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Glycerol has historically been used as an antifreeze fluid to facilitate heat transfer in 

the automotive and air conditioning and refrigeration industries. It has also been used 

as a lubricant in the processing of food and the production of pharmaceuticals and 

cosmetics. Although a lot of work has been done recently to evaluate the potential to 

enhance heat transfer using nanoparticles mixed with a base fluid to form a nanofluid, 

no work has been done on using glycerol as a base fluid. Therefore the purpose of this 

study was to investigate the effect of nanoparticle volume fraction, nanoparticle size 

and temperature on the thermal conductivity of stable glycerol-based nanofluids. Two 

types of metal oxide nanoparticles were considered namely MgO and α-Al2O3. The 

particle sizes of the MgO ranged from 21 nm to 119 nm and for the α-Al2O3 it ranged 

from 31 nm to 134 nm. The thermal conductivities were determined by experimental 

measurements and with analytical and empirical models. The thermal conductivity 

measurements were taken at temperatures ranging from 20˚C to 45˚C, for nanofluids 

prepared at volume fractions ranging from 0.5% to 4%. The nanofluids were prepared 
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with a two-step method that included ultrasound mixing to ensure the nanoparticles 

were fully dispersed and deagglomerated in the glycerol. The experimental results 

showed that both the α-Al2O3-glycerol and MgO-glycerol nanofluids had substantially 

higher thermal conductivity than the base fluid. It was also found that at room 

temperature, the effective thermal conductivity remains almost constant for at least 50 

hours. The maximum thermal conductivity enhancement for the α-Al2O3-glycerol 

nanofluids was observed for a 4% volume fraction to be 19.5% for a nanoparticle size 

of 31 nm. For the MgO-glycerol nanofluids the maximum thermal conductivity 

enhancements were also for a volume fraction of 4%, however, the enhancement was 

18% for a particle size of 21 nm. Furthermore, the thermal conductivities as function 

of nanoparticle size, volume fraction and temperature, of the two nanofluids were 

investigated. It was found that the thermal conductivities of the α-Al2O3-glycerol 

nanofluids were significantly more dependent on particle size than the MgO-glycerol 

nanofluids. Furthermore, it was found that no equations exist at present that can 

accurately predict the thermal conductivity of glycerol based nanofluids and therefore 

new empirical equations correlations were developed. 

 

 

Keywords: Nanofluids, thermal conductivity, glycerol, nanoparticle size, volume 

fraction, temperature, stability. 
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1 

 

 INTRODUCTION 

1.1 Background 

Water is one of the best choices for liquid cooling applications due to its availability, 

low viscosity, acceptable heat capacity and thermal conductivity. However, in the cold 

weather regions, water alone is less desired because of the freezing point at 0 ˚C. 

Instead, an ethylene glycol and water mixture (60:40 wt.) is widely used for the heat- 

transfer fluid in building heating systems, geothermal heat and cooling systems, 

automobiles and heat exchangers [1-3]. Glycerol is commonly known as an additive in 

many creams and lotions to keep the skin soft and moisturised. It was historically used 

as an antifreeze for a broad range of mechanical equipment during the winter period to 

prevent freezing of aqueous heat transfer fluids before being replaced by ethylene 

glycol in the 1930s due to cost considerations.  

Nowadays, glycerol, being more environmentally friendly than ethylene glycol, is 

being examined by the ASTM International Committee D15 in order to use it in 

automotive applications [4]. The situation is due to a surplus production of glycerol in 

the global market since 2004 from biodiesel. The biodiesel production produces 10% 

(w/w) of glycerol; thus 4 billion gallons of crude glycerol are expected by 2016 for the 

projected 47 billion gallons of biodiesel. This situation could impact on the cost-

effective return of glycerol as antifreeze. In 2007, the price per pound of crude glycerol 

in the USA decreased from $0.25 to $0.05 [5]. The price of refined glycerol per ton fell 

from $2 000 in 1995 to $1 000 in 1998. It recovered to $1 500 in 2000, then decreased 

to about $900. In 2012 and early 2013, the price was $838 to $1014/ton and $900/ton 

respectively. Thus, new opportunities for glycerol are considered in various industries. 
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A total of 2 million ton of glycerol has been produced annually since 2011. It was about 

200 000 ton in 2003, 600 000 ton in 2006, more than 2 million in 2011 and 2012 [6]. 

The estimated usage of the global refined glycerol in 2015 is 2 million ton compared 

with 0.8 million in 2009 (see Figure 1.1). The global production of crude glycerol is 

expected to be 6 million ton by 2025.  

 

Figure 1.1: Previous and future glycerol application [6] 

The automobile industry uses nanofluids not only as a coolant but also as fuel additive, 

lubricant, shock absorber and refrigerant. Lubricants with suspended nanoparticles 

improve the load capacity, reduce the wear resistance and friction between the moving 

components of vehicles, and consequently, improve their lifetime. Nanofluids as a 

shock absorber in modern cars absorb more vibrations and provide a comfortable ride 

[3, 7, 8]. Oil coolant-based nanofluids increase the maximum engine power, maximum 

torque and improve the fuel efficiency [9].  

Glycerol is often used as a lubricant not only because of its high viscosity but also for 

its ability to better remain fluid at low temperatures and resist oxidation than oil. 

Glycerol is suggested rather than mineral oils for oxygen compressor, pumps and 
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bearings exposed to gasoline and benzene as well as where there is contact with the 

lubricant in the food, pharmaceutical and cosmetic manufacturing and other machinery 

where the purity is of paramount importance. It is used as plasticisers of heat casings 

and special types of papers (glassine and greaseproof paper). Glycerol is also used as 

an ingredient in cough medicine, anaesthetics, for ear treatment and as bacteriological 

culture media [10].  

1.2 Motivation 

In view of the interest in glycerol, especially in the automotive industry and food, 

pharmaceutical and cosmetic manufacturing, it was deemed necessary to study the 

applicability of glycerol-based nanofluids for heat transfer applications.  

The literature review relevant to this dissertation reveals the lack of reported data on 

the thermal conductivity of glycerol-based nanofluids. Therefore, this research explains 

the factors influence on the thermal conductivity of metal oxide-based glycerol 

nanofluids.  

1.3 Objectives of the present research  

The goals of the research presented in this dissertation are:  

 to measure the effective thermal conductivity of glycerol-based nanofluids from 

20 ˚C to 45 ˚C, prepared with various nanoparticles including MgO and α-Al2O3 at 

volume fractions ranging from 0.5% to 4% and particle sizes between 21 nm and 119 

nm for the MgO and 31 nm and 134 nm for the α-Al2O3 respectively; 
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 to statistically analyse the effect of measurable parameters such as the volume 

fraction, diameter, temperature and elapsed time after preparation on the thermal 

conductivity ratio of glycerol nanofluids;  

 to compare the obtained experimental data with the predicted values from 

available theoretical and empirical models which may work for glycerol-based 

nanofluids;  

 to develop a new empirical correlation for the thermal conductivity of glycerol-

based nanofluids with measurable variables.  

1.4 Method, scope and limitations 

The work experimentally investigated the effect of parameters (volume fraction, 

diameter, temperature and elapsed time after preparation) on the thermal conductivity 

ratio of glycerol-based nanofluids, and the development of a new mathematical model 

for predictive purposes for glycerol-based nanofluids. The glycerol was mixed with 

various particles, including MgO and α-Al2O3 having particle sizes ranging from 21 nm 

to 119 nm for the MgO and 31 nm to 134 nm for the α-Al2O3 respectively. 

The effective thermal conductivity of glycerol-based nanofluids was measured in the 

laboratory with KD2 Pro thermal conductivity probe (Decagon Device, US). Because 

of the limitation of the KD2 Pro, the investigation was carried out between 20 ˚C and 

45 ˚C at particle volume fractions between 0.5% and 4%.  

The stability of glycerol-based nanofluid samples was evaluated for a high-volume 

fraction (4%) of nanoparticles. Thirty minutes after sonication, the effective thermal 

conductivity was measured for various particle sizes at one-hour step, up to 50 hours.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

© University of Pretoria 



 

 

Chapter 1: introduction 

 

   5 

 

The experimental data of thermal conductivity were compared with the predicted values 

of some existing theoretical and empirical models which may work for glycerol-based 

nanofluids such as the Maxwell, Bruggeman, effective medium theory, Shaker et al., 

Vajjha et al. and Corcione models.  A multivariate regression analysis was conducted 

to evaluate the impact of involved parameters on the thermal conductivity of glycerol 

nanofluids. Thus, new empirical correlations for MgO and α-Al2O3-glycerol-based 

nanofluids were developed.  

1.5 Organisation of the dissertation 

The dissertation consists of six chapters and appendices. Chapter 1 presents the 

background, objectives, scope limitations, motivation and organisation of the study. 

Chapter 2 deals with the literature review relevant to the thermal conductivity of 

nanofluids. The literature review discusses the experimental results of the thermal 

conductivity of nanofluids and the mechanisms involved in the enhancement of the 

thermal conductivity of nanofluids. The chapter also presents the available 

experimental correlations for and models of the thermal conductivity of nanofluids. 

Chapter 3 deals with the investigated materials of the study, their physical 

characterisation and the nanofluid preparation. The chapter also offers the experimental 

set-up, the validation of the experimental data and the uncertainty calculation with 

additional information in Appendix A. Chapter 4 discusses the thermal conductivity of 

α-Al2O3-glycerol-based nanofluid results for each independent parameter (volume 

fraction, temperature, nanoparticle size and glycerol properties) influencing the thermal 

conductivity of nanofluids. The chapter also presents and develops the new correlations 

for the thermal conductivity of α-Al2O3-glycerol-based nanofluids. A regression 
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analysis is conducted to determine how the measurable variables jointly influence the 

TCR of α-Al2O3-glycerol-based nanofluids. The additional information of regression 

analysis is presented in Appendix B. Chapter 5 deals with all the work described in 

Chapter 4 but applied to MgO-glycerol-based nanofluid. Chapter 6 presents the 

summary of the investigation, conclusions from the study and the recommendations for 

future work. 
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 LITERATURE REVIEW 

2.1 Introduction 

This chapter deals with the literature review relevant to the thermal conductivity of 

nanofluids. It presents the experimental results of the thermal conductivity of 

nanofluids suspended with distinct nanoparticles viz metal, metal oxides, ceramic 

oxides and carbon nanotubes. The nanoparticles were prepared with different liquid 

coolants such as water, ethylene glycol, a mixture of water and ethylene glycol at 

various proportions, engine oil and transformer oil, at various sonication times and 

conditions. The chapter also presents the mechanisms involved in the enhancement of 

the thermal conductivity of nanofluids and the available experimental correlations for 

and models of the thermal conductivity of nanofluids.  

2.2 Experimental results of the thermal conductivity of nanofluid  

2.2.1 Introduction 

The publications dealing with nanofluids reveal that the thermal conductivity of 

nanofluids is influenced by several parameters, such as the nanoparticle volume 

fraction, temperature, particle size, thermal conductivity of the nanoparticle, thermal 

conductivity of the base fluid, settlement time, sonication time, viscosity of base fluid 

and pH of the nanofluid [11-30].  

2.2.2 Effect of nanoparticle volume fraction  

Masuda et al. [31] presented the first experimental data for the thermal conductivity of 

nanofluids. The nanofluids were prepared with water as a base fluid and three types of 

nanoparticles, namely Al2O3 (13 nm), SiO2 (12 nm) and TiO2 (27 nm). The 
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experimental data were carried in the temperature range of 31.85 ˚C to 86.85 ˚C and 

the particle volume fraction ranged from 1.3% to 4.3%. They reported a linear increase 

in the thermal conductivity of nanofluid with volume fraction, which reached the 

maximum enhancement of 32.4%, 10.8% and 1.1 for Al2O3, TiO2 and SiO2 respectively, 

at 31.85 ˚C. They also state that the thermal conductivity ratio of nanofluids decreases 

with temperature increase.  

Lee et al. [31, 32] measured the thermal conductivity of nanofluids prepared with CuO 

(23.6 nm) and Al2O3 (38.4 nm) in both base fluids, water and ethylene glycol. They 

reported an increase in the thermal conductivity of nanofluid with volume fraction for 

both CuO and Al2O3 suspended in water or EG. The maximum increase of 18% and 

23% in thermal conductivity was observed respectively for CuO-EG and Al2O3-EG 

nanofluids of the maximum volume fraction (4%) at room temperature, while it was 

12% and 10% for CuO-water and Al2O3-water-based nanofluids.  

In a recent study, Ghanbarpour et al. [33] experimentally measured the thermal 

conductivity of water-based Al2O3 nanofluids. Nanoparticles of spherical shape and an 

average size of about 75 nm were investigated at a mass concentration ranging from 

3% to 50% and temperature range of 293 K to 323 K. They observed that the thermal 

conductivity increased non-linearly with nanoparticle concentration, but linearly with 

a rise in temperature. The thermal conductivity enhancements were in the range of 1.1% 

to 87%. In addition, they depicted that at high-mass concentration, the thermal 

conductivity ratio had a decreasing slope with temperature. The nanoparticle 

agglomeration possibly occurred because of an increase in nanoparticle number and 

motion.  
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2.2.3 Effect of temperature 

Li and Peterson [34] measured the effect of volume fraction and temperature on the 

thermal conductivity of Al2O3-distilled water and CuO-distilled water nanofluids.  The 

average diameters of Al2O3 and CuO were 29 nm and 36 nm respectively. The 

nanofluids prepared at a volume fraction of 2% to 10% were analysed at a temperature 

range of 27.5 ˚C to 34.7 ˚C. A maximum enhancement of 51% was observed for the 

CuO-water nanofluid at the maximum temperature.  

Das et al. [32] measured the thermal conductivity of Al2O3 or CuO-water nanofluids 

with temperatures ranging from 21˚C to 51˚C and particle volume fraction ranging from 

1% to 4%.  They depicted an increase in thermal conductivity with an increase in both 

volume fraction and temperature. The thermal conductivity of 4% Al2O3-water 

nanofluids increased from 9.4% to 24.3% when the temperature rose from 21 ˚C to 51 

˚C, whereas it increased from 6.5% to 29% and from 14% to 36% for 1% and 4% CuO-

EG nanofluids respectively for the same temperature range.  

2.2.4 Effect of particle size 

Vajjha and Das [1] experimentally investigated the thermal conductivity of three 

nanofluids containing aluminium oxide, copper oxide and zinc oxide dispersed in an 

ethylene glycol and water mixture (60:40 %wt.) over a temperature range of 298-363K 

for nanoparticle volume fraction ranging from 1% to 10%. The results showed an 

increase in the thermal conductivity ratio with an increase in volume fraction and 

temperature and a decrease in nanoparticle size.   
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2.2.5 Effect of nanoparticle thermal conductivity 

Mostafizur et al. [11] also measured the thermal conductivity of three different 

methanol-based nanofluids for temperatures ranging from 1 ˚C to 20 ˚C and volume 

fraction ranging from 0.005% to 0.15%. The sonication of two hours was used to 

improve the dispersion of the mixture of Al2O3-methanol, SiO2-methanol and TiO2-

methanol nanofluids with average particle diameter of 13, 5-15 and 21 nm respectively. 

The thermal conductivity of Al2O3, SiO2 and TiO2 nanoparticles was 40, 8.4 and 1.2 

W/mK respectively. They found that the thermal conductivity ratio of the nanofluids 

increased with a rise in nanoparticle volume fraction, temperature and thermal 

conductivity of the nanoparticle. Al2O3 nanoparticles dispersed in methanol gave 

greater enhancement of thermal conductivity than that of the SiO2 and TiO2 

nanoparticles. At 20 ˚C, for 0.15% volume fraction of Al2O3, SiO2 and TiO2 

nanoparticles, the thermal conductivity enhancement was 29.41%, 23.033% and 

24.51% respectively. 

Xie et al. [35] measured thermal conductivity via a transient hot-wire apparatus of five 

kinds of oxide nanoparticles (MgO, TiO2, ZnO, Al2O3 and SiO2) with a mean diameter 

of about 20 nm prepared with different volume fractions (05%-5%) in ethylene glycol 

(EG). The thermal conductivity of MgO, TiO2, ZnO, Al2O3 and SiO2 nanoparticles was 

40, 8.4, 13, 36 and 10.4 W/mK respectively. Two distinct suspension methods (stirring 

and sonication) were applied in preparing their nanofluid samples in three hours’ time. 

They concluded that the thermal conductivity of nanofluids could be enhanced by up to 

40.6% for MgO, 27.2% for TiO2, 26.8% for ZnO, 28.2% for Al2O3 and 25.3% for SiO2 

at 5% volume fraction nanoparticle at 30 °C. They also observed an increase in thermal 
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conductivity ratio with increasing nanoparticle volume fraction for all five kinds of 

oxide nanoparticles and a very weak dependence of temperature of 5% MgO-EG 

nanofluids from 10 °C to 60 °C.  

2.2.6 Effect of sonication time 

Kole and Dey [36] conducted an experimental study in order to investigate the thermal 

conductivity of 3.75% volume fraction of ZnO-ethylene glycol nanofluid for sonication 

time ranging from four to 100 hours. They state that the effective thermal conductivity 

increases from ~21% at four hours and reaches a peak of ~40% at around 60 hours, and 

then decreases to ~35% at 100 hours. Kole and Dey also found that the thermal 

conductivity ratio of ZnO-EG nanofluids (0.5%-3.75%) increased linearly with an 

increasing ZnO volume fraction from 12% to ~40%. 

 Khedkar et al. [37] investigated the effect of ultrasonication time ranging from 20 

minutes to 160 minutes on the effective thermal conductivity of different volume 

fractions (2%, 4% and 5%) of CuO nanoparticles dispersed in both water and 

monoethylene glycol. Their results indicate that the water-based nanofluids show a 

similar trend at different volume fractions, whereas the monoethylene glycol illustrates 

the same pattern only for 4% and 5% ZnO volume fraction. It was observed that the 

thermal conductivity increased up to an optimum time of 80 minutes for water-based 

nanofluids and 60 minutes for monoethylene glycol-based nanofluids. It started 

decreasing afterwards. An optimum time of 60 to 80 minutes was found for 2% volume 

fraction of ZnO-monoethylene glycol. In addition, they proved that the thermal 

conductivity ratio of CuO-water and CuO-monoethylene glycol increased with 

increasing volume fraction. The thermal conductivity of water-CuO-based nanofluids 
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increased by ~6 to 32%, while an increment of ~4 to 21% was noted for monoethylene 

glycol-CuO nanofluids at volume fractions ranging from 1% to 7.5%. 

2.2.7 Effect of the thermal conductivity of base fluid 

Sundar et al. [38] dispersed Al2O3 nanoparticles of volume concentrations ranging from 

0.3% to 1.5% in different base fluids. The experiment was carried out in the temperature 

range of 20 ˚C to 60 ˚C for 20:80%, 40:60% and 60:40% by weight of ethylene glycol 

and water mixtures respectively. The thermal conductivity of base fluids was 0.492, 

0.404 and 0.334 W/mK for 20:80% EG/W, 40:60% EG/W and 60:40% EG/W 

respectively. They experimentally showed that the thermal conductivity of nanofluids 

increased with increasing volume concentrations, temperatures and the thermal 

conductivity of the base fluid. The highest enhancement of 32.26% was observed at 60 

°C, for 1.5% volume concentration of 20:80% ethylene glycol-water-based Al2O3 

nanofluids compared with the base fluid, whereas the Al2O3-EG/W (40:60%) and 

Al2O3-EG/W (60:40%) showed 30.51% and 27.42% of enhancement respectively. The 

estimated crystallite size of Al2O3 was 36 nm, whereas the average diameter of diluted 

Al2O3/40:60% EG-water mixture measured with Malvern ZSNanoS analyser was 30 

nm.  

