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Abstract

In this work, four finite volume methods have been constructed to solve the 2D convective Cahn-
Hilliard equation with specified initial condition and periodic boundary conditions. We prove existence
and uniqueness of solutions. The stability and convergence analysis of the numerical methods have been
discussed thoroughly. The nonlinear terms are approximated by a linear expression based on Mickens’
rule [I] of nonlocal approximations of nonlinear terms. Numerical experiments for a test problem have
been carried out to test all methods.
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1 Introduction
The general setting of this work is the 2D convective Cahn-Hilliard equation:

ug — yu(B - Vu) + e2A%u = Af(u), (z,y) € M,t >0, (1.1)
with initial condition

u(z,y,0) =u’(z,y), (z,y) € M, (1.2)

and periodic boundary conditions

0y 0y

@(—Lhy,t) = @(Ll,yat% y € (—La, Lp) and 0 <t < T, (1.3)
J J

g—;(x, — Lo t) = g—;(x,LQ,tL ve(—Ly, L) and 0<t < T, (1.4)

where

f(u) = US —u,
7 is the driving force, j = 0,1,2,3, M = (=L, L1) x (=Lo, Ly), M is the closure of M, L; and Ly are
positive constants, u® € L?(M), ¢ is a dimensionless interfacial width and B is a vector in 2D.

This equation is a successful model for the description of several physical phenomena: spinodal decomposition
of phase separating systems in the presence of an external field (e.g. gravitational, magnetic and electronic)
[2, 3, [], formation of facets and corners in crystal growth [Bl [6].

In the absence of the driving field, i.e. v = 0, the system reduced to the well known Cahn-Hilliard equation

ug + A% = Af(u), (1.5)
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which is a model to describe the evolution of a concentration field for a binary mixture [7] and phase
separation of binary liquids or binary alloys [§]. This reduced model has been studied by several authors
(see [9) 10, I1] and the references therein). In [I1], higher order schemes preserving the properties such as
energy and large time behavior are constructed. The Cahn-Hilliard equation, , admits a Lyapunov (free
energy) functional which guarantees that generically all solutions converge to an equilibrium.

The one-dimensional case of has been studied by several researchers, theoretically and numerically.
Analytical solutions have been obtained for a single interface in the presence of the driving force, i.e. v # 0,
in an infinite system [2]. The effect of this driving force on the coarsening dynamics of the one-dimensional
Cahn-Hilliard equation at T' = 0 has been studied by Emmott and Bray [3] when e = 1. They observed
that the driving force v has an asymmetric effect on the solution of a single stationary domain wall. They
also noted that the behavior of the kink-anti kink pair (bubble) depends on y~! and the separation of the
interfaces. Later, Golovin et al. [I2] demonstrated numerically that the one-dimensional convective Cahn-
Hilliard equation exhibits a transition from coarsening to chaotic behaviour as 7 increases. The presence
of the driving force elucidates a fundamental asymmetry between kinks and anti-kinks which is not present
in the Cahn-Hilliard theory [I3]. In Podolny et al. [14], the dynamics of domain walls (kinks) governed
by the convective Cahn-Hilliard equation is studied by means of asymptotic and numerical methods. The
bifurcations of stationary solutions for different values of v with € = 1 has been studied by Zaks et. al
[15]. Eden and Kalantarov [16] proved the existence of compact attractor and a finite inertial manifold
that contains it and Zhao and Liu [I7] proved the existence of optimal solutions for the one dimensional
convective Cahn-Hilliard Equation. Aderogba et al. [I8] solved the one dimensional convective Cahn-Hilliard
equation numerically using fractional step-splitting methods for v = 0.1 and € = 1. The authors observe
that the solution coarsens as t progresses and they tested numerically the transition of convective Cahn-
Hilliard equation from coarsening to an order less pattern as 7y increases, which is the behavior of Kuramoto
Sivashinsky equation.

For multi-dimensional convective Cahn-Hilliard equation, the transition to roughening and the structure of
the steady states are not well understood [3}[12],[19]. The existence of optimal solutions for the 2D convective
Cahn-Hilliard equation has been proved by Zhao and Liu [20]. Eden and Kalantarov [19] considered the 3D
convective Cahn-Hilliard equation with periodic boundary conditions and proved the existence of absorbing
balls.

It is worth noting that (1.1) together with (1.3)) and (1.4), for j = 0, leads to

// u(m,y,t)dxdy:// u®(z,y) dxdy, Vit
M M

Hence for the analysis of ([1.1)-(L.4)), it is important to assume that [21]

//M u’(z,y) dedy = 0. (1.6)

Our objective is to propose numerical techniques based on the work in [22] 23] to compute the numerical
solution of (1.1))-(1.4).

In this work, we focus on the numerical solution of the 2D convective Cahn-Hilliard equation with v = 1
and 8 = (1,1), using multilevel finite volume methods. Multilevel methods were introduced to improve
calculation speed in the simulation of complex physical phenomena while maintaining an accurate solution
[22] 23, 24, 25], 26], 27]. We construct two schemes associated with (L.1)-(1.4) based on the work of Bousquet
et al. [23]. The schemes we construct are easy to implement and are respectively called:

(a) linear implicit multilevel approximation, and

(b) explicit multilevel approximation.



Our contribution can be regarded as extension to the works of Bousquet et al. [22] [23]. Indeed, in the latter
1D advection equation is analyzed and 2D shallow water linearized around a constant flow is proposed and
implemented. In contrast, in our work we tackle fourth order 2D nonlinear partial differential equation.
One of the challenge as mentioned earlier is to discretize the nonlinear term «(8 - Vu) in a linear way while
maintaining basic properties, and as a consequence saving computational time.

For the sake of comparison, we also formulate two one-level methods associated to the multilevel methods.
One of the difficulties is to design an appropriate linear expression for the nonlinear term. We achieve that
thanks to the nonlocal approximation of nonlinear quantity introduced by Mickens [I] and Anguelov [28]. In
particular, following [29], we approximate the nonlinear term w(8-Vu) in a linear way such that the property

//u(ﬂ -Vu)udzdy =0 (1.7)
M

is constructed at the discrete level.

After the construction of new schemes, we show the existence and uniqueness of the solution. At this step,
we should bear in mind that since we are dealing with linear equations in finite dimension, existence of
solutions is equivalent to uniqueness, thus, we provide conditions under which there is one solution. Of
course, this analysis is only done for the one-level implicit scheme and easily extended to multilevel. The
third contribution of this work is the stability of the new schemes. We show that the implicit multilevel
method is conditionally stable with a region of stability smaller than one obtained from the one-level implicit
method on the fine mesh. The fourth contribution of our study is the convergence analysis of the implicit
methods. Indeed, we show that the implicit methods are first order accurate in time and second order
accurate in space. Our last contribution is numerical result that supports our theoretical findings. We
compute Lo-error and rate of convergence for the proposed numerical methods. We also demonstrate that
in all numerical tests, the multilevel methods are faster than the one-level methods on the fine mesh.

The rest of this work is organized as follows: in the next section, we recall some preliminaries and introduce
some standard notations. We also discuss, in Section 2, some properties of difference operators and the
discrete analogue of Ly space. In Sections [3] and [l we construct one-level and multilevel finite volume
methods and proved those methods are conditionally stable and conditionally convergent. In Section 5, we
present some numerical results comparing computations done by one-level methods and computations done
by the multilevel methods. Lastly, conclusions are given in Section 6.

2 Some Preliminaries and Space Discretizations

In this section, we recall some preliminaries which are helpful to our discussion and we present the space
discretization in a 2D rectangular region. To develop finite volume approximations that satisfy the discrete
analogue of 7 we first introduce some standard notations and results. We partition M into Ny x Ny
control volumes (k; ;)1<i<n,,1<j<n, of uniform area AzAy, where Az and Ay are the spatial step sizes in
the x— and y— directions, respectively. It is assumed that the partition of the domain is conform, meaning
that for two elements A and B one has, AN B is either a face, a vertex or empty set. For 0 < i < Nj and
0 S .7 S NQ;
Tit1/2 = iAx — Ly, Yj+1/2 = JAY — Lo,
so that
kij = (zic1/2,Tig172) X (Yj—1/2,Yj41/2) for 1 <i < Ny, 1 <j < No.

(x;,y;) is the centre of the (4, j) control volume, which is given by the formula

A A
(i) = (- DAa+ ==~ Li, (G- DAy+ S —Lo), 1<i<N1<j< N,



In the rest of this work, we take h = (Az, Ay). The approximate solution to the control volume average of

the true solution at t,, = nAt is denoted by u;’;, i.e.

1 . .
u ;& M//u(‘r7yatn)dxdyal <i<Np,1<j< Ny,
ki)j

where At is the temporal step size such that AtM = T, which is obtained recursively by starting with the
initial average value, ua j» given by

1 . .
U?,j = AxAy//uo(x,y)dxdy, 1<i<N;,1<j5< N,
ki,j
Define the space Hj, as
N1 No
Hp=<u= (uiyj)wez,uiyj S R| Uit Ny,j = Ui,5 = Uj j+ Ny and ZZum =0,
i=1 j=1
equipped with the inner product and discrete L? norm
N1 Nj N1 Ny 1/2
(u,v), = AxAyZZumvi,j and ||ull, = | AzAy ZZU?] ,
i=1 j=1 i=1j=1
respectively.
For u € Hj,, we introduce the following difference operators:
_ 1 n 1
Vintig = xp (Wig = tim1g) s Vipuig = 5 (Uing — i), (2.1)
_ 1 1
Vo ntiy = Ay (uij —wij-1), Viutij = Ay (Wij+1 — i), (2.2)
1
Ay pugj = AL? (Wig1,j — 24 +ui—1j), (2.3)
1
Ao pugj = A2 (Wijy1 — 245 + Ui 1), (2.4)
1
Aihui,j = A2 (A1 ptig1,; — 200w + A1 puio1 ) (2.5)
1
A%hui,j = A2 (Ao pti j11 — 280 pu; 5 + Ao pty 1) . (2.6)
From ({2.1)-(2.6]), we have
B-Vi= th + V;ﬁh, Ap=A1p+ Ay, A = Aih + Ay p Ao+ Ao Ay + Ag’h. (2.7)
The discrete analogue of the derivative of product of functions is given as follows: for u,v € Hy,
8- VZ)(Ui,jvi,j) = (Vihui,j)viﬂ,j + Ui,j(vihvi,j) + (V;hui,j)vi,jﬂ + Ui,j(vg:hvi,j)v (2.8)
(B - Vi Nuijvij) = (Vi puig)viea; + i (Ve vi) + (Vo ti)vig—1 + wi i (Vy i) (2.9)

From the definition of H;, and the discrete product rules, (2.8) and (2.9), one obtains:
Lemma 2.1. Let u,w € Hy,. Then for any vector B = (B1, f2) with 1,52 € R

N; Ny N1 N2
SO wii (B Vi i == ui (B V), )wi;.
i=1 j=1 i=1 j=1



Proof. To prove this, we use the definition of Hy,.

