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1. I~TRODUCTION. 

THE use of the orthogonal polynomials of least squares as a statistical procedure of curve 
fitting bas become widespread in recent years. It has found applications in many fields 
of research ; its ultimate success in Biology and. related subjects will largely depend 
upon the ability of the biologist to realize the advantages and, at the same time, the 
limitations that are inherent in this procedure. Unfortunately most of the theory ot 
polynomial fitting is available only in a highly ~ecbnical form. 

It is therefore intended to present in a series of papers, of which this is the first 
one, the implications. of orthogonal polynomjal fi17ting. At the same t ime, the best 
practical procedures will be given. 
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CURVE FITTING BY THE ORTHOGONAL- POLYNOMIALS OF LEAST SQUARES . . 

In this paper the systems of orthogonal polynomials mainly used in practice are 
derived from a common general formula, which is established by the principle of least 
squares, utilizing results from the Finite Calculus. The Aitken-Chebyshev orthogonal 
polynomial is recommended for practical use, and, due to a simplification, the fitting 
process, by means of an extensive set of appended· tables, becomes. very easy in practice. 

At the same time these papers must be regarded as forming the background for 
a series of papers, appearing in the near future, on the problem of Bio-climatology. 

Since it is attempted to present a more or less selfsuffici:ent paper, the .non-statisticai 
reader, for whom it is actually intended, should have a fair amount of success, if it be 
kept in mind that a statistical paper should be worked through. 

2. MATHEMATICAL INTRODUCTION. 

(a) Polynomial Interpolation. 

The name polynomial (Gr. polys, many, L. nomen, a name) is given to an algebraical 
functio.ll to express the fact that it is constituted of a number of terms containing different 
power~ of x, connected by the signs + or - , i.e., an expression of the form 

0 0 + 0 1x + 0 2x2 + ... + Or xr. 

The general problem of interpolation consists in representing a function, known or 
unknown, in a form· chosen in advanc.e with the aid of given values, which this function 
takes for definite values of the independent variable. · 

Weierstrass first enunciated the theorem that an arbitrary function can be repre
sented by a polynomial with any assigned degree of accuracy. For a mathematicat 
discussion of the theory of approximation see (5) . * 

(b) Results ]1-om the Finite Calcultts (1, 2, 3, 4).* 

(1) Operations. 

Whereas, if u(x) be some function of x, the Differential Calculus is concerned with 
the properties of 

_!,__ u(x) = lim ~(x + h) - u(x) 
dx h-~o· h 

the Diff~rence Calculus deals with 

t::,. u(x) = u(x + h) - u(x) 
h h .......... ~ - ..... . . ................. . . . (i} 

i.e., it deals with discrete quantities which can be displayed in a table ; h is the length 
of the interval between two consecutive values of x. This quantity is called the First 
Advancing Difference of u(x) ; the n-th Advancing Difference is defined as 

6. n u(x) = 6. [6. n-lu(x)]. 

If u(x) is a function whose values are given for the values x 0, x1, ... , x, of the 
variable x, the Divided Difference of u(x) for the arguments x 0, x1 , is denoted by 
[x0x1] and is defined by 

[ ] 
u(x0) - u(x1) 

XoXl = 
Xo- xl 

* Raised figures in parentheses refer to list of References .at the end of the paper. 
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' while the divided difference of the three arguments x 0, xv x2, is' defined _!Jy 

[x x x] = [xox l] - [xlx2] etc 
o 1 2 Xo- x2 ' . 

Since all our work is based on unit interval (i) becomes 

6 u(x) = (E- 1) u(x) 

where the operator E is defined as Eru(x) = u(x + r). 

If the Central Difference Operator, <5, defined by 

o2nu(k) = 6 2nu (k-n) 

(j2n+Iu (k + !) = 6 2n+lu (k-n) 

is introduced, we find 

ou(x) = u(x + !) - u(x _... !) 
(Et - E-i) u(x) 

= 6 .E -t u(x). 

If two adjacent entries are averaged,' the operation is denoted. by 

fLu(x) = ! [u (x + !) + u(x - t)J 
.= t [Et + E-!] u(x). 

Defining the indefinite sum as 

I: tt(x) = u.,_1 + u.,_2 + 
it fellows that 6 1: u(x) = u(x), so that in this sense I: is an operation inverse to 6 . 
Therefore, the n-th sum is expressed by .I;nu(-:t) = l:[I:n-1u(x)]. Furthermore, the 
problem of finding the rdefinite sum 

b 

I: u(x) = u (a) + u (a + 1) + ... + u (b) 
a 

is evidently solved if we know a function U(x) such that 6 U(x) = u(x). 

Leibnitz' well-known theorem in the Differential Calculus 
n 

n n (u.,v.,) = I: ( ;•) D"- 8 u(x) D'v(x) 
8 =0 

has an analogue in the Finite Calculus 
' n 

6 nu(x) v(x) = I: (;' ·) 6 n-s u(x + s) 6 8 v(x) . . . .... . , ........... ... . 
8=0 

(ii) 

with, as special case 

6 u(x) v(x) = u (x + 1) 6 v(x) + v(x) 6 u(x). 

Corresponding formulae for summation can be derived :-

I: u(x) v(x) = u(x) I:v(x} - 1:[6u(x) I: v (x + 1)]........... ..... (iii) 

and, in the case where u(x) is a polynomial o~ the n-th degree: 

I: u(x) v(x) = u(x) I: v(x) - 6 u(x) 2:2 v(x + 1) + 6 2 u(x) 1:3 v(x -+ 2) 

( - )n 6nu(x) .I;n+1 v(x + n)........................ . .. (iv) 
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CuRVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

2) Factorial Notativn and Properties. 

The Binomial Theorem is well-known:-

( ·b)n _ n n-1 b + n (n-1) n-2 b2 + + n(n-1) (n-2) ... (n-r+!) 
a+ -a +na 1 .2 a · · · r! 

a>!.-r br + ... + bn 

Now, x(r) = x(x- 1) (x- 2) ... (x- r + 1) is defined as a descending factorial, and 
by dividing both sides by r! the reduced descending factorial 

= x(r) = ( x) 
. X(r) 1'! r 

IS obtain~d. The ap.alogy with the binomial coefficients is clear. 

It can be easily established that 
L,x(r) = 1·x(r-1) 

L\ X(r) = X(r--1) 

and, continuing the process, we find 
' ' ,6 8x(r) =,r(r -1) (r ·- 2).. (r- s + 1) x(r- s) 

' I 

6 •x(r) = x(,-s)· ......... • ... •........................... . . . . . . . . . . (v) 

From the above it follows that 

x(r+I)j (rt-1) 

X(r+1)· 

Describing central factorials as that product of factors, where the factors are m 
arithmetical progression of common difference unity, and centred at x, e.g., 

x[2J = (x + l) (x - l) 
x[31 = (x + 1) x (x - 1) 

we find, in general, 

x[r] = [x + ! (r - 1)] (r) 

[x + l (r - 1)] [x + l (r - 3)] [x· + ! (r - 5)] 

[x - ! (r - 5)] [x - t (r - 3)] [x - i (r - 1)] 

with the special cases, where the exponent is even and odd respectively 

[28] - ( 2 - ~) ( 2 - i!.) ( 2 - ~2) X -X 4 x 4 .. .. X S 2 ..••...•.... .. . . ... .. 

x~2"-'- 1 1 = x (x2 - 1) (x2 - 4) ... {x2 - s 2) ........................ . 

(vi) 

(vii) 

If the averaging operation 11 is a:pplied to ~he central factorials, we derive the mean 
central factorials, defined as · 

e/lx[r] = x[r-1]+1 

with, as special cases 

xf2•l+l = x(x2 - t) ... (x2 - ·s - p)... ... .. . .. . .. . .. .. .. .. .. .. (viii) 

x[2st1J+l = x2(x2 - 1) ... (x2 - s2)............................. (ix) 

By dividing both classes of factorials by r! the reduced, case3 are formed. 
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In exactly the' same way as with the descending factorials, we find the following 
propert_ies : 

ox['] = rx['- 1] • 
' o8x[rJ = r (r - 1) (r - 2) . (r - s + 1) xl•-sJ ......... .. .... . (x) 

oxJr-l[tl = r xr•-2)+1 

08X['-1]t1 = r (r - 1) (r - 2) , , , (r - S + 1) x[[r:-SJ-1]+1. ... . . . (xi) 

(3) Interpolation Formulae. 

Since it can be shown that the n-th difference of a polynomial of degree n is constant, 
the following formulae are exact if applied to a polynomial function, and consequently, 
the remainder term is not shown. 

Newton's Dividei Difference Formula: 
n-1 

u(x) = u(x1) + J: (~ - x 1) (x - x2) • . • (x - x 8 ) [x1x 2 ... X 8 t1] . . .. . . . (xii) 
8 = 1 

Gregory-Newton Formula: 

U x = Uo + :vi'::,. Uo + X(z)D 2uo + X(s)D Suo + (xiii) 

Newton-Stirling formula (odd No. o£ values of u(x) with central value u(o): 

Ux = u 0 + x ·pr5u0 + pxl2lr52u 0/ 2! + xl3l·pr53u()/ 3! + . . . . . . . . . . . (xiv) 

Newton-Bessel formula (even No. of values with two central values u ( -t) and u (t): 

ux = pu0 + px·r5u0 + xl2l.pr52u0/ 2! + pxf3l·r53u0/3! + . . . . . . . . . (xv) 

{4) Identities in Central and Mean C~ntral Factorials. 

The elegantness of Aitken's derivation depends on certain less familiar factorial 
jdentities, of which the limiting case is (x2 - q2)', allowing a perfect analogy with the 
-conti~uous Legendre polynomial. · 

We havE;~: 
(a) x z ---:- q2 = (x2 _ !) _ (q2 _ !) 

(b) (x2 - q + p) (x2 - q - p) = x 2-(x2 - 1)- 2 (x2 - l) ((p- !) + (q2 - ! ) 
(q2 - 9/ 4) 

• 

= (x2 - !) (x2 - 9/ 4) - 2 (x2 
- !) (q2 - l) 

' + q2 (q2- l) 

= x 2 (x 2 - 1) (x2 - 4) - 3 x 2 (x2 - 1) 
(q2- 1) + 3 (x2 -1) q2 (q2- 1)

, q2 (q2 - 1) (q2 - 4) 

(xz - !) (x2 - 9/ 4) (x2 - 25/4) -
3 (x2 - !) (x2 - 9/4) (q2 - 9/4) + 
3 (x2 - 9/ 4) (q2 - !) (q2 - 9/ 4)
(q2 - !) (q2 - 9/ 4) (~2 - 25/4) 

(d) (x2 _ q + s;~z) .(x2 _ q + p) (x2 - l/=--t2) (x2 _ q _ s;22) = 
a b c d - 4 a b c B + 6 be AB - 4 c A B C + A B C D 
= a'b'c'd' - 4 a'b'c'C' + 6 a'b'B'C' - 4b'A'B'C' + A'B'C'D' 

where abed denotes x 2 (x 2 - 1) (x 2 - 4) (x2 _:_ 9), ABCD denotes (q2 - !) (q2 - 9/ 4) 
(q2 - 25/4) q2 - 49/ 4) 
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CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

and a'b'c'd' denotes (x2-i) (x2-9/4) (x2-25/4)· 
(x2 - 49/4) 

A'B'C'D' denotes q2 (q2 - 1} 
(q2- 4) (q2- 9) 

From' the above it will be seen :-

(i) Although expansions are special cases of the Newton Dividend Difference 
formula, in practice a combinatorial scheme can be set up .. 

(ii) For an odd number of factors: f (x2,q2) = - f (q 2,x2 ) and f (x2 - i, 
q2 - i) ='= f (q 2 - i, X 2 - i). 

For an even number of factors :f (x2 - i, q2) = .f (q2 - i, x2) and 
f (x2, q2 - i) = J.(q2, x2 - il 

(iii) Denoting expressiO!J.S on left by l(r), we have as special cases :-
; ' 8 

l(2s) = R(o) +X: (-)8-'(,::',) (q2- s2 ) (q2 - 8=-P) . 
1=0 

and 
(q2 _ t + P) x[2st2t] ............ . .......... . : . ... . . . 

8 .· --

I (2~ + 1) = R (1) "'f- X: (-)s- '(>;'t,') (qz- s2) (q2- s- I2 
t = O 

(xvi) 

.. . (q2 - t + 12) x[2s+2t+IJ........ . . . . . . . . . . . . . . . . . (xvii} 

where R(o) and R(1) are aggregates of terms falling away with the 2s- th and 
(2s + 1) th differences respectively. 

(5) Examples of Tables of Differences. 

Uo 

X:ul Llu0 
;[;2uz ul LJ2uo 

x;aua X:u2 Llu1 . LJ3uo 
;[;2ua Uz 

' 
LJ2ul 

x;au4 X:u 3 Llu2 
LJ3 ul 

£2u4 tta LJ2u2 
x;aus X:u4 Llu3 

£2us u4 
X:u 5 

Thus the above elaborated for x 3 becomes for x = 0, 1, 2, 3, 4: 

Su~s. I Function. Differences. 

0 
0 1 

0 1 6 
0 1 7 6 

1 8 12 
1 9 19 6 

10 27 18 
11 36 37 

46 64 
100 

360 

,. 



'. 

D. VAN DER REYDEN. 

Central Differences: n odd n even 

U-z u-5/2 
~u-3fz ~u-2 

u-1 ~zu-1 u- 3/2 ~2u-3j2 
~u-1fz o3u-1f2 ~u-1 ~3u_1 

Uo ~zuo ~auo u-1/ 2 ~2u-Ij2 

~u1fz ~3u1f 2 ~Uo ~3uo 

u1 ~2u1 u1 ' ~2u1f2 12 

~u3f2 ~u1 ~3u1 

u2 ar ~2u3f2 u 2 
~u; 

u5j2 

3. THE APPROXIMATION PROBLEM. 

Suppose we have statistical data as displayed in Table 1. By means of the Method 
.of Least Squares we wish to :fit a curve of the polynomial type, i.e., 

Y' = C0 + C1 X + C2X 2 + ... + C,X'................. . ..... (1) 
·Considering only the simplest case, viz., n independent observations Y., of equal weight, 
corresponding to n equi-spaced values of X, the polynomial of best :fit is given by the 
minimum of the sum of squared residuals : 

.E (Y I Y')2 = .E [Y - Co- c1 X - c2 X 2 - ... - c.xr]2...... ' (2) 
X X 

which give (r + 1) normal equations by means of which the C values are determined, 
-expressible ;ts 

.E X i (Y - Y') 0 (i = 0, l, 2, ... , r) (3) 
.r 

Table 1. • 

X X y 

a - t (n- 1) Yo 
a + 1 - t (n - 3) 'Yi 
a + 2 - t (n - 5) y2 

b 2 ! (n- 3) Y,._z 
b l ! (n .- 1) l"n-1 

Apart from the fact that the method becomes extremely laborious with large nand 
1', since the sums of powers of X up to the 2r- th are required, a.nother disadvantage 
attaches itself to this approach. Since we do not know in advance which degree will 
give a satisfactory :fit, this ·implies that if the degree of the polynomial is changed, then 
the previous coefficients have to be recalculated. The .advantage of using some system, 
which will allow the raising of the degree of the polynomial, while the coefficients already 
calculated retain their value, is apparent. 

By transforming the power polynomial into an aggregate of special components 
having the propelty of being uncorrelated or orthogonal (Gr. orthos, right, gonia, angle) 
·our object is attained. · 
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IfF r = F .(X) is defined as an orthogonal polynomial of degree r, it has the properties 

:f:FrF8 = 0ifr*s···· ·· :····· ·· ············.·· ·· ········ ····} (4} 
I: Fr2 =t= 0 if r = s .. . _ .............. · · · · · · · · · · · · · · · · · · · · · · · · · · 
a 

Y, the dependent variable, is now expressed, not in terms of powm;s of X, the determining 
variable, but in terms of orthogonal polynomials of X. Thus 1 

Y' = a 0 + a 1 F 1 + a2 F 2 + . . . + ar F r 
Utilizing properties (4), the minimizing condition (2) becomes 

i.e., 

b - l b- l 
ar I: F r2 - I: Y F r = 0 

a a 
b - 1 
I: y Fr 
· a 
~ 
I: F/ 
a 

(5} 

Thus each coeffi6ient ar in the regression equation is found independently fro!ll the 
others, without the labour of solving simultaneous equations. 

The minimum sum of squared residuals (2) becomes by (5) 
b-l b - 1 
I: (Y - Y')2 = I: [Y2 - ao2 - a12 F12 - ... - ar F.2] 
a a 

= I: Y 2 - a 0 I:Y - a 1 I:YF1 - ••• - ar I:YFr . ... (6} 
enabling the evaluation beforehand of what value of r will give the best polynomial Y' .. 

(ar· - ar) V(N - r- 1) I:Fr2 
Also t = 

vi: (Y - Y') 2 

will be distributed in the t-distribution with (N - r - 1) degrees of freedom, and can · 
be used to test the significance of the deviation a; - a1 of any of the coefficients from 
a hypothetical value a1• In practice this hypothetical value is usually taken to be zero. 

4;. DERIVATION OF F.(x). 