2.2.8 Effect of settlement time  

Xi et al. [21] examined the influence of settlement time on the thermal conductivity 

ratio of MgO-ethylene glycol (5% vol.) nanofluids after three hours of sonication. They 

demonstrated that the thermal conductivity decreased with elapsed time in the first six 

hours and became constant afterwards up to 25 hours, (𝑘𝑝  𝑘𝑓⁄ ) decreasing with less 

than 3%.  
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Khedkar et al. [32] investigated the influence of elapsed time ranging from 0 to 30 

minutes of both CuO-monoethylene glycol and CuO-water nanofluids at 3% volume 

fraction. After 80 minutes of sonication time, they found that, initially, the thermal 

conductivity decreased as the time elapsed up to 10 minutes. Afterwards, it was almost 

unchanged. The same observation was demonstrated for water-based nanofluids [21, 

37]. This effect is more noticeable for water-based nanofluids prepared without 

surfactants than for those prepared with surfactants.  

2.2.9 Summary of experimental studies of the thermal conductivity of 

nanofluids 

Table 2.1 summarises the experimental results of the thermal conductivity of 

nanofluids.
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Table 2.1: Summary of experimental studies of thermal conductivity enhancement 

Investigator 

(year) 

Particle type Base fluid Particle volume 

fraction (%) 

Particle size 

(nm) 

Temperature 

( ˚C ) 

Maximum 

enhancement (%) 

Masuda et al. Al2O3 Water 1.3 - 4.3 13 31.85 - 86.85 32.4 

(1993) SiO2 Water 1.1 - 2.4 12 31.85 - 86.85 1.1 

 TiO2 Water 3.1 - 4.3 27 31.85 - 86.85 10.8 

Lee et al. Al2O3 Water 1 - 4.3 38 Room 10 

(1999) Al2O3 EG 1 - 5 38 Room 18 

 CuO Water 1 - 3.5 23.6 Room 12 

 CuO EG 1 - 4 23.6 Room 23 

Das et al. Al2O3 Water 1 - 4 38.4 21 - 51 24 

(2003) CuO Water 1 - 4 28.6 21 - 51 36 

Li and Peterson Al2O3 Water 2 - 10 36 27.5 - 34.7 29 

(2006) CuO Water 2 - 6 29 28.9 - 33.4 51 

Vajjha and Das Al2O3 Water/EG 1 - 10 53 25 - 90 69 

(2009) ZnO Water/EG 1 - 7 29 and 77 25 - 90 48.5 

 CuO Water/EG 1 - 6 29 25 - 90 60 

Xie et al. MgO EG 0.5 - 5 20 10 - 60 40.6 

(2010) Al2O3 EG 0.5 - 5 20 10 - 60 28.2 

 TiO2 EG 0.5 - 5 20 10 - 60 27.2 

 ZnO EG 0.5 - 5 20 10 - 60 26.8 

 SiO2 EG 0.5 - 5 20 10 - 60 25.3 
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Kole and Dey ZnO EG 0.5 - 3.75 < 50 10 - 70 > 40 

(2012)       

Khedkar et al. CuO Water 1 - 7.5 30 26 32 

(2012) CuO MonoEG 1 - 7.5 30 26 21 

Ghanbarpour et al. Al2O3 Water 3 - 50a 75 20 - 50 87 

(2014)       

Mostafizur et al. Al2O3 Methanol 0.005 - 0.15 13 1 - 20 29.41 

(2014) SiO2 Methanol 0.005 - 0.15 5 -15 1 - 20 23.033 

 TiO2 Methanol 0.005 - 0.15 21 1 - 20 24.51 

Sundar et al. Al2O3 20:80 EG/Water 0.3 - 1.5 30 20 - 60 32.26 

(2014) Al2O3 40:60 EG/Water 0.3 - 1.5 30 20 - 60 30.51 

 Al2O3 60:40 EG/Water 0.3 - 1.5 30 20 – 60 27.42 
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2.3 Mechanisms of enhancement of heat transfer in nanofluids 

2.3.1 Introduction 

Pang et al. [39] report that various works of literature present different mechanisms of 

enhancement of heat transfer in nanofluids. Xue and Li [40] also present five reasons 

for  the thermal conductivity enhancement of nanofluids viz. the suspended solids 

increase the surface area and the heat capacity of the base fluid, the suspended solids 

increase the effective thermal conductivity of the base fluid, the interaction and 

collision among nanoparticles, fluid and the low passage surface are intensified, the 

mixing fluctuation and turbulence of the base fluid are intensified, the dispersion of 

nanoparticles flattens the transverse temperature gradient of the fluid. Keblinski and 

co-workers [39-43] offer four possible mechanisms that may enhance the thermal 

conductivity of stationary nanofluids, namely the Brownian motion of the nanoparticle, 

molecular-level layering of the liquid at the liquid/interface, the nature of the heat 

transfer in the nanofluids, and the effect of the nanoparticle clustering.  

2.3.2 Brownian motion 

The collision of suspended particles in the base fluid enhances the thermal conductivity 

of nanofluid by direct particle-particle heat transport. The Stokes-Einstein formula 

defines the particle diffusion constant (𝐷), which describes the Brownian motion:  

 𝐷 =
𝜅𝑇

3𝜋𝜇𝑓𝑑𝑝
 (2.1) 

    

where 𝜅 is the Boltzmann constant, 𝑇 is the temperature of the nanofluid in Kelvin, 

𝜇𝑓 is the viscosity of the base fluid and 𝑑𝑝 is the nanoparticle diameter in nanometre. 
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The heat diffusion in the base fluid time (𝜏𝑓) and particle motion time (𝜏𝐷) are relevant 

parameters that can describe the effect of Brownian motion on the thermal conductivity 

enhancement of the nanofluid:  

 𝜏𝐷 =
𝑑𝑝

2

6𝐷
=

𝜋𝜇𝑓𝑑𝑝
3

2𝜅𝑇
 (2.2) 

 

 𝜏𝑓 =
𝑑𝑝

2

6𝜒
=

𝜌𝑓𝐶𝑝𝑑𝑝
2

6𝑘𝑓
 (2.3) 

 

where 𝜏𝐷 is the time necessary for nanoparticle of diameter 𝑑𝑝  (nm) to cover the 

distance equal to its size in the base fluid of viscosity 𝜇𝑓 (kg/m.s), 𝜏𝑓 is the required 

time to move heat in the base fluid at the same distance as 𝜏𝐷, 𝑇  is the nanofluid 

temperature in K, 𝐷 is the Einstein diffusion coefficient, 𝜅 is the Boltzmann’s constant 

and 𝜒 is the thermometric conductivity given by  equation (2.4):  

 𝜒 =
𝑘

𝜌𝐶𝑝
 (2.4) 

where  is the thermal conductivity, 𝜌 is the density and 𝐶𝑝 is the specific heat.  

They show that at room temperature 𝜏𝐷 and 𝜏𝑓 are about 2 ∗ 10−7 s and 4 ∗ 10−10 

respectively, for water-based nanofluid prepared with nanoparticle of 10 nm diameter. 

The 𝜏𝐷 and 𝜏𝑓 ratios of 500 mean that the Brownian diffusion is much slower than the 

thermal diffusion. Keblinski and co-workers conclude that the Brownian motion can 

also indirectly yield to the particle clustering.  
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2.3.3 Molecular-level layering of the liquid at the liquid-solid interface 

The thermal conductivity enhancement of nanofluids is enhanced by the formation of a 

nanolayer at the solid-liquid interface. The layering of base fluid around solids is 

assumed to have higher thermal conductivity than the base fluid due to the well-ordered 

atomic structure of the layering. Keblinski et al. show that the nanolayer theory alone 

cannot explain the enhancement of the thermal conductivity of nanofluids.  

2.3.4 Nature of the heat transfer in nanofluids 

The heat transport in nanoparticles occurs by ballistic and very fast diffusion phonons.  

The thermal conductivity of nanofluids is enhanced when a ballistic phonon occurring 

in the nanoparticles reaches a nearby nanoparticle through the base fluid. The 

phenomenon above occurs in nanofluid even at a very low volume fraction of the 

nanoparticle as the distances between nanoparticles are very small. In addition, the 

Brownian motion’s incidence decreases the distance between nanoparticles, 

consequently improving the phonon heat transport in nanofluid.  

2.3.5 Effect of the nanoparticle clustering 

The nanoparticle clustering or aggregation could positively or negatively affect the 

thermal conductivity of nanofluids. The clustering improves the keff when the formed 

nanoparticle of the cluster is separated with a thin nanolayer that facilitates the heat 

transport among nanoparticles. In contrast, it decreases the keff when a nanolayer of nil 

thickness isolates the nanoparticle cluster. The impact of the clustering phenomenon on 

the thermal conductivity increases with the decrease in the packing fraction of highly 

conductive clusters. Keblinski et al. define the packing fraction as the ratio volume of 

the nanoparticles in the cluster to the total volume of the cluster. The clustering may 
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result in the sedimentation of heavy clusters or the settling of light particles out of the 

base fluid.  

2.4 Mathematical and experimental models of the thermal 

conductivity of nanofluids 

2.4.1 Introduction 

According to the literature, a wide range of experimental and theoretical studies was 

conducted to model the thermal conductivity of nanofluids [23, 36-42]. The models of 

the thermal conductivity of nanofluids are either new models or an improvement on the 

old two-phase flow mixture models [19, 26, 31, 44-46].  

2.4.2 Thermal conductivity models 

Table 2.3 in Section 2.4.3 provides the proposed reported models for effective thermal 

conductivity, together with their investigators, which are sorted according to the year 

of publication. There are more than 30 experimental correlations and theoretical models 

that can be used to estimate the effective thermal conductivity ratio of different 

nanofluids [39]. They include the following models: Maxwell [40], Bruggeman [47], 

Maxwell-Garnett (M-G) [48], effective medium [49], Yu and Choi [50], C.H. Chon et 

al. [1], Li and Peterson [34], Prasher et al. [51], Feng et al. [52], Vajjha and Das [1], 

Akbari et al. [53], Sitprasert et al. [31] and Khanafer, Vafai [54], Corcione [55], 

Yiamsawasd and Wongwises [56] and Shaker [57]. The most important parameters for 

choosing these models were the citation and the fact that they had to be recent works. 

A brief explanation of each follows:  
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Although the Maxwell model [40, 58] was reported when nobody had yet investigated 

nanoscience, it remains one of the most representative models of the early studies. It is 

applied to solid-liquid mixtures of relatively large particles (micro-/mini-sized 

spherical) suspended in the base fluid. It is the basis relation of many recent models for 

the effective thermal conductivity of nanofluids. The model was based on the solution 

of the heat conduction equation through a stationary random suspension of spheres. The 

effective thermal conductivity (𝑘𝑒𝑓𝑓) depends on the thermal conductivity of the 

spherical particle (𝑘𝑝), base fluid (𝑘𝑓) and a particle volume fraction of suspension (𝜙). 

The Maxwell formula gives a good result for well-dispersed non-interacting spherical-

shaped particles with low particle volume concentrations and negligible thermal 

resistance at the particle fluid interface. The model fails to predict a good match with 

experimental results for a high solid concentration, as well as the effect of different 

parameters involved, especially the particle size of nanoparticles, even in low particle 

volume concentrations. 

For the low and high particle volume concentrations, Bruggeman [47] proposes the 

implicit formula for the effective thermal conductivity of spherical particles randomly 

distributed in the base fluid. The model is based on the differential effective medium 

(DEM) theory to estimate the effective thermal conductivity of composites at any 

particle concentration (low or high). The model can be used for particle percolation in 

suspensions. It analyses the interactions among randomly distributed particles and it 

predicts a good match with some experimental results for low and high solid 

concentration where the particle size is not a concern. This model provides the same 

result as the Maxwell model for a low solid concentration. The measured thermal 
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conductivity of nanofluids is much higher than the predicted value of the Bruggeman 

model [59]. 

The Maxwell-Garnett (MG) [48] model has been successfully applied to explaining the 

thermal conductivity of solid-solid composites at small volume fractions. This model 

includes the impact of nanosized particles and interfacial resistance (𝑅𝐾). The 

magnitude of 𝑅𝐾, between nanoparticles and different matrices, ranges from small 

values ≈ 0.77𝑥10−8 Km2 W−1 to high values ≈ 20𝑥10−8 Km2 W-1. The MG model is 

applied whenever the thermal conductivity of the base fluid is much less than the 

thermal conductivity of the nanoparticle. Prasher et al. [51] show that the MG model 

underpredicts the data of Lee et al. [31, 32] for Al2O3 of 38.4 nm at room temperature 

for both water and EG mixture. The MG model also completely fails to explain the 

enhancement of 𝑘𝑒𝑓𝑓 in nanofluids with temperatures in the range of 293 K to 323 K, 

when the volume concentration of Al2O3 of 38 nm is 1% and 4%.   

The Yu and Choi [50] model is a modified version of the Maxwell equation for the 

effective thermal conductivity of a solid-liquid mixture which considers the nanolayer 

influence. The renovated Maxwell model is limited to suspensions with no 

agglomeration of particles. Yu and Choi’s model predicts the experimental data (Cu-

EG and CuO-EG) of Lee et al. and Eastman quite well. They state that the thermal 

conductivity enhancement for a 1% copper particle in ethylene glycol nanofluid is 

strongly dependent on the thickness of the nanolayer (𝛿). However, it is almost 

invariant to the thermal conductivity of the nanolayer when 𝑘𝑙𝑎𝑦𝑒𝑟 > 10 𝑘𝑓. This 

mechanism is most effective when the nanoparticle diameters are less than 10 nm for a 

1% copper particle in ethylene glycol nanofluid. They considered a nanolayer thickness 
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of 2 nm. Xie et al. [60] show that the Yu and Choi model with 𝑘𝑙𝑎𝑦𝑒𝑟 equal to 5𝑘𝑓 

predicts quite well the experimental data of CuO-EG nanofluid. Eastman et al. used the 

transient hot-wire method to measure the thermal conductivity of copper and copper 

oxide-EG mixtures in the temperature range from 290 K to 310 K at atmospheric 

pressure [61]. 

The Chon et al. [1] model is an experimental correlation for the thermal conductivity 

of Al2O3 nanofluids as a function of the nanoparticle size, molecular diameter, Prandtl 

number and Reynolds number of the base fluid. The correlation comes from the linear 

regression scheme applied to the experimental data by using the Buckingham-Pi 

theorem. The mean-free path for the base fluid (𝑙𝑓) uses 0.17 nm for water as a base 

fluid. The Brownian motion of the suspended nanoparticle is the most important factor 

in the enhancement of the thermal conductivity of nanofluids. Vajjha and Das state that 

the model of Chon et al. underpredicts the value of effective thermal conductivity of 

CuO-water at lower temperatures.  

Li and Peterson [34] developed two correlations for predicting the thermal conductivity 

of Al2O3-distilled water and CuO-distilled water nanofluids. These equations were 

based on the linear regression analysis of the temperature of nanofluid and particle 

volume fraction. The CuO and Al2O3 nanoparticles of the average diameter of 29 nm 

and 36 nm were mixed with water at volume fraction range of 2% to -10% for Al2O3 

and 2-6% for CuO respectively. These correlations were valid for a temperature range 

of 27.5 ◦C to 34.7 ◦C and 28.9 ◦C to 33.4 ◦C for Al2O3 and CuO respectively. They 

emphasise that the particle volume fraction dependence of effective thermal 
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conductivity is much higher than the temperature dependence as well as that the volume 

fraction dependence is more pronounced with increasing temperature.  

The Prasher et al. model is called the multisphere Brownian model (MSBM) [51]. The 

model is a combination of the MG conduction model and the convection caused by the 

Brownian movement of the nanoparticles, which reduces to the MG model for large 

particle sizes. Prasher et al. show that the model predicts the right trend for CuO-water 

of the Das et al. (2003) mixture with respect to different parameters such as nanoparticle 

volume fraction, nanoparticle diameter and temperature (293-323 K) for the following 

parameters: 𝑅𝑘 = 0.77𝑥10−8 m2 w-1, m = 2.35 for 𝜙 = 4% and m = 2.05 for 𝜙  = 1%. 

A = 40000; a good trend for the alumina-oil base fluid when 𝑅𝑘 is set to 1.2𝑥10−8 

Km2W−1.  The m-value has a significant influence on the MSBM model.  Prasher et al. 

show that the best value of m is 2.5% ± 15% for nanofluid with water as a base fluid.  

Li and Kleinstreuer [62] state that the model cannot predict the thermal conductivity 

enhancement trend for the experimental results of Li and Peterson. However, it well 

predicts the thermal conductivity enhancement trend for the experimental results of Li 

and Peterson S.K Das, Chon et al. and Prasher. 

The Feng et al. model [52] takes into account the contributions from both the nanolayer 

at the solid-liquid interface (first part of the equation) and the agglomeration of 

nanoparticles in contact, which forms the clusters (second part of the equation). The 

first part of the equation is the renovated Maxwell model developed by Yu and Choi 

[50]. Feng et al. demonstrate that the theoretical predictions of the effective thermal 

conductivities of nanofluids are in good agreement with the available experimental data 
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of Das [32], Lee [31, 32] and Xie  et al. [52] for  𝛿 = 1 nm, 𝑘𝑙𝑎𝑦𝑒𝑟 = 2𝑘𝑓. Kole and Dey 

[63] confirm that the model validates the experimental data of the thermal conductivity 

of TiO2-water nanofluid, reported by Duangthongsuk and Wongwises [59] within 

1.2%, with 𝛿 = 2 nm and 𝑘𝑙𝑎𝑦𝑒𝑟 = 3𝑘𝑓. However, it underpredicts the data of Eastman 

et al. (1997) and Masuda et al. (1993). Kole and Dey also confirm that, if the thermal 

conductivity enhancement is within 15%, Feng’s model successfully explains the 

observed effective thermal conductivity of oxide-based nanofluids. 

Vajjha and Das [1] developed a correlation that was an improvement on the Koo and 

Kleinstreuer model derived from a broader data set (133), obtained from three 

nanofluids (Al2O3, CuO and ZnO). The model incorporates the classic Maxwell model 

and the Brownian motion effect to account for the thermal conductivity of nanofluids 

as a function of temperature, particle volume concentration, the properties of 

nanoparticles and the base fluid. The function is the same for all three nanofluids. The 

ε correlation is the same for Al2O3 and ZnO but differs slightly for CuO (see Table 2.3). 

The applicable range is at a temperature of 298 to 363 K and 29 nm to 77 nm for the 

particle size respectively. This correlation gives an accurate prediction of the thermal 

conductivity of different nanofluids (Al2O3, ZnO and CuO) over a broad range of 

concentrations (1%-10%) and temperatures (298-363K).  

Sitprasert et al. and co-workers [31] modified the model proposed by Leong et al. by 

including the effect of temperature on the thermal conductivity and thickness of 

nanolayer. It is applied to the thermal conductivity of nanofluids for both no-flowing 

and flowing fluids. The expressions for the interfacial layer thickness δ and the thermal 

conductivity of the interfacial layer [64] were found using the experimental data of 
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Masuda et al. [31],  Eastman et al., Pak and Cho, Lee et al. [31, 32], Das et al. [32], 

Chon et al. and Li and Peterson [34]. The model makes good predictions of the effective 

thermal conductivity ratio with volume fraction and temperature of nanofluids for both 

non-flowing and flowing fluids. 

