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ABSTRACT 

The present study develops the ground work for modular 
prediction of free-surface jet arrays. Jet arrays generate one of 
the highest single-phase heat transfer rates, while covering 
reasonably large areas with good thermal uniformity, relevant 
to electronics cooling. However, due to liquid evacuation 
problems, free-jet arrays suffer from flooding, cross-flow and 
jet interaction, together with the large amount of influencing 
geometrical parameters, this them very difficult to predict. 

For the modular prediction approach to be applied, key 
issues are here addressed: experiments were conducted 
employing de-ionized water in both single and basic multiple-
jet array (2x2, with local liquid extraction in the jet interaction 
zones) configurations. Modular conditions, wherein all jets are 
similar to each other, were created experimentally in a 
consistent fashion, by use of liquid extraction in the jet-
interaction zones. Based on present and previous experimental 
data the influencing parameters on the pre-jump depth were 
identified. This description was then used to predict the 
location of the hydraulic jump (as dependant on the measured 
post-jump depth). The model combines elements of two 
previous approaches the shallow-water vs. jump conservation 
model, and obtains good agreement with available data. In 
addition conditions were shown for maximizing the distance at 
which the hydraulic jump occurs - to the point that the 
supercritical flows of adjacent jets touch (standing fountain 
type jump). This not only permits prediction of the supercritical 
flow heat transfer distribution over almost the entire array area, 
but also reduces the low heat transfer post-jump regions to a 
minimum. Finally, a more universal single-jet heat transfer 
model was developed incorporating inherent self-similarities 
recently identified by the authors and considering all relevant 
parameters: jet velocity profiles, nozzle-plate spacing, and 
inclination relative to gravity, to predict stagnation heat transfer 
as well as its radial decay.  It is further identified that the 
influence of inclination is also of vital importance to free-
surface jets (breakage of symmetry) and must be examined in 
future studies. 

By addressing these three key issues the foundation for a 
modular prediction of heat transfer under a free jet array is laid. 

INTRODUCTION 

The use of micro-scale jet arrays has become increasingly 
common for the cooling of electronics equipment, as power 
densities increase. This is due to it being shown to have several 

advantages with regards to micro-channels and sprays [1 - 3]. 
While a large number of studies have demonstrated their 
successful performance and use [4], their physics remains 
unclear and their heat transfer prediction varies widely (see 
Tables in [5, 6]. This is partially due to the large amount of 
defining parameters of these types of flows, even when only 
flat-plate of the cooled surfaces are considered. Important 
parameters of the problem are: jet surroundings (free-surface, 
submerged, confined, etc.), type of spent liquid extraction 
(local or distant), and additional geometrical parameters. To 
simplify the problem and improve understanding the free-
surface jet impingement is often preferable as optical access 
(from above) is improved, boundary conditions are simplified 
(free-surface) and flow features can be more clearly visible 
(such as the hydraulic jump). Therein the problem is still rather 
complex, being described by multiple geometrical (nozzle 
shape – exit velocity profile, nozzle diameter, nozzle to plate 
spacing, nozzle to nozzle spacing, heater size – total jets used), 
flow and liquid parameters (Reynolds number, Prandtl number, 
Weber number – free jets). Previous parametric studies of 
multiple free jet impingement [7 - 12] typically found only a 
weak influence of the nozzle to plate spacing, with a stronger 
dependency on flow rate (Re) and jet-to-jet spacing (S/d). 
Unfortunately, these studies often employed systems with a 
large numbers of orifice-type jets (drilled in a plate of the scale 
of jet diameter). This meant that developed flow conditions 
were not present (i.e. the criterion of L/d•Re should be larger 
than 0.09), and the exit velocity profile could not be accurately 
known to allow comparison between studies. Recent numerical 
studies by the authors have shown the importance of the 
nozzle-exit velocity profile on the heat transfer distribution in 
both submerged and free-surface single-jet impingement 
[13,14]. Consequently, varying trends have been found in the 
literature: 
1. While most studies have found no real dependence of 

average heat transfer coefficient on nozzle-to-plate spacing, 
a few have found a strong dependence [15]. In addition, 
previous studies usually observed flooding of the free-jet 
configuration in the case of nozzle-plate spacings below 5 
diameters (see [7] & [16]). So application-relevant close jet-
wall spacing was not examined. This raises the additional 
consideration of the quality of the drainage provided (and 
influence of cross-flow) for these jet-arrays systems – which 
will be addressed in the following section. 
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2. Conversely, most studies have found that jet-to-jet spacing 

is of significant importance, though their recommendations 

differ (20 diameters in [3,5] vs. around 6 diameters in [17]). 