Letfr-1 = fr-1 (x) be an arbitrary polynomial of degree (r- 1). Since f r-1 can 
be expressed as F 8 and since (r - l) =t= r, we have from (4) 

b-l 
I: !~1 Fr =· o. 
a 

App1ying formula (iv) of'the Mathematical Introduction 
b-1 • 

1: fr-1 Fr = fr- 1 I: F, (X) - 6 ]r-1 1:2 Fr (X+ 1) + 6 2fr-1 1:3 F. (X + 2) -. 
a . . 
(-)'- 1 6•-IJr-1 1:' Fr (X+ r- 1) ·I: Fr (X) contains an arbitrary constant which 
can be chosen so that I: Fr (a) becomes zero. In the same way £ 2F. (a+ 1) , .. , 
Er Fr (a + r - 1) vanish. In other words [Efr-1 Fr]x=a = 0 i.e., the definite sum 
vanishes for X = a. For· X = b, the' expression also vanishes. Since the polynomial 
F r-1 is arbitrary for all values of r, it can be deduced that (X -a) and X - b) are factors 
of the orthogonal polynomial F., and by s~cessive summation ·it can be shown that 
(X-a)(r) and (X-b)(r) are multiplying factors of E'Fr(X). That is 

b- l 
I: Fr (X) = C. (X~a)<rl (X-b)<rl·............. .... .. .• . . . . . . . . . . (8} 
a 

where, since both sides are of degree 2r, C is an arbitrary constant. 
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Taking r-th d.ifferencoo of both sid.es; ·the general expression for the orthogonal 
polynomjals w.r.t. . X = a, a -+ 1, . . . , b - 1. becomes 

F, (X) = C. !:::," (X-a) (r) (X- b) (r) . . . . . . . . . . . • . . . . . . . . . . . . . . . . (9) 

Applying formula (ii) it can be written 
r 

F, (X)= C . . £(;) (•- ;•+1 (; ::7). . ................... . ......... . . . . . (10) 
t~o 

or, utilizing formula (xiii) differenced ?' times with a as origin, that is 
n-r 

!:::, r Ux = £ (X - a)(s) 6. r+s Ua 
s ~o 

and expanding (8) into a Newton-series of 'binomial coefficients (X - b)c t) we have 
2r 

L 7 F, (X) =;= C.£ (X- b) (I) 6. ' [(X - a)(r) (X- b)(r)J X~b· • 
t ~ o 

According to formula (ii) 
t 

6.' [(X- a) (r) (X- b)(r)Jx~b = [£ t (8 J 6. 1 -
8 (X - a + 8)(r ) 

s ~o 

6. 8 (X - b) (r)]X~b 
\ = t(r) .(b -a+ 1') c2r-t) 

aJI other t_erms vanishing. 

Thus 
2r 

L' F, (X)= C.£ t(r) (b - a + 1') c2r - t) (X - b) ( t)·. ·. · ... . . · . ·. · .". · {11) 
t ~r 

Since t > r, ~et t = r + 8. Substituting and determining the r- th differ~ce, we find 
r 

F,. (X)= C.£ (X- b)(s) (r + 8)(r) (b- a+ r) (r-s)· : . . . . . . . . . . . . . . . . (12) 
8 = 0 

Now, since x;r. F ,. (X) is symmetric W.r.t. a and b, expression (12) can also be expressed 
in terms of the initial value of the determining variable, i.e., ·a. Thus, noting that 
b - q = n, and (a- b + r) (r-s) = (-)'-• (n- 8 - 1) (r-s) we have from (12) . 

r 
F, (X)= C.£'( - ),._. (r + 8) (r) (n - 8 - l) (r-s ) (X - a) (s ) ·........ (121} 

s ~o 

This is the general explicit form of the orthogonal polynomial, and the various 
systems proposed differ only in the value assigned to the arbitrary constant C, deter
mined in each case by the criterion that the numerical work involved in the particular 
system should be a minimum. 

. b - l 
5. DERIVATIOK OF £ F/ (X) . 

a 

Applying formula (iv) to X:[F,F,], we find 

£ [F.F,] = F, £ F,. (X) - 6. F, 42 F, (X+ 1) + 6. 2 F, £3 F, 
(X + 2) - . .. (_:_ ) •-1 6. •- 1 F, £ 8 F,• (X + 8 -l) 

. .. (~r 6. ' F, £r+I F,. (X+ r).. . ......... .. ..... (13) 

If 8 < r + 1, the. quantities £• F, (4 + 8 - 1) are easily obtained. Applying 
expression (11), replacing X by X + 8 - 1, it will be seen that at both limits X = a, 
X = b all j;he terms of (11), excepting the last, vanish. Now 

2r 

£7+1 F, (X + 1·) = C·£ (X + r - b)(s+l) S(r). (b - a .+ r)(2r-s) , 
s = r 
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which is the expression for the indefinite sum of _Er Fr vanishing for X ~ b, since r< 
s+I. 

Its value for X = a will be 
2r 

_Er+l Fr (a + r) = C·.E s(r) (a - b + r)(s+J) (b--=-- a -f r)(2r--s) 
S=T 

.and, utilizing the fact that b - a .= n, it becomes 
1 , 2r 

_Er+l Fr (a + r) = C· (n + r) (2r+l) .E (- ) st-1 s (r) (2r + 1) (.B+I) 
s=r 

By combinatory analysis the sum on the righthand-side is equal to ( -1)r+I, giving 

.E'- 1 F, (a + r) = (-)rrl C· (n + r) (2rtl) 

From (12), 6' Fr (X) = C (2r)<r>' and, .on combining the'Se quantities into the definite 
sum of (13),'the general expression for the sums of squares of the orthqgonal polynomials 
is derived ' 

b-1 
.E F,.2 = 0 2 • (2r) (r) (n + r) (2r+J)· ... . ... .... . .... , .............. ' (14) 
a 

b-1 

. , 6. DETERMINATION OF EYF, (X) . 
a 

If Y' = a 0 + a 1 F 1 + a2 F 2 + ... + a, F, it was sho;wn in section 3 that the 
coefficients a, can be determined from th"e data, by means of the formula • 

.EYFr . 
ar = .Ei2 0 0 0 0 0 0. 0 0 0 0 •• 0 •• 0 0 0 . , . 0. 0 0 0 0. 0 0 0 0 0. 0. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 

r 

(5) 

Since the denominator is independent of the origin of X, and only depends upon the 
values of n., the number of data, and r, the degree of the polynomial, it only becomes 
neces_sary to evaluate the product. 

It can be shown that, if the origin of X is chosen suitably, this product can be 
evaluated by a proct')ss of consecutive summation. . Since F r is expressed either. in the 
form of a Gregory-Newton series (taking t he initial datum as origin) or in the form of 
a Newton-Stirling or Newton-Bessel series (see Section 8), depending upon whether the 
number of data are odd or even (taking the origin at the centre of the data), consecutive 
summation will respectively yield the reduced factorial moments and reduced central · 
factorial moments, which, when combined ?>Ccording to the formula in question, will 
yield the numerator of the expression in (5). 

1 ;For practical purposes, h't>wever, if n and r are not too large, the direct multiplication 
method according to expression (5), with the aid of the standard tables of Fr {Appendix 
1), and a calculating machine, is far supei"ior. 

For large n and r (usually not met with in practice), ~orne summation method will 
probably be preferred, and the reader is referred to (38) and .(41) for a succint description. 

7. COMPILATION OF THE STANDARD TABLES. 

If, in the expression for Fr (x), we omit the arbitrary constant C for the moment, 
we have • 

T 

F,(X) = .E ~-) r-s (r + s) (r) (n - 8 - 1) (r-s) (X- a) (s) 
8=0 

(2r) (r) (X - a) (r) __::_ (2r - 1) (r) (n - r) .(X - a) (r-J) + 
(2r - 2) (r) (n - r + 1) (2 ) (X - a) (r-2 ) - ••. 

. ( - ) r-1 (r + 1) (r) (n - 2) (r-I) (X - a) + (- )' 
{9~ :_ 1) (r)· .... . ... . . ...... · :. . .. ........ . .. .... ...... . (15) 
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Differencing this expression t times, utilizing formula (v) 

6 1 F, (X) = (2r) (r) (X - a) (r-t) - (2r - 1) (•·> (n - r) (X - a) 

(r- t t-J) + (2r- 2) (r) (n - r .+ 1) (2 ) (X- a) (r-t-2 )-· •• 

. . . ( - ) r-4 (r + 1) (r) (n- 2) (•·- 1.) (X- a) (I-t)·... (16? 
Putting X = a, these two expressions can be combined into one formula, viz., 

6' F, (a) = (-) r-t (r + t) (r) (n - t - 1) (r-t)· . . ........ ..... . ..._ (17)· 
giving the initial· differenc.e of F, (x) for X = a. 

As special cases we find 
F, (a) = (-)' (n - 1) (ri· ' . 

6F, '(a) = (-} •-l (r + 1) (r) (n - 2) (r-1)· 

6 2F, (a) = ( -) •-2 (r + 2) (r) (n - 3) (r- 2)· 

6'-2F, (a)= (2r- 2) (r) (n- r + 1) c2 >· 
6 r-ll!'r (a) = - (2r.- 1) (r) (n - r). 

6rF, (a) = (2r) (r)· 

yielding, e.g., for r = 5, n = 7. 
F 5 (a) = - 5c5 > 6(5 ) . 

6F5 (a) == 6c5 > 5c 4 )· , 

6 2F 5 (a) =- 7c5 > 4(a)· 
6 3F 5 (a) = 8c5 > 3(2 >. • 
6 4F 5 (a) = - 9c5 J 2(1). 
6 5F 5 (a)= 10(5 )1(oJ· 

.. 

Removing common factor 6, we find consecutively - 1, 5, - 14, 28, - 42, 42 for the 
the leading term and differences, enabling us• by summation to build up the table of 
values for F 5 (X) with n = 7. 

It will be noticed that each number in the abpve scheme consists of the product 
of two factors, both of which can be easily derived from the figurate number properties 

. (modification of the well-known Pascal triangle algorithm) of binomial coefficients in 
the following way : write down r + 1 columns of figurate numbers from right to left. 
Multiply the values in each column by the first r + 1 values in the (r + 1)- th column 
with alternate + and - signs from the right. Remove common factors within each 
row ; the rows in the table of products give the leading term and initial differences 
for values of n from (r + 1) upwards. 

Example: r = 5, n = 6, 7, 8, .. 
First Step: Figurate Numb~rs. 

n I 

6 1 1 1 1 1 1 

7 6 5 4 3 2 1 

8 21 15 10 6 3 1 

9 56 35 2o 10 4 .1 

10 126 70 35 15 5 1 

11 252 126 56 21 6 1 

12 492 210 84 28 7 1 
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Each number in any column after the first from the right is the progressive sum 
of the numbers in the column to the riglit up to the row, in which it stands, e.g., 35 (in 
the 5-th column) = 1 + 4 + 10 + 20. 

Second Step: Multiplication. 

n 

6 

7 

8 

9 

10 

11 

12 

Fr(a) 

1 

6 

- 21 

- 56 

-126 

-252 

-462 

6Fr(a) 
• 
6 

30 

90 

210 

420 

756 

1260 

6 2Fr(a) 

- 21 

- 84 

-210 

-420 

-735 

-1176 

-1764 

Third Step : Removing Common Factor . 

6 

7 

8 

9 

10 

11 

12 

1 

1' 

-7 

-4 

6 

3 

-33 

. 6 

5 

30 

15 

20 

9 

90 

21 

14 

70 

30 

35 

14 

- 126 

56 

28 

112 

40 

40 

14 

112 

Fourth Step: Derivation of Fr (X) by Multiplication. 

56 

168 

336 

560 

840 

1176 

1568 

-126 

- 42 

-126 

- 36 

30 

9 

63 

-126 

-252 

-378 

-504 

-630 

- 756 

-882 

252 

42 

84 

18 

12 

3 

18 

I 

J 

252 

252 

252 

252 

252 

252 

252 

Common 
Factor 

1 

6 

3 

14 

21 

84 

14 

By summation from the leading term and initial differences the values of Fr (X) 
for the different values of X can be found. In compiling our standard tables (Appendix 
I) it was found easier to substitute a process of multiplication; as follows :-

Since .Fr (X) is nothing else than a Gregory-Newton interpolation formula, it can 
be written 

Fr (X) = Fr (a) + (X - a) 6 Fr (a) + (X - a) (2) 6 2 Fr (a) + .. . + 
(X - a) (r) 6 r F, (a)...... . . . ....... . .... . .... . ... .. . . . . . (18) 
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Substituting respectively X := a, a + I, . in this expression, we derive 
F 7 (a) = F 7 (a) 
F 7 (a + I) = F 7 (a) + 6 Fr (a) 
Fr (a + 2) = F 7 (a) + 2 6 F 7 (a) + 6 2 F 7 (a) 
F 7 (a + 3) = F 7 (a) + 3 6 F 7 (a) + 3 6 2 F 7 (a) + 6a F 7 (a), etc. 

Denoting 6' F 7 (a) by (-) 7
_, A,., where Ar is the absolute value of 6 ' Fr (a) we 

have respectively for r = even and r = odd. 

X 

• 
It is observed that the coefficients of the A's form a Pascal triangle, i.e., they correspond 
to the diagonals of the figurate numbers in Step I. In this way the table of figurate 
numbers is used twice, viz., first to find the leading differences of an orthogonal polyno
mial, and then showing how to combine these differences to obtain the values for 
different X. · 

It will now be recalled that the arbitrary constant 0 was temporarily omitted for 
this discussion. Since we have used the Aitken-criterion (Section 11), viz., 0 = 1, 
t he above development is immediately applicable. In the case of the other systems, 
all results above must be multiplied by the value 0 assumes in that particular develop
m ent. In practice this amounts to multiplying the common factor removed by 0 . 

As can be seen from thederivation in Section 4, F 7 (X) is symmetrical in absolute 
value about the centre of the data, the same signs thus occuring in the upper and lower 
p ortions of the table when r is even, opposite signs when r is odd. Thus it is only 
necessary to apply the derivation methods to one half of the table. 

8. THE DERIVATION OF THE CENTRAL CASE: Fr (x). 

In section 4 we derived 

Fr (X)= 0 6 7 (X- a) (r) (X- b) (r)·· . . . . • . . • . • .. • •• .. . • . .. . (8) 

where X took the values a to 'b - I, or, the s·ame thing, a to a + n - I. Measure X 
from the centre of the data, thus x = X - X, and transform to central differen~e 
notation by the relation 6 r u (x) = (Y u (x + r/2). 

Using Aitken's criterion, let 0 = I and put n = 2q, thus finding 
A 

13 

Tr (x) = <5r [(x + q + l r - I) (r) (x - q + l r - I) (r)] 

<5r - - - -- ---
=(r!)2 [(x + q + l r - I) (x + ,q + l r- 3) .. : (x + q- l r- 3) 

(x + q - l r - 1) · (x - q + l 7 =-1) (x - q + l ;:-=3) 

(x - q - l r - 3) (x - q 
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A 
where Tr now denotes the orthogonal polynomial. · By appropriate multiplication 
within the brackets we readily find 

A <5r 
Tr(x) = (rf)2[(x2- q +! (r- 1)2 (:i;2 - " q +! (r- 3)2. 

· (x2 - q - ! (r- 3)2 (x2 - q - i(r- 1)2.. . . . .... (19) 

By means of the factorial identities, Section 2, the general case can be solved, but it 
is more instructive to treat the even and odd cases separately. 

I£ r is even, i.e., r = 2s, it follows that, using formulae (xvi) and (x) 

A a2s 

T28 (x) = (2s)! (2s)! l2s 

(2s + 2t) (2s + 2t - 1) ... (2t + 1) 
= t:o (-)s-t (2s) 8- t (2s) ! (2s) ! 

(q2 _ 8 2) ... 1q2 _ ~12) x[2tJ 

(q2 _ 8 2) ... (q2 _ t + 12) 
x[2tJ . . . . . . 

(s + t) ! (s - t) ! 

8 

= E h·)B-t (2s + 2t)(2 t) 
t =O 

(20) 

Using formulae (xvii) and (xi) we find 

A 8 (q2-s2) ... (q2- t:ti 2) 
T2B+2(x) = E (-) 8-t (2s+2t+2) (2t+2) 1 1 

,uxl2 t+lJ (2I ) 
t=o • (s+t+I) . (s-t) . 

It will be noted that the above formulae are suitable for application to cases with an 
even number of data. By utilizing the alternative forms of the factorial identities, 
two corresponding expressions are derived for an odd number of data, viz., 

A 8 (q2-8~2) (q2 _ ~2) .. . (q2 _ t + Ij22) 
T28 (x) =t-':a (-)B-t (2s + 2t) <2t) (s + t)! (s _ t)! 

,ux [2 t] . . • • • . . . . • (22) 
and 

A 8 . (q2-~2) (q2-022) •• • (q2-'t-t3/22) 

T2_"+1 (.x>--;:: ( -)B-t (2s+2t + 2) (2 t+1 ) (s + t +I) ! (s _ t)! 

X [2t+lJ . . .. . . . . . (23) 

In Table 2 the explicit expressions for the two cases are given up to the ninth 
degree. It will be noted that the polynomials are but special cases of the Newton
Stirling (if n is odd) and the Newton-Bessel (if n is even) formulae of interpolation, 
thus revealing very lucidly the interpolatory character of this method of curve fitting. 
This fact also enables us to draw up tables, giving the central and mean central differences, 
from which standard tables (which are of course the same as those obtained previously) 
may be computed. From these central and 'mean central differences, the reduced 
factorial and reduced central factorial moments can also be obtained, and, as pointed 
out in Section 6, the fitting-process may then be carried out by a process of consecutive 
summation (38). 

Figure I, giving the graphical representation to these orthogonal polynomials for 
n = 39, is intended to bring out the extreme flexibility inherent in this method of curve 
fitting. Note that with increasing r, there is a proportionate increase of turning-points 
in the graphs. 
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FIGURE 1. 

Orthogonal ·c omporients for n= 39 
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9. SIMPLIFIED PoLYNOMIALS. 

