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ITERATIVE APPROXIMATION OF FIXED POINTS FOR PRESIC
TYPE F-CONTRACTION OPERATORS

by M. Abbas!, M. Berzig?, T. Nazir® and E. Karapmar?

We study the convergence of the Presié¢ type k-step iterative process for a class
of operators f : X* — X satisfying Presié type F-contractive condition in the setting of
metric spaces. As an applications of the result presented herein, we derive global attrac-
tivity results for a class of matriz difference equations. Numerical experiments are also
presented to illustrate the theoretical findings.
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1. Introduction and Preliminaries

Banach contraction mapping principle [?] is simple and powerful result with a wide
range of applications, including iterative methods for solving linear, nonlinear, differential,
integral, and difference equations. There are several generalizations and extensions of the
Banach contraction principle in the existing literature. Recently, Wardowski [?] introduced
a new class of contractions called F'—contraction and proved a fixed point result as a
generalization of the Banach contraction principle [?].

We begin with some basic known definitions and results which will be used in the
sequel. Throughout this article, N,R™, R denote the set of natural numbers, the set of
positive real numbers and the set of real numbers, respectively.

Let F be the collection of all mappings F' : Rt — R that satisfy the following
conditions:

(Fy) F is strictly increasing, that is, for all a, 3 € RT such that a < 8 implies that

F(a) < F(B).
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(F») For every sequence {ay,} of positive real numbers, lim «, = 0 and lim F (o) =
n—oo n—oo

—o00 are equivalent.
(F3) There exists h € (0,1) such that lim o"F(a) = 0.

a—0t

Definition 1.1. [23] Let (X, d) be a metric space and F' € f. A mapping f: X — X is
said to be an F'—contraction on X if there exists 7 > 0 such that

d(fz, fy) > 0 implies that 7 + F (d(fz, fy)) < F (d(x,y))
for all z,y € X.

Note that every F'—contraction is continuous (see [23]).
Wardowski obtained the following result.

Theorem 1.1. Let (X, d) be a complete metric space and f : X — X an F—contraction.
Then there exists a unique x in X such that x = fx. Moreover, for any z¢o € X, the
iterative sequence {z,} defined by x,11 = f (x,) converges to z

Let f: X* — X, where k > 1 is a positive integer. A point z* € X is called a fixed
point of f if z* = f(x*, ..., z%).

Consider the k-th order nonlinear difference equation:
(1) Ln+k :f(xn>xn+17"'axn+k—l)7 n=12...
with the initial values x1,..., 2, € X.

Equation (1) can be studied by means of fixed point theory in view of the fact that x in
X is a solution of (1) if and only if z is a fixed point of mapping T : X — X given by

T(z) = f(x,z,...,z), for all z € X.
One of the most important results in this direction is due to Presi¢ [16] given as follows:

Theorem 1.2. [16] Let (X,d) be a complete metric space, k a positive integer. If a
mapping f : X* — X satisfies the following contractive condition:

d(f($17$27 cee ,l’k;), f(l’g, ey xkhxk—f—l)) S Q1d($1, :EQ) + Q2d(1’27$3) +...+ de(iﬂk»xkz-&-l)v

for every x1,...,xx+1 € X, where q1,¢o, ..., qr are non-negative constants such that ¢; +
g2 + ...+ qr < 1. Then there exists a unique point z* € X such that f(z*, ..., 2*) = z*.
Moreover, for any arbitrary points zy, ...,z € X, the sequence (1) converges to z*.

Note that, for £ = 1, Theorem 1.2 reduces to the Banach contraction principle.
Ciri¢ and Presié¢ [7] generalized the above result as follows.