Whereas, ref. [15] found no significant influence of this 

parameter.  

3. Recent work with larger heaters (ref. [5]), has shown that 

this parameter is also of importance. Their values varied 

greatly from those obtained by another recent study [17] 

employing a heater with an area of 1 mm
2
. Concerns 

regarding the accuracy of results obtained on very-small 

heaters must be closely examined.  

4. These findings clearly raise the question if at these small-

scales the performance is dependent on other, edge-effects 

(flow development, quality of nozzle, etc.). Indeed, an early 

study on single free-jets [18] found strong nozzle-size 

dependence below a diameter of 1mm, which they 

attributed to jet-widening occurring from liquid-nozzle edge 

interaction at the exit. Similarly, it was found [16] that jet-

to-jet interaction may occur before impingement at close jet 

spacing (S/d<4), which can be explained by jet widening. 

More importantly, these findings raise the question of which 

parameters are truly influential to this problem, and which 

dimensionless parameters should be the basis for comparison of 

different experimental studies. 

MODULAR PREDICTION APPROACH 

In the study presented here, a method of modular prediction 

of heat transfer for single and multiple free-surface jets is 

presented, as depicted schematically in Figure 1. This method is 

based on three pillars: i) Generation of an array where each jet 

is similar to the next (and each can be modeled by the same 

building element – outlined by the black dashed line in Fig. 1a) 

; ii) as this element contains the hydraulic jump -  successful 

prediction of the location of the hydraulic jump (also under 

array conditions); and iii) As the hydraulic jump does not allow 

information to travel upstream (Shock) a suitable single-jet heat 

transfer distribution model can be used up to it. In other words, 

the entire influence of an adjacent jet is to shift the location of 

the hydraulic jump, but not to influence the (supercritical) flow 

upstream of it. As a final step, there is the need to “stitch” 

together the prediction of the heat transfer under each 

individual jet in order to obtain the entire field – a simple 

mathematical procedure not dealt with here.  

Researchers have studied the hydraulic jump ever since the 

early work of Rayleigh [19], though previous attempts at 

predicting its location have had limited in success [20, 21]. As a 

flow-instability (relaxation from supercritical flow) it is very 

susceptible to influence of initial and system perturbation – 

leading to a reasonably wide spread of data. The hydraulic 

jump has been modeled as a shock (wave), a river bore, a 

standing wave and as a black hole [19, 22, 23, ,24], employing 

viscous-inviscid flow, as well as shallow water, gas and 

boundary layer theory [25]. We shall take a closer look at some 

of these predictions (Bohr et al.[26], Liu & Lienhard [27]) as a 

foundation to the modelling undertaken here. 

While several previous correlations exist for a single free-

jet, both analytically based [28] and empirically based [29,30], 

recent work by the authors has shown additional self-similarity 

in free-surface jet impingement [14]. This self-similarity is here 

used to develop an improved model – suitable for various jet 

velocity profiles. 

 

 
 

 

Figure 1 Typical results from the basic 2x2 jet array 

employed in the present experiments: (a) high speed 

photography – black dashed line shows modular array element, 

white dashed line shows location of: (b) liquid thickness 

measurement; (c) schematic showing jet interaction problem 

parameters 

EXPERIMENTAL SYSTEM 
The present study is focused on establishing a clearer view 

of this complex problem by simplifying and reducing the 

unknowns. It is identified that underlying the heat transfer 

problem, the hydrodynamics of single jet and jet interaction are 

 

      

a 

b 

c 

s 

S 

Rj 

w 

d 

H 

h 

Subcritical 

flow Supercritical 

flow

Wall-jet 

11th International Conference on Heat Transfer, Fluid Mechanics and Thermodynamics