Although Table 2 gives the explicit form of the orthogonal polynomials for the 
various degrees, a simplified form is used in practice in most applications of orthogonal. 
polynomial fitting. This is defined as 

A . 
f{Jr (x) = 1/J. Tr (x)............................................... (24) 

where ). is the common factor explained in Section 7. The regression equation becomes 

Y' = a' o + a' 1 fPl + a' 2 fP2 + . . . ·+ a' r f{Jr .... '· ..... ·. . . . . . . . . . (25) 
EY(JJ1 EYTr 

a' - --·- ). -- ).a · (26) r- Eq;r2 ETr2 = r································ 

Thus by removing the common factor, the normalized property falls away, although 
the system still remains orthogonal. Utilizing (24) and (26), the minimum sum of 
squared residuals becomes 

~ (Y-Y') 2 = EY2- a' 0EY- a' 1 EYq;1 - Y' 2EYq;2 - ... - a'r EYq;r (27.} 

and the significance test 
(a'r- a,) v"""(N=-'"·_-r--l,_,)-E=-q;-:,2 

t= 
vE (Y- Y') 2 

10. INTERPRETATION OF THE CONSTANTS. 

(28} 

Above, the practical importance of having independent constants in a regression. 
equation, i.e., that the one could be evaluated without influencing the other, was stressed. 
From the significance tests it can be seen that each constant measures the importance 
of its approximating polynomial. This is shown in a striking way if the regression 
equation is written in standard units, i.e., multiply both sides of (25) by the reciprocal 
of y Ey2, taking Y from its mean, and at the same time put .fr = f{Jr/v Eq;

1
2. 

Thus y' = r1 o/1 + r2• o/2 +. ... + r1 .fr.. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (29)' 
where rl> r2, ... , r1 are the ordinary c'orrelation coefficients between Y and the various 
uncorrelated polynomial values. 

It thus follows that if an interpretation of the constants is being sought, the first 
step must be to determine the role that the orthogonal components play in the set of 
data that has to be evaluated. Since a future paper will deal with this aspect, only 
a few. suggestions can be made here. The orthogonal components must be regarded, 
in a certain sense, as standard units, which, when multiplied by the respective constants. 
and summated, give the best approximation to some, possibly unknown, functional 
relationship between the dependent variable and the determining variable. To take an 
easy, if not quite correct, analogy : Suppose we wish to describe a certain individual. 
We will state that Mr. Y. is 6 feet (i.e., 6 units of length) tall, weighs 170 lb. (i.e., 170 
units of weight) is 30 years (i.e., 30 age-units) old, and draws a salary of £400 (i.e., 400 
monetary units) per year. Since the concepts of height, weight, etc., are well-established 
our first task will be to establish in a corresponding way certain concepts for the 
orthogonal components. 

Once this has been done, the manifest advantages attaching itself to the use of 
orthogonal polynomials in comparative studies, e.g., the evaluation of different time
series, is immediately apparent. In our example, if Mr. Y. is compared with Mr. Z., 
we only compare the various multiplier-constants of the standard units of height, etc. 
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However, a word of caution must be given when interpretations are being sought. 
It has been stressed throughout that the orthogonal polynomial method of curve fitting 
is an interpolatory, i.e., approximative, one. Thus, it is the best representation of the 
dependent variable in terms of integral values, or combinations of values, of the deter
mining variable. 

The validity of the process will depend on how far that underlying, in most cases 
unknown, functional relationship as influenced by" random error", can be approximated 
by a 'polynomial or combination of polynomials. In other words, are our criteria, by 
which the set of independent polynomials were derived adequate~ Research on this 
point seems necessary. It appears, however, that if the data conform to such conditions 
as to give validity to the use of the arithmetic mean, then the use of the higher constants 
are also permissible. In this c:tse, the constants can be regarded either as parameters, 
with which the symmetry of the data can be investigated, or, as certain measures of 
the rates of increase. In other words, in certain cases an analogy can be set -qp between 
the parameters characterizing the one-dimensional frequency-distribution and the 
parameters, by means of which a two-dimensional distribution, not necessarily of a 
frequency-nature, can be evaluated. 

Figure 2, which is a special adaptation of Figure 1, emphasizes the transformatory 
character of the various orthogonal components. It must be kept in mind that this 

·transformation is of an integral nature, i.e., all the .exponents of the determining variable 
are integers. That is, the straight line, parabola and third degree polynomial which 
are so ofMn met with in biological curve fitting are all special cases of tlw procedure 
evaluated in the preceding pages. 

11. HISTORICAL NOTES. 

(a) Continuous Case. 

The orthogonal polynomials treated above are all discrete cases of the well-known 
Legendre-polynomials, particulars of which can be found in any standard textbook on 
Analysis. 

If the limiting case of (19) is taken between the limits -q, q, Rodrigues' formula 
1s derived 

The explicit values of the first fe\}' polynomials become :-

Po 1 

pl 2x 

p2 C)~ 2 2! 
- q2 

Pa = C)~ 3 3! 
(4) q2x 

1 2! 

p"' (8)~ _ CY2x2 + 
_t_ 

4 4! 2 3! 2! 2! 

373 



I 

CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

FIGURE 2. 
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The orthogonal polynomials as transformation functions . The ordinate 
represents the equi-spaced values of the determining variable, while the 
abscissa represents the values of the orthogonal components. 
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(b) P. L. Chebyshev. 

The problem of interpolation by means of orthogonal functions was first introduced 
by- the famous Russian mathematician, P. L. Chebyshev, in a series of papers on 
orthogonal representation (8, 9, 10, 11, 12, 1 3). His researches are of a very general nature, 
since he tr;eats the non-equidistant case (8, 9), as well as the equidistant case (10, 11, 12, 13) 

but the application in practice is extremely complicated. Using his reduction formula(11). 

lfr = 2 (2r ~ I) x ifi ,_1 - (r - 1)2 [n2 - (r - 1)2] !ftr-2 

or, putting C = (r!)2 and a = - ";' in our (IO') the first five explicit values are 

!fto I 

!ft1 = 2x 

ifi2 = 12x2 + (n2 
- I) 

!ft3 = I20 x3 - 6 (3n2 - 7) x 

ifi4 = 1680 x4 - I20 (3n2 - 13) x 2 + 9 (n2 - 1) (n2 - 9) 

(c) Intermediate Period. 

In his "Calcul des Probabilites " (14), Poincare, independently from Chebyshev, 
develops the interpolatory function by means of a continuous function identity for 
non-equidistant values. These functions are proportional to those of Chebyshev. A. 
Quiquet {15 ) applies this development to practical cases: J. P. Gram(17) suggests in 
a general way a step-wise derivation of the general approximating function as a convergent 
sequence of polynomials for various orthogonal functions and applies it to the smoothing 
of empirical curves. 

(d) Charl Jordan. 

Although the theoretical basis of the orthogonal polynomials of least squares was 
given by Chebyshev as early as 1855, it was not until I920, with the publication of 
Jordan's methods, that this approach became really practicable. In his first paper(18) 

Jordan treats the .mathematical theory of orthogonal polynomials for equidistant values 
in the general case. C was chosen as r!j2r hr, where h is the length of the interval, and 
the coefficients were derived by multiplication of the Y-values with standard values, 
which were calculated for the different degrees. In (19) the coefficients were obtained 
by the product of the binomial moments, obtained by successive summation, and certain 
standard numbers ; in (20) mean orthogonal moments are introduced, which eliminates 
the calculation of EUr2, where Ur denotes the Jordan-polynomial. Our derivation of 
Fr is based to a certain extent upon (22), which paper is the final presentation of the 
Jordan system. Practical applications of his work will be found in (23, 24). 

(e) Fredrik Esscher. 

Denoting the orthogonal polynomial by Pr, taking X from the centre of the data, 
Esscher determines the value of C by the convention(25) that the coefficient of x" shall 
be unity, i.e., in our notation C = r!j(;: ). In his second paper (26) using polynomials 
X,(x), x taking the values I, 2, 3, ... , n, he chooses C in such a way that EXr2 becomes 
equal to n, i.e., in our notation 

C = J n I (~) (;r ~ ;) 
thus simplifying the expression EX.,2, but complicating the polynomials. 
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(f) P. Lorenz. 

Using the determinantal approach, Lorenz (27, 28) derives orthogonal polynomials 
Xr (x), distinguishing between even and odd n, so that .EXr2 = n. Thus, in our notation 
the value of 0 is found to be · 

C ~ .j ("') (• + ') in th• '"" ""· and 
r 2r + 1 

.j ('') (: + ')' in th• odd ""'' 
r 2r+ 1 

0 = 
1 

For an interesting application of the Lorentz-system see (30). 

(g) R. A. Fisher. 

Independently from Esscher, Fisher derived his system approximately at the same 
time (31 32). He derives his polynomials T 1 , where X is measured from the mean value, 
so that .ETr2 = 1, i.e., if the arbitrary constant in (10') is chosen equal to 1/v'(~') U:.t;) 
and a is put equal to -i (n - 1), we have, e.g., for the first four explicit values 

1 
To v' n 

J-1-2- X 

n (n2 - 1) 

J 180 [x2 _ ~ (n2 _ 1)] 
n (n2 - 1) (n2 - 4) 

J 2800 [x3 _ 1 x (3n2 _ 7)] 
n (n2 - 1) (n2 - 4) (n2 - 9) 2o 

Later (33) by utilizing the convention that the coefficient of x• shall be unity, i.e., 
in our notation 0 becoming equal tor!/(~~'). he presents his polynomials in a new form, 
the general expression of which is derived by Allan (36) . as 

r! [ n ]1' (-)q (r- q- i)! [~1y-2q-1 

~r = (r - !) ! 2 ~1q~ (r- 2q) ! q! 22q [ ~ y - zq 

where [x]n corresponds to x[nJ in our notation, and where the series terminate m 
l (r + 1) or i (r + 2) terms. The first few polynomials become 

~o I 
~1 X 

~2 ~12 - 1/ 12 (n2 - 1) 

~3 - ~13 -
1/2o (3u2 

- 7) ~1 
~4 = ~14 - 1/.14 (3n2 - I3) ~12 + 3/ 560 (n2 - I) (n2 - 9) 

(r 1)4 
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(h) A. C. Aitken. 
With the appearance of the work of Aitken (38, 39, 40, 41), nearly a century's search 

after suitable practical methods can be said to have been completed. By deriving new 
forms for the orthogonal polynomials in terms of central and mean central factorials 
the relationship between the theory o£ interpolation and the theory o£ orthogonal polyno
mial curve fitting is shown in a remarkably lucid way. The choice o£ C equal to 1 
allows the double utilization o£ his tables of the central and mean central, and terminal 
values and differences, and gives integers throughout the standard tables. 

PRACTICAL ExAMPLE. 

To illustrate the method of curve fitting, enunciated in the previous sections, we 
choose the average diurnal variation of atmospheric temperature duripg December, 1940, 
at Armoedsvlakte, Bechuanaland. Our aim is to express the temperature ( Y) in terms 
of a linear combination of orthogonal polynomials (q;,) of the time of the day (X, or x 
i£ measured from the midpoint of the data). This operation will yield-

(i) the regression equation between y and X. 
(ii) the smoothed values of the atmospheric temperature ·; 

(iii) statistics, independently summarizing certain aspects of the diurnal variation 
of air temperature. 

TABLE 3. 

Example of Curve Fitting: Air Temperature. 

Hour. X. x. I ~a~~~~·. j Combinations. - ~ cp1 • cp •. Qlheok. 
cp1 + cpa + cp,. 

--
6 a.m. 1 
7 2 
8 3 

J-11·5 65·25 1-24 - 0 ·63 - 23 -1771 -4807 -6601 
- 10 ·5 69·37 2-23 2·66 - 21 - 847 1463 595 
- 9·5 74·44 3-22 7·35 - 19 - 133 3743 3591 

9 4 
10 5 

I - 8·5 79·00 4- 21 10·88 - 17 391 3553 3927 
- 7·5 82·72 5-20 13·64 - 15 745 2071 2801 

ll 6 - 6·5 85·97 7- 19 15·40 - 13 949 169 1105 
12 7 - 5·5 88·11 7-18 16·21 - ll 1023 - 1551 - 539 

1 8 - 4·5 89·67 8- 17 16·54 - 9 987 - 2721 -1743 
2 9 - 3 ·5 90·36 9- 16 16·29 - 7 861 - 3171 - 2317 
3 10 - 2·5 90·35 10- 15 14·20 ~ 5 665 -2893 -2233 
4 ll - 1·5 88·92 11-14 8·51 - 3 419 -2005 -1589 
5 12 - 0 ·5 87·81 12- 13 2·86 - 1 143 - 715 - 573 

6 13 0 ·5 84·95 T OTAL . 123 ·91 cp2 cp, cps cp2 + cp, + cpa 

7 14 1·5 80·41 1+ 24 131·13 253 253 4807 5313 
8 15 2·5 76·15 2+23 136·08 187 33 - 3971 -3751 
9 16 3·5 74·07 3+ 22 141 ·53 127 - 97 - 4769 -4739 

10 17 
ll 18 

4·5 73 ·13 4+ 21 147-·12 73 - 157 
' 

- 2147 -2231 
5·5 71·90 5+ 20 151·80 25 - 165 1045 905 

12 19 6·5 70·57 7+ 19 156·54 - 17 - 137 3271 3117 
1 a.m. 20 7·5 69·08 7+ 18 160·01 - 53 - 87 3957 3817 
2 21 8· 5 68·12 8+ 17 162·80 - 83 - 27 3183 3073 
3 22 9·5 67 ·09 9+ 16 164·43 - 107 33 1419 1345 
4 23 10·5 66·71 10+ 15 166 ·50 - 125 85 - 695 - 735 
5 24 11 ·5 65·88 11 + 14 169·33 - 137 123 -2525 - 2539 

12+13 172·76 - 143 143 - 3575 -3575 

TOTAL. 1,.860 ·03 TOTAL. 1,860·03 

-----
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Step I.-Combine the observations as shown in column 5, Table 3. These can 
be checked by the relation~ 

Sums + Differences = 2 (Sum of first hal£ of original observations), i.e., 
123·91 + 1,860·03 = 2 (919·97). 

Step 2.-Multiply these sums and differences respectively by the values of the 
even and odd degrees of q;,., taken from the standard tables (Appendix I), and enter 

/ the sums of products in Table 4. The sums of products c.an be checked by the relations 
- \ 

.I:Yq;t + .EYq;a + .EYq;5 .EY (q;t + ({!a + q;5) 
and ~Yq;2 + l:Yq;4 + .EYq;6 = l:Y (q;2 + ({!4 4- ({Je) 

0 1,860·03 
1 - 1,311·37 
2 - 19,831·59 
3 87,266·81 
4 1,141·79 

I 
5 - 78,051·97 
6 - 6,396·25 

TABLE 4. 

Evaluation of the Constants. 

24 
4,600 

394,680 
17,760,600 

394,680 
177,928,920 
250,925,400 

-
-

-
-

a' r 

77·501250 
0·285080 
0·050247 
0·004914 
0·002893 
0·000439 
0·000003 

Sums of Squares. 

l 144,154·650 
373·846 
996 ·483 
428·786 

3·303 
34·239 
0·163 

Step 3.- Divide the sums of products .EYq;,. by .Eq;,.2, taken from standard tables, 
giving the a',. values, column 4. Divide the square of .EY q;,. by .Eq;,.2, giving column 5, 
the sums of squares due to each term fitted. · 

TABLE 5. 

Analysis of Variance. 

Variance due to. D.F. s.s. M.S. F. 15 Per Cent.1 1 Per Cent. 

Total. ... .. .. .. . . ..... . . . .. 23 1,849· 395 - - - -

Degree 1. . . . . ...... ... .... 1 373·846 373·846 5·57 4 · 30 7·94 
R esidual l. .... . ........... 22 1,475·549 67·070 s. - -

Degree 2 ... . ...... . ....... 1 996·483 996·483 43·68 4·32 8·02 
R esidual 2 . ... . .. . ......... 21 479·066 22·813 s.s. - -

Degree 3 .............. . ... 1 428 · 786 428·786 170·56 4 · 35 8·10 
Residual 3 . . . . ...... . ...... 20 50·280 2·514 s.s. - -

Degree 4 ... .. .......... . . . 1 3·303 3·303 1·34 4·38 8·18 
Residual 4 ..... . . . .. . . . .... 19 46·977 2·473 - - -
Degree 5 .. . ... . ........... 1 34·239 34·239 48·38 4·41 8 · 28 
Residual 5 ... . . ............ 18 12·738 0 · 708 s.s. - -
Degree~ - ... .. ............ - 1 0·163 0·163 0·22 4 ·45 8·40 
Residual 6 . . ..... . ......... 17 12·575 0·740 - - -

I 
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Step 4.-From the sums of squares in Table 4 it appears that a 5-th degree polyno
mial will give a satisfactory fit, and thus, before calculating any further coefficients, 
a significance test by means of the analysis of variance is applied, so as to establish 
whether the 5-th degree is appropriate. This procedure is set out in Table 5. Squaring 
and summing the original values and subtracting the first entry in column 5, Table 4, 
the total S.S. value in Table 5, 1,849·395, with (N- 1) = 23 degrees of freedom 
is obtained. Subtraction of the S.S. value for the first degree from this value yields 
the first residual. For the second residual subtract the S.S. for the second degree from 
the first residual, and so on. The mean square (M.S.) column is obtained by dividing 
the S.S. column by the D.F. column, and the F-column is the result of dividing the 
M.S. for residual into the M.S. for degree. These F-values are compared with the 
theoretical values (35) in order to test significance. S denotes significance at 5 per cent. 
theoretical, while S.S. denotes significance at the 1_ per cent. level. In this way 
significance is established for the 1st, 2nd, 3rd and 5th degrees, while the 4th degree does 
not attain the significance level. 

·This can be seen at a glance when expression (29) is utilized, g1vmg 
y1 = - 0·450 ljJ1 - 0·734 ljJ2 + 0·482ljJ3 -, 0·042 rp4 - 0·136 1/16• 

TABLE 6. 

Graduated Values. 

