
Idiosyncratic and Aggregate Risks, Inequality and Growth

Yoseph Getachew∗,a

aDepartment of Economics, University of Pretoria, Pretoria, South Africa

Abstract

The paper disaggregates productivity shocks at a firm level into idiosyncratic and
aggregate risks, and studies their impacts on inequality, growth and welfare. It
develops a growth model with human capital and incomplete insurance and credit
markets that provides a closed-form solution for income inequality dynamics. We find
that uninsured idiosyncratic risks are the most important determinants of inequality,
growth and welfare. They are the source of nondegenerate wealth distribution. A
lower weight of these shocks leads to lower steady-state inequality, higher growth
and welfare. A redistribution of income that serves as social insurance against such
risks increases welfare and decreases inequality. But, it also decreases growth by
distorting individual consumption and saving decisions.
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1. Introduction

Idiosyncratic and aggregate risks play an increasingly important role in macroeco-
nomics. In business cycle literature, two questions dominate the debates surrounding
them. The first concerns the welfare effects of business cycles. In an influential ar-
ticle, Lucas (1987) argues that the welfare gain from eliminating business cycles is
very small. Subsequent important work has challenged Lucas’s findings. Particularly,
Atkeson and Phelan (1994), Storesletten et al. (2001), Krebs (2003), Turnovsky and
Bianconi (2005), and Krusell et al. (2009) criticize his method of focusing on aggre-
gate shock and document a substantial welfare cost of business cycles after taking
into consideration idiosyncratic shocks.
The second issue concerns the source of business cycles. Initially, Lucas (1977)

disregarded the microeconomic explanation for aggregate fluctuations (such as em-
ployment and output variations) invoking the law of large numbers. Subsequently,
however, multiple mechanisms were identified that could defy the "averaging out"
of individual shocks.1 Long and Plosser (1983) laid the foundation with their work
focusing on idiosyncratic disturbances as the source of business cycles through a
propagation effect that is generated across sectors. A number of empirical studies
followed that showed that both idiosyncratic and aggregate shocks are important
sources of sectoral and aggregate output variations (e.g. Long and Plosser, 1987,
Horvath, 1998, Foerster et al., 2011).2

More recently, and closely related to this paper, there has been a growing interest
in the relation of shocks to inequality and growth. For instance, Ramey and Ramey
(1995), Blackburn and Galindev (2003), Imbs (2007), Badinger (2010), and Varvari-
gos (2013) find aggregate fluctuations important determinants of growth. Garcia-
Penalosa and Turnovsky (2005) study the effects of volatility on factor shares while
Checchi and Garcia-Penalosa (2004) argue that economies with greater risks end
up with lower output and higher inequality under a perfect credit market scenario.3

Becker and Tomes (1979), Krusell and Smith (1998) and Benabou (2000, 2002),

1Such as (i) covariability due to the presence of common factors (e.g. Long and Plosser, 1987,
Foerster et al., 2011), (ii) complementarity and input—output linkages (e.g. Long and Plosser, 1983,
Horvath, 1998), (iii) and the "granular" effects of large firms (Gabaix, 2011).

2According to Long and Plosser (1987), aggregate factors account for about 47% of the USA’s
aggregate output variation, whereas these are able to explain 40% of sectoral disturbances, at the
most. Foerster et al. (2011) find that, between 1972 and 1983, aggregate shocks were important
sources of sectoral disturbances, explaining about 41% of those that occurred (the median value).
They were less important during the Great Moderation (1984—2007), however, as only around 19%
of cases of variability in sectoral output growth could be attributed to aggregate shocks.

3See Breen and Garcia-Penalosa (2005) for an empirical perspective.
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on the contrary, emphasize the role of idiosyncratic shocks on income and wealth
distribution.
A common feature of this literature is that it often considers risks in isolation.4

Therefore their relative importance to growth and inequality is little known. The
present paper endeavours to fill this gap. The paper in particular disaggregates pro-
ductivity shocks at a firm level into idiosyncratic and aggregate risks, and studies
their link and relative importance to growth, inequality and welfare. Using a variant
of the Ramsey model, it develops a simple endogenous growth model with human
capital in which productivity shocks at a firm level are decomposed into common
and firm-specific components. In the model, agents are heterogeneous in terms of
initial human capital and idiosyncratic productivity. Credit and insurance markets
are missing, as in Loury (1981), Banerjee and Newman (1993), Galor and Zeira
(1993), Benabou (2000, 2002), Getachew (2010, 2012), Basu and Getachew (2015)
and Getachew and Turnovsky (2015).5 Individual production functions are charac-
terized by inter-generational and intra-generational learning-by-doing externalities,
which are the source of long-run growth —in the spirit of Romer (1986) and Lucas
(1988).
Using a closed-form characterization of wealth distribution, we show that the

variance of idiosyncratic shocks and their relative weight are among important de-
terminants of the long-run distribution of wealth. Intuitively, inequality transmits
across generations through past episodes of luck and initial wealth differences. With
the presence of uninsurable idiosyncratic risks, inequality sustains in the long run
due to individuals’ inability to overcome initial differences in luck. Credit market
imperfection, on the other hand, prevents the optimal amount of investment from
being undertaken in the economy and makes the initial wealth differences persistent,
as individuals with low initial human capital but a high marginal product of human
capital cannot borrow from individuals with opposite traits. Inequality will then
have a bad influence on growth and welfare. Idiosyncratic uninsurable risks will thus
impact equilibrium growth and welfare indirectly via the effect on inequality. They
also impact welfare directly. A smaller weight of the idiosyncratic shocks (vis-à-vis
the aggregate shock) implies a lower steady-state inequality and a higher growth and

4The work by Turnovsky and Bianconi (2005) is an exception, although they give little emphasis
to inequality. Our paper complements their work.