259



    

of vital importance to modular prediction. Therein, a simple 
configuration of 2x2 pipe-type jets running de-ionized was 
employed, similar to that previously used by the authors 
[31].To avoid the aforementioned drainage (cross-flow) and 
flooding problems, a method of liquid extraction was 
employed. Whereby, suction pipes are located at the jet-
meeting points. The basic concept of this type of liquid 
extraction has been around for more than a decade, with recent 
application-driven studies showing that it leads to significant 
enhancement of heat transfer [32, 33]. This form of liquid 
extraction also increases the inherent symmetry of the problem, 
their similarity to much larger arrays (modularity) and allows 
for easier simulations to be performed, which are planned for 
future study. These type of jets are characterized by a 
developed parabolic velocity profile, meeting the condition 

L/d⋅Re>0.08, for all except the jets with d=1.6mm - for which 
conditions for generating a 7th power profile are prevalent. 
These type of small arrays, especially with the local liquid 
extraction employed here, have been shown to be representative 
of larger arrays [7,31]. 

 

Figure 2 Schematic of experimental free-surface jet array setup 

 
In the present study the influence of nozzle-jet spacing, jet-

to-jet spacing and three different jet diameters have been 
examined. This parametric variation has assisted in identifying 
their influence on the key issue of the hydraulic jump location. 
In order to better characterize the resulting free-surface 
interface a quantative liquid film thickness measurement 
(optically - through the transparent impingement plate) and 
high speed photography was employed. Recently, a 
comprehensive study of the hydrodynamics of the interaction of 
two adjacent jets in an unbounded configuration has been 
published [34]. Present results compare well with the findings 
there, though include the interaction between 4 jets (an array 
module), and contain quantative liquid thickness measurement, 
and inter-jet liquid extraction. Previous studies employing 
quantative liquid thickness measurements have been limited to 

single jet impingement [35,36] (employing capacitance probes 
and LIF, accordingly). Thereby the present study builds on the 
insight provided in these studies, but extends to modelling 
application relevant conditions (multiple jets with spent liquid 
extraction). 

The multiple jet experimental system was not setup to 
conduct heat transfer experiments, and rather previous single jet 
experimental and numerical data by the authors [14,37] and 
data from the literature [18, 28] are relied upon for the heat 
transfer model development.  

NOMENCLATURE 

 
C* [-] Constant in Eq. (1) 

C** [-] Constant in Eq. (2) 

d [m] Nozzle/jet-exit diameter 

f(Pr)

  

[-] Function for Prandtl number dependence in stagnation 

flows 

Frh [-] Froude number based on pre-jump liquid depth, Eq. (3) 

g [m/s2] Gravitational acceleration 

h [m] Pre-jump (supercritical flow) liquid film thickness 

hf [W/m2K] Convection coefficient 

H [m] Nozzle – plate distance 

k [W/mK] Thermal conductivity 

Nu [-] Nusselt number, Nu= hf d/k 

Pr [-] Prandtl number, Pr=α/v 

r [m] Radial coordinate 

Rj [m] Radius of the hydraulic jump 

Re [-] Jet Reynolds number , Re=uavd/v 

s [m] Post-jump liquid depth 

S [m] Inter-jet spacing in an array 

T [K] Temperature 

u [m/s] velocity 

U [-] Ratio of jet centreline to average velocity  

x [-] Cartesian axis direction – parallel to plate 

z [m] Cartesian axis direction – normal to plate 

 

Special characters 
α [m2 /s] Thermal diffusivity 

δ [m] Local liquid film thickness  

θ [°] Jet inclination angle  
v [m2 /s] Viscous diffusivity 

 

Subscripts/Superscripts 

av  Average 

c  Centerline 

f  Flow/convection 

j  Jump  

m  Stitching power, Eqs. (15) & (17) 

n  Radial decay power, Eqs. (13) & (14) 

o  Stagnation point 

ANALYTICAL-EMPIRICAL MODELLING 

In order to employ a modular prediction method, i.e. using 
single jet heat transfer theory and understanding for predicting 
multiple jets, the key issues that need to be resolved are 
predicting the location of the hydraulic jump and finding a 
reliable universal single-jet heat transfer model. Both these 
issues are crucial for successful prediction: i) The location of 
the hydraulic jump will be affected by the spacing between 
adjacent jets, as their flow interacts and single jet theory starts 
to breakdown, ii) Existing single jet prediction methods are not 
universal – they do not consider all relevant parameters: jet 
velocity profiles, nozzle-plate spacing, inclination relative to 
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gravity or the nature of radial heat transfer decay. These issues 
are addressed in the following. 