6a.m. 1 - 11·5 77·501 6·557 - 12·712 - 8·703 0·732 2·110 65·49 - 0 ·24 
7 2 -10·5 5·987 - 9·396 - 4·162 0·095 - 0·642 69·38 -0·01 
8 3 - 9·5 - 5·417 - 6·381 - 0·654 - 0 ·281 -1·643 73·96 0 ·48 
9 4 - 8·5 - 4·846 - 3·668 1·921 -0·454 -1·560 78·59 0 ·41 

10 5 - 7·5 - 4·276 -1·256 3·661 -0·477 -0·909 82·80 -0·08 
11 6 - 6·5 - 3·706 0·854 4·663 -0·396 '-0·074 86·25 -0·28 
12 7 - 5·5 - 3·136 2·663 5·027 -0·252 0·681 88·76 -0·65 
1 8 - 4·5 - 2·566 4·171 4·850 -0·078 1·195 90 ·21 -0·54 
2 9 - 3·5 - 1·996 5·376 4·231 0·095 1·392 90·60 -0·23 
3 10 - 2·5 - 1·425 6·281 3·268 0·246 1·270 89·99 0·36 
4 11 - 1·5 - 0·855 6·884 2·059 0·356 0·880 88·54 0·38 
5 12 - 0·5 - 0·285 7·185 0·703 0·414 0·314 86·40 1 ·41 
6 13 0·5 - - - - - - I 83·80 1·15 
7 14 1·5 - - - - - - 80·95 -0·54 
8 15 2·5 - - - - - - 78·06 -1·91 
9 16 3·5 - - - - - - 75·34 -1·28 

10 17 4·5 - - - - - - 72·98 0 · 15 
11 18 5·5 - - - - - - 71·07 0·83 
12 19 6·5 - - - - - - 69·66 0 ·91 
1 a.m. 20 7·5 - - - - - - 68·75 0·34 
2 21 8·5 - - - - - - 68·17 -0·05 
3 22 9·5 - - - - - - 67·71 - 0 · 62 
4 23 10·5 - - - - - - 67·0J -0·31 
5 24 11·5 - - - - - - 65·56 0·32 

TOTAL. 0·00 0 ·00 0·00 0·00 0·00 1,860·03 0·00 

Step 5.-Utilizing the standard tables again, calculate a' 0 q;0, a' 1 q;1, ••• , a' 6 q;6 
as shown in Table 6. Adding columns 4 to 9, the graduated values of Y are obtained. 
Because of symmetry, only the first half of the products is caldulated. The graduated 
values of the second half is obtained by simply changing the sign of the odd degrees, 
leaving the signs of the even degrees unaltered, and adding. The total of the graduated 
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FIGURE 3. 
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Diurnal Variation of Air Temperature; December 1940 at Armoedsvlakte, 
analyzed int'O its orthogonal components. The circles represent the actual 
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values should be equal to the total of the original observations. Column 11 gives the 
differences between the original and graduated values, the sums of squares of which 
should be equal to the S.S. of the 5-th residual in Table 5. Figure 3 shows the original 
values with the 5-th degree curve, as well as the different components. 

Step 6.-The regression equation can now be written 
Y' = 77 ·501.....:. 0·2851 g;1 - 0·0502 g;2 + 0·0049 g;3 + 0·0029 g;4 - 0 ·0004 g;5 

Qr, utilizing (24) and (26), i.e·., dividing each term by the common factor of the standard 
tables, it can be written in terms of Aitken's polynomials. 

A A A A 
Y' = 77·501 - 0·2851 T1 - 0·0502 T 2 + 0·0049 T 3 + 0·00014 T 4 -

A 
0·00008 T5 

A 
Using Table 2 and substituting for Tn we find 

Y' = 85 ·145- 2·613 x- 0·180 x 2 + 0 ·037 x 3 + 0·00024 x4 '- 0·00013 x5 

.and, remembering that x = X - .X, i.e., x = X - 12·5, we finally have 
Y' = 63·062 + 1·370 X+ 1·223 X 2 - 0·181 X 3 + 0·()085 X 4 - 0·00013 X 5 

giving the r~lationship between air temperature and time as an ordinary. power poly
nomial of the 5- th degree. 

Remarks.-From this application it follows that the use of this method not only 
yields the graduated values, but at the same time, certain statistics, the coefficients, 
·each of which represents some aspect of the temperature distribution in time. For 
instance, a'0 is the average temperature, a'1 is a measure of the average linear rate of 
increase, a' 2 is a function of the parabolic rate of increase, etc., or, a/ 1 is the regression 
coefficient between air temperature and a certain combination of first degree time values, 
etc. In a forthcoming article this interpretational aspect will be fully treated. 

13. SuMMARY. 

The systems of orthogonal polynomials mainly used in practice are derived from a 
{)Ommon general formula, which is established by the principle of least squares, utilizing 
results from the Finite Calculus. A simplified method of utilizing the Aitken-Cil.ebyshev 
polynomials, by means of an extensive set of appended standard tables, is presented. 
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APPENDIX I. 

Standard Tables. 

In the following pages the values of the orthogonal polynomials are given for n, 
from 5 to 52, and for r, from 1 to 9. Because Cf!r is symmetrical in absolute value about 
the centre of the date, the same signs occurring in the upper and lowe:t:, portions of the 
table when r is even, opposite signs when r is odd, only the first half of the tables is given. 
In the first row at the base of the tables the sums of squares are given. Since these 
figures t end to become very large with large n and r, they have been abbreviated to 
10 significant figures, e.g., for n = 42, r = 8, the sums of squares is 563, 270, 101, 173, 780; 
t his is abbreviated to 10 figures and is denoted as 563, 270, 101, 2 (5), the 5 between 
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.CURVE F~TTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES . 

·brackets denoting that 5 figures have been omitted. In the second row the commo. 
factor eliminated, is given. Below follows an example of the standard tables. For ; 
completenees sake, dl the values are given in this example:-

n = 11. 

X X cp. 
-

I 
. 

1 - 5 - 5 15 - 30 6 - 3 15 - 5 
2 - 4 - 4 6 6 - 6 6 - 48 23 
3 -3- - 3 - 1 22 - 6 1 29 - 33 
4 -2 - 2 ' - 6 23 - 1 - 4 36 2 
5 - 1 - 1 - 9 14 4 - 4 - 12 . 28 
6 0 0 - 10 0 6 0 - 40 0 
7 1 1 - 9 - 14 4 4 - 12 - 28 
8 2 2 - 6 - 23 - 1 4 36 - 2 
9 3 3 - 1 - 22 - 6 - 1 29 33 

10 4 4 6 .- 6 - 6 - 6 - 48 - 23 
11 5 5 15 30 6 3 15 5 

Ecpr• 858 286 

I 

11,220 
110 4,290 156 4,862 

A. I 
2 3 4 35 84 14 24 . 

I ! 

5 6 7 

• I ! 
I 

cpl cp. cpa cpl cp. cps cp. cpl cp. cp. cp. cp. 
--------- ------ ---, ___ ----------

-2 2 -1 -5 5 - 5 1 -3 5 - 1 3 7'1 
-1 -1 2 -3 - 1 I 7 -3 -2 0 1 - 7 4 

0 -2 0 -1 - 4 4 2 -1 - 3 1 1 -5 
0 - 4 0 6 0 

--------------- ---------- --------
10 10 84 28 84 154 

14 70 180 28 6 84 
---- ----- ___ , ___ - - - - -- ---- - - - -----

2 3 4 1 
I 

2 2 5 2 3 20 5 6 

8 9 

cp. cp. J· cp. j cp, 

- 7 7 - 7 7 - 7 I 1 I~ . 28 -14 14 - 4 4 - 1 
- 5 1 5 - 13 23 -5 - 3 7 7 - 21 11 - 17 6 
-3 -3 7 -3 - 17 9 - 2 '- 8 13 -11 -4 22 -14 
-1 -5 3 9 - 15 - 5 ~- ~ -17 9 9 - 9 1 14 

-20 0 18 0 -20 0 
--------------- - - - 1------- - ----

168 264 2,184 60 990 468 i 858 
168 6i'6 264 2,77? 2,002 i 1,980 

-------------- - --- - -----4 ~--5-14,--7-, 1 3 5 1 5 3 7 2 1 8 
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10 11 

Cft cp. cpa cp, cp6 if• cp, Cft if• cp. cp, ip6 cp. cp, 
-- ----~-------------------
-9 6 ~42 18 - 6 3 - 9 - 5 15 -,-30 6 -3 ,15 -5 
-7 . 2 14 -22 14 - 11 47 - 4 6 6 - 6 6 - 48 23 
-5 -1 35 - 17 - 1 10 - 86 - 3 - 1 22 - 6 I 29 -33 
-3 -3 31 ' 3 - 11 6 42 - 2 - 6 23 - 1 - 4 36 2 
-1 -4 12 ' 18 - 6 - 8 56 - 1 - 9 14 4 -4 - 12 28 

~ -10 0 6 0 - 40 0 
---- --------- - - ---------

330 8,580 780 29,172 858 286 11,220 
132 2,860 660 110 4,290 156 4,862 
-------- ------- --------

1 6 2 7 21 28 4 2 3 4 35 84 14 24 

12 

cp. ifz I 
I cp. if• ip6 cp. cp, cpa 

-11 55 

I 
- 33 , 33 - 33 11 - 55 11 

- 9 25 3 - . 27 57 - ,31 225 - 61 
- 7 1 21 - 33 21 11 - 251 119 
- -5 - 17 25 - 13 - 29 25 - 83 - 65 
- 3 - 29 19 12 - 44 4 204 - 74 
- 1 -35 7 28 - 20 - 20 140 70 

572 5,148 15,912 369,512 
12,012 8,008 4,488 65,208 

-
1 1 5- 10 14 42 6 15 

13 

cpa 

. I 
- 6 22 - 11 99 - 22 22 - 33' 11 
- 5 11 0 - 66 33 - 55 121 - 55 
- 4 2 6 - 96 18 8 - 103 89 
- ·3 - 5 8 - 54 -'-- 11 43 - 75 - 19 
-2 .:_ 10 7 11 - 26 22 65 - 71 
- "1 - 13 4 64 - 20 -'-- 20 100 10 

0 - 14 0 84 0 - 40 0 70 

182 

I 
572 6,188 92,378 I, 

2,002 68,068 14,212 

I 

38,038 

2 3 I 20 5 36 42 24 45 

385 



CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

14 

f{Jl 

- 13 13 - 143 143 - 143 143 - 143 13 - 13 
- 11 7 - ll - 77 187 - 319 473 - 59 77 
- 9 2 66 - 132 132 - ll - 297 79 - 163 
- 7 -2 98 - 92 - 28 227 - 353 7 107 
- 5 - 5 95 - 13 - 139 185 95 - 65 89 
- 3 - 7 67 63 - 145 - 25 375 - 25 - 105 
- 1 - 8 24 108 ..- 60 - 200 200 50 - 90 

910 97,240 235,144 1,293,292 142,324 
728 136,136 497,420 34,580 

1 6 2 5 9 12 12 99 55 

15 

- 7 91 - 91 1,001 - 1,001 143 - 13 91 - 91 
~ 6 52 - 13 - 429 1,144 - 286 39 - 377 494 
- 5 19 35 - 869 979 - 55 - 17 415 - 901 
- 4 - 8 58 - 704 44 176 ~ 31 157 344 
- 3 -29 61 - 249 - 751 197 - 3 - 311 659 
- 2 -44 49 251 - 1,000 50 25 ·- 275 - 250 
- 1 - 53 27 621 - 675 - 125 25 125 - 675 

0 ·-56 0 756 0 - 200 0 350 0 

280 39,780 10,581,480 . 8,398 4,269,720 
37,128 6,466,460 426,360 1,193,010 I 

2 1 4 1 I 2 21 264 . 33 22 

16 

-15 35 - 455 273 .,..- 143 65 - 195 65 - 91 
- 13 21 - 91 - 91 143 - 117 533 - 247 455 
- 11 9 143 - 221 143 - 39 - 143 221 - 7l5 
- 9 - 1 267 - 201 33 59 - 423 149 95 
- 7 - 9 301 - 101 - 77 87 - 157 - 133 575 
- 5 -15 265 23 - 131 45 235 - 205 53 
- 3 -19 179 129 - 115 - 25 375 - 25 - 505 
- 1 -21 63 189 - 45 - 75 175 175 - 315 

1,360 1,007,760 201,552 1,545,232 2,846,480 
5,712 470,288 77,520 454,480 

1 3 .l j 5 21 77 33 99 55 
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17 

, 
-8 40 - 28 52 - 104 104 - 130 26 - 8 
- 7 25 - 7 - 13 91 - 169 325 - 91 37 
- 6 12 7 - 39 104 - 78 - 39 65 - 50 
- 5 1 15 - 39 39 65 - 247 65 - 5 
-4 - 8 18 - 24 - 36 128 - 149 - 25 40 
-3 -15 17 - 3 83 93 75 - 73 19 
- 2 -20 13 17 - 88 2 215 - 37 - 26 
- l -23 7 31 - 55 - 85 175 35 - 35 

0 - 24 0 36 0 - 120 0 70 0 
---

408 3,876 100,776 579,462 15,640 
7,752 16,796 178,296 56,810 

2 3 20 35 42 77 88 495 1,430 

18 

lfs 

-17 68 ;- 68 68 - 884- 442 - 442 34 - 34 
-15 44 - 20 - 12 676 - 650 1,014 - 110 146 
- 13 23 13 - 47 871 - 377 13 61 - 169 
-11 5 33 - 51 429 169 - 715 85 - 55 
- 9 - 10 42 - 36 - 156 481 - 585 - 5 125 
- 7 - 22 42 - 12 - 588 439 31 - 77 107 
- 5 - 31 35 13 - 733 145 563 - 65 - 43 
- 3 -37 23 33 - 583 - 209 651 7 - 133 
- 1 - 40 8 44 - 22:E - 440 280 70 - 70 

1,938 23,256 1 6,953,544 5,794,620 211,140 
23,256 28,424 2,941,884 78,660 

l 2 10 I :Iii 7 28 44 715 715 
I 

I 

19 

-
- 9 51 - 204 612 - 102 1,326 - 306 34 ...:... 34 
- 8 34 - 68 - 68 68 - 1,768 646 - 102 136 
- 7 19 28 - 388 98 - 1,222 86 42 - 134 
- 6 6 89 - 453 58 234 - 411 81 - 74 
- 5 - 5 120 - 354 - 3 1,235 - 425 15 85 
-4 -14 126 - 168 - 54 1,352 - 97 - 57 112 
- 3 -21 112 42 - 79 729 267 - 69 7 
- 2 - 26 83 227 - 74 - 214 427 - 21 - 98 
- l - 29 44 352 - 44 - 1,012 308 42 - 98 

0 ~3o 0 396 0 - 1,320 0 70 0 

570 213,180 89,148 2,451,570 164,220 
13,566 2:288,132 24,515,700 65,550 

2 3 4 5 84 14 104 1,287 1,430 
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I -19 
-17 
- 15 
- 13 
-11 
- 9 
- 7 
- 5 
- 3 
- 1 

57 I 
39 
23 
9 

- 3 
-'13 
-21 
-i37 
-31 
-33 

- 969 1 1,938 
- 357 - 102 

85 - 1,122 
377 - 1,402 
539 - 1,187 
591 - 687 
553 - 77 
445 503 
287 948 
99 1,188 

20 

- 1,938 
1,122 
1,802 
1,222 

187 
771 

- 1,351 
- 1,441 
- 1,076 

396 

1,938 
- 2,346 
- 1,870 

6 
1,497 
1,931 
1,353 

195 
988 

- 1,716 

- 646 646 
1,258 - 1,802 

306 510 
- 702 1,422 
- 891 549 
- 387 - 723 

321 1- 1,239 
777 - 735 
756 294 
308 1,078 

-----1----:----- - -----------1-----1--·---1 
2.660 4,903,140 31,201,800 9,806,280 

17,556 22,881,320 49,031,400 20,189,400 

1 I ---;-~----6- -----1-4-l----7-8 I 117 
3 

21 

- 10 190 - 285 969 - 3,876 6,460 - 3,230 3,230 
- 9 133 - 114 0 1,938 - 7,106 5,814 - 8,398 
- 8 82 12 - 510 3,468 - 6,392 2,006 1,394 
- 7 37 98 - 680 2,618 - 918 - 2,754 6,426 · 
- 6 - 2 149 - 615 788 3,996 - 4,266 3,618 
- 5 - 35 170 - 406 - 1,063 6,07i) - :>,565 - 2,025 
- 4 - 62 I 166 - 130 - 2,654 5,088 543 - 5,421 
- 3 - 83 142 150 - 2,819 2,001 3,087 - 4,557 
- 2 - 98 103 385 - 2,444 - 1,716 3,822 - 588 
- 1 -107 54 540 - 1,404 - 4,628 2,548 3,626 

0 - 110 0 594 0 - 5,720 c 5,390 
-----------------~ 

770 432,630 121,687,020 223,092,870 
201,894 5,720,330 514,829,700 439,119,450 

2 . 1 .4 5 4 6 24 39 

22 

cp. 

