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Abstract: A computationally efficient method is presented for setting up accurate Bayesian 
support vector regression (BSVR) models of the highly nonlinear |S21| responses of planar 
microstrip filters using substantially reduced finely discretized training data (compared to 
traditional design of experiments techniques). Inexpensive coarse-discretiza-tion full-wave 
simulations are exploited in conjunction with the sparseness property of BSVR to identify the 
regions of the input space requiring denser sampling. The proposed technique allows for 
substantial reduction (by up to 51%) of the computational expense necessary to collect the 
finely discretized training data, with negligible loss in predictive accuracy. The accuracy of the 
reduced-data BSVR models is confirmed by their use within a space mapping optimization 
algorithm.
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Introduction
High-fidelity full-wave electromagnetic simulations based

on, e.g., the method of moments play a ubiquitous part in

contemporary microwave engineering, as they permit

stable and highly accurate evaluation of microwave struc-

tures such as planar filters. However, such simulations are

computationally expensive, and their use for design tasks

requiring numerous analyses (e.g., statistical analysis,

optimization) might become infeasible under certain con-

ditions—for instance, a genetic algorithm optimization

might require thousands of full-wave analyses of candi-

date geometries of the structure to be optimized. Hence

fast and accurate surrogate models of the structures under

consideration are indispensable.

Unfortunately, the setting up of accurate models is

often severely impeded by the high initial computational

cost of gathering the training data from fine-discretization

full-wave simulations. The standard approach is to use

trial and error to determine the number of randomly dis-

tributed fine-discretization training data points required to

train a model to exhibit a certain predictive accuracy.

Generally, uniformly randomly distributed data is used

because the variation of the response surface throughout

the multi-dimensional input space typically is not well

understood (it would be preferable to populate regions of

rapid variation more densely with training points). The

trial-and-error approach involves guessing a starting num-

ber of training data points, training the model, testing it,

and then simulating more data for further training if the

predictive accuracy needs improving. Numerous iterations

might be necessary until the desired accuracy is met. If

the data takes very long to simulate (days or even weeks

are not unheard of in some cases) and/or many data points

are required (e.g., thousands as in the case of our filters),

the trial and error approach might become extremely ex-

pensive. Furthermore, it is likely that some of the final

training data will be redundant given their uniform

distribution.

In this article, we introduce a method for efficient

selection of training data using Bayesian support vector

regression (BSVR) [1] as a modeling tool. Specifically,
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we exploit the sparseness property of BSVR within a

multi-fidelity modeling approach to significantly reduce

the amount of expensive high-fidelity data required for

training accurate surrogate models (compared with the

amount of training data that would be required using the

above experimental design approach). Our approach

entails training an auxiliary BSVR model using fast, inex-

pensive coarse-discretization data selected by means of

traditional experimental design procedures, and then tak-

ing the support vectors of this model simulated at a high

mesh density as reduced training data set for the actual

(high-fidelity) BSVR model. The role of the auxiliary

model can be seen as identifying regions of the input

space where more samples are needed compared with

other regions, for example because the response is more

variable there. It should be noted that we focus on global,

or ‘‘library’’ type, surrogate models that give accurate pre-

dictions over the entire input space—as opposed to local/

trust region models used within iterative optimization

frameworks [2, 3].

The reason for our preference of Bayesian support vec-

tor regression (BSVR) over standard support vector

regression (SVR) [4] —which so far has been the most

widely used kernel-based learning method for microwave

modeling [5–7]—is that BSVR provides a mechanism for

optimizing the multiple hyperparameters of the powerful

Gaussian kernel with automatic relevance determination

(ARD), while standard SVR does not. Standard SVR can

only handle the less expressive isotropic Gaussian kernel

[5–7], as it has no mechanism by which more than two

hyperparameters can feasibly be optimized (for a discus-

sion see Ref. 8). In Ref. 8, BSVR employing a Gaussian

kernel with ARD was shown to significantly outperform

standard SVR with an isotropic Gaussian kernel on a

highly nonlinear microwave modeling task, namely |S11|-

against-frequency responses of CPW-fed slot antennas

with multiple adjustable geometry variables. (The form of

the Gaussian kernel with ARD, its feature selection capa-

bilities, and the optimization of its hyperparameters are

discussed in Section II.A.)

