ON THE EXPONENTIAL BEHAVIOR OF STOCHASTIC EVOLUTION
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ABSTRACT. We investigate the exponential long-time behaviour of the stochastic evolution
equations describing the motion of a Non-Newtonian fluids excited by multiplicative noise.
Some results on the exponential convergence in mean square and with probability one of the
weak probabilistic solution to the stationary solutions are given. We also prove an interesting
result related to the stabilization of these stochastic evolution equations.

1. INTRODUCTION

For a homogeneous incompressible fluid, the constitutive law satisfies
T = —p1 + T(E(u)),

where T is the Cauchy stress tensor, u is the velocity of the fluid, and 7 is the undetermined
pressure due to the incompressibility condition, 1 is the identity tensor. The argument tensor
E(u) of the symmetric-valued function T is defined through

E(u) = % (L+LT) , L =gradu,

where the T superscript denotes the matrix transpose. The Navier-Stokes equations (NSE)
describe the equations of motion of Newtonian model of fluids which imposes that T is a linear
function of £(u). Many scientists believe that NSE is an accurate model for the motion of
incompressible viscous fluids in many practical situations, and even for turbulent flows. However,
there are a lot of materials such as polymer solutions, visco-elastic or visco-plastic fluids, paints
and industrial fluids, etc, that cannot be characterized by the NSE. To describe these materials
one generally has to use fluids model that allows T being a nonlinear function of £(u). Fluids
in the latter class are called Non-Newtonian fluids. In [24] and [25], Ladyzhenskaya considered
a model of nonlinear fluids whose reduced stress tensor T(&(u)) satisfies

. ou;
Lor>0.
"y

T(E(u)) =2(e + uo]VuV)8
J

Since then, this model has been the object of intense mathematical analysis which have generated
several important results. We refer to [20], [26] for some relevant examples. In [20] the authors
emphasized important reasons for considering such model. Recently Necas, Novotny and Silhavy
[31], Bellout, Bloom and Necas [1] has developed the theory of multipolar viscous fluids which
was based on the work of Necas and Silhavy [30]. Their theory is compatible with the basic
principles of thermodynamics such as the Clausius-Duhem inequality and the principle of frame
indifference, and their results up to date indicate that the theory of multipolar fluids may lead to
a better understanding of hydrodynamic turbulence (see for example [4]). In this paper, we are
interested in the stochastic version of the equations of motion of a particular class of multipolar
fluids whose reduced stress tensor T(E(u)) = 7(£(u)) is given by

T(E(u) = 2p0(e + |E()[?)"T E(u) — 2 AE (u).
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More precisely, let n = 2,3, D C R” be a smooth bounded open domain, we consider

du+ [u-Vu—V-7(E(u))+ Vr]dt = F(u)dt + G(t,u)dW, = € D,t € (0,t],
u(x,0) =up, ¢ € D,

V-u=0, z€ D,te|0,T],

u(z,t) = mmin =0, . € 0D, t € (0,T)

(1)

where u is the velocity of the fluids, 7 its pressure, n denotes the normal exterior to the boundary

and
) = 5 (5o + 52) JE@P = 3 e,

ij=1

~(E(w)) = 2u0(e + [E()) "7 E(u) — 201 AE (u)

The quantities €, pug and p; denote positive constants. Here W is a cylindrical Wiener process
for white noise defined on probability space (€2, F,P) and taking its values in a separable Hilbert
space H to be defined later. The system (1) describes the equations of motion of isothermal
incompressible nonlinear bipolar fluids excited by random forces.

For p =2, uy = 0, G = 0, (1) is the Navier-Stokes equations which has been extensively
studied (see, for instance, [40]). If 1 < p < 2 then the fluid is shear thinning, and it is shear
thickening when 2 < p. The problem (1) is as interesting as the Navier-Stokes equations. It
contains two nonlinear terms which makes the problem as difficult as any nonlinear evolution
equations. During the last two decades, the deterministic version of (1) has been the object of
intense mathematical investigation which has generated several important results. We refer to
2], [3], [5], [27], [28] for relevant examples. Despite these numerous results there are still a lot of
open problems related to the mathematical theory of multipolar fluids. Some examples are the
existence of weak solution for all values of p, the uniqueness of such weak solutions and many
more. We refer, for instance, to [3], [21] and [28] for some discussions about these challenges.