Khanafer and Vafai [54] developed general correlations for the effective thermal 

conductivity and viscosity of nanofluids based on the pertinent experimental data in 

terms of the volume fraction, particle diameter, temperature and the base fluid physical 

properties. Their correlation is valid for the effective thermal conductivity of Al2O3-

water nanofluid at the temperature range of 20 °C ≤ 𝑇 ≤ 70 °C and nanoparticle diameter 

11 nm ≤ 𝑑𝑝 ≤ 150 nm. The effective dynamic viscosity of nanofluid, expressed in 

m.Pa.s, is valid at the temperature range of 20 °C ≤  𝑇 ≤ 70 °C, volume fraction 1% ≤  

𝜙 ≤ 9 % and  nanoparticle diameter 13 nm ≤ 𝑑𝑝 ≤ 131 nm. The dynamic viscosity of 

water is expressed in Pa.s. The effective thermal conductivity of nanofluids increases 

with a rise in temperature and volume fraction and decreases with an increase in the 

particle diameter.  

Akbari et al. [53] developed a thermal conductivity model for five nanofluids, namely 

Al2O3-water, Al2O3-EG, CuO-water, CuO-EG and Cu-water. The model is an 

improvement on the Nan et al. equation of effective thermal conductivity of nanofluid 

taking into consideration the Brownian motion and clustering. Akbari and co-workers 

considered the fractal model to evaluate the size, size distribution and number of 

clusters. They determined the parameters B, C and G of the model as B = 0, C = 1 and 

G = 20 ∗ 105from the published experimental data (see Table 2.3).  
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The effective medium model [49] predicts the thermal conductivity ratio for highly 

conducting spherical particles. In this model, the particles are assumed to be immobile.  

In 2011, Corcione [55, 65] developed an empirical correlation for the thermal 

conductivity ratio from experimental data relative to nanofluids consisting of alumina, 

copper oxide, titania and copper nanoparticles suspended in water or EG. The 

correlation is valid for nanoparticles in the range of temperatures 21 ̊ C to 51˚C, volume 

fraction 2% to 9% and nanoparticle diameter 10 nm to 150 nm. The correlation was 

obtained by the way of regression analysis with a 1.86% standard deviation of error.  

Shaker et al. [57] recently proposed an extended Maxwell model for the thermal 

conductivity of nanofluids. They modified the classic model of Maxwell by taking into 

account the non-local heat transfer rising due to the small characteristic length in 

nanofluids. They compared the novel model predictions and the experimental data of 

each given nanofluid to determine the non-locality characteristic parameter (ℎ). They 

depicted that it was equal to 8 and 11 for alumina-EG and alumina-water nanofluids 

respectively. The model is valid for spherical nanoparticles suspended in the base fluid 

and can be modified also to account for non-spherical nanoparticle suspension.  The 

model well predicts the experimental results of both alumina-water and alumina-EG 

nanofluids at volume fraction ranging from 0.05% to 5.5% and nanoparticle size 

between 10 nm and 150 nm with a maximum error of 5%.  

Yiamsawasd and Wongwises [56] proposed a correlation for the predicting thermal 

conductivity of the Al2O3 and TiO2 nanoparticles suspended in both base fluids, water 

and ethylene glycol-water mixture (20/80% wt.). This correlation is valid for a volume 
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fraction ranging from 1% to 8% over the temperature ranging from 15 °C to 65 °C. The 

correlation takes into account the effects of volume fraction, temperature and thermal 

conductivity of nanoparticles and base fluid. Wongwises and co-worker state that the 

correlation can also predict other base fluids. The coefficients A, B and C are given in 

Table 2.2. The model was derived from TiO2 and Al2O3 nanoparticles of average 

diameter of 21 nm and 120 nm respectively.  

Table 2.2: Coefficients in the correlation for different nanofluids 

Nanofluids 
Coefficients Max. 

error 
Avg. error 

A B C D 

Al2O3 0.945867 0.073528 0.036168 -0.00585 2.74% 1.23% 

TiO2 0.916205 0.066817 0.018789 0.016229 2.28% 1.11% 

 

In summary, each mathematical model or correlation predicts its value of the thermal 

conductivity ratio of the nanofluids for the same value of the given parameters [30, 44]. 

However, it gives a good prediction of the thermal conductivity of specific nanofluids 

in certain given conditions.  

2.4.3 Summary of thermal conductivity models 

In this section, the thermal conductivity models discussed in Section 2.4.2 are 

summarised in Table 2.3. The columns of the table consist of the authors that did the 

investigation, the mathematical or correlation model, applied types of particles and base 

fluids, particle size, volume fraction and temperature. The entries are arranged 

according to the date of publication. 
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Table 2.3: Summary of thermal conductivity models 

Investigator 

(Year) 
Model 

Particles/ 

Fluids 
Diameter 

Volume 

fraction (%) 

Temperature 

(˚C) 

Maxwell 

(1881) 𝑘𝑒𝑓𝑓

𝑘𝑓
=

𝑘𝑝 + 2𝑘𝑓 + 2(𝑘𝑝 − 𝑘𝑓)𝜙

𝑘𝑝 + 2𝑘𝑓 + (𝑘𝑝 − 𝑘𝑓)𝜙
 

 Large particles 

(micro-/mini-

size) 

Low solid 

concentration 

 

Bruggeman 

(1935) 𝜙 (
𝑘𝑝 − 𝑘𝑒𝑓𝑓

𝑘𝑝 + 2𝑘𝑒𝑓𝑓
) + (1 − 𝜙) (

𝑘𝑓 − 𝑘𝑒𝑓𝑓

𝑘𝑓 + 2𝑘𝑒𝑓𝑓
) = 0 

  
Low and high 

solid 

concentration 

 

Nan et al. 

(1927) 

 

𝑘𝑒𝑓𝑓

𝑘𝑓
=

[𝑘𝑝(1 + 2𝛼) + 2𝑘𝑓] − 2𝜙[𝑘𝑓 − 𝑘𝑝(1 − 𝛼)]

[𝑘𝑝(1 + 2𝛼) + 2𝑘𝑓] + 𝜙[𝑘𝑓 − 𝑘𝑝(1 − 𝛼)]
 

with   

𝛼 =
2𝑅𝑘𝑘𝑓

𝑑𝑝
 

diamond - ZnS 

 

 

 

 

0.5 μm -4μm 10 - 40 Room 

Maxwell-

Garnett (M-G) 

(1997) 

𝑘𝑒𝑓𝑓

𝑘𝑓
=

[(1 + 2𝛼) + 2𝜙(1 − 𝛼)]

[(1 + 2𝛼) − 𝜙(1 − 𝛼)]
 

with  

𝛼 =
2𝑅𝑘𝑘𝑓

𝑑𝑝
 

  
Low solid 

concentration 
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Yu & Choi 

(2003) 
𝑘𝑒𝑓𝑓

𝑘𝑓
=

𝑘𝑝𝑒 + 2𝑘𝑓 + 2(𝑘𝑝𝑒 − 𝑘𝑓)(1 − 𝜒)3𝜙

𝑘𝑝𝑒 + 2𝑘𝑓 − (𝑘𝑝𝑒 − 𝑘𝑓)(1 − 𝜒)3𝜙
 

with 

𝑘𝑝𝑒 =
[2(1 − 𝛾) + (1 + 𝜒)3(1 + 2𝛾)𝛾]

[−(1 − 𝛾) + (1 + 𝜒)3(1 + 2𝛾)]
𝑘𝑝 

and  

𝛾 =
𝑘𝑙𝑎𝑦𝑒𝑟

𝑘𝑝
 

 

, 𝜒 =
𝛿

𝑟𝑝
 

 

 

 

 

   

Xue and Xu 

(2005) 

 

(1 −
𝜙

𝜔
)(

𝑘𝑒𝑓𝑓 − 𝑘𝑓

2𝑘𝑒𝑓𝑓 + 𝑘𝑓
)

+
𝜙

𝜔

[
 
 
 
 [

(𝑘𝑒𝑓𝑓 − 𝑘𝑙𝑎𝑦𝑒𝑟)(2𝑘𝑙𝑎𝑦𝑒𝑟 + 𝑘𝑝) −

𝜔(𝑘𝑝 − 𝑘𝑙𝑎𝑦𝑒𝑟)(2𝑘𝑙𝑎𝑦𝑒𝑟 + 𝑘𝑒𝑓𝑓)
]

[
(2𝑘𝑒𝑓𝑓 + 𝑘𝑓𝑎𝑦𝑒𝑟)(2𝑘𝑙𝑎𝑦𝑒𝑟 + 𝑘𝑝) +

2𝜔(𝑘𝑝 − 𝑘𝑙𝑎𝑦𝑒𝑟)(𝑘𝑙𝑎𝑦𝑒𝑟 − 𝑘𝑒𝑓𝑓)
]
]
 
 
 
 

= 0 

with 

𝜔 = [
𝑟𝑝

𝑟𝑝 + 𝛿
]

3

 

Cu-water 

 

CuO-EG 

- 1 – 4 

 

1 - 4 

 

- 
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Li & Peterson 

(2006) 
(𝑘𝑒𝑓𝑓 − 𝑘𝑓)

𝑘𝑓
= 0.764481𝜙 + 0.018688867𝑇

− 0.462147175 

with R2 = 0.9171

 

 

Al2O3-water 

 

36 nm 2 - 10 27.5  - 34.7 

Li & Peterson 

(2006) 
(𝑘𝑒𝑓𝑓 − 𝑘𝑓)

𝑘𝑓
= 3.761088𝜙 + 0.017924𝑇 − 0.30734 

with R2 = 0.9078

 

 

CuO-water 

 

29 nm 2 - 6 28.9  – 33.4 
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Prasher et al. 

(2006) 
𝑘𝑒𝑓𝑓

𝑘𝑓
= (1 + 𝐴𝑅𝑒𝑚𝑃𝑟0.333𝜙)

[
 
 
 
 
[𝑘𝑝(1 + 2𝛼) + 𝑘𝑚] +

2𝜙[𝑘𝑝(1 − 𝛼) − 𝑘𝑚]

[𝑘𝑝(1 + 2𝛼) + 𝑘𝑚] −

𝜙[𝑘𝑝(1 − 𝛼) − 𝑘𝑚] ]
 
 
 
 

 

with  

 

𝛼 =
2𝑅𝑘𝑘𝑓

𝑑𝑝
 , 

𝑘𝑚 = 𝑘𝑓(1 + 𝐴𝑅𝑒𝑚𝑃𝑟0.333𝜙) 

 
 

Al2O3-EG (Xie  et al., 

2002) 

 

Al2O3-EG (Lee et al., 

1999) 

 

CuO-EG (Lee et al., 

1999) 

 

Cu-EG (Eastman et 

al., 2001) 

 

CuO-water (Das et al., 

2003) 

15, 26, 60.4, 302 

nm 

 

 

38.4 nm 

 

 

 

23.6 nm 

 

 

 

6 nm 

 

 

 

28.6 nm 

1 - 5 

 

 

 

1 - 4 

 

 

 

1 - 3.5 

 

 

0.05 - 0.55 

 

 

1 - 4 

- 

 

 

 

Room 

 

 

 

Room 

 

 

- 

 

 

21 - 51 
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Feng et al. 

(2007) 

 

 

 

 

 

𝑘𝑒𝑓𝑓

𝑘𝑓
= (1 − 𝜙𝑒)𝑘𝑒𝑓𝑓,𝑅−𝑀 + 

𝜙𝑒 [(1 −
3

2
𝜙𝑒) +

3𝜙𝑒

𝜍
[
1

𝜍
𝑙𝑛

𝑟𝑝 + 𝛿

(𝑟𝑝 + 𝛿)(1 − 𝜍)
− 1]] 

 
with  

 

𝑘𝑒𝑓𝑓,𝑅−𝑀 =
𝑘𝑝𝑒 + 2𝑘𝑓 + 2(𝑘𝑝𝑒 − 𝑘𝑓)(1 − 𝜒)3𝜙

𝑘𝑝𝑒 + 2𝑘𝑓 − (𝑘𝑝𝑒 − 𝑘𝑓)(1 − 𝜒)3𝜙
 

 
 

𝜙𝑒 = 𝜙(1 + 𝜒)3 , 𝜍 = 1 −
𝑘𝑓

𝑘𝑝𝑒
 

 

Al2O3-water (Lee et 

al., 1999) 

 

Al2O3-EG(Lee et al., 

1999) 

 

Al2O3-water (Xie et 

al., 2002) 

 

CuO-water (Lee et al., 

1999) 

 

CuO-water (Das et al., 

2003) 

 

Al2O3-EG (Xie et al., 

2002) 

 

Al2O3-EG (Xie et al., 

2002) 

 

CuO-EG (Lee et al., 

1999) 

 

38.4 nm 

 

 

38.4 nm 

 

 

60.4 nm 

 

 

23.6nm 

 

 

28.6 nm 

 

 

15 nm 

 

 

26 nm 

 

 

23.8 nm 

 

1 - 4 

 

 

1 - 5 

 

 

1.8 - 5 

 

 

1 - 3.5 

 

 

1 - 4 

 

 

1.8 - 5 

 

 

1.8 - 5 

 

 

1 - 3.5 

 

Room 

 

 

Room 

 

 

- 

 

 

Room 

 

 

21 – 51 

 

 

- 

 

 

- 

 

 

Room 
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Sitprasert et al. 

(2009) 

 

𝑘𝑒𝑓𝑓 =

(𝑘𝑝 − 𝑘𝑙𝑎𝑦𝑒𝑟)𝜙𝑘𝑙𝑎𝑦𝑒𝑟[2𝜎2
3 − 𝜎1

3 + 1] +

(𝑘𝑝 + 2𝑘𝑙𝑎𝑦𝑒𝑟)𝜎2
3[𝜙𝜎1

3(𝑘𝑙𝑎𝑦𝑒𝑟 − 𝑘𝑓) + 𝑘𝑓]

𝜎2
3(𝑘𝑝 + 2𝑘𝑙𝑎𝑦𝑒𝑟) − (𝑘𝑝 − 𝑘𝑙𝑎𝑦𝑒𝑟)𝜙[𝜎2

3 + 𝜎1
3 − 1]

 
with 

𝜎1 = 1 +
𝛿

𝑟𝑝
 

, 

𝜎2

= 1 +
𝛿

2𝑟𝑝
 

, 
𝛿
= 0.01(𝑇 − 273)𝑟𝑝

0.35 

𝑘𝑙𝑎𝑦𝑒𝑟 = 𝐶
𝛿

𝑟𝑝
𝑘𝑓 

 

, 

𝐶 = 30 for Al2O3 

𝐶 = 110 for CuO 

 

 
 

Al2O3-water (Masuda 

et al., 1993) 

 

Al2O3-water (Pak & 

Cho, 1998) 

 

Al2O3-water (Eastman 

et al., 1997) 

 

Al2O3-water (Lee et 

al., 1999) 

 

Al2O3-water (Das  et 

al., 2003) 

 

Al2O3-water (Chon  et 

al., 2005) 

 

Al2O3-water (Chon  et 

al., 2005) 

 

CuO-water (Li & 

Peterson, 2006) 

 

CuO-water (Eastman 

et al., 1997) 

13 nm 

 

 

13 nm 

 

 

33 nm 

 

 

38.4 nm 

 

 

38.4 nm 

 

 

11, 47, 150 nm 

 

 

38.4 & 47 nm 

 

 

29 nm 

 

 

35 nm 

1.3 - 4.3 

 

 

1.3 - 4.3 

 

 

1-5 

 

 

1-4 

 

 

1-4.5 

 

 

1 

 

 

4 

 

 

4 - 6 

 

 

1 - 5 

Room 

 

 

Room 

 

 

Room 

 

 

Room 

 

 

Room 

 

 

21 - 70 

 

 

21 - 70 

 

 

28.9 – 34.7 

 

 

Room 
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Vajjha & Das 

(2009) 𝑘𝑒𝑓𝑓 = 𝑘𝑒𝑓𝑓,𝑀𝑎𝑥𝑤𝑒𝑙𝑙 + 5𝑥104𝜖𝜙𝜌𝑝𝐶𝑝𝑓√
𝜅𝑇

𝜌𝑝𝑑𝑝
𝑓(𝑇, 𝜙) 

where  

𝑘𝑒𝑓𝑓,𝑀𝑎𝑥𝑤𝑒𝑙𝑙 =
𝑘𝑝 + 2𝑘𝑓 + 2(𝑘𝑝 − 𝑘𝑓)𝜙

𝑘𝑝 + 2𝑘𝑓 + (𝑘𝑝 − 𝑘𝑓)𝜙
𝑘𝑓 

and 

𝑓(𝑇, 𝜙) = (2.8217 ∗ 10−2𝜙 + 3.917 ∗ 10−3) (
𝑇

𝑇0
) + 

(−3.0669 ∗ 10−2𝜙 − 3.91123 ∗ 10−3), 

 

𝜖 = 8.4407(100𝜙)−1.07304  for Al2O3 and ZnO, 
 

 

𝜖 = 9.881(100𝜙)−0.9446 
 

for CuO,  

 

    𝑇0 = 273𝐾 

Al2O3-EG/water 

(60:40) 

 

ZnO-EG/water 

(60:40) 

 

 

CuO-EG/water 

(60:40) 

 

 

53 

 

29 and  79 

 

 

 

 

29 

 

1 - 10 

 

1 - 7 

 

1 - 6 

 

 

25 - 90 

 

25 - 90 
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Corcione 

(2011) 

 

𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 4.4𝑅𝑒𝑝

0.4𝑃𝑟𝑓
0.66 (

𝑇

𝑇𝑓𝑟
)

10

(
𝑘𝑝

𝑘𝑓
)

0.66

 

where  

𝑅𝑒𝑝 =
2𝜌𝑓𝜅𝑇

𝜋𝜇𝑓
2𝑑𝑝

 , 𝑃𝑟𝑓 =
𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
 

 

CuO, Al2O3, TiO2, 

Cu-EG or water 

 

10 – 150 nm 0.2 - 9 21 - 51 

 

Khanafer et al. 

(2011) 

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 0.9843 + 0.398𝜙0.7383

+ (
1

𝑑𝑝(𝑛𝑚)
)

0.02246

(
𝜇𝑒𝑓𝑓(𝑇)

𝜇𝑓(𝑇)
)

0.0235

 

−3.9517 (
𝜙

𝑇
) + 34.034

𝜙2

𝑇3
+ 32.509

𝜙

𝑇2
 

 
with 

 

𝜇𝑒𝑓𝑓 = −0.4491 +
28.837

𝑇
+ 0.574𝜙 − 0.1634𝜙2 + 

23.053
𝜙2

𝑇2
+ 0.0132𝜙3 − 2354.735

𝜙

𝑇3
+ 

23.498
𝜙2

𝑑𝑝
2

− 3.0185
𝜙3

𝑑𝑝
2
[𝑚. 𝑃𝑎. 𝑠] 

and 

𝜇𝑓(𝑇) = 2.414𝑥10−5𝑥10
247.8
𝑇−40 

Al2O3-water (Das et 

al., 2003) 

Al2O3-water(Chon et 

al.,  2005) 

 

Al2O3-water (Chon et 

al.,  2005) 

 

Al2O3-water (Minsta 

et al.,  2009) 

 

Al2O3-water 

(Minsta et al.,  2009) 

 

 

Al2O3-water (Chon et 

al.,  2005) 

38.4  nm 

 

 

47 nm 

 

 

150 nm 

 

 

36 nm 

 

 

47 nm 

 

 

11 

1 - 4 

 

 

1  & 4 

 

1 

 

 

 

3.1 & 9 

 

 

3.3 - 9 

 

 

1 

21 - 51 

 

 

21 - 70 

 

21 - 62 

 

 

21 - 39 

 

 

 

22 - 47 

 

 

21 - 70 
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Akbari et al. 