5However, this literature does not address risk composition and its relative macroeconomic
implications. For instance, Basu and Getachew (2015) study the role of human capital adjustment
costs (such as strong family ties) in intergenerational mobility. Loury (1981), Galor and Zier (1993)
as well as Benabou (2000,2002) focus on human capital inequality and growth while Getachew and
Turnovsky (2015) examine the relationship between public investment, inequality and growth.
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welfare. Aggregate risks, on the contrary, have no effect on steady-state inequality,
as these risks are commonly shared among individuals. However, aggregate volatility
have a negative influence on growth and welfare, though trivial quantitatively.
The quantitative analysis of the model suggests that idiosyncratic shocks are the

most important determinants of welfare. We have found, using parametric values
that reasonably reflect real economies, totally eliminating the idiosyncratic shocks
could increase welfare by more than 16%. However, in agreement with Lucas’s (1987)
finding, eliminating aggregate shocks barely affect welfare. Idiosyncratic risks are also
important determinants of inequality and growth. If the weight of these shocks lowers
by 0.20 points from its baseline value, for instance, steady-state inequality declines
by more than 33%. Fully eliminating the idiosyncratic shocks could also result in an
additional 2.9% point rise in the equilibrium growth rate. This is in sharp contrast to
a trivial gain in growth (less than a 0.10% point rise) that we get by eliminating the
aggregate shocks. We also find that a redistribution of income, which could serve as
social insurance against such risks, increases welfare and decreases inequality. But,
it also decreases growth by distorting individual consumption and saving decisions.
The rest of the paper is organized as follows: Section 2 presents the model.

Section 3 analyzes the dynamic and equilibrium properties of the model, and provides
analytical solutions. In Section 4, we introduce government interventions in the
form of income redistributions and progressive taxation. Section 5 studies the model
quantitatively while Section 6 draws conclusions.

2. The model

Suppose that there is a continuum of infinitely-lived heterogeneous households,
i ∈ [0, 1]. Each of these households is initially endowed with hi0 units of capital, and
each household runs its own private enterprise. Households are thus both consumers
and entrepreneurs, as in the models of Angeletos and Calvet (2006). Similar to Loury
(1981), the credit and insurance markets are missing.

2.1. Preferences and technology

The ith household wishes to maximize the following logarithmic utility function:

Ui0 ≡ E0
∞∑
t=0

ρt ln cit (1)

where E0 denotes the agent’s expectation over the realization of productivity shocks
at the initial date; ρ < 1 is the discount factor. The household chooses consumption
cit to maximize its intertemporal utility. The unitary inter-temporal elasticity of
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substitution utility function is important for the model’s analytical tractability. Such
an assumption is ubiquitous in literature on economic growth and income distribution
dynamics (see, for instance, Benabou, 2000, 2002).
In period t, the ith individual utility function is subject to budget constraints:

yit = cit + sit (2a)

yit = aϑit (hit)
α (ht)

1−α (2b)

hit+1 = b (hit)
1−ω (sit)

ω (2c)

where
ϑit ≡ (1− θ)φt + θεit

and

a, b > 0; ω, α, θ ∈ (0, 1) (3)

cit, sit, and yit stand for the agent’s consumption, saving, and income, respectively.
hit represents the ith agent’s human capital at time t whereas ht denotes the average
level of human capital or knowledge available in period t.6

Eq. (2a) shows that the agent allocates income between current consumption and
saving. The latter is used for investment in the human capital accumulation of the
agent in the next period. According to (2b) and (2c), production technologies at the
individual household level are characterized by both intergenerational and learning-
by-doing externalities —in the spirit of Romer (1986) and Lucas (1988). In eq. (2c),
the production of the next-period human capital (hit+1) takes place with the aid of
the current human capital (hit) and investment in schooling (sit). We assume that
the distribution of capital is log-normal:

lnhit ∼ N(µt, σ
2
t ) (4)

In addition, for analytical convenience, human capital is assumed to fully depreciates
within each period; and labour is inelastically supplied.7

Individual incomes are subject to productivity shocks, which determine their total
marginal productivity. A key aspect of eq. (2b) is the decomposition of productivity

6One may consider (2b) as the income net of the cost of physical capital.
7There is no loss of generality with this assumption because the optimal choice of labour entails

a constant fraction of income in a logarithmic utility function.
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shocks into idiosyncratic and aggregate risks. Intuitively, it is plausible that individ-
ual firms face economic uncertainty in the form of idiosyncratic risks, such as lower
demands while they are subject to economy-wide shifts in recession and technology.
We capture this in eq. (2b) where the total productivity shocks experienced by the
ith firm are composed of idiosyncratic shocks εit and a common or an economy-wide
shocks φt. The relative weight of these shocks is captured by the relations in the
parameter θ. The shocks are assumed to be i.i.d., have a mean of one and follow the
process:8

ln εit ∼ N(−υ2/2, υ2) (5a)

lnφt ∼ N(−χ2/2, χ2) (5b)

We adopt Turnovsky and Bianconi’s (2005) approach that the two shocks enter
individual production functions as substitutes, and that they are uncorrelated. In a
later section, however, we allow interactions between the shocks.

2.2. Optimal individual human capital accumulation

The optimal solutions for the ith household are given by (see Appendix A.2 for
details)

cit = (1− κ) yit (6a)

sit = κyit (6b)

where
κ ≡ ραω/ (1− ρ (1− ω))

Eq. (6) captures the optimal consumption and saving of this household. Households
thus consume a constant fraction of their income.9 Their optimal decisions are
independent of the realization of the stochastic process, a direct consequence of their
logarithmic preferences.
Then the optimal individual capital accumulation function is easily derived by

substituting (2b) and (6b) into (2c):

8Alternatively, one may consider an AR(1) process such as ln (φt) = δ ln (φt−1) + εt where
εt ∼ N

(
0, χ2

)
, which leads to similar results.

