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ABSTRACT. In this paper we study a system of nonlinear Stochastic Partial Differential equations
describing the motion of turbulent Non-Newtonian media in the presence of fluctuating magnetic
field. The system is basically obtained by a coupling of the dynamical equations of a Non-
Newtonian fluids having p-structure and the Maxwell equations. We mainly show the existence
of weak martingale solutions and their exponential decay when time goes to infinity.

1. INTRODUCTION

Stochastic Partial Differential Equations (SPDEs for short) have now become very important
tools in Hydrodynamics. They are used in the mathematical investigation towards the under-
standing of turbulent motions of fluids. The SPDEs governing turbulent fluids are obtained by
adding noise terms to deterministic models. This approach is basically motivated by Reynolds’
work which stipulates that the velocity of a fluid particle in turbulent regime is composed of slow
(deterministic) and fast (stochastic) components. While this belief was based on empirical and
experimental data, Rozovskii and Mikulevicius were able to derive the models rigorously in their
recent work [43], thereby confirming the importance of this approach in hydrodynamic turbu-
lence. Indeed, it is pointed out in [43] (see also [32]) that some rigorous information on questions
in Turbulence might be obtained from stochastic versions of the equations of fluid dynamics.

The mathematical study of SPDEs for hydrodynamics was initiated in the early 1970’s in the
papers of Bensoussan and Temam [4], since then stochastic Navier-Stokes equations and SPDEs
in general have been the object of intensive research which has generated several important
results. We refer to, among others, [1], [8], [10], [11], [17], [19], [20], [43], [44],[50],[51], [52],
53,591, [61].

Magnetohydrodynamics (MHD) is a branch of continuum mechanics which studies the motion
of conducting fluids in the presence of magnetic fields. The system of Partial Differential Equa-
tions (PDEs) in MHD are basically obtained through the coupling of the dynamical equations
of the fluids with the Maxwell’s equations which are used to take into account the effect of the
Lorentz force due to the magnetic field (see for example [15]). Magnetohydrodynamics plays
essential role in Astrophysics, Geophysics, Plasma Physics, the magnetic confinement device
Tokamak in Thermonuclear Physics, and in many other branches of applied sciences. In these
areas turbulent magnetohydrodynamic flows which are usually due to magnetic-field fluctuations
are typical. Deterministic models of MHD have been the focus of investigation by many mathe-
maticians. Several important results have been obtained, for instance in [34], [69], [62], [22], [18],
[40], [41]; just to cite a few relevant papers. The reader can consult [23] for a recent and detailed
account in the mathematical investigation of hydrodynamic turbulence. Many scientists have
also considered stochastic models for MHD by adding noise terms to the dynamical equations
of the fluids and Maxwell equations representing the magnetic-field fluctuations. The stochastic
MHD equations were investigated in [67, 2, 60]. The authors in [67], [2] consider additive noises.

Date: April 6, 2015.



STOCHASTIC MODIFIED MAGNETOHYDRODYNAMIC EQUATIONS 2

Using Galerkin’s approximation and compactness method, the author in [60] proved the exis-
tence of martingale weak solutions for the stochastic MHD equations in the presence of nonlinear
multiplicative noise which do not satisfy the Lipschitz condition.

Due to the conventional belief that the Navier-Stokes equations are an accurate model for
the motion of incompressible fluids in many practical situations, the majority of the above work
have assumed that the fluids are Newtonian. However, there are a lot of conducting materials
appearing in many practical and theoretical situations that cannot be characterized by Newtonian
fluids. To describe these media one generally has to use (conducting) fluids models that allow
the stress to be a nonlinear function of the strain rate. Fluids in the latter class are called
Non-Newtonian fluids. We refer for example to the introduction of Biskamp’s book [6] for some
examples of these Non-Newtonian conducting fluids. These facts motivated us to consider in the
present manuscript a class of stochastic modified MHD equations which allows the constitutive
law of the conducting fluids to exhibit a nonlinear relationship between the stress tensor and the
strain rate. More precisely, for a final time 7' > 0 and a sufficiently smooth bounded domain Q
in R” (n = 2,3) we describe the motion of randomly forced Non-Newtonian conducting fluids in
a fluctuating magnetic field by the following system of stochastic partial differential equations:

(du+ (—divT 4+ u-Vu+ uB x curl B+ VP) dt = fi(u,B, t)dt + g1 (u, B, t)dW7,
dB + (Scurlcurl B+ pu - VB — uB - Vu) dt = fa(u, B, t)dt + g2(u, B, t)dWs,
divu =divB =0,
u=0o0n0Qx (0,7),

B -n=curlBxn=0o0n0Qx(0,T),
u(O) = Uy, B(O) == BO7

where u = (u;;i=1,...,n), B=(B;;i=1,...,n) and P are unknown random fields defined on
Q x [0,T], representing, respectively, the fluid velocity, the magnetic field and the pressure, at
each point of Q x [0,7]. S and p are positive constants depending on the Reynolds numbers of
the fluid and magnetic fields, and the Hartman number. The terms f;(u, B, t) and g;(u, B, t)dW;
(i=1,2) are external forces depending on v and B, where W; are cylindrical Wiener processes
evolving on two Hilbert spaces K;. We assume they are mutually independent and identically
distributed. The quantities ug and Bg are given non random initial velocity and magnetic field,
respectively. Finally, T designates the extra stress tensor of the Non-Newtonian fluid and we
suppose that there exists a potential ¥ : RTX"™ — Rg and constants v, o such that for some

sym
p>1land foralll,k,i,j=1,2,...,n, D,E € R{ "
% (0
%(0) =0, 9%(0) =0yX(0) =0, Ti(D)=0uX(D), (2)
0Dy
90X (D) E;j Ey > v1(1+D)P2|EJ?, (3)
9ij0 X (D) < 1a(1 + [D*)P2. (4)

Here
R?;;g = {D € R™" . Dij = D]’i,i,j = 1,2,...,n}.

The structure of the nonlinearity of problem (1) introduces a number of interesting features
which are not present in their Newtonian counterparts such as the basic MHD or the Navier-
Stokes equations; we refer for instance to the papers [36], [38], [39] which deal with interesting
mathematical questions arising in similar fluids in the deterministic case. Besides the usual
nonlinear terms of the MHD equations, (1) contains another nonlinear term of p-structure which
exhibits the non-linear relationships between the reduced stress and the rate of strain of the
conducting fluids. Because of this, the analysis of the behavior of the MHD model (1) tends to
be much more complicated and subtle than that of the Newtonian MHD equations.
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In the deterministic case, that is when g1, g2 = 0, a variant of (1) (the tensor T is replaced
by the p-Laplacian) and its stationary version were initially investigated by Samokhin in [58],
[57], [55], and [56]. Later on Gunzburger and his coworkers in [24] and [25] considered a more
general model by taking a tensor T which satisfies the assumption we have made above. The
paper [25] dealt with the control of (1) and [58], [57], [55], [56], and [24] addressed the existence
and uniqueness results of weak solution of (1). To the best of our knowledge, there is no known
results for the stochastic equations (1). The purpose of the present paper is to prove some results
related to problem (1) which are the stochastic analog of some of those obtained in [58, 24] for
the deterministic case. The following two points are our main goals:

(1) We prove the existence of martingale weak solution for the stochastic system (1). We
consider a sufficiently general forcing consisting of a regular part and a stochastic part
both depending nonlinearly on the velocity of the fluids and the magnetic field, and we do
not require the functions involved in the forcing term to satisfy the Lipschitz condition.
The method for the proof uses a blending of Galerkin, compactness, and monotonicity
methods. We closely follow the article [24] and the book [42] but we do not use the usual
martingale representation argument.

(2) After obtaining the existence of a martingale weak solution of our model, we turn our
attention to the study of its asymptotic behavior as the time ¢ is large. For this purpose,
we study the decay of the martingale weak solutions as time goes to infinity. We mainly
prove that under some conditions on the forcing terms f; and g;, i = 1,2 the couple (u; B)
converges to zero almost surely exponentially. To prove this result we mainly follow the
idea in [13] and [14]

The stochastic Navier-Stokes and MHD equations for Newtonian fluids have been extensively
studied. In addition to the papers we cited earlier we would like also to mention the recent article
[45] in which the spatial domain is allowed to be unbounded, and the coefficients of the noise
depend multiplicatively on both the velocity field and its spatial derivatives. The key ingredients
of the proof of existence of martingale solutions in [45] (see also [11], [44]) are Galerkin method,
the use of Fréchet space, tightness criteria in nonmetrizable spaces and a version of the Skorokhod
Theorem in non-metric spaces. The framework of [45] is very general as it allows to treat the
stochastic Navier-Stokes, magneto-hydrodynamic (MHD) and the Boussinesq equations driven
by the sum of Wiener and Compensated Poisson random measure. However, the problem we
treat here do not fall into the general framework of [45] or previous work about stochastic Navier-
Stokes and MHD equations. The main reason is the presence of the additional nonlinear term
of p-structure which makes the mathematical analysis of (1) difficult and subtle. Our method
relies on Galerkin approximation and compactness described in the books [42, 47] and some other
papers such as [9] and [24]. We also rely heavily on Korn’s inequality which, to our knowledge,
only holds in bounded domain.

As far as we know the present article is the first to deal with (1). In this sense, many topics
and problems related to (1) still stand opened. Some examples of challenges we may address
in future research are the existence of weak solution for p € (1,2), the uniqueness of such weak
solutions. We may also want to study the existence and uniqueness of the invariant measure
(whenever it is possible) which, we believe, does not follow in an obvious and straightforward
way from the most recent results about ergodicity of SPDEs (see, for instance, [26] and [28]). In
fact, we do not know much about the long time behaviour of (1) even in the deterministic case.
These few examples of research topics are taken as an analogy of the problems still unsolved in
the mathematical theory of Non-Newtonian as reported in [3], [36] and [37]. The investigations of
these problems may lead to new and important results that will be useful for further development
in the theory of deterministic and stochastic PDEs. But due to the nature of the nonlinear terms
involved in (1) all of these questions are very difficult and beyond the scope of this paper, thus
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we will just limit ourselves with giving a suitable mathematical setting for (1) and partial results
related to the dynamics of the weak solutions. However, we hope that our work will find its
applications elsewhere or at least motivate further research in the study of stochastic model for
Non-Newtonian MHD.