- 21 35 - 133 1,197 - 2,261 646 - 9,690 4,522 
- 19 25 - 57 57 969 - 646 16,150 - 10,982 
- 17 16 0 - 570 1,938 - 646 7,106 646 
- 15 - 8 40 - 810 1,598 - 170 - 6,222 7,990 

13 1 65 775 - 663 306 -11,934 5,814 - -
- 11 - 5 77 - 563 - 363 558 - 8,910 - 954 
- 9 - 10 78 - 258 - 1,158 537 - 1,035 - 6,231 
- 7 - 14 70 70 - 1554 303 6,717 - 6,783 
- 5 - 17 55 365 - ,509 - 30 10,626 - 2,940 
- 3 - 19 35 585 - 1,079 - 338 9,282 2,548 
- 1 - 20 12 702 - 390 - 520 3,640 6,370 

~ - 646 
2,414 

- 2,006 
- 1,586 

979 
1,993 

763 
- 1,127 
- 1,862 
- 882 

47,623,800 

143 

- 1,292 
4,522 

- 3,128 
- 3,298 

932 
3,479 
2,264 

- 931 
- 3,136 
- 2,646 

0 

157,158,540 

130 

- 4,522 
14,858 

- 8,398 
- 11,458 

442 
10,054 
9,139 

469 
- 8,036 
- 9,996 
- 4,410 

3,542 96,140 40,562,340 1,848,483,780 1,~23,971,580 

1 I 
7,084 

61 101 
4,903,140 761,140,380""" __ ---=c:-

84 1 12 1 - 45 1 65 
8,748,740 

51 91 
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23 

<f• <f• 

' 
- 11 77 1 - 77 1,463 - 209 3,553 - 7,106 7,106 - 24,871 
- 10 56 - 35 133 76 - 3,230 10,982 - 16,150 76,874 
- 9 37 - 3 - 627 171 - 3,553 5,814 - 646 - 34,561 
- 8 20 20 - 950 152 - 1,292 - 3,230 10,982 - 60,724 
- 7 5 35 - 955 77 1,207 - 7,990 9,758 - 9,469 
- 6 - 8 43 - 747 - 12 2,754 - 7,038 918 43,282 
- 5 - 19 45 - 417 - 87 2,985 - 2,334 -· 7,530 51,637 
- 4 - 28 42 - 42 - 132 2,076 3,117 - 10,383 17,752 
- 3 - 35 35 315 - 141 501 6,750 - 6,816 - 27,188 
- 2 - 40 25 6\)5 - 116 - 1,166 7,210 476 - 50,568 
- 1 - 43 13 7\13 I - 65 - 2,405 4,550 7,280 - 38,220 

0 -44 0 858 0 - 2,860 o · 10,010 0 

1,012 32,890 340,860 924,241,890 42,223,261,08 (1) 
35,420 13,123,110 142,191,060 1,685,382,270 

21 31 20 I 51 126 1 21 1 24 1 451 20 

24 

<{Jl I <f• I <f• . <f• <f• <f• l{J? <f• <f• 

- 23 253 - 1,771 253 - . 4,807 4.,807 - 81,719 81,719 - 7,429 
- 21 187 - 847 33 1,463 - 3,971 117,249 - 174,097 21,641 
- 19 127 - 133 - 97 3,743 - 4,769 72.029 - 22,933 - 7,429 
- 17 73 391 - 157 3,553 - 2,147 - 23,579 108,851 - 17,119 
- 15 25 745 - 165 I 2,071 1,045 - 82,365 114,665 - 5,491 
- 13 - 17 949 - 137 169 3,271 - 83,317 32,657 9,503 
- 11 - 53 1,023 - 87 - 1,551 3,957 - 40,953 - 61,251 14,773 
- 9 - 83 987 - 27 - 2,721 3,183 16,767 - 109,419 8,383 
~ 7 -107 861 33 - 3,171 1,419 63,093 - 92,652 - 3,452 
- 5 -125 665 85 - 2,893 - 695 80,845 - 27,340 - 12,372 
- 3 - 137 419 123 - 2,005 - 2,525 65,625 49,700 - 13,020 
- 1 - 143 143 143 - 715 - 3,575 25,025 100,100 - 5,460 

4,600 17,760,600 177,928,920 114,605,994,4 (2) 3,290,124,240 
394,680 394,680 250,925,400 202,245,872,4 (2) 

1 I 1 I 1 I 35 1 1 1 21 1 3 1 6 .-I ----:-:-11~0 

25 

I 
- 12 92 - 506 1,518 - 1,012 19,228 -

I 
14,421 22,287 - 1,748 

- 11 69 - 253 253 253 - 14,421 19,228 - 44,574 4,807 
- 10 48 - 55 - 517 748 - 18,810 13,376 - 9,690 - 1,178 
- 9 29 93 - 897 753 - 9,899 - 2,052 25,194 - 3,743 
- 8 12 196 - 982 488 2,\)52 - 12,806 31,008 - 1,748 
- 7 - 3 259 - 857 119 11,229 1- 14,668 13,566 1,501 
- 6 - 16 287 - 597 - 236 15,142 - 9,096 - 10,302 3,166 
- 5 - 27 285 - 267 - 501 13,635 1- 12 - 26,010 2,411 
- 4 - 36 258 78 - 636 8,028 8,409 - 26,793 116 
- 3 - 43 211 393 - 631 

391 I 13,092 - 14,136 - 2,124 
- 2 - 48 149 643 - 500 - 7,050 12,700 4,800 - 3,000 
- 1 - 5i 77 803 - 275 - 12,375 7,700 21,000 - 2,100 

0 -52 0 858 I 0 - 14,300 0 27,300 0 

1,300 1,480,050 7,803,900 3,370,764,540 161,280,600 
53,820 14,307,150 3,889,343,700 13,789,491,30 (1) 

21 31 41 7 I 42 I 7 I 24 I 33 I 748 . 
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- 25 50 
- 23 38 
- 21 27 
- 19 17 
- 17 8 
- 15 0 
- 13 - 7 
- 11 - 13 
- 9 - 18 
- 7 - 22 
- 5 - 25 . 

3 - 27 -
- 1 - 28 

5,850 
16,380 

11 61 

If• I 
- 13 325 
- 12 260 
-11 181 
~ 10 118 
- 9 61 
- 8 10 

· - 7 - 35 
- 6 - 74 
- 5 -107 
- 4 -134 
- 3 -155 
- 2 -170 
- 1 -179 

0 -182 

1,638 
712,530 

2 1 1 I 

26 

If• ips 

I I 

- 1,150 2,530 - 2,530 !i 6,325 - 10,925 10,925 - 2,185 
- 598 506 506 4,301 13,547 - 20,539 5,681 
- 161 - 759 1,771 - 6,072 10,488 - 6,118 - 874 

171 - 1,419 1,881 - 3,608 - 152 10,298 - 4,294 
408 - 1,614 1,326 46 - 8,398 14,744 - 2,584 
560 - 1,470 482 3,090 - 10,830 8,360 1,064 
637 - 1,099 - 377 4,672 - 7,904 - 2,242 3,458 
649 - 599 - 1,067 4,624 - 1,936 - 10,594 3,278 
606 - 54 - 1,482 3,231 4,329 - 13,011 1,063 
518 466 - 1,582 1,033 8,641 - 9,163 - 1,647 
395 905 - 1,381 - 1,340 9,740 - 1,360 - 3,312 
247 1,221 - 935 - 3,300 7,500 6,800 3,120 -

84 1,386 - ' 330 - 4,400 2,800 11,900 - 1,260 
, 

7,803,900 48,384,180 1,838,598,840 225,792,840 

-
-
-

40,060,020 409,404,600 3,064,331,400 
2 I 51 21 I 28 I 44 I 99 I 935 

If a 

130 
70 
22 
15 
42 
60 
70 
73 
70 
62 
50 
35 
1!! 
0 

101,790 

27 

2,990 - 16,445 
690 2,530 

- 782 10,879 
- 1,587 12,144 
- 1,872 9,174 
- 1,770 4,188 
- 1,400 - 1,162 
- 867 - 5,728 
- 262 - 8,803 

338 - 10,058 
870 - 9,479 

1,285 - 7,304 
1,548 - 3,960 
1,638 0 

2,032,135,560 
56,448,210 

IP7 · I ips 

1,495 - 7,475 28,405 - 28,405 
- 920 8,625 - 50,255 69,920 
- 1,403 7,337 - 18,791 - 4,807 
- 920 736 21,850 - 50,692 
- 122 - 4,878 36,556 - 37,012 

592 - '7,090 24,928 4,712 
1,018 - 5,870 532 37,772 
1,096 - 2,424 - 21,698 43,244 

865 1,643 - 31,895 22,679 
424 4,891 - 27,287 - 9,216 

- 101 6,375 1- ] 1,339 - 34,731 
- 584 5,780 8,704 - 41,616 
- 920 3,400 24,820 - 27,540 
- 1,040 0 30,940 0 

822,531,060 34,546,304,52 (1) 
22,331,160 19,305,287,82 (1) 

20 1 51 4 1 154 1 88 1 55 I 110 

28 

1 If• I If• •I If• ips 

- 27 117 - 585 1,755 - 13,455 13,455 - 40,365 4,485 - 85,215 
- 25 91 - 325 455 1,495 - 7,475 43,355 - 7,475 198,835 
- 23< 67 - 115 - 395 8,395 - 12,305 40,135 - 3,335 2,185 
- 21 45 49 - 879 9,821 - 8,763 7,935 2,737 - 136,781 
- 19 25 171 - 1,074 7,866 - 2,162 - 21,850 5,428 - 117,116 
- 17 7 255 - 1,050 4,182 4,138 - 36,074 4,276 - 9,044 
- 15 - 9 305 - 870 22 8,310 - 33,162 940 91,276 
- 13 - 23 325 - 590 - 3,718 9,682 - 17,914 - 2,516 125,476 
- 11 - 35 319 - 259 - 6,457 8,401 2,365 - 4,559 86,317 
- 9 - 45 291 81 - 7,887 5,139 20,565 - 4,551 4,247 
- 7 - 53 245 3115 - 7,931 841 31,457 - 2,723 - 75,843 
- 5 - 5~ 185 655 - 6,701 - 3,485 32,521 85 -116,433 
- 3 - 63 '115 840 - 4,456 - 6,936 24,072 ~.788 - 101,388 
- 1 - 65 39 936 - 1,560 - 8,840 8,840 4,420 - 39,780 . 

7,308 
95,004 

2,103,660 1,354,757,040 23,030,869,68 (1) 284,047,392,7 (2) 
19,634,160 1, 771,605,360 451,585,680 

1 I 31 5 1 10 1 6 I 22 I 22 1 495 I 55 
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D. VANDER REYDEN. 

29 

If's rp. 

- 14 126 I:..._ 819 4,095 - 8,190 26,910 - 4,485 31,395 - 62,790 
- 13 99 

1
- 468 1,170 585 - 13,455 4,485 - 49,335 139,035 

- 12 74 ,- 182 - 780 4,810 - 23,920 4,485 - 25,415 11,960 
-11 51 44 - 1,930 5,885 - 18,285 1,265 14,605 - 89,815 
- 10 3\) 215 - 2,441 4,958 - 6,210 .- 1,955 35,305 - 88,366 
- 9 11 336 - 2,460 2,946 6,026 - 3,726 I 31,372 - 20,884 
- 8 - 6 412 - 2,120 ' 556 14,832 - 3,754 11,584 51,416 
- 7 - 21 448 - 1,540 - 1,694 18,678 - 2,414 - 11,564 86,156 
- 6 - 34 449 - 825 - 3,454 17,534 - 381 - 27,827 71,846 
- 5 - 45 420 - 66 - 4,521 12,375 1,635 - 31,875 22,567 
- 4 - 54 366 660 - 4,818 4,752 3,063 - 23,631 - 34,808 
- 3 - 61 292 1,290 - 4,373 - 3,571 3,567 - 7,127 - 74,043 
- 2 - 66 203 1,775 - 3,298 - 10,914 ' 3,077 11,407 - 7!J,458 
- l - 69 104 2,080 - 1,768 - 15,912 1,768 25,636 - 50,388 

0 - 70 0 2,184 0 - 17,680 0 30,940 0 

2,030 4,207,320 500,671,080 274,177,020 142,023,696,4 (2) 
113,274 107,987,880 6,959,878,200 20,885,837,70 (l) 

2 I 3 I • 4 1 5 I 12 I 14 1 264 I 99 1 110 

30 

lfz I If's If• If's If a 

- 29 203 - 1,827 23,751 - 16,965 5,655 -130,065 130,065 - 70,035 
- 27 161 - 1,071 7,371 585 - 2,535 121,095 - 192,855 147,315 
- 25 122 - 450 - 3,744 9,360 - 4,875 130,065 - 112,125 . 23,115 
- 23 86 46 - 10,504 11,960 - 3,965 46,345 43,355 - 88,435 
- 21 53 427 - 13,749 10,535 - 1,655 - 43,815 134,435 - 98,785 
- 19 23 703 - 14,249 6,821 823 - 99,199 132,779 - 36,271 
- 17 - 4 884 - 12,704 2,176 2,734 - 108,698 64,952 40,664 
- 15 - 2.8 980 - 9,744 - 2,384 3,730 - 79,386 - 24,760 86,744 
- 13 - 49 1,001 - 5,929 - 6,149 3,751 - 27,313 - 96,697 84,539 
-11 - 67 957 - 1,749 - 8,679 2,937 29,271 -126,849 42,229 
- 9 - 82 858 2,376 - 9,768 1,551 74,547 - 109,677 - 16,757 
- 7 - 94 714 6,096 - 9,408 - 87 97,899 - 55,461 - 65,987 
- 5 -103 535 9,131 - 7,753 - 1,655 95,113 15,485 - 86,127 
- 3 -109 331 11,271 - 5,083 - 2,873 68,289 79,781 - 70,737 
- l -112 I 112 12,376 - 1,768 - 3,536 24,752 117,572 - 21,132 

8,990 
302,064 

21,360,240 2,145, 733,200 223,180,09!,3 (2) 163,873,495,8 (2) 
3,671,587,920 302,603,400 340,140,785,4 (2) 

1 1 2 1 2 I 1 I 7 I 84 1 12 1 33 ~ 143 

• , 

391 



CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

31 

rps lfs 

- 15 145 - 1,015 783 - 1,131 28,275 - 84,825 50,025 - 10,005 
- 14 116 - 609 261 0 - 11,310 73,5,15 - 70,035 20,010 
- 13 89 - 273 - 99 585 - 23,595 84,435 - 45,195 4,485 
- 12 64 - 2 - 324 780 - 20,280 35,685 10,695 - 11,040 
- 11 41 209 - 439 715 - 9,815 - 20,735 47,035 - 13,915 
- 10 20 365 - 467 496 2,050 - 58,675 51,175 - 6,670 
- 9 1 471 - 429 207 11,759 - 69,651 30,199 3,611 
- 8 - 16 532 - 344 - 88 17,488 - 56,234 - 1,472 10,856 
- 7 - 31 553 - 229 - 343 18,727 - 26,869 - 29,813 12,161 
- 6 - 44 539 - 99 - 528 15,906 8,019 - 45,309 7,846 
- 5 - 55 495 33 - 627 10,065 38,775 - 44,385 415 
- 4 - 64 426 156 - 636 2,568 58,263 - 28,977 - 6,848 
- 3 - 71 337 261 - 561 - 5,139 62,757 - 4,959 - 11,153 
- 2 - 76 233 341 - 416 - 11,726 52;117 19,969 - 11,058 
- 1 - 79 119 391 - 221 - 16,133 29,393 38,437 - 6,783 

0 - 80 0 408 0 - 17,6EO o• 45,220 0 

2,480 6,724,520 . 9,536,592 92,183,032,42 (1) 3,121,399,920 
158,22! 4,034,712 3,888,399,800 47,968,572,30 (1) 

2 I 31 41 35 1 1231 211 2.11 1171 1,430 

32 

lfs lfs I rpa 

- 31 155 - 899 899 1- 2,697 35,061 - 67,425 13,485 -310,155 
- 29 125 - 551 319 - 87 - 12,441 54,375 - 17,835 590,295 ·. 
- 27 97 - 261 - 87 1,305 - 28,275 66,555 - 12,615 170,085 
- 25 71 - 25 - 347 1,815 - 25,545 32,115 1,425 - 2)5,665 
- 23 47 161 - 487 1,725 - 13,845 - 10,695 11,415 -419,865 
- 21 25 3()1 - 531 1,267 169 - 41,775 13,615 -212,995 
- 19 5 399 - 501 627 12,251 - 53,675 9,235 50,255 
- 17 - 13 459 - 417 - 51 20,081 - 47,107 1,531 285,821 
- 15 - 29 485 - 297 - 661 22,825 - 27,381 - 6,065 366,551 
- 13 - 43 481 - 157 - 1,131 20,739 - 1,677 - ll,001 282,061 
- 11 - 55 451 - 11 - 1,419 14,817 22,935 - 12,045 87,175 
- 9 - 65 399 129 - 1,509 6,483 40,815 - 9,285 - 132,395 
- 7 - 73 329 253 - 1,407 - 2,673 48,501 - 3,843 - 294,083 
- 5 - 79 245 353 - 1,137 - . 11,115 44,973 2,565 -344,033 
- 3 - 83 151 423 - 737 - 17,537 31,5.21 8,113 -210,123 
- 1 - 85 51 459 r- 255 - 20,995 11,305 11,305 - 101,745 

10,912 5,379,616 54,285,216 56,728,050,72 (1) 2,815,502,728 (3) 
185,504 5,379,616 11,345,610,14 (1) 3,336,944,160 

1 1 • 3 1 5 1 35 1 63 I 21 1 39 1 585 1 65 
----~----~------~------~----~-------~----~----~~-----
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D. VANDER REYDEN. 