9Note that given the restriction in (3), 0 < κ < 1.
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hit+1 = ψ (ϑit)
ω (hit)

β (ht)
1−β (7)

where

β ≡ 1− ω (1− α)

ψ ≡ b (κa)ω and ϑit are the non-stochastic and the stochastic total factor productiv-
ities of human capital accumulation, respectively. Eq. (7) captures the evolution of
human capital at the individual household level that considers the household’s opti-
mal behaviour. Both individual and economy-wide human capitals and idiosyncratic
and common shocks are important for the dynamics of individual human capital.
β and 1 − β capture the intergenerational linkages that account for individual and
aggregate factors in the economy, respectively. We see below β is the main determi-
nant of the evolution of inequality. It is independent of idiosyncratic and aggregate
risks, but crucially dependent on the structure of the production and human capital
accumulation technologies at the individual household level.

3. Aggregate and disaggregate shocks, inequality, and growth

3.1. Transitional dynamics
The aggregate human capital and the dynamics of inequality are derived from

(7), which leads to the following proposition:

Proposition 1. The closed-form solutions for the distributional dynamics and the
evolution of aggregate human capital are given by, respectively:

σ2t+1 = β2σ2t + ω2Ωt (8a)

γt+1 ≡ lnht+1 − lnht = lnψ + ω lnϕt −zt (8b)

where

Ωt ≡ ln
(
1 + zϕ−2t

)
ϕt ≡ (1− θ)φt + θ

z ≡ θ2
(
exp

(
υ2
)
− 1
)

zt ≡ 0.5
(
σ2t β (1− β) + ω (1− ω) Ωt

)
Proof. See Appendix A.1.
Eq. (8) explicitly defines the evolution of inequality and aggregate capital in the

economy. Four observations immediately follow: Firstly, the root of the dynamic
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equation that characterizes the evolution of inequality only depends on the structure
of production and human capital accumulation technologies such as the private factor
share (α) and human capital investment elasticity (ω). Secondly, strong private
intergenerational linkage (greater β) implies slow convergence in inequality. Thirdly,
the dynamics of inequality is history dependent; however, this is not the case for the
dynamics of aggregate capital. The evolution of aggregate human capital capital (8b)
depends, rather, on the dynamics of inequality. Finally, the term zt in (8b), captures
the short-run relationship between current inequality (represented by the variance of
the log of human capital, σ2t ) and next period growth. Because zt increases in σ2t
and zt > 0, the relationship is always negative.

3.2. Long-run equilibrium

Eq. (8) forms a system of the difference equations that characterize the dynamics
of the economy. The dynamic system has a stable long-run equilibrium for plausible
parameter specifications, 0 < β < 1. Because inequality is the driving force of
transitional dynamics in the economy, once it reaches its long-run equilibrium, the
whole system will be in equilibrium.
There are at least two ways to derive the long-run (trend) equilibrium of a sto-

chastic economy. The first way is letting the stochastic process φt takes mean value
every single period, leading to a steady-state value φ = 1.10 The second way is
to make an approximation around the deterministic steady state and then derive
the trend equilibrium values (see, for e.g., Blackburn and Varvarigos, 2008). We
use the second approach, as we wish to keep aggregate volatility and examine its
macroeconomic effects quantitatively (in a later section).
We thus approximate the two nonlinear terms in eq. (8) (Ωt and lnϕt) around

Eφt = 1. In this case, the steady-state inequality and the expected long-run growth
rate of aggregate human capital are given by, respectively (see Appendix A.3),

σ2 ≈ ω2

1− β2 θ
2υ2 (9a)

E γ ≈ lnψ − ω (1− θ)χ2 −z (9b)

where

z ≈ 0.5
(
σ2β (1− β) + ω (1− ω) υ2θ2

)
10Novales et al. (2009, Ch. 5) use this approach to obtain a steady state in a stochastic economy.
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E γ is also the expected long-run growth rate of the economy.11. Therefore, the long-
run equilibrium of the economy is a balanced growth path, with a constant non-zero
level of inequality.
We see from (9) that aggregate volatility has no effect on steady-state inequality,

although this may not be the case for growth. Inequality in the long run is the result
of individuals’ differences in human capital investment decisions as a response to
differences in their luck. Idiosyncratic shocks are sources of non-degenerate equilib-
rium distributions. This is easily seen from (9): if υ2 = 0 or θ = 0, the steady-state
inequality is zero. This is intuitive because if individual households differ only in
terms of initial human capital but are similar otherwise, individuals with relatively
lower hi0 rapidly accumulate wealth due to their relatively high marginal productiv-
ity, which is, in turn, due to diminishing returns to investment. Such an economy
features a declining inequality along transition to a steady state, and ends up in a
long-run equilibrium characterized by a degenerate human capital and income in-
equality. With the presence of uninsurable idiosyncratic risks (υ2 6= 0), however,
inequality sustains in the long run due to individuals’inability to overcome initial
differences in luck.
The long-run equilibrium of inequality depends on the parameters of production

and accumulation technologies, including the shock parameter, such as α, ω and
θ. Because the steady-state wealth distribution is mainly determined through the
distribution of idiosyncratic shocks εit, the relative weight of εit is an important
determinant of the long-run level of inequality.

Proposition 2. The lower the relative weight of idiosyncratic shocks (lower θ), the
lower the long-run inequality level (σ2) will be.

Proof. From (9a), it is straightforward to see that σ2 increases in θ.
From (8) and (9), inequality, both during the transition and in steady state,

increases in the private factor share α but the effect from the investment elasticity
ω is ambiguous. A higher private factor share benefits disproportionately those
individuals with a relatively high level of initial human capital, which eventually leads
to higher steady-state inequality. Inequality also decreases with better schooling
technologies (higher ω) that undermine the intergenerational linkages and encourage

11To see this, aggregate (2b), using (A.5), which gives yt = aϕthte
0.5α(α−1)σ2t . Then, E γ ≡

ln yt+1 − ln yt = lnht+1 − lnht, considering E lnϕt+1 = E lnϕt and, in the steady state, σ2t+1 =
σ2t = σ2.
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households to invest in human capital (see eq. (2c)).12 But, at the same time a
higher ω may imply a higher inequality as it affects individuals’response to luck.
Because, from (7), ω is also the elasticity of optimal individual human capital to
individual risks.13

The term z ≥ 0 in (9b) captures the negative relationship between steady-state
inequality and long-run growth. The equality holds if there is no long-run inequality
(which is the case if υ2 = 0 or θ = 0). Therefore, both during the transition and in the
steady state, inequality has a bad influence on growth. The underlying factors behind
such a relationship are the imperfections in the credit market. Diminishing returns
to investment imply that relatively poor individuals have a higher marginal product
than others. But, since they cannot borrow and invest effi ciently due to credit
constraints, Pareto effi ciency cannot be achieved, as in economies with complete
markets. Therefore a higher inequality leads to a greater ineffi ciency.