N1 N2 N1 N2
E E wi i (B- Vi ui ;= E E Jwi i (B Vinuig + B2 Vi yui )
=1 j=1 =1 5=1
6 N; N» N; N /6 N; Ns N; N»
1 2
= E E wi'UiJrlj_E E wi Ui | + 2 E E wijuijJrl_E E Wi, U,
A:L' »J B P P A 5 5 b P
=1 j=1 =1 j=1 Y =1 j=1 =1 j=1
5 N; No N; N» B N1 N» N; N»
1 2
= E E wifljuij_g E Wi, U, E E wijfluij_g E Wi, jUs
A.’L‘ 9, 9, 3 El A ) i} 9, 9,
=2 j=1 =1 j5=1 Y =1 j=2 =1 j=1
No N1
n B Zw S B2 Zw "
Nq,7U1,5 i, No Wi 1
A 1,] J Ay - 2,02 21
j=1 i=1
M e Wi ; — Wy T
_ }:}: Wig — Wi-1,j (2% i,j—1
=1 j=1 y
N1 Ns
== > wii(B-Vy)wiy.
i=1 j=1

We define the following discrete semi-norms and norms for u = (u; ;), 1 <i < Ny, 1 < j < Na.

1
2

1 2

fufun = { Azdy Y-S (Vi) + (Vapues)’] | (2.10)
=1 j=1
N1 N 2

Uj2.n = TAY hUq,j > .

u] AzA (Anuij)° (2.11)
i=1 j=1

[ulloc,n = ax wigl,  lalliy, = alf, + [ullj.
1<j<No

In , Vin and V, ), can be replaced by V 1h and V2 n» respectively. Using (2.10) and -, we have

1 1
ult s <4 (0 + 5z ) Dol (2.12)
and the following are obtained by direct computations
[ull < 4LiLafull3,
and

1
L (213)

Moreover, it is important to note that if u belongs to Hj,, then the discrete Poincaré’s inequality holds; this
is to say that there is 7 > 0, independent of Az and Ay such that

nllulln < [ufip. (2.14)



Remark 2.1. With (2.14), we conclude that the semi-norm | - |1, is a norm on Hj, equivalent to || - ||1,n-

The following identities and inequalities will be helpful.

e For any u,v € H,,

2(u—v,u)y = [lullf — vz + [u-

2(u—v,v)p = [luli = V] = lu—

e For z € [0, 1],

1 2I<1
5 < x.

e Young’s inequality: For any a,b € R and § > 0, we have
] 1

b< —a® 4 b2
ab < 2(1 + %

e Cauchy-Schwarz’s inequality: For N € N

N N vz /N
SN
i=1 i=1 i=1

V|3, (2.15)
vl||2. (2.16)
(2.17)
(2.18)

1/2
(2.19)

In order to approximate the nonlinear term, we introduce the bilinear map: Cy, : Hp x Hp — RN N2 ip the

form

C(w,v)ij = aifui (B - Vi )vij+vii(B- Vi i+ vig1jViuis + i Vy ui )
+ ol (B - Vi )i +vi (B - Vi i+ vie1 Vw1 Vg ], (2:20)

where «; and s are constants. We use this bilinear map to approximate the nonlinear term u(8 - V)u at

tn+1 and t, for the implicit and explicit methods, respectively.
Using (2.8), (2.9) and Lemma [2.1] we prove the following.

Lemma 2.2. For u,v € Hy,

N1 N»

S5 (Chlu,v))ijuiy = 0.

i=1j=1
Proof. For all u,v € H;,, we have

1 N2 N1 Ng
E :E :“w B V Vi) Ui = E ,E :“w )(vi,jui ;)
=1 j=1 i=1 j=1
N1 No
- E E :uw 2hum Vi,j+1
=1 j=1
N1 Nj
= *E E :“7 Vi (B Vi, ) (uij)
=1 5=1
N1 N,

- E ,E :“u zhuw Vi,j+1

=1 j=1

(2.21)

N1 N2

E ,E :“w 1h“w Vit1,j

=1 j=1

using (28)
N1 Ns
ZZUH hum Vitl,5

=1 j=1

using Lemma




Similarly

N1 N2 Ni; N2 N1 N2
E E u; (B - Vh)”w Ui, j = E E ;i3 (B - V )(ui ;) E E :u” hui,j)”i—l,j
=1 j=1 =1 j=1 =1 5=1
N1 Ns
=30 wi (Vi )vigo1.
i=1 j=1
Thus we have
N1 N2
+ + _
Y > iy [Um (B- Vi )vij+wii(B- Vi )uij+vig1 VT u +viaj+1v2,hui,j} =0
=1 j=1
and
N1 N
- + - - _
d > uiy [“m‘(ﬂ Vi i i (B Vi )uig 4 vie1,; V7 g +”i,jflv2,hui’j:| =0.
i=1j=1
Therefore, the proof is complete. O

Remark 2.2. For any d-dimensional space problem with d > 3, we can easily extend (2.20) such that an
analogous of (2.21)) holds. That is

d
Cr(t, 0)iy iz, ig = 01 [un,z‘z,--- ia (B VI iy g i Vi oo i (B Vi Wiy i i+ Y 0t Vi iy iy ,idl

s=1

d
0 Wiy iy g (B V3 Wi i ia F Vi i (B Vi Wiy iy i+ D Vs Vo iy iy ,z‘d] :

s=1

where Vst = Viy oo i 41, igs JOr s =1,2,--- ,d and is is the position of the vector at the sth coordinate.

Lemma 2.3. For u,w <€ H,,

N1 Nz N1 Nz
§ § A1h A1 hu'L] Wi, = § § A1h ulj A1 h(wl,j)
1=1 j=1 =1 5=1

Proof. For all u,w € H;, we have

N1 N2 N2 Nl

1 1
DY AApuw; = 1> A7 Wity = Ui+ i) wig — 22 A (Uitlg = 20 + Uin15) Wi
=1 j=1 j=1 Li=1
N, 1
+ At Uiy — 215+ Uiz,j)wz‘,jl - (2.22)
i=1

. . N N N .
From the periodic boundary conditions, > ;™ w;; = > ;0 wi—1; = > ;1 Ui+1,; for each j =1,..., Ny and

hence (2.22)) yields

Nl N2 N2
DY AnAvpu)wi g =Y
i=1 j=1 =1
N2 N; 1
=3 (Arpuiyg) <A$2 (wi-1,j — 2wi; + wz‘+1,j)>
j=11i=1
N1 Nj

= ZZ(Al,hui,j)(Al,hwi,j)~

i=1 j=1

N
1
Z A 2 (A1 puij)wi-1,; — QZ A 2 (A1 pui, )wi "’Z Az 2 (A1 pui)wis,

=1




Lemma [2.3| also holds when one (or two) of the operator(s) A; , is (are) replaced by Ag .

Lemma 2.4. For u,w € H,,

N1 N2 N1 No
Z Z Ai(ui’j)wiyj = Z Z Ah(ui’j)Ah(wi,j).
=1 j=1 i=1 j=1

Proof. For any u,w € Hj, using (2.7)), we have

N1 N2 N; No
Z Z A, (ui ) wiy = Z Z Th+H ALRAsn + Ao p Ay + A3 ) (wi )] wi
i=1j=1 i=1 j=1
N1 N» N1 N, N1 N,
= Z Z Aq pui j A1 pw; 5+ Z Z Ao pui j A1 pw; 5 + Z Z Aq pui iAo pw;
i=1j=1 i=1j=1 i=1j=1
N1 N»
+ Z Z Ao pu; A pw; ;  using Lemma [2.3]
=1 j=1
N1 N2
= ZZ(ALhUi,J‘ + Ao pui ) (A1 pwij + Ao pw; ;)
i=1j=1
N N2

= Z Z AhuiﬁjAhwi,j.

i=1 j=1

The following lemma will be used later.

Lemma 2.5. Foru € {u= (u);j,u; € R| wisn, j = Wij = Ui j+N,, §,] € L}, the following inequality holds
true

Jul?

Proof. Using (2.7)), for u € {u = (u); j, ui; € R| wiyn, j = Uij = Ui j1N,, i, J € Z}, we have

(Apu,u), = (A pu+ Ag pu,u)y

N1 N2
-3y [Um,j = i i1y Wi = 2 g
Ax? Ay? J
i=1 j=1 Y
Ni N2 N1 N2
_ ZZ Uit1,5 — Ui,j 2 :2 : Uij — Ui—1,5 w
Az? Az? J
=1 j=1 =1 j=1
i,j+1 — Yig %,J w 1
+ E E ( )um g g ( )Uw (2.23)
=1 j=1 =1 j=1

Using periodicity, we obtain

N1 Na Wi i — Ui i Ny Na Wi i — Ui i1 2
e 9) B (=) I ) pf (G RS

i=1 j=1 i=1 j=1



Using Cauchy-Schwarz’s inequality, we have
[ulf ), =< [|Anulalulln = [ulzn]uall-
O

For u € H;,, Lemma and Young’s inequality implies the existence of 7, positive constant independent of
both Ay, and Az such that

nlul1,n < a2, (2.24)

3 Omne-level Finite Volume Methods

In this section, we present two traditional one-level finite volume methods: namely implicit finite volume
method and explicit finite volume method. The existence, uniqueness and convergence of solution for the
implicit method are proved and stability analysis is examined for both schemes. For both methods thirteen
point stencils are used to approximate -7 as shown in Fig. The introduction of these classical
schemes is important at least for three reasons:

(a) comparison with multilevel methods;

(b) these schemes that are categorized as classical present significant challenges for their analysis as we will
see;

(c) the analysis of these schemes will shed lights in the analysis of multilevel methods.