Theorem 1.3. [7] Let (X,d) be a complete metric space, and k a positive integer. If
f: X¥ — X satisfies the following contractive condition:

d(f(llil,lL'Q, R ,l’k),f(l’Q, cee ,l’k,l‘k+1)) < qmax{d(xlva)ad(:Ean?))’ s ,d($k,$k+1)},
for any z1,...,25+1 € X, where 0 < ¢ < 1. Then there exists 2* € X such that
fla*,...,x*) = x*. Moreover, for any arbitrary points xi,...,x; € X, the sequence

(1.1) is convergent and

lim z, = f( lim x,,..., lim z,).
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If in addition,
d(T(u,...,u),T(v,...,v)) < d(u,v)
holds for all u,v € X, with u # v, then 2* is the unique point in X with f(z*,...,z%) = z*.

The applicability of the above result to the study of global asymptotic stability of
the equilibrium for the nonlinear difference equation (1) is well known ([5]).

Pacurar [15] derived a convergence result for Presi¢-Kannan operators as follows:

Theorem 1.4. [15] Let (X,d) be a complete metric space, k a positive integer and f :
X* — X a given mapping. Suppose that there exists a constant a € R with 0 < ak(k+1) <
1 such that

k+1
d(f(xla s 7'%'/6)1 f(.%'g, s 7$k+1)) < aZd(xi, f(xh s 7:[;72))7
i=1
holds for all (z1,...,2zx1) € X*+1. Then,
(i) f has a unique fixed point z* € X;
(ii) for any arbitrary points x1, ...,z € X, the sequence {z,} defined by (1) converges to

T*.

For more results in this direction, we refer to [2, 3, 5, 7, 9, 10, 11, 14, 15, 17, 18, 19,
20, 21].

Motivated by the work of Wardowski [23], we give the following definition:

Definition 1.2. Let (X, d) be a metric space and F € f. A mapping f : X¥ — X is said
to be a Presi¢ type F'—contraction if there exists 7 > 0 such that

d(f(xy,...,zx), f(x2, ..., x1)) >0
implies that
(2) T+ Fd(f(z1,...,25), f(x2, ..., 2ky1))) < F (max{d(z;,xiy1) : 1 <i < k})
for all (z1,...,2p41) € XFHL

Note that, for F'(a)) = Ina, Presié¢ type F'—contraction condition becomes

(3) d(f(xi,...,zk), f(x2, .. xps1)) < e T max{d(x;, zit1): 1 <i <k}
for all (1,...,x501) € XM (o, .. mp) # fla2,. . Tpp)
Furthermore, for (x1,...,7511) € X**! such that f(z1,...,21) = f(z2,...,Tp11),

the inequality (3) also holds, that is, f is a Ciri¢-Presi¢ contraction (see [7]).

Remark 1.1. It follows from (F}) and (2) that every Presi¢ type F'—contraction mapping
f is a Presié¢ contractive mapping, that is,

d(f(xi,...,zx), f(z2, ...y xp41)) < max{d(x;, zi11) : 1 <i <k}

for all (z1,...,2541) € XM f(a1,... 2p) # fl@2,. . Tpp1)
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Thus every Presi¢ type F'—contraction mapping f is a continuous mapping.

The aim of this paper is to study the convergence of the sequence {x,} defined by
(1), where f: X k — X is a Presi¢ type F'— contraction mapping. We also give examples
to support the results presented herein. Applications to matrix difference equations are
also presented.

2. Main results

In this section, we obtain some fixed point results for Presi¢ type F'—contraction
mappings. We start with the following result.

Theorem 2.1. Let (X,d) be a complete metric space and f : X¥ — X a Presi¢ type
F—contraction, where k is a positive integer. Then, for any arbitrary points x1,...,xr € X,
the sequence {x,,} defined by (1) converges to u in X andw is a fived point of f. In addition,

if

implies that
T+ E(d(f(z, .. 3), [y, p)) < Fd(z,y))
for all x,y € X with x # y, then f has a unique fized point.
Proof. First, let us observe that f has at most one fixed point. Indeed, if u,v € X such
that v = f (u,...,u) and v = f(v,...,v) with v # v. Thus d(f (u,...,u), f (v,...,v)) > 0.
Hence by given assumption, we have
4 F(duw) = 74+ F(d(f(tmw), f(v,...0)))
< F(d(u,v)),

a contradiction as 7 > 0. Therefore u = v.
Now we show that f has a fixed point. Let x1,- -,z be arbitrary k elements in X.
Define the sequence {z,} in X by