The article is organized as follows. Section II briefly

considers theoretical aspects of BSVR, and presents

details of our multi-fidelity approach for training accurate

BSVR models using greatly reduced fine-discretization

training sets. Section III describes how we set up reduced-

data BSVR models for two challenging problems, namely

modeling of the highly nonlinear |S21| responses (as a

function of their design parameters and frequency) of a

capacitively coupled dual-behavior resonator (CCDBR)

microstrip bandpass filter with three adjustable geometry

variables, and an open-loop ring-resonator (OLRR) micro-

strip bandpass filter with seven adjustable geometry varia-

bles. It is shown that the accuracy of the reduced-data

models is on par with that of BSVR surrogate models

trained on the full fine-discretization data sets. In Section

IV, the robustness in terms of predictive accuracy of the

reduced-data models is further evaluated by using them in

filter optimization by means of space mapping [9]. Con-

clusions are presented in Section V.

II. BAYESIAN SUPPORT VECTOR REGRESSION (BSVR)
MODELING

A. Theoretical Aspects of BSVR
BSVR [1] is fundamentally a version of Gaussian process

regression (GPR) [10], and is based on Bayesian principles.

The crucial innovation in BSVR is the use of the so-called

soft-insensitive loss function Le;b [1, Eq. (11)], which com-

bines advantageous properties of both the e-insensitive loss

function of standard SVR (sparseness of solutions) [4], and

Huber’s loss function (differentiability):

Le;bðdÞ ¼

�d� e ; d 2 �1;�ð1þ bÞeð Þ
ðdþð1�bÞeÞ2

4be ; d 2 �ð1þ bÞe;�ð1� bÞe½ �
0; d 2 �ð1� bÞe; ð1� bÞeð Þ
ðd�ð1�bÞeÞ2

4be d 2 ð1� bÞe; ð1þ bÞe½ �
d� e; d 2 ð1þ bÞe;þ1ð Þ

8>>>>><
>>>>>:

(1)

In the above, 0 < b � 1, and e > 0; in the standard

Bayesian regression framework for GPR, training targets yi

corresponding to input vectors xi are expressed as

yi ¼ f ðxiÞ þ di, where the di are independent, identically

distributed noise variables, and the underlying function f is

a random field – d in Eq. (1) is equivalent to di.

The result is that BSVR exhibits desirable SVR prop-

erties such as quadratic programming and sparseness of

solutions, i.e., solutions that are fully characterized by the

set of support vectors (a subset of the training set input

vectors); while also exhibiting attractive features of GPR,

such as likelihood-based optimization of hyperparameters.

The crucial equations of the BSVR algorithm have already

been summarized in a microwave modeling context in

Ref. 8; a detailed treatment can be found in Ref. 1.

Training data sets in BSVR assume the form of n pairs

of input vectors xi and target (output) scalars yi,

¼ ðxi; yiÞ j i ¼ 1; :::; nf g. As noted earlier, we use the

Gaussian kernel with ARD, which takes the form

k xi; xj

� �
¼ r2

f exp � 1
2

XD

k¼1

ðxik � xjkÞ
2

s2
k

!
þ j (2)

where xik and xjk are the kth components of the D-dimen-

sional input vectors xi and xj; sk > 0 (k ¼ 1,..., D) are

tunable length-scale hyperparameters that determine the

relevance for the regression of xik and xjk, in effect pre-

senting a built-in mechanism for feature selection; and rf

and j are additional tunable hyperparameters. The optimal

hyperparameters (which include rf, sk, and j in Eq. (2) as

well as C and e of the dual problem [1, Eq. (29)]) can be

found as the set of hyperparameters that minimize the

negative log probability of the data given the hyperpara-

meters [1, Eq. (38)]. The dual problem is

min
a;a�

1
2
ða� a�Þ>Rða� a�Þ �

Pn
i¼1

yiðai � a�i Þ

þ
Pn
i¼1

ðai þ a�i Þð1� bÞeþ be
C

Pn
i¼1

yiða2
i
þ a�2i Þ

(3)
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subject to 0 � ai; a�i � C; i ¼ 1; :::; n. In the above, R is

a n � n matrix with Rij ¼ kðxi; xjÞ and kð�Þ the kernel

function.

