principal sub-matrix of the matrices

My My M
Myy My Mo » (5.55)
Mz Mz Mss
with
My = 2pre "y — At (p1€_“fo + poe T 7 +p3€wj712) )
My := pae™"®im 4 pre™ "9y, — At (pre™" I mys + pae "I mys + pset i)
Myz = pse!®iyy 4 pre " ing — At (pre™ "™ y193 + pae " imvs + p3e™imys)
Myy = 2pge "y — At (p1€_“$j7§ + poe HEin2 +P3€WW§) ;
Mos = pgel@ing + poe  H¥iyg — At (plef“xjvwg + poe” H gy + p3€“xj7273) )
M3 = 2pseriys — At (Plefm’,j%? + pae Mg +p3€wj7?2>) )
and
o o012 0
o123 022 0|, (5.56)
0 0 o33
with
o1 = | M|pre " — k3| As|pset
o12 1= —ks1ksa| As|pset L,
092 i= | Aa|pae "7 — k3| As|pse’™7=t,  and
033 1= |As|pse’™t — k25| A1 |pre M0 — Ky Ao|pae i,

is non-negative and positive, respectively.

The determinant of the sub-matrices of the matrix (5.55) are

2pre My — At (pre”"07 + pae '] + paelting) (5.57)
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— (7P} — 277epip2 + 1apT) € = — (12 — Yop1)® e, (5.58)
and
My My Mis
My My Mzl =0. (5-59)
Mis Myz Mss

If p1, po and p3 can be chosen such that p; = v, po = 72 and p3 = 73, then for 7, > 0 and

sufficiently small & > 0,

2pe T
Aty; < max _ P1 : L,
0<z<l (ple_ﬂxj + p2€—uﬂ€] + pge,ux])

and the determinants (5.57]), (5.58)) and ([5.59)) are non-negative.

Therefore, with the choice of p; and ps, the matrix (5.56)) is positive definite if ki3, kog, k31

A A

E, |l{331| < - ﬁe‘“l and ’]C32| < 22 Ee‘”l.
A A

72 3173 3173

Consider a constant steady state [23]

and k3o satisfy

A3
A

V3

) |k23| <
Al

A
ks | < )\—3

H*(x)=2, V*(x)=3 and B*(z)=04, z€][0,]]

with physical parameter values g = 9.81, Cy = 0.1, a = 0.0184 and S, = 0.0459 in the
system (2.63)). The initial condition [23] for the system ([2.63))

10 sin(7z)
H(z,0)

B(x,0) =0.4 (1 + 0.25exp (-%)) . xe[0,].

The decoupled system ([2.73)) has the following eigenvalues

H(z,0) =25 — B(z,0), V(z,0)= and

A = 75383, Ay =0.3430 and A3 = —1.8813,
the coefficients of the source terms are:

v = 0.1014, 4 = 0.0267 and ~; = 0.1719,
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and the initial condition, which is obtained from ({2.74)), is
[ 371179 — 1147 exp (— 000 ) o 15snn)
wy (z,0) 0.003 21-0.1 exp(— 02 )
£—0.5)2 . sin(mwx
(. 0)| = | —44.9229 4 43.0533 exp (—( —03) ) LS| e 0,1,
’ 2.170.lexp(f 0.5 )
ws(z, 0 _ _ _(x70.5)2> 133.3333 sin ()
@ 0)] | ~42.6796 — 42729 exp (gl ) + S CE |

Therefore, the convergence of the discrete Lyapunov function for different values of 1 > 0 is

shown in Figure [5.6] below.

Lyapunoy function

—=—=un=01
""""" w=02
55 --------- w=03M
1
i
1A i
3
3
i
3+ 1 d
3
E)
1
L =}
2 \
N
'\‘,\
1 Y\ )
A
Y
i} 1 P e Y 1 I i
] 1 2 3 4 5 =] 7 g 9 10

Figure 5.6: The decay of the Lyapunov function for Saint-Venant-Exner equations. The choice

of parameters are p; = 0.1014, py = 0.0267, p3 = 0.1719, k13 = 0.6, koz = 0.5, k31 = 0.15

and k3p = 0.15, with { =1, J = 200 and 7" = 10 under CFL = 0.75.