33 

~· 

- 16 496 - 248 7,192 I 14,384 43,152 - 10,788 53,940 - 215,760 
- 15 403 - 155 2,697 - 899 - 13,485 8,091 - 67,425 391,065 
- 14 316 - 77 - 493 6,496 - 33,582 10,527 - 51,765 136,590 
- 13 235 - 13 - 2,581 9,425 - 31,755 5,655 435 - 175,305 
- 12 160 38 - 3,756 9,260 - 18,840 - 855 40,665 - 281,280 
-11 91 77 - 4,193 7,139 - 2,487 - 5,907 53,085 - 188,265 
- 10 28 105 - 4,053 3,984 12,290 - 8,231 40,225 - 3,290 
- 9 - 29 123 - 3,483 519 22,607 - 7,767 12,865 162,985 
- 8 - 80 132 - 2,616 - 2,712 27,248 - 5,170 - 16,664 240,952 
- 7 I -125 133 -,- 1,571 - 5,327 · 26,247 - 1,425 - . 38,451 - 212,747 
- 6 -164 127 - 453 - 7,088 20,514 2,439 - 46,875 103,010 
- 5 -197 115 647 - 7,883 11,505 5,547 - 40,935 - 39,595 
- 4 -224• 98 1,652 - 7,708 936 7,299 - 23,535 - 162,400 
- 3 -2!5 77 2,499 - 6,649 - 9,459 7,425 - 153 - 225,211 
- 2 -260 53 3,139 - 4,864 - 18,126 5,985 22,743 - 210,406 
- 1 -261 27 3,537 - 2,565 - 23,845 3,325 39,235 - 125,685 
- 0 -272 0 3,672 0 - 25,840 0 45,220 0 

2,992 417,384 1,547,128,656 1,4l8,201,2B8 1,285,338,202 (~) 
1,947,792 348,330,136 17,018,415,22 (1) 51,305,516,46 (1) 

2 I 1 I 20 1 5 1 14 1 21 1 312 1 195 1 1ao 

34 

~· I . ~9 . 
- 33 88 - 2,7281 8,184 - 79,112 39,556 - 356,00! 118,668 -593,340 
- 31 72 - 1,736 3,224 - 7,192 - 10,788 248,124 -140,244 1,024,860 
- 29 57 - 899 - 341 33,263 - 29,667 342,519 - 115,971 418,035 
- 27 43 - 207 - 2,721 50,373 - 29,261 201,231 - 9,483 - 40!,115 
- 25 30 350 - 4,112 51,010 - 18,705 - 2,175 78,735 -738,195 
- 23 18 782 - 4,696 41,032 - 4,551 -169,671 112,647 -556,485 
- 21 7 1,099 - 4,641 25,037 8,803 -257,679 93,639 -101,535 
- 19 - 3 1,311 - 4,101 6,897 18,717 -259,559 41,071 351,215 
- 17 - 12 1,428 - 3,216 - 10,608 23,946 -191,386 - 20,912 610,640 
- 15 - 20 1,460 - . 2,112 - 25,376 24,310 - 80,730 - 71,520 606,208 
- 13 - 27 . 1,417 - 901 - 36,0i9 ' 20,397 41,847 - 97,509 374,725 
- 11 - 33 1,309 319 - 41,899 13,299 148,863 - 94,413 21,835 
- 9 - 38 1,146 1,464 - 42,744 4,381 219,843 - 65,697 - 323,795 
- 7 - 42 938 2,464 - 38,864 - 4,917 243,387 - 20,601 - 551,285 
- 5 - 45 695 3,263 - 30,917 - 13,245 217,665 28,665 -595,889 
- 3 - 47 ·427 3,819 - 19,855 - 19,475 149,625 69,825 -451,335 
- 1 - 48 144 4,1()4 - 6,840 - 22,800 53,200 93,100 -167,580 

13,090 51,477,360 46,929,569,23 (1) 1,511,802,552 (3) 9,211,590,447 (3) 
62,832 456,432,592 14,182,012,68 (1) 239,425,743,5 (2) 

1 I 6 1 2 1 5 I 3 1 28 1 12 1 111 1 65 
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, 

CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

35 

cp. 

. 
- 17 187 - 1 496 46 376 - 23 188 672 452 -672 452 2 017 356 -183 396 
- 16 154 - 968 19 096 - 2 728 -158 224 435 116 -2,254,692 302,064 
- 15 123 - 520 - 744 9,052 -485,460 636,492 -1,995,780 140,244 
- 14 94 - 147 - 14,229 14,322 -498,046 403,651 - 320,943 -102,48& 
- 13 67 156 - 22,374 14,937 -339,097 41,093 1,162,059 -216,021 
- 12 42 394 - 26,124 12,458 -112,752 -273,963 1,830,219 - 180,264 
- 11 19 572 - 26,354 8,173 I 109,589 -457,391 1,648,887 - 56,19~ 
- 10 - 2 695 - 23,869 3,118 283,490 -489,547 882,195 79,746 
- 9 - 21 768 - 19,404 - 1,902 386,166 -391,806 - 107,572 169,876 
- 8 - 38 796 - 13,624 - 6,292 411,632. -207,818 - 988,104 187,736 
- 7 - 53 784 - 7,124 - 9,646 366,314 10,946 -1,527,708 136,868 
- 5 - 66 737 - 429 - 11,726 265,122 215,787 -1,622,049 42,038 
- 5 - 77 660 6,006 12,441 127,985 367,939 -1,289,145 - 62,377 
- 4 - 86 558 11,796 - 11,826 - 23,152 442,727 - 643,341 -143,512 
- 3 - 93 436 16,626 - 10,021 -166,869 431,151 142,443 -178,507 
- 2 - 98 299 20,251 - 7,250 -284,350 339,325 878,325 -159,250 
- 1 -101 152 22,496 - 3,800 - 361,ooo I 186,200 1,396,500 - 93,100 

0 -102 0 23,256 0 -387,600 0 ' 1,582,700 0 

3,570 15,775,320 4,045,652,520 5,291,308,931 (3) 837,417,313,3 (2) 
290,598 14,834,059,24 (I) 4,070,237,639 (3) 66,919,495,30 (4) 

2 I 3 I 4 1 1 1 12 1 2 1 8 1 9 1 286 

36 

cps cp. cp. 

- 35 595 - 6,545 5,236 -162,316 115,940 -3,362,260 2,139,620 -1,283,772. 
- 33 493 - 4,301 2,244 :- 23,188 - 23,188 2,017,356 - 2,261,884 2,017,356 
- 31 397 - 2,387 44 58,652 - 80,476 3,124,924 - 2,132,428 1,046,436 
- 29 307 - 783 - 1,476 97,092 - 85,684 2,118,044 - 492,652 - 571,764 
- 27 223 531 - 2,421 104,067 - 61,597 412,641 1,052,729 -1,421,319· 
- 25 145 1,575 - 2,889 89,685 - 25,015 -1,144,775 1,839,905 -1,297,605 
- 23 73 2,369 - 2,971 62,353 12,323 -2,129,731 1,781,789 - 542,271 
- 21 7 2,933 - 2,751 28,903 42,881 -2,415,579 1,098,293 367,899 
- 19 - 53 3,287 - 2,306 - Q,282 62,534 -2,070,734 125,852 1,044,924 
- 17 -107 3,451 - 1,706 - 36,142 69,842 -1,275,646 - 807,844 1,282,004 
- 15 -155 3,445 - 1,014 - 60,814 65,390 - 257,790 -1,456,780 1,059,812 
- 13 - 197 3,289 - 286 - 77,506 51,194 757,042 - 1,688,908 502,892 
-11 -233 3,003 429 - 85,371 30,173 1,578,863 - 1,488,331 - 186,043-
- 9 - 263 2,607 1,089 - 84,381 5,687 2,074,743 - 936,739 - 793,633 
- 7 -287 2,121 1,659 - 75,201 - 18,859 2,178,907 - 182,287 -1,151,563 
- 5 -305 1,565 2,111 - 59,063 - 40,345 1,893,395 597,065 -1,172,521 
- 3 -317 959 2,424 - 37,640 - 56,200 1,281,000 1,229,900 - 863,380 
- 1 -323 323 2,584 - 12,920 - 64,600 452,200 1,582,700- () 316,54 

15,540 307,618,740 199,046,104,0 (2) 130,015,019,4 (5) 39,191,130,26 (4} 
3,011,652 191,407,216 120,302~90,3 (2) 73,003,085,78 (4) 

1 I 1 1 1 1 10 1 2 1 14 1 2 1 11 1 55 
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cpl 

- 18 
- 17 
- 16 
- 15 
- 14 
- 13 
- 12 
- 11 
- 10 
- 9 
- 8 
- 7 
- 6 
- 5 
- 4 
- 3 
- 2 
- 1 

0 

4,218 

210 
175 -
142 -
Ill -
82 
55 
30 . 7 

- 14 
- 33 
-50 
- 65 
- 78 
- 89 
- 98 
- 105 
- 110 
-113 
-114 

37 

cp. cp. 

- 357 11,781 - 4,488 - 139,128 
238 5,236 - 748 - 23,188 
136 374 1,496 - 92,752 
50 - 3,036 2,596 -102,300 
21 - 5,211 2,856 - 77,128 
78 - 6,354 2,535 - 36,115 

122 - 6,654 1,850 7,320 
154 - 6,286 • 979 44,327 
175 - 5,411 64 69,800 
186 - 4,176 - 786 81,618 . 188 _ , 2,714 - 1,492 79,952 
182 - 1,144 - 2,002 66,638 
169 429 - 2,288 44,616 
150 1,914 - 2,343 17,435 
126 3,234 - 2,178 - 11,176 
98 4,326 - 1,819 - 37,671 
67 5,141 - 1,304 - 58,984 
34 5,644 - 680 - 72,760 
0 5,814 0 - 77,520 

-

-
-
-
-
-
-

D. VAN DER REYDEN. 

cps 

94,860 61,132 
52,700 - 61,132 
86,428 - 61,132 
62,124 - 17,980 
16,988 25,172 
26,195 49,445 
55,455 51,185 
66,583 35,177 
60,584 9,770 
41,598 - 16,412 
15,250 - 36,472 
12,610 - 46,228 
36,~16 - 44,434 
53,483 - 32,455 
60,3S1 - 13,591 
56,775 7,781 
43,820 27,104 
23,800 40,460 

0 45,220 

_: 855,848 
1,283,772 

-
-
-
-

-
-
-
-
-

733,58 4 
6 
6 

291,27 
884,61 
876,525 
445,44 0 

6 
6 
8 
8 
8 
7 
2 
9 
4 
0 
0 

127,281 
596,31 
815,15 
747,68 
448,70 

29,06 
382,81 
674,91 
775,85 
667,18 
383,18 

932,178 . 152,877,192 101,892,648,5 (2) 16,692,518,45 (4) 
383,838 980,961,982 172,433,712,8 (2) 57,938,956,97 (1) 

~-2_,1 ___ 3__,_1 _ _ 20 1 51 841 14 1 88 1 4-95 1 110 

38 

cps 

111 [ - 1,887 1- I 

- 37 777 20,757 7,548 - 77,996 77,996 -2,261,884 
- 35 93 - 525 867 - 3,927 - 1,020 40,052 - 73,780 3,239,996 
- 33 76 - 308 102 6,358 - 4,828 69,564 - 77,996 2,017,356 
- 31 60 - 124 - 442 11, 594 - 5,508 52,700 - 27,404 - 550,188 
- 29 45 29 - 797 13,079 - 4,332 17,980 26,164 - 2,168,388 
- 27 31 153 - 993 11,925 - 2,260 - 16,740 58,900 -2,319,420 
- 25 18 250 - 1,058 9,070 15 - 41,695 64,945 -1,361,985 
- 23 6 322 - 1,018 5,290 2,025 - 53,015 48,745 50,025 
- 21 - 5 371 - 897 1,211 3,488 - 50,880 19,474 1,307,958 
- 19 - 15 399 - 717 - 2,679 4,272 - 38,000 - 12,814 2,013,658 
- 17 - 24 408 - 498 - 6,018 4,362 - 18,394 - 39,616 2,024,224 
- 15 - 32 400 - 258 - 8,558 3,830 3,558 - 55,280 1,420,784 
- 13 - 39 377 - 13 - 10,153 2,808 23,816 - 57,434 436,514 
- 11 - 45 341 223 - 10,747 1,464 39,160 - 46,778 - 629,266 
- 9 - 50 294 438 - 10,362 - • 19 47,475 - 26,447 - 1,491,601 
- 7 - 54 238 622 - 9,086 - 1,461 47,867 - 1,127 -1,942,327 
- 5 - 57 175 767 - 7,061 - 2,700 1 40,636 23,920 -1,887,472 
- 3 - 59 107 867 - 4,471 - 3,6041 27,132 43,792 - 1,357,552 
- 1 - 60 36 918 - 1,530 - 4,080 9,520 54,740 - 492,660 

18,278 4,496,388 3,286,859,628 67,928,432,31 (1) ll2,078,338,1 (5) 
109,668 25,479,532 505,670,712 91,903,173,13 (1) 

1 I 6 I 10 1 35 1 21 1 308 1 132 1 495 1 55 
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CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

if't 

- 19 703 - 2,109 
- 18 592 - 1,443 
- 17 487 - 867 
- 16 38S - 376 
- 15 295 35 
- 14 208 371 
- 13 127 637 
- 12 52 838 
- 11 - 17 979 
- 10 - 80 1,065 
- 9 -137 1,101 
- 8 I - 188 1,092 
- 7 
- 6 
- 5 
- 4 
- 3 
- 2 
- 1 

0 

4,940 

-233 1,043 
-272 959 
-305 845 
-332 706 
- 353 547 
-368 373 
-377 189 
-380 0 

• 33,722,910 
4,496,388 

-
-
-
-
-
-
-
-
-
-

39 

2,1o9 I_ 35,_853 
999 - 7,548 
159 10,047 
446 19,312 
849 22,321 

1,081 20,860 
1,171 16,445 
1,146 10,340 
1,031 3,575 

849 - 3,036 
621 - 8,877 
366 - 13,512 
101 - 16,667 
159 .- 18,212 
401 - 18,143 
614 - 16,564 
789 - 13,669 
919 - 9,724 
999 - 5,049 

1,026 0 

I cp, 

11,951 1-
- 1,258 1 
- 7,327 
- . 8,636 
- 7,055 
- 4,010 -
- 545 -

2,620 -
5,035 -
6,470 -
6,869 -
6,308 -

4,957 
3,046 

835 
- 1,412 
- 3,449 
- 5,066 
- 6,103 
- 6,460 

47,804 ' 1,481,924' - 740,96 2' 
8 
8 

22,644 -1,325,932, 1,013,94 
41,684 -!,477,708 681,93 
33,116 - 596,5641- 113,832 
13,260 389,980 - 654,53 

7,460 1,037,260 - 753,300 
23,140 1,215,820 - 495,690 
31,215 982,855 - 68,820 
31,460 487,090 341,715 
25,160 - 98,170 . 604,894 
14,436 - 618,694 662,197 

1,714 - 964,168 522,652 
10,676 -1,078,322 244,817 
20,784 - 958,046 - 86,698 
27,220 - 644,810 - 384,553 
29,243 - 211,313 - 577,996 
26,772 254,104 - 625,876 
20,332 663,136 - 522,376 
10,948 941,528 - 295,596 

0 1,040,060 0 

9,860,578,884 25,199,257,15 (1) 11,594,310,84 (4) 
32,224,114 1,264,176,780 32,395,868,53 (4) 

2 1 1 ·1 4 1 35 1 14 1 231 1 264 1 . 33 1 220 

40 

I 
- 39 247 - 9,139 82,251 - 9,139 
- 37 209 - 6,327 40,071 - 2,109 
- 35 173 - 3,885 7,881 2,331 
- 33 139 - 1,793 - 15,579 4,741 
- 31 107 - 31 - 31,499 5,611 
- 29 77 1,421 - 40,999 5,365 
- 27 49 2,583 - 45,129 4,365 
- 25 23 3,475 - 44,869 2,915 
- 23 - 1 4,117 - 41,129 1,265 
- 21 - 23 4,529 - 34,749 - 385 
- 19 - 43 4,731 ..:: 26,499 - 1,881 
- 17 - 61 4,743 - 17,079 - 3,111 
- 15 - 77 4,585 - 7,119 - 4,001 
- 13 - 91 4,277 2,821 - 4,511 
- 11 - 103 3,839 12,251 - 4,631 
- 9 - 113 3,291 20,751 - 4,377 
- 7 -121 2,653 27,971 - 3,787 
- 5 - 127 1,945 33,631 - 2,917 
- 3 -131 1,187 37,521 - 1,837 
- 1 - 133 399 39 501 - 627 

155,363 -466,089 
- 11,951 203,167 -
- 91,205 396,899 -
- 110,959 329,307 -
- 93,823 149,141 
- 57,205 - 46,835 
- 14,015 -202,095 

26,675 -290,215 
59,015 -306,245 
79,805 -259,485 
87,967 - 167,561 -
84,061 - 51,697 -
69,845 66,921 -
47,879 169,793 -
21,173 242,869 -

- 7,121 277,533 -
- 33,973 270,911 
- .56,695 225,607 
- 73,117 148,971 
- 81 719 I 52 00 ' 3 

310,726 
262,922 
308,210 
139,298 

60,554 
200,090 
249,170 
214,850 
123,455 

7,735 
101,741 
181,733 
218,735 
209,287 
158,779 
79,267 
13,244 

101,660 
170,476 

-9,632,506 
12,596,35 
9,086,53 

4 
4 ' 

- 684,046 
- 7,788,006 
- 9,628,290 
-6,959,19 
-1,890,69 

(} 
(} 

3,347,535 
7,074,085 
8,417,551 
7,306,141 
4,293,961 

309,491 
-3,609,19 
-6,546,73 
-7,881,028 
-7,377,38 
-5,203,42 

8 
8 

, OS 208 012 -1 872 1 

21,320 644,482,280 644,482,280 2,~68,730,172 (3) . 1,893,737,437 (6} 
567,112 49,625,135,56 (1) 213,224,483,6 (~) 1,393,370,689 (3) 

1 I 3 I 1 I 1 1 63 1 21 1 33 1 198 1 22 
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D: VANDER REYDEN. 

41 

. ' 
- 20 260 - 2,470 18,278 - 36,556 182,780 -776,815 776,815 -1,242,904 
- 19 221 - 1,729 9,139 - 9,139 - 9,139 310,726 - 621,452 1,553,630 
- 18 184 - 1,083 2,109 8,436 - 102,638 645,354 - 764,864 1,195,100 
- 17 149 - 527 - 3,071 18,241 -128,797 557,294 - 379,916 6,290 
- 16 116 - 56 - 6,646 22,096 - 112,396 278,596 101,422 - 913,240 
- 15 85 ·335 - 8,847 21,583 - 72,685 - 37,230 456,6201-1,212,678 
- 14 . 56 651 - 9,891 18,060 - 24,110 -298,010 60!,520' - 949,620 
- 13 "29 897 - 9',981 12,675 23,005 -457,990 552,140 - 358,41 
- 12 4 1,078 - 9,306 6,380 61,820 -505,065 354,335 296,7.60 
- 11 - 19 1,199 - 8,041 - 55 .88,385 -450,010 84,430 804,595 