The regression estimate at a test input x* can be

expressed as f ðx�Þ ¼
Pn

i¼1 kðxi; x
�Þðai � a�i Þ, with 0 � ai,

a�i � C. The subset of training input vectors xi corre-

sponding to |ai – a�i | > 0 are the support vectors. Training

input vectors corresponding to (ai � a�i ) ¼ 0 do not play

a role in the regression estimate. In general, the lower the

value of the parameter b in the loss function Eq. (1), the

smaller the number of support vectors.

B. Multi-Fidelity Method for Training Accurate Models
from Reduced High-Fidelity Data Sets
The model response of interest is |S21| over a specified fre-

quency range for a particular filter geometry. A model

(column) input vector x consists of the set of adjustable

geometry parameters xg and a frequency value f; thus we

have x ¼ [xT
g f]T. The (scalar) response of a model at a

specific frequency, for example the model response Rf

which is the fine-discretization full-wave simulated |S21|

value, is denoted as Rf(x), or Rf(xg,f) in the space-mapping

context of Section IV (other models are denoted simi-

larly). Suppose now that a BSVR surrogate Rs of the

CPU-intensive high-fidelity model Rf has to be con-

structed. As noted earlier, the computational cost of gath-

ering sufficient data to train Rs typically is high. To

address this, first, an auxiliary BSVR model Rs.aux of the

filter is set up with training data obtained from coarse-dis-

cretization full-wave simulations (these simulations are

referred to as the low-fidelity full-wave model Rc). The

training set for Rs.aux consists of n input vectors xi, i ¼
1,...,n; and associated targets yi ¼ Rc(xi), where xi con-

tains geometry parameters and a frequency value as noted

above, and yi is the corresponding simulated |S21| value.

The support vectors obtained from Rs.aux is then simulated

at the (high) mesh density of Rf, providing the reduced

fine-discretization training set for Rs.

As experience has shown that the coarsely simulated

targets Rc and finely simulated targets Rf of microwave

structures such as filters are usually reasonably well corre-

lated (in Section III we give coarse and fine meshing den-

sities for both filters as an indication of by how much

these can differ), we assume in the above that the regions

of the input space which support the crucial variations in

the coarse response surface also will support the crucial

variations in the fine response surface. Hence the support

vectors of the coarse model should largely capture the

crucial variations in the fine data as well, and along with

target values obtained through fine-discretization simula-

tions should make an adequate reduced-data training set

for a high-fidelity BSVR model, i.e., Rs.

III. MODELING EXAMPLES

A. Capacitively Coupled Dual-Behavior Resonator (CCDBR)
Microstrip Bandpass Filter
Consider the capacitively coupled dual-behavior resonator

(CCDBR) bandpass filter [11] implemented in microstri-

pline, shown in Figure 1a. The three design variables

were xg ¼ [L1 L2 L3]T. The design variable space for the

BSVR models was defined by the center vector x0
g ¼ [3 5

1.5]T mm and size vector d 5 [1 1 0.5]T mm such that

the variable ranges were x0
g 6 d mm (x0

g and d were

guesses, guided to some extent by expert knowledge of

the filters and a very rudimentary exploration of the

design space). The substrate height was h 5 0.254 mm

and the relative permittivity was er 5 9.9; the value of S
was 0.05 mm, while microstrip line widths w1 and w2

were 0.25 mm and 0.5 mm respectively. We were inter-

ested in the filter response over the frequency range 2 to 6

GHz. The high-fidelity model Rf of the filter was simu-

lated using FEKO [12] (total mesh number 715, simula-

tion time about 15 seconds per frequency). The low-fidel-

ity model Rc was also simulated in FEKO (total mesh

number 136, simulation time 0.6 seconds per frequency).

In order to set up the training data input vectors, 400

geometries were randomly selected from the design space

using Latin hypercube sampling (LHS). For each geome-

try, 12 simulation frequencies were selected by uniform

random sampling from the above frequency range,

yielding a total of n ¼ 400�12 ¼ 4800 training input vec-

tors of the form {xi ¼ [L1i L2i L3i fi]
T| i ¼ 1,..., n}, with

L1i, L 2i, and L3i the design variables corresponding to the

ith input vector, and fi a frequency value within the range

of interest. The corresponding output scalars, obtained

from FEKO simulations, were yi ¼ |S21i|. Test data were

likewise obtained from 50 new geometries, also obtained

Figure 1 Geometry of the (a) CCDBR bandpass filter [11], and (b) OLRR bandpass filter [13].