(2011) 

 

𝑘𝑒𝑓𝑓

𝑘𝑓
=

[𝑘𝑝(1 + 2𝛼) + 2𝑘𝑓] − 2𝜙[𝑘𝑓 − 𝑘𝑝(1 − 𝛼)]

[𝑘𝑝(1 + 2𝛼) + 2𝑘𝑓] + 𝜙[𝑘𝑓 − 𝑘𝑝(1 − 𝛼)]
+ 

552 ∗ 105 ∗ 2(𝑄 2⁄ )𝜙𝑑𝑝
𝐸

𝑄 − 1.4
𝑅𝑒𝑄 

with 

𝛼 =
2𝑅𝑘𝑘𝑓

𝑑𝑝
 

 

, 𝑅𝑒 =
1

𝜈
√

18𝜅𝑇

𝜋𝜌𝑝𝑑𝑝
 

and 

Q = 2 for water, Q = 1.6 for EG, E=0.525 for Al2O3-water, 

E=0.52 for CuO-water, E=0.44 for Cu-water, E=0.493 for 

Al2O3-EG,  

E=0.442 for CuO-EG
 

Al2O3-water (Wen & 
Ding, 2004) 
 
Al2O3-water (Masuda 
et al., 1993) 
 
Al2O3-water (Eastman 
et al., 1997) 
 
Al2O3-EG (Xie et al. 
2002) 
 
CuO-water (Wang & 
Choi, 1999) 
 
CuO-water (Hwang et 
al., 2006) 
 
CuO-EG (Eastman et 
al., 2001) 
 
Cu-water (Xuan et al., 
2003) 

42 nm 
 
 
13 nm 
 
 
33 nm 
 
 
26 nm 
 
 
23 nm 
 
 
33 nm 
 
 
35 nm 
 
 
100 nm 

0.29 - 1.6 
 
 
1.3 - 4.3 
 
 
1 - 5 
 
 
1.8 - 5 
 
 
4.6 - 9.6 
 
 
1 
 
 
1 - 4 
 
 
1 - 4 

22 
 
 
32 
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Room 
 
 
24 
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17 - 37 
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Yiamsawasd et 

Wongwises 

(2012) 

𝑘𝑒𝑓𝑓

𝑘𝑓
= 𝐴𝜙𝐵𝑇𝐶 (

𝑘𝑝

𝑘𝑓
)

𝐷

 

Where: 

 A, B, C, and D are coefficients for different nanofluids

 

 

Al2O3-water 

Al2O3-EG-water 
(20/80 wt. %) 

TiO2-water 

TiO2-EG/water (20/80 
wt. %) 

120 nm 
 
120 nm 
 

21 nm 

21 nm 

1-8 
 
1-8 
 
 
1-8 
 
1-8 

15 – 65 
 
15 – 65 
 
 
15 – 65 
 
15 -65 

Shaker et al. 

(2014) 

𝑘𝑒𝑓𝑓

𝑘𝑓
=

1 + 2𝜉𝜙ℏ−3

1 − 𝜉𝜙ℏ−3
 

with 

𝜉 =
𝑘𝑝 − 𝑘𝑓

3(ℑ1𝑘𝑝 − ℑ2𝑘𝑓)
 

 

, 
ℑ1 =

1

ℏ
+ arctan(ℏ) −

𝜋

2
 

 

 

ℑ2 = arctan(ℏ) +
ℏ

1 + ℏ2
+

8ℏ

(1 + ℏ2)2
+

8ℏ3

(1 + ℏ2)3

−
𝜋

2
 

 

,  

ℏ =
𝑟

ℎ
 

 
  

 

Al2O3-water 

Al2O3-EG 

11- 150 
 
20 - 150 

0.5 – 5.5 
 
0.5 – 5.5 

- 
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2.5 Conclusion 

Literature shows that there is an enhancement of the effective thermal conductivity of 

nanofluids compared with base fluids. Several empirical and theoretical correlations are 

available to model the thermal conductivity of nanofluids. Experimental investigations 

show either an agreement or disagreement with the theoretical studies and whether the 

predictions by the existing mathematical models of the effective thermal conductivity 

of nanofluids are valid or not. 

The effective thermal conductivity of nanofluids takes into consideration various major 

mechanisms and parameters. The major mechanisms are the nanolayer, Brownian 

motion and clustering. The recognised important parameters can be the volume fraction 

of the nanoparticles, temperature, particle size, thermal conductivity of the nanolayer, 

thermal conductivity of nanoparticle, thermal conductivity of the base fluid and pH of 

the nanofluid.  

Overall, each mathematical model or correlation predicts its value of the thermal 

conductivity ratio of the nanofluids for the same value of the given parameters. 

However, each mathematical model or correlation gives a good prediction of the 

thermal conductivity of specific nanofluids in certain given conditions. In addition, the 

precision of each thermal conductivity model depends on the involved mechanisms 

and/or parameters.  

None of the previous experimental correlations and models was based on the glycerol-

based nanofluids data. The literature review pointed on the lack of reported data on the 

thermal conductivity of both MgO-glycerol and Al2O3-glycerol nanofluids to date.  
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 EXPERIMENTAL SET-UP AND THERMAL 

CONDUCTIVITY MEASUREMENT 

3.1 Introduction 

This chapter describes the investigated materials, their physical characterisation and the 

nanofluid preparation. It also presents the thermal conductivity measurements, the 

uncertainties and validation of the experimental data. Appendix A: presents the 

uncertainty analysis of the thermal conductivity ratio of glycerol-based nanofluid.  

3.2 Material 

This study investigated two types of nanoparticles (MgO and Al2O3). Three α-Al2O3 

nanoparticles of different diameters were analysed, i.e. 40 nm (S1), 80 nm (S2) and 100 

nm (S3). The Al2O3 nanopowder of 80 nm was purchased from US Research 

Nanomaterials, Inc. (Houston, TX, USA). The 40 nm and 100 nm nanoparticles were 

procured from MK Nano, Inc. (Mississauga, ON, Canada).  

Three MgO nanoparticles of different diameters with factory specification of 20 nm 

(S4), 40 nm (S5) and 100 nm (S6) were provided for analysing. The MgO nanopowder 

of 100 nm was purchased from Nanostructured and Amorphous Materials, Inc. 

(Houston, TX, USA). The two other MgO nanoparticles were procured from US 

Research Nanomaterials, Inc. (Houston, TX, USA) for the average particle sizes of 20 

nm and 40 nm. The physicochemical properties of the nanoparticles [35, 43] are listed 

in Table 3.1. Merck Millipore (Darmstadt, Germany) supplied the glycerol (base fluid). 
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Table 3.1: Properties of the nanoparticles  

Chemical 

formula 

Diameter 

(nm) 

Purity 

(%) 

True density at 20 °C 

(g/cm3) 

Thermal 

conductivity (W/mK) 

Al2O3 40 99.5 3.7 40.0 

Al2O3 80 99+ 3.5 – 3.9 40.0 

Al2O3 100 99.9 3.7 40.0 

MgO 20 99+ 3.58 48.4 

MgO 40 99+ 3.58 48.4 

MgO < 100 99+ 3.58 48.4 

 

3.3 Physical characterisation 

3.3.1 Characterisation methods 

The physical characterisation of the nanoparticles was evaluated by using the X-ray 

Fluorescence Spectroscopy (XRF), an X-ray powder diffraction and the combined 

XRD and XRF respectively. The XRF analysis was conducted using an ARL 9400XP 

spectrometer. The XRD analysis of the prepared samples of nanoparticles was carried 

out on a PANanalytical X’Pert Pro powder diffractometer with Co-Kα radiation source 

(𝜆 = 1.78901 Å) at 50 kV and current of 50 mA. The results were recorded over a 2𝜃 

range of 10 ° to 90 ° with a scanning rate of 0.02°/s.  

Transmission electron microscopy (TEM) analysis of the samples was conducted using 

JEM 2100F (JEOL, USA) to evaluate the shape and the size of particles. The JEM 

2100F works with an accelerating voltage of 200 kV in the range of  

50 V/min at variable steps of 2 ppm/min. The JEM 2100F achieves the highest TEM 

image quality with a point image resolution at 0.23 nm accuracy [66]. The TEM 

samples were prepared by dispersing the α-Al2O3 or MgO nanopowder in acetone, 
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followed by ultrasonication of five minutes.  TEM image files were analysed using 

ImageJ software (NIH, Bethesda, MD, USA).  

The crystallite size of various nanoparticle patterns was estimated using the Scherrer 

equation (3.1) [67]:  

 𝑑𝑐𝑟𝑦𝑠𝑡 =
𝐾𝜆

𝛽 𝑐𝑜𝑠 𝜃
 (3.1) 

where 𝐾 is the shape factor, 𝜆 is the wavelength of X-ray source, 𝛽 is the full-width at 

half maximum in radian and 𝜃 is the diffraction angle in radian.  

The equation (3.1) predicts the crystallite size with  10% accuracy when the shape factor 

𝐾 of 1 is considered [68]. The shape factor (𝐾) is a numeric value describing the form 

of the nanoparticle, type of approach calculation and the size distribution. 𝐾 is equal to 

0.89 and 0.94 for a spheric particle with cubic symmetry crystallites determined by 

integral breadth and FWHM respectively [69, 70]. In both cases, an approximate value 

of 1 can also be used [71]. In TEM image analysis, equation (3.2) defines the circularity 

parameter. The circularity value (𝑐𝑖𝑟𝑐) of 1 and approaching 0 refer to the perfect circle 

and increasingly elongated shaped object respectively [72]. 

 𝑐𝑖𝑟𝑐 = 4𝜋 (
𝐴𝑝

𝑃
)

2

 (3.2) 

where 𝐴𝑝 and 𝑃 are the projected area and outside perimeter of the outline of the 

nanoparticle respectively.  
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3.3.2 Sample characterisation 

The particle sizes of the samples of α-Al2O3 and MgO nanoparticles revealed by TEM 

images are shown in Figure 3.1 and Figure 3.2 respectively. As observed in these 

figures, the shape of α-Al2O3 and MgO nanoparticles is nearly spherical. Figure 3.3 and 

Figure 3.4 show the particle size distribution of the α-Al2O3 and MgO nanoparticles, 

determined using ImageJ software. The particle size distribution is based on the TEM 

image analysis of more than 500 particles, which were individually counted.  

Both samples S1 (40 nm) and S2 (80 nm)  show two prominent peaks bimodal data, 

each of its own with a separate central tendency, while the 100 nm nanoparticle reveals 

a unimodal data (Figure 3.4). In Sample S1, one group of the population has a mean 

particle size of 34 ± 18 nm and the other group has a mean particle size of 136 ± 43 nm. 

The sample S2, on the other hand, has one group of population with a mean particle 

size of 20 ± 11 nm, whereas the second population has an average particle size of 113 

± 30 nm. The difference between two means for both samples is statistically significant 

at approximate 5% level of significance [73].  

The three α-Al2O3 nanoparticles also show a positive skewed size distribution, in the 

range of 19 nm (𝑑10), 54 nm (𝑑50) and 155 nm (𝑑90) for the 40 nm, 12 nm (𝑑10), 21 

nm (𝑑50) and 127 nm (𝑑90) for the 80 nm and 97 nm (𝑑10), 134 nm (𝑑50) and 187 nm 

(𝑑90) for the 100 nm respectively [74, 75]. However, the three α-Al2O3 nanoparticles 

respect the lognormal distribution with the mean particle size and standard deviation of 

55 ± 2 nm for 40 nm α-Al2O3 nanoparticle, 31 ± 3 nm for 80 nm α-Al2O3 nanoparticle 

and for 134 ± 1 nm for 100 nm α-Al2O3 nanoparticle respectively [14]. The accuracy of 
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the TEM images of JEL 2100F is 0.23 nm [66]. There are significant differences in 

nanoparticle sizes between the obtained values and manufacturer’s values.   

The three MgO nanoparticles show a positive skewed size distribution, in the range of 

16 nm (𝑑10), 21 nm (𝑑50) and 27 nm (𝑑90) for the 20 nm, 71 nm (𝑑10), 125 nm (𝑑50) 

and 166 nm (𝑑90) for the 40 nm and 71 nm (𝑑10), 106 nm (𝑑50) and 126 nm (𝑑90) for 

the 100 nm respectively.  
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(c) 

Figure 3.1: TEM image of Al2O3 nanoparticles (a) 40 nm, (b) 80 nm and (c) 100 nm 

 

  (a)       (b) 
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(c)  

Figure 3.2: TEM image of MgO nanoparticles (a) 20 nm, (b) 40 nm and (c) 100 nm 

However, the MgO nanoparticles respect the lognormal distribution. The mean of the 

lognormal distribution is 21 ± 1 nm for 20 nm MgO nanoparticle, 119 ± 2 nm for 40 

nm MgO nanoparticle and 104 ± 1 nm for 100 nm MgO nanoparticle respectively.  

The circularity values of 21 nm, 104 nm and 119 nm MgO nanoparticles are 0.8, 0.9 

and 0.9 respectively, whereas it is equal to 0.9, 0.9 and 0.9 for 31 nm, 55 nm and 134 

nm α-Al2O3 nanoparticles respectively. The circularity values of the three sizes of two 

nanoparticles indicate that the studied nanoparticles have a shape closer to a sphere than 

that of an elongated object.  

The obtained particle sizes of the three α-Al2O3 nanoparticles and the 40 nm MgO 

nanoparticle are far removed from the manufacturer’s values. Because the manufacturer 

does not analyse nanoparticle TEM  batch by batch, this unforeseen event can occur in 

the nanoparticle manufacturing process. Therefore, this report is based on TEM analysis 

and not on the manufacturer’s values. 
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Figure 3.5 shows XRD patterns of α-Al2O3 nanoparticles. The patterns (see Figure 3.5) 

are in good agreement with the standard diffraction data of two types of Al2O3, one is 

rhombohedral system of corundum (Al2O3) of PDF file No. 01-089-7717 and the 

second monoclinic Al2O3 (PDF file No. 01-086-1410) for 55 nm, a rhombohedral 

system of corundum (Al2O3) of  PDF file No. 98-008-8029 for 31 nm and both 

rhombohedral corundum (PDF file No. 01-081-2267) and rhombohedral Millosevichite 

(Al2 [SO4])3 of PDF file No. 01-077-0066 for 134 nm.  

Figure 3.6 shows the typical XRD patterns of the MgO nanoparticle samples. While the 

diffraction peaks of 111, 200, 220 and 311 of 21 nm and 119 nm can be indexed as the 

cubic structure periclase [MgO] (PDF file No. 01-087-0651), the other small peaks 

displayed  XRD patterns of brucite [Mg(OH)2] (PDF file No. 01-083-0114). The main 

peaks of the 104 nm MgO can be indexed to the cubic structure of periclase [MgO] 

(PDF file No. 01-078-0430).  
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(c)  

Figure 3.3: Particle size distribution of α-Al2O3 nanoparticles (a) 40 nm, (b) 80 nm and 

(c) 100 nm 
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(c)  

Figure 3.4: Particle size distribution of MgO nanoparticles: (a) 20 nm, (b) 40 nm and 

(c) 100 nm 
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(c)  

Figure 3.5: X-ray diffraction pattern of α-Al2O3 nanoparticles: (a) 31 nm, (b) 55 nm 

and (c) 134 nm powder 

 

(a)       (b) 
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(c)  

Figure 3.6: X-ray diffraction pattern of MgO nanoparticles: (a) 21 nm, (b) 104 nm and 

(c) 119 nm powder 

The mineralogical analysis of α-Al2O3 samples confirms that both 55 nm and 134 nm 

consist of a mixture of corundum and Millosevichite while 31 nm is composed of 

corundum (see Table 3.2). The same analysis reveals that both 21 nm and 119 nm 

consist of a mixture of periclase (MgO) and (brucite), but with a high concentration of 

periclase, while 104 nm is essentially composed of periclase (Table 3.3).  

Table 3.2: Mineralogical composition of α-Al2O3 nanoparticles 

Mineral 

Nanoparticles 

40 nm α-Al2O3 80 nm α-Al2O3 100 nm α-Al2O3 

Weight (%) 3 SD Weight (%) 3 SD Weight (%) 3 SD 

Millosevichite 

(Al2SO4) 19.5  0 0        -  

Corundum  

(Al2O3)  80.5  100 0        -  
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Table 3.3: Mineralogical composition of MgO nanoparticles  

The average crystalline sizes from α-Al2O3 patterns are 34 nm for the 31 nm, 43 nm for 

55 nm and 32 nm for 134 nm Al2O3 nanoparticles respectively. For the MgO 

nanoparticles, the estimated crystalline sizes are 17 nm for the 21 nm MgO, 40 nm for 

119 nm MgO and 40 nm for 104 nm MgO nanoparticles respectively. One can see that 

they are up to three times smaller than their corresponding average particle sizes. 

However, the calculation was done without correction for instrumental, stress 

broadening and any other possible sources of line broadening.   

3.4 Preparation of nanofluids 

3.4.1 Preparation of glycerol-based nanofluids 

Two-step techniques were applied to prepare nanofluids in this work. Both 

nanoparticles used in this method are first produced as dry powders by chemical or 

physical methods by manufacturers. The nanosized powder was then dispersed into a 

glycerol (base fluid) in the second processing step with the help of intensive ultrasonic 

agitation, high-shear mixing and homogenising.  

Mineral 

Nanoparticles 

20 nm MgO 40 nm MgO 100 nm MgO 

Weight (%) 3 SD Weight (%) 3 SD Weight (%) 3 SD 

Brucite  

[Mg(OH)2]      14.28 0.81       6.53 0.33        0.00 0 

Periclase  [MgO]       85.72 0.81     93.47 0.33    100.00 0 
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The various samples of α-Al2O3-glycerol or MgO-glycerol nanofluids were prepared in 

a 100 ml beaker with no surfactant for the volume fractions ranging from 0.5% to 4%.  

The nanofluid was ultrasonicated with S14 sonotrod (UP200S Hielscher of 200 Watts 

operated at 24 kHz) [76] for two hours to ensure uniform dispersion of the 

nanoparticles. The UP200S regulated to transfer an acoustic irradiation of 75% 

amplitude for the period of 0.9 sec/sec to nanofluid. A thermal bath (LAUDA ECO 

RE1225 Silver) was used to obtain and maintain different temperatures of nanofluids 

during the measurement process. After that, the nanofluids were kept still for 30 

minutes to minimise the forced convection produced by both ultrasonicator probe and 

the thermal bath. Figure 3.7 shows the sample preparation set-up.  