10 - 40 1,265 - 6,347 - 6,028 101,090 -317,570 - 185,930 1,042,79 
- 9 - 59 1,281 - 4,371 - 11,091 100,159 -139,266 - 399,338 982,165 
- 8 - 76 1,252 - 2,246 - 14,936 87,188 52,226 - 519,086 670,6.6 
- 7 - 91 1,183 I:_ 91 - 17,381 64,727 227,266 - 530,894 207,025 
- 6 _:_ 104 1,079 I 1,989 - 18,356 35;906 362,154 - 441,142 - 288,730 
- 5 -115 945 3,903 - 17,889 4,105 440,890 - 272,710 - 702,601 
- 4 -124 786 5,574 - 16,092 - 27,332 455,933 - 59,401 - 948,040 
- 3 -131 607 6,939 - 13,147 - 55,339 408,102 160,208 - 979,540 
- 2 -136 413 7,949 - 9,292 - 77,326 305,762 348,772 - 797,6 
- 1 -139 209 8,569 - 4,807 - 91,333 163,438 475,456 - 445,740 

0 -140 0 8,778 0 - 96,140 0 520,030 0 

5,740 47,900,710 10,376,164,71 (1) 6,514,007,973 (3) 30,544,152,22 (4) 
641,732 2,481,256,778 294,751,492,0 (2) 8,534,395,472 (3) 

2 1 3 I 4 I 5 1 18 1 21 1 24 1 99 I 220 

42 

'fs 

- 41 410 - 1,066 20,254 -749,398 374,699 -1,873,495 6,369,883 - 374,69 
- 39 350 - 754 10,374 -201,058 - 9,139 685,425 ~4,816,253 447,811 
- 37 293 - 481 2,717 155,363 -201,058 1,517,074 -6,214,520 365,560 
- 35 239 - 245 

' 
2,983 359,233 -260,110 1,3-59,602 - 3,346,280 28,12 

- 33 188 - 44 - 6,978 445,258 -233,692 737,484 446,590 - 248,270 
0 

- 31 140 124 - 9,506 443,734 - 158,932 3,100 3,389,086 - 354,578 
- 29 95 261 - 10,791 380,799 - 63,998 - .626,690 4,779~584 - 297,888 
- 27 53 369 - 11,043 278,685 30,670 -1,038,690 4,600,880 - 138,480 
- 25 14 450 - 10,458 155,970 111,205 -1,195,945 3,222,035 50,925 
- 23 - 22 506 - 9,218 27,830 169,235 -1,114,465 1,178,155 208,955 
- 21 -55 539 - 7,491 - 93,709 200,882 - .843,810 - 983,906 296,85 
- 19 - 85 551 - 5,431 -199,519 205,838 - .451,250 -2,805,074 300,998 
- 17 -112 544 - 3,178 -283,118 186,518 - 9,214 -3,969,110 229,670 
- 15 -136 52(} - 858 - 340,418 147,290 .414,258 -4,322,630 106,730 
- 13 -157 481 1,417 -369,473 93,782 762,346 - 3,868,670 - 36,010 
- 11 -175 429 3,549 - 370,227 32,266 993,850 -2,741,518 - 166,166 
- 9 -190 366 5,454 -344,262 - 30,881 1,085,445 -1,169,677 - 256,931 
- . 7 -202 294 7,062 -294,546 - 89,639 1,032,077 567,035 - 291,365 
- 5 -211 215 8,317 -225,181 - 138,730 845,786 2,181,100 - 264,540 
- 3 -217 131 9,177 - 141,151 - 173,926 553,242 3,417,340 - 183,540 
~ 1 -220 44 9,614 - .48,070 -192,280 192,280 4,085,1l50.- 65,550 

24,682 9,075,924 4,389,117,671 (3) 37,551,340,08 (4) 2,695,072,254 (3) 
1,629,012 3,084,805,724 1,237,956,266 (3) 563,270,101,2 (5) 

. __ 1_,_1 ___ 2 _,__1 ___ 10_,1_ 5 1 1 1 12 1 12 1 15 I 935 
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CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

43 

<{Jl 

- 21 287 - 574 22,386 - 70,889 374,699 -1,124,097 2,622,893 - 201,761 
-20 246 - 410 11,726 - 20,254 0 374,699 -1,873,495 230,584 
- 19 207 - 266 3,406 13,091 - 191,919 886,4'83 -2,531,503 198,949 
- 18 170 - 141 - 2,847 32,604 -255,892 822,510 -1,462,240 28,120 
- 17 135 - 34 - 7,292 41,344 -236,208 478,040 35,150 - 119,510 
- 16 102 56 - 10,174 41,992 -167,832 54,316 1,251,266 - 184,ll2 
- 15 71 130 - 11,724 36,872 - 77,560 - 322,032 1,886,270 - 164,762 
- 14 42 189 - 12,159 27,972 14,892 - 582,014 1,906,744 - 88,872 
- 13 15 234 - 11,682 16,965 95,865 - 699,595 1,434,865 7,995 
- 12 - 10 266 - 10,482 5,230 156,800 - 679,155 665,465 94,280 
-11 • - 33 286 - 8,734 - 6,127 193,347 - 544,951 - 193,171 148,577 
- 10 - 54 295 - 6,599 - 16,252 204,540 - 332,438 - 958,630 161,492 
- 9 - 73 294 - 4,224 - 24,522 192,038 - 81,306 -1,497,394 134,642 
- 8 - 90 284 - 1,742 - 30,524 159,432 169,910 -1,734,850 77,960 
- 7 -105 266 728 - 34,034 111,618 387,790 -1,655,290 6,230 
- 6 -118 241 3,081 - 34,996 54,236 546,702 - 1,294,618 - 64,444 
- 5 -129 210 5,226 - 33,501 - 6,825 630,331 - 728,195 - 119,729 
- 4 -138 174 7,086 - 29,766 - 65,856 632,207.- 55,967 - 149,384 
- 3 -145 134 8,598 - 24,113 - 117,691 555,375 613,265 - 148,635 
- ' 2 -150 91 9,713 - 16,948 - 158,004 411,350 1,176,860 - 118,560 
- 1 -153 46 10,396 - 8,740 - 183,540 218,500 1,551,350 - 65,550 

0 -154 0 10,626 0 -192,280 0 1,682,450 0 

6,622 2,676,234 39,541,600,64 (1) 13,411,192,89 (4) 760,148,584,6 (2) 
814,506 3,815,417,606 1,237,956,266 (3) 93,878,350,20 (4) 

21 31 20 1 5 1 12 1 14 I 24 I 45 I 2,21o 

44 

<pl <ps I • <po 

- 43 301 - 12,341 12,341 - 22,919 435,461 -16,ll2,057 1,239,389 -8,675,723 
- 41 259 - 8,897 6,601 - 6,929 10,127 4,871,087 - 835,867 9,482,767 
- 39 219 - 5,863 2,091 3,731 -212,667 12,365,067 -1,181,743 8,618,077 
- 37 181 - 3,219 - 1,329 10,101 -292,201 11,853,283 - 726,199 1,721,647 
- 35 145 - 945 - 3,792 13,104 -276,640 7,311,200 - 49,210 -4,548,410 
- 33 111 979 - 5,424 13,552 -204,288 1,484,736 524,438 -7,593,806 
- 31 79 2,573 - 6,344 12,152 -104,776 -3,863,096 849,446 -7,200,866 
- 29 49 3,857 - 6,664 9,512 - 184 -7,735,576 899,414 -4,352,726 
- 27 21 4,851 - 6,489 6,147 93,903 -9,713,979 719,497 - 431,151 
-25 - 5 5,575 - 5,917 2,485 167,405 -9,795,875 390,545 3.277,475 
- 23 - 29 6,049 - 5,039 - 1,127 214,823 -8,258,311 3,077 5.845,841 
- 21 -51 6,293 - 3,939 - 4,417 234,381 -5,544,159 - 360,451 6,802,091 
- 19 -71 6,327 - 2,694 - 7,182 227,234 -2,169,914 - 636,514 6,111,806 
- 17 - 89 6,17.1 - 1,374 - 9,282 196,742 1,346,774 - 785,842 4,089,146 
- 15 -105 5,845 - 42 - I0,634 147,810 4,541,550 - 794,410 1,272,110 
- 13 -119 5,369 1,246 - 11,206 86,294 7,041,502 - 671,194 -1,710,982 
-11 -131 4,763 2,441 - 11,0ll 18,473 8,588,723 - 443,683,-4,263,787 
- 9 -141 4,047 3,501 - 10,101 - 49,413 9,051,003 - 152,027 -5,919,377 
- 7 -149 3,241 4,391 - 8,561 -111,559 .8,421,367 157,409 -6,404,787 
- 5 -155 2,365 5,083 - 6,503 -162,925 6,808,175 . 438,425 -5,669,505 
- 3 -159 1,439 5,556 - 4,060 - 199,500 4,417,500 650,750 -3,878,850 
- 1 -161 483 5,796 - 1,380 -218,500 1,529,500 764,750 -1,376,550 

28,380 1,257,829,980 4,162,273,752 2,735,883,349 (6) 1,369,787,749 (6) 
---;-;-_9_13..:..,836 1,173,974,648 1,672,913,873 (3) 20,632,604,44 (4) 

II 31 II IOI 421 I41 21 1171 65 
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D. VANDER REYDEN. 

45 

cps 

- 22 946 - 3,311 19,3931- 38,786 504,218 - 368,467 13,633,279 - 27,266,558 
- 21 817 - 2,408 10,578 - 12,341 22,919 100,491 - 8,675,723 28,505,947 
- 20 694 - 1,610 3,608 5,494 -234,520 274,987 - 12,826,235 27,208,912 
- 19 577 - 912 - 1,722 16,359 -332,059 271,871 - 8,329,847 6,888,697 
- 18 466 - 309 - 5,607 21,714 - 321,958 176,643 - 1,218,299 - 12,503,558 
- 17 361 204 - 8,232 22,848 - 246,064 49,096 5,051,758 - 22,778,606 
- 16 262 632 - 9,772 20,888 - 137,032 - 71,668 8,856,394 - 22,799,696 
- 15 169 980 -10,392 16,808 - 19,480 - 162,816 9,806,110 - 15,104,066 
- 14 82 1,253 -10,247 11,438 88,922 - 213,923 8,274,301 - 3,595,946 
- 13 1 1,456 - 9,482 5,473 176,429 - 223,639 5,036,137 7,916,519 
- 12 - 74 1,594 - 8,232 - 518 '236,264 - 196,851 1,002,517 16,538,096 
- ll -143 1,672 - 6,622 - 6,083 265,727 - 142,307 - 2,965,259 20,626,661 
- 10 -206 1,695 - 4,767 -10,878 265,370 - 70,669 - 6,173,465 19,800,206 
- 9 -263 1,668 - 2,772 - ~,658 238,238 7,038 - 8,158,946 14,729,786 
- 8 -314 1,596 - 732 - 17,268 189,176 80,614 - 8,708,522 6,815,096 
- 7 -359 1,484 1,268 -18,634 124,202 141,542 - 7,845,194 - 2,181,202 
- 6 -398 ·1,337 3,153 - 18,754 49,946 183,549 - 5,790,557 - 10,482,982 
- 5 -431 1,160 4,858 -17,689 - 26,845 202,903 - _2,911,835 - 16,593,397 
- 4 -458 958 6,328 - 15,554 - 99,736 198,479 339,037 - 19,505,232 
- 3 -479 736 7,518 - 12,5091- 162,967 • 171,627 3,487,849 - 18,816,327 
- 2 -494 499 8,393- 8,750-211,750 125,875 6,096,625 14,748,750 
- 1 -503 252 8,928 - 4,500 - 242,500 . 66,500 7,813,750 - 8,079,750 

0 -506 0 9,108 o ,- 253,ooo 0 8,412,250 0 

7,590 92,036,340 12,006,558,90 (1) 1,421,976,792 (3) 13,208,667,58 (7) 
9,203,634 2,934,936,620 2,245,226,514 (3) 2,46{),438,079 (6) 

~ I 1 1 4 1 7 1 28 1 • 14 1 104 1 13 1 26 

46 

cpc cps 
--

- 45 165 -7,095 4,257 - 58,179 290,895 -872,685 1,842,335 - 1,239,389 
- 43 143 -5,203 2,365 - 19,393 19,393 213,323 - 1,105,401 1,239,389 
- 41 122 -3,526 860 7,052 -128,699 632,917 - 1,708,347 1,239,389 
- 39 102 -2,054 - 300 23,452 - 187,821 644,397 - 1,166,163 374,699 
- 37 83 - 777 - 1,155 31,857 - 186,263 438,413 - 2 50,059 - . 489,991 
- 35 65 315 - 1,743 34,083 - 146,825 149,845 588,&25 - 983,497 

• - 33 48 1,232 -2,100 31,724 - 87,444 -131,604 1,128,2581- 1,036,222 
- 31 32 . 1,984" -2,260 26,164 - 21,788 -352,036 1,305,186- 740,962 
- 29 17 2,581 -2,255 18,589 40,183 -485,141 1,154,949- 256,447 
- 27 3 3,033 -2,115 9,999 91,689 -525,069 768,077 255,183 
- 25 - 10 3,350 -1,868 1,220 128,635 -480,325 256,605 664,645 
- 23 - 22 3,542 -1,540 - 7,084 149,149 -368,621 - 269,643 892,147 
- 21 - 33 3,619 -1,155 - 14,399 153,153 - 212,619 - 718,641 910,027 
- 19 - 43 3,591 - 735 - 20,349 141,967 - 36,499 - 1,025,049 736,117 
- 17 ;- 52 3,468 - 300 - 24,684 117,946 136,714 - 1,153,722 421,702 
- 15 - 60 3,260 132 - 27,26& 84,150 287,130 - 1,099,050 37,162 
- 13 - 67 2,977 545' - 28,067 44,047 399,347 - 881,229 - 342,329 
- ll - 73 2,629 925 - 27,137 1,249 463,;!43 - 540,453 - 649,319 
- ll - 78 2,226 1,260 - 24,612 - 40,719 474,273 - 129,907 - 833,659 
- 7 - 82 1,778 1,540 - 20,692 - 78,617 433,337 291,669 - 868,509 
- 5 - 85 1,295 1,757 - 15,631 -109,655 346,285 667,185 - 752,571 
- 3 - 87 787 1,905 - 9,725 -131,625 223,125 947,625 - 508,725 
- 1 - 88 264 1,980 3,300 -143,000 77,000 1,097,250- 0 179,55 

32,430 429,502,920 27,214,866,84 (1) 7,933,133,684 (3) 26,684,176,94 (4) 
285,384 143,167,640 748,408,838,1 (2) 44,332,217,65 (4) ---~-

1 I 6 I 2 I 35 1 21 1 28 1 52 1 · 117 1 715 
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CURVE FITTING BY THE ORTHOGONAL POI,YNOMIALS OF LEAST SQUARES. 

47 

cp) cp. cps 

- 23 345 - 759 32,637 - 32,637 1,338,117 - 2,230,195 40,549 -
- 22 300 - 561 18,447 - 11,352 116,358 484,825 - 22,919 
- 21 257 - 385 7,095 3,311 -562,397 1,570,833 - 37,023 
- 20 216 - 230 - 1,720 12,556 -846,240 1,644,879 - 26,445 
- 19 177 - 95 - 8,285 17,461 -;; 857,433 1,166,163 - 7,257 -
- 18 140 21 -12,873 18,984 - 695,114 463,095 10,9471-
- 17 105 119 - 15,743 17,969 - 437,871 - 242,505 23,283-
- 16 72 200 - 17,140 15,152 - 146,184 - 813,924 28,134-
- 15 41 265 - 17,295 11,167 135,265 - 1,180,647 25,995 -
- 14 12 315 - 16,425 6,552 375,414 - 1,321,879 18,571 
- 13 - 15 351 -14,733 1,755 554,775 - 1,252,355 8,095 
- 12 - 40 374 -12,408 - 2,860 663,520 - 1,010,295 - 3,165 
- 11 - 63 385 - 9,625 - 7,007 699,699 - 647,361 - 13,239 
- 10 - 84 385 - 6,545 - 10,472 667,590 - 220,473 - 20,655 
- 9 - 103 375 - 3,315 - 13,107 576,181 214,659 - 24,531 
- 8 -120 356 - 68 - 14,824 437,784 608,430 - 24,582 
- 7 - 135 329 3,077 - 15,589 266,781 920,805 - 21,063 '-
- 6 - 148 295 6,015 - 15,416 78,502 1,123,497 - 14,667 -
- . 5 - 159 255 8,655 - 14,361 - 111,765 1,201,001 - 6,395 -
- 4 - 168 210 10,920 - 12,516 - 289,632 1,150,627 - 2,587 -
- 3 - 175 161 12,747 - 10,003 - 442,337 . 981,675 ll,091 -
- 2 - 180 109 14,087 - 6,968 - q59,338 713,895 18,039 -
- 1 - 183 55 14,905 - 3,575 -632,775 375,37g I 22,575 -

0 - 184 0 15,180 0 -657,800 24,150 

cp. 