3



via LHS, with 41 equally spaced frequencies per geome-

try. Training data were simulated at the Rc mesh density,

and used to train the BSVR model Rs,aux for b ¼ 0.1, 0.2,

and 0.3 (b is the loss function parameter in Eq. (1) dis-

cussed above). Rs,aux was used to make predictions on the

test data (also simulated at the Rc mesh density).

The %RMSE (root mean square error normalized to

the target range expressed as a percentage) was around

4.13% for the three b values, which was acceptable for

this highly nonlinear problem, and indicated that the train-

ing set was sufficiently large. Next, for each value of b
the nSV support vectors of Rs,aux were simulated at the Rf

mesh density. BSVR models fitted to these reduced train-

ing sets gave the desired surrogate models Rs. For com-

parison, surrogates Rs,full trained on the full fine-discretiza-

tion training data (n ¼ 4800) were also set up. Table I

gives, for the three b values, the %RMSEs obtained with

Rs,aux on the coarse test data, and with Rs and Rs,full on

the fine test data; as well as the number of support vectors

obtained in each instance. The highly similar %RMSEs

obtained with Rs and Rs,full indicate that reducing the

number of expensive fine-discretization training points

from n to nSV incurred negligible accuracy loss, even for a

reduction in data as large as 48% (b ¼ 0.1). Figure 2a

shows typical predictive results for |S21| against frequency

obtained for the test geometry xg¼ [2.794 4.407 1.491]T

mm. Some discrepancy can be observed when comparing

the RMSE values for Rs.aux in Table I to those for Rs (and

Rs.full). It follows from the fact that the coarse model

responses are slightly smoother as functions of frequency

(i.e., they do not contain as much detail particularly in the

passband) than the fine model ones, which make them

easier to model; this results in a lower value of %RMSE.

Using a finer mesh for the Rc model would reduce this

discrepancy. The RMSE values for Rs and Rs.full neverthe-

less were good given the highly nonlinear nature of the

modeling problem, and of sufficient accuracy to yield

good optimization results, as we show in Section IV. The

total computational time necessary to gather the training

data for setting up Rs.full was 20 hours, whereas the corre-

sponding time for setting Rs (including both low- and

high-fidelity model evaluations) was 11.2, 11.4, and 12.8

hours (for b ¼ 0.1, 0.2, and 0.3, respectively) on a quad

core PC with a 2.66 GHz Intel processor and 4 GB RAM.

Thus the computational savings due to the proposed

technique vary between 36% (for b ¼ 0.3) to 44% (for

b ¼ 0.1).

B. Open-Loop Ring-Resonator (OLRR) Bandpass Filter
The filter geometry [13] is shown in Figure 1b. The seven

design variables were xg ¼ [L1 L2 L3 L4 S1 S2 G]T. The

design space was described by x0
g ¼ [40 8 6 4 0.2 0.1 1]T

mm and d 5 [2 1 0.4 0.4 0.1 0.05 0.2]T mm. Substrate

parameters were h 5 0.635 mm and er 5 10.2, while

microstrip line widths were W1 5 0.4 mm and W 5 0.6

mm. The frequency range of interest was 2 to 4 GHz.

High- and low-fidelity models were simulated in FEKO

[12] (total mesh number 1084 and simulation time 40 sec-

onds per frequency for Rf; total mesh number 148 and

simulation time 0.8 seconds per frequency for Rc). Train-

ing data were comprised of 400 geometries obtained by

LHS, with 12 randomly selected frequencies per geometry

(n 5 4800), while test data were 50 new LHS geometries

with 81 equally spaced frequencies per geometry. Setting

up Rs,aux, Rs and Rs,full proceeded in a manner similar to

the earlier filter. Table I gives the %RMSE values

obtained with Rs,aux on the coarse test data and with Rs

and Rs,full on the fine test data; as well as support vector

Figure 2 Predictive response of BSVR models Rs (—) and Rs,full (- - -), and high-fidelity model Rf (.....) for (a) the CCDBR bandpass fil-

ter test geometry xg ¼ [2.794 4.407 1.491]T mm, and (b) the OLRR bandpass filter test geometry xg¼ [38.088 8.306 5.882 4.029 0.193

0.061 0.985]T mm.