 

Location of Hydraulic Jump 

Taking a closer look at previous work on predicting the 
hydraulic jump (also in review by the authors [38]), it is seen 
inviscid theory seems to underestimate the hydraulic jump 
radius and predict a strong dependency on incoming jet 
diameter, which has not been observed experimentally [39]. 
Besides that two notable approaches can be seen. On the one 
hand, the approach presented by Bohr et al. [26] based on 
shallow-water analysis including viscosity, predicts the jump 
location as: 

1/8
2

* 5/8

3
Re

j
R

C
d gd

ν 
=  

 
    (1) 

 
where Rj is the radius at which the hydraulic jump occurs, d 

is the jet nozzle diameter, C* is a constant of order one, Re is 
the Rayleigh number, ν is the dynamic viscosity and g is the 
gravitational acceleration. By comparison of prediction by this 
equation to present experimental data, as extensive data from 
the literature, it is seen to grossly over-predict. Even if a 
significantly reducing constant is chosen, C

*=⅛, as Figure 3 
shows, the over-prediction persists, and agreement with 
experiments is not good.  

 
Figure 3 Evaluation of shallow-water model prediction, Eq. (1)  

 
Later work by the same authors [21] found that 

experimentally the dependence on Reynolds number had a 
higher power, around ¾, which could be closely obtained by a 
complex piece-wise theoretical study (matching of upstream 
and downstream analysis). This modification to Eq. (2) is 
simply taken as: 

1/8
2

** 3/4

3
Re

j
R

C
d gd

ν 
≈  

 
    (2) 

 
Although several studies have found agreement with the 

prediction of above equations [40, 35], they also noted that as 
an instability even surface roughness and plate edge chamfer 
affect Rj, while downstream obstructions or confinement 

significantly reduce it. When examining the literature as to the 
cause this significant reduction, one sees that the liquid depth 
downstream of the jump (s), is inversely proportional to the 
jump location, and is known to dictate the type of jump formed 
(single vortex, double vortex, double step, loss of jump [23]). 
The two previous equations do not contain this important 
parameter (s), and as Figure 3 shows, can only be considered an 
upper limit for the jump location – suitable for cases of minimal 

confinement and backpressure (s→h). 
Conversely, in turbulent flow experiments, jump radii and a 

Reynolds number dependence differ from the above model 

(Rj/d ∝ Re
0.82)[27,30]. Following the analysis of Rayleigh [53], 

in assuming mass and momentum conservation across the jump 
(or “shock”) leads to the relation: 

 

( )
2

2

3

1
1 1 8

2 8

av
h h

j

u ds
Fr Fr

h R gh
= − + + =   (3) 

Here Frh is the upstream Froude number, h is the upstream 
depth (pre-jump), s is the downstream depth (post-jump), and 
uav the average jet velocity. As noted by Liu & Lienhard [27], 
most expressions for circular hydraulic jumps found in 
literature (from Watson[39] to Watanabe[21]), employ a 
variation of this equation. Their comparison with experiments 
also demonstrated that Eq. (3) mildly over-predicted the jump 
location. This alternative approach, leading to Eq. (3) is limited 
by another key factor – as a single equation with 3 unknowns 
(s, h, Rj) it is unsolvable.  