Since the pioneering work of Bensoussan and Temam [8] on stochastic Navier-Stokes equations,
stochastic partial differential equations and stochastic models for Newtonian fluid dynamics have
been the object of intense investigations which have generated several important results. We
refer, for instance, to [6], [7],[9], [10], [11], [12], [13], [14], [16],[17], [18], [19], [29], [32], [33],[37],
[38],[39]. However, there are only very few results for the dynamical behaviour of stochastic
models for Non-Newtonian fluids (see [15], [23], [34], [35], [36]). In [23] the authors proved
the existence of martingale and stationary solution of (1) for the case 1 < p. Existence and
uniqueness of strong probabilistic solution to (1) is proved in [15] for the case of nonlinear bipolar
fluids , i.e, for 1 < p < 2.

The analysis of the exponential behaviour of the weak solution of a fluid model as ¢t — oo is
amongst the most interesting and important problems in mathematical theory of fluids dynamics
(see for example [12] and [14]). But it seems that there is no known result on this topic for
stochastic model of Non-Newtonian fluids. In this paper, we are interested in filling that gap,
and to do so we consider (1) with G # 0 and 2 < p. More precisely, we are aiming to investigate
on the exponential convergence in mean square and almost surely of the weak probabilistic
solutions to the stationary solution. By following the method in [12] and [14], we mainly prove
that under various conditions on the forcing terms F' and G, the exponential convergence in
mean square and almost surely of the weak probabilistic solution to the stationary solution
holds. We also show that there is a stabilization effect of the stochastic perturbation under
some conditions on the noise term and the physical parameters such as pg and p; for instance.
It should be noted that the problem we treated here does not fall into the general framework
considered in [12] or in [14].

The rest of the paper is structured as follows. The next section is devoted to the mathematical
setting of the problem. We prove in section 3 some results on the exponential convergence in
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mean square and almost surely of the weak probabilistic solution. In the last section we discuss
on the stabilization effect of the stochastic excitation.

2. MATHEMATICAL SETTINGS OF THE PROBLEM (1)

Throughout this paper we mainly use the same notations as in [23]. By L(D) we denote the
Lebesgue space of ¢-th integrable functions with norm || - ||ze. For the particular case ¢ = 2, we
denote its norm by ||-||. For ¢ = oo the norm is defined by ||-|| e = esssup,cp |u(z)|, where |z| is
the euclidean norm of the vector 2 € R™. The Sobolev space {u € L(D) : D¥u € LY(D),k < o}
with norm || - |4+ is denoted by W%?. C(I,X) is the space of continuous functions from the
interval I = [0,7] to X, and L9(I, X) is the space of all measurable functions u : [0,7] — X,
with the norm

T
Il = [ (Ol g € [1,00),

and when g = 00, ||ul|pe(7,x) = esssupyeo 7y |[u(t)||x-

In a very similar manner, we also define the space L(2, X). The mathematical expectation
associated to the probability space (€2, F,P) is denoted by E.

We proceed with the definitions of some additional spaces frequently used in this work. We
define a space of functions with support strictly contained in D and satisfying the divergence
free condition:

V={ueCX(D):V-u=0}.
We denote by H the closure of V with norm || -|| in L?(D). It is a Hilbert space when equipped
with the L?(D)—inner product (.,.). H?(D) is the closure of V in W%¢ with the norm || - ||,
and H~7 is the dual space (¢ > 1). If 0 = 2, then V = H?(D) and V* is the dual space of
V. The duality product between V and V* is denoted by < .,. >. We assume throughout that
there exists a positive constant A; such that that the Poincaré inequalities type

1
lull5 < EHUHnglv (2)

hold for any v € H°!, o > 0.
Note that H is a separable Hilbert space, so we can associate with it an orthonormal basis
{e; :1=1,2,...}. The function {W; : t € [0,T]} defines a cylindrical Wiener process