TABLE I Predictive Errors of Surrogate Filter Models

RMSE (%)

b Rs,aux Rs Rs,full nSV nSV/n
(%)

CCDBR Filter

(n ¼ 4800)

0.1 4.17 6.05 5.98 2488 52

0.2 4.12 5.87 5.95 2563 53

0.3 4.11 5.95 5.86 2886 60

OLRR Filter

(n ¼ 4800)

0.1 4.12 4.26 4.21 2360 49

0.2 3.77 4.47 4.32 2565 53

0.3 3.46 3.90 3.64 2744 57

Rs,aux are BSVR models trained on all n data points obtained
from coarsely discretized simulations; Rs,full are BSVR models
trained on all n data points obtained from finely discretized simu-
lations; and Rs are BSVR models trained on the nSV finely discre-
tized data points corresponding to support vectors of Rs,aux.

4



counts. In general %RMSE values of Rs were only mar-

ginally higher than those of Rs,full, suggesting as before

that reducing the number of training points from n to nSV

by using the support vectors of Rs,aux as fine-discretiza-

tion training points for Rs has little effect on prediction

accuracy. The greatest reduction in data (51%) was

obtained for b 5 0.1. Figure 2b shows representative pre-

dictive results for |S21| against frequency, in particular for

the test geometry xg5 [38.088 8.306 5.882 4.029 0.193

0.061 0.985]T mm. The computational time necessary to

gather the training data for setting up Rs.full was 53.3

hours. The corresponding time for setting up Rs (includ-

ing both low- and high-fidelity model evaluations) was

27.2, 29.3, and 31.4 hours (b 5 0.1, 0.2, and 0.3, respec-

tively). The computational savings due to the proposed

technique range from 41% (for b 5 0.3) to 49% (for b
5 0.1).

IV. FILTER OPTIMIZATION USING BSVR SURROGATES

The BSVR models can be used to perform design optimi-

zation. Below, we denote the vector response of a model,

defined as the set of scalar responses at selected frequency

points f ¼ [f1 f2 … fm] over the range of interest, as

Rf(xg,f) (models other than Rf are denoted similarly).

Given that linear responses were modeled – the preferred

choice given the Gaussian kernel – but logarithmic

responses (in dB) are optimized, the design is further

refined using the standard space mapping surrogate-based

optimization (SBO) [9] algorithm with frequency scaling

[14]. In particular,

xðiþ1Þ
g ¼ arg min

xg

U RðiÞss ðxg; f Þ
� �

(4)

where U is the objective function implementing the design

specifications, and R
ðiÞ
ss is a surrogate model, enhanced by

output space mapping (OSM) of the form R
ðiÞ
ss (xg,f) ¼

Rcc(xg,f) þ [Rf(x
ðiÞ
g ,f) – Rcc(x

ðiÞ
g ,f)], which ensures that

R
ðiÞ
ss (x

ðiÞ
g ,f) ¼ Rf(x

ðiÞ
g ,f). In the above, Rcc ¼ Rs or Rs.full

(the BSVR models). The optimization problem (4) is con-

sidered in the regions of validity of the respective BSVR

models, which are defined at the beginning of Sections

III.A and III.B for both filters, respectively.

The objective function U is a minimax objective

function. More specifically, if Rss(xg,f) ¼ [Rss(xg,f1)

Rss(xg,f2)... Rss(xg,fk)… Rss(xg,fm)]T, where Rss(xg,fk) is the

scalar response of Rss at frequency fk, and the design spec-

ifications are Rss(xg,fj) � uj, j ¼ k1,...,kNu (upper specifica-

tions), and Rss(xg,fj) � lj, j ¼ m1,..., mNl (lower specifica-

tions), then the objective function is defined as

UðRssðxg; f ÞÞ ¼ maxðmaxfRssðxg; fjÞ � uj; j
¼ k1; :::; kNug;maxflj � Rssðxg; fjÞ; j
¼ m1; :::;mNlgÞ (5)

i.e., as the maximum violation of the design specifications

for all frequencies where the specifications are set up. The

design xg satisfies the specifications if and only if

U(Rss(xg,f)) is nonpositive, that is, if the upper/lower spec-

ifications are not violated for any frequency of interest.