3.1 Implicit one-level finite volume method

The nonlinear term w(B8 - Vu) at t,11 is approximated linearly using the bilinear map defined in section

(2.20)), and is given by

[w(B - V)] [ ~ (Calu™,a™), ., (3.1)

where 0" is the approximation of u™*!, given by
" = aju” +apu"t Fazu" i 4 4 aput T (3.2)
where mg € {1,2,...,n} and ay,as,..., and a,,, are coefficients that determine the approximation with

3(ag + az)(ar + ag + -+ + am,) = 1, ensuring consistency of the approximation. For m < mg — 1, the term
a" is given by the relation

a” =u™. (3.3)

We approximate the nonlinear term on the right hand side of (1.1)) at ¢,,+1 by a linear second order accurate
in space as follows:

Af(u) ?jl ~ Vf (90?_1/2,]'V1_,h“?,j1) + V;h(@Zj—l/QV;,hu?,;—l)' (3.4)
where
n B ;) + f'(ufy ;) d on _ frud;) + f'(uf;q)
Pi—1/2,5 = 2 and ©; ;_1/2 = D) .

Lemma 3.1. For u”, v € H;,

N1 N»
— 1 — 1 1
Azdy > S [FE Py Viatid ) + VL0l o Vit )| it < w13 .

i=1 j=1



Figure 1: Finite volume discretization in 2D

Proof. For u™,u"*! € H;,, applying Lemma we have

N1 Ny
AmAyZ ZVI (2 12, \) hu"+1) ntl | V2 h(c,oZ =12 A\ hu";rl)uz"?
i=1 j=1
N, N»
=~ Axy >3 [y (Vi 4 81y (V)2
i=1 j=1
N1 Nso
= —*AxAyZZ [ (g ;)?) (Vipui D + (W) + (uil;1)?) (Vo uif)? }
=1 j=1
N1 Ns
+ A:cAyZZ [ fhu?;rl + (vghunjl) }
=1 5=1
N1 Ny
< Asdy >3 (Vi + (Vo] =
=1 j=1

O

The fourth order derivative is discretized using the central difference method and combining together with
(3.1) and (3.4), the implicit one-level finite volume discretization of (1.1])-(1.4) is given as follows:

n+1 n

i, J - U/L) j n "”n/ n n — n

= Al L — Cp(u™th ") + 2 Afu +1 V1 w(Pis12,;Vipus M+ vy (‘Pi,j—l/2v2,hui,jl)a (3.5a)
U? = l"l‘Nl;] = 1J+N2 (35b)

ul i = Aa:A // x)dxdy. (3.5¢)

Remark 3.1. It is worth noting thanks to (2.20)), that (3.5a])-(3.5c|) is a linear system of equations, while

(1.1)-(1.4) is nonlinear.

10



Before discussing some qualitative properties of the solution of (3.5a))-(3.5¢), we first address its feasibility.
Theorem 3.1. If At < 42, then the approzimate solution u™ of (3.5a))-(3.5d) is unique.

Noting that Equations (3.5al)-(3.5¢)) is a linear system in finite dimensional space, its existence is equivalent
to uniqueness of solution [30]. Thus, we only show that the approximations u',u?,...,u™ satisfying (3.5a))-

(3.5¢), are unique.

Proof. For n = 0,1,2,..., M, let v"* and u™ be two sequences of solutions of (3.5a)-(3.5¢) with vy = up.
Let z" = u” — v" and clearly z° = 0. We shall prove by induction that z" = 0 for all n = 1,2,..., M. We
observe that z"*! is a solution of

1 ~n n ~n n
Kt(zﬁfl —205) = (Ch(u™*h,a"); j+H(Cr (v, ¥™))i j + AR
= Vih(¢?—1/2,jv1 hu” ) +V3 W@t Vol i
- vih(w?—l/ljvl RY znj_l) + v27h(¢i,j—1/2v2,hvi,;_l)v (3.6)
fori=1,---,Ny,j=1,---,Ny and

W) + fl(o N :
?_1/27j: f('U ,j) 2f (U 1,3) and d)ﬁj_l/Q: f( ) Qf( - 1).

By induction, we assume that z" = 0 and we want to show that z"*! = 0. It follows then that

n“ — At (Cp (2", 0"))i ; + Ate®Afz n+1 = At [v1 W (P12, Vi n2 M+ V3 wW(@lio12Vanzls M-
(3.7)

Multiplying 1) by AtAxAy Z?ﬂ and summing the resulting equalities for ¢ = 1,..., Ny, 7 = 1,..., No,
with help of (2.21)) and Lemma we obtain

1 2
lz" 117 + At52|zn+l|§,h = —AtAxAyZ Z [‘p;ll/ZJ( 1 hzz] D2+ ©p i 1/2(V2 hZT?gH) )
i=1 j=1

which after the application of Lemma gives

12" 17 + Ate?|z" T3, < Atlz"TH . (3.8)
Applying Lemma and Young’s inequality, (3.8) implies that
At
(1= Sl <o (39)
At
For 12 < 1, we get
212 < 0,
Therefore, z" ! = 0. This completes the proof of uniqueness, hence the existence of solution. O

With the existence of solution being conditioned, it is quite clear that all possible results will be under at
least the same condition, that is At < 4¢2. About the stability of the method (3.5a)-(3.5d), we have the
following theorem.

Theorem 3.2. The finite volume method defined by (3.5a)-(3.5c)), is conditionally stable in L>°(0,T;Hp),
that is, for At <e? and 1 <n < M,

2T
a2 <22 ||u°|3.

11



Proof. By multiplying (3.5a) with 2AzAyAt u?jl and summing from ¢ = 1 to Ny and j = 1 to No, we
obtain

[ = (a7 + o™ —ut[ff + 24t e®(ARu T ut ),
Ny N
= 20zAyALY Y [th(ﬁ"?fmdvih“ﬁl) + Vih(ﬁjfl/zvih“z;l)} upit. (3.10)
i=1 i=1
Using Lemmas and together with (3.10]), we have

[ R = [+ o = a4 28t 0", < 28t u" T, (3.11)

Due to Lemma [2.5] Young’s inequality and dropping the term |[u"*! —u"||?, (3:11) gives
At
P < e,

which is re-written as follows

At
[lzgz

} a2 < un 2. (3.12)

Based on (2.1

-~

At 1
, for 52 < > (13.12)) gives
3

2A¢
[u ;<2 € flu”3.
By induction over n, we obtain

2n At 2T
a7 <2 & [’} <22 [u’|.

Therefore, the proof is complete. O
Remark 3.2. Starting with and Lemma one has
TG = a7 + e = u ([} + 28t [u 7, < 248 u 7, (3.13)
Hence, we obtain
[ U7 + 288 (%” = 1)[u T, < [l (3.14)

from which one deduces that if € is big enough, then

[ < a7 < w7 R < - < )]
This alternative stability result requires both that At < 4e2 and the viscosity constant € big enough.

Theorem 3.3. Suppose that the solution u(xz,t) of — 1s sufficiently smooth.
Assume that At < min(4€2, c), with ¢ given by (3.43)), independent of Ax and Ay.
Assume that At, Ax and Ay satisfy the relation (3.45)).
Then, the solution of the finite volume discretization ‘@— converges to the solution of the problems
— in the discrete L?-norm with rate of convergence O(At + Ax? + Ay?).

12



Proof. Fori=1,...,Nyand j=1,...,No, let

n 1
Vi = m//u(%y,tn)dfﬂdy,
ki]‘

be the cell average of the exact solution u of (L.1)-(1.4) at time ¢,,, for 0 < n < M, on the cell k; ;. Since u
is smooth enough by assumption, (hence at least continuous on [—Lq, L1] X [—Ls, Ls]) we let

= t)|. 3.15
§ 7L1S:L’SL1,*HLl?)S{ySLz’OStSTM(Z,y7 ) (3.15)

Also, the smoothness of u gives

vl :u(xi,yj,tn)—l—(’)(Ax?—l—AyQ), 1<i<N;,1<j<Noand0<n<M.

0]
Making use of Taylor’s expansion (see Appendix |Al), we obtain

n+1 N ()

Ui ! Ui .
W = we|}; + O(At + Az® + Ay?), (3.16)
Ajulh = APl 4+ O(At + Az® + Ay?), (3.17)
v;h(w?_%,jv;hv;jﬁ) + v;h(ng_%v;hvgjl) = Af(u)]}; + O(AL + Az® + Ay?), (3.18)

and
(Ch(@™,0"))i; = (a1 — ag)(a1 + ag + -+ + amy ) (Az (u)[7; + Ay (u)[7;)

1
+ 5((11 —ag)(a1 + az + -+ amg) (AT (wuge) |7 + Ay (wuyy)li ;)

+3(a1 +az)(ar + az + -+ + am) (u (B - V)u)[7; + O(At + Az + Ay?). (3.19)

One observes that the numerical scheme is first order accurate when oy # s and it is second order accurate
in space if a3 = ag, from which (3.19) gives

Cr™5™)is = (W(B - V)W), + O(At + Az® + Ay?). (3.20)

In this study, we consider the case a1 = as to obtain second order accurate method. Combining (3.16])-(3.18))
and (3.20]), we obtain

n+1 n
S (G 8" + A = VL, VEent) + VE W Vet + i,
Vi = ﬁAy [y, w0 (@, y)dady,

(3.21)
where i 18 the truncation error of the finite volume discretization for0<n<M-1,1<i<N
and 1 < 5 < Nj. There exists a positive constant ¢; such that

%a%qr;y <e(At+ AP + Ay, 0<n<M—1,1<i< N, 1 <5< Ny (3.22)

Let e =v™ —u",0 <n < M, where ufj is the solution of (3.5a))-(3.5c)). Clearly e™ € H;, and €® = 0.
Substituting u;'; = v'; — ef'; into (3.5a)), and using (3.21]), we obtain

1,7 1,7
+1
u_(c ( n+1 ~n_~n))‘ . 2A2 n+1 _er ( n V* n+1)+v+ ( n vf n+1)
AL h(€ U —€7))ij TERRE ;= Vip\Pio1 i Vit 2,p\Pi 51 Vo i

3 _ ~

#h | (30 ety oy ) = S + (€, Vil + (G080,
3 _

+ V;h [(3(1}% ery+uilireljo1) — 5[(6%)2 + (er_l)Q]) szhvﬁ'l} +ri, (3.23)

13



where

. i) + 1o ) . J'(wiy) + (i)
Vil = . D) = and Vij—1/2 = : B .