 

 

Figure 4 Prediction of pre-jump liquid film thickness by 
Eq. (4), showing good agreement (R2=0.958) 

The present study employs elements from both these models 
(Eq. (2) & (3)) in an attempt to reconcile them, into a new 
model which better captures the phenomena. In order to do this, 
first the amount of unknowns in Eq. (3) needs to be reduced. 
By examining extensive data from experimental studies in 
which liquid profiles were measured under single jets, it is 
found that the values of h do not vary significantly with jet 
diameter or even with flow rate. For instance, for water h varies 
from around 0.1mm up to 0.3mm for an increase of almost 
three orders of magnitude in Reynolds number. Furthermore, as 
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the pre-jump liquid film is very thin, it bares resemblance to 
falling liquid films, which is well-described by Nusselt’s thin 
film theory. Considering the characteristic liquid film thickness 
from that theory, which is related to the viscous length (v2/g)1/3 
and examination of the available data trends leads to an 
expression for pre-jump liquid film thickness: 

 
1/3

2

1/9

3
Re

2

h

d gd

π ν 
=  

 
    (4) 

 
Note that this equation suggests that pre-jump depth is 

independent of nozzle diameter, but weakly dependent on 
Reynolds number and viscous length as defined above. Present 
values of h together with those found in the literature are 
plotted against the Reynolds number in Figure 4. The data 
covers water, water with a surfactant and propylene glycol, 
nozzle diameters ranging 0.26<d<15mm and over two orders of 
magnitude in Reynolds number. Comparing the hollow 
diamond symbols to the full ones (experimental data from Ref. 
[27]), shows that surface tension does not have a significant 
effect on the value of h. On the other hand, viscosity has a 
significant effect as can be seen from comparison of the water 
data to that of propylene glycol (from [41]). Even data for 

water heated to 40°C (from [36]), with viscosity reduced by 
35%, stands out as the lowest data point on the graph (hollow 
circle). as predicted by the dashed line. In the figure, prediction 
by Eq. (4) is shown to capture this viscosity dependence quite 
well (3 different values), as well as the general trend. 

 

Figure 5 Prediction of hydraulic jump location by Eq. (8), 
showing good agreement (R2=0.968); solid lines indicate 25% 

error, symbols are per Fig. 3 

 
Introducing the upstream liquid film thickness, as described 

by Eq. (4), into Eq. (3) reduces the amount of unknowns in that 
equation to two (s, Rj), allowing it to be reordered to the form: 

 

( )
15/18

3/2

1
Re

2
h

j

d
Fr

Rπ

=     (5) 

As typical values of Frh are high it is possible to 
approximate Eq. (3) as: 

2
h

s
Fr

h
≈      (6) 

 
Using this approximation together with the relations given 

in Eqs. (3) & (4) leads to: 

 
1/3

2

17/18

3

1
Re

4

j
R

d gs

ν

π

 
=  

 
    (7) 

 
As we saw the previous model did not contain a term with s 

which is known to be important, on the other hand it contains a 
term with d, which does not appear here. Attempting to 
reconcile Eq. (7) with the previous model, we seek to 
incorporate the unique terms from both equations and average 
their Reynolds number dependence, leading to: 

 
1/3 1/8

2 2

5/6

3 3

4
Re

3

j
R

d gs gd

ν ν   
=    

   
   (8) 

 
Here the value of the constant was found by comparison to 

experiments. It can be seen that this equation contains the same 
influences of both dimensionless length scales (terms in 
brackets) as suggested by the previous two models, and with an 
average value of the power of Reynolds number. This value 
≈0.833, is slightly higher than previous studies, but quite close 
to the empirical result of Ref. [30], 0.82. This equation does 
still contain the post jump depth, s, which must be controlled 
and preferably measured for prediction of the jump radius, Rj. 
Therefore the model is evaluated only against data that contains 
this information, as shown in Figure 5. As the figure shows 
reasonably good agreement is found using Eq. (8) even under 
strongly confined conditions, such as in the array experiments 
conducted here. These confined conditions are typically 
expressed by an increase in s leading to a decrease in Rj. 