770,431 
736,93 4 

6 

8 

8 

2 
5 
0 

770,431 
267,97 
257,849 
578,01 
639,863 
488,52 
211,793 

96,40 
357,82 
520,76 
562,793 
488,13 8 
321,623 
101,048 
130,747 
333,10 6 
473,381 
530,936 
499,149 
385,43 4 
209,475 

0 

8,648 4,994,220 8,629,104,120 51,565,368,95 (4) 10,096,715,60 (4) 
1,271,256 8,518,474,n80 15,866,267,37 (4) 21,211,587,39.(1) 

2 1 ·3 1 20 1 5 1 42 1 1 1 24 1 6,435 1 1,430 

48 

cpa cps cps 

- 47 1,081 -3,243 35,673 - !,533,939 511,l\13 -1,905,803 1,905,803 - 1,905,803 
- 45 943 - 2,415 20,493 - 554,829 54,395 364,941 - 1,013,725 1,743,607 
- 43 8ll - 1,677 8,283 126,291 - 203,863 ,1302,857 - 1,711,873 1,902,277 
- 41 685 -1,025 - 1,265 562,397 - 316,437 1,401,585 - 1,274,649 742,223 
- 39 565 - 455 - 8,445 801,047 - 327,273 1,031,355 - 417,831 - 527,137 
- 37 451 37 -13,537 884,633 I-'- 272,211 459,651 423,489 - 1,345,579 
- 35 343 455 - 16,807 850,633 - 179,865 - 130,257 1,020,285 - 1,563,289 
- 33 241 803' -18,507 731,863 - 72,459 - 622,809 1,288,341 - 1,264,219 
- 31 145 1,085 - 18,875 556,729 33,381 - 955,575 1,238,877 - 640,429 
- 29 55 1,305 - 18,135 349,479 125,879 -1,106,495 939,653 92,481 
- 27 - 29 1,467 - 16,497 130,455 197,405 -1,082,835 485,225 747,555 
- 25 -107 1,575 - 14,157 - 83,655 243,815 - 9ll,755 - 24,895 1,193,865 
- 23 - 179 1,633 - 11,297 - 279,565 263,835 - 632,385 - 501,345 1,365,625 
- 21 - 245 1,645 - 8,085 - 447,139 258,489 - 289,305 - 874,377 1,258,579 
- 19 - 305 1,615 - 4,675 - 579,139 230,571 72,675 - 1,098,693 918,289 
- 17 - 359 1,547 - 1,207 - 670,973 184,161 412,539 - 1,154,589 424,099 
- 15 - 407 1,445 2,193 - 720,443 124,185 695,997 - 1,046,265 - 128,231 
- 13 -449 1,313 5,413 - 727,493 56,019 897,429 - 798,081 - 642,941 
- 11 -485 1,155 8,355 - 693,957 - 14,863 1,000,945 - 449,461 - 1,038,103 
- 9 -515 975 10,935 - 623,307 - 83,197 1,000,665 - 49,069 - 1,255,813 
- 7 -539 777 13,083 - 520,401 - 144,193 900,323 351,197 - 1,268,197 
- 5 -557 565 14,743 - 391,231 - 193,755 712,299 701,925- 1,079,127 
- 3 -569 343 15,873 - 242,671 - 228,657 456,183 961,2331- 721,917 
- 1 - 575 115 16,445 - 82,225 - 246,675 156,975 . 1,098,825 - 253,575 

36,848 92,620,080 . 19,208,385,77 (4) 37,502,086,51 (4) 60,580,293,59 (4) 
12,712,560 10,301,411,12(1) 2,321,'892,786 (3) 46,326,106,86 (4) 
1 1 1 1 5 1 5 1 1 1 21 1 33 1 165 ,.---------..,1=1-=-5 
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• 

D. VAN DER REYDEN. 

49 

cpl cp. cpa 'P• cps 'f• cp, cpa cp. 
----- .. 

- 'l4 1 376 - 4,324 38,916 - 9.5,128 371,864 - 278,898 1 3,811,6061- 15,246,424 
- 23 329 -3,243 22,701 - 35,673 I 46,483 46,483 - 1,905,803 13,340,621 

. - 22 :284 - 2,277 9,591 6,072 - 140,438 184,943 3,365,567 15,165,326 

_ 21 I 241 - 1,421 729 33,187 - 225,019 204,207 2,603,951 6,517,811 
. - 20 200 1-' 670 - 8,560 48,444 -237,360 15-~.445 978,465- . 3,370,856 

- 19 161 1- 19 - 14,189 54,321 -202,143 7i5,981 671,703 - 10,082,597 
18 I 124 537 - 17,889 53,016 -139,206 8,271 1,891,3711- 12,288,602 
17 ' 89 1,003 - 19,919 46,461 - 64,089 - 80,631 2,498,499 - 10,462,667 
16 56 j 1,~8~ 1- 20,524 36,336 11,448 - 131,724 1 2,494,242- 5,955,152 
15 25 1,68o 

1

- Hl,935 24,083 1 78,935 ,_ 157,785 1,991,i515 - 359,517 
14 4 1 1,911 ·- 18,369 10,920 132,730 1- 159,185 1,159,7951 4,888,650 
13 - 31 2,067 - 16,029 - 2,1±5 169,585 - 139,165 I 184,015 8,732,685 
12 ' - 56 1 

2,158 -13,104- 14,300 188,240 - 102,765 - 764,465 10,581,480 

11 1 
- 79 2,189 9,7691- 24,915 I 189,~45 j- 55,93~ !- 1,546,69ii 10,300,565 

10 -100 2,165 6,185 - 33 .. )28 173,610 - 4,81:> - 2,066,535 8.140,322 
9 -119 1 2,091 2,499- 39,831 I 144,483 44,829 ,- 2,274,243 4,628,267 
8 I - 136 1,972 1,156- 43,656 104,856 88,026 - 2,164,746 447,032 
7 ' - 151 1,813 4.661 - 44,96 l 58,290 1:20;891 - 1,771,959 - 3,685,183 
6 I -164 1,619 7,911 - 43,816 8,522 140,790 - 1,160,387- 7,119,338-

11 ~ 175 1,395 10,815 - 40,389 - 40.83.) 14-6,465 - 415,115- 9,357,089 
- 184 1,146 13,2961- 34,932 - .86,384 137,873 368,839 - 10,104,296 

3 - 191 877 Li,291 - ~7, 767 
1
- 12.,143 116,277 I 1,096,063 - 9,294,761 

·) - 196 593 16,7.)1- Hl,27~ - 154,662 83,937 1,684,767- 7.085,106 

~ I - 199 29g I 17,6-!1 - 0,867 1- 173,121 43,953 2,065,791- 3.823,911 
-200 17,940 0 - 179,400 0 2,197,650 0 

9,800 167,230,700 74,451,107,64 (1) 800,349,407,1 (2) 3,806,461,780 (6) 
1,366,040 12,408,517,94(1) 1,231,306, 780 (3) 18 3,374,173,0(5) 

21 -- ~I 41 51 18 L _____ ~ ~41 ---991--110 

====================~==~======50 
~1 

- 49 
- 47 
- 41\ 
- 43 
- 41 

39 I 

37 
35 
33 
31 
29 

- 27 
- 25 
- 23 
- 21 

19 
17 

13 I 
13 

1~ I 
7 
5 
3 
1 

41,650 

I . I 

196 1-9,212 211,876 -211,876 I 15,134 -650,762 I 4,.35.),334 - 186,768,694 
172 -6,956 125,396 - 82,L'l6 2,162 92,966 2,138,218 156,275'846-
149 - 4,935 55,131 9, 729 - 5,405 418,347 3,951,05•3 184,862,891 
127 - 3,139 529 70,219 - 8,947 473,731 :~,167.767 86,328,8:H 
106 - 1,558 - 43,124 105,124 - 9.6HJ :m ,993 1,327,9un- 31,40+.3Hl 

86 - 182 - 74,124 1 119,6:>2 
1

- 8,373 196,:209 Bo1,:;27 - 11.5,122,137 
67 

1 
999 - 94,929 ll8,4:n -5,919 4.773 2,081,931 - 147,226,367 

49 1 1,995 ~ - 106,869 I 105,567 
1
- 3,045 ,- 164,019 2,882,:355-131,363,057 

32 2,816 - 111,204 84,612 -' 36 .. _ 287,892 2,981,754- 81,96ii,642 
16 3,472 ~- 109,124 I .38,65~ 1 2,708 I:- 356,996 2,490,4ij8- 16,994,262 

1 3,973 - 101,749 3o,3o.5 4,953 '- 370,765 I 1,588.9.55 46,765,545 
- 13 4,~29 ~ - 90,129

1 

1,735 I 6,.>65 
1
- 335,205 481,715 96,404,29;3 

- 26 4,D50 - 75,244 - 25,2:20 7,473 - 260,1)85 1- 636,0:25 124,076.743 
- 38 1 4,646 1- .38,oo4 ,- 49,220 7,685 

1
- 159,505 1- 1,6oo,465 127,094,895 

- 49 4,627 - ~9,249 - 69,195 7,245 - 45,315 1- 2,292,255 107,:27!),795 
.>9 4,5o3 - 19,749 84,417 I 6,2±3 69,141 - :2,64:2,oo7 69,866,477 

- 68 1 4,284 1"- 204 94,452 4.794 17:2,482 ,- 2,629,86!51 22,201,082 
- .76 3,980 18,756 99,~~2 1 3,o3o 255,474 - 2,28o,mo - 27,581,578 
- 83 3,601 ' 36,571 ~- 9~,a27 1,091 311,467 ~- 1,65.3,299- 71,758,193 
- 89 3,157 I .. ,2,751 - 92,917 ~- 883 336,611 - 841,483 -103,995,023 
- 94 2,658 66,876 - 82,764 - 2,7;)9 ~2~,87J 58.391 - 120,041,591 
- 98 2,114 78,596 - 68,684 -4,417 292,909 938.063 -118,110,881 
- 101 l,.~3ii 87,631 - 51,419 1- 5,755 229,733 1,698,095- 98,945.6.)1 
-103 I 931 I 93,771 1_: 31,809 - 6.693 I 146,349 I 2,255,127 - 65,594,781 
- 1!)4 312 96.876 - 10.764 - 7.176 , 50.2~2 2JWl.274 - 2:2.943.466 

770,715,400 3 72,2-55,538,:2 (2) 4,344, 753.924 (:3) ;'\6 1,453,112,6(8) 
433,160 . 372,255,538,2 (2) 2,045,360,100 259,407,366,7(3) 

1 I 6 I 2 I 1 I 9 I 924 1 132 1 99t 1 ll 

401 



.CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES. 

f{Jl 

- 25 1,225 -4,900 46,060- 75,670 
- 24 1,078 -3,724 27,636 - 30,268 
- 23 937 -2,668 12,596 . 2,162 
- 22 802 - 1,727 611 23,782 
- 21 673 - 896 - 8,634 36,547 
- 20 550 - 170 -15,440 42,214 
- 19 433 456 -20,094 42,351 
- 18 322 987 -22,869 38,346 
- 17. 217 1,428 -24,024 31,416 
- 16 118 1,784 -23,804 22,616 
- 15 25 2,060 -22,440 12,848 
- 14 - 62 2,261 -20,149 2,870 
- 13 - 143 2,392 - 17,134 - 6,695 
-

l 
218 2,458 - 13,584 - 15,350 

- 11 - 287 2,464 - 9,674 - 22,715 
- 10 - 350 2,415 - 5,565 - 28,518 
- 9 - 407 2,316 - 1,404 - 32,586 
- 8 - 458 2,172 2,676 - {34,836 
- 7 - 503 1,988 6,556 - 35,266 
- 6 - 542 1,769 10,131 - 33,946 
- 5 - 575 1,520 13,310 - 31,009 
- 4 - 602 1,246 16,016 - 26,642 
- 3 - 623 952 18,186 - 21,077 . 
- 2 - 638 643 19,771 - 14,582 
- 1 - 647 324 20,736 - 7,452 

0 - 650 0 21,060 - 0 

51 

I <ps 

378,350 
60,536 

-127,558 
-218,362 
- 239,131 
-212,440 
- 1.56,657 
- 86,394 
- 12,936 

55,352 
1l2,640 
155,270 
181,415 
190,760 
184,205 
163,590 
131,4;42 
90,744 
44,726 

- 3,322 
- 50,215 
- 93,016 
- 129,157 
- 156,538 
- 173,604 
- 179,400 

<fs <f• 

-378,350 -- - 16,269,0501- 22,776,67 0 
6 
6 
6 
9 
6 
7 
2 
2 
2 
8 
0 
5 
0 
5 
2 
2 
8 
8 
8 
9 
6 
1 
6 
6 
0 

45,402 - 7,158,382 18,221,33 
235,658 - 13,851,934 22,404,80 
273,493 - 11,481,301 11,248,88 
221,007 - 5,268,403 - 2,681,17 
124,295 1,459,205 - 13,018,33 

16,131 6,801,CD9 - 17,484,61 
- 81,621 9,893,913 - 16,290,72 
- 155,856 1'(),592,322 - 10,959,66' 
-200,324 9,210,326 - 3,498,67 
-213,960 6,318,770 4,147,99 
- 199,435 1 2,590,385 10,424,85 
-161,915 - 1,313,455 14,321,38 
-108,015 - 4,820,395 - 15,403,68 
- 44,935 - 7,494,835 13,759,51 

20,235 - 9,061,005 9,889,08 
81,054 - 9,406,254 4,567,56 

132,126 - 8,569,038 - 1,299,44 
169,366 - 6,715,702 - 6,811,53 
190,149 1- 4,109, 761 - 11,188,41 
193,355 - 1,076,995 - 13,856,45 
179,323 . 2,030.717 - 14,502,65 
149,727 4,870,289 - 13,094,92 
107,387 7,138,901 - 9,870,26 
56,028 8,600,298 - 5,294,64 

0 9,104,550 

11,050 221,375,700 47,861,426,34 (1) 1,465,091,440 (3) 8,216,387,014 (6) 
17,218,110 17,803,525, 74(1) 1,282,440,783 (3) 3,279,650,279 (6) 

2 1 1 1 4 1 5 1 28 1 42 1 264 1 33 1 110 

-51 425 -4,165 3,570 -
- 49 375 -3,185 2,170 -
- 47 327 -2,303 1,022 
- 45 281 - 1,515 102 
- 43 237 - 817 - 613 
- 41 195 - 205 -1,145 
- 39 155 325 - 1,515 
- 37 117 777. - 1,743 
- 35 81 1,155 -1,848 
- 33 47 1,463 -1,848 
- 31 15 1,705 -1,760 
- 29 - 15 1,885 - 1,600 
- 27 - 43 2,007 - 1,383 -
- 25 - 69 2,075 - 1,123 -
- 2!3 - 93 2,093 - 833 -
- 21 - 115 2,065 - 525 -
- 19 - 135 1,995 - 210 -
- 17 - 153 1,887 102 -
- 15 - 169 1,745 402 -

- 13 - 183 1,573 682 -
- 11 - 195 1,375 935 -
- 9 - 205 1,155 1,155 -
- 7 - 213 917 1,337 -
- 5 - 219 665 1,477 -
- 3 - 223 403 . 1,572 -
- 1 - 225 135 1,620 -

55,930 
23,030 

658 
16,638 
26,273 
30,791 
31,291 
28,749 
24,024 
17,864 
10,912 
3,712 
3,285 
9,715 

15,295 
19,817 
23,142 
25,194 
25,954 
25,454 
23,771 
21,021 
17,353 
12,943 
7,988 
2,700 

52 

<f• 

l,286,390f -19,295,850 1,286,390[- 55,314,77 
. 227,010 1,891,750- 529,690 42,299,53 

- 408,618 11,638,046 - 1,074,514 54,013,24 
- 724,270 13,834,638 - 918,850 28,912,42 

0 
0 
6 
6 

- 807,507 \ 11,481,301 - 455,101 - 3,858,08 
- 731,193 6,822,605 63,227 - 29,154,73 9 -----1 
- 554,947 1,471,665 488,063 - 41,186,56 1 
-326,529 - 3,478,407 748,743 - 39,961,14 7 
- 83,160 - 7,354,776 828,870 - 28,647,20 2 

147,224 - 9,816,312 747,542 2 - 11,694,34 
. 344,784 -10,775,600 544,4541 6,432,43 

496,656 -10,330,960 268,406 22,029,618 
8 

595,895 - 8,707,905 - 31,225 32,553,915 
640,485 - 6,209,465 - . 310,465 36,738,945 
632,415 ·- 3,174,805 - 534,565 34,512,075 
576,821 54,435 - 680,029 26,780,937 
481,194 3,160,650 - 735,186 15,147,142 
354,654 5,870,202- 699,618 1,593,682 
207,290 7,967,346 - 582,730 - 11,817,658 

49,566 9,302,722 - 401,722 - 23,211,838 
-108,207 9,796,985 - 179,197 - 31,110,409 
-256,333 9,440,145 59,387 - 34,574,539 
-386,127 8,287,189 288,239 - 33,276,721 
-490,245 6,450,557 483,575 - 27,502,411 
-562,948 4,090,044 625,646 - 18,087,706 
- 600,300 1,400,700' 700,350 - 6,303,150 

i6,852 162,342;180 26,358,466,68 (1) 3,803,377,377 (6) 47,733,295,98 (7) 
2,108,340 108,228,120 14,876,313,08 (4) 20,338,916,46 (4) 

1 1 3 1 5 1 10 1 42 1 14 1 6 1 495 1 55 
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CURVE FITTING BY THE ORTHOGONAL POLYNOMIALS OF LEAST SQUARES . 

APPENDIX III. 

Binomial Coejficients. 
-

I <;> lmi (~) (~) I (~) 
I 

(~) 
I 

(~) 
I 

( ~ ) 
I 

n 

I l 
I 

2 1 
3 3 1 
4 6 4 1 

5 lO 10 5 1 
6 15 20 15 6 1 
7 21 35 35 21 7 1 
8 28 56 7.0 56 28 8 1 
9 36 84 126 126 84 36 9 1 

lO 45 120 210 252 210 120 45 10 
ll 55 165 330 462 462 330 165 55 
12 66 220 495 792 924 792 ·495 220 
13 78 286 715 1287 1716 1716 1287 715 
14 91 364 1001 2002 3003 3432 3003 2002 

15 105 455 1365 3003 5005 6435 6435 5oos I 
16 120 560 1820 4368 8008 11440 12870 11440 
17 136 680 2380 6188 12376 19448 24310 24310 
18 153 816 3060 8568 18564 31824 43758 48620 
19 171 969 3876 11628 27132 50388 75582 92378 

20 190 1140 4845 15504 38760 77520 1 25970 1 67960 
21 210 1330 5985 20349 54264 1 16280 2 03490 2 93930 
22 231 1540 7315 26334 74613 1 70544 3 19770 4 97420 
23 253 1771 8855 33649 1 00947 2 45157 4 90314 8 17190 
24 276 2024 10626 425"04 1 34596 3 46104 7 35471 13 07504 

404 
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(~) 

1 
3 
6 
ll 
19 

1 
6 

28 

1 
1 
6 
6 
l 100 

300 
800 

1944 

3 
8 
8 
8 
8 

4375 
9237 

8475 
5271 

6 
6 
6 
6 
6 

4664 
4406 
6125 