Proposition 3. Inequality in terms of differences in human capital wealth and idio-
syncratic productivity could have a negative impact on the growth rate of an economy
both during transition and in a steady state.

Proof. It is straightforward to see that z and zt increase in υ2 and σ2.
Because z also increases in θ, a lower weight in idiosyncratic shocks (lower θ)

means lower growth via the effect on inequality. But, this could be partly offset, as
growth also decreases in the relative weight of aggregate risks (1− θ). As shown in
(9b), there is a negative relationship between growth and aggregate risks in the form
of aggregate volatility, though trivial quantitatively.14

3.3. Interactive shocks

An alternative formulation and a disaggregation of productivity shocks would be
for the two shocks to enter the production function interactively. In this case, the
ith firm production function, eq. (2b), would take the following form:

yit = a1ηit (hit)
α (ht)

1−α (10)

12This is intuitive, as the only way the poor can catch up with the rich, in this economy, is by
investing more in human capital.
13The parameter ω may have different interpretations in the literature. Basu and Getachew

(2015), for instance, ascribe it to a convex human capital adjustment cost that determines the
curvature of the marginal return to investment, whereas Bandyopdhyay and Tang (2011) use the
elasticity term 1− ω to represent the quality of parental nurturing.
14See Section 5 of the paper.
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where

ηit ≡ (φt)
1−θ (εit)

θ

a1 ≡ ae0.5υ
2θ(1−θ)

Similar to ϑit, ηit is the total productivity shocks faced by the ith individual firm
from idiosyncratic (εit) and common shocks (φt), where θ represents the share of
idiosyncratic risks. The exponential term in a1 guarantees that idiosyncratic shocks
(individuals’luck) cancel out in the aggregate.15 The interactions appear even though
the two risks are assumed to be statistically independent. In related literature, inter-
actions arise, even if the risks are orthogonal by construction, through multiplying
each other in budget constraints (see, for instance, Harenberg and Ludwig, 2014).
Such interactions imply that economy-wide risks are likely to exacerbate the effects
from individual specific risks.16

In this case, the ith individual capital dynamics is derived from (2c), (6b) and
(10):

hit+1 = ψ1η
ω
it (ht)

1−β (hit)
β (11)

where ψ1 ≡ b (κa1)ω.
From (11), one sees immediately that human capital elasticity is independent

of shocks. Basically, (11) has the same form as (7) where the inter-generational
elasticities are similar.
The steady state and the dynamics of inequality and aggregate capital can be

derived in a similar fashion as earlier. Firstly, taking the log and then the variance
of (11) simply gives the dynamics of inequality. Then, aggregating through (11)
yields the dynamics of aggregate human capital (see Appendix A.1 for details):

σ2t+1 = β2σ2t + ω2θ2υ2 (12a)

E γt+1 ≡ lnψ − 0.5 (1− θ)ωχ2 − Φt (12b)

15Ei [a1ηit] = a (φt)
1−θ since Ei (εit)

θ
e0.5υ

2θ(1−θ) = 1. See Appendix A.1 for details on aggrega-
tion.
16Harenberg and Ludwig (2014) argue that interactions between idiosyncratic and aggregate

shocks have important implications for welfare effects of social security; they increase the welfare
benefits from insurance.
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where

Φt ≡ 0.5
(
σ2t β (1− β) + υ2ωθ2 (1− ω)

)
and E γt+1 represents the expected growth rate of capital between periods t and t+1.
Many of the previous analyses and results do not change when the shocks enter

interactively. Similar to (8), eq. (12) consists of the dynamic system of capital and
inequality, which characterizes the transitional dynamics of the economy. Inequality
is history dependent whereas the dynamics of aggregate capital solely depends on
the evolution of inequality.
From (12), steady-state inequality and the economy’s expected long-run growth

rate are derived:

σ2 =
ω2

1− β2υ
2θ2 (13a)

E γ = ln b (κa)ω − 0.5 ((1− θ)ω)χ2 − Φ (13b)

where

Φ ≡ 0.5
(
σ2β (1− β) + ωυ2θ2 (1− ω)

)
Similar to z in (9), Φ ≥ 0 captures the growth inequality trade-offs while Φ = 0
if υ2 = 0. Moreover, aggregate risks have a negative direct effect on growth while
idiosyncratic risks have an indirect negative influence on growth via the effect on
inequality. If either of these risks are not involved (if θ = 1 or θ = 0), (12) and (13)
exactly revert to (8) and (9), respectively. Apparently, even when θ ∈ (0, 1) they are
approximately the same.
In the case of θ = 0, σ2 has a degenerate distribution for the same reason as

mentioned earlier. Without insured idiosyncratic risks, individuals with relatively
lower initial capital rapidly accumulate wealth due to their relatively high marginal
productivity, leading to a declining inequality along the transitional path, and, even-
tually, to a degenerate human capital distribution. A lower weight of idiosyncratic
shocks implies lower long-run inequality, which in turn implies higher growth.