 

Figure 3.7: Nanofluid preparation set-up 

The volume fraction of nanoparticles 𝜙 was determined using equation (3.3):  
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 𝜙 =

𝑊𝑝

𝜌𝑝

𝑊𝑝

𝜌𝑝
+

𝑊𝑔𝑙𝑦

𝜌𝑔𝑙𝑦

𝑥100% (3.3) 

where 𝑊𝑝, 𝑊𝑔𝑙𝑦, 𝜌𝑝 and 𝜌𝑔𝑙𝑦 are respectively the weight of nanoparticles, weight of 

glycerol, density of nanoparticles and the density of glycerol.  

3.4.2 Effect of sonication time 

Figure 3.8 (a) and (b) show the effect of sonication time on the effective thermal 

conductivity of MgO-glycerol nanofluids with variable nanoparticle sizes at 1% and 

4% volume fraction of MgO nanoparticles. In figure 3.8 (a) and (b), each experimental 

data represents an average value of at least five measurements for each sonication time. 

Error bars represent the standard deviation of the experimental data. 
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Figure 3.8: Effect of sonication time on the effective thermal conductivity of MgO-

glycerol nanofluids with variable nanoparticle sizes at different volume fractions: (a) 

1% MgO-glycerol and (b) 4% MgO-glycerol 

An increase in 𝑘𝑒𝑓𝑓 of MgO-glycerol nanofluids is observed as the sonication time 

increases up to one hour for all three MgO nanofluids. After that, it is almost constant. 

Each nanoparticle size shows almost the same trend at both 1% and 4% volume fraction 

MgO-glycerol nanofluids.  

One can also notice that the 𝑘𝑒𝑓𝑓 of MgO-glycerol increases with a decrease in 

nanoparticle size. The average increase in 𝑘𝑒𝑓𝑓 of MgO-glycerol nanofluids is 2% and 

5% for 1% and 4% respectively. All the sonication investigations were acquired with 

oscillation amplitude of 75% and pulse-pulse mode factor of 90% per second. The 

sonication possibly decreases the average MgO cluster size in the nanofluids and 
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improves the dispersion of nanoparticles into the glycerol in the initial time up to the 

optimum time (1 hour). Afterwards, it can produce stable nanofluids.  

The observation is not supported by the recent observations of Kole and Dey (ZnO-

EG), Shima et al.  (CuO-EG and Fe3O4-Kerozene) and Hong et al. (ZnO-Water) [77]. 

However, they did not mention the oscillation amplitude and pulse-pulse mode factor 

of the prepared nanofluids.  

3.5 Thermal conductivity measurement device 

The thermal conductivity of both glycerol and nanofluid was measured with the KD2 

Pro Thermal Properties Analyser (Decagon Device, USA). The handled device 

measures the thermal conductivity values ranging from 0.02 to 2 W/mK over the 

temperature range of 0 ˚C to 50 ˚C with 5% accuracy. It is based on the transient hot-

wire source method.  

The apparatus consists of handled controller and sensors that operate in the temperature 

ranges of 0 ˚C to 50 ˚C and -50 ˚C to 150 ˚C. The device uses a stainless steel needle 

(KS-1) having a length and diameter of 60 mm and 1.3 mm. The needle sensor is 

constituted with heater and temperature sensor. The probe is inserted vertically into the 

fluid sample. A small amount of heat is applied to the sample for half the time, and the 

measurements are taken over the full time. The probe’s temperature is monitored over 

time while a current is passed through the heater [78]. The KD2 Pro thermal analyser 

complies with both ASTM D5334 standard and IEEE 442-1981 regulations.  
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3.6 Validation of experimental data 

Figure 3.9 shows thermal conductivity values of glycerol measured with the KD2 Pro 

and the reference data for temperatures ranging from 20 ˚C to 45 ˚C [79, 80]. The 

reference values show a deviation of less than 1% between them. Each experimental 

data set represents an average of nine measurements at various temperatures. Error bars 

denote the standard deviation of each piece of experimental data. The results show that 

the measured data are in excellent agreement with available reference data, within ± 

2% accuracy. The KD2 Pro has been successively used by several researchers [11, 81, 

82]. 

 

Figure 3.9: Validation of KD2 Pro instrument with glycerol 
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3.7 Uncertainty  

The uncertainty of experimental results (𝑢) was determined from both the bias error 

(instrument) and precision error arising from the deviation in the experimental data set. 

The bias error in measurement of thermal conductivity by KD2 Pro is 5%. The accuracy 

of the weighing scale is 0.01g. The uncertainty of the experiment is obtained by the 

following [83]: 

 𝑢 = ±√(𝑢𝐵)2 + (𝑢𝑃)2 (3.4) 

 

with 𝑢𝑝 = ±𝑡𝑣,𝑝 ∗ 𝑆𝐷 (3.5) 

 

 

where 𝑢𝐵 ,  𝑢𝑝, 𝑡𝑣,𝑝  and 𝑆𝐷 are bias error, precision or random error in measurement 

with P% probability, weighing function for 𝑣 degree of freedom and 𝑃% probability 

and sample standard deviation respectively. 

The uncertainty in TCR (𝑢𝑇𝐶𝑅) is computed with equation (3.6). The uncertainty 

analysis of the TCR is presented in Appendix A: 

 𝑢𝑇𝐶𝑅 = [(
𝛿𝑘𝑒𝑓𝑓

𝑘𝑓
)

2

+ (
−𝑘𝑒𝑓𝑓

[𝑘𝑓]
2 𝛿𝑘𝑓)

2

]

0.5

 (3.6) 

where 𝑢𝑘𝑒𝑓𝑓
 and 𝑢𝑘𝑓  are uncertainty at  𝑃% probability including both bias and 

precision errors associated with the measured effective thermal conductivity of 

nanofluids and thermal conductivity of the base fluid respectively. However, the 

uncertainty in the effective thermal conductivity and TCR is between 5% and 8.5%.  
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3.8 Conclusions 

Chapter 3 discussed the physical characterisation of nanoparticles, the nanofluid 

preparation and the validation of the experimental data. The study investigated two 

types of nanoparticles, namely MgO and α-Al2O3. TEM image files of MgO and α-

Al2O3 nanoparticles were analysed using ImageJ software (NIH, Bethesda, MD, USA) 

to ascertain the nanoparticle size of investigated materials. The particle size distribution 

of various nanoparticle sizes was based on the TEM image analysis of more than 500 

particles, which were individually counted.  

The results showed significant differences in nanoparticle sizes between the obtained 

values and manufacturer’s values. The three MgO nanoparticles respected the 

lognormal distribution with the mean particle size respectively of 21 ± 1 nm for 20 nm 

MgO nanoparticle, 119 ± 2 nm for 40 nm MgO nanoparticle and for 104 ± 1 nm for 100 

nm MgO nanoparticle. The three α-Al2O3 nanoparticles respected the lognormal 

distribution with the mean particle size respectively of 55 ± 2 nm for 40 nm α-Al2O3 

nanoparticle, 31 ± 3 nm for 80 nm α-Al2O3 nanoparticle and for 134 ± 1 nm for 100 nm 

α-Al2O3 nanoparticle. 

The results of sonication time presented in this chapter were obtained on the MgO-

glycerol nanofluids sonicated with oscillation amplitude of 75% and pulse-pulse mode 

factor of 90% per second. The effective thermal conductivity of MgO-glycerol 

nanofluids increased with sonication time up to an optimum (stable) value of one hour, 

then became almost constant up to five hours for the three sizes of MgO nanoparticles. 

The 21 nm MgO-glycerol gave the highest values of 𝑘𝑒𝑓𝑓, followed by 104 nm MgO 
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and 119 nm at almost all various sonication times. The effective thermal conductivity 

increased with the increase in nanoparticle volume fractions for all three nanoparticle 

sizes.  

The sonication time of two hours for nanofluid preparation was used in this 

investigation due to the previous experimental results and the published research results 

from literature. 

For validation of the measurement, the thermal conductivity of glycerol was compared 

with the published data by Incropera and DeWitt [79] for temperatures ranging from 20 

˚C to 45 ˚C. The measured data were within 2% accuracy with available reference data.  

3.9 Recommendation 

The physical characterisation of nanoparticles must be determined before the thermal 

conductivity measurement to ascertain the nanoparticle composition and size 

distribution because they are crucial for the nanofluid behaviour.  
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 EXPERIMENTAL INVESTIGATION AND MODEL 

DEVELOPMENT FOR THE THERMAL CONDUCTIVITY OF α-

Al2O3-GLYCEROL NANOFLUIDS  

4.1 Introduction  

This chapter discusses the thermal conductivity of stable α-Al2O3-glycerol-based 

nanofluid results. The results are presented for each measurable parameter influencing 

the thermal conductivity of nanofluids such as particle volume fraction, temperature 

and nanoparticle particle size. Each experimental data represents an average value of 

five measurements at a given conditions. Error bars represent the standard deviation of 

each experimental data. A linear regression analysis is conducted to evaluate the 

individual impact of each parameter on the TCR, assuming the other variables are held 

constant, while a regression analysis is conducted to determine how the measurable 

variables jointly influence the TCR of α-Al2O3-glycerol-based nanofluids. Appendix B: 

discusses the regression analysis models and significance tests.  

4.2 Particle volume fraction studies 

Figure 4.1 shows the effect of the particle volume fraction (at dosages of 0.5%, 1%, 2% 

and 4%) on the effective thermal conductivity ratio of α-Al2O3-glycerol nanofluids; α-

Al2O3 nanoparticles dispersed in glycerol yielded higher thermal conductivity than the 

base fluid (glycerol).  
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Figure 4.1: Influence of nanoparticle volume fraction on the thermal conductivity ratio 

of the three sets of α-Al2O3-glycerol nanofluids at 20 °C 

The best fitting line equation and corresponding R-square values are relative to the 

given nanoparticle diameter and temperature. It is apparent in Figure 4.1 that the 

thermal conductivity ratio increases linearly with an increase in volume fraction for 

each particle size for α-Al2O3-glycerol nanofluids where 𝝓 is the α-Al2O3 nanoparticle 

volume fraction expressed per unit.  

Table 4.1 gives the results of the linear regression analysis conducted to determine the 

effect of volume fraction on the TCR of α-Al2O3-glycerol nanofluid. The significant p 

of F-statistic of the α-Al2O3-glycerol nanofluids model is less than 0.001. It suggests 

that the null hypothesis should not be rejected. There is a linear relationship between 

the volume fraction and the TCR of α-Al2O3-glycerol nanofluids, given by equation 

(4.1). R-square of 0.822 for α-Al2O3-glycerol linear equations expresses that the 
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volume fraction explains 82.2% of the variability in the TCR values. The residual and 

other variables can explain the remaining 17.8% for α-Al2O3-glycerol of variation in 

TCR. 

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 0.997 + 3.824 ∗ 𝜙 (4.1) 

where 𝝓 is the α-Al2O3 nanoparticle volume fraction expressed per unit. 

Table 4.1 Results of linear regression analysis of TCR of α-Al2O3-glycerol vs. volume 

fraction 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  P 

α-Al2O3 0.907 0.822 0.024 322.8 0.000 

 

Altogether, there is a linear increase in TCR with an increase in α-Al2O3 nanoparticle 

volume fraction. This outcome is in agreement with other studies of various types of 

nanofluids [1, 21, 49, 59, 77, 84]. The thermal conductivity ratio improved up to 19.5%, 

16.6% and 9.5% of the α-Al2O3 nanoparticle volume fraction of 4% for 31 nm, 55 nm 

and 134 nm size nanoparticles respectively at 20 ˚C.  

Figure 4.1 clearly depicts the impact of particle size on the TCR. Small particle size 

leads to higher thermal conductivity of nanofluids than that of the big sizes. The same 

situation was perceived at various ranges of temperature.  

The improvement of the thermal conductivity ratio for the α-Al2O3-glycerol nanofluids 

with respect to the volume fraction could possibly be explained by one or more 
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mechanisms including Brownian motion, nanoparticle clustering or layering at the 

solid-liquid interface. The suspended α-Al2O3 nanoparticles in the glycerol increase the 

surface area and the heat capacity of the glycerol, and both interaction and collision 

among α-Al2O3 nanoparticles are strengthened [37, 85]. The Brownian diffusion 

coefficient (see Section 2.3.2) is directly proportional to temperature and reciprocal to 

both nanoparticle diameter and viscosity of the liquid. Nanofluids prepared with the 

smaller size of nanoparticles will result in more severe collisions among nanoparticles 

and fluid molecules than one made with the big size. The particle-to-particle interaction 

increases as the distances between nanoparticles decrease by increasing the volume 

fraction of the nanoparticle. The increase in nanoparticle volume fraction intensifies the 

collision and interaction among nanoparticles, diffusion into nanofluid and the heat 

capacity of the glycerol leading to the enhancement of the thermal conductivity of α-

Al2O3-glycerol nanofluids.  

4.3 Temperature studies 

Figure 4.2 shows the effect of temperature on the effective thermal conductivity of α-

Al2O3-glycerol nanofluids for three different sizes of nanoparticles (31 nm, 55 nm and 

134 nm). As can be observed in Figure 4.2, the temperature dependence of the effective 

thermal conductivity of the α-Al2O3 nanofluids with different particle sizes has a similar 

pattern to the base fluid (glycerol). Similar findings were reported for the Al2O3-water 

nanofluids [49], and ethylene glycol-based nanofluids containing Al2O3, MgO, ZnO, 

SiO2, and graphene nanoparticles [15, 33, 36, 49].  
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Figure 4.2: Temperature dependence of the effective thermal conductivity of α-Al2O3-

glycerol nanofluids at different volume fractions: (a) 31 nm, (b) 55 nm and (c) 134 nm 

Figure 4.3 shows the thermal conductivity ratio of α-Al2O3-glycerol nanofluids at 

different volume fractions as a function of temperature. The estimated linear 

relationships between the temperature and the TCR of α-Al2O3-glycerol nanofluid are 

given by equation (4.2):  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.071 − 7.02 ∗ 10−5 ∗ 𝑇 (4.2) 

where 𝑇 is temperature expressed in ˚C.  

Equation (4.2) can be simplified in equation (4.3) as its slope value will contribute 

insignificantly to improve the TCR for the range of tested temperature.  
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𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.071 (4.3) 
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Figure 4.3: Temperature dependence of the thermal conductivity ratio of α-Al2O3-

glycerol nanofluids at different volume fractions: (a) 31 nm, (b) 55 nm and (c) 134 nm 

As observed in Table 4.2, the obtained equations have unadjusted R-square = 0.0001 

and significant p of F-statistic > 0.05 (acceptable level). The t-ratios of intercept and 

slope (temperature) are 39.87 and -0.09 for α-Al2O3-glycerol nanofluids. Their 

corresponding significant p-values are 0.000 (p < 0.05) and 0.930 (p > 0.05). The 

significant p-values of both F-statistic of the model and t-ratio of the slope of the model 

are not significant. Thus, there is no dependence of TCR with temperature for glycerol-

based α-Al2O3-glycerol nanofluids. The simplification of equation (4.3) is statistically 

justified.  
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Table 4.2: Results of linear regression analysis of TCR of α-Al2O3-glycerol vs. volume 

fraction 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

α-Al2O3 0.01 0.0001 0.057 0.01 0.930 

Xie et al. also state  that there is no dependence of TCR with temperature for both 5% 

Fe3O4-kerosene and 1% MgO-EG nanofluids over the temperature range of 10 ºC to 60 

ºC [35, 86]. They explain that the effective thermal conductivity of both nanofluids 

varies with temperature rise while the (𝑘𝑒𝑓𝑓  𝑘𝑓⁄ )almost constant.  However,  Saleh et 

al. [81] and also some others [21, 33, 81, 87, 88] state that the effective thermal 

conductivity ratio of nanofluids varies with an increase in temperature. For this reason, 

it can be said that the effect of temperature on thermal conductivity ratio depends on 

the nanofluid characteristics.  

Figure 4.3 also shows that the thermal conductivity of α-Al2O3-glycerol nanofluids 

varies significantly with increase in 𝜙, as depicted in Section 4.2.  

4.4 Nanoparticle size studies 

Figure 4.4 provides the effect of particle size on the α-Al2O3-glycerol nanofluid thermal 

conductivity ratio at room temperature. Equation (4.4) gives the estimated straight-line 

regression of TCR on diameter computed:  

 

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.0997 − 4.29 ∗ 10−4 ∗ 𝑑𝑝 (4.4) 
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where 𝒅𝒑 is the diameter of α-Al2O3 expressed in nm.  

Table 4.3: Results of linear regression analysis of TCR of α-Al2O3-glycerol vs. particle 

size 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

α-Al2O3 0.334 0.111 0.054 8.78 0.004 

 

The linear equation of α-Al2O3-glycerol nanofluids has R2 of 0.111. It means that the 

the diameter of α-Al2O3 nanoparticles explains 11.1% of the variability in the TCR 

values. The residual and other variables can explain the remaining 88.9% of the 

variation in TCR.  The F-statistic of the model is 8.78 with corresponding significant p 

of 0.004 (p < 0.05). The p-value suggests rejecting the null hypothesis. Thus, there is a 

linear relationship between the diameter and the TCR for α-Al2O3-glycerol nanofluids. 

The t-ratios of intercept and slope (diameter) are 88.82 and -2.96 respectively. Their 

corresponding significant p-values are 0.000 and 0.004 (p < 0.05). The model is highly 

significant. The thermal conductivity ratio of α-Al2O3-glycerol nanofluids increases 

with decreasing particle size for a given volume fraction and temperature.  

The Brownian diffusion coefficient (see Section 2.3.2) could explain the variation of 

TCR of α-Al2O3-glycerol nanofluids vs. diameter. The Stokes-Einstein equation (2.1) 

shows that nanofluids prepared with a small size nanoparticle will result in a higher 𝐷 

coefficient than the one made with the bigger size.  Consequently, more severe 

collisions among nanoparticles and fluid molecules will be present in nanofluids, which 

will lead to better thermal conduction [87, 88]. In addition, smaller particles exhibit a 

larger surface area to volume ratio than the bigger particles, which can result in a 
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noticeable enhancement of the effective thermal conductivity [15]. This theory could 

not explain any enhancement of TCR of MgO-glycerol nanofluid with increase in 

diameter.  

 

Figure 4.4: Influence of nanoparticle size on the effective thermal conductivity ratio at 

three different volume fractions of α-Al2O3-glycerol nanofluid at 20 °C 

4.5 Stability of α-Al2O3-glycerol-based nanofluids  

The stability of α-Al2O3-glycerol samples was evaluated for 4% volume fraction. No 

surfactant was used in the preparation of nanofluids. Thirty minutes after sonication, 

the effective thermal conductivity was acquired for each particle size at one-hour step, 

up to 50 hours.  The results observed in Figure 4.5 show no change in the effective 

thermal conductivity of α-Al2O3-glycerol with time after nanofluid preparation. For 

clarity, the data were plotted at four-hour intervals. The regression analysis approach 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

© University of Pretoria 



 

 

Chapter 4: Model development for the thermal conductivity of α-Al2O3-glycerol nanofluids 

 

   71 

 

analyses the strength of the relationship between the elapsed time and the effective 

thermal conductivity of α-Al2O3-glycerol.  

 

Figure 4.5: Influence of settlement time on the effective thermal conductivity of 4% α-

Al2O3-glycerol nanofluids 

The estimated linear equation of α-Al2O3-glycerol nanofluids between the elapsed time 

after preparation and the effective thermal conductivity computed of α-Al2O3-glycerol 

nanofluids is given by equation (4.5). Table 4.4 gives the results of a linear regression 

analysis of the effective thermal conductivity of the models vs. elapsed time after 

preparation. The t-statistic of the slope of the model is 0.175. Its corresponding 

significant p-values is 0.861, which is greater than 0.05.  