The paper is structured as follows. In Section 2, we gather all the necessary tools and the
hypotheses. In section 3 we state the result for the existence of weak probabilistic solution and
we prove it by means of Galerkin methods and probabilistic and analytic compactness results.
The exponential asymptotic behavior of these weak solutions are studied in the last section.

2. PRELIMINARY: NOTATIONS AND HYPOTHESES

In this section we introduce the necessary notations and most of the hypotheses relevant for
our analysis.

2.1. The deterministic framework. We introduce some notations and background following
the mathematical theory of hydrodynamic equations such as Navier-Stokes equations (NSE) or
MHD equations. For any ¢ € [1,00), we denote by LI(Q) and W™9(Q) the space of functions
taking values in R™ such that each component belongs to the Lebesgue spaces L?(Q) and the
Sobolev spaces W™P(Q), respectively. For ¢ = 2 we denote W"4(Q) by H"(Q). We denote by
| -| the L?-norm, and by (.,.) the L?-inner product. The norm of W%™(Q) is denoted by || - ||m,q-
We denote by C2°(Q) the space of functions u € C*(Q) with compact supporrt. Let p € (1, 00),
following [62] we introduce the following spaces

V) ={ueCr(Q):divu=0},

Hy = {uel?*Q):divu=0,u-n=0on 09},
Vip= {uGWI’p:divu:O,u:Oon OQ},

Vi={ueH(Q):divu=0,u=0o0n0Q}.

We also set

Vo ={BeC®Q):divB=0;B-n=0o0ndQ},
Hy = the closure of Vy in L%(Q),
VQZ{BEHI(Q):diszO;B-nzOonaQ}.

Note that
H; = Hs.

The spaces H;, i = 1,2 are equipped with the scalar product and norm induced by L2(Q).
Thanks to Poincaré’s inequality we can endow the space V; , with the norm ||ul|;, defined by

[l = /Q VulPd.

This norm is equivalent to the usual WP-norm on Vip-
We equip the space V; with the norm || - || generated by the scalar product

((u,v))lz/QVu-Vvd:n.

Owing to Poincaré’s inequality, || - ||; and the usual H'(Q)-norm are equivalent on V;.
On V3 we define the scalar product

((u,v))2 = (curlu, curl v),

which is equivalent to the usual scalar product of H'(Q).
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Let
V=V, xVy,
H = H; x Hs.
The space H has the structure of a Hilbert space when equipped with the scalar product
(®,¥) = (u,v) + (B, C), (5)

for ® = (u;B), ¥ = (v;C) € H.
The space V is a Banach space with norm

1@y = [[all1p + |[B]2, (6)
for ® = (u;B) € V.
Remark 2.1. Note that this norm is equivalent to any norm of the form
[@]]v = Cil[ulf1p + Caf[B[2, (7)

where the constants Cy, Cy depend only on S,mes(Q),p. Here mes(Q) denotes the Lebesgue
measure of Q.

Throughout this work we set
|®

For any Banach space X we denote by X* its dual space and (¢, u) the value of ¢ € X* on
uecX.

Let Ag be the bounded linear operator from Vj taking values into V3 (i.e., Ay € L(Va,V3) )
defined by

2
vo=ullf, + 1B}

<~A2B7 C> = S((B7 C))27 (8)
for any B, C € V.
For any u € W' we set

1
Ew) =5 [(Vu) + (Vu)T}.
Let us recall the following results whose proofs can be found in [36, Chapter 5, Theorem 1.10].

Lemma 2.2 (Korn’s inequa}ities). Let1 < g < oo and let @ C R™ be of class C'. Then there
exist two positive constants K, = K;(Q),i = 1,2 such that

1
q
K ully, < ( /Q |5<u>|%zx) < K2[[ullia, (9)
for anyu € Vy,.

We introduce a nonlinear mapping A, from Vy ; into Vi by setting

(Apu,v) = / T(E(u)) - E(v)dz, (10)
Q
for any u,v € Vq ,. Now we can define a nonlinear operator A from V into V* by
(A®,T) = (A,u, v) + (42B, C), (11)

for any ® = (u;B), ¥ = (v;C) € V. We state very important properties of A in the following

Lemma 2.3. Let T and ¥ satisfy (2)-(4) with p > 2. Then,
(1) the operator A is monotone; that is,

<.A(I)1 — Ady, &1 — (I)2> >0, (12)
for any ®1,P4 € V.
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(2) There exists a constant U such that

- 2
(A2, @) > 7|2y,

for any ® € V.
(3) Also, there exists a positive constant C' such that

|A®[|72 < C(1+ ||®

p,2
v )
for any ® € V. Here

1 1
4,+_4¥;: L
p p

[R5 —WHV*JrchHV* ,

and

for U = (¢;1)) € V*.

Proof. 1t is known from [37, Lemma 1.19, page 198] that for any p > 2 there exist positive

constants v;,7 = 3,4,5, such that for all D, E € R{ M-
T(D)-D > vs(1 + [DJ"2)DP,
T(D)| < va(1 + D),
(T(D) — T(E)) - (D —E) > v5|D — E|*.
Therefore, it follows from (17) that

(Aju— Av,u—v) = / (E(u)) = TE))] - [u - v] da,

>y5/ E£(u) — £(v)dz,

for any u,v € Vq . It is easily seen that
(4B — A;C,B - C) > S||B - CJ|3,

for any B, C € V;. Therefore, it follows from (18)-(19) that A is monotone.

Now it follows from (15) that

<A@¢waLT@mnyemwm+ﬂmM,

2vy | (@) + EP) de -+ S|BJE,

for any ® € V. Owing to Korn’s inequalities we infer from the last estimate that

(AD, @) >75(|[ullf + |lullf,) + SIIBII3,
>u3|[ull}, + S|IBJ[3,
which implies that there exists a constant  such that (13) holds.

We have that
| 4:B 3, < 52||BI 3.
Also,
[Apullv; = sup [(Apu,v)l,

‘V|LP*1
1
*

<C s ( /Q T(E (u))? dx) ( / E(v |pd:c>

(20)
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Thanks to Korn’s inequalities and (16) we have

1
Ipull; <C sup (/n‘ D) vl
|VH1 p=1

Lp

Il < [ (1 ey (21)

By using Korn’s inequalities into (21), we can deduce from the resulting estimate and (20) that

(14) holds. O
For any p > 2 and u,v,w € WP, we set

b(u,v,w) = gv wjdz, (22)

where summations over repeated indices are enforced. The trilinear form b(u, v, w) is continuous

on H'(Q) x H'(Q) x H'(Q). Moreover,
b(u,v,v) =0, (23)
b(u,v,w) = —b(u,w, v), (24)

for any u € Vo, v, w € H}(Q). Since Vi C Vo and V;, C Vs, then (23) and (24) are also valid
for any element u in V; and Vy,. For the proofs of the above properties and more information
on the trilinear form b(., .,.), we refer, for instance, to [70, Chapter II, Subsection 1.2]. Set

Bo(®1, Do, P3) = b(uy,uz,uz) — pub(B1, By, us) + pb(ui, By, Bs) — ub(B1,uz, Bs), (25)
for any ®; = (u;;B;) € V,i =1,2,3. It follows from (23) and (24) that
By(®1, Po, P2) =0, (26)
By(®1, Po, P3) = —Bo(P1, P3, P2), (27)
for any ®; € V,i = 1,2, 3. Following the idea in [35], we choose s > 1 + 5 and set
Wy s = closure of Vi in H*(Q),

={u € Hj,divu = 0} (28)
Wy s = closure of Vs, in H*(Q), (29)

and
W, = W g x Wa,. (30)
The spaces W; 5,4 = 1,2 will be equipped with the usual scalar product and norm of H*(Q)
respectively denoted by ((-,-))s and || - ||s. We also use these symbols to denote the norm and

scalar product of Wy. Identifying H with its dual, we have the following Gelfand chain
W, CVCHCV* CW,

where each space is densely and compactly embedded into the next one.
Since s —1 > n/2, 09 /0x; is an element of L>°(Q) for any 3 € W;. Therefore

|Bo(P1, P2, ®3)| =| — Bo(P1, P3, P2),
< C1P1|[D2]]|®]|w,, (31)

for any ®1,Ps € V and &3 € W,. From this we infer the existence of a continuous bilinear form
B(-,-) defined on V x V taking its values in W%. This bilinear mapping satisfies the properties
stated in the following
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Lemma 2.4. (i) For any ®1,P9 € V and ®3 € Wy,
(B(®1,D2), @3) = Bo(Pq, P2, 3) (32)
(ii) We have that
(B(®1, ®2), 2) = 0, (33)
for any ®1 €'V and o € W,
(iii) There exists a positive constant C' such that
1B(®1, ®2)|lw; < C|®1]|P2], (34)
forany ®;, € Vi =1,2.
Proof. All of the statements in the lemma were proved above (see the lines between (26)-(31)). O

2.2. Stochastic setting and some hypotheses. Let 7' > 0 and (2, F,P) be a complete
probability space. We endow the probability space (£, F,P) with an increasing filtration (F =
Ft)ieo,r)- The probability space satisfies the usual condition, that is :

(1) P is complete in (€2, F),

(2) Fo contains all null sets of (Q, F,P),

(3) the filtration F is right-continuous.

The following definition is borrowed from [12, Definition 4.1]

Definition 2.5. Let (Q2, F,P,F) be a filtered probability space and K be a real separable Hilbert
space. An F-adapted cylindrical Wiener process on K is a family W = (W(#));c[o,7] of bounded

linear operators from K into L?(, F,P)! such that
(1) for all ¢ Z 0, and k1, k2 S K, E[W(t)k1W(t)k2] = <k1,k2>K,
(2) for each k € K, t > 0, W(t)k is a real valued F-adapted Wiener process.

For real separable Banach spaces U and H we denote by L(U, H) the space of continuous linear
mapping from U into H. By J(U, H) we mean the subspace of L(U, H) consisting of Hilbert-
Schmidt operators when U and H are separable. In what follows we set Jo(U) := Jo(U, U). It is
known that Jo(U, H) is a Hilbert space and its norm is denoted by |[|S|| s, for any S € Jo(U, H).
Following [16, Proposition 4.11] (see also [12, Remark 4.2]) we can represent a cylindrical Wiener
process on K as a formal series

W(t) =Y wi(t)pi(t),t >0 (35)
i=1

where (w;);en is a family of independent standard 1-dimensional Wiener processes, and (¢;);eN
is an orthonormal basis of K. The above series does not satisfy any notion of convergence in
the Hilbert space K but it does on L?(Q, F,P; C(0,T;U)) for any Hilbert space U such that the
embedding K C U is Hilbert-Schmidt. The series admits an U-valued continuous modification
P-almost surely.