Wy = ZWZ7
=1

where (W,?)zzlg is a sequence of mutually independent one dimensional Wiener processes. The
space of all Hilbert-Schmidt operators from H to H?(D) is denoted by Lg’a, o > 0. Throughout
this paper, we assume that G is a Lg’o—valued continuous mapping defined on [0,7] x H.
We will rewrite (1) in the following equivalent form

du + [p1Au + 2poApu + B(u, uw)] dt = F(u)dt + G(t, u)dW,

u(0) = uo.
Here the operator A is defined through the relation
9Eij(u) 0&ij(v)

A = =
< Au,v >= a(u,v) Torr o

dzr, we D(A),veV.

Note that
D(A) ={u eV :a(u,v) = (f,v),f € HCV*Yv eV}

A = PAZ?, where P is the orthogonal projection defined on L?(D) onto H.

We also introduce a bilinear form B(u,v) : HY(D) x H'(D) — H~! as follows:

6Uj

(Bl ), w) = b(u,v.w) = [ w5

widx, u,v,w € HY(D),
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where b(., ., .) is the well-known trilinear form used in the mathematical analysis of Navier-Stokes
equations (see for instance [40]). The bilinear form B(-,-) enjoys the following properties:

e for any u,v,w € H'(D), we have
(B(u,v),w) = —(B(u,w),v) and (B(u,v),v) = 0. (4)
e There exists a constant Cy such that
|(B(u, v),w)| < Collull3lv]lx ()
for any u,v € V.

The inequality (5) can be proved by using the Holder’s and Sobolev inequalities (see [40]).
The nonlinear term A, : V' — V* is defined as follows:

(Apu,v) = /D F(w)&ij(uw)éij(v)dz, u,v €V,

where I'(u) = (e + ]8(u)]2)p7_2 Some of the properties of A, is given below.
Lemma 2.1. (i) Ap is locally Lipschitz continuous, i.e., there exists C' > 0 such that
[|Apu — Apv||v+ < Cllu —vll2, u,v e V. (6)
(ii) Ifu € L?(0,T,V)N L>(0,T, H), then Ayu € L*(0,T,V*).

(iii) There exists a positive constant Ko such that

(Apu—Apv,u—v)ZS%HU—UHL (7)
for any u,v € V.
The point (i) and (ii) were proved in [23], and (iii) in [20] for example. From now on, we will
work with (3).
We define very clearly what we mean by weak probabilistic solution (weak solution) of (1) or
(3)-
Definition 2.2. A weak solution to (3) is a system (Q, F, P, (F");c(o.7], W,u) such that
(1) (Q, F,P, (F")ep0,r), W) is a stochastic basis,
(2) w is Ft-adapted,
(3) we C(0,T,H3)NL?>(0,T,V)N L>®(0,T, H) with probability one,
(4) for all t € [0,T] and v € H3(D) the following holds almost surely

t t
(u(t),v) :(uovv)_ﬂl/o (AU(S),U))dS—/O (B(u(s),u(s)), v)ds
¢ t t
— 2,uo/o (Apu(s),v)ds —|—/0 (F(u),v)ds + (/0 G(s,u(s))dW,v).

In the present work, we are interested in the asymptotic behavior of weak probabilistic solu-
tions of (3) so we will assume the existence of such solution. We refer to [15] and [23] for the
existence and uniqueness of the weak and strong probabilistic solution to (3).

Next we give the following definitions which are taken from [12] and [14].

Definition 2.3. We say that a weak solution u(t) to (3) converges us, exponentially in mean
square if there exist @ > 0 and My = My(up) > 0 (which may depend on wug) such that

E|[u(t) — tool]?* < Moe™®,t > 0.

In particular, if us, is a solution to (3) then it is said that u, is exponentially stable in the
mean square provided that any weak solution u(t) to (3) converges to us exponentially in mean
square with the same exponential order a > 0.
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Definition 2.4. We say that a weak solution u(t) to (3) converges to u almost surely expo-
nentially if there exists n > 0 such that

1
lim —log [|u(t) — tso||* < —n almost surely.
t—oo t

In particular, if us is a solution to (3) then it is said that ue, is almost surely exponentially
stable provided that any weak solution u(t) to (3) converges to us exponentially with probability
one with the same constant 1 > 0.