The R-square and p-value of both the F- and t-statistics are 0.000 and greater than 0.05 

respectively. The F-statistic values cannot reject the null hypothesis. The variation of 
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effective thermal conductivity of both models vs. elapsed time after preparation is not 

statistically justified. There is no dependence of the effective thermal conductivity of 

both models with elapsed time up to 50 hours. As a result, equation 4.5 can be simplified 

in equation (4.6).  

𝑘𝑒𝑓𝑓 = 0.323 − 3.66 ∗ 10−9 ∗ 𝑡 (4.5) 

where 𝑡 is elapsed time in seconds. 

𝑘𝑒𝑓𝑓 = 0.323 (4.6) 

The best model is the naive model, which is the mean value of thermal conductivity for 

each given diameter. The mean values and standard deviation of the effective thermal 

conductivity of α-Al2O3-glycerol are 0.335 ± 0.002 W/mK, 0.331 ± 0.001 W/mK and 

0.304 ± 0.001 W/mK for 31 nm, 55 nm and 134 nm respectively.  

Table 4.4: Results of linear regression analysis of the effective thermal conductivity of 

α-Al2O3-glycerol vs. elapsed time after preparation 

The thermal conductivity constancy of α-Al2O3-glycerol nanofluids in the early hours 

after sonication could possibly be explained by the absence of clustering and settling of 

nanoparticles as commonly found in the literature [35, 37, 89, 90]. The effective thermal 

conductivity measurement indicates the stability of α-Al2O3-glycerol-based nanofluids 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

α-Al2O3 0.014 0.000 -0.006 0.031 0.861 
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at room temperature for at least 50 hours after preparation. This outcome disagrees with 

the results of Xie et al. and Khaddar et al. described in Section 2.2.8.  

4.6 Comparison of the thermal conductivity models with α-Al2O3 

glycerol experimental data 

4.6.1 Introduction 

This section describes the comparison of predicted results obtained from some existing 

theoretical models and experimental correlation with the obtained experimental data of 

α-Al2O3-glycerol nanofluids. In this work, seven of the existing models will be used to 

predict the present experimental data, namely the Maxwell, Bruggeman, effective 

medium, Corcione, Peterson, Shake and Vajjha models.  

4.6.2 Effect of volume fraction 

Figure 4.6 provides comparisons at room temperature of the predicted effective thermal 

conductivity versus volume fraction relationship for various models (Maxwell, 

Bruggeman, Corcione, effective medium theory, Peterson, Vajjha and Shaker) with the 

experimental data set of three sizes of α-Al2O3-glycerol nanofluids.  As shown in Figure 

4.6 (a) and (b), Peterson underpredicts the experimental data of the nanofluids prepared 

with 31 nm and 55 nm α-Al2O3-glycerol nanofluids, whereas Vajjha overpredicts for 

𝜙 < 4%. The Corcione model shows a very light increase of TCR with 𝜙 compared 

with the experimental data, increasing 𝜙 results in the diversion from experimental 

data. The other models give a good match to experimental data of 𝜙 < 2%, even if their 

predicted values are slightly lesser than the experimental results.  
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Figure 4.6 (c) discloses almost similar outcomes as for 31 nm and 55 nm α-Al2O3-

glycerol nanofluids, except that the results of the Shaker, Maxwell, Peterson, 

Bruggeman and effective medium models are slightly higher than the experimental data 

for 𝜙 > 2%. 
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Figure 4.6: Comparison of the thermal conductivity ratio variation with volume 

fraction of experimental data and existing equations for α-Al2O3-glycerol nanofluid at 

20 ˚C: (a) 31 nm, (b) 55 nm and (c) 134 nm 
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The Maxwell, Bruggeman, effective medium theory and Shaker models show a good 

match with the experimental data at 20 ̊ C when 𝜙 < 2%  for all three α-Al2O3-glycerol 

nanofluids, whereas the models of Corcione and Peterson mostly underpredict the TCR. 

Similar patterns are observed for the other temperatures.  

4.6.3 Effect of temperature  

Figure 4.7 presents a comparison of the predicted thermal conductivity ratio versus 

temperature relationship for selected models with experimental data of 4% α-Al2O3-

glycerol nanofluids for the three different sizes. The Corcione model underpredicts the 

experimental data of 31 nm, 55 nm and 134 nm α-Al2O3-glycerol nanofluids. The 

Vajjha model gives good predictions of temperature < 30˚C for both 31 nm and 55 nm 

α-Al2O3-glycerol nanofluids. The Corcione, Peterson and Vajjha models increase with 

a rise in temperature contrary to the expected trend, which is the TCR remaining 

unaffected with the temperature increase. The other models follow the expected trend 

and predict values that are lower than the experimental data for both 31 nm and 55 nm 

(see Figure 4.7 (a) and(b)), and greater than the experimental data for 134 nm  α-Al2O3-

glycerol nanofluids (see Figure 4.7  (c)). 
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Figure 4.7: Comparison of the thermal conductivity ratio variation with temperature 

between experimental data and existing equations for 4% α-Al2O3-glycerol nanofluids: 

(a) 31 nm, (b) 55 nm and (c) 134 nm 

4.6.4 Effect of particle diameter 

Figure 4.8 provides comparisons of the TCR variation with nanoparticle diameter 

between experimental data set and selected models for 4% α-Al2O3-glycerol 

nanofluids. The Vajjha models overestimate the experimental data set, whereas the 

Corcione models underestimate. Both Shaker models give a good fit and a quite similar 

trend with experimental data. The TCR of α-Al2O3-glycerol nanofluids agrees quite 

well with the prediction of Maxwell, Bruggeman and effective medium, but their trend 

is contrary to the expected one. Peterson overestimates the TCR for the diameter of the 

three sizes of α-Al2O3-glycerol nanofluids. The Peterson prediction model does not 

follow the experimental data trend.  
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Figure 4.8: Comparison of the thermal conductivity ratio variation with nanoparticle 

diameter between experimental data set and existing equations for 4% α-Al2O3- 

glycerol nanofluids at 35 ˚C 

4.7 New empirical correlation for the thermal conductivity ratio of 

α-Al2O3-glycerol 

A new empirical correlation for the thermal conductivity α-Al2O3-glycerol nanofluids 

is determined. The novel equation is a modified version of a non-dimensional model 

proposed by Corcione [55] (see section 2.4). The regression analysis is used to 

determine the relationship between the studied parameters. Thus, F-statistic and 

associated p-value are used to verify whether the relationship between (𝑘𝑒𝑓𝑓   𝑘𝑓⁄ ) and 

Xj predictor variables is not a random (p < 0.05 ). The t-statistic and related p-value 

assess the reliability of the partial regression coefficients (p < 0.0 5) in the equation 

[91]. Appendix B: condenses the regression analysis concepts. In the proposed 

correlation for the thermal conductivity of α-Al2O3-glycerol nanofluid, the nanoparticle 
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thermal conductivity is normalised with the thermal conductivity of base fluid (𝑘𝑓). The 

nanoparticle diameter (𝑑𝑝), the nanofluid temperature and the viscosity of the base 

fluids are normalised to the nanoparticle Reynolds number defined by Corcione in 

equation (4.7).  Corcione used in the equation another important dimenssionless 

number which representes certain  physical properties of the base fluid, named the 

Prandtl number (𝑃𝑟𝑓) expressed by equation (4.8). 

 𝑅𝑒𝑝 =
2𝜌𝑓𝜅𝑇

𝜋𝜇𝑓
2𝑑𝑝

 (4.7) 

 𝑃𝑟𝑓 =
𝜇𝑓𝐶𝑝𝑓

𝑘𝑓
 (4.8) 

The developed empirical correlation that is expressed by equation (4.9) is the result of 

the regression analysis with 95% confidence level:  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.4377𝑃𝑟𝑓
0.9400𝜙1.0475 (

40

𝑘𝑓
)

0.6661

 (4.9) 

where 𝑅𝑒𝑝 is the nanoparticle Reynolds number, 𝑃𝑟𝑓 the Prandtl number of the base 

fluid (glycerol), 𝜙 the nanoparticle volume fraction, 𝐶𝑝𝑓 the specific heat of the base 

fluid, 𝑘𝑝  the thermal conductivity of the α-Al2O3 nanoparticles (equal to 40 W/mK) and 

𝑘𝑓 the thermal conductivity of the glycerol (W/mK). The new correlation for the 

thermal conductivity of α-Al2O3-glycerol nanofluid is satisfactory for 20 ˚C < 𝑇 < 45 

˚C, 0% < 𝜙 < 4% and 31 nm < 𝑑𝑝 < 134 nm.  

Equation (4.9) converging at 10-15 has an adjusted R-square = 0.980, F = 3.7*105 and 

significant p = 0.0000. The t-statistic of the exponents of 𝑅𝑒𝑝, 𝑃𝑟𝑓, 𝜙 and  𝑘𝑝  𝑘𝑓⁄  is 
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19.4, 20.3, 38.5 and 16.1 respectively. The p-values associated with the t-ratio of all 

their exponents and slope of the equation are equal to 0.0000 (p < 0.001). The statistical 

significance of all the exponents of the equation is high. However, the p-value of the 

slope of the equation and the exponents of both Prandtl number and temperature are not 

statistically significant in the general Corcione model. There was a high linear 

correlation (R = 0.9992) between the terms 𝑘𝑝  𝑘𝑓⁄  and the slope of the equation, after 

removal of the temperature term (𝑇  𝑇𝑓𝑟⁄ ). Thus, the slope term was also removed to 

deal with the multicollinearity in the model. The temperature is still present in the new 

model, as the Reynolds number is directly proportional to temperature. There is no 

autocorrelation in the residuals and the residual sum is zero. The comparison between 

the predicted thermal conductivity ratio from the present model and the experimental 

results shows an excellent agreement with maximum relative error of +1.57%, -2.37% 

and the average relative error of -0.03% (see Figure 4.9). The present analysis provides 

evidence that the novel model is statistically significant.  
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Figure 4.9: Comparison of the thermal conductivity ratio between the predicted values 

from the present correlation and the experimental data on α-Al2O3-glycerol nanofluids 

Figure 4.10 shows a temperature dependence of Reynolds number for 31 nm, 55 and 

134 nm size α-Al2O3-glycerol nanofluids. The Reynolds number increases with an 

increase in temperature and a decrease in nanoparticle sizes, as the Brownian velocity 

effect is much stronger for the smallest particles than for the bigger particles (Figure 

4.11). For a given temperature and volume fraction, the TCR decreases with the rise in 

nanoparticle size.  

Figure 4.12 depicts the impact of temperature on the three standardised parameters of 

the novel equation for α-Al2O3-glycerol nanofluid.   
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Figure 4.10: Reynolds number of different particle sizes of α-Al2O3-glycerol 

nanofluids 

 
Figure 4.11: Brownian velocity of different particle sizes of α-Al2O3-glycerol 

nanofluids 
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Figure 4.12: Temperature dependence effect on the three standardised parameters of 

the novel equation at 1% volume fraction α-Al2O3-glycerol nanofluids of (a) the three 

parameters and (b) 𝑹𝒆𝒑 parameters 
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The three standardised parameters are the Reynolds number term (𝑅𝑒𝑝)
0.4377

, Prandtl 

number term (𝑃𝑟𝑓)
0.9400

 and thermal conductivity of nanoparticle normalised to the 

thermal conductivity of glycerol term [(𝑘𝑝  𝑘𝑓⁄ )]
0.6661

. 

Figure 4.12 reveals that the normalised 𝑃𝑟𝑝 decreases with a rise in temperature whereas 

the standardised 𝑅𝑒𝑝 increases and (𝑘𝑝  𝑘𝑓⁄ ) is almost constant. The magnitude of the 

𝑃𝑟𝑓 term is much bigger compared with both the 𝑅𝑒 term and standardised 𝑘𝑝  𝑘𝑓 . 

The normalised 𝑃𝑟𝑓 is the major parameter describing the enhancement of TCR of α-

Al2O3-glycerol nanofluids, as opposed to the Reynolds number for the case of Al2O3-

deionized water nanofluid [92]. The impact of the 𝑃𝑟𝑓 term is about 920 000 times 

bigger than the effect of the standardised 𝑅𝑒𝑝 for the 31 nm size α-Al2O3-glycerol 

nanofluids at 20 ˚C. The described phenomenon strengthens with the increase in 

concentration of suspended α-Al2O3 nanoparticle in the glycerol. The high exponent 

value of the Prandtl number and the high value of glycerol Prandtl number compared 

with water, which is about 1 800 times bigger, can explain the main effect of the Prandtl 

number on the effective thermal conductivity of α-Al2O3-glycerol nanofluid at 20 ˚C 

[93].  

Altogether, the model depicts that the thermal conductivity ratio increases with an 

increase in volume fraction, decreases with an increase in nanoparticle size and slightly 

decreases with a temperature rise.  
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4.8 Conclusion 

The α-Al2O3 nanoparticles dispersed in glycerol yielded a higher thermal conductivity 

than the base fluid (glycerol).  There was a linear increase in TCR with an increase in 

α-Al2O3 nanoparticle volume fraction. 

R-square of 0.822 for α-Al2O3-glycerol linear equations expressed that 82.2% of the 

variability in the TCR values vs. volume fraction was explained by the obtained model. 

Residual and other variables could explain the remaining 17.8% for α-Al2O3-glycerol 

of variation in TCR. 

There was no statistical evidence of enhancement of TCR with increasing temperature 

for the α-Al2O3-glycerol nanofluids. The temperature dependence of the effective 

thermal conductivity of both nanofluids with different particle sizes tracked the base 

fluid (glycerol), but at a high level of magnitude. 

The TCR of α-Al2O3-glycerol increased with decreasing particle size. There was no 

dependence of the effective thermal conductivity of the α-Al2O3-glycerol nanofluid 

model with elapsed time up to 50 hours.  

Although the prediction by particular models was within the acceptable range of 

experimental data of α-Al2O3-glycerol nanofluids for the various involved parameters, 

the models’ trend either did not follow the expected pattern for each analysed parameter 

or was not consistent in all conditions. The Maxwell, Bruggeman, effective medium, 

Corcione, Peterson, Shake and Vajjha models could not explain the enhancement of the 

thermal conductivity of α-Al2O3-glycerol nanofluids consistently. 
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Equation (4.9) is the new empirical correlation for the thermal conductivity of  α-Al2O3-

glycerol nanofluids:  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.4377𝑃𝑟𝑓
0.9400𝜙1.0475 (

40

𝑘𝑓
)

0.6661

 (4.9) 

The novel equation is a modified version of a non-dimensional model proposed by 

Corcione. The regression analysis provides evidence that the novel model is statistically 

significant, with the maximum relative error of +1.57%, -2.37% and the average of  -

0.03%. The new model has an adjusted R2 = 0.980 and very significant p-value 

(p=0.0000) of the F-statistic of the model.  The new model illustrates that the thermal 

conductivity ratio increases with an increase in volume fraction, decreases with a rise 

in nanoparticle size and slightly decreases with a temperature rise. 

The normalised 𝑃𝑟𝑓 is the major parameter describing the enhancement of TCR of α-

Al2O3-glycerol nanofluids, as opposed to the Reynolds number for the case of α-Al2O3-

glycerol nanofluid. 

4.9 Recommendation 

The thermal conductivity investigation could be extended to hydrodynamic size 

distribution and zeta potential of the glycerol-based nanofluids. This approach could 

provide a more comprehensive understanding of both the stability of nanofluid and 

thermal conductivity behaviour of glycerol-based nanofluids.  

Further research could examine the viscosity of glycerol-metal oxide nanofluids to 

understand its impact on the thermal conductivity of glycerol-based nanofluids.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

© University of Pretoria 



 

 

Chapter 5: Model development for the thermal conductivity of glycerol-MgO nanofluids 

 

88 

  

 EXPERIMENTAL INVESTIGATION AND MODEL 

DEVELOPMENT FOR THE THERMAL CONDUCTIVITY OF 

GLYCEROL-MgO-BASED NANOFLUIDS  

5.1 Introduction 

This chapter presents the experimental and theoretical determination of the effective 

thermal conductivity of three different sizes of magnesium oxide (MgO) nanoparticles 

dispersed in glycerol. The study procedure is similar to the one presented in Section 4.1 

for α-Al2O3-glycerol nanofluid.  

5.2 Influence of volume fraction on the thermal conductivity of 

MgO-glycerol-based nanofluids  

Figure 5.1 shows the effect of particle volume fraction on the effective thermal 

conductivity ratio of MgO nanofluids prepared at different volume fractions, 0.5%, 1%, 

2% and 4% respectively. For clarity, the standard deviation of data was omitted. The 

MgO-glycerol nanofluid yielded higher thermal conductivity than the glycerol (base 

fluid).   
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Figure 5.1: Influence of nanoparticle volume fraction on the thermal conductivity ratio 

of the three sets of MgO-glycerol nanofluids at 30 °C  

The fitting line equation and corresponding R-square are relative to the given 

nanoparticle diameter and temperature. For each given particle size and temperature, 

the thermal conductivity ratio increases linearly with an increase in MgO volume 

fraction. The significant p of the F-statistic of the MgO model is less than 0.001. 

Therefore, the null hypothesis can be rejected.  As a result, there is a linear relationship 

between the volume fraction and the TCR of MgO nanofluids.  

Equation (5.1) is a result of linear regression analysis conducted to determine the effect 

of volume fraction on the TCR of MgO-glycerol nanofluids. R-square of 0.986 for 

MgO-glycerol linear equations expresses that 98.6% of the variability in the TCR 

values is explained by the obtained model. Residual and other variables can explain the 

remaining 1.4% of variation in TCR for MgO-glycerol. 
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𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.001 + 4.213 ∗ 𝜙 (5.1) 

where 𝝓 is the MgO nanoparticle volume fraction expressed per unit. 

Table 5.1: Results of linear regression analysis of TCR of MgO-glycerol vs. volume 

fraction 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

MgO 0.993 0.986 0.007 5062.2 0.0000 

 

Altogether, there is a linear increase in TCR with an increase of MgO nanoparticle 

volume fraction. This outcome is in agreement with the α-Al2O3-glycerol nanofluid 

studies developed in Section 4.2 and other studies of various types of nanofluids [1, 21, 

49, 59, 77, 84]. The thermal conductivity ratio reaches the maximum of 18%, 17% and 

16% for 21 nm, 104 nm and 119 nm MgO-glycerol nanofluids respectively at 30 ˚C. 

Figure 5.1 clearly depicts the impact of particle size on the TCR. A small particle size 

leads to a higher thermal conductivity of nanofluids than a bigger size. The same 

situation was perceived at various ranges of temperatures. 