This new model for the jump location has directly led to the 
definition of a new dimensionless spacing between adjacent 
impinging jets in the form of: 

1/3 1/8
2 2

* 5/6

3 3

4
Re

3

j
R d d

S
d S gs gd S

ν ν     
= =     

    
       (9) 

 
Evaluating the terms in brackets for the experimental data 

obtained here it is found that a good approximation is given by: 
 

* 5/6
0.091Re

d
S

S
=     (10) 

Although the value of the constant, agrees with that found 
by introducing characteristic values into Eq. (9) for d=1.6mm, 
it seems suitable for the d=0.6mm data as well. Plotting the 
width of the inter-jet post hydraulic jump zone (here termed the 
inter-jet hump) against the dimensionless scaling given in Eq. 
(10), as shown in Figure 6, reveals a clear transition in jet 
interaction. At around a value of S

*
=1/2, by definition, the 
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adjacent jet’s supercritical flows begin to meet up, this leads to 

a rapid narrowing of the hump to around one jet diameter and 

the occurrence of a standing fountain. This phenomenon has 

recently been extensively studied and described for two 

adjacent jets [34], and is expected to prevent the heat transfer 

degradation typically associated with the post hydraulic jump 

area – the negative jet interaction. From a modelling point of 

view, the Nusselt number prediction of each jet, developed for 

the supercritical flow zone, covers the majority of the heated 

surface. This leaves only very small (“corner”) zones to be 

interpolated for in order to calculate the entire heat transfer 

distribution or average transfer coefficient. 

 

Figure 6 Dimensionless inter-jet hump width as dependent 

on self-similar jet spacing Eq. (10), showing transition to 

standing fountain between ½<Rj/s<¾ 

Heat Transfer Distribution 

Regarding the second key issue for modular prediction, the 

model for the Nusselt number, several options exist. In the 

literature several models can be found: the analytical model of 

Liu et al. [28] is based on boundary layer theory applied in a 

piece-wise fashion to describe the different zones (stagnation, 

boundary layer emergence, thermal boundary layer emergence, 

etc.). However, this piece-wise model it not very convenient for 

use, and as it is based on a uniform velocity profile is not 

applicable to all jets. The empirical model of Ma et al. [29] has 

a similar form to the previous model, though with slightly 

different constants. While the empirical model of Stevens and 

Webb [30] was developed for turbulent water flows and 

employs only two zones (stagnation and wall-jet) with a 

stitching function between them. Recent simulations by the 

authors have shown that for laminar jets (and as will be shown 

here for weakly turbulent ones as well) additional self-

similarity exists in the various zones, which can be used to 

simplify modelling [14]. This previous study was limited to the 

evolution of a parabolic velocity profile, emerging from the 

nozzle. It is therefore extended, following the same 

methodology, in order to develop an improved more useable 

model – suitable for various jet velocity profiles. 

Previous studies have found that the impinging velocity 

profile is of vital importance to the form of the heat transfer 

distribution. In a previous study by the authors a parabolic 

velocity profile and its relaxation during its pre-impingement 

flight, was studied by numerical simulations [14].   That study 

identified the importance of the term of the local centerline 

velocity, normalized by the average exit velocity for the heat 

transfer. The present study similarly characterizes any 

intermediate velocity profile (between parabolic and uniform) 

by its exit centerline velocity to average exit velocity. 

Assuming, as typically is the case, that Reynolds number is 

quite high or nozzle-plate distance is small, such that 

H/(d⋅Re)→0, means that this is similar to the velocity profile 

which impinges.  

If the velocity profile, exiting the nozzle, is known, or can 

be measured or reasonably estimated, then the above described 

velocity ratio can be defined. This, ratio can then be used to 

form a new equation for predicting the stagnation Nusselt 

number, applicable for almost any monotonous velocity profile 

– from parabolic to uniform, under the mentioned assumptions:  

( )
1/3

1/2 *3
Nu Re Pr (Pr)

4

c

o

av
o

u
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=  

 
   (11) 

Here Nuo is the stagnation Nusselt number, Re is the 

Reynolds number based on jet exit conditions, Pr is the Prandtl 

number, u is velocity and subscripts c and av are centerline and 

average, accordingly. The constant of ¾ is based on the value 

suggested by theory [28] for a uniform velocity profile 

(uc/uav=1), and Pr
*
 is an average value of the Prandtl number 

needed for converting the type of dependence in that model to 

the form in the present, given by f(Pr). This is the complex 

function of Prandtl number suitable for stagnation flow – 

validated for 0.07<Pr <1300 [14], and approximated according 

to [42] as: 

0.4

1/3

2Pr/
Pr 0.15

1 0.804552 2Pr/

(Pr) 0.53898Pr 0.15 Pr 3

0.60105Pr 0.050848 Pr 3

f

π

π


≤

+
= ≤ ≤
 − ≥



  (12) 

By comparison to the above mentioned literature it is found 

that the most suitable value for the unknown constant in Eq. 