3. EXPONENTIAL STABILITY OF WEAK PROBABILISTIC SOLUTIONS

In this section we discuss the mean square and almost sure exponential stability of the sta-
tionary solution us associated to (3). For the major part of this section we will assume that:
Conditions F1. there exists a positive constant g such that

F(0) 0,
|F(uw) = F(o)[lv- < Bllu=vll2, u,v V.
Now, let us consider the stationary equations
Uso-ViUoo — V.T(E(Us)) + VT = Fux), x € D,
V-u=0, z€D, (8)
uw(z) = mmin =0, v € 0D.
With the notations introduced in the previous section, (8) can be rewritten in the following form
p1 Ao + 2000 Aptios + B(Uoo, Uss) = F(Uso). (9)
The next result is about the existence and uniqueness of the solution u, of (9).

Theorem 3.1. Assume that Conditions F1 hold.
(i) If u1 — B > 0 then there exists a solution us to (9) such that

el < L (10
(ii) If in addition
Col[F(0)[[v~ LB, (11)

\/)Tl(,ul —5)

then the stationary solution us of (9) is unique.

Proof. This result was proven in [22] by the use of the Brouwer fixed point theorem for the case
F(u) = f(z) € H. Here, we will just prove (10) and show how (11) is related to the uniqueness
of Uno.

If uo is a solution of (9) then we can check that it satisfies

11| [too |3 + 2000 (Aptios , Uoo ) + (B (Uoos Uoo), Uso) =< F(Uno), oo >
By using (4), (7) and Conditions F1 we infer from the above equation that

plltsol 13 < (Bllusoll2 + [[F(0)[v+)[ oo 2,
from which we deduce that 1FO)]
F(0)|]v+
Uso|]2 < —F—F—.
Jusella < 2018
It makes sense since p; — 8 > 0 by assumption.
Now, let ul, and u2, be two solutions of (9) and let us set w = ul, — u2,. We can check that

1
the following holds
1 Aw + 2u0(A — puls — Apul) + Blul, ull) — B(ui,,ul) = F(ul) — F(ul).

o0
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Multiplying this equation by w yields

pia w3 + 2p0(Apul, — Apue, uly — u2) + b(w, uZ, w) =< F(ul) — F(ul),w>. (12
Here we used the relation
(B(u})o7uéo>_B<ugo7ugo)7uéo_ ) _b( éo_ govuiwuéo_uio)? (13)

which can be proved by using the properties stated in (4). By using (7) we deduce from (12)
that

palfwll3 < [b(w, uZe, w)| + Blw]]3.
thanks to (5) and (2), we have
_1
pal[wlf3 < CoA™ 2wl [3|[udo ]2 + Bllwl]3.
Invoking (10), we derive from this last estimate that

2 [1F(O)]v-
- p

_GlFOIv Y (oo
O e RO

Thanks to (11), this last estimate implies that w = 0. O

mljw][3 < Cox~2 |3 + Bllwll3, (14)

or equivalently

Let us introduce some assumptions on the mapping G. We suppose that:
Conditions G1. for any t € [0,T] and v € H,

1G(E0)l[ 700 <3O+ )l = uooll, (15)

where ( is a positive constant and «(¢), p(t) are nonnegative integrable functions such that there
exist real numbers 0 > 0, M, > 1, M, > 1 with

Y(t) < Mye ™™, p(t) < M,e % ¢ > 0.
The first main result of the paper is given below.

Theorem 3.2. Let us, € V' be a stationary solution to (9). Suppose that Conditions F1 and
G1 hold. We assume also that

21 > A2+ 22 ucelle + 26,
\ﬁ

Then any weak solution u(t) of (3) converges to the solution us of (9) exponentially in mean
square. Equivalently, there exist real numbers a > 0 and My = My(ug) > 0 such that

E||u(t) — too||* < Moe™,t > 0.