Ttk = f(xnuxn-‘rlv "'7:671-1—/6—1)7 n= 1727 s

If for some ng € {1,2,3,...,k}, we have x,,, = Zp,+1, then we have

xno—&-k - f(xnovxno-‘rlv ceey *xno—&-k—l) = f($n0+k:a ‘T’no-f—k?a ceey xno—&-k))

that is, x4+ is a fixed point of f and the proof is finished.

We assume that x, 1 # Tpik1 for all n € N. Denote v,1x = d (Tpik, Tnakr1) for
n=1,2,...and 0 = max{d (z1,x2),d (x2,23),...,d (T, Tk11)}, then we have y,4x > 0 for
alln € Nand 6 > 0.

Now for n < k, we have the following inequalities:

F (k1) F(d(zg41, Trt2))
= F(d(f(x1,22,...,78), f(x2, 73, ..., Tp41)))
< F (max{d(a:“a:zﬂ) 1<i<k})-—r7
= F(0) -
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F(vkt2) = F(d(@k+2,Tr+3))
= Fd(f(xa,x3,....Tkt1), f(x3,24, ..., Tf12)))
< F(max{d(zj,xit1):2<i<k+1})—71
< F(0) — 2T,

and so on. Hence

F(Yk4n) = F(d(Tnik; Tnirtr))
= F (d (f(xnv Tn+1y ey .'Ifn+k,1)7 f(wn-i-l) Ln42y «vy xn+k)))
< F(0)—nr
for n > 1. On taking limit as n — oo, we obtain that lim F (yg4,) = —o0 and therefore
n—oo

Jim ey =0 by (F2).
Now by (F3), there exists h € (0, 1) such that
Tim g F (Ye4n) = 0.
By (4), we have

VeraF Vetn) = VeenF (0) < An(F () = n7) = 1o F (0) = —iynT < 0.
On taking limit as n — oo, we obtain

(4) lim ny)., = 0.

n—oo

Thus from (4), there exists ng € N such that n'y’g +n < 1for all n > ng. Consequently we
have

1
Vitn < v for all n > ny.

For any n,m € N with m > n > ng, we have

A(Thtn; Tham) = d(f(Tn, s Thin-1), [(@ms -+ Thrm—1))

Ad(f(zny - Than—1)s [(@nt1y o s Thgn)) F A(f (Tnt1s ooy Thgn)s [(Tnt2, - oo Thtnt1))
Foo +d(f(@m=1,- s Thtm—2) [ (@Tmy -+ s Thtm—1))

A(Tntks Tntkt1) + ATnki1, Tngkia) + oo+ ATmpk—1, Tmtk)

IN

Vn+k + Vntk+1 + - + Vmtk—1
o x 1

< D ik SZW — 0.
=n =n

This shows that {z,} is a Cauchy sequence in (X, d). Since (X, d) is complete, there exists
u in X such that

lim d(zp,xn) = lim d(z,,u) =0.
n,M—00 n—00
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Now by the continuity of f, we have

u = nll{go Tntk = nh—>nolo f(.’L‘n, Tn+ly--- 7xn+k’—1)
= f(nh—{%o T, TL11—>H;O Tn+1--- anh_EI;o xn-ﬁ-k—l)
= flu,u,..,u).

0

Example 2.1. Let X = {z, = w :n € N} and d(z,y) = |z —y|. Then (X,d) is a
complete metric space. Define the mapping f : X?> — X by
f(z,y) =
T1+ Y1
2 )
Note that for n > 3, we have
d(f (xn727 wnfl) 7f($n717 xn))

_ 1'((n—3)(n—2)+(n—2)(n—1)>_<(n—2)(n—1)+(n—1)n>‘

otherwise.