Next, we recall the definition of a () Wiener process by following [54] and [71]. For this let U
be a separable Banach space and @ : U* — U such that

(Qu*,u”) >0,

(Qu™,v") = (u*, Qu"),
for any u*,v* € U*. The range Ran(Q) of @ is a pre-Hilbert space when equipped with the scalar
product [-,]o defined by

[Qu*, Qu*]g = (Qu*,v™),Vu™,v" € Ran(Q).

IThe space of real-valued square integrable random variables defined on (2, F,P) is denoted by L*(Q, F,P)
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Let Hg be the completion of Ran((Q) with respect to [-,-]g. It is called the Reproducing Kernel
Hilbert Space (RKHS) associated with Q. Let z*Q be the dual operator of the injection mapping
ig : Hg — U. The operator () admits the decomposition () = zQz*Q

Definition 2.6. Let U be a separable Banach space and @) : U* — U be a symmetric and
nonnegative operator as above. An F-adapted stochastic process W is a @-Wiener process
taking values in U if

(1) ig: Hg —> U is y-Radonifying operator,

(2) W(0) =

(3) W has contlnuous trajectories,

(4) W has independent increments,

(5) for any 0 < s < ¢ the random variable Y = W (t) — W(s) is Gaussian with zero mean
and covariance (¢ — s)@, that is, its characteristic function is of the form

oy (u*) =E (exp[iYu™]),

1
=exp (—2[t - s](Qu*,u*>> , ut e U*.

We refer, for instance, to [46] and [7] and references therein for more information about ~-
Radonifying operators and their use in the context of stochastic calculus.

Remark 2.7. When @ = Id and U is a separable Hilbert space we recover from the above
definition the concept of cylindrical Wiener process on U, see [54] for more details.

Remark 2.8. Let U and K be such two real separable Hilbert spaces that the canonical injection
J from K into U is Hilbert-Schmidt. Let us denote by J* the adjoint of 7. It is easy to see that
Q = JJ* is a symmetric and nonnegative operator with tr Q < co. Thanks to [16, Proposition
4.11] we can view the cylindrical Wiener process W on K defined by (35) as a QQ-Wiener process
with values in U and

Q*(U) =K.
Conversely, let W be a JJ*-Wiener processor with values in U. Let {(; : j € N} be an

orthonormal basis of U consisting of eigenfunctions of JJ*; that is, there exists an increasing
family {)\; : j € N} of positive numbers such that JJ7*(; = A;j(;. Using the definition of

{¢j;7 € N} we can easily check that {p; = <AL
v

: j € N} forms an orthonormal basis of K.

Thanks to [16, Theorem 4.3] W can be written as a formal series
=S win

where {w;(t) = \/A\;(W(t),(j)u;j € N} is a sequence of independent real-valued standard Wiener
processes. Hence W defines a cylindrical Wiener process on K.

Now let K;, i = 1,2 be two fixed separable Hilbert spaces such that the canonical injections
Z; from H; into K;, for ¢ = 1,2, are Hilbert-Schmidt. For i = 1,2 let {é,;: k> 1} be the
orthonormal bases of K; consisting of the eigenfunctions of Q; = Z,ZF. The corresponding
cigenvalues of {&; : k > 1} are {\y; : k € NN [1,00)}, i = 1,2. Throughout we denote by {e; :
k € NN [1,00)} another orthonormal basis of H; such that ey ; = L% for each k € NN [1,00)

V Ak,
and i = 1,2. Let W = (W(t))cjo,r) and W = (W(t))icpo,r] be two mutually independent

cylindrical Wiener processes on Hy and Hs respectively. We represent W and W as two formal
series W(t) = > .70 Wier1 and W(t) = 302 Wyeg o where {WF = (Wy,; Wy) 1k =1,2,..} is
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a sequence of mutually independent standard R2-valued Brownian motion. Now we denote by K

the cartesian product K; x Ko and set
w
v (W)

Jo(K,H) = Jo(Ky, Hy) x Jo(Ka, Ha).

A new orthonormal basis of H is {e; = (e 1;€ex2);k > 1} and the space Jo(K,H) is a Hilbert
space endowed with the natural scalar product of the cartesian product whose corresponding
norm is

and

2 3
1Rl = (ZIRz’\Ii,i) :

i=1
where Jy; = Jo(K;, H;) for ¢ = 1,2. The stochastic processes W defines a cylindrical process
on H. By Remark 2.8 it can be considered as a ()-Wiener process taking values in K such that
W e C(0,T;K) P-almost surely. Here Q = ZZ* where Z is the canonical injection obtained from
the Hilbert-Schmidt embedding H C K. In terms of Z; and Q;, we have

(o _ (@ 0
I_<O Ig,) andQ—<0 Qz)
Thanks to Remark 2.8 we have Q%(K) = H. Furthermore, the cylindrical Wiener process W
admits the series representation

W = iw’“ €.
k=1

Let X7 = V7, and X3 = V5. Now we introduce the hypotheses on f;(u, B,t), g;(u, B, t) that
are relevant for the major part of the paper.

(F) We assume that f; : H x [0,7] — X} (i = 1, 2) are nonlinear mappings such that
(a) they are continuous with respect to ¢,
(b) (u;B) — fi(u,B,t) are continuous for all ¢ € [0, T]; there exists a positive constant
C such that

[1fi(u, B, t)[|xy < C(1+ [u] +[B]),

for any (u;B) € H and ¢ € [0,7].
(G) We suppose that g; : H x [0,7] — J2(H;) are nonlinear mappings such that
(a) the g;-s are continuous,
(b) there exists a positive constant C' such that

Hgi(u>th)HJ2,i < 0(1 + ‘11| + |B|)7
for any (u;B) € H and ¢ € [0,7].

Now we introduce the operators

f= ({)1 J%) :Hy x Hp x [0,7] — V*. (36)

and

g= (%1 902> L Hy x Hy x [0,T] — Jo(H). (37)
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Then, modulo divergence freeness, the problem (1) can be rewritten as

dy + [Ay + B(y,y)ldt = f(y, t)dt + g(y,t)dW (38)
y(0) =yo € H, (39)

where y = (u;B) is a solution of (1) and yg = (ug;Bp). From now on, we will work with
(38)-(39).

Remark 2.9. Let W be a Wiener process taking values in a separable Hilbert space U and with
covariance operator Q such that tr Q < oo and let H another separable Hilbert space. From [16]
the stochastic integral fo (t)dW (t) is well defined for any progressively measurable process ¥
taking values in Jo(Q(U), H) such that

T
2
IE/O 1O, 0. < o

In our framework, since Q%(K) = H (see Remark 2.8) the stochastic integral is well defined as
long as ¥ is progressively measurable, takes values in Jo(H) and satisfies

T
B[ 19O, it < .

To close this section let us introduce additional notations frequently used throughout the work.
The mathematical expectation with respect to the probability measure P is denoted by E. Let
7 € [2,00) and following [17, Section 3.1] L'/2(2, LP2(0, T;V)) the space of functions y =y (w, t)
defined on 2 x [0, 7] with values in V such that:

(a) y(-,-)is F x B(]0,T])-measurable,
(b) y (w,t) €V for almost all (w,t) and

T 5
B[ Ivolks) <c
0

L*(Q, LP%(0,T;V)) = L*(Q, LP(0,T; V1)) x L*(€, L*(0,T;V2)),

We also set

and
L(Q, LP"2(0,T;V*)) = L*(Q, LF" (0,3 Vi ) x L*(Q,L*(0, T; V3)),

where p* =

= ‘

3. EXISTENCE OF MARTINGALE WEAK SOLUTION

In this section we state our first main result and give its proof. Before we proceed further we
explicitly define what we mean by a (martingale) weak solution of (38)-(39).

Definition 3.1. A weak solution of (38)-(39) is a system (Q,F,{F':¢ > 0},P,W,y) where

(i) (Q,F,P) is a probability space, {IF* : ¢ > 0} is an increasing filtration satisfying the usual
conditions,
(ii) W is a cylindrical Wiener process wrt {F* : ¢ > 0},
(iif) y is an element of L/2(Q, LP2(0,T;V)) for any r € [2,00),
(iv) the stochastic process y is predictable,



STOCHASTIC MODIFIED MAGNETOHYDRODYNAMIC EQUATIONS 12

(v) for any w € Wy,

<wmw»5£«Awa+wwﬁmwmw»w=omwwﬁ£uwwxﬂwms
(40)

¢
+ [ o). s).w)aw.
0
almost surely and for all ¢ € [0, 7.
(vi) The function y belongs to L"(2,C(0,T;H)), r € [2, 00).
Before we proceed further we make the following remark.

Remark 3.2. We should note that we use the notation
t 00t
[ a1 maw = 3 [(aty(s). e waw.
k=1

Our first main result is stated in the following theorem.

Theorem 3.3. Let ppin = max (n, 1+ nQ—fQ, "TH) Let the conditions (2)-(4) hold with p > pumin.

Let (F), and (G) be satisfied and yg € H. Then there exists at least a weak solution of (38)-(39)
in the sense of Definition 3.1.

The proof of this statement is given in the next section and it relies very much on Galerkin,
compactness and monotonicity methods.