3.4. Welfare effects

While growth and inequality are important macroeconomic variables, the eco-
nomic significance of these shocks are basically judged in terms of their impacts on
social welfare. Given that Ui0 is the discounted sum of individual utility functions
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across its dynasty, its aggregation (across the entire population) leads to the dis-
counted aggregate welfare: W0 =

∫ 1
0
Vi0di where Vi0 = maxUi0. Then, the expected

aggregate welfare is given by (see Appendix B for details), for interactive shocks,

EW0 = Z0 +B
(
lnh0 − 0.5σ20

)
− 0.5D (1− ρ)−1

(
(1− θ)χ2 + θ2υ2

)
(14)

where Z0, B and D are given by

Z0 ≡ (1− ρ)−1
(
D ln

(
h1−α0 aD−1

)
+ ρB ln (b (D − 1)ω)

)
B ≡ α

1− ρ (αω + 1− ω)

D ≡ 1 + ωρB

In the steady state, σ2 is given by (13a).
Therefore, both aggregate and idiosyncratic risks and inequality play a role in

welfare. The last term in eq. (14) captures the welfare cost of risks while the second
shows the welfare cost of inequality. Given that υ2 appears more than one time in eq.
(14), both in the second (via its effect on σ2) and the last terms, it is intuitive that
idiosyncratic risks are more important than aggregate risks. We see this is actually
the case in Section 5, where we study the relative significance of these two shocks
and the weight attached to them quantitatively.

Proposition 4. (i) Steady-state inequality, aggregate and idiosyncratic risks have a
negative influence on welfare. (ii) Idiosyncratic risks impact welfare both directly and
indirectly (via their impact on inequality).

Proof. (i) From (14), it is straightforward to see that EW0 decreases in σ2, χ2 and
υ2. (ii) From (13a), σ2 increases in υ2.

4. Redistribution policies and idiosyncratic risks

In this section, we introduce progressive income taxation and a redistribution of
income. Such policies could serve as social insurance against idiosyncratic risks, giv-
ing the government some form of control over individual risks (Krueger and Ludwig,
2016).17

17As seen below, in the extreme case where the government makes a complete redistribution of
income, idiosyncratic risks fully disappear while aggregate risks remain unaffected.
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Following Benabou (2002), suppose the government redistributes income loglin-
early as follows:

ŷit = (yit)
1−τ (ỹt)

τ (15)

where ŷit is the disposable income of the ith agent, after tax and redistribution. ỹt
is the threshold income, which will be determined later on, and τ represents the
marginal tax rate. The sign of τ determines the progressivity/regressivity of the tax
schedule. We let τ ∈ (0, 1), in line with the empirical literature, which implies a
progressive tax schedule.
The budget constraint is thus given by,

ŷit = cit + sit (16)

where the household allocates its after-tax and after-redistribution income between
consumption and saving.
In this case, the individual optimal solution is given by (see Appendix C for

details)

cit = (1− τ) (1− κ) ŷit (17a)

sit = (1− τ)κŷit (17b)

Substituting (17b) into (2c), and using (10), (C.27) and (C.28), yield the following
optimal individual human capital accumulation function:

hit+1 = (1− τ)ω ψ (εit)
θ(1−τ)ω (φt)

(1−θ)ω (hit)
% (ht)

1−% ep (18)

where

% ≡ 1 + ω (α (1− τ)− 1)

p ≡ 0.5τωασ2t (2α− τα− 1) + 0.5υ2 (1− τ) θω (1− θ + θτ)

Eq. (18) is both comparable and contrastable with eq. (11). Firstly, (18) reduces to
(11) if τ = 0. % represents intergenerational linkages at an individual level, similar
to β in eq. (11). It depends on the structure of production and human capital
accumulation technologies and is the main determinant of the evolution of inequality.
But it also depends on policy. Secondly, there is a new term exp(p) that declares
a relationship between today’s inequality and the next period of individual human
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capital wealth. Such a relationship arises because the government’s policy of taxation
and redistribution of income depends on current aggregate income, which in turn is
a function of current inequality. Thirdly, the weight associated to individual risks is
now effectively decreased by τθ. Idiosyncratic risks disappear completely if τ = 1
whereas there would not be any change with regard to aggregate risks. This shows
that, even though individual risks are basically functions of structural parameters,
the government could influence them via the type of social insurance scheme that it
provides.
Taking the log and the variance of (18), we obtain the dynamic equation that

characterizes the evolution of inequality,

σ2t+1 = (θ (1− τ)ω)2 υ2 + %2σ2t (19)

Eq. (19) is again similar to (12a) without government intervention. Given % <
1, the dynamics in (19) is stable and converges monotonically to a finite steady
state. Apparently, the redistribution of income has a positive effect on distributional
dynamics. Particularly, for a given σ2t , σ

2
t+1 decreases in τ .

By aggregating (18), and following similar procedures as in Appendix A.1, we
obtain the growth rate of the economy:

E γt+1 = ln b ((1− τ)κa)ω − 0.5 (1− θ)ωχ2 −$t (20)

where

$t ≡ 0.5τωσ2tα (1− 2α + ατ) + 0.5σ2t % (1− %)

+ 0.5υ2 (1− τ)2 θ2ω (1− ω)

Steady-state inequality and expected aggregate growth are then given by, respec-
tively, considering (19) and (20):

σ2 = (υθ (1− τ)ω)2 /
(
1− %2

)
(21a)

E γ = ln b ((1− τ)κa)ω − 0.5 (1− θ)ωχ2 −$ (21b)

Thus, $ captures the effects of inequality on aggregate capital accumulation. It
is likely that $ > 0 that implies a negative relation between inequality and growth.
However, we do not necessarily discard the possibility of a negative $. The last two
terms are positive whereas the first term is positive for plausible parameter values
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(α ≤ 0.5).
The positive effects of redistribution on inequality also holds in a steady state.

But the same cannot be said about growth. Redistribution of income could have a
positive effect on the expected growth rate via its effects of mitigating inequality.
However, it also hurts individual investment in human capital, through distorting
individual saving and consumption decisions, as shown in eq. (17).