Proof. Since 211 > A\72¢ + 200 Huong + 23, we can choose a real number a € (0,6) such that
2u1 > A"2(C+a) + QCO Huong + 2f3. By Itd’s formula we have

t t
eatHu(t) — uOOH2 = ||up — uoo||2 + a/ e*®||u(s) — uoo||2ds — 2;11/ e (Au(s), u(s) — ux)ds
0 0
t t
—4,u0/ e < Apu(s),u(s) — uoo > ds + 2/ e” < F(u(s)),u(s) — uso > ds
0 0
t

t
as as 2
_2/0 e < B(u(s),u(s)),u(s) — ue > ds —|—/0 e ||G(s,u(s))|\Lg,od8

t
+2/0 e (G(s,u(s)),u(s) — o )dW.
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Taking the mathematical expectation to both sides of this equations yields

t t
B |u(t) — too|* = E|ug — uco|[* + / e“SEHG(s,u(s))Hig,ods + a/ e E||u(s) — uco|[*ds
0 0

—/0 2e"E (p1(Au(s),u(s) — tso) + 20 < Apu(s), u(s) — us >)ds
—2/0 eE < B(u(s),u(s)),u(s) — us > ds

+2/0 eE < F(u(s)),u(s) — uso > d(31.6)

Since us is a stationary solution to (9) then there holds

t t
2/ eE < F(u(s)),u(s) — too > ds = 2/ eE < B(u(s),u(s)),u(s) — ueo > ds
0 0
t
+4M0/ eE < Apu(s),u(s) — use > ds
0

—l—2u1/0 e“E(Au(s), u(s) — uso)ds.

By using the last equation and the identity (13), we obtain from (16) that
CEalt) ~ el = Bllto — el + 0 [ e Blfu(s) — el + [ BG s, ) o
-2 /Ot e E (210 < Apu(s) — Aptiog, u(s) — Uoe > +p1]|u(s) — usol[3) ds
+2 /O " < Flu(s)) — Fluo)u(s) — g > ds

t
—2/ e b(u(s) — Uso, Uoo, U(S) — Uso)ds,
0
from which along with (7), (5) and Conditions F1 we obtain that

t t
U [u(t) — tuog |2 < [ — oo |2 + a/ eS| [u(5) — oo [2ds — 2m/ €S [u(5) — oo |2
0 0

¢ t
+2ﬂ/ e E||u(s) — uool||3ds +/ e“S]EHG(s,u(s))Hio,ods
0 0 2

20| |uco||2

t
Y E|u(s) — uss||3ds.
e /0 us) — sl 3

(17)
Using Conditions G1 and (2), we infer from (17) that
2C0|[uco| 2
VAL

E]juo — ool + /0 €% ((s) + p(s)El[u(5) — ool ds.

t
eatEHu(t) — uOOHZ < (x\_Q(a +()+28+ — 2,u1> / eEl|u(s) — uooﬂgds
0

Since A"2(a + () + 28 + % — 2u1 < 0, we have that

t
" El[u(t) — uool|* < Elluo — uso|[* + /0 e (7(s) + p()E||u(s) — uoo||?) ds.
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As 6 > 0, we can apply Gronwall’s inequality and conclude by using assumptions on () and
p(t) that there exists a constant My = My(ug) such that

E|[u(t) — tool]?* < Moe™,t > 0.
And this ends the proof of the theorem. O

Referring to exponential convergence with probability one of the weak solution we have the
following result.

Theorem 3.3. Any weak solution u(t) of (3) converges to the stationary solution us of (9)
almost surely exponentially provided that all the assumptions of Theorem 3.1 are satisfied.

Proof. Let N be a nonnegative number and ¢t > N. By It6’s formula we have

(6) = el = (V) = el = 0 [ < Apu(s) = Ayt u(s) = e > s
—2u1 /N l[u(s) — tool|3ds — 2/N b(u(8) — Uno, Uso, U(S) — U )dS

t 5 t
+ [ 16 oI Egods + [ (Glsvu(s)),u(s) — uac)aW

+2/N < F(u(s)) = F(us), u(s) — oy > ds.