3.1. Galerkin approximation and a priori estimates. In this subsection we introduce the
Galerkin approximation scheme of our problem and derive a priori estimates for the solution.
We introduce the family of eigenfunctions

(W, v))s = Aj(wj, v),¥v € Wy,
and
((Cj,B))s = A}(C;,B),VB € Wy.
Then, we can define a spectral problem on W, by setting
U = (V5;03), ¥ =w;, ¥F=C;, (41)

and

2
(T5,w))s = > M (TF, wh), vw = (w!, w?) € W,.
k=1

The last identity will be written in the following abstract form

((\Ilj,w))s = )\j(\I/j,W),VW € Ws.
We assume that ¥;,j = 1,2,3,--- formiani orthonormal basis ofiws which is complete in V
and form an orthogonal basis of H. Let (Q,F,P,W), (W =32 W' ¢; is a cylindrical Wiener
process evolving on H) and m a positive integer. We equip the probability space (£, F,[P) with
the natural filtration of W which is denoted by F!. We set

W, = Span{¥; : j =1,2,...,m}.
We look for a sequence of stochastic processes (y™ :m =1,2,...) C W7 such that

d(y™(s), W) + (Ay™(s) + B(y™(s),y™(s)), ¥j)ds = (f(y™(s), ), ¥;)ds

+ 3 (g(y™(5), s)es, Wy)dW, (42)
i=1
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y™(0) =yg € W, (43)
o' — yo in H as m — oo. (44)
Note that,

j=1
m m 2

= S0, s = SIS N ), ). (45)
j=1 7j=1 k=1

Thanks Lemma 2.4 and Assumptions (F) and (G) the nonlinear maps B, f, and g are continuous
and locally bounded. Thanks to the fact that the potential ¥ is of class C? A : V — V? is
hemicontinuous and monotone by Lemma 2.3. Therefore, we infer from [35, Chapitre II, page
171] and Lemma 2.3 that A is continuous from V into V* and locally bounded. It then follows
that the system (42)-(44) is a system of stochastic differential equations in a finite dimensional
Banach space with continuous and locally bounded coefficients. From the proof of existence
theorem in [65, Chapter 3, Section 3, page 59| (see also [27, Chapter IV, Section 2, pp 167-177]),
which do not require the Lipschitz condition on the coefficients, there exists on a short interval
[0, T},,] a sequence of continuous functions y™ solving the system (42)-(44). It will follow from a
priori estimates that y™ exists on [0, 7.
First we prove the following lemma.

Lemma 3.4. The sequence (y™ : m =1,2,...) satisfies

E sup [y™(s)]" <C, (46)
s€[0,T]

B ( / ' \|ym<s>u€;2ds)g <, (47)

and

for any r € [2,00).
Proof. Let M be a positive integer. We define a sequence of stopping times 7 by setting
= inf{s: | |+</ lly™ (O[5 dt> > M} AT. (48)

We shall use a modification of the argument used in [1]. Let ¢ € [0,7 A 7as]. By Itd’s formula,
we have

E305 [ e hRas ()
7i=1 k=1 0
3 /0 (9(y™(s), s)eir y™ (5))dIT"

Since
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it follows from (13) and (49) that

¥ |2+2u/ Iy ( |p’2d5<|)’0’2+2/ 1£G™ (5), )l [ly™ () el

t

+ [ ot )., (50)
+23 / (9(y™ (), 8)ex, y™(s)) AT

For any € > 0, we easily check that

1™ (), )=y (5) [ [v < Cel [ (y™(5), 8)|[3 + elly™ ()5 + C(e.p). (51)

Hence, owing to the assumptions on f and g, we can derive from the last estimate and (50) that

t t
P + /0 ly™()|[22ds <lyol> + C /0 (1+ ly™(s))ds

mo B (52)
23" [ (o). s)ewy () V"
i=1
In view of (52) we have
_ _ tATm 9 _ tATM
B swp PO [ Iy (s)ds < voP 4 CE [ (1 y(o)P)ds
SE[O,t/\T]y[] 0 0
+28 s |3 [y (e (n)d|.
s€[0,tATa] |5=1 YO
(53)
We write the stochastic integral as follows
mo ot
> [ oy s) ey dW@—Z / X)W (s),
i=1

where
(XY (s);i=1,...m] == [(g(y™(5), 8)er, y™(5)), - -, (9(¥™(5), 8)em, y™(s))]

is a row matrix and we view the Brownian motion [W?%i = 1,...,m] as a column vector. The
Burkholder-Davis-Gundy’s inequality in the form given by [31, Chapter 3, Remark 3.30] enables

us to derive the the following estimates
1
B tATy T 2
< CE (/ Z s)es, y™(s ))2d8>

</0tATM i

i=1

m

Z/Os(g(ym( ),7)ei, y™ (1)) dW?

=1

2E  sup
Se[o,t/\T]u}

[N

AN
=

C l9(y™(s), 5)€i|2 |ym($)|2ds>

ey g™ s), NI Pds)
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From the last line and the assumption on g we deduce thanks to Cauchy’s inequality that

m

_ s . _ tATM

2E  sup Z/ (g(y™ (1), 7)ei, y™(7))dW?*| < C'E/ (1+|y™(s)]*)ds

SE[O,t/\T}y[] i=1 0 0 (54)
1_
HE syl
SE[0,tATH]
Now it follows from (53) and (54) that
_ 9 _ tATm, 9 9 _ tATM )
E swp y@P+2E [ Iy @ <yl +CE [ 1+ (6)Pds  (5)
SE[O,t/\’T]u} 0 0

Since the second term of the left hand side of (55) is positive, then it follow from Gronwall’s
lemma that

E sup [y™(s)] <C, (56)
SE[O,t/\Tj\/[]

for any t € [0,7,,]. Using (56) in (55), we get
B tATm
B[ Iy stas < ¢ (57)
0

Since the constants C' in (56)-(57) do not depend on m and M, then we can show that 73y T
P-almost surely as M — oo. Therefore, T),, = T. We can conclude by passing to the limit in
(56) and (57) that

E sup |y™(s)] < C, (58)
s€[0,T7
and
B T
E / ly™(s)||%%ds < C. (59)
0

Now let » > 2. Thanks to Itd’s formula, we derive from (49) that
t t
O+ [y Ay ).y (s < T+ C [yl (67 (9:5).57()
+ gy (s), )3, ] ds

13 [ H oy ) ey (),
i=1
(60)
Owing to (13), (51) and the assumptions on g and f we derive from the last estimate that
! 2 2 ! 2 2
O 07 [y r Ay @I s < ol +C [y [+ iy (s)

+elly™(s)[5° + Cle,p) + C(L+ [y™(s)[*)|ds (1)

rm tmsr—Q m(s), s)e;, y™ (s Vi
#r 3 [ a6 seny " )
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By an appropriate choice of ¢ we deduce from (61) that

t t
" + 17/0 [y ()2 lly™ ()1l ds < lyol” + C/ [y™ ()21 + [y (s)]?)ds

+TZ/Iy ()" (g(y™ (), s)ei y™ (5))dW".

Making use of Young’s inequality it is not difficult to prove that there exists C' > 0 such that

[y™ ()" A+ y™(s)P) < O+ [y™(s)]")-
Thus, from (62) we see that

(62)

t t
E sup [y (s)]" + 7E /0 ™ ()" 2y ()| [E2ds < C(lyol", T,p) + CE / ¥ (s)|"ds

s€[0,t]
3 e
(63

By using the Burkholder-Davis-Gundy’s inequality as we did in the proof Eq. (54) and the
assumptions on g we derive from the last estimate that

+rE sup
s€[0,t] |

t
B sup [y (5) + 78 / Y™ ()2 y™ ()| i2ds < C(lyol, T.p) + CE / y™(s)"ds
s€(0,t 0

oz P \ym<s>\2>ds)é
(64

As before we can check that the third term of the right hand side of (64) can be bounded from
above by

t
C’I_E/ ly™(s)"ds + C. (65)
0
We infer from (64) and (65) that

t
E Sl[lp]lym(S)l“rﬁE/O y™ () 2y ()| ds < C|yol”, T, p) +C]E/ ly™(s)|"ds.  (66)
s€(0,t

Making use of Gronwall’s inequality in (66), it follows that

E sup [y™(s)|[" < C,Vt €[0,T] and r > 2. (67)
s€0,t]
Next recall that
()] +C’/ lly™( |p’2ds < |yol +CT—|—C/ s)[2ds+ Z/ s)ei, s),y"(s))dW?|.
(68)
Therefore, it is straightforward to check that
T ;0\ 2 T 3
B[ Iy"eitas) < clvrnm+ i ( / rym<s>2ds)
0
: (69)

+ CE sup
te[0,T]

Z / S)eny™ (5))dW
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Using again the Burkholder-Davis-Gundy’s inequality as we did in the proof Eq. (54) and the
assumption on g we check that

Z / $)esy™ ()W

=3

sup
te [0,

L ([ S0, iy ()05
=1

<ce( [ T v elds)

< CT+CTE sup [y™(t)]",
te[0,7]

where we have used Cauchy-Schwarz’s and Cauchy’s inequalities. From this last estimate, (67)
and (69) we derive that

v B
E (/ Hym($)||€,’2ds> < C,Vr € [2,00). (70)
0
We easily conclude the lemma from (58), (59), (67) and (70). O
Now, we derive a crucial estimate on the difference y™ (¢t + 0) — y™(¢) in W.

Lemma 3.5. Let s € R such that s —1 > 5. We assume that t — y™(t) is extended to zero
outside the interval [0, T]. Then, there exists a positive constant C such that

E sup |ly"(t+0) ~y" (), < O3
101€(0,6) °
for any t € [0,T], m € N\{0} and ¢ € (0,1).

Proof. Noting that {(, /)\Jl\I’jl, A /)\?\IJ?) tk=1,2,7=1,2,...} forms a basis of W, we introduce

the projector
Py s Wi — Span{(y/ AW}, (/X203 k= 1,2,j =1,2,...,m},

defined by
m
Ppv =) M\i(v, U)W, Vv € Wr.
j=1
The projector P, satisfies (see also [35, Chapitre I, page 76]) the following estimate
[Pl ooy < 1, Vm > 1. (71)

In fact, let ® € W, and v € W and 7, @ := 377", ((®, ¥;))s¥; be the orthogonal projection
from W, onto Span{(\I/}, \Ili) ck=1,2,7=1,2,...,m} C W,. By using the definitions of P,
and the special basis {V;;j =1,2,...} we derive that for any & € W, and v € W}

(Pv,®) = Z/\@\IJ

—<V,7Tm<1>>
< [lvlws ll7m ®lw,
< [[vllw: 12w,
since sup,,,>1 [|Tmllzow, w,) < 1. In view of the fact that

HPmVHW; = sup (Pnv, ®),
PEW,||P|lw =1
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we deduce that
[P v [lws < [IVllws-
From this last estimate we easily derive the estimate (71).