5. Calibration

In this section, we numerically study the model in order to gain further insight on
the effects of various risk factors on inequality, growth and welfare. We first calibrate
eqs. (13), (14), (21) and (C.33) using standard values, which reasonably reflect actual
economies. We set the discount factor, ρ, at 0.96, a typical value in macroeconomic
models. We let b simply take unity while we choose a targeting a long-run growth
rate of about 1.8%. This matches the average annual long-run growth rate of the
USA’s economy for the last hundred years. The share of capital, α, is set at its
standard value, 0.33. For ω, we take Glomm’s (1997) estimate of 0.8. Regarding risks,
following Turnovsky and Bianconi (2005), we consider a 2.5% aggregate risks and
a 0.4 standard deviation for idiosyncratic risks (see also Getachew and Turnovsky,
2015). According to Pischke (1995), the standard deviation for idiosyncratic shocks
is around 6.5 times that of aggregate output. We use that to calibrate the respective
values for the weights of these shocks, which implies a slightly higher than 0.85 value
for θ. Table 1 below summarizes the calibration of the parameters. The baseline
value for the tax rate, τ , is set at 0.05 while we experiment using a range of values
between 0 and 1.

TABLE 1 HERE

Table 2 shows the effects of eliminating aggregate and idiosyncratic shocks on
welfare, inequality and growth. The first column displays the effects on welfare.
Idiosyncratic risks are by far the most important determinants of welfare. Totally
eliminating the idiosyncratic shocks leads to more than a 16% increase in welfare.
In contrast, eliminating aggregate shocks have a trivial impact on welfare (< 0.1%).
The lower the weights of idiosyncratic risks, the smaller the welfare costs associated
to the risks become. Eliminating the risks (from their baseline value θ = 0.85) could
lead to a more than 11% welfare gain. In general, the results are in line with recent
literature that studies the effects of risks on macroeconomic performance,18 although

18For instance, Atkeson and Phelan (1994), Storesletten et al. (2001), Krebs (2003), Turnovsky
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this literature (with the exception of Turnovsky and Bianconi, 2005) often focuses
on either idiosyncratic or aggregate shocks.

TABLE 2 HERE

Idiosyncratic risks are also important determinants of inequality and growth. The
second column in Table 2 shows that inequality declines significantly as the weights
attached to these shocks decline. If θ is smaller by 0.20 points from its benchmark,
for instance, inequality will be lower by 33%. As argued earlier, idiosyncratic risks
are the main determinants of long-run inequality. Initial wealth inequality disappears
in the absence of such risks due to diminishing returns to investment where house-
holds with a low level of wealth grow quickly due to their relatively high marginal
productivity. Idiosyncratic risks have also a strong effect on long-run growth. For
instance, fully eliminating idiosyncratic shocks could lead to a 2.90% points increase
in the long-run growth rate, which is quite phenomenal compared to the insignificant
effects resulting from eliminating aggregate shocks.
Table 3 illustrates a similar analysis. But this time there is a redistribution

of income at a rate of τ = 0.05. Fully eliminating risks will have similar effects
on welfare, growth and inequality while idiosyncratic risks are the most important
determinants of these variables. But the magnitude of such effects are relatively
smaller as government interventions have already accounted for parts of the idio-
syncratic risks. Apparently, steady-state inequality is lower for all values of θ with
policy interventions.

TABLE 3 HERE

Table 4 shows the effects of redistribution on welfare, inequality and growth for
benchmark values. Redistribution of income leads to welfare gains and decreases in
inequality but at the same time it decreases long-run growth. For instance, a 10%
point rise in a progressive tax rate from its baseline value will increase welfare by
about 2.08% and will decrease inequality by more than 22%, but it will also result
in a growth loss of more than 8% point.

TABLE 4 HERE

and Bianconi (2005) and Krusell et al. (2009) found a substantial welfare cost of the business cycle
related to idiosyncratic shocks.
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6. Conclusion

The paper has developed an endogenous growth model with incomplete mar-
kets where productivity shocks were disaggregated into idiosyncratic and aggregate
shocks. Uninsured idiosyncratic risks are by far the most important determinants
of inequality, growth and welfare. Such risks determine the long-run distribution of
income due to the inability individuals to overcome their differences in luck in the
presence of such risks. A lower weight on the idiosyncratic shocks (vis-à-vis aggre-
gate shocks) leads to a lower steady-state inequality, a higher growth and welfare.
Aggregate risks, on the contrary, do not impact inequality, as the risks are commonly
shared among individuals. But, they have a negative influence on growth and wel-
fare, though trivial quantitatively. A redistribution of income could serve as social
insurance against idiosyncratic risks and hence could increase welfare and decrease
inequality. However, it could also negatively impact growth due to its distortionary
effect on individual savings and consumption decisions. A future extension of the
work would be to endogenize individual risks that would leave more room for other
policy interventions.
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Appendix

A. Aggregation, the household problem and approximation

A.1. Inequality and growth dynamics
Recall first that εit and hit are assumed to have log-normal distributions: ln εit ∼

N(ln−υ2/2, υ2) and lnhit ∼ N(µt, σ
2
t ). Then,

Ei hit ≡ ht = eµt+0.5σ
2
t (A.1)

vari hit = (ht)
2
(
eσ

2
t − 1

)
(A.2)

vari εit =
(
eυ

2 − 1
)

(A.3)

where Ei and vari represent the cross-sectional expectation (average) and variance,
respectively. If hit is log-normal, then (hit)

x is also log-normal for any constant x:

ln (hit)
x ∼ N(xµt, x

2σ2t ) (A.4)

Thus, considering (A.1), (A.2) and (A.4), we have:

Ei (hit)
x = (ht)

x e0.5σ
2
t x(x−1) (A.5)

vari (hit)
x = (ht)

2x eσ
2
t x(x−1)

(
ex

2σ2t − 1
)

(A.6)

Similarly,

Ei (εit)
x = e0.5σ

2
t x(x−1) (A.7)