The three curves that are obtained for different values of ;1 > 0, which are shown in Figure[5.6]

are nearly indistinguishable. We observed the convergence of the discrete Lyapunov function

to 0. This shows, in the sense of L?>—norm, the Cauchy problem (4.25), (4.26)), (4.27) is

exponentially stable.
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5.3 Summary

In this chapter, we have analyzed the numerical boundary stability of some examples of linear
hyperbolic balance laws. In particular, conditions are given for the stability of these systems.
Furthermore, numerical tests have been undertaken to show the implications of numerical

analysis from analytical analysis.
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Conclusions and Future Work

In this dissertation, a linear hyperbolic system of balance laws has been considered and a
finite volume method is used in the discretization of this linear system. In particular, the
upwind scheme with splitting source term method is applied to obtain a fully discretized linear
hyperbolic system of balance laws. Beside this, an IL?—Lyapunov function is discretized and
used to investigate conditions for exponential stability of the discretized system. Furthermore,
the result was applied to some relevant physical problems such as the telegrapher equations,
isentropic Euler equations, Saint-Venant equations and Saint-Venant-Exner equations. Finally,
numerical simulations are computed in order to test the results and compare with analytical

results.

As part of future work plans, the numerical stability analysis of the nonlinear hyperbolic systems

of balance laws will be explored by using the HZ2—Lyapunov function.

92

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

Appendix A

Quadratic Forms and Definite Matrices

The purpose of this appendix is to give short summary to the basic concepts related to
quadratic forms and definite matrices. Special attention is given on some topics most relevant

to the discussion of this dissertation.

Definition 8 (Linear Form [43]). Let V = (vy,...,uv;)" be an arbitrary vector in R*. For any

vector X = (x1,...,x;)" in R¥, a linear form is a function that is defined by
k
VIX = Zvﬂi = V1%1 + -+ V.
i=1
Notation 1. /f a vector V = X in the definition above, then we have

k
XTX =) ol =|X|”

=1

Example 1 ([43]). A function f : R?* — R defined by
4.1'1 + 51’2 — 31‘3
is a linear form with X = (11, 2, x3)" and V = (4,5,-3)".

Definition 9 (Bilinear Form [43]). Let B = {b;;} denote a k x k arbitrary matrix. For all
vectors X = (x1, ... ,xk)T andY = (yy, ... ,ym)T in R¥ and R™, respectively, a bilinear form

is a function that is defined by

k. m
XTBY = Z Z b”l'zyj

i=1 j=1
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Example 2 ([43]). Given an expression

T1Y1 + 221Y2 + 4woyn + Txoys + 223Y1 — 273Y2,

its bilinear form is

1 2
Y1

XTBY: |:l’1 T 1'3:| 4 7
Y2

2 =2

Definition 10 (Quadratic Form [43]). Let Q = {¢;;} be a k x k symmetric matrix with real

entries. For any vector X = (x4, ..., xk)T in R*, a quadratic form is a function that is defined

by

ko k
XTQX = Z Z qijTiTj.
i=1 j=1
Example 3 ([43]). Consider the following expression

m% + 7:13% + 4x§ + 42129 + 102123 — 42923,

which can be written as a quadratic form

1 2 5 T
XTQX = [oy vy ws| |2 7 2| |
5 —2 4 I3

Definition 11 (Definiteness [2]). A quadratic form XTQX is said to be:
1. positive definite if XTQX > 0 for all x # 0.
2. positive semi-definite if XTQX > 0 for all z # 0 and XTQX = 0 for some x # 0.
3. negative definite if XTQX < 0 for all x # 0.
4. negative semi-definite if XTQX < 0 for all z # 0 and XTQX = 0 for some = # 0.