Let us set Ay (t) =2 f]f,(G(s, u(s), u(s) — uso)dW. By Burkhélder-Davis-Gundy’s inequality we
have
N+1 3
B s AxO <o ([ o) - PG ue) Egeds)

N<t<N+1 N 2
1
2

N+1
<771E< sup HU(t)—uOOIQ/ I\G(s,u(S))Hio,odS) :
N 2

N<t<N+1
N+1 9 1 9
< nz/ E[|G(s,u(s))[|jo0ds + SE sup |[|u(t) — uco||”,
N 2 2 N<i<N+1
where 11,72 > 0. From this we deduce that there exists ng such that

2 2 COHUooH2 N 2
E sup Jju(t) — ul|” <E[[u(N) = uool|” +2——F—=— Ellu(s) — ucol|3ds
N<t<N+1 VA1 N

N+1 N+1
oy /N | [u(s) — uoc| 2ds + 3 /N El[u(s) — sl 3ds

N+1 1
o / BJ|G(s, u(s))| Poods + B sup |lu(t) — ueol%,
N 2 2 N<t<N+1

Using the assumptions of the theorem, we readily check from this that

1 2 2 N 2

SE sup Ju(t) — ueol|” < Effu(N) — ucoll” + 10 (v(s) + (¢ + p(s)El[u(s) — uool|*) ds.
N<t<N+1 N

Due to the assumptions on ¥(.), p(.) and the fact that a € (0,0), M, > 1, M, > 1 we obtain as
in Theorem 3.1 that there exists M; = M;(up) such that

E  sup ||u(t) — uso|[* < Mye V.
N<t<N+1

Now, the proof of the theorem follows from the Borel-Cantelli lemma. O
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Theorem 3.4. Let us be the unique stationary solution to (9). Assume that Conditions F1
and the following hold:

G(t,us) =0,t >0,
||G(t’ U) - G(t7v)||Lg’ < CGHU - UHQaCG > 0,Vu,v € V.

If 21 > % + 2B+ CZ, then any weak solution u(t) to (3) converges to uo, exponentially
i mean square. Moreover, us s exponentially stable in mean square, that is, there exists a real
number 11 > 0 such that

E|[u(t) — too||* < El|ug — too||?e™",t > 0.
Pathwise exponential stability with probability one also holds.

Proof. We can check that
(E) — too = 1o — oo — i1 /0 A(u(5) — uso)ds — 210 /0 (Apu(s) — Apuoc)ds
—/ [B(u(s),u(s)) — B(too, Uoo)|ds —|—/ [F(u(s)) — F(us)]ds
0 0

+/0 [G(s,u(s)) — G(s,uxo)|dW.

Let n > 0 be a real number to be fixed later. By It6’s formula, we have

t t
€M uu(t) — tine] 2 = [[tt0 — tsol? + 1 / €7 ||u(s) — oo |ds — 2p1 / e lu(s) — sl 3ds
0 0
t

—4u0/0 e (Apu(s) — Aplins, u(s) — oo )ds + /0 |G (s, u(s) — G(S,UOO)Hig’OdS
—2/0 e (B(u(s),u(s)) — B(Uoo, Uo), U(S) — Uoo)ds
+2/0 e (G(s,u(s)) — G(S, Uso), u(s) — Uso)dW

+2/0 e (F(u(s)) — F(uso), u(s) — uoo)ds.

Taking the mathematical expectation to both sides yields
MEl[u(t) — ol = Elfuo — uoo|[* + 77/: ™ Ellu(s) — uo|[*ds — 211 /Ot e Ellu(s) — ul[3ds
+2 /0 'R [(F(u(s)) — Fluse), u(s) — use) + ||G (s, u(s) — G(s, uw)y\ig,o} ds
—Q/Ot ePE(B(u(s),u(s)) — B(too, Uoo), U(S) — Uso)ds
—4pg /Ot e E(Apu(s) — Aptioo, u(s) — tuss)ds.