Now, arguing as in [35, Chapitre I, page 76] we can rewrite the system (42) in the following
form

y"(t) =o' —/0 P Ay™(s) + B(y™(s), y™(s))]ds +/0 P f(y™(s),s)ds

t N (72)
+ [ Pagly™ () e,
0
where, for the sake of simplicity, we have set
¢ o mo o
/ Prg(y™(s),s)e;dW" ::Z/O Phg(y™(s),s)e;dW".
0 i=1
It follows from (72) that
46 t+0
yrt+0)—-y"(t) = — / Pr[Ay™(s) + B(y™(s),y™(s))lds + P f(y™(s), s)ds
. | t )
[ Pagly™ () )i,
¢
for any 6 € (0,6) and 0 € (0,1). From (73) and (71) we infer that
ly™(t+0) - ym(t)\lp*; <ChL(t,0) + Cla(t,0) + CI3(t,0) + Cla(t, 0), (74)
where
t+0 p t+0 p*
ne0) = ([ 1y llwsdr) w0 = ([ 1By 0)lsdr)
¢ ¢
t46 v Mmoo P
a0 = ([ 6@ lkdr) L 1o = |3 [ sty ed
t i=1"1t
For I1(t,0), we have
t+0 P
n(t0) < C ( / \|Aym<v~mw)
¢
But,
t+6 N t+6 X p*
[ olkear <o ([ Aol
t t
Therefore
Lo o X
L(t,0) < C0% / | Ay™ (1) |5 dr, (75)
¢

and thanks to (14) we have

*

p* t+0 9
1(t,6) <C6% / (1 + ly™ ()2 dr.
t
Thus,

* T
E sup Ii(t,0) §C’517P(5—|—I_E/ ||ym(r)||€;2dr).
0€(0,6) 0
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Owing to Lemma 3.4 we derive from this last inequality that
E sup I1(t,0) < C5'7. (76)
0€(0,0)

As above we can check that

*

t+0 .
B(t.0) < CO% [ B ).y ()

In view of (34) and Lemma 3.4, we have

E sup I»(t,0) <C5'7. (77)
0€(0,0)
It follows from the assumptions on f and Lemma 3.4 that
E sup Is(t,0) < C5'v . (78)
0€(0,0)

Let [XYi(r);i = 1,...,m] = [Png(y™(r),r)e1,..., Png(y™(r),r)em] € Hx ... x H be a row
m times
matrix whose entries are H-valued stochastic processes. Define the norm of [X1(r);i = 1,...,m]

by
|H><m = Z’Xl !

We will view the stochastic integral in the deﬁnltlon of I, as follows

m o t40 o mooet4e o

Z/ g(y™(r),r)e;dW* := Z/ X (r)dWwi(r).

=11 =171

We apply the Burkholder-Davis-Gundy’s inequality for Hilbert space-valued processes (see, for
instance, [30, Chapter 15, Theorem 15.7]) and derive that

rrs m &
E sup I4(t,0) <CE / Z]g r)e;|2dr ,

0€(0,6)

*

<cs( [ " oty ), r>\32dr) "

By using the assumptions on g, we see from the last estimate that

*

t+6 2
E sup L,(t.0) scfa( / <1+|ym<r>r2>dr) ,
0€(0,6) t

%
<C[6+0E sup |y™(r)? .
SE[t,t+0]
Thanks to Lemma 3.4 we have that

E sup I4(t,0) <Co'z. (79)
0€(0,6)
Now it follows from (74)-(79) that

E sup [[y™(t+60) —y™(t)|5. <57,
0€(0,5) ?
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for any positive integer m, t € [0,7] and § € (0,1). One can deal with the negative values of ¢
using similar arguments. This completes the proof of the lemma. O

3.2. Tightness property and passage to the limit. Throughout this subsection we fix s € R
such that s — 1 > 2. We set &, = L*(0,T,H) N C(0,T; W3) ( resp., &2 = C(0,T;K)) and we
denote by B(S1) (resp., B(S2)) its Borel o-algebra. The family of laws of {y™ : m € N\{0}} is
denoted by {IIy ,,, : m € N}. We will prove the tightness of the family of laws {II; ,,, : m € N},
in &;. For this purpose let us recall a result which will be needed in the sequel; we refer for
instance to the book of Métivier [42, Chapter VI, Lemma 2 & Lemma 3] for its proof.

Lemma 3.6. Let B, By and By be three reflexive Banach spaces satisfying the compact embeddings
By — B — By. Let ¢ € (1,00) and K be a subset of L1(0,T;B) which is included in a compact
set of LY(0,T;B;) and

T
sup/ lu(s)|g,ds < oc.
uek Jo

Then K is relatively compact in L1(0,T;B).

We will apply this lemma on the cartesian product LP2(0,T;V) which is equal to the space
of couples (u;v) such that u € LP(0,T;V;,) and v € L?(0,T;Vs). It is a Banach space when
endowed with the norm

1
2 2 2
s V)lzraory = (o zm, + IVBa0rm )
Now we state one of the main results of this subsection.
Lemma 3.7. The family 11 ;,, is tight on &;.

Proof of Lemma 3.7. We first prove the tightness in C(0,7; W?). Thanks to (46) it is easy to
see that for any R > 0 we have
_ 1 - Co
P(ly™ ()l > R) < E sup |y™|f < =5,
R? cio1] H=R2
for any ¢t € [0,T]. Since, by the compact embedding H C W}, balls in H are compact for the
strong topology in W* then this implies that the family {y"™(¢) : m € N} is relatively compact
in W¥ for any ¢ € [0, 7. Thanks to this fact, Lemma 3.5 and [63, Lemma 1, p71] we derive that
the laws of the family {y™;m € N} are tight in C(0,T; W?).
The tightness of the laws of the family {y” : m € N} in C(0,7; W) means that for any ¢ > 0
there exists a compact subset K. of C'(0,7; W?) such that

P(y"e K.)>1—¢, meN.
Note that for any e > 0, (47) implies that there exists a positive constant L. such that

T
F([ vromtas<i)zi-e men
0

where fOT " (s) |5 ds = fOTHym(s)HZ{,Lp + f0T||ym(s)||2ds. The last inequality is equivalent to

P (Hym(s)HLP!Q(O,T;V)dS < Le) >1—¢, meN.

Now let
K. = K.N {u € LP2(0,T5V) : [ull2,200 ) < LE} .

Since LP2(0,T;V)NC(0,T; W*) is continuously embedded in L?(0,T;H) N L2(0,T; W*), then K.
satisfies the conditions of Lemma 3.6. Therefore K. is a relatively compact set of L?(0,7T;H).
Moreover P(y™ € K.) > 1—2¢, m € N. Thus the tightness of the laws of the family {y"™ : m € N}
in L?(0,T;H) is established. So the lemma is also proved. ]
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Before we continue, we should note that it is possible to find a set €' € F of measure zero such
that W(w) € C(0,T;K) for any @ € Q\'. The law of W is denoted by ITy and M (C(0, T;K)) de-
notes the space of measures on (&9, B(S3)). For any m € N, we construct a family of probability
laws on C'(0,T;K) by setting

H27m = HQ, VYm 2 1.

Theorem 3.8. Let G = &1 x &y and B(&) its Borel o-algebra. The family of laws of (y™; W)
is tight on &.

Proof. Endowed with the uniform convergence, C(0,7T;K) is a Polish space, then it follows from
[5, Theorem 6.8] that M(C(0,T;K)) endowed with the Prohorov’s metric is a separable and
complete metric space. By construction the family of probability laws {IIy ,, : m = 1,2,...} is
reduced to one element which is the law of W and belongs to M(C(0, T; KK)). Therefore, invoking
[49, Chapter II, Theorem 3.2] we easily deduce that the family {II,, : m =1,2,...} is tight on
M(C(0,T;K)). Owing to this fact along with Lemma 3.7 and [33, Corollary 1.3], the family of
laws of the joint processes (y™; W) is tight on &. O

Proposition 3.9. There exist a Borel probability measure p on & and a subsequence of (y™)
such that its laws weakly converge to p.

Proof. Thanks to the above theorem the laws of (y™, W) form a tight sequence on &. Since &
is a Polish space, we get the result from the application of Prohorov’s theorem (see [5, Theorem
I.5.1, page 59]). O

The following result relates the above convergence in law to almost sure convergence.

Proposition 3.10. There exist a complete probability space (2, F,P) and a sequence (y", Wp,)

of &-valued random variables defined on (Q, F,P) such that its law is equal to the law of (y™; W)
on &. Also, there exists an S-random variable (y; W) defined on (2, F,P) such that

Wy, — W in C(0,T;K) P-a.s., (80)
y™ =y in L*(0,T;H) P-a.s., (81)
y" =y in C(0,T;W}) P-a.s.. (82)

Proof. This is just a consequence of Proposition 3.9 and Skorokhod’s Theorem in [5, 1.6.7, page
70]. O

Proposition 3.11. Let Q = Z7Z* where I is the canonical injection, which is Hilbert-Schmidt,
from H into K. Then the stochastic process (W (t)),cpor @ a K-valued Q-Wiener process on
(Q, F,P). Furthermore, if 0 < s <t < T then the increments W (t) — W (s) are independent of
the o-algebra Fy generated by y(r), W(r) for r € [0, s].