5. indefinite if XT(QX has both positive and negative values.

To determine whether a matrix () and its associated quadratic form X7QX are positive
definite, negative definite or indefinite by using eigenvalues of a matrix (), the following theorem

can be refereed.
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Theorem 5 ([2]). If Q is a symmetric matrix, then:

1. XTQX is positive definite if and only if all eigenvalues of ) are positive.
2. XTQX is negative definite if and only if all eigenvalues of () are negative.

3. XTQX is indefinite if and only if () has at least one positive eigenvalue and at least

one negative eigenvalue.

Example 4 ([2]). Consider a symmetric matrix

3 1 1

Q=110 2

1 20
To tell that matrix () and its associated quadratic form XT QX are positive definite, negative
definite or indefinite using Theorem |5, it is required to obtain eigenvalues of a matrix Q). Since

eigenvalues of () are A = —2,1,4, a quadratic form

3 1 1 T
XTQX = [xl T 1’3:| 1 0 2| || =323 4 22129 + 21103 + 4T3,
1 20 xTs3
is indefinite.
Definition 12 (Principal Sub-matrix [2]). Let Q = {q;;} be a k x k matrix. The m™ principal

sub-matrix of () is a sub-matrix consisting of the first m rows and columns of Q).

Example 5 ([2]). For a k x k matrix Q = {g;;}, the following are the principal sub-matrices

of Q,
d11 q12 g1k
qi1 12 413
q11 12 21 (22 q2k
[%1}7 ) g21 422 Q23| >
g21 Q22
431 432 (33
qr1  gk2 qkk

Whether a matrix @ and its associated quadratic form X7 QX is positive definite, negative
definite or indefinite can be determined using the determinants of principal sub-matrices as by

the following theorem.
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Theorem 6 ([2]). If Q is a symmetric matrix, then:

1. Q is positive definite if and only if the determinant of every principal sub-matrix is

positive.

2. Q) is negative definite if and only if the determinants of the principal sub-matrices alter-
nate between negative and positive values starting with negative value for the determi-

nant of the first principal sub-matrix.

3. Q) is indefinite if and only if it is neither positive nor negative definite and at least
one principal sub-matrix has a positive determinant and at least one has a negative

determinant.

Example 6 ([2]). Consider a symmetric matrix

2 -1 =3
Q=|-1 2 4
-3 4 9
Since the determinants
2 -1 -3
2 -1
‘2‘:2) :37 _1 2 4 :]-;
-1 2
-3 4 9

are all positive, a quadratic form

2 -1 -3 T
XTQX = [3;1 T ;1;3] -1 2 4 To| = me —2r1x9 — 62173 + 2x§ + 8roxg + 9x§,
-3 4 9 ZT3

is positive definite.
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Appendix B

Determining the Eigenvalues of Cubic

Equations

The purpose of this appendix is discuss how to determine the eigenvalues of the Jacobian

matrix of order 3 x 3, which has to do with finding roots of cubic equation [30].
Consider a cubic equation
P\) = N 4+ ay )\ + ag) + a3 = 0,
where a1, as and as are real coefficients. In order to find roots of the cubic equation, we let

Q= (3a2 — a%) and R = % (9a1a2 — 27a3 — 2a:1)’) .

O

Then the discriminant is D = Q3 + R? and if

1. D > 0 then the cubic equation has one real and two complex roots;
2. D = 0 then the cubic equation has all real and two of them are equal roots;

3. D < 0 then the cubic equation has real and unequal roots.

Thus, if D < 0 then the roots of the cubic equation can be determined by

1 1
A1 = 24/—Q cos <§«9) — 301, (B.1a)
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1 1
Ay = 24/ —Q cos (§ (0 + 27r)> — 30, (B.1b)
and
1 1
A3 = 24/ —Q) cos <§ (9+47T)> — 301, (B.1c)

R

where cos 6 = :
N /7Q3
Note that before using (B.1]) to determine the roots of the cubic equation, we need to check

that D < 0.
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