The improvement of the thermal conductivity ratio for the MgO nanofluids with respect 

to the volume fraction could possibly be explained by one or more mechanisms as 

described in Section 4.2. 
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5.3 Influence of temperature on the thermal conductivity of MgO-

glycerol-based nanofluids  

Figure 5.2 shows the effect of temperature on the effective thermal conductivity of 

MgO-glycerol nanofluids for three different sizes of nanoparticles (21 nm, 104 nm and 

119 nm). The temperature dependence of the effective thermal conductivity of the 

nanofluids with different particle sizes tracks the base fluid (glycerol) but at another 

level of magnitude. Similar findings were reported for the Al2O3-water nanofluids [49], 

and ethylene glycol-based nanofluids containing Al2O3, MgO, ZnO, SiO2, and graphene 

nanoparticles [15, 33, 36, 49].  
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Figure 5.2: Temperature dependence of the effective thermal conductivity of MgO-

glycerol nanofluids at different MgO volume concentrations: (a) 21 nm, (b) 104 nm and 

(c) 119 nm 
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Figure 5.3 shows the thermal conductivity ratio of MgO-glycerol nanofluids at different 

volume fractions as a function of temperature. The estimated linear relationships 

between the temperature and the TCR computed of MgO-glycerol nanofluid are given 

by equation (5.2):  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.075 − 1.73 ∗ 10−4 ∗ 𝑇 (5.2) 

where 𝑇 is temperature expressed in ˚C.  

Equation (5.2) can be simplified in equation (5.3) as its slope is insignificant.  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.075 (5.3) 
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Figure 5.3: Temperature dependence of the effective thermal conductivity ratio of 

MgO-glycerol nanofluids at different MgO volume concentrations: (a) 21 nm, (b) 104 

nm and (c) 119 nm 
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As can be seen in Table 5.2, the obtained equation has unadjusted R-square = 0.001 and 

significant p of F-statistic > 0.05 (acceptable level). The t-ratios of intercept and slope 

(temperature) are 39.76 and 0.22 for the MgO-glycerol nanofluids. Their corresponding 

significant p-values are 0.000 and 0.830 for MgO (p > 0.05). The significant p-values 

of both the F-statistic of the model and t-ratio of the slope of the model are not 

significant. The null hypothesis cannot be rejected. Thus, there is no evidence of a linear 

relationship between the TCR and temperature for glycerol-based MgO nanofluids. The 

best model to describe the TCR vs. ratio is the naive model, which is the mean value of 

TCR at each given volume fraction and nanoparticle diameter. 

The outcome has also been commonly confirmed in the literature by certain authors and 

unconfirmned by others, as highlighted in Section 4.3. Figure 5.3 also shows that the 

thermal conductivity of MgO-glycerol nanofluids varies significantly with increase in 

𝜙, as depicted in Section 4.2.  

Table 5.2: Results of linear regression analysis of TCR of MgO-glycerol vs. 

temperature  

Model R R Square Std. Error 

of the 

Estimate 

 Statistics 

F  p 

MgO 0.026 0.001 0.058 0.05 0.830 

5.4 Influence of nanoparticle size on the thermal conductivity of 

MgO-glycerol-based nanofluids  

In order to assess the influence of the nanoparticle size on the effective thermal 

conductivity ratio of MgO-glycerol  nanofluid, experimental data sets were conducted 
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for different nanoparticle volume fractions (0.5%, 1%, 2% and 4%) at various 

temperatures (20 °C, 25 °C, 35 °C and 45 °C). Figure 5.4 provides the effect of particle 

size on the MgO-glycerol nanofluid thermal conductivity ratio at room temperature. 

For the given volume fraction and temperature, the thermal conductivity ratio decreases 

with increasing particle size. The thermal conductivity ratio of MgO-glycerol nanofluid 

in the case of the same volume fraction is higher for smaller particle sizes.  The 104 nm 

MgO-glycerol has (𝑘𝑒𝑓𝑓  𝑘𝑓⁄ ) values close to 119 nm MgO-glycerol nanofluids at 

almost all temperatures. Equation (5.4) gives the estimated straight-line regression of 

TCR on the diameter computed:  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.089 − 1.08 ∗ 10−4 ∗ 𝑑𝑝 (5.4) 

Can the equation (5.4) be simplified in equation (5.5) as its slope is insignificant? The 

answer is presented in the next paragraph.  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.089 (5.5) 

The R-square of MgO-glycerol nanofluid is 0.007 with the significant p of the F-

statistic of 0.495 (see Table 5.3), which is > 0.05 suggesting that the null hypothesis 

cannot be rejected. There is no linear relationship between the diameter and the TCR. 
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Table 5.3: Results of linear regression analysis of TCR of MgO-glycerol vs. particle 

size 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

MgO 0.067 0.007 0.057 0.471 0.495 

The t-ratios of intercept and slope (diameter) are 75.3 and -6.69 respectively. The 

corresponding p-values of t-ratio are 0.000 and 0.495 (p > 0.05). Thus, only 0.7% of 

the variability in the TCR values is explained by the model, and there is no evidence 

that the variation in diameter could explain the TCR enhancement. The naive model 

fits better than the model (5.4).  

 
Figure 5.4: Influence of nanoparticle size on the effective thermal conductivity ratio at 

three different volume fractions of MgO-glycerol nanofluid at 20 °C 
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5.5 Stability of MgO-glycerol-based nanofluids  

The stability of MgO nanofluid samples was evaluated at a maximum volume fraction 

(4%). No surfactant was used in the preparation of nanofluids. Thirty minutes after 

sonication, the effective thermal conductivity was acquired for each particle size at one-

hour step, up to 50 hours.  The results observed in Figure 5.5 show no apparent change 

in effective thermal conductivity of MgO-glycerol with time after nanofluid 

preparation.  

 

Figure 5.5: Influence of settlement time on the effective thermal conductivity of MgO-

glycerol nanofluids at 4% volume fraction 

The estimated linear equation of 4% MgO-glycerol nanofluids between the elapsed time 

after preparation and the effective thermal conductivity computed of the MgO nanofluid 

is provided by equation (5.5). Table 5.4 gives the results of the linear regression analysis 

of the effective thermal conductivity of the model vs. elapsed time after preparation. 
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The t-statistic of the slope of the model is 0.007. The corresponding significant p-value 

is 0.995, which is greater than 0.05.  

 𝑘𝑒𝑓𝑓 = 0.332 − 4.82 ∗ 10−11 ∗ 𝑡 (5.6) 

where 𝑡 is elapsed time in seconds. 

Equation (5.6) can be simplified in equation (5.7) as its slope is insignificant.  

 𝑘𝑒𝑓𝑓 = 0.332 (5.7) 

As observed in Table 5.4, the R-square and significant p of both the F- and t-statistics 

are 0 and greater than 0.05 respectively. The F-statistic values cannot reject the null 

hypothesis. The variation of effective thermal conductivity of the model vs. elapsed 

time after preparation is not statistically justified. There is no linear dependence of 

effective thermal conductivity of the model with elapsed time up to 50 hours. The best 

model is the naive model, which is the mean value of thermal conductivity for each 

given diameter. The mean values of effective thermal conductivity of 4% MgO-glycerol 

are 0.337 ± 0.001 W/mK, 0.332 ± 0.001 W/mK and 0.326 ± 0.001 W/mK for 1 nm, 104 

nm and 119 nm respectively.  

 

Table 5.4: Results of linear regression analysis of the effective thermal conductivity of 

MgO-glycerol vs. elapsed time after preparation 

Model R R Square Std. Error of 

the Estimate 

 Statistics 

F  p 

4% MgO 0.000 0.000 0.058 0.000 0.995 
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The outcome agrees with the α-Al2O3-glycerol nanofluid studies in Section 4.5. The 

study of effective thermal conductivity with elapsed time indicates the stability of 

MgO-glycerol nanofluids with high volume fraction at room temperature, consequently 

at low volume fraction as well. 

5.6 Comparison of the thermal conductivity models with MgO-

glycerol experimental data 

5.6.1 Introduction 

This section provides the comparison of predicted results obtained from the existing 

theoretical models (presented in Section 4.6.1) and experimental correlation with the 

obtained experimental data of MgO-glycerol nanofluids. 

5.6.2 Effect of volume fraction 

Figure 5.6 provides comparisons of the predicted effective thermal conductivity versus 

volume fraction relationship for various models (Bruggeman, Corcione, effective 

medium theory, Maxwell and Shaker) with experimental data sets of three sizes of 

MgO-glycerol nanofluids at room temperature. The Vajjha and Peterson models were 

set aside since they were not based on the MgO nanoparticles. 

As shown in Figure 5.6 (a), (b) and (c), the Corcione model underpredicts the 

experimental data set of MgO-glycerol nanofluids for the volume fraction range. 

Besides, its slope depicts a slight increase with an increase in volume fraction, which 

is far removed from the experimental data trend.  The other models are within the 

acceptable range and have a similar trend to the experimental data set. They display an 

excellent fit when the volume fraction is less than 4%.  
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Figure 5.6: Comparison of the thermal conductivity ratio variation with volume 

fraction of experimental data and existing equations for MgO-glycerol nanofluids at 20 

˚C: (a) 21 nm, (b) 104 nm and (c) 119 nm 

5.6.3 Effect of temperature  

Figure 5.7 presents a comparison of the predicted thermal conductivity ratio versus 

temperature relationship for selected models with experimental data of 4% MgO-

glycerol nanofluids. The Corcione model underpredicts the experimental data of all the 

sizes of MgO nanofluids. All the models are unchanged with increasing temperature, 

opposed to the Corcione, which shows an increasing trend for all the three sizes of MgO 

nanofluids. The Shaker model will give good predictions if the 21 nm MgO-glycerol 

nanofluid ℎ parameter is between 8 and 11, or slightly bigger than 11 (see Figure 5.7). 

Figure 5.7 (b) and (c) show that all the models underpredict the experimental data of 

both 104 nm and 119 nm MgO-glycerol nanofluids. 
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Figure 5.7: Comparison of the thermal conductivity ratio variation with temperature 

between experimental data and existing equations for 4% MgO-glycerol nanofluids: (a) 

21 nm, (b) 104 nm and (c) 119 nm 

5.6.4 Effect of particle diameter 

Figure 5.8 plots the comparisons of the predicted TCR versus diameter relationship for 

the models above with experimental data sets of MgO-glycerol nanofluids prepared 

with 4% volume fraction at 35 ˚C. The TCR of MgO-glycerol nanofluids agrees quite 

well with the prediction by the Shaker models of a diameter less than 104 nm. The 

Corcione model underestimates the experimental data sets of MgO-glycerol. The other 

models are unaffected by the diameter variation.  
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Figure 5.8: Comparison of the thermal conductivity ratio variation with nanoparticle 

diameter between experimental data and existing equations for 4% MgO-glycerol 

nanofluids at 35 ˚C 

In summary, the selected models fail to predict consistently in all conditions the thermal 

conductivity ratio for MgO nanofluids of volume fractions ranging from 0.5% to 4%, 

measured in the temperature range of 20 ̊ C to 45 ̊ C. The classical models and Corcione 

equation could not consistently explain the enhancement of the thermal conductivity of 

MgO-glycerol nanofluids in all conditions. Each existing correlation model works for 

the particular nanofluid and condition.   

5.7 New empirical correlation for the thermal conductivity ratio of 

MgO-glycerol 

This section presents the development of a new empirical correlation for the thermal 

conductivity of the MgO-glycerol nanofluid. The development procedure and 
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assumptions are similar to the Al2O3-glycerol nanofluid case presented in Section 4.7. 

The developed empirical correlation for the thermal conductivity of the MgO-glycerol 

nanofluid is expressed by equation (5.8). No collinearity exists between the exploratory 

parameters as the 𝑉𝐼𝐹 of exploratory parameters < 10.  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.0603𝑃𝑟𝑓
0.1066𝜙0.9918 (

48.4

𝑘𝑓
)

0.3646

 (5.8) 

where 𝑅𝑒𝑝 is the nanoparticle Reynolds number expressed by equation (4.7), 𝑃𝑟𝑓 the 

Prandtl number of the base fluid (glycerol), 𝜙 the nanoparticle volume fraction, 𝐶𝑝𝑓 the 

specific heat of the base fluid, 𝑘𝑝  the thermal conductivity of the MgO nanoparticles 

(equal to 48.4 W/mK) and 𝑘𝑓 the thermal conductivity of the glycerol (W/mK). The 

new correlation for the thermal conductivity of MgO-glycerol nanofluid is satisfactory 

for 20 ˚C < 𝑇 < 45 ˚C, 0% < 𝜙 < 4% and 21 nm < 𝑑𝑝 < 119 nm.  

Equation (5.5), converging at 10-15, has an adjusted R2 = 0.995, F = 1.50*106 and 

significant p = 0.0000. The t-statistic of the exponents of 𝑅𝑒𝑝, 𝑃𝑟𝑓, 𝜙 and  𝑘𝑝  𝑘𝑓⁄  are 

9.8, 7.1, 85.1 and 22.8 respectively. The p-values associated with the t-ratio of all the 

exponents and slope of the equation are equal to 0.0000 (p < 0.001). The statistical 

significance of all the exponents of the equation is high. In the general Corcione model, 

the p-value of the slope of the equation and the exponents of both Prandtl number and 

temperature are not statistically significant. There is a high linear correlation (R = 

0.9992) between the terms 𝑘𝑝  𝑘𝑓⁄  and the slope of the equation, after removal of the 

temperature term (𝑇  𝑇𝑓𝑟⁄ ). Thus, the slope term was also removed to deal with the 

multicollinearity in the model. However, the temperature is still present in the new 
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model, as the Reynolds number is directly proportional to temperature. There is no 

autocorrelation in the residuals, and the residual sum is zero. The comparison between 

the predicted thermal conductivity ratio from the present model and the experimental 

results shows an excellent agreement with maximum relative error of -1.24%, +0.68% 

and the average relative error of -0.03% (see Figure 5.9). The present analysis provides 

evidence that the novel model is statistically significant.  

 

Figure 5.9: Comparison of the thermal conductivity ratio between the predicted values 

from the present correlation and the experimental data on MgO-glycerol nanofluids 

Figure 5.10 shows an intense temperature dependence of the Reynolds number for 21 

nm in comparison with both 104 nm and 119 nm MgO-glycerol nanofluids. The 

Reynolds number increases as nanoparticle size decreases, because the Brownian 

velocity effect is much stronger for smaller particles than for bigger particles (Figure 
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5.11). For a given temperature and volume fraction, the TCR decreases as the 

nanoparticle size increases.  

 

Figure 5.10: Reynolds number of different particle sizes of MgO-glycerol nanofluids 
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Figure 5.11: Brownian velocity of different particle sizes of MgO-glycerol nanofluids 

Figure 5.12 depicts the impact of temperature on the three parameters of the novel 

equation for 21.1 nm MgO-glycerol nanofluid at 1% volume fraction. The three 

standardised parameters are the Reynolds number term (𝑅𝑒𝑝)
0.0603

, Prandtl number 

term (𝑃𝑟𝑓
0.1066) and thermal conductivity of nanoparticle normalised to the thermal 

conductivity of the glycerol term [(𝑘𝑝  𝑘𝑓⁄ )]
0.3646

. Figure 5.12 shows that the 

normalised 𝑅𝑒𝑝 increases with a rise in temperature, whereas the parameter 𝑃𝑟𝑓 

decreases. The magnitude of variation, in absolute value, of standardised 𝑅𝑒𝑝 is bigger 

than standardised 𝑃𝑟𝑓. The combined effect of normalised  𝑅𝑒𝑝 and  𝑃𝑟𝑓 slightly 

increases with a temperature rise. However, the impact of both standardised 𝑅𝑒 and 𝑃𝑟𝑓 

numbers on the (𝑘𝑒𝑓𝑓  𝑘𝑓⁄ ) is small compared with the standardised (𝑘𝑝  𝑘𝑓⁄ ).  
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Figure 5.12: Temperature dependence effect on the three parameters of the novel 

correlation of the MgO-glycerol nanofluids 

The normalised term (𝑘𝑝  𝑘𝑓⁄ )at 20 ˚C is 27 and 30 times bigger than the effect of the 

standardised (𝑅𝑒𝑝) term for the 21 nm and both 104 nm and 119 nm MgO-glycerol 

nanofluids respectively (see Figure 5.12). The normalised (𝑘𝑝  𝑘𝑓⁄ )is the major 

parameter describing the enhancement of the TCR of MgO-glycerol nanofluids, as 

opposed to the Reynolds number for the case of Al2O3-deionized water nanofluids [92]. 

This can be explained by the very low Brownian velocity occurring in the glycerol-

based fluid due to its very high viscosity (about 1 530 times bigger than water at 20 ˚C) 

and capacity to diffuse heat, which is very low compared with its momentum, as 

opposed to water [93]. The described phenomenon strengthens with the increased 

concentration of suspended MgO nanoparticles in the glycerol. Altogether, the model 

depicts that the thermal conductivity ratio increases with an increase in volume fraction, 
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slightly decreases with an increase in nanoparticle size and is unaffected by temperature 

rise. 

5.8 Conclusion 

The MgO nanoparticles dispersed in glycerol yielded a higher thermal conductivity than 

the base fluid (glycerol). There was a linear increase in TCR with an increase in MgO 

nanoparticle volume fraction. 

The R-square of 0.986 for MgO-glycerol linear equations expressed that 98.6% of the 

variability in the TCR values vs. volume fraction was explained by the obtained model. 

Residual and other variables could explain the remaining 1.4% for MgO-glycerol of 

variation in TCR.   

The temperature dependence of the effective thermal conductivity of the MgO-glycerol 

nanofluids with different particle sizes tracked the base fluid (glycerol). There was no 

statistical evidence of enhancement of TCR with increasing temperature for MgO-

glycerol nanofluids at the given temperature and volume fraction.  

The TCR of MgO-glycerol remained constant with decreasing particle size. The linear 

regression analysis showed that there was no dependence of effective thermal 

conductivity of MgO-glycerol nanofluid models with elapsed time up to 50 hours.  

The selected models (Maxwell, Bruggeman, effective medium, Corcione, Peterson, 

Shaker and Vajjha) failed to predict consistently the thermal conductivity ratio for 

MgO-glycerol nanofluids of volume fractions ranging from 0.5% to 4%, measured in 
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the temperature range of 20 ˚C to 45 ˚C in all the conditions. Each existing correlation 

model worked for the particular nanofluid and condition. 

The novel correlation for the thermal conductivity of MgO-glycerol nanofluid was 

derived by modifying the Corcione model. The developed empirical correlation for the 

thermal conductivity of the MgO-glycerol nanofluid, obtained by regression analysis, 

is expressed by equation (5.8):  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.0603𝑃𝑟𝑓
0.1066𝜙0.9918 (

48.4

𝑘𝑓
)

0.3646

 (5.8) 

where 𝑘𝑝 = 48.4. The new correlation has an adjusted R2 = 0.995 and p-value 

associated with F-statistic less than 0.001. No collinearity exists between the 

exploratory parameters as the 𝑉𝐼𝐹 of exploratory parameters < 10. The comparison 

between the predicted thermal conductivity ratio from the present model and the 

experimental results shows an excellent agreement with the maximum relative error of 

-1.24%, +0.68%  and the average relative error of  -0.03%. 

The normalised (𝑘𝑝  𝑘𝑓⁄ ) is the major parameter describing the enhancement of the 

TCR of MgO-glycerol nanofluids, not the Reynolds number for the case of Al2O3-water 

nanofluids. This can be explained by the very low Brownian velocity occurring in the 

glycerol-based fluid due to its very high viscosity (about 1 530 times bigger than water 

at 20 ˚C) and capacity to diffuse heat, which is very low compared with its momentum, 

as opposed to water. 
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5.9 Recommendation 

In addition to the recommendation in Chapter 4 (4.9), the investigation of the thermal 

conductivity of more glycerol-based metal oxide nanofluids can be done to understand 

better their impact because the MgO-glycerol and α-Al2O3-glycerol nanofluids behave 

differently. Consequently, a hybrid thermal conductivity correlation for glycerol-based 

metal oxide nanofluid will be determined.  