4 2 2 2 2
1
= Z(4n—6) :n—%
and
max{d (xn—2a xn—l) s d(xn—ly -xn)}
-2 -1 -1 -1 1
= g 2220 =D (=] [nln=1) _nla+ 1),
2 2 2 2
= max{n—1,n}=n.
Now
lim d(f (xnf% xnfl) 5 f(xnfla xn)) — lim n— 3/2 —1
n—00 max{d (xn72a fL‘nfl) ) d(xnfla l‘n)} n—00 n
Thus

d(f (3371723 l‘nfl) ) f(l'nfb xn)) < qmaX{d (l'an» xnfl) ’ d(l'nfly xn)}
does not hold for q € (0,1). Hence the condition of Theorem 2 in [7] is not satisfied.
On the other hand by taking F (o) = lna+ «, a > 0 and 7 = 1, for f (zi, xiy1) #
f(@iv1,miv0) i =1,2,...,. We consider the following cases:
(1) If x = x1, y = 2, then
d(f ($1, 1,2) ,f(l‘z, x3))ed(f(am,acg),f(acg,mg))—max{d(:cl,azg),d(wg,wg)}
= |1—2[23

= e 2<3ct=¢t

max{d (z1,2),d(z2,23)}.
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(2) For x = xy, y = xpy1 with n > 1, we have

AF (s ns1) s F(@nst, B a))edE@nan i) f(@ns1,mni2)-max{dzn wn 1) dEn s an i)}

= <n + ;) e(nta)—(nt2) — (n+ %)e*

< e Yn+2)=emax{d(zn, ni1),d(@ni1, Tnio)}.

N

Thus f is the Presié¢ type F—contraction on X and (1,1) is a unique fized point of f, that
is, f(1,1)=1.0

Example 2.2. Let X = [0,2] and d be a usual metric of X. Let k be a positive integer
and f : X¥ — X be the mapping defined by

T+ Tk
4k

f($1a'-'>$k):

forall x1,...,z € X.

Define F: RT - R by F (o) = a+In(a). Note that F € F ( [23]).
Note that, for 7 =1n(2k) > 0 and x1,x2,...,Tk+1 € X, with

d(f($17 e 7$k)7 f(l'Q, sy xk-‘rl)) > 07
we have

T —|—F(d(f(l‘1, .. .,xk),f(xg, - ,:Ek+1)))
_ ln(2k)+F< T1t T T2t Tes )

4k 4k
1
= (20)+ F (gl — o) + (o - o))

1 1
= In(2k)+ e (x1 — x2) + (2 — xp11)| +1In <4k: (1 — m2) + (x — a;k+1)>

1 1
< In(2k)+ % max{d (z1,22),d (zk,Tx+1)} + In <2k max{d (z1,z2),d (v, :L'k+1)}>
1

= 5 max{d (r1,22),d (xg, xx+1)} + In(max{d (z1,z2) ,d (zk, Tr1+1)})

max{d(z;, zi+1) : 1 <i <k} +In(max{d(z;, z;+1): 1 <i < k})
F (max{d(z;,zit1): 1 <i<k}).

IN

Moreover, for all z,y € X with x # y, we have
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and

Ffoe) S = F (50

=yl [z — ]
= o {5

L i@ y) +In(d (z,y)) — In (2k)

2k
< dz,y) +n(d(2,y)) — I (2K)
= F(d(z,y)) —T.

Thus, all the required hypotheses of Theorem 2.1 are satisfied. Moreover, for any arbitrary
points 1, ...,x € X, the sequence {xy,} defined by (1) converges to u = 0, the unique fized
point of f. [J

The following result is an immediate consequence of Theorem 2.1 by taking F' («) =
In .