Multlplymg ) by 2A¢ A:v Aye o ! and summing the corresponding equalities for ¢ = 1,...,N; and
j=1,..., Ny, together with and Lemmas u and |3 ‘ we obtain

le™ 15 — lle™ |7 + lle"** — e"Ilh +2Ate?|e" T, < 2Atle™ T,

Ni N2
— n+1 n+1 n o .n n n - ,nt+lo—
—6AtATAY Y [ riers Uity eia ) Viuis Vi eers (el oty el 1) Vo vt Vg e

=1 j=1
N; Ns

n \2 n 2 — n+lvv— n+l n \2 n 2 — n+lyvv— n+l

+3AtA$AZU§ E [[(ei,j) + (i1 ) IV ol Vel +(ed)” + (€8 -1) Va0l Vo er] }
i=1 j=1

+ 2At(C’h (’Un+1, én), e"+1)h + 2At(r", e"'H)h

7
=> In. (3.24)
m=1

We estimate each of the terms I, ..., I7 (3.24]) as follows:

N1 N,
I2 S 6AL 122)&1'”1]‘ 122}](\] |v1 hUz]| AmAy ZZ|61]||V1 h6n+1|—|—|62 1]Hv1h Z;rl
1<j< N> 1<j< N, i=1 j=1
(3.25)
Since u is smooth then there exist constants ¢y and c3 such that
12111251%1\V1hu ' < ¢y and  max, \VQhU 1'<e3 Wn=0,1,--- ,M—1.
1<G<N, 1<j<Ns
Thus,
NN 1/2
I, < 12scy Atlle™||n | Az Ay ZZ l_he"'H) (3.26)
=1 j=1
In a similar way, one obtains
N N 1/2
I3 < 12sc3 At|e" ||, | Az Ay ZZ ;he"H) . (3.27)
=1 j=1
Combining (3.26]) and (3.27]), and applying Young’s inequality, we obtain
252 6421 n|2 n+1(2
[2 + 13 < 6 At 51 ||e Hh + 61 |e 1,h | > (328)
where ¢4 = max{co, c3}.
N1 N
Iy <3cy At | Az Ay ZZ [(er)Q + (€1 ;) Ve he"Jr1
i=1j=1
NN 1/2
< 6cs Atfle" aonllelln [ Az ay SOS (Vo2 ] (3.29)
=1 j=1

14



Similarly, we get

NN 1/2
I5 < 6c3 Atlle™ oo nlle™n | Az Ay Y Y (Vy,erth)? . (3.30)
i=1 j=1
Adding (3.29) and (3.30), one obtains
L+ 15 < 6vV2 ey At ||e"[loo,n [[€" |1 [+ 10
c
<38t (Z e+ dale e e 1) 31
From the definition of the bilinear map C},, we have
(Ch(vn+17én)’en+1)h
N1 N2
= Az Ayazz [ B ver e e BV "“ + e ijhU +éi11Vs, hvf;rl} e;f;fl
=1 j=1

1 2
+ Ax Ayazz [ g . Vi )er +ér (8- Vi ”‘H +eér ]V£h1}2j‘1 +é;_1Vs hv”“} e?j'l. (3.32)

=1 j=1

We now estimate each of the terms in (3.32).

N1 N2 Nl N2
Az Ay Y o B Vyer) et = —Ax Ay Y > e (B V)i et
=1 j=1 =1 j5=1
< (e +c)l|&" [nlle™ I + V25 [|&"|ln [€" |1,
= cs )@ [lnlle™ln + v2s [[&"[|n " |1, (3.33)
where c5 = ¢y + c3.
N1 Ny N1 Ny
AzdyY Y& 8- Vvl et < max [(B- Vi) ot | Ar Ay YDl fer!
i=1j=1 152N, i=1 j=1
N1 N,
< | max |V] hU"HH— max, |V2 hv”“ A:UAyZZk ||e"+1
1<i<Ny
1<j< N 1<]<N2 i=1 j=1
< sl € (|nlle™ |- (3.34)
N1 Ny N1 Ny
1 1 1 1 1
AxAyd N {eHlJthv”* + e Vs, hvfj}e?j <  Jax IV or | Ae Ay Y O el ler S
i=1 j5=1 1<j< Ny i=1 j=1
N1 Ny
+1 +1
+  fnax Vi Wi AxAyZZ &7 541l e
1<5SN, i=1 j=1

< eall@™[ulle™  n + cs[le [nlle” [

= c5 /18" [|nle™ " |n- (3.35)
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In a similar fashion, we obtain

AMyZZv"H Vi &) et < esl|& lalle™ M n + v2s 187 n [€"H |1 pe (3.36)
i=1 j=1
N1 Nso

A Ay > 3@ (B Vol el < el ulle™ - (3.37)
i=1 j=1

" (3.38)

1 2
Av Ay Y S (e Vit + e Vol et < esl8 e

=1 j=1

Combining the inequalities from (3.33])-(3.38)), and using Young’s inequality, we obtain

8s2a? . 36c2a?, _,
e+ 8 ] + A e e 1] (329)

2At(ch(’l)n+17én)7en+l)h < At [

Finally, using (3.22)) and Young’s inequality, we obtain

AEREE 16L2L2c2 > 0
(", ey = Awdy 3 Y Triyent!t < S (At Aat 4 Ay?) 4 e R (3.40)

1=15=1

Thus, from (3.28)), (3.31)), (3.39) and (3.40)), we get

2 2.2
e}~ "1 + 2te%en 11, < 280 2 + 6 At (2L 17 461 fo" 11, )

421 n n n+1)2 8s%a? ~n|(2 n+1)2
+ 3At 52 ™17 + d2(le™ 1% n €T, )+ AL 3 16" |7, + dale™ |7

16At L2123
+ — L2 LAt 4+ Ax? + Ay?)? 4 At dslle™ |2,

36c2a? | _, "
"6 + sl ] + L0AL
3

+At[

which after using (2.13)) and applying Lemma and Young’s inequality gives
At(2+4 657 + 6 2s2¢2 2
R [1+6 at (254 )] el
1 2

[1-At(d5 + 65)][le"F[I7 + Ate?|le" 3 ), < 122
3Atds | ., " 2s 9t | \-n 16At L3L3c3
AxAy”e 12 |e +1|ih + 4At o [5 + 555} lle™ || + T”(AtJr Az? + Ay?)?. (3.41)
Using (2.24), (3.41)) gives
[1— Atcllle™ 7 + Aten?le" T, < (1+ Ateo) [le” |5 + Ates|le™ (|7 + Arny I I le™ 1T
+ Ater (At + Az® + Ay?)?, (3.42)
where
16 L3 L3c3 (24661 + 04)* 2s2c3 2 252 9c?
=121 =548t cg=6 = =4a? |+ 2
C7 5 , € 3+ 05+ 12 Cy 5 + 5, ) C8 o 5 + 5
For 1
At< —=c¢ (3.43)
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then it follows from ([3.42)) that

n n C n ~Nn 3At 52 n n
le™ |7 + Ate?le T, < 457 [(1 + Atey) e[, + Ates 6" |7, + le™ 17 le" 3,
AzAy
+ Ater(At + Az? + Ay2)2]. (3.44)
Now for
38
A:UQAC; [(At+ Az® + Ay?)?] < %5277247% exp(—Tcw), (3.45)

where c19 = cg +mg Acg and A = > |a;|?, we prove by inductive method that

1 -
le™ 7 + S Aty e T, < 4%t [(1 + Atcg) [l€”|[7; + Ates||&"[[7 + Ater (At + Az® + Ay2)2] . (3.46)

For n = 0 from (3.44]), one obtains

3At 0o
AzAy

le'|ls + Ate*n?le![F ), < 42¢¢ {(1 + At(cg +cs)) [|€°]7 + €17 |3 1| + Ater(42F€) [(At + Az? + Ay?)?],

and hence,
le'||Z + %At£2n2|e1 Th <A [(1+ At(co + c8)) €017 + Ater(At + Az? + Ay?)?],
which is for n = 0. Now suppose that is true up to the order n—1. Thus, for s =0,1,...,n—1,
les L2 + %At52n2‘es+1|ih <48C (1 + Ateg) ||€°]|7 + Ates||@®]|7 + Ater(At + Az? + Ay?)?] . (3.47)

It is now remaining to treat the term ||€°[|7. For s < mg —1, it is clear from (3.3)) that |&°||, = ||e®||,. Thus,

(3.47) becomes

1
le**H7 + SAte™n?|e [T ), < 451 [(1+ At(eo + cs)) [le” [} + Ater(At + Az + Ay?)?] . (3.48)

It follows from ([3.48)) that

Hes-&-lni < gAte [(1 + At(cg + ¢g)) ||e8||}21 + Ater (At + Ax? + Ay2)2] .

After s + 1 iterations, we get

S

|e3 T2 < gAtls+l)e [Atc7(At + Az% + Ay*)2) (1 + At(co + 08))7} . (3.49)

Jj=0

For the case s > mo — 1 and mq > 1, it follows from ([3.2)) that

mo
18%1n <> Jail[|€° 7 |n,
i=1

which by Cauchy-Schwartz’s inequality gives

le°; < A[Ile“’lli e R+ et (3.50)
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Hence, (3.47)) gives

e+t 7 <480 | (1 + Ateo) lle* 17 + Ates A(fle |2 + e 7 + -+ + e+ )
+ 488 [Ater (At + Az? + Ay?)?] . (3.51)

It follows easily that

max{ o™ 7. o .. e 3} < 43 (1 4 Ater) max{ le* [, e .. e~ 2}
+ At e (At 4+ Az? + Ay?)?|. (3.52)
which after s — mg + 2 iterations gives
max{ e | 72, .., e~}
< 4NN (1 Aty max{ e R, e 2R, 7}
s—mo—+1 ]
+ Ater(At+ Ax® + Ay?)? Y (1+ Atclo)]] . (3.53)
J=0
Combining (3.49) and (3.53)), we get
les 1|2 < 4ls+DAte [At cr(At+ Aa? + Ay?)2 S (1 + Atcm)ﬂ}
§=0
14 Ateyp)*t —1
= 4(s+1)Atc [AtC7(At+ Az + Ay2)2 ( + 010) )}
Atclo
< glsthAte exp((s + 1)Atcyg) [%(At + Az? + Ayz)ﬂ (3.54)
and
85712 < mg A4BTDA exp((s 4 1) At 1) [?(At + Ax? + Ay2)2} ) (3.55)
10

fors=0,1,...,n—1.