From this, aggregating (7) is straightforward. First, rewrite (7) as

(hit+1)
ς = κabς (hit)

βς ϑit (ht)
1−α (A.8)

where ς ≡ 1/ω. Then, aggregate both sides of (A.8),

Ei (hit+1)
ς = κabς (ht)

1−α Ei

[
(hit)

βς ϑit

]
Then, considering (A.5), we obtain
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(ht+1)
ς e0.5σ

2
t+1(ς−1)ς = κabς (ht)

1−α (ht)
βς e0.5σ

2
t βς(βς−1)ϕt (A.9)

where ϕt ≡ (1− θ)φt + θ, since ϑit and hit are independent and Ei εit = 1.
To obtain (8a), first take the variance from both sides of (A.8),

vari (hit+1)
ς = (κa)2 b2ς (ht)

2(1−α) vari

[
(hit)

βς ϑit

]
(A.10)

On the left side of (A.10), considering (A.6), we have:

vari (hit+1)
ς = (ht+1)

2ς eσ
2
t ς(ς−1)

(
eς

2σ2t+1 − 1
)

(A.11)

We can compute the right side of (A.10) as follows, using (A.3), (A.5) and (A.6):19

vari

[
(hit)

βς ϑit

]
= (Ei ϑit)

2 vari

[
(hit)

βς
]

+ vari ϑit

((
Ei (hit)

βς
)2

+ vari (hit)
βς

)
= (ht)

2βς eσ
2
t βς(βς−1)

(
e(βς)

2σ2t

(
(ϕt)

2 + θ2
(
eυ

2 − 1
))
− (ϕt)

2
)
(A.12)

Combining (A.10), (A.11) and (A.12), and using (A.9), we obtain:

eς
2σ2t+1 = e(βς)

2σ2t

(
1 + (θ/ϕt)

2
(
eυ

2 − 1
))

(A.13)

which is equivalent to (8a). Then, using (8a) and (A.9), we can easily derive (8b).
To obtain (12b), aggregate both sides of (11), which yields:

Ei hit+1 = b (κa)ω (ht)
1−β Ei (hit)

β (φt)
ω(1−θ) Ei (εit)

θω e0.5υ
2θω(1−θ)

Then, apply (A.5) and (A.7).

19For two independent random variables x and y, the variance of their product is given by:

var [xy] = (E [x])
2
var [y] + (E [y])

2
var [x] + var [y] var [x]
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A.2. Solution for the household problem

The first-order conditions for the ith individual maximization of (1), subject to
(2), associated to the Lagrangian (Ł),

Ł= Et

∑∞
t=0ρ

t
{

ln cit + λit

(
yit − cit − (hit+1)

1/ω (hit)
(ω−1)/ω b−1/ω

)}
(A.14)

are given by,

0 = −λit + (cit)
−1 (A.15)

λitω
−1sit = ρEt

[
λit+1

(
(1− ω)ω−1sit+1 + αyit+1

)]
(A.16)

Then, the Euler equation becomes:

(cit)
−1 sit = ρEt

[
(cit+1)

−1 ((1− ω) sit+1 + ωαyit+1)
]

(A.17)

Applying undetermined coeffi cient methods in (2a) and (A.17) gives the solutions in
(6).

A.3. Approximation

A loglinear approximation of the terms lnϕt and Ωt in eq. (8) around Eφt = 1
yields:

lnϕt ≈ (1− θ) lnφt

Ωt ≡ ln
(
1 + zϕ−2t

)
≈ ln (1 + z)− 2z

1 + z
(1− θ) lnφt

It follows that

E Ωt ≈ ln (1 + z) + χ2 (1− θ) z/ (1 + z) (A.18a)

≈ ln (1 + z) (A.18b)

In arriving at (A.18b), we use the fact that the last term in (A.18a) is almost zero, for
reasonable parametric values. Using our calibrated values in Section 5, for instance,
χ2 (1− θ) z/ (1 + z) ≈ 1. 009 5 × 10−5. Given that exp (υ2) − 1 ≈ υ2, we can also
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further simplify (A.18b):

ln (z + 1) ≈ z ≡ θ2
(
exp

(
υ2
)
− 1
)
≈ θ2υ2 (A.19)

B. Welfare

Individual welfare could easily be derived by applying dynamic programming to
the problem. Thus from (1), (2c) and (10), the Bellman equation is given by

V (h, η) = max
c
{ln c+ ρE [V (h′, η′) |η]}

where E [.|η] represents the expectation conditional on the current value of η. V is the
value function associated to the ith individual. h′ and η′ represent human capital
and risk factors in the next period while c is the person’s current consumption.
Substituting (2a) and (10) into (2c), we get:

h′ ≡ bh1−ω
(
a1ηh

αh
1−α − c

)ω
(B.20a)

c ≡ a1ηh
αh

1−α −
(
h
′
/
(
bh1−ω

))1/ω
(B.20b)

where h and h represent the current individual and aggregate capitals, respectively.
Substituting (B.20b) into the Bellman equation, one gets:

V (h, η) = max
h′

{
ln
(
a1ηh

αh
1−α −

(
h′/
(
bh1−ω

))1/ω)
+ ρE [V (h′, η′) |η]

}
(B.21)

The FOC:

ρE [Vh′ (h
′, η′) |η] =

(h′/ (bh1−ω))
1/ω

ωh′
(
a1ηhαh

1−α − (h′/ (bh1−ω))1/ω
) (B.22)

where Vh′ = ∂V (h′, η′) /∂h′. We guess the value function as follows:

V (h, η) = A+B lnh+D ln η (B.23)

where A, B and D are undetermined coeffi cients. Substitute this into the above to
get:
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h′ = b

(
Bρωa1η

1 + ρBω

)ω
hαω+1−ωh

(1−α)ω
(B.24)

The solution for the undetermined coeffi cients, considering (B.21) (B.23) and (B.24)
are given by:

(1− ρ)A = D ln
(
h
(1−α)

a1D
−1
)

+ ρB ln (b (D − 1)ω) + ρDE [ln η′|η]

B =
α

1− ρ (αω + 1− ω)

D = 1 + ωρB

For the interactive shocks, it is straightforward that E [ln η′|η] = −0.5 ((1− θ)χ2 + θυ2).20

Substituting B into (B.24), we get easily the solution to the problem with respect
to the individual’s optimal human capital accumulation:

hit+1 = ψ1η
ω
ith

αω+1−ω
it h

(1−α)ω
t

where ψ1 ≡ b
(

αρωa1
1−ρ(1−ω)

)ω
. One confirms that this is similar to (11).