The design process starts by directly optimizing the

BSVR model (for each filter, we used the BSVR surro-

gates corresponding to b ¼ 0.1). Each iteration [cf. Eq.

(4)] requires only one evaluation of the high-fidelity

model. The CCDBR bandpass filter had design specifica-

tions |S21| � –3 dB for 3.8 � f � 4.2 GHz; and |S21| � –

20 dB for 2.0 � f � 3.2 GHz, and 4.8 � f � 6.0 GHz (f
denotes frequency). Figure 3 shows the responses of the

high-fidelity model Rf as well as the responses of Rs and

Rs.full at the initial design x
ð0Þ
g ¼ [3 6 1.5]T mm. The high-

fidelity model responses at the optimized designs found

using both Rs and Rs.full are shown in Figure 4 (these

designs were [3.47 4.79 1.01]T mm and [3.21 4.87 1.22]T

mm respectively). In both cases, the design process is

accomplished in three iterations, which correspond to a

design cost of four high-fidelity model evaluations.

For the OLRR bandpass filter, the design specifications

were |S21| � –1 dB for 2.85 � f � 3.15 GHz, and |S21| �
–20 dB for 2.0 � f � 2.5 GHz and 3.5 � f � 4.0 GHz.

Figure 5 shows the responses of Rf, Rs, and Rs.full at the

initial design x
ð0Þ
g ¼ [40.0 8.0 6.0 4.0 0.1 0.1 1.0]T mm.

The responses at the optimized designs obtained using Rs

and Rs.full are shown in Figure 6 (these designs were

Figure 3 CCDBR filter: responses of the high-fidelity model

(—), and BSVR models Rs.full (- - -) and Rs (����) at the initial

design x
ð0Þ
g . Design specification as per horizontal solid (red)

lines.

Figure 4 CCDBR filter: responses of the high-fidelity model at

the optimized designs found using Rs.full (—) and Rs (- - -).

Design specification as per horizontal solid (red) lines.
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[39.605 8.619 6.369 3.718 0.300 0.069 0.986]T mm and

[39.010 8.219 5.786 4.260 0.268 0.050 1.068]T mm,

respectively). In both cases, the design process is accom-

plished in two iterations, which correspond to the design

cost of three high-fidelity model evaluations.

V. CONCLUSIONS

A major impediment to the setting up of accurate surro-

gate models is the costly and lengthy process of collect-

ing training data from fine-discretization full-wave simu-

lations. We introduce accurate Bayesian support vector

regression modeling of highly nonlinear |S21| responses

of microstrip filters using substantially reduced fine-dis-

cretization training data sets (compared with data sets

generated using standard experimental design methods).

The reduction in the number of fine-discretization train-

ing points (by as much as 51% in the case of the open-

loop ring resonator bandpass filter) is achieved by per-

forming BSVR modeling on the coarse-discretization EM

simulation data, and then obtaining high-fidelity simula-

tions only for the points that contribute to the initial

BSVR model in a non-trivial way (i.e., the support vec-

tors). Computational savings achieved in this manner had

negligible effect on predictive accuracy. Within a space

mapping optimization context, the reduced-data BSVR

models exhibited performance on a par with BSVR sur-

rogates trained on the full fine-discretization data sets,

validating our approach. A major advantage of BSVR is

that only a single parameter has to be set by the user,

namely b (this stands in contrast to for example neural

network-based methodologies that might require the trial-

and-error-based tuning of a variety of architectural/per-

formance parameters). We note that an approach similar

to ours was adopted for the modeling of microstrip

transmission lines in [6]; however, these authors only

used standard SVR with an isotropic Gaussian kernel to

model functions that were relatively simple compared to

our filter responses. Furthermore, the models in [6] had

input vectors that were limited to three components/fea-

tures; our BSVR filter models could successfully handle

input vectors with up to eight features, confirming the

efficacy of the Gaussian kernel with ARD (which cannot

be used optimally within standard SVR).
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