Going back to (3.44)), and using (3.54) we obtain
e |2 + Ats%ﬂe"“\%h <gAte {(1 + Atcg) ||€™]|2 + Atcg|é”|? + Ater (At + Ax? + Ay2)2]

3Atd2 . as c7 2 242
3B ynate g A STAt+ A2+ A ] nt12
AcAy exp(nAtcig) 010( t+ Az + Ay®)*| [e" T[T,

which by ([3.45) gives

1
le" 7 + Ate*n?le T, < 45 [(1 + Atcg) [l€™ |7 + Ates|&”[|7; + Ater(At + Ax® + AyQ)Q] + S At .
Thus, we have

1
e 2 + 5At;s%f\e"“ﬁh < 4Ate [(1 + Atco) [|l€||? + Atcg||e™||2 + Ater (At + Az + Ayz)Q]. (3.56)
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Using ([3.54)) and ( - gives

e]|2 < 4™A% exp (n Ateig) [CCTZ

< 47 exp(T c1) [C%(At + Az? Ayz)Q], (3.57)

(At + Az? + Ay2)2]

forn =1,2,..., M. Thus, it follows from (3.57) that
le"|[n < C(AL+ Az® + Ay?),
for constant C' independent of At, Ax and Ay. This completes the proof. O

Remark 3.3. The assumption At < 4£2 in Theorem is to ensure the existence of solution for (3.5al)-
(13.5¢). It is worth noting that the convergence result Theorem s conducted for ay = as. The case when
a1 # ag is treated in the same way but the rate of convergence will change.

3.2 Explicit Finite Volume Method

In this section, we approximate the solution of (|1.1)) using an explicit finite volume method:

n+1 n
u ul7 j n n n n — n n - n
i,j N L — (Cp(u™,u™))i; + 52Aiui7j = th(%_l/ljvl’hui,j) + V;"h(gai,j_l/QVQ’hui’j), (3.58a)
Uiy = ULN G = U Ny (3.58b)
1
U?J' = AmAy//uo(x,y)dxdy, (3.58¢)
Ki,j

forl<n<M-1land1<i<Nj;,1<j <N, (3.58) is explicit, hence the solution u™ is computed at each
time step. One important feature of this scheme is stated in the following.

Theorem 3.4. We assume that the following are satisfied for some §,0 < 6 < 1:

1 1\ _1-6
At (Az2 + AyQ) = 642’ (3:59)
1 1
16At (AQ + A) < e2on*(1 - 6), (3.60)
T2A¢L 4 1 1 —2T
roe (ol o+ o (g + s ) W) 101 < oo () (360

where a1 and ay are the constants in (2.20). Then the finite volume method defined by (3.58]) is L>(0,T; Hy)
stable in the following sense:

At nAt T
||u"||2<exp( < <o (P50) 1ol < e () IPn = 12w
At - M —n)At T
B Y o (MY o, <o (1) i
n=0

Proof. To prove this assertion we use the approach of Temam [31]. Multiplying || by 2AtAzAyul
and summing the equalities for ¢ = 1,..., Ny and j = 1,..., No, together with (2.16), (2.18) and Lemma

we arrive at

R — = a4 At 2h<exp( )n 2. (3.62)
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Now we have to estimate the term [|u”*! — "||h By multlplylng ) by 2AtAzAy(u] ”H —uj;) and
adding the corresponding equalities for i =1,..., N7 and j = 1,. NQ, we obtain

2lu™ ™t —u™||? = 2At(Cp(u”™,u™), u" ™ —u"), — 2At52(Ahu”, Ap(u™t —u™))
N; Ns

—20tATAY Y Y [‘P?fl/z,jvih“ﬁq Vin(up) = uiy)
=1 i=1
N1 N

20828y 3D |tV Van (- uly) (363)
i=1 i=1

Using (2.18) and (2.19)), we majorize all the terms on the right hand side of (3.63)) as follows:

At? 1
284 (0" u) w ) < T (o + a2 "+ - (364
1 1\’ 1
—2Ate? (Apu™, Ap(u"T —u™));, < 64t At <A2 + A 2) ™3, + ZHU”Jr1 —u"?;  (3.65)
N1 No
—2AtAxAyZ Z [(@?—1/2,jv1_,h“?j1>vl_,h(“zn,j_l - u:la) + (‘pﬁj—lﬂvihu?jl) V;h(uzljl - U?J)}
=1 1=1
144At2 1 1 n|4 4,12 1 n+1 n|2
< s (o + oz ) IR+ I =l
+ 16A¢ (A 5+ 1 2) u”|? ), + Z\|u L u"?. (3.66)

Thus using (3.64)-(3.66), (3.63]) becomes

ot < BB o o+ 0120 (5 ¢ 5 )
Aligit; (Atz + Alyz) [ u™ £ ), + 16427 (Alx2 + A1y2) "3 s
which by gives
= < S0 el + A0 B
+ Aljiit;z (A; + Alyg) [l [ ™[, + 16A¢> (Alﬁz - A1y2> " (3:67)

On substitution of (3.67) back to (3.62)), we arrive at

" At n " 1 1 "
I e (55 ) I + Aretoiu’ 2 < 1606 (57 + 507 ) o

36At2 2 4 L 1 n|2 N2 4472
+ AzAy {(|Oé1|+|oz2|) + Ariy (Ax2 + Ay2> lu ||h} ™ [I7 0™ 1 -
(3.68)
Using ([2.24) and (3.60), (3.68)) gives
n At n
e e (55 ) I+ AretoPla
36A¢? 2 4 1 1 S
< AzAy <(|oz1 + |az])” + Ariy (Am2 + AyQ) |u |h> [ a"1 5
(3.69)
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We then need to show by induction on n, that
At At "
e e < o (5 ) (3.10)

For n = 0, from (3.69)), we obtain
[t + At

At 36At? 4 1 1
<o () Il + T ol el + o (5 + s ) IR I

which with (3.61)) leads to

At At
Il + e < e (55 ) IR

which is (3.70) for n = 0. Assuming now that (3.70]) is true up to the order n — 1, this is to say that for
s=0,2,...,n— 1, we have

s At s sAt
ucll < exp (5 ) et ond ol < exp (257 I (3.71)
Using (3.71)) in (3.69)), one obtains

At
e+ AP < e (5 ) ol

36At 2nAt 2 4 1 1 0112 0Nn2i..n12
+ o e (2220 [l oal? 4 o (g + o) I | IR

which by (3.61)) gives
At At
1 + e < e (55 ) I + e

re-written also as follows
e+ e < o (5 )
We then have
e < e (5 ) I - G
<o (25 ot = Gt e (55 ) ot - S

At
2
3A¢ At 2A¢ At At

22
At
_ 2t 222

n+1)At At At\
< oxp (D) oyt = Srerst Yo (080

s=0
Hence we get

s)At n+1)At
et 4 Sl ZZexp( Yt < e (PR

Therefore, the proof is complete. O
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4 Multilevel Finite Volume Approximation

Multilevel methods were introduced to improve calculation speed in the simulation of complex physical
phenomena while maintaining a good level of accuracy, see [22], 23, 24], 25, 26] 27]. This section is an
application of the work presented in [23], in which the shallow water equations is analyzed. Here, we are
concerned with the two dimensional convective Cahn-Hilliard equation —. We formulate in the
spirit of [23] two methods approximating —, namely: implicit multilevel finite volume method and
explicit multilevel finite volume method. These new methods are next studied thoroughly and comparison
by stability and CPU time with the associated one-level methods discussed in section [3.1| are established.
To make this text self-contained for the reader, we recall below the multilevel finite volume approximation
as described in Bousquet et. al. [23].

Here N; and N, are assumed to be divisible by 3. Let NY, NY and My be integers such that 3Ny =
N1, 3N = Ny and AtMy = T. We discretize M into fine meshes and coarse meshes. The fine mesh consists
of 3NY x 3NY regular cells (Kij)1<i<ano,1<j<sng of uniform area AzAy.

The coarse mesh consists of NN control volumes (Kl,m)lglng,lgmgNg of uniform area 9AzAy, where

Kim = (Z31-2-1/2, T3m+1/2) X (Y3m—2-1/2, Y3m+1/2)-
We denote the approximate solutions on the fine grid by u; j, 1 <i <3N}, 1 < j < 3NY. The approximation
on the coarse mesh is given by
12
Uim =5 > usiasm-p 1 SIS NP, 1<m <N,
«a,B=0

and the incremental unknowns are given by the relation
ZSlfa,Smfﬂ = U3l—«,3m—F — Ul,m- (41)

Let p > 1 and ¢ > 1 be two fixed integers. We discretize (1.1 on the fine mesh by using time step At/p and on
the coarse mesh by using time step At. We assume that n is a multiple of ¢ + 1 and (u?’;)1<i<3n9,1<;<3N0

are known, where u;'; is an approximation of the average value of u over k;; at the grid ¢ = nAt, for

i=1,....3N{,j=1,...,3NY. Forr =0,1,...,pand s = 1,2,...,q + 1, we let u"/"/” be the approximate
solution of the mean values over k; j at time t,,4,/, = nAt +rAt/p for i = 1,...,3N{,j = 1,...,3NJ and
Ul";s the approximate solution of the mean value on the coarse mesh Kj,, at time t,4s = (n + s)At for

I=1,...,N and m=1,...,NJ.

4.1 Implicit multilevel Finite volume Method

For 0 <r <p—1and 1< s <gq, the following multilevel scheme is used to discretize (1.1)-(1.4).