By (5), (7) and the assumptions on F' and G, we have that

1 2Co||u !
20l oo |2 + 28+ C% — 2,u1> / ePE||u(s) — uso||[3ds
0

TE||u(t) — 2< (np=
e Hu( ) UOOH < <77)\2 T\l
+E|‘UO — UOOHQ.

(18)

2C0||ucoll2 2 —2 | 2Co]|ucol|2 2
As 2u1 > T 283 + C¢, we choose 7 such that nA™= 4 N 28+ Cg — 21 < 0.
This choice and (18) complete the proof of the exponential stability in mean square. The proof
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of the exponential stability with probability one follows from a similar method to the one in
Theorem 3.3. U

Theorem 3.5. We assume that there exists ¢ > 0 such that

Gt w)llFg0 < () + (C+ pE)Iul?,

where y(t) and p(t) satisfy the conditions given in Theorem 3.1.
We also suppose that F : [0,00] x V' — V* verifies

| < F(t,0),0 > | < at) + (Cr + B(t))l]0]%,

where Cp > 0, and «(t), 5(t) are integrable functions such that there exist real numbers § > 0,
My, > 1, Mg > 1 with a(t) < M,e %, B(t) < Mﬁe_ét, t > 0. If in addition we assume that
201 (1A +2p0Ko) > (+2CF, then any weak solution u(t) to (3) converges to zero exponentially
with probability one.

Proof. Let n € (0,d) be such that —2A; (1 A1 + 2p0Kop) +1n+ 2CF + ¢ < 0. By Itd’s formula we
have

B = Bllwl + [ B pllu(s) ~ 21 [ + 1G5, u(s) Byo] ds
—2/0 eE 2uo < Apu(s),u(s) > — < B(u(s),u(s)),u(s) >]ds

t
+2/ ePE < F(s,u(s)),u(s) > ds.
0
By using (7), (2), and the assumptions on F' and G we obtain that

t
¢"El|u(t)|* < Elluo|[® + (1 + 2CF + ¢ — 2A1 (k1 A1 + 4p0Ko)) / ¢ Ellu(s)||*ds
0

—i—/o (v(s) + 2a(s) + [28(s) + p(s)|E|[u(s)||?) e"*ds

Since —2A1 (A1 + 4uoKo) + n+ 2Cr + ¢ < 0, we have that
t
R |u(t)|* < E|fuo|[ +/0 (7(5) + 2a(s) + [2B(s) + p(s)|E|Ju(s)||?) e"ds.

We deduce from this and Gronwall’s lemma that any weak solution to (3) converges to zero
exponentially in mean square. We finish the proof by the same method as in the proof of
Theorem (3.3). O

4. STABILIZATION

In this section we briefly discuss the stabilization of the stochastic evolution equations (3).
According to the analysis in [12] (see also [14]) it is enough to consider a one dimensional Wiener
process for that purpose. Throughout we suppose that G(t,v) = 0(v — us), v € H, and that

Conditions F2:

£(0) #0,
[|F(u) — F(v)|| < Cpllu —v||,Vu,v € H.

Lemma 4.1. Let us be the unique stationary solution to (9). If Conditions F2 hold and

3
A1 (2u0 Ko + piA1) > CoAz||usoll2 + CF, (19)

then the stationary solution us s stable.
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Proof. The proof is similar to the one in [22] where the authors imposed a condition (see equation
(29) in page 67 of [22]) that, in our belief, is much more stronger that (19). So for the convenience
of the reader we give the detail of the proof of the above lemma. Let v(t) be the weak solution
of the deterministic evolution equations

ov(t)
ot

+ p1Av(t) +2p — 0Apv(t) + B(v(t),v(t)) = F(v(t)).
Let w(t) = v(t) — uso. It is easily seen that w(t) satisfies

%Hw(f)ll2 + 2 [[w()]]3 + o < Apv(t) — Aptice, w(t) > +2b(w(t), oo, w(t))
= 2(F(v(t)) = F(uco), w(t))

Employing (7) and (5) along with (2) in the above equation implies that

d

3
@Hw(t)ll2 + (2 A7 — 2007 [usoll2 — 2CF + 4o Koy ||| [w(®)[[]]* < 0.