(11), is around the value of water, Pr
*
=6.5. With this value the 

prediction by Eq. (11) agrees quite well with the asymptotic 

values suggested by Liu et al. [28] at both ends of the curve 

(parabolic profile and uniform profile), as shown in Figure 7. 

This stagnation heat transfer model, Eq. (11), innovates by 

incorporating the jet velocity profile and a Prandtl number 

dependence suitable to a wider range of liquids.  

In order to obtain a full description of the heat transfer 

under an impinging free-jet, we now look beyond the 

stagnation point, into the wall-jet region (up to the hydraulic 

jump). By fitting curves to several measured distributions, for 

various velocity profiles taken from previous works by the 

authors [14,37] and some unpublished experimental data, it was 

possible to establish the decay of the heat transfer in the wall-

jet region, as follows:  
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This equation contains a dependence on the value of the 

stagnation Nusselt number – a higher starting point for the 

decay with radius, r. Regarding the value of the rate of decay, 

n, previous works have suggested a value of ½ [28] - equivalent 

to a constant height pre-jump liquid film, while recent 

simulations suggest somewhat higher values – which would be 

equivalent to the thickening of the wall-jet liquid film found for 

these profiles [39, 14]. As higher stagnation heat transfer 

decays more rapidly downstream, this power should depend on 

stagnation Nusselt number (which contains this dependence): 

 

1/2

Nu1 2 1

2 3 4 Re (Pr)

on
f

 
= + 

 
   (14) 

 

 

Figure 7 Nusselt number predicted by Eqs. (15) & (17), for 

the two limiting velocity profiles vs. dashed line - theory [29], 

solid line – simulation [14] 

The stagnation Nusselt number can now be “stitched” to the 

radial one (given in Eqs. (13) & (14)) in a similar form to that 

used in Ref. [30]: 

 ( ) ( )( )
1

Nu Nu Nu

m

m m

o r

−
−

−

= +    (15) 

 

Here a value of m=7 was found to give smooth curves, 

similar to experimental data. This combined equation gives a 

radial heat transfer decay which fulfils several important 

observed physical trends: i) Velocity profiles with a higher 

centreline value (i.e. steeper gradients as in a parabolic profile) 

generate a higher stagnation Nusselt number; ii) For higher 

values of stagnation Nusselt number (e.g. parabolic profile) the 

radial decay is faster; iii) Beyond a certain distance downstream 

the heat transfer becomes independent of the incoming velocity 

profile (in the range of 3-5d); iv) As found in previous 

simulations and experiments, when the velocity profile is near 

to uniformity, an off center peak emerges. In order to model the 

latter, the criterion for the off-center peak is adapted from 

previous work [14] and converted into terms of velocity: 
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u
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If this condition is met then a slight modification to Eq. (15) 

should be used, up to the radius where both equations agree – 

around r/d=1: 

( ) ( )

1

1.2
1: Nu 1 Nu Nu

m mm
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d d d

−

−

−

<
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  (17) 

 

In Figure 7 these heat transfer curves are plotted and 

compared to previous theory and simulations.  

Unfortunately, the exit velocity profile of the jet is not often 

characterized in heat transfer experiments. However, it is 

possible to estimate the form of the profile in the limiting cases: 

High Reynolds number, short/orifice type nozzle – uniform 

velocity profile; Low Reynolds number, pipe-type nozzle – 

parabolic velocity profile. As an example of the former, Figure 

8 shows a comparison of experimentally measured heat transfer 

distribution (taken together with liquid film thickness 

measurement, in [37]) to that predicted by several models 

[28,30], including the present one.  For the case of uniform 

velocity profile, all models predict the stagnation heat transfer 

well for Re=2900. Conversely, the full profile measured at 

Re=3550 is under-predicted at stagnation by both the other 

models. The theoretical model [28] under-estimates the heat 

transfer, probably because it was developed for purely laminar 

flow, and has been shown to over-predict the liquid film 

thickness (under-predict the velocity) [14]. The purely 

empirical model [30], developed for turbulent conditions 

(Re>4000) better captures the wall-jet part of the heat transfer. 