ﬂ(uﬂ{r(rﬂ)/p _ uz;rr/p> _ (Ch(un-‘r(r-l—l)/])’ ﬁn-H'/P))i’j + £2A2 n+(r+1)/p

At I M
+ _ + 1 + — +(r+1
= Vih(@lif//zp,jvmuzj' Dy 4 VZh(ﬁjf{I/)sz,hU% e, (4.22)

Un+s+1 _ UnJrs
lm

L (O (U™, o

))l,m 4 EQAghUn+s+1

At Lm
= vfgh(¢7j1s/2,mv1_,3hUﬁnts+l) + V;r,:m@228—1/2V2_,3hUl7,lnt8+1)a (4.2b)
n+(r+1)/p _  n+(r+1)/p _  n+(r+1)/p
U 5 = Uisno T YNy o (4.2¢)
UZ%SH = Ulﬁi\}qéﬁ:n = Ulr,l;fz\}g’ (4.2d)
1
U?J- = AxAyv//uo(x7y)dxdy7 (426)
ki
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where 1 <7 <3NP, 1<j<3NJ1<I<NY 1<m< NS and

wirsp STV Py F) + S )
Yi-1/25 = 2  Pig-1/2 = 2 ’
s FOrhy + U, T FUr) + £ )
1-1/2,m 2 ’ l,m—1/2 2 .

The multilevel discretization consists of alternating p steps on (4.2a) with smaller time step At/p, from ¢,
to tp4+1 followed by ¢ steps on (4.2b)) with time step At, the incrementals being frozen at t,41 from ¢, to
tntg+1. Then, using (4.1), we can go back to the fine mesh for p steps from ¢4 411 t0 tpnigto.

Since (4.2)) is a succession of linear equation, the existence and uniqueness of solution follows the existence
and uniqueness of solution discussed in section [3] Theorem

Theorem 4.1. The multilevel method defined by the equations (4.2a))-(4.2€)) is conditionally stable in L>°(0,T; Hyp),
that s, if At <e? and 1 <n < M, then

2T
I [ < 2% |15

Proof. By multiplying 1' by Q%AxAy u?j(rﬂ)/ P and adding the corresponding equalities for i =
1,...,3NY and j = 1,...,3NY, after the application of Lemmas and we obtain

At 2At
e e L e e L Vel L R CR)

And then using Young’s inequality and Lemma (4.3) yields

e N e 1}
DE
Thus we have
At
|1 5] I < e,

At 1
Based on (2.17]), for 5 22 < > we have

DeE

2A¢t
a0 < 2% e 2
After p iterations, we obtain
a7 < 2% a7 (44)

We now perform ¢ iterations on the coarse grid, , using time step At and the relations . At time
tnys = (n+ s)At,2 < s < g + 1, the incremental unknowns Z; ; are frozen at time (n + 1)At¢. Multiplying
by 18AtAzAy U[”;;SH and adding the equalities for [ = 1,..., Ny and m = 1,..., NJ, together with
emmas [2.5] and B-I] and Young’s inequality, we obtain
A

t
[T, — [T, + [U™ 5 = U™, < U4,
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Thus we have

At
2e2

1
1—}HU“”H§<MV“@M

1
Using ([2.17)), for —2 § , we have

[UPHsHL2, < 2% US| 2,.

From the definition of the increments Z3l a3m—p We have
+ + +1 0 0
ugl soc?)mﬁ Uns Z;,ll a,3m—pB° 1SZSN1,1SmSN27

Taking the sum over o and 3, we get

2 2

Z Iugltsa,3m—,8|2: Z |Ul7,L+S+Zgl+a 3m— [3|2_9‘Ul1?+s‘2+ Z |Zgll+o¢3m [3|2

«a,B=0 a,B=0

For s =1,...,q+ 1, the following relation holds

1
=5 = O3, + 12

By adding ||Z"||? to both sides of inequality (4.5) and using (&.6), we get

2At
R < 2 S e,

After ¢ iterations, and using (4.4]), we have

2At (g +1)

e E <2 e Jlun);,
By induction over n, we obtain

2nAt 2T

|2 <2 2 |uf)? <22 |u2.

This completes the proof.

Theorem 4.2. Suppose that the solution u(z,t) of (L.1)-(1.4) is sufficiently smooth.

Assume that At < 4e2, [4.9), and (4.14) are satisfied.

Assume that At, Ax and Ay satisfy (4.11

o, f=0,1,2.

Then, the solution of the finite volume discretization ({4.2a)-(4.2¢]) converges to the solution of (1.1) in the

discrete L?-norm with rate of convergence O(At + (3Ax)* + (3Ay)?).

Proof. Let n is a multiple of ¢ + 1. Let

n+T/p // JJ 'Y, n+r/p)dwdy7

be the cell average of u at time bygr/p ON the cell k; j for 1 <i < 3N{), 1<j5< 3N20, 0 < r < p. Denote

s = max |u(z, y,t)].

—Li1<w<Li,—La<y<Ls,0<t<T
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Making use of Taylor expansion, we obtain

n+(r+1)/ n+r/p
U — U
4,J 4] (Ch(vn-l-(r—i-l)/p ~n+r/p)) . €2A2 n+(r+1)/p vfh |:wn+’f’/PVf n+(r+1)/p

At/p hY 4,J i—L.j 1,nYi J
n+r —  nt(r+l n+r
4 v;r’h [1/1 /Pv2 h g ( )/P] 4 sz /P’ (4'7)

where TTLH/p € H, is the truncation error of the finite volume discretization ([4.2a)) for 1 <i <3NP, 1 < j <
3NY. There exists a positive constant ¢; such that

At
max|7’”+r/p| <c <—|—A3:2+Ay2> ,1<r<pand <1<i<3N,.
i.j,n D
Let €"17/P = ¢ +7/P —u"+7/P where u; i /P i5 the solution of ({.2a). Substituting u"+r/p vrfjr/p e"jr/p
in (4.2a), and using (4 , we obtam

Tt )/p _ ntr/p

s s n+(r ~n-+r ~nr n+r+1 et (r .
ij A ) — (Ch(e Hr+D)/p grtr/e _ gnt /p)) +e2A2¢ e — (Ch (™ +1)/p gn+ /p))w

3
+r +r +r + +r + — +(r+1
Jrvih KS(UZ /p e /p +Uzn 1§p eZL 17:§p) 5[(671 /p) + (e?_;;p)z]) V] 0 :J ( )/p]

n—+mnr n—+rmr n—+mnr n—+rnr 3 n—+rmr n—+rr —_ n T 1
+ v;,h {(3(%; /v ei,;’_ /v +“i7;i{p 6@‘,;{1)) - 5[(6 j /p) + (e j /p) ]) v2h z,j_( " )/p]

4 Vih (@n%—r/l)v n+(r+1)/p) + v;h ((pn-&-r/ﬁvg he?”tj'(r-‘rl)/P) + Tn-‘rr/P (4.8)

0

Multiplying (4.8) by %8?’;(7%1)/’) and summing for i = 1,...,3NY and j = 1,...,3NY, together with

(2.15) and Lemmas and we obtain

I T e e T I P G T

2atAzay A 3
X y n+r n+r n—+r n—+r n4+r n+r — n-+ r+1 — n+ T+1
) [( I A ) = S ) Vil O] e
=1 j=1
3N 3NY
QAtAZ‘Ay - 2 n+r n+r n+r n+r 3 n+r n+r —  n4(r+1 —  n4(r+1
Z Z /P 7,] & +U i,j— {p ezg {p) 5[(6 0,7 /P) + (6 1,5 — {p) } v2,hU1,J ( v V2,hei,j( v
=1 j=1
LN(Ch(vm(m)/p, gty entran/py, | 2B nir/p gnt(ra)/p),
sing the approach 1mplemented on the proot o eorem |3.3f we deduce in the fine mesh taking
Usi h h impl d h f of Thy ded in the fi h taki
Ate < g, (4.9)
then
3AL §y 451€

1
len DR 4 , Ate?p?lem IR, < le™ /P et PR,

- pAzAy

At At At (At 2
pase (1 20 pereriop g Sy Sor (S s a) | o)

For

36 At S|
27 (p + A2+ Ay2> < et exp(—T cw), (4.11)



as shown in Theorem we obtain

1
eI 4 o AtttV

Atc
— At At At (At ?
<4 p <]_ + Cg) ”enJrT/PH}QL + ﬁ“érﬂrr/])”% + —c ( +A1’2 +Ay2> , (412)
p p p p
which after p iterations gives
n+1(2 Ate ni2 At 2 2 2
eI < 487 exp (At o) [le” 7 + At er et Ay ] (4.13)
In a similar way for 1 < s < ¢, and being on the coarse mesh and for
1
Ate < 3 (4.14)
we get
n+s 1 n+s c n+s onts
[E™H=43, + §At€2n2IE TR g AR (14 Ateg) [[E™F2[I3, + Ates[|ET |13, + Ater(At + (3A)° + (3Ay)2)2],
(4.15)

where E"T* = Y7t — U™ and T"** and U™ are exact cell average and numerical solutions on the
coarse mesh, respectively. For n + s < mg — 1, we have

B3, < 42 exp (At (co + cs)) |[E" 13, + At er (At + (3A2)° + (3Ay)2)2], (4.16)

As we said at the beginning of this section, the numerical increments Z; ;’s are fixed between steps n + 1
and n 4+ ¢q + 1 and therefore for 1 < s<gq, 1 §Z§N{) and 1 SmSNS,

n+s+1 _ n+1 _ - n+1 n+1 _
ZSlfa,Bmfﬁ = Z317a,3m7,3 =Ug_a,3m—8 " Ul,m , a,B=0,1,2
Using (4.1)), we have
n+s+1 _ n+s+1 n+s+1
€3l—o¢,3m—6 - El,m + CSl—a,Bm—B7
where
n+s+1 _ n+s+1 _ n+s+1y n+1
<3l—o<,3m—[3 - (U3l—a,3m—[3 Tl,m ) Z3l—oz,3m—/37

is the difference of the numerical increment from exact increment. It is clear from the definition of increments
that

2 2
n+s+1 n+s+1\ __ n+1 _
2 : (U3l—a,37n—,3 - Tl,m ) - § : ZSl—a,3m—B - O’
a,=0 «a,B=0

2
and hence Z (;thi'gmiﬁ =0. Asaresult fors=1,...,q,
a,3=0

2
n+s+1 2 _ 9 En+s+1 2 n+s+1 2 4 17
Z eBl—a,Sm—,B - l,m + Z CSl—a,Bm—ﬂ : ( : )

a,=0 a,B=0
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Multiplying (4.17) by AzAy and taking the sum for [ = 1,..., NY and m = 1,..., N3, we obtain
le™ =47 = B3, + ¢+

We now estimate the term ¢"***1. From the definition of increments for u € H;,, we have

Ul,m = U3l—«,3m—pf + O(Al‘ + Ay)a
from which

TZ;SH — vgltf;gm_ﬂ = TZ;S — Ugltsaﬁm_ﬁ + At O(Az + Ay).