Another interesting extension of this work would be the investigation of both thermal 

conductivity and viscosity of 40:60, 60:40 and 80:20 (by mass) glycerol-and-water-

mixture-based nanofluids. This research will enable a comparative study of the heat 

transfer capability between the glycerol-water-based nanofluids and ethylene glycol-

water-based nanofluids.  
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 CONCLUSIONS AND RECOMMENDATIONS 

6.1 Summary 

The study researched the experimental investigation and model development for the 

effective thermal conductivity of glycerol-based nanofluids prepared with MgO and α-

Al2O3 nanoparticles. The work analysed the impact of measurable predictors, namely 

volume fraction, temperature and nanoparticle sizes on the thermal conductivity of 

glycerol-based nanofluids. The experimental data were compared with the prediction 

by selected models that might work for glycerol-based nanofluids. The regression 

analysis evaluated individually and jointly the impact of predictors on the thermal 

conductivity of glycerol-based nanofluids. As a result, a new model of thermal 

conductivity of glycerol-based nanofluids was developed.  

6.2 Conclusions 

The literature review presented in Chapter 2 showed that there was an enhancement in 

the effective thermal conductivity of nanofluids compared with the base fluids. Several 

empirical and theoretical correlations were available to model the thermal conductivity 

of nanofluids. Experimental investigations showed either an agreement or disagreement 

with the theoretical studies and whether the predictions by the existing mathematical 

models of the effective thermal conductivity of nanofluids were valid or not. 

None of the experimental correlations and available models was based on the glycerol-

based nanofluid data. To the best of my knowledge, there were no reported data on the 
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thermal conductivity of both MgO-glycerol and α-Al2O3-glycerol nanofluids at the time 

of writing. 

Chapter 3 discussed the physical characterisation of two different nanoparticles (MgO 

and Al2O3) and the glycerol-based nanofluid preparation. TEM image files of MgO and 

Al2O3 nanoparticles were analysed using ImageJ software (NIH, Bethesda, MD, USA) 

to ascertain the nanoparticle sizes of the materials. The three MgO nanoparticles 

respected the lognormal distribution with the mean particle size of 21 ± 1 nm for 20 nm 

MgO nanoparticle, 119 ± 2 nm for 40 nm MgO nanoparticle and for 104 ± 1 nm for 100 

nm MgO nanoparticle respectively, whereas the three α-Al2O3 nanoparticles also 

respected the lognormal distribution with the mean particle size of 55 ± 2 nm for 40 nm 

α-Al2O3 nanoparticle, 31 ± 3 nm for 80 nm α-Al2O3 nanoparticle and for 134 ± 1 nm for 

100 nm α-Al2O3 nanoparticle respectively.  

The effective thermal conductivity of the three MgO-glycerol nanofluids increased with 

sonication time up to an optimum (stable) value of one hour, then became almost 

constant time. The sonication time of two hours for nanofluid preparation was used in 

this investigation due to previous experimental results and published research from 

literature. 

Chapter 4 referred to the thermal conductivity of glycerol-based nanofluid results. 

Experimental results showed that α-Al2O3 nanoparticles dispersed in glycerol produced 

higher thermal conductivity than the base fluid (glycerol). There was a linear increase 

in TCR with an increase in α-Al2O3 nanoparticle volume fraction, with R-square and p-

value of 0.822 and 0.000 respectively. Therefore, the volume fraction explained 82.2% 
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of the variability in the TCR values. The residual and other variables could explain the 

remaining 17.8% for α-Al2O3-glycerol of variation in TCR.  

There was no statistical evidence of enhancement of TCR with increasing temperature 

for α-Al2O3-glycerol nanofluid. The TCR of α-Al2O3-glycerol increased with 

decreasing particle size. There was no dependence of effective thermal conductivity of 

α-Al2O3-glycerol nanofluid models with elapsed time up to 50 hours.  

The Maxwell, Bruggeman, effective medium, Corcione, Peterson, Shaker, Vajjha 

models could not explain the enhancement of the thermal conductivity of α-Al2O3-

glycerol nanofluids consistently. 

Equation (4.9) is the developed empirical correlation for the thermal conductivity of α-

Al2O3-glycerol nanofluids from the Corcione model by regression analysis.  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.4377𝑃𝑟𝑓
0.9400𝜙1.0475 (

40

𝑘𝑓
)

0.6661

 (4.9) 

The regression analysis provided evidence that the novel model was statistically 

significant (p-value of 0.0000 and an unadjusted R-square of 0.980), with the maximum 

relative error of +1.57%, -2.37% and the average of -0.03%. The new model illustrated 

that the thermal conductivity ratio increased with an increase in volume fraction, 

decreased with a rise in nanoparticle size and slightly decreased with a temperature rise. 

The  was the major parameter describing the enhancement of TCR of α-Al2O3-

glycerol nanofluids, as opposed to the nanoparticle Reynolds number for the case of α-

Al2O3-deionized water nanofluid. The high exponent value of the Prandtl number and 
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the high value of glycerol Prandtl number, which was about 1 800 times bigger than 

water, could explain the main effect of the Prandtl number on the effective thermal 

conductivity of α-Al2O3-glycerol nanofluid at 20 ˚C.  

Chapter 5 presented the experimental and theoretical investigation of the MgO-glycerol 

nanofluid. There was a linear increase in TCR with an increase in MgO nanoparticle 

volume fraction, with R-square of 0.986 and p-value of F-statistic of 0.0000. Therefore, 

the volume fraction explained 96.6% of the variability of the thermal conductivity. 

Residual and other variables could explain the remaining 1.4% for MgO-glycerol of 

variation in TCR.  

The TCR of MgO-glycerol remained constant with decreasing particle size. The linear 

regression analysis of effective thermal conductivity with elapsed time revealed that the 

MgO-glycerol nanofluid remained stable for at least 50 hours after preparation.  

The Maxwell, Bruggeman, effective medium, Corcione, Peterson, Shake and Vajjha 

models failed to predict consistently the thermal conductivity ratio for MgO-glycerol 

nanofluids of volume fractions ranging from 0.5% to 4%, measured in the temperature 

range of 20 ˚C to 45 ˚C in all the conditions. Each existing correlation model worked 

for the particular nanofluid and condition.   

The developed empirical correlation for the thermal conductivity of the MgO-glycerol 

nanofluid, obtained by the same procedure as the α-Al2O3-glycerol model, is expressed 

by equation (5.8):  

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝑅𝑒𝑝

0.0603𝑃𝑟𝑓
0.1066𝜙0.9918 (

48.4

𝑘𝑓
)

0.3646

 (5.8) 
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The new correlation, with an adjusted R-square = 0.995 and p-value associated to F-

statistic less than 0.001, reveals no collinearity between the independent variables 

(𝑉𝐼𝐹 < 10). There is an an excellent agreement with the maximum relative error of - 

1.24%, +0.68%  and the average relative error of  -0.03% between the predicted thermal 

conductivity ratio from the present model and the experimental results of MgO-glycerol 

nanofluid.  

The normalised (𝑘𝑝  𝑘𝑓⁄ ) was the major parameter describing the enhancement of the 

TCR of MgO-glycerol for 1% volume fraction nanofluid, not the nanoparticle Reynolds 

number for the case of Al2O3-water nanofluids. The very low Brownian velocity 

occurring in the glycerol-based fluid due to its very high viscosity (about 1 530 bigger 

than water at 20 ˚C) and capacity to diffuse heat, which was very low compared with 

its momentum, as opposed to water, could explain the impact of (𝑘𝑝  𝑘𝑓⁄ ). 

Altogether, the variability thermal conductivity of MgO-glycerol nanofluid could be 

explained only by the volume fraction regardless of the particle size of nanoparticle 

because of its high R-square of 0.987 compared with 0.82 for α-Al2O3-glycerol 

nanofluid. The impact of particle size was more prominent for the  α-Al2O3-glycerol 

than for the MgO-glycerol nanofluid. The main parameter in the thermal conductivity 

of  MgO-glycerol nanofluid was the (𝑘𝑝  𝑘𝑓⁄ ) whereas it was the Prandtl number for 

the α-Al2O3-glycerol nanofluid. Both nanoparticles behaved differently in the base 

fluid, glycerol.
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6.3 Recommendations 

Before the thermal conductivity investigation, the nanoparticle’s physical 

characterisation must be determined to ascertain the nanoparticle composition and size 

distribution, which are crucial in the nanofluid behaviour.  

The study could be extended to hydrodynamic size distribution and zeta potential of the 

glycerol-based nanofluids. This approach could provide a more comprehensive 

understanding of both the stability of nanofluid and the thermal conductivity behaviour 

of glycerol-based nanofluids.  

Other research could be the investigation of the thermal conductivity of more glycerol-

based metal oxide particles to understand better the behaviour of the different metal 

oxide nanoparticles because the MgO-glycerol and α-Al2O3-glycerol nanofluids 

behaved differently. 

Also, further research could be the investigation of viscosity of glycerol-metal oxide 

nanofluids to understand the impact on the thermal conductivity of glycerol-based 

nanofluids.  

Another interesting extension of this work could be the investigation of both thermal 

conductivity and viscosity of 60:40 and 80:20 (by mass) glycerol-and-water-mixture-

based nanofluids. This research will enable a comparative study on the heat transfer 

capability between the glycerol-water-based nanofluids and ethylene-glycol water-

based nanofluids.  
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Appendix A: Uncertainty analysis 

 

A.1 Introduction 

An uncertainty analysis is conducted on the thermal conductivity ratio of both MgO-

glycerol and α-Al2O3-glycerol nanofluids.  

A.2 Uncertainty of the thermal conductivity ratio 

The thermal conductivity ratio of nanofluids (TCR) is not directly measured but 

calculated from the measurable variables as provided in the formula below: 

 𝑇𝐶𝑅 =
𝑘𝑒𝑓𝑓

𝑘𝑓
 (A.1) 

where 𝑘𝑒𝑓𝑓 and 𝑘𝑓are the effective thermal conductivity of the nanofluid and the 

thermal conductivity of the base fluid. The uncertainty propagation of TCR is given:  

 𝑢𝑇𝐶𝑅 = ±√(𝑢𝑘𝑒𝑓𝑓
∗

𝜕𝑇𝐶𝑅

𝜕𝑘𝑒𝑓𝑓
)

2

+ (𝑢𝑘𝑓
∗

𝜕𝑇𝐶𝑅

𝜕𝑘𝑓
)

2

 (A.2) 

 

 𝑢𝑇𝐶𝑅 = ±√(
𝜕𝑇𝐶𝑅

𝜕𝑘𝑒𝑓𝑓
𝛿𝑘𝑒𝑓𝑓)

2

+ (
𝜕𝑇𝐶𝑅

𝜕𝑘𝑓
𝛿𝑘𝑓)

2

 (A.3) 

 

 𝑢𝑇𝐶𝑅 = ±√(
𝛿𝑘𝑒𝑓𝑓

𝑘𝑓
)

2

+ (
−𝑘𝑒𝑓𝑓

[𝑘𝑓]
2 𝛿𝑘𝑓)

2

 (A.3) 

 

 

where 𝑘𝑒𝑓𝑓, 𝑘𝑓, 𝛿𝑘𝑒𝑓𝑓,  𝛿𝑘𝑓 are the effective thermal conductivity of nanofluid, the 

thermal conductivity of glycerol, the standard deviation of the effective thermal 

conductivity of nanofluid and the standard deviation of glycerol respectively.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

© University of Pretoria 



  

Appendix B: Regression Analysis 

 

136 

  

Appendix B:  Regression analysis  

 

B.1 Introduction 

In order to identify the significant relationship between the thermal conductivity ratio 

of nanofluid and one or more of the predictors’ variables, a regression analysis is used.  

B.2 Guidelines for a good regression model  

The guidelines for a good regression model [91, 94, 95] are as follows:  

1. The regression model must strongly fit the data.  

2. Most of the independent variables should be significant to explain the 

dependent variable, i.e. the t-test of most of the predictors or independent 

variables should be significant (p-value < 0.05 for 95% confidence).  

3. The independent variables should be jointly significant to influence the 

dependent variable. The F-test of the model and t-test of most of the predictors 

should be significant at 95% confidence, i.e. p-value < 0.05.  

4. Residual criteria: The residuals are not correlated, residuals must follow the 

normal distribution and residuals must be homoscedastic, i.e. the variance of 

residuals from the model must be constant.  

B.3 Regression models 

The target of regression analysis is to estimate the population regression model from 

the sample regression model [91, 94, 95].  

B.3.1 Simple linear regression  

The population regression model of a single predictor variable is written as follows: 
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 𝑌 = 𝛼 + 𝛽1𝑋1 + 𝜀1 (B.1) 

 

where 𝛼, 𝛽1 and 𝜀1 are the intercept, slope or regression coefficient and error term 

respectively. 

The sample regression model of a single predictor variable is written as follows: 

 

 𝑌 = 𝑎 + 𝑏1𝑋1 + 𝜀1 (B.2) 

Where 𝑎, 𝑏1 and 𝜀1 are the intercept, slope or regression coefficient and error term 

respectively. 

The coefficients  𝑎 and 𝑏1 are determined mathematically to minimise the sum of 

squared deviations (SSE) between the predicted value and measured experimental data 

of TCR. The linear regression analysis will test if the linear model is statistically 

significant. At 95% confidence, the null hypothesis H0 (𝑏1 = 0) is accepted when the 

associated p-value of F-statistic is > 0.05, which means that there is no linear 

relationship between the dependent variable and the independent variable. The best 

model is either a naive model, which is the average value of the dependent variable, or 

a non-linear model. Otherwise, reject the null hypothesis and accept the alternative 

hypothesis Ha (𝑏1   0) [94]. The R-square is also computed to determine the proportion 

of variability of independent variable explained by the dependent variable.  

B.3.2 Multiple regression analysis 

The thermal conductivity ratio of nanofluids is likely to be influenced by some 

combination of several parameters. The multiple regression can precisely evaluate the 

effect of combined parameters on the TCR. The measured parameters (predictors) are 
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particle volume fraction, temperature and particle size. The population regression 

model of three predictor variables is written as follows: 

 𝑌 = 𝛼 + 𝛽1𝑋1 + 𝛽2𝑋2 + 𝛽3𝑋3 + 𝜀 (B.3) 

where 𝛼, 𝛽𝑘  and  are the intercept, partial slope or partial regression coefficient and 

error term respectively.    

The sample regression model of three predictor variables is written as follows:  

 𝑌 = 𝑎 + 𝑏1𝑋1 + 𝑏2𝑋2 + ⋯+ 𝑏𝑘𝑋𝑘 (B.4) 

where 𝑎  and 𝑏𝑘 are the sample estimate of 𝛼 and the sample estimate of 𝛽𝑘 respectively, 

𝑏𝑘 is a change in 𝑌 for each one increment change in 𝑋𝑘.  

The coefficients 𝑎  and 𝑏𝑘 are determined mathematically to minimise the sum of 

squared deviations (SSE) between the predicted values and measured experimental data 

of TCR [94].  

The null hypothesis is H0: 𝛽1=𝛽2 = ⋯ = 𝛽𝑘 = 0, whereas the alternative hypothesis is 

Ha: most 𝛽𝑘 ≠ 0. In addition to the F-statistic, the t-statistic of all the 𝛽𝑘 must be 

determined and statistically analysed at 95% confidence interval as presented in Section 

B.2. The adjusted R-square is also computed to determine the proportion of independent 

variable explained by the dependent variables jointly. 

Equation (B.5) [95] is inherently linear since it can be rewritten in the form B.6: 

 𝑌 = 𝐴𝑋1
𝐵𝑋2

𝐶𝑋3
𝐷 (B.5) 

 𝑙𝑛(𝑌) = 𝑙𝑛(𝐴) + 𝐵𝑙𝑛(𝑋1) + 𝐶𝑙𝑛(𝑋2) + 𝐷𝑙𝑛(𝑋3) (B.6) 

 𝑌∗ = 𝐴∗ + 𝐵𝑋1
∗ + 𝐶𝑋2

∗ + 𝐷𝑋3
∗ (B.7) 
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The multiple regression linear is applied to equation (B.7).  

B.3.3 Multicollinearity  

Multicollinearity describes the situation where there is a high correlation between two 

or more predictor variables. It should be avoided in a regression model as it increases 

the uncertainty associated with the parameter estimates (𝑏𝑘). The variance inflation 

factor (𝑉𝐼𝐹) verifies the collinearity of 𝑋𝑗 in the model:  

 𝑉𝐼𝐹𝑗 =
1

(1 − 𝑅𝑗
2)

 (B.8) 

where 𝑅𝑗
2 is multiple R square of 𝑋𝑗  independent variable. 𝑋𝑗  is correlated to the other 

independent variable when 𝑉𝐼𝐹 > 10 [91, 95]. The residual criteria are similar to the 

linear regression analysis presented in Section B.2. 

B.4 New model of the thermal conductivity of glycerol-based 

nanofluids 

Equation 2.13 is the generalised form of the Corcione model [55]. 

 
𝑘𝑒𝑓𝑓

𝑘𝑓
= 1 + 𝐹 ∗ 𝑅𝑒𝐴𝑃𝑟𝐵𝜙𝐶 (

𝑇

𝑇𝑓𝑟
)

𝐷

(
𝑘𝑝

𝑘𝑓
)

𝐸

 (B.9) 

where 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 and 𝐹 are constant.  

The parameters 𝑅𝑒, 𝑃𝑟, 𝑇, 𝑇𝑓𝑟 , 𝑘𝑝, 𝑘𝑓  and  𝑘𝑒𝑓𝑓  are defined in Section 4.7. 

The Corcione model is inherently linear since it can be transformed in equation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

© University of Pretoria 



  

Appendix B: Regression Analysis 

 

140 

  

𝑙𝑛 (
𝑘𝑒𝑓𝑓

𝑘𝑓
− 1) = 𝑙𝑛(𝐹) + 𝐴𝑙𝑛(𝑅𝑒) + 𝐵𝑙𝑛(𝑃𝑟) + 𝐶𝑙𝑛(𝜙) + 𝐷𝑙𝑛 (

𝑇

𝑇𝑓𝑟
)

+ 𝐸𝑙𝑛 (
𝑘𝑝

𝑘𝑓
) 

(B.10) 

 𝑘𝑒𝑓𝑓
∗ = 𝐹∗ + 𝐴𝑅𝑒∗ + 𝐵𝑃𝑟∗ + 𝐶𝜙∗ + 𝐷 (

𝑇

𝑇𝑓𝑟
)

∗

+ 𝐸 (
𝑘𝑝

𝑘𝑓
)

∗

 (B.11) 

where 𝑘𝑒𝑓𝑓
∗  is 𝑙𝑛 (

𝑘𝑒𝑓𝑓

𝑘𝑓
− 1), 𝐹∗ is 𝑙𝑛(𝐹), 𝑅𝑒∗is 𝑙𝑛(𝑅𝑒), 𝑃𝑟∗is 𝑙𝑛(𝑃𝑟), 𝜙∗is 

𝑙𝑛(𝜙), (
𝑇

𝑇𝑓𝑟
)
∗

is 𝑙𝑛 (
𝑇

𝑇𝑓𝑟
) and (

𝑘𝑝

𝑘𝑓
)
∗

is 𝑙𝑛 (
𝑘𝑝

𝑘𝑓
)             

The multiple regression linear is applied to equation (B.11).  
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