Corollary 2.1. Let (X, d) be a complete metric space, k a positive integer and f : X* — X
a given mapping. Suppose that there exists T > 0 such that

(5) d(f(zy,...,zK), f(x2,...,xk41)) < e T max{d(x;, xiy1) : 1 <i < k},
forall (zy,...,2541) € XFY with f(x1,...,25) # f(22,...,2541). Then, for any arbitrary
points x1,...,x, € X, the sequence {x,} defined by (1) converges to u, and u is a fixed
point of f, that is, w = f(u,...,u). Moreover, if

d(f(z,...,2), f(y,....y)) < e Td(z,y),
holds for all z,y € X with x # y, then wu is the unique fixed point of f.
Corollary 2.2. Let (X,d) be a complete metric space, k a positive integer and f : Xk X
a given mapping. Suppose that there exist A1, ..., A\x non-negative constants with A\ + Ag +
...+ X <1 such that
(6) d(f(@1,...,ax), [(22,. .., Tp11)) < Aid(@1, 22) + Aod(@2,23) + ... + Apd(@k, Tpt1),

forall (zy,...,2541) € XFHE with f(xq,...,25) # f(x2,...,2541). Then, for any arbitrary
points 1, ..., xy € X, the sequence {x,} defined by (1) converges to u, where u is the unique

fixed point of f.

Proof. Clearly, condition (6) implies condition (5) with A = A; + Ao + ... + Ag. Now, let

z,y € X with z # y. From (6), we have

d(f(x7x7'"7x)7f(y7y7"'7y)) S d(f('r’"'7':U)7f(x7"'7x7y))+d(f($7"'7x7y)7f(x7"'
+'"+d(f(:1:’y""?y)7f(y7y7"'7y))

where A = Ay + A1 + ... + A1 € (0,1). Hence all the hypotheses of Corollary ?? are
satisfied and the result follows. O

T, YY)
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1
If we take F'(a) = 7 for « € RT, then F € f and we obtain the following non-
«

linear contraction that generalizes the contraction of type d(fz, fy) < a(d(z,y))d(x,y)
(see Boyd and Wong [6]).

Corollary 2.3. Let (X, d) be a complete metric space, k a positive integer and f : X* — X
a given mapping. Suppose that there exists T > 0 such that

1
d(f(x1,. . xp), f(@2,. .. ap41)) < (/o <=

forall (z1,...,2541) € XF with f(x1,...,25) # f(x2,...,2%41). Then, for any arbitrary
points x1,...,x, € X, the sequence {x,} defined by (1.1) converges to u, that is, u =
fu,...,u). Moreover, if

d(f(z,...,2), f(y,...,y)) < Ad(z,y),
holds for all x,y € X with x # y where X € [0,1), then u is the unique fized point of f.

Remark 2.1. (1) Theorem 2.1 extends and generalizes Theorem 1.2 in [7], and Theorem
1.1 in [16).
(2) If k =1, Theorem 2.1 reduces to the Theorem 2.1 of Wardowski in [23].
(3) If k=1, Corollaries 2.2-77 reduces to Theorem 1 of Banach in [1].
(4) If k=1, Corollary ?7? reduces to the Theorem of Boyd and Wong in [6].

3. Global Attractivity Results for a Class of Matrix Difference Equations

In this section, we investigate the global attractivity of the recursive sequence {X,,} C
P(N) defined by
=
(7) X7L+k - Q + E ; A*SO(XTH-Z)Av n = 1, 2, ey

where P(N) is the set of N x N Hermitian positive definite matrices, k is a positive integer,
Q is an N x N Hermitian positive semidefinite matrix, A is an N x N nonsingular matrix,
A* is the conjugate transpose of A and ¢ : P(N) — P(N).

At first, we recall some definitions and preliminary results.