Hence

STl = (T L At O(Ax + Ay).
(14.20) gives

IC IR = 1€ 5|17 + At O(AE (Az + Ay)?),
which with the application of Young’s inequality, (2.18]) gives
IC" TG < ICMFRIIR + Atern (At + Az + Ay?)?,

where ¢11 is a constant independent of At, Ax and Ay.
Combining (4.16)), (4.18) and (4.21)), we obtain

e R < 4% exp (At (eo + cs)) [[le" 1} + At erz (At + (382) + (38p)%)?),
which after s iterations gives

|e" 52 < 42t Cexp (Ats (cg + cg)) [He”'|r1 |7 + At scip (At + (3A2)2 + (3Ay)2)2],
where c12 = max{ey, 42 exp (—At (co + cs)) c11}. Together with (#.13)), (4:22) becomes

" T H[7 <4Bt TV exp [At s (cg + cs)]

+ At scio (At + (3Ax)% + (3Ay)2)2] .

Since mgA > 1, it follows from this inequality that

€5 +L2 < 4At G+ e o (AL (s + 1) e10) [Henuz £ AE(s 1) ern (AF+ (3A2)2 + (3Ay)2)2}.

Thus, after n iterations, we get

exp (At c10) {He"H,QL + Ateys (At + Az? + Ay2)2]

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

|entsth||2 < 4Bt(Fstheoxp (At (n+ s+ 1) (c10)) [At (n+s41)cia (At + (3A2)2 + (3Ay)2)2] . (4.23)

For the case n + s > mg — 1, we have

IEEH S, < 455 (1+ Atco) B3, + At Acg 45 [HE”“H?)h BT, 4+ IIE”“””““H%;L}

+ At crp 48°(AL + (3A1)° + (3Ay)%)2,
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which implies

max{ B, BT L < 48 exp (At ero) max{ B, BT, BT, L

+ At e 4287 (At + (3Az)% + (3Ay)?)2. (4.25)

Using (4.18)), (4.21)) and (4.25]), we obtain

max{ e I, ., flen o2 ]
< 48 oxp (erg) max{ [le" ¥, e T, . flen TR R 4 Atery 4M9(AL + (3A0)° + (3Ay))2
< gAtnts=mote oxn [At ¢r9(n + s — mg + 1)) [ max{”emo_l”i, le™ 2|2, ..., ||eOH,2L}
+ AL (n+ 5 —mo + Derz (At + (382)° + (38y)%)?). (4.26)

Using 7 and induction on n, one obtains
o™} < 4309 exp [n At (c10)] [+ Aers (At + (38A2)° + (38y)2)]
< 4T¢exp [T (c10)] [Tc12 (At + (3Az)% + (3Ay)2)2}, (4.27)
for n =1,..., M. Therefore, we have
le™[n < C(AL + (3Az) + (3Ay)%),
where C' is a constant independent of At, Az and Ay. This completes the proof. O

The rate of convergence depends on the mesh size of the coarse mesh.

4.2 Explicit Multilevel Finite Volume Method

For 0 <r <p-—1and1 <s<gq, we discretize (1.1)) using explicit multilevel finite volume method.
PO ) (o ) A

+ R + - ntr

= vih(ﬁa?—lr//;ijh“Zj ’ /p) + v;h(wzy‘j{izvzhuyﬂ' 7/1))’ (4.28a)
Un+s+1 _ UnJrs
I = (Can(UM U)o+ SAG U

At

= vi3h (¢?j15/2,mvi3hUl’rfjnjs) + V;3h(¢;;il/2v2ighUl"?;S)~ (428]3)
n+r/p _ n+r/p  _  ntr/p
Wij = Wipan0; = Y j43NQ (4.28c)
+s _ _ et

Ulm” = Ulyjrl\??,m = UlT,LmiNg’ (4.28d)

1
w5 = Auny / / u’ (2, y)dwdy, (4.28¢)

[

where 1 <7 <3NY, 1 <I< N, 1<j<3Nyand1<m< NJ.
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Theorem 4.3. We assume that the following satisfied for some §, 0 < § < 1:

1 1\> 1-6 .
32At<Ax2 + Ay2> < 923 min{p, 81}, (4.29)
16At (Al 5 Al2> < £20m*(1 — &) min{p, 9}, (4.30)
pfwAAty ((|a1| + o] + AfAy (Ai,;z + Alyz) |u0||i) lu7, < £26%0% exp (_SQQT) : (4.31)
o (ol e + gt (5 + 5oz ) IR ) IIR < e (30). )

Then the multilevel method defined by the equations (4.28a]) - (4.28¢)) is L>°(0,T;H},) stale in the following
sense:

At nAt T
u”|2<exp< ) a1 < <exp< > ||u0||2<exp< ) |lu)|?, n=1,2...,M,,  (4.33)
e?
At
D < exp (D50) R =120, (134)
pe?

Proof. To prove this theorem we use the approach discussed in Theorem We assume n is a multiple of
q+1. Multlplymg m by 2At AmAyunJrT/p and taking the sum for i = 1,...,3NY and j = 1,...,3NJ
together with (| and Lemma ﬂ, we obtain

At At
P a0 e g Sl <o (S5) R (439

To estimate the term [[u" T +1/P — u"+7/P||2 we multiply ([:28a)) by 2AtAxAy( n+(r+1)/ - ur-l’“/p) and
summing from i = 1 to i = 3N{ and from j = 1 to j = 3NY, we find

n T n-—+r 36At2 n—+r n—+r 64At2 1 1 ? n—+r
[u D/ gt /p||i < mﬂaﬂ + |a2|)2||u * /pH%Ju * /pﬁ,hJF 2 (sz + Ay2> 54|u * /p|§,h
144A¢2 1 1 . N 16A82 (1 1 i
s (e 5 ) e R S0 (4 ) R
Using (4.29)), we obtain
n T ’I’L T 36At2 n n—+r At n—+r
a0 R < B (o + sl [ 4+ SR =

16At 2 i,

At? ( 1 1

s+ g ) I

(4.36)
On substitution of (4.36) into (4.35)), we get

Dl 4 ettt < exp () It
p pe?

36A¢2 2 4 1 1 n+r/p||2 n+r/p||2|y,n+r/p|2
vl L R el e L o |

29



Using and (4.30)), we obtain

DI = exp () ol + St
pe? p '

36At? 2 4 1 L +r/p||2 +r/p |2 |yt /P2
_ n-r n-+r n—+r < O.
e el taa - e (s ) I 1] I o, <
(4.37)
In a similar fashion, from (4.28b)) together with the assumptions (4.29)), (4.30)) and (4.32]), we obtain
At
e e ) L e i
g2
N ) 4 1 1
< Un+m 2 Uner 2 Uner 2 .
< o [l loal® + g (G + 5oz ) 1O 1| IO U™ R,
(4.38)
Now we need to prove the following by induction on n
At At
[ VPR 26 R < exp ( > [+ 7P|7, for r=0,1,...,p 1, (4.39)
2p pe?
n-+s A n-+s At n-+s
[Um T RO g < o () UV N fors=12a ()
We first show (4.39) and (4.40) hold by induction on r and s when n = 0. We first show
At = (p—1—r)At At
ol + =ttt ey () o < e (2 ) (4.41)
For n = 0, the relation (4.37) becomes
At At
e+ St v < oxp (2 I
p pe?
At? 4 1 1
36———— 2 o2 | a2 a2
#3050 (ol foal) + o (5w + g ) PR B2 Rl
(4.42)
For r = 0 using (4.31)), we get
At At
bl + e < e (5 ) Il
Let us assume that (4.41)) holds up to r — 1. From the assumption for s =1,2,...,r — 1, we have
w27 < [lat =077
and
At
/|2 < 20 a2 4.43
7l < oo (25 ) Il (4.43)

The relation (4.42)) becomes

A At
Jat o2 1 A2 <o ( ) 7|2
p p5

At2 2rAt 2 4 1 1 on2e 0112 14.7/P|2
w303 (250 (ol a4 o (G + 5z ) 10°IR] IR N2
AN, At )
< exp <pé_2) [[u"/P|? + 55252772\11 3., (4.44)
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which shows us that (4.39) is true for n = 0. From (4.44]), we have

At , At
o'+ 22 2Zexp( SO W < e (5 ) IR,
which implies
At
Il < e () Il (4.45)
We then show (4.40) by using induction on s for n = 0. From the definition of U, we have
1013, < "3 (4.46)
For s = 1, from (4.29)), we have
2 A 1 252, 2 2
0?3, — exp U5, + Ate??? U T 5

4At2 2 4 1 1 12 112 12
~ Ay |l +loaD? + g (5o + 0z ) 10| 1030 < 0.

Then using and ( -7 we have

At
10?2, — exp ( ) [0 2, + A2 (U2,

4487 24t 2 4 1 1 0 0
_ 24t . |
AzAy exp( e2 > [(|a1| +laz))” + 81AzAy <Ax2 + Ay2> [u ||h:| [Nk 1an <0, (4.47)

and using (4.32)), we arrive at

A At
02 + SR U R < exp () 101
We now assume that (4.40) holds true up to the order ¢ — 1, that is
A At
O3, + -2 n* [UT 12 5, < exp (fs ) O3 (4.48)
and we observe that
s+1 A s
U2, < exp |U%|2,, for s=1,...,q— 1. (4.49)
From (4.38) and (4.49) together with (4.32) we obtain the result. Thus using (4.1 and (4.6, we find
At
[us |2 < exp ( ) [u®||z, for s =0,...,q.