Proof. We closely follow [9]. By Proposition 3.10 the laws of (y™, W) are equal to those of
(¥™, W,,) on & and by Remark 2.8, W is K-valued Q-Wiener process. Hence it is easy to check
that W, form a sequence of (-Wiener processes taking values in K. Moreover, for 0 < s <t < T
the increments W, (t) — Wy, (s) are independent of the o-algebra generated by (y™(r), Wi, (1)),
for r € [0,s]. Now we will check that W is a K-valued Q-Wiener process by showing that its
finite dimensional distributions are Gaussian. For this purpose we use characteristic function.
Let k€ Nandlet sp=0<s; <---< s, <T. For each u € K, (t1,...,t;) € R¥ we have

B | ot 25=1 3 (Wi (s5) =W (sj—1) x| _ e—%Zf:ﬁ?(sj—S;‘fl)(Qu?um’
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where i2 = —1. Thanks to (80) and Lebesgue dominated convergence theorem, we have

lim E 6i2?zltj<WM(Sj)Wm(sjl)’um] ZE[eiZ§=1tj<W(Sj)W(sg'l),um
m— 00

ey
— e 2 2j=1 t2(sj—sj-1)(Qu,u)x

from which we infer that the finite dimensional distributions of W are Gaussian. Next we prove
that the increments W(t) — W(s), 0 < s < t < T, are independent of the o-algebra generated
by (y(r),W(r)) for r € [0,s]. To do so let us consider {¢; : j = 1,...,k} C Cp(W}) and
{v;j:j=1,...,k} C Cp(K), where

Cy(B) ={¢: B — R, ¢ is continuous and bounded},

for any Banach space B. Let also 0 <71 < --- <71y, <s<t<T, ¢ € Cyp(K). For each m € N,
there holds

E[(ﬁ ¢j<ym<rj>>jf[le<wm<m>>
<V (0) = W)

k k
— E[H 9; (3" (r:)) ij<wm<rj>>]
j=1 Jj=1

x E (¢(Wm(t) - Wm(s))) :

Thanks to (80) and (82) and Lebesgue dominated convergence theorem, the same identity is true
with (y, W) in place of (3™, W,,) O

Since (y, Wy,) and (y™, W) have the same law (see Proposition 3.10), it follows from Lemma
3.4 that y™ satisfies the estimates

E sup [3"(¢)]" < C, (83)
t€[0,T]

B ( / ' uymu)r\%ﬁdt); <, (34)

for any r € [2, o). Here E denotes the mathematical expectation with respect to P. Now arguing
exactly as in f9, roof of (4.12), page 20] we can prove that the stochastic process y satisfies the

following property:

E sup |y(t)|" < oo, (85)
te[0,T]

for any r € [2, 00). Thanks to Eberlein-Smulyan Theorem (see [72, Chapter 21, Proposition 21.23-
(h)]) we can extract a subsequence of y~ ™ denoted by y " such that for any r € (2, o)

™ — y weakly in L™/2(Q, LP2(0,T;V)), (86)
¥y (T) — B weakly in L*(Q, H). (87)

We will show in the course of the proof of Proposition 3.18 below that 8 = y(T') in L?(Q, H).
From the estimate (14) in Lemma 2.3 and the estimate (84) we infer that P, Ay™* is bounded
in L2(Q, LP"2(0,T; V*)). Therefore one can find T' € L?(Q2, LP"2(0,T; V*)) such that

P Ay™ — T weakly in L*(Q, LP"2(0,T; V")), (88)

for any r > 2.
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Let 7 > 2 and let us consider the positive increasing function ¢(x) = 2%, defined on R;. The
function ¢ obviously satisfies

limM:oo

T—00 I
Thanks to the estimates (83) we have
sup E(o 1y |72 0,rm))) < 00

Thanks to uniform integrability criteria in [30, Chapter 3, Exercise 6] we see that [[y™*|[7. (0,7;H)
is uniform integrable with respect to the probability measure. Thanks to Vitali’s convergence
theorem (see, for instance, [30, Chapter 3, Proposition 3.12]) and (81), we obtain that for any
r € [2,00)

y™ — y strongly in L"(Q, L*(0,T; H)). (89)
Thus modulo the extraction of a subsequence denoted again with the same symbols we have
y"™" =y dP ® dt-a.e. in H. (90)

In view of (90), the continuity of P, f and the applicability of Vitali’s convergence theorem, we
derive that

/0 P f(F™(5), 5)ds — /0 F(y(s), s)ds strongly in L%(2, L*(0, T; V*)). (91)

Thanks to (34), (83), and (84) Py, B(3™,§™*) belongs to a bounded set of L2(Q, P; L2(0, T; W¥)).
Taking advantage of (86) and (89), we will show that

P, B(y™, 5™ — B(y,y) weakly in L*(Q,P; L(0, T; W¥)). (92)
To this end let
D ={® = ¢(w)x()¥; : d(w) € L=(Q,P), x(¢t) € C(0,T) and j =1,2,...},

where {¥;;j =1,2,...} is defined in (41). This set is dense in L*(,P; L?(0,T; W,)). Owing to
[72, Proposition 21.23], the claim (92) is achieved if we prove that

T
E (qﬁ(w)/o (B(y™(s),y™(s)) — B(Y(S),Y(S))APﬁX(S)dS) — 0,
for any ® = ¢(w)x(t)¥; € D. For this purpose, we rewrite the last identity in the following form

T
E <¢(W)/O (B(y™*(s),y"*(s)) —B(Y(5)7Y(S))"I’j>x(8)d8> =11+ I.

where

For fixed ® € D and = € L2(Q, P; L2(0, T; V)) the mapping T s E <¢(w) JrmeE ), \I/j>x(s)ds>

is a continuous linear functional on L2(2,P; L2(0,T;V)). Hence by invoking (86) I converges
to 0 as m — co. Next, we easily derive from (34) that

E (¢><w> B (6) =y 57 ), ‘I’J')x(S)dS) <c (E / Uiy s) - y<s>|\|ymk<s>|rds)

X||®]] oo (2x[0,7]x Q)




STOCHASTIC MODIFIED MAGNETOHYDRODYNAMIC EQUATIONS 24
which together with H"older’s inequality and (84) imply that

! P(w) (Bly ™ (s) — y(s),y ™ (s)), ¥, . ’
W o) B =YLy L) ) y(o) )
| 0 | < C EU
XH(I)HLOO(QX[OT}XQ)
Thanks to (89) the left hand side of this last inequality will converge to 0 as m — co. Hence we

have proved that I; converges to 0 as m — oo which also shows that (92) holds.
Now for any ¢ € [0, T'] let

ME() =y ™ (lf)—y_om'“/lt (B Ay ™" (s) + P By "™ (s), y " (s))) /t P, fly ™ (s), 5)ds
+ and 0 ds— 0
MO =3(0) ~yo+ I06) + By yfb)flas = siv(s) o)
With the convergence (85), (86), (88),(91), and (92) we see that
M — M weakly in L2(€, LP"2(0, T, V*¥)). (93)
Foranyt>0and k € N, let

F = o((y_m’c (), Wi, (5)); s <t ke I§>
F o= o (v(5), W(s)i s < 1),
be the natural filtration generated by (y ™, W, ) and (y, W), respaskly. Let N be the set of

null sets F. For any ¢ > 0 and k € N, we denote by F,""*:= N>t (ﬁ;m’“\/]}:u /y the join

of F¢"™ and F 4, i.e. the coarsest o-algebra containing both of F " and F ;. We endow the new
probability system (€, F, P) with the filtration F"™* = { F,""*; t > 0}. Note that the W *-valued
stochastic processes y™ "+ and y are adapted wrt this filtration. Thus, they are also predictable

in W_* because their sample paths are continuous in W *.

Remark 3.12. (i) Let s >1—" 5 Since g:H x [0, T] — Jo(H) is continuous and both
H x [0,7T] and Jo(H) are complete, then g is also Cauchy-continuous (i.e. it maps any

Cauchy sequence of H x [0, 7] to a Cauchy sequence of Jo(H)). Hence, by the density of
H x [0, T] in W * x [0, T'] we can apply [66, Theorem 5.5.3] to justify the existence of a

continuous map g~ : W_* x [0, T'| — Ja(H) which extends g and satisfies Assumption (G)

on W_* x [0, T']. Thanks to this remark and the predictability of y "*and y, we can define
the stochastic integrals

M, (8) ::ﬁpmkgwy-mk() )W (r), M) = / - W (r),t € [0, T).

(ii) Next we note that from (82) and (85), it follows that almost surely y € C(0, T'; W *) N
L*>°(0, T'; H). Hence we deduce from [68, Theorem 2.1] that P-a.s. y € C(0, T'; H,,) where

C(0, T, H,;,) denotes the space of weakly continuous functions u : [0, T'] — H. Investigating
closely the proof of [68, Theorem 2.1], we infer from [68, Eq. (2.1), page 544] that P-a.s.

y(t) € Hfor all t € [0, T']. The same argument is used to prove that P-a.s. y " (¢) € H for all ¢
€ [0, T']. Since almost surely y(t) € Hand y ™ (¢) for allt € [0, T'] and ¢~ is an exten-

sionof g: [0, T] x H— Jy (H) then w e can identify resp ectiv ely the processes 4}, and
M defined above with [ p YW, (r) andf 0 9 (1), 7)dW (r), t € [0, T].
Hereafter, we will make sulh {?iengclﬁcatlon e

The next proposition is very crucial for our purpose.
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Proposition 3.13. The following identity holds P-a.s.

¢
M(t) = / 9(y(s),s)dW (s),
0
foranyt €0, T].
To prove this proposition we will need the next two lemmata.

Lemma 3.14. We have the following convergence

M () = / Pr gy ™ (1), ) AW, — / (94)
0
in L*(Q, L*(0, T; H)).

Proof. We will show that M, (t) converges in L*(€; H) to fd 9(y(r), )dW (r) as my — oo. For
this aim let e > 0 arbltrary and let N € N such that the partition {r =4:j=0,1,...,N} of
[0, T satisfies [} —r; +1]< e/2forany j=0,1,..., N.