Definition 3.1. Let k be a positive integer, M a nonempty set and f : M¥ — M. For
given x1,xa,...,x, € M, consider the recursive sequence {x,} C M defined by
(8) Totk = f(Tn, Tnt1y ooy Tpvk—1), n=1,2,...,
The equilibrium point T of the equation (3.2) is the point that satisfies the condition:
T = f(z,...,7).

Definition 3.2. Let (M,d) be a metric space and T an equilibrium point of Equation (8).
The equilibrium point T is called a global attractor if for all x1,x2,...,x € M, we have
d(xp,T) = 0 as n — oo.

max{d(x;, x;1+1) :
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We denote by P(N) (for N > 2), the open convex cone of all N x N Hermitian
positive definite matrices. We endow P(N) with the Thompson metric defined by

A,B € P(N), d(A,B)=max{ln M(A/B),In M(B/A)},

where M(A/B) = inf{# > 0: A < B} = §+(B~'/2AB~"/?), the maximal eigenvalue of
B Y24AB~1/2 Here, X <Y means that Y — X is positive semidefinite and X < Y means
that Y — X is positive definite. From Nussbaum [13], P(NN) is a complete metric space with
respect to the Thompson metric d and d(A4, B) = || In(A~"/2BA~1/2)||, where ||-|| stands for
the spectral norm. The Thompson metric exists on any open normal convex cones of real
Banach spaces [13, 22]; in particular, the open convex cone of positive definite operators of
a Hilbert space. Now we shortly introduce the elegant properties of the Thompson metric.
It is invariant under the matrix inversion and congruence transformations, that is,

(9) d(A,B) =d(A™', B™Y) = d(U* AU, U*BU),

for any nonsingular matrix U. The other useful result is the nonpositive curvature property
of the Thompson metric

(10) d(X",Y") <rd(X,Y), rel0,1].
According to (9) and (10), we have
(11) dU*X"U,U*Y"U) < |r|ld(X,Y), re[-1,1].
Lemma 3.1. Lemma 3.3. For any A,B,C,D € P(N),
d(A+ B,C + D) < max{d(A,C),d(B,D)}.
Furthermore, for all positive semidefinite A and B,C € P(N),
d(A+B,A+C) <d(B,C).

Let ¢ : P(N) — P(N) be an F-contraction mapping with respect to the Thompson
metric d. Let @ be an N x N Hermitian positive semidefinite matrix (@ > 0) and A an
N x N nonsingular matrix (A~! exists). For a positive integer k, for given X1, Xo,..., X} €
P(N), consider the sequence {X,,} C P(N) defined by (7). Our main result in this section
is the following.

Theorem 3.1. Equation (7) has a unique equilibrium point X € P(N). Moreover, X is
global attractor.

Proof. Define the mapping f : P(N)* — P(N) by
1
fU, Uy, ..., Ux) =Q+ %[A*QO(Ul)A + A%p(Ua)A+ ...+ A%p(Uy)A],

for all Uy, Us, ..., U, € P(N).
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Let Uy,Us,...,Ugs1 € P(N). By using Lemma 3.3, we have

d(f(Uly U27 ey Uk), f(UQ; U3; ey Uk‘-i—l)

1 k 1 k+1
=d | Q+ D A(UNAQ+ L Y Ap(U)A
. j=2

=1 Jj=2
k 1 * 1 k+1 1 * 1
=d —A U | —=A], A Uj)| —=A
> (754) #o (754) Z(@ ) s (4)
Denote V = LA. Then, using again Lemma 3.3, we have

Vi

d(f(Uy,Us,...,Uk), f(U2,Us, ..., Ugs1)

k k+1
<d (Z VUV, Y V*cp(Uj)V)
i=1 =2

=d(V*e(U)V +Vie(Ua)V + ...+ Vip(Ur)V,V*p(U2)V + V*p(U3)V + ... + V*o(Ug+1)V)
< max {d(V*o(U)V, V' o(U2)V), d(VZp(U2)V, Vip(Us)V), ..., d(V e(Ur)V, V7o(Urs1)V)}
=max {d(V*o(U)V,V*o(U;ix1)V): i=1,2,...,k}.