While the present, analytical-empirical model seems to capture 

the entire curve better, right up to the location of the hydraulic 

jump at r/d=3.6. 

 

Figure 8 Prediction of heat transfer distribution under a 

uniform velocity profile free jet (Re=2900, 3550; H/d=6) by 

three different models 
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Influence of Gravity 

For a more complete description of impinging free-jets, 

inclination (gravity) is of importance and especially relevant to 

many applications (cooling for machining/drilling, metal sheet 

quenching and other manufacturing processes). For examining 

the influence of inclination relative to gravity’s direction, 

highly resolved thermal measurements were conducted of a 

horizontal free jet impinging on a transparent heater. These 

measurements were compared to simulations in an attempt to 

better understand the results, as shown in Fig. 9. Agreement in 

form between simulation and experiment was very good though 

the simulations overestimated the heat transfer in the stagnation 

zone by around 50 percent. Both methods showed that already 

in the stagnation zone asymmetry exists due to the influence of 

gravity. The details of the mechanism causing this asymmetry 

remain to be clarified – as it may be due to either weak 

inclination of the jet (around 3 degrees) or redistribution of the 

incoming velocity profile prior to impingement. 
However, as the results emphasis that gravity must be taken 

into consideration when a detailed description of the heat 

transfer under a jet is required, especially with regards to the 

occurrence and location of the hydraulic jump (easily supressed 

in gravity’s direction). 

 

          

Figure 9 Measured vs. Simulated heat transfer under a 

horizontal impinging jet (Re=3500, H/d=5.5,θ
o 

≈ 3°) showing 

up-down asymmetry within the stagnation zone 

CONCLUSION  
The development of a model for modular prediction of heat 

transfer under an array of free-surface jets has been presented. 

It was further identified that the key obstacles to this approach, 

are:  

i) Generating a modular array (whereby all jets are similar 

to each other), under which single jet theory can be used to 

describe the majority of the heat transfer area (only the jet-

interaction zones require interpolation between adjacent 

predictions);  

ii) Predicting the location of the hydraulic jump under these 

modular conditions, up to where the single jet theory strictly 

applies – this also leads to the ability to predict (or generate 

conditions which reduce) the undesirable post-jump jet 

interaction zones;  

iii) Establishing a universal single-jet heat transfer model 

incorporating all relevant parameters: jet velocity profiles, 

nozzle-plate spacing, inclination relative to gravity or the 

nature of radial heat transfer decay.   

To address the first issue, experiments were conducted 

employing de-ionized water in both single and basic multiple-

jet array (2x2, with local liquid extraction in the jet interaction 

zones) configurations. It was found that when local liquid 

extraction is employed a high level of similarity between jets 

can be established, to permit modular prediction.  

Regarding the second issue, two previous limited theoretical 

approaches were re-examined (shallow-water vs. jump 

conservation) and through analytical-empirical development 

were reconciled into a new model for the jump location. This 

new model required developing a prediction of the pre-jump 

depth and still requires measurement or control of the post-

jump depth. Under these limitations good agreement was found 

with the available detailed experimental data.  

Finally, the last issue was addressed by reviewing a few 

existing models for heat transfer distribution under a single-jet 

– both theoretical (based on the integral boundary approach) 

and empirical (based on nominally turbulent water flows), and 

employing inherent similarities found in a previous numerical 

study by the authors. These were incorporated into a new model 

which addresses the often neglected jet velocity profile (related 

to jet-nozzle shape) in a comprehensive way. This model is 

shown to agree with the previous models under certain 

conditions and surpass them under others. It is further identified 

that the influence of inclination is also of vital importance to 

free-surface jets (breakage of symmetry) and must be examined 

in future studies. 

By addressing these three key issues the foundation for a 

modular prediction of heat transfer under a free jet array is laid. 

Future studies are planned in which this prediction will be 

compared to local and average heat transfer under a larger scale 

symmetric array (3x3, with liquid extraction at each flow 

junction). 
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