Let s > 1—%and g~ : W *x[0, T| — J(H) be a contlnuous extension of g satisfying Assumption

G) on W_*x[0, T]. The justification of the existence of such extension was already done in
Remark 3.12-(i). Thanks to the continuity of P,,,, ¢~ and (82), we can argue as in the proof of (90)

to derive that
Ppg”(y ™ (1), r) = g (y(r), r) strongly in Jo(H) dP ® dt- a.e.. (95) Since, by
(95), (83) and Assumption (G), Vitali’s convergence theorem is applicable, we derive that

P (y ™ (r),r) — g (y(r), r) strongly in LA‘(Q7 L4(0, T, Jo(H))). (96)
Let
[y N -1 N - "
~ —myg - ~ —myg 5
R1 =K /I)‘||I|:Pmkg (y (T)7 T’) P Pmkg (y (rjr 3\})1(7“;\7,7'%1](7') mk( ) HH I

j
Since y "™ € L?(Q, C(0, T; W,*)) and g satisfies Assumption (G) on W.* x [0, T], it follows that
the map P, g™ (y m, (- ) ) € LX(Q, C(0,T; Jo(H))). Hence P, g™ (¥ my, (), ) € C(0, T; L*(£;
Now, it easily follows from the choice of {r ,N :§=0,1,..., N} that for any myand r € (}]g(]ﬁ[]ﬁj

we have -
Bl ™ (00.7) = Pt 40, &7
We also have the following chain of inequalities
T ~ (o —my N . ~(o—ME (0. N
ng CE/O\ HPmk.g (y (T)7T) - Pmkg (y (Tj 3\’7)1(7';\7,7‘%1}(7’)”2J2d7"
J= T

J

N , e -
<c E:/ T Pragg™ (™ (1), 1) = P (y ™ ()Y )12,

7. dr. §=0 Tj
J
From the last line and (97) we infer that for any € > 0 there exists kg such that for my, > ko we have
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Using the It "o’s isometry for stochastic integral in the righthand side of the above estimate we
derive that

T
Ry< CE |[Pmg™(y(r), 1) = g7 (v(r), )|, dr
from which and (96) we infer that for any € > 0 there exists k; such that for my > k; we have
19

< . 99
R4 < 4 (99)
Define
||| N  ~1 m N
RWJEpéﬁﬂmgw O AW (EA TN ) W (A D)
7=

N_ -1 I 9

J= I
By using the Cauchy-Schwarz’s inequality, it is easy to see that

N |||2|
R, <C< EPmkg ) r) = Pryg( )Wj e (E AT — Wiy (8 AN HDH

N -1 112
+C (E Z: %g Y)W EATS) =W (A7 = Wi A1) 4 Wy (6 AN I|H|1>I|
]:

<C Z:IEHPmkg Y "0 = P (750 1 N B Wy, (6 AT N 1) = Wiy (8 A )]
NE P9 )[4 [E supl| W, (8) — W (®)[|]-
+ONE sup | Pmg™ (v (1), 7)1, [te[%%?” () = WO

Since W, is a Q-Wiener process with values in K there exists C' > 0 such that
E[|Winy (r) = Wi, (8)[|'g < C(r — 5)%,

forany 0 < s <r <7T'.Hence

T N -1 . )
R22§CNE ‘Z;NPka(y k(g-"N),ﬁjN P g (Y(Tjj\vfer)HélJz(er—i-l_TjN)

+CNE rsel[l()I?T HPmk9~(Y(}7N),7)ﬁvJ2 [E Sup Hka (t) = W ()]

<C'N /\ 9 (5), 8) = Py g™ (y(s), 8)[1* 5, ds

+CNE s up,, le[m?? )[4, [E supll Wy, (¢) = W (1)[| "]

re|

Thanks to (85) and the fact that g~ also satisfies Assumption (G), we have

E sup [|Pp,g (y(r),)||*;,< co.
rel0,T]

Since Wy, is a Q-Wiener process with values in K, then for any ¢ > 1 there exists C' > 0 such that

E sup [[Win, (s)]% < CT*.
t€[0,T]
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Therefore from the almost sure convergence (80), the applicability of Vitali’s theorem and (96)
we derive that for any € > 0 there exists ks € N such that if m; > ko we have

52

RZ2 < . 100
2= 16 (100)
Let

N-1

_ 2
[Pmkg(Y(er)ﬂ rjv)]]'(rév,rﬁl] (T)] dW(T)
=0

R:),:E‘ /0 Py (r),7) —

J
Arguing again as in the case for R4 we get that

H

t N-1
o < CE [ gty ):r) = gty g ()
7=0

from which along the same argument as in R; we easily infer that for any € > 0 there exists
ks € N such that if m; > k3 we have

Ry < —. (101)

=] ™

Noticing that
t t 2 4
E‘ | P @), o) = [Latve)naw| <> R, (102)
H j=1

We derive from (98), (99), (100) and (101) that for any € > 0 there exists kg € N (for e.g.

ko = max{ko, k1, ko, k3}) such that if m; > ko we have
<e.

| P 01,10 W, (1) = [ty r)aw ()
0 0 H

Since, by Remark 3.12-(ii), we have P-a.s. y(f) € H and y™*(t) for all ¢ € [0,7] and g is an
extension of g : [0,T] x H — J2(H) then we easily infer that for any ¢ > 0 there exists ko € N
such that if my > kg we have

<e

/ P g5 (), ) d Wi, () — / (), P)dW ()
0 0 H

from which we conclude the proof. ([

2
E

2
E

?

Remark 3.15. Let w be real-valued Brownian motion defined on a filtered complete probability
space (9, F,F,P) and ¢ be a predictable process such that ¢ € L?(2 x [0,T];R). It is clear
that we can consider the stochastic integral [ ¢(s)dw(s) as a function I(¢,w) of the integrand
¢ and the Brownian motion w. One can prove by making use of the BDG inequality that
I(,w) : L2(Q x [0,T|;R) 3 ¢ — [y é(s)dw(s) € L*(Q x [0,T];R) is continuous. However, we
do not know whether I(¢,-) have some continuity property wrt the variable w. And this is the
reason why we used the discretization method in the proof of Lemma 3.14.

Next we show that y™* is the solution of a finite dimensional SDEs on the new probability
system (€2, F,P) which is equipped with the filtration F"** that was defined above.

Lemma 3.16. The following holds P-a.s

y"r(t) + / P AY™ () + Py B(Y™ (5), 5" (s))ds = 35" + / P f(y"™(s), 5)ds
0 0 (103)

t
" /0 o g(57™ (5), 8)d Wi,

for any t € [0,T].
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Proof. For any ¢ € [0,T] let I™* (¢ fo ik 9(F7 (), 8)dW,, (s) and
t

ML) = y™ (1) +/0 P Ay"* (s) + Py B(y™ (s), y™* (s))ds — yg'* — /0 P f(y"* (), 5)ds

- Z/ P, g(y ,8)e W'

First notice that the stochastic processes MM™* and I"* are finite dimensional. Next, since the
laws of (y"*, W) and (y™*,W,,,) are equal on & and P-a.s. M™*(t) = 0 for all t € [0,77, it
follows from [64, Lemma 139] that P-a.s. 9" (¢) = I"*(t) for any ¢ € [0,T]. O

Now we prove Proposition 3.13.

Proof of Proposition 3.13. For any t € [0,7T] let I(t fo )dW. Tt follows from (94)
that I™ — I strongly in L?(; L?(0,T,H)), and from Lemma 3 13 we derive that 9™k = [™k
in L2(€, LP"(0,T;W?)) with s — 1 > 2. Hence we derive from (93) and the uniqueness of the
weak limit that M = I in L2(Q, LP" (0, T;W?)). This fact implies that for almost all ¢ € [0, 7]
and P-a.s. M(t) = I(t). Since M(t) and I(t) are W}-valued continuous functions which agree
for almost all ¢t € [0,7], they must be equal for all ¢t € [0,7]. This ends the proof of the
proposition. ]

The stochatsic process y satisfies the property stated in the following proposition.
Proposition 3.17. For any r € [2,00) we havey € L"(Q,C(0,T;H)).
Proof. Thanks to Proposition 3.13 we have

yo+/G ds—i—/S ), t€10,T],

where

G() =T +Bly(),y() + fy())
and S(-) := g(y(-),-). Thanks to (88), (92) and (91) we have G(-) € L*(Q, LP"%(0,T]; W?)).
Owing to (85) and Assumption (G) we obtain S(-) € L?(Q x [0, T); J2(H)). Now it easily follows
from [29, Chapter I, Theorem 3.2] that there exists * € F such that P(2*) = 1 and for each
w € OF the function y(-) takes values in H, and it is continuous in H with respect to t. Now it
follows from the item (85) that y € L" (2, C(0,T; H)). g

To complete the proof of Theorem 3.3 we need two additional results that we state as propo-
sitions.

Proposition 3.18. We have the following identity
I = Ay in L*(Q, LP2(0,T,V*)).
Before we proceed to the proof of this proposition we state and prove the following lemma.

Lemma 3.19. Let p > 2 and y = (u;B) € L"(Q, C(0,T;H)) N L™/2(Q, LP2(0,T;V)) for any
r>2. For any v € LP(Q x [0,T);Vy,) and C € L*(Q x [0,T]; Va) set
Bi(y,y,v) =b(u,u,v) — ub(B, B, v),
82(y7 Y, C) = Mb(u7 Bu C) - Hb(Bv u, C)
Then, for any v € LP(Q x [0,T);Vy,) and C € L*(Q x [0,T]; V)
(i) Bi(y,y,v) € LY(Q x [0,T)) provided that p > max (1 + f—_&, "TH>,
(ii) Ba(y,y,C) belongs to L' (2 x [0,T)) provided that p > n.
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Proof. The case n = 2 is relatively easy and can be treated as, for instance, in [60, Page 918], so
we limit ourself to the case n > 3.
The proof of ((i)) for the case p > n is very similar to the proof of part ((ii)), so we will only

treat the case p < n. Let ¢ = %, p = w and 6 = %_FQ € (0,3). By arguing as in [35,
Chapter 2, page 213] we have

LP(0, T;WHP(Q)) N L™(0, T; L*(Q)) € LP(0,T; L9(Q)) N L¥(0, T; L*(Q)) € LP([0,T] x Q),
and
HVHUJ (0,7]1xQ) = CHVHLp 0,7;Wlr(Q) )||V||?;oo(o,T;L2(Q))a (104)
for any v € LP(0,T; W1P(Q)) N L>(0,T; L*(Q)).
As above we can argue as in [35, Chapter 2, page 213] and derive that
L%(0,T;H'(Q)) N L(0,T; L*(Q)) C L*(0,T; L%(Q)) N L(0,T; L*(Q)) € L*([0,T] x Q),

2(n+2)

where oo = . Moreover, with the same 6 as above

||V||La([0T}xQ < CHVHLz 0,TH( ))||V‘|9Loo(o,T;L2(g))’ (105)

for any v € LP(0,T; WLP(Q)) N L>(0,T; L*(Q)).
Now since b(u,u,v) = —b(u, v, u) for any v € LP(Qx[0,T]; V;,) and 1 —|— for any p > 1+n+2,
we derive by the Cauchy-Schwarz inequality that

T
134 wmu»u@xv@»utSCEhuﬁﬂmﬂxgquummﬂxg7

2(1-6
<CE[HUHL(p UT)W1 (Q)) ”uHLoo(OTL2 (Q) HVHLP 0,7;V1 p):|

Since (u;B) € L™(Q,C(0,T;H)) N L'/2(Q, LP2(0,T;V)) for any r > 2 one can choose r; such
that 20=0 4+ 20 1 1 — 7 and