Since A is nonsingular, the matrix V is also nonsingular. Using property (9), for all
1=1,2,...,k, we have

d(V*o(U)V,Vip(Uit1)V) = d(¢(Ui), (Uit1))-
But ¢ is an F-contraction. Then, for all i = 1,2,..., k, we have
T+ F(d(V7eU)V,Vip(Uit1)V)) < F (d(U;, Uit1)) -
Thus, we have
T+ Fd(f(U1,Us,...,Ug), f(U2,Us, ..., Ugy1)) < max{d(U;,Uiy1): i=1,2,... k}
for all Uy, Us, ..., U1 € P(N).

Now, Applying Theorem 2.1, we obtain the existence of a global attractor equilibrium
point X € P(N).
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On the other hand, for U,W € P(N) such that d(f(U,U,...,U) # f(W,W,...,W)),

we have

FUA(fUU,....0), f[WW,...,W))) = FdQ+ A"p(U)A,Q + A"p(W)A))
< F(d(A"p(U)A, A"p(W)A))
= F(d(p(U),»(W)))
< F(dUW))—r,

implies that
T+ Fd(fUU....U),f(WW,....W))) <7+ F(dpU),p(W)))
< FdUW)).
Again, applying Theorem 2.1, we obtain the uniqueness of the equilibrium point. O

Now, we present some examples and numerical experiments.
For a positive integer k, consider the sequence {X,,} C P(N) defined by

k—1
1 * v O
(12) Xn+k—Q+k;AXn+iA, n=12,...
for given X1, Xo,..., Xy € P(N), where 6| € [0,1).
Corollary 3.1. Corollary 3.5. Equation (12) has a unique equilibrium point X € P(N).
Moreover, X is global attractor.

Proof. By using Properties (9) and (11), we show easily that ¢ : P(N) — P(N) defined by
o(X)=X° forall X € P(N)
is |d|-contraction. Then, the result follows immediately from Theorem ?7. O

Remark 3.6. The equilibrium point X € P(N) of Equation (12) is the unique positive
definite solution to the nonlinear matrix equation

(13) X =Q+AX A

In the last few years there has been a constantly increasing interest in developing the theory
and numerical approaches for positive definite solutions to the nonlinear matrix equation
of the form (13) (see, for example, [4, 8, 12]).

As an example, we consider for given X, Xo € P(N), the recursive sequence {X,,} C
P(N) given by

1
(14) Xot2 = Q+3 (A*XWA + A*X}/flA) . n=1,2,...

From Corollary 3.1, Equation (14) has a unique equilibrium point X € P(N), that is, the
unique positive definite solution to
X =0Q+4X"%4

To check our global attractivity result, we give the following numerical experiments.
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We take N = 3, @ and A are given by

0.2 0.1 0.1 1 2 3
=101 02 01 |, A=| 3 1 2
0.1 0.1 0.2 2 31

For each iteration ¢, we consider the residual error E(7) given by

£6) =[x~ @+ 4x ).
where || - || is the spectral norm. All programs are written in MATLAB version 7.1.
Let us take
210 5 o 1
=131 )adxo={5 11 7 |,
01 4 1 7 17

then after 90 iterations of iterative method (14), we get the unique equilibrium point

B 438.4 429.2 4292
(15) X~ Xgo= | 4292 4384 4292 |,
4292 429.2 4384

and its residual error £(90) = 1.0503e — 013.

For other initial points

120 7 7 1003 3 3
X = T 120 7 , Xo= 3 2003 3 ,
7 7 120 3 3 3003

after 90 iterations, we get the unique equilibrium point X given by (15), and its residual
error £(90) = 2.0196e — 013. O

Acknowledgment: The authors are grateful to the referees for their careful reading and
critical remarks which undoubtedly helped us to improve the paper.
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