Now suppose that (4.39) and (4.40]) holds up to the order n. Using the same approach as in the case n = 0,
it can be easily proved by induction on r and s. Hence, (4.39)) and (4.40)) hold for any n = z(q + 1), where
z € N+.

Therefore, the proof is complete. O
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Remark 4.1. By the subscript 3h, we mean the discrete operators, discrete morms and semi-norms are
applied on the coarser discretization.

Remark 4.2. To compare the stability regions of the explicit finite volume methods, we use % on the fine
mesh and At on the coarser mesh as discussed in this section.

o When p <9, the multilevel method has the same region of stability as the one-level method on the fine
mesh but smaller region of stability than the one-level method on the coarse mesh.

e When p > 81, the multilevel method has the same region of stability as the one-level method on the
coarse mesh but smaller region of stability than the one-level method on the fine mesh.

o When 9 < p < 81, the multilevel method is less restrictive than the one-level method on the fine mesh
and more restrictive than the one-level method on the coarse mesh.

5 Numerical Simulations

In this section, some numerical simulations of the 2D convective Cahn-Hilliard equation, , with specified
initial condition and periodic boundary conditions at some values of T" are presented. All the results are
computed in a matlab platform using Windows 10 Intel CORE i3, 6G RAM PC and the parameters are
chosen as: o = ag = %,p =5and ¢g=38.

For the one-level finite volume methods, we use the following temporal and spatial step sizes

e One-level method on the fine mesh (Fine): time step At/p and spatial step sizes Az = Ay.
e One-level method on the coarse mesh (Coarse): time step size At and spatial step sizes 3Az = 3Ay.

For the implicit one-level method, @" is given by the relation:

~MNn

u" = (u"—i—u"‘l), form=1,2,..., M —1.

N | =

Similarly for the implicit multilevel method, for a non-negative integer m and n = m(q + 1), we use the
following approximations:

ﬁm(q+1)+r/p — % (um(q-‘rl)-‘rr/p + um(q+1)+(7-_1)/p> , for r = 1,... p— 1,
amletl) — u_m(q-irl)7
grlet+s _ % (Um(Q+1)+s i Um(q+1)+sf1) fors—=1,....q,

and for both implicit methods a° = u®.

To test the numerical methods, we consider the exact solution

2 2
u(z,y,t) = sin (?) sin (Zy) cos(2mt),

where L1 = Lo = L = 3, from which the source term is obtained on substitution of . As shown by Fig.
it is observed that the numerical results obtained using the multilevel finite volume methods are close to
the results obtained from one-level methods on the fine mesh as compared to the one-level on the coarse
mesh. There is no need to plot u versus y because of the similarities with u versus x.

Tables [T}2] show that we can save more time using the multilevel method as compared to the one-level
methods on the fine mesh. From the numerical simulations, it is observed that all methods are second order
accurate in space and the solutions obtained from the multilevel methods are intermediate between the ones
obtained from one-level methods on the fine mesh and on the coarse mesh.
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Method | Az(= Ay) At Lg-error | CPU time | Ly Rate
0.2 0.01 0.0518 1.032
Fine 0.1 0.0025 0.0131 15.134 1.9594
0.05 0.000625 0.0033 1232.888 2
0.2 0.01 0.3947 0.150
0.1 0.0025 0.1128 0.272 1.5661
Coarse
0.05 0.000625 0.0291 3.822 1.8806
0.025 0.00015625 | 0.0073 159.934 1.9607
0.2 0.01 0.0518 1.341
Multilevel 0.1 0.0025 0.0279 4.643 0.8927
0.05 0.000625 0.0098 271.597 1.5094
0.025 0.00015625 | 0.0027 | 15701.626 | 1.8598

Table 1: Convergence rate, CPU time and Ls-error for some values of spatial step sizes and At for the
implicit methods at 7" = 0.01.

Method | Az(= Ay) At Lo-error | CPU time | Ly Rate
0.2 0.0002 0.0441 1.765
Fine 0.1 0.0000125 0.0112 73.639 1.9773
0.05 0.00000078125 | 0.0031 | 10267.945 | 1.8532
0.2 0.0002 0.3749 0.571
Coarse 0.1 0.0000125 0.0983 2.079 1.9312
0.05 0.00000078125 | 0.0249 117.542 1.9810
0.2 0.0002 0.0449 0.469
Multilevel 0.1 0.0000125 0.0143 10.725 1.6507
0.05 0.00000078125 | 0.0043 723.252 1.7336

Table 2: Convergence rate, CPU time and Ls-error for some values of spatial step sizes and At for the
explicit methods at 7" = 0.001.
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Ay = 0.1, At = 0.0000125 at the cells with centre y = 0.15
and T = 0.001.
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(d) w versus z obtained from implicit methods when Az =
Ay = 0.2, At = 0.01 at the cells with centre y = 0.3 and
T =0.01.
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T = 0.001.

Figure 2: Numerical results for some values of spatial step sizes and At.



6 Conclusion

We have extended the work of [22] 23] in two directions: first, we have considered a nonlinear equation in
which the nonlinear term has been linearized following Mickens’ rules. Secondly, we have shown that the
method can be adapted to higher order partial differential equations. In this paper, four numerical methods
have been presented and analyzed. The implicit methods discussed here are linear and easy to implement.
Existence, uniqueness of solutions for the schemes formulated are discussed and detailed convergence analysis
of implicit schemes is furnished. We compare the multilevel methods with the one-level methods by means
of stability, convergence and CPU time. It is shown that the multilevel methods are faster than the one-level
methods on the fine mesh. We also study the stability of these schemes which allow us to make a classification
based on region of stability. But as the numerical experiments reveal, comparing these schemes only with
the stability is misleading, hence the CPU time is good indicator for a classification. From the convergence
analysis, it is proven that all the methods are second order accurate in space and it is validated by numerical
experiments. Our future plan is to extend this work to Navier Stokes equations and its variants.
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Appendix A Taylor’s expansion about v},

In this section, we prove the Taylor’s expansion given by (3.17)), (3.18)) and (3.19)). Note for simplicity that
we omit [, on the expanded terms (right hand sides of each equations).

Proof of (3.17).

To find the Taylor’s expansion of the approximation of the fourth order derivative, we use the relation

2 1 2 1 1 1 2 1
Ahvﬁj = Al,hUZj + A2,hA1,hUZj_ + AlthZhvﬁj + AQ,hU;t;_ . (Al)
It is clear that

A%hv;f;rl = Ugpzze + O(AL + Az?).
Ag,h”ﬁjl = Uyyyy + O(AL+ Ay?).

We only find the Taylor’s expansion of the second term of the right hand side of (A.1)) and hence the
expansion of the third term can be obtained accordingly. Using central difference approximation, we have

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
Uit —2ul T s — 2w = 2w T ) (s = 2wl T
A A n ) > —1, > > —1 ) — ) — —1y—
v +1 ( i+1,5+1 4,541 i—1 ]Jrl) ( i+1,j ,] i—1 j) ( i+1,5—1 i,7—1 i—1,j 1)
2,hE1,RY; 5 — .
' “J Az? Ay?
(A.2)

Then applying Taylor’s expansion, one can verify that

Ag,hALhUZjl = Ugayy + O(AL + Az? + AzAy + Ay2), (A.3)
and
Ay p Aoy 0] T = Uyyan + O(AL+ Az” + AzAy + Ay?). (A.4)

Therefore, we conclude (3.17)).

Proof of (3.18]).

- n 3 ( :fll, Z—'H) 3 n n
vih(l/’?—%,ijhUijl) = By ((’Uzn+1,j)2 - (Uznfl,j)Q) JA—x] + 9 ((szj)z + (U?fl,j)z) Alﬁvi,j+1 - Al’hvi,;rl'

(A.5)
Clearly Al,hUZjl = Uy + O(At + Ax?). Making use of Taylor’s expansion, we obtain

3

IAL? ((vﬁl’j)2 — (U?ﬁlyj)2) (U”H — U"H) = 6uu§ + 3Azuu, gy + O(AL + A:E2)7

it+1,5 4,3
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and

N Lo

((U;fj)z + (vi"_Lj)Z) Athfjl = 30U Uyy — BUULUL, + O(AL + Ax?),
which give

VIR Vo) = 6uul + 30 s — s + +O(AL + Az?).
In a similar way, we obtain

(%nj_, ;hvlnjl) = 6uu§ + 3uPuyy — uyy + +O(AL + Ay?).

Combining (A.6) and (A.7]), we obtain (3.18)).
Proof of (3.19).

We recall that

«
n+l ~ny  _ %1 n+l ~n .+l ~n n+l ~n n+l ~n
Cr(0"",0"); 5 ~ Az ['Ui+1,jvi+1,j Vi—1,5Y m“ + A [ Vit1,jYi,5 — v’ 1,5Vi— 1]]
a1 oL e n+1 a2 oL on n+l ~n
+ Ay[ i,j+1Vi 541 — ”U” 10 zy + 7Ay[ i,j+1Yi.5 *Uz',j—ﬂi,j—l]-

Then applying Taylor’s expansion, we obtain

n+1l ~n n+1l ~n

v U — U, U, A
i+1,5Yi+1,5 i—1,j74,] =cy [3uum—|— xuum—l—Axu ] —l—O(At—l—Am )
Ax 2
and
n+1 ~n n+l ~n
1,V — Vil1Vi21 Ax
Yit1,5Y%,5 sz Rl R [3uux—7uum Az u? ] + O(At + Az?),
where
co=a1+az+ -+ amg-
Hence
aq 1 ~ 1 ~ 1 ~ 1 ~
F[ sz:rl J zn+1 g Y +1,] Zj] + F[ znj_l ]UZJ -y +1 ]U;n 1,j] = 300(041 + 012) Uy
A
ZCO (1 — @) Uty + Azco(ag — an) u2 + O(At + Ax?).
In a similar way, one obtains
aq 1 ~ 1 ~ 1 ~ 1 ~
Iy[ Vi OV O] + fy[ P00y = Vi O8] = 3co (an + ag) uuy
Ayc
+ y2 20y — Q2) Ulyy + Ay colar — ag)u + O(At + Ay?).

Combining (A.9) and (A.10)), we obtain ([3.19)).
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