3
As R = 2u1 A2 —2Co)\} ||uco||2 — 2CF + 4ugKoA1 > 0, we obtain by using Gronwall’s lemma that

d —
@I < [fw(O)[[Pe™, ¥t > 0.

This proves the lemma. O

3

It follows from the above lemma that if A;(2uoKo + A1) < CoAfllusell2 + Cr, then we do
not know whether the stationary solution us, is stable or not. However, we have the following
stabilization result.

Theorem 4.2. Let us be the unique stationary solution of (9) and u(t) is a weak solution to
g 3

3 3
(3). Let Cl = /\%ul — CO/\12 HUOOHQ > 0, CQ = )\%,ul + 2M0K0)\1 — 200A12 HUOOHQ and

3
A (A1 + 2u0Ko) < CoAf ||Jusol|2 + CF.

Assume that o is a real number such that 2Co + 02 > 2Cr. If Conditions F2 holds, then there
exists Qp C Q with P(Qy) =1 and for any w € Q\Qq there exists T'(w) > 0 such that

[[u(t) = ttoo|* < ||ug — too|[Pe™, ¥t > T'(w).

Here n = 1(0? +2Cy — 2CF) > 0 and the function G is given by G(t,v) = o(v — us) for any
ve H.

Proof. By Itd’s formula we have that
t t
u(t) = ol P = [l — el = 40 [ < Ayu(s),u(s) — o > s+ [ 1G5, u(s))2gads
0 0
t t
—2,u1/ (Au(s),u(s) — uso)ds — 2/ < B(u(s),u(s)),u(s) — us > ds
0 0

t t
—|—2/0 < F(u(s)),u(s) — uso > ds + 2/0 (G(s,u(s)),u(s) — uso)dW
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Arguing as in the proof of Theorem 3.1, we can show that
t t
(t) = sl = o = sl =21 [ [s) = el s + [ 1G5, (5)) g
t
+2/ < F(u(s)) — Flus), u(s) — oy > ds
0
t
—4u0/ < Apu(s) — Aptioo, u(S) — Uso > ds
0
t
—2/ b(u(8) — Uno, Uoo, U(S) — U )dS
0

+2 /0 (G5, u(s)), u(s) — 1o )dWV.

Thanks to (7), (5) and the assumptions on C; we have that

t t
—4u0/ < Apu(s) — Aplios, u(S) — Use > ds + 2/ |b(1(8) = Uoo, Uoo, U(S) — Uso)|ds
0 0 (20)

t 2CH!|tso t
< 2u1/ [lu(s) — UOOH%dS + (—2/11)\% — 4po Ko + 70H ||2> / ||lu(s) — uooHst.
0 VA1 0

By It6’s formula again, we get that

t 1
log |[u(t) — uco||* = log ||uo — uc|® +/o m[— 241 [u(s) — ucolf3
—4pg < Apu(s) — Aptioo, u(s) — Uoo > —2b(u(S) — Uoo, Uoso, U(S) — Uso)
+02[[u(s) = oo [* +2(F(u(s)) = F(ucc), uls) — uoc)]ds

o [l sl L i)
o Tluls) —ueel 2 T2 g Tuls) —uacl P

which along with (20) yield
log ||u(t) — uOOHQ < log ||ug — uoo||2 + (2Cp —2Cy — 02)15 + 20W (t),

where (5 is given in the statement of the theorem.

As limy_, W —  almost surely, then there exists Qy C Q with P(Qp) = 1 and for any

w € Q\Qp there exists T'(w) > 0 such that for any ¢ > T'(w)

2 1
va(ﬂ < 5(0’2 + 20y — 2CF).

Thus for any w € Q\Qp there exists T'(w) > 0 such that for any ¢ > T'(w)
1
log |[u(t) — teo|* < log [Juo — uso||* + 5(20,; —2Cy — o?)t

Equivalently, there exists g C ©Q with P(£y) = 1 and for any w € Q\Qy there exists T'(w) > 0
such that

[[u(t) = uooll* < |luo — uso|[Pe™, t > T(w),
where n = (02 4+ 2C3 — Cr) > 0. This completes the proof. O
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