Therefore, the ith individual welfare becomes

Vi0 = A0 +B lnhi0 +D ln ηi0

where

A0 = (1− ρ)−1
(
D ln

(
h
(1−α)
0 a1D

−1
)

+ ρB ln (b (D − 1)ω)

−0.5ρD ((1− θ)χ2 + θυ2)

)
Finally, the expected (trend) aggregate welfare is given by

EW0 = E
∫ 1
0
Vi0di = A0 +B

∫ 1
0

lnhi0 +DE
∫ 1
0

ln ηi0

which leads to eq. (14) in the text.

20But even for additive shocks similar results can be obtained with (loglinear) approximation.
That is, lnϑit ≡ ln ((1− θ)φt + θεit) ≈ (1− θ) lnφt + θ ln εit when it is approximated around
Eφt = E εit = 1.
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C. Redistribution

First determine the threshold income ỹt using the following relation:∫ 1
0
ŷitdi =

∫ 1
0
yitdi ≡ yt (C.25)

That is, the aggregate post-tax and -redistribution income is equal to the aggregate
pre-tax and -redistribution income, yt.
Combining (10), (15) and (C.25) gives

ỹt = yte
0.5(1−τ)(υ2θ2+α2σ2t ) (C.26)

And from (15) and (C.26), we have

ŷit = (yit)
1−τ (yt)

τ e0.5(1−τ)(υ
2θ2+α2σ2t )τ (C.27)

We can also aggregate (10) to get the aggregate output:

yt = (φt)
(1−θ) ahte

0.5(α−1)ασ2t (C.28)

The FOC for the ith individual maximization of (1), subject to (2c), (10), (16),
and (C.27), associated to the Lagrangian (Ł),

Ł= Et

∑∞
t=0ρ

t
{

ln cit + λit

(
ŷit − cit − (hit+1)

1/ω (hit)
(ω−1)/ω b−1/ω

)}
(C.29)

are given by,

0 = −λit + (cit)
−1 (C.30)

λitω
−1sit = ρEt

[
λit+1

(
(1− ω)ω−1sit+1 + (1− τ)αŷit+1

)]
(C.31)

The Euler equation then becomes:

(cit)
−1 sit = ρEt

[
(cit+1)

−1 ((1− ω) sit+1 + (1− τ)ωαŷit+1)
]

(C.32)

Applying undetermined coeffi cient methods in (16) and (C.32) gives the solutions in
(17).
In deriving the expected welfare with a redistribution of income, we follow the
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steps in the preceding section:

EW 0 = Z0 +B
(
lnh0 − 0.5σ20

)
− 0.5 (1− ρ)−1D

(
(1− θ)χ2 + (1− τ) θ2υ2

)
(C.33)

where

Z0 ≡ (1− ρ)−1
(
D ln

(
h
1−α(1−τ)
0 nD

−1
)

+ ρB ln
(
b
(
D − 1

)ω))
B ≡ α (1− τ)

1− ρ (α (1− τ)ω + 1− ω)

D ≡ 1 + ωρB

n ≡ a exp
(
0.5 (α− 1) τασ2t + 0.5 (1− τ)

(
υ2θ2 + α2σ2t

)
τ
)
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Table 1: Benchmark values

Preference, production ρ = 0.96, α = 0.33, ω = 0.8
and policy parameters τ = 0.05
Shocks υ = 0.4, χ = 0.025, θ = 0.85

Table 2: Welfare, growth and inequality effects of eliminating idiosyncratic and aggregate risks

θ = 1 θ = 0.85 θ = 0.65 θ = 0.45 θ = 0.25 θ = 0.05 θ = 0

dW a 16.05% 11.11% 6.22% 2.91% 0.91% 0.09% 0.05%
σ2 0.13 0.09 0.06 0.03 0.01 0.0003 0
dγb 2.90%pt 2.10%pt 1.24%pt 0.60%pt 0.20%pt 0.031%pt 0.025%pt

Notes:
a The percentage changes between the values of W when υ=χ=0 and υ=0.4 and χ=0.025, for

different values of θ.
b The percentage point changes between the values of γ when υ=χ=0 and υ=0.4 and χ=0.025, for

different values of θ.

Table 3: Welfare, growth and inequality effects of eliminating idiosyncratic and aggregate shocks,
with public policy (τ=0.05)

θ = 1 θ = 0.85 θ = 0.65 θ = 0.45 θ = 0.25 θ = 0.05 θ = 0

%∆W 12.79% 8.93% 5.05% 2.38% 0.75% 0.074% 0.05%
σ2 0.12 0.08 0.05 0.02 0.007 0.0003 0
%∆γ 2.63%pt 1.90%pt 1.12%pt 0.55%pt 0.18%pt 0.03%pt 0.025%pt

Table 4: Effect of changing τ from its benchmark value 0.05 to

τ = 0.1 τ = 0.15 τ = 0.2 τ = 0.25 τ = 0.3 τ = 0.4 τ = 0.7

%∆W 0.99% 2.08% 3.29% 4.61% 6.04% 9.26% 22.39%
%∆σ2 -11.55 -22.20 -32.00 -40.99 -49.22 -63.53 -92.34
%∆γ -4.14%pt -8.53%pt -13.21%pt -18.21%pt -23.58%pt -35.65%pt -90.52%pt
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