2(1-0) 0

T 1 =
[ oo, vt < OBl gy BN e

S =

X |:EHVHZ[),P(O,T;V1,;D):|

With exactly the same argument we can prove the following estimate

T 2(1-6) 0
1 I 71
B [ BBOBONON < C BB rmo)| | EIBE )

» p
X E”V”LP(QT;VLP) ’

which is valid as long as % + % <1, iep> ”T‘FQ. We conclude easily the proof of part ((i)) with
these last two estimates.
Proof of part ((ii)). Let

2

_ pn
T —2m+2p)(n+2)’
S - )+ (-3

q P n 2
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Note that n > ;énif)), v € (0,1) and é—i—%%—& < 1 as long as p >

Cauchy-Schwarz and Gagliardo-Nirenberg inequalities we deduce that

T T
E [ IBaly(0). (), C(0) e < CE [ /

We deduce from this inequality that

T
B[ 1Balv(o)5 (0. <>>rdt<CE[uuer(OTL2 o180 1100

n(n+2)
2(n+1)"

Hence, by the

@) Va7, o) IB( )HLQ(Q)|VC(75)|dt}

x ||B||La<[o,m>uv0||mo,m>],

provided that 7 —|— —|— < 1 which is true as long as v < i.e. p > n. As before we can

L n+27
1-0
r17 + 27‘1 r9 o5 T 2 S 1 and
T 1;20 0

1—

- A
XE[HUHEP(O,T;WLP(Q))} [E”u”ig o2l

9 2
X |:EHC||L2(O,T;V2):| )

provided p > n. This last estimate ends the proof of our lemma. O

Proof of Proposition 3.18. We will use the method of monotonicity (see, for instance, [47, Chapitre
3, Section 3, p 103 ] to prove Proposition 3.18.

Let {U/;5 = 1,2,...} be the orthogonal basis of H defined on page 12. From Lemma 3.5 we
deduce that for any j =1,...,my

T
(3" (T), ¥7) = (yglka‘l’j)—/o (P AF™ (8) + P BI™ (), 5™ (5)), W) ds
T

T
" /0 (P £(57 (5), 5), W) ds + /0 (P g(5™(5), 8), W)W,

Thanks to (93) it follows that the righthand side the above equation converges weakly to
(M(T), W) in L?(2,R) which is equal to (y(7),¥7) for any 5 > 1. Hence, we have just es-
tablished that

B =y(T) in L*(Q,H).

Now, it follows from Eq. (12) of Lemma 2.3 that for any v € L?(Q, LP%(0,T,V))

T T T
E /O (AF™ (5), 5™ (s))ds > 2F /0 (AF™ (), v(3))ds + 2 /0 (Av(s), 57 (5) — v(s))ds.

By assumption p > max <1 + HQ—J’ZQ, "TJFQ,n>, hence thanks to Lemma 3.19 we can apply Ito’s
formula given in [48, Theorem 1.3.3.2, page 147] and we derive that

T

T
E / (AF™ (), 7™ ())ds = [y*[2 — E|g™ (T)|? + 2E / (P F(5™ (5, 8), 3™ (s))ds
0 0

T
E / | P 957 (5), )2, ds.
0
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and

T t t
2R /0 (T(s), y(s))ds = yol? — Ely(T)|? + 2E /0 (F(3(5), ), y(s))ds + E /0 lg(y(s), 9)| 2, ds.

From these last three estimates we infer that

T T g 4
V7% (s). v(s))ds — s s))ds v(s), ¥y (s) — v(s))ds Lk
2E/O (A5™ (5), v(s))d 2E/0 (T(s),y(s))d +2E/O (Av(s), 3™ (s) — v(s))d g;J

+E(ly (T)]? = [y™(T)|?),
(106)

where

JUF g2~y
T
JH o /0 (F(y(5), 5), ¥(s) — 7™ (s))ds
T
9 /0 (F(3(5), 5) = P S5 (), 5), 37 (5))ds

T T
JHE ::E/O IIPmkg(ym’“(S),s)Hids—E/O lg(y (s), s[15,ds-

It follows from (43), (86), (91) and (96) that limg_, Z?Zl J* =0, and since y™*(T) — y(T)
weak in L%(Q, H) we also infer that

lign ianE(|y(T)|2 — |y™* (T)IQ) < 0.
— 00

We easily infer from these last two remarks and by passing to the limit in (106) that

T
2E/0 (T(s) — Av(s), v(s) — y(s))ds < 0

for any v € L3(Q, LP2(0,T,V)). Let ¥ € L?(Q, LP2(0,T,V)) and 6 > 0. By taking v =y + 0¥,
we derive from the last estimate that

T
QE/O (I'(s) — A(y(s) £ 0¥(s)),£¥(s))ds <0,

from which along the hemicontinuity of A we conclude the proof of the proposition. O

Proposition 3.20. Let N be set the null sets of F- Let F = {Fs : s € [0, T}, where the o-algebra
Fs is defined by

Fs:=0o (o (y(r),W(r);re[0,s]) UN).

The stochastic process W is a F-cylindrical Wiener process on H.

Proof. This follows from Proposition 3.11 and Remark 2.8. O
Now we will end the proof of our first main result.

Proof of Theorem 3.3. Now from Proposition 3.13, Proposition 3.17, Proposition 3.18 and Propo-
sition 3.20 we infer that the system {(Q2, F,F,P), (y, W)} is a martingale solution to (38)-(39) in
the sense of Definition 3.1. This ends the proof of the existence theorem. O
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4. EXPONENTIAL DECAY OF THE WEAK SOLUTION

In the present section, we are interested in the asymptotic behavior of weak probabilistic
solutions of (38)-(39) so we will assume the existence of such solution.
First, note that

(Ay,y) =(Apu,u) + (A42B, B)
>v5(|[ulff + [[ull7,) + B3
>03Plul* + PBJ,
where P is the constant in Poincaré’s inequality. Setting i = min(3P, P), then
(Ay,y) > aly]*. (107)

Throughout this section we suppose that there exist positive constants 6, M., Mg, Cy, and two
integrable functions «(.) 3(.) satisfying

0<a(t) < Mye ™ 0<B(t) < Mge™ (108)
and
(f(y,1),y) < alt)+(Cp + B)lyl%, (109)
for any t € [0,00) and y € H.

We also assume that there exist positive constants ¢, My, M, and two positive functions
v(.),0(.) such that

5(t) < Mse™ % ~y(t) < Mye ™, (110)
and
lg(y, 1)1, < (1) + (¢ +8(1)yl%, (111)
for any ¢ € [0,00) and y € H.
We also suppose that
20 > 2C +C. (112)

Theorem 4.1. Under the conditions (108)-(112) any weak solution to (38)-(39) converges to
zero almost surely exponentially.

Proof. Recall that

y(0) =30 [ [Av() + By yo)]ds + [ 150905+ [ olvls).spaw

from which and It6’s formula (see, for instance, [48, Theorem 1.3.3.2, page 147] )we derive that

YO = yol> — 2 / (Ay(s) — F(y(s).5),y(s))ds + / gy (s), 5)|1%,ds
2 / (9(y(5). ), y())dW.
0

Since 2fi > 2C + ¢ we can choose a constant a € (0, 6) such that 2i > 2C; + ( +a. Hence, Ito’s
formula implies

t

ety (D] = [yol?> 2 /0 (e Ay(s) — F(y(s).8),y(s))ds + /0 e |lg(y(s), 5)| 2, ds

+a /0 ey (s)Pds + 2 /0 (9(y(s), ), y(s))dW.
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Since the mathematical expectation of the last term of the right hand side of this equation
vanishes, then
t

By (1)[? = lyol? - 2 / E(e%* Ay (s) — f(y(s),5),y(s))ds + / eE|lg(y(s), )2, ds
0 0

) (113)
—I—a/ e®Ely(s)|*ds
0
Therefore, we can derive from (113) and (107) that
¢ t

Bl (OF < [ (2M5 + 22 o ly(5)ds + (2Cp + C+a—27) [ ely(o)Pds

0 0 114)
¢ (
+lyol? + / (2M,, + 2M,,)e(@ D3 ds.
0

By invoking Gronwall’s lemma we can infer the existence of My = My(|yo|?) such that

Ely(t)]* < Moe™*, (115)

for any ¢t > 0.
Now let N be a positive integer. 1t6’s formula yields

[y () = ly(N)* — 2/ (Ay(s) = f(y(s),5),y(s))ds + /N lg(v (), $)II7,ds

N

2 /N (9(y(5). ), y(s))dW.

Owing to Burkholder-Davis-Gundy’s, Cauchy-Schwarz’s and Cauchy’s inequalities we have

[ttt vnaw| <me ([ T ) Pllay(s) s>|32ds)é ,

N

E sup
N<t<N+1

[NIE

N<t<N+1

N+1
<mE[ s |ly@)> /N lg(y(s),sli3ds |

N+1 ) 1 9
<1 / Ellg(y(s), )|%ds + =E  sup  |y(t)]%
N 2 N<i<N+1

where 71,72 > 0. From this we deduce that

N+1
B oswp 0P <z [ [as)+ (O + BBy ()] ds
N<t<N+1 N

N+1
TEly(N)? - 27 /N Ely(s)[2ds (116)

N+1
(1m) [ Bllaly(s)9)lds

The assumptions on f and g imply

N+1
B swp (0P <BY(VP+ (242040 [ Bly(s)ds
N<t<N+1 N

N+1
s [ Ral) 0 mhels 1D
N

N+1
+ / [2B(5) 4 12(¢ + 6(5))]Ely(s)[*ds.

N
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Thanks to (115) there exists a positive constant M; = M (|yo|?) such that

E  sup |y(s)|? < Mje V.
N<t<N+1

Finally, the results follows from Borel-Cantelli’s lemma. g

Remark 4.2. The conditions (108)-(111) correspond to a modified MHD system driven by
external forces that decay exponentially with time. This situation is very difficult to find in
practical experiment, and hence it is not very realistic. A set of conditions which could be more
realistic than (108)-(111) is the following.

Assume that there exist positive constants My, Mg, M., M; such that

(f(¥),y) < Mo + Mgly|?,
and
lg(y. )13, < My + Msly|?,

for any y € H. Under these new conditions one can prove that Theorem 4.1 remains true provided
that i > M, + Mg + Mg + Ms. A situation which correspond to these new assumptions is the
case where we have a damping-like term (i.e., f(y) = Mgy) and additive noise of the form QdW
where @) € Jo(H).
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