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Abstract. In this work, using the concepts of G-metric and b-metric we define a new type of metric which
we call Gy-metric. We study some basic properties of such metric. We also prove a common fixed point
theorem for six mappings satisfying weakly compatible condition in complete partially ordered G,-metric
spaces. A nontrivial example is presented to verify the effectiveness and applicability of our main result.

1. Introduction

Mustafa and Sims [12] generalized the concept of a metric space. Based on the notion of generalized
metric spaces, Mustafa et al. [15] obtained some fixed point results for mappings satisfying different
contractive conditions. Abbas and Rhoades initiated the study of common fixed point theory in generalizes
metric spaces. Since then, many authors obtained fixed and common fixed point results in the setup of
G-metric spaces [1,7,11, 13, 14, 16, 18, 19]. Saadati et al. [18] proved some fixed point results for contractive
mappings in partially ordered G-metric spaces ( see also, [6]). On the other hand the concept of b-metric
space was introduced by Czerwik in [8]. After that, several interesting results for the existence of fixed
point for single-valued and multivalued operators in b-metric spaces have been obtained (see [4, 5, 20]).
Pacurar [17] proved some results on sequences of almost contractions and fixed points in b-metric spaces.
Recently, Hussain and Shah [9] obtained results on KKM mappings in cone b-metric spaces.

The aim of this paper is two fold: We introduce a concept of generalized b-metric spaces, study some
basic properties of generalized b-metric and obtain a common fixed point result for six mappings satisfying
weakly compatible condition in the framework of complete partially ordered generalized b-metric spaces.

Following is our definition of generalized b-metric spaces.

Definition 1.1. Let X be a nonempty set and s > 1 be a given real number. Suppose that a mapping
G: XXX xX — R satisfies :

(Gpl) G(x,y,2) =0ifx=y =2z,
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(Gp2) 0 < G(x,x,y) forallx,y € X withx # v,
(Gp3) Glx,x,y) < G(x,y,z)forallx,y,z € X with y # z,
(Gp4) G(x,y,z) = G(p{x, y,z}), where p is a permutation of x, y, z (symmetry),
(Gbd) G(x,y,2) <s(G(x,a,a) + G(a, y,z)) for all x, y,z,a € X (rectangle inequality).

Then G is called a generalized b-metric and pair (X, G) is called a generalized b-metric space or Gp-metric
space.

It should be noted that, the class of G,-metric spaces is effectively larger than that of G-metric spaces given
in [12].
Following example shows that a Gy-metric on X need not be a G-metric on X.

Example 1.2. Let (X, G) be a G-metric space, and G.(x, y,z) = G(x, y, z)’, where p > 1 is a real number.
Note that G, is a G,-metric with s = 2/-!. Obviously, G, satisfies conditions (Gp1) — (Gp4) of the definition

1.1, so it suffices to show that (G5) is hold. If 1 < p < oo, then the convexity of the function f(x) = x” (x > 0)
implies that (a + b)P < 2P~1(a” + bP). Thus for each x, y,z,a € X we obtain

G(x, v,z <(G(x,a,a)+ G(a,y,z))
2P Y(G(x,a,a) + G(a, ¥,2))
2"Y(G.(x,a,0) + G.(a, Y, 2)).

G.(x,y,2)

IN

So G, is a Gp-metric with s = 2771,
Also in the above example, (X, G.) is not necessarily a G-metric space. For example, let X = IR and G-metric
G be defined by

G(x,y,2) = %(|x —y|+ |y 2|+ -z,

forallx,y,z € R (see [12]). Then G.(x, y,z) = G(x,y,2)* = %((x - y| + |y - z| +|x — z|)? is a G,-metric on R with

7 64
s = 2271 = 2, but it is not a G-metric on R. To see this, letx =3,y =5,z=7,a = 5 we get, G.(3,5,7) = 5

77, 1 7 49 64 , 50 77 7
G*(3, E, E) = §, G*(E,S, 7) = ?, SO G*(3,5, 7) = 3 f_ ? = G*(3, E, E) + G*(§,5, 7)
Now we present some definitions and propositions in Gp-metric space.

Definition 1.3. A Gp-metric G is said to be symmetric if G(x, v, y) = G(y, x,x) forall x, y € X.

Definition 1.4. Let (X, G) be a G,-metric space then for xy € X, r > 0, the Gp-ball with center xy and radius r
is

BG(XO, 7’) = {}/ €eX | G(x()r y/ ]/) < 7’}.

For example, let X = R and consider the G,-metric G defined by

G(x,y,2) = é(|x - y| + |y - z| +|x = z))?

forall x,y,z € R. Then
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BG(S/ 4)

lye X|1GBy,y) <4}

ye XI5y -3+ |y-37 <4

yeXlly-3 <9
0, 6).

By some straight forward calculations, we can establish the following.

Proposition 1.5. Let X be a G,-metric space, then for each x, y,z,a € X it follows that:
(1)if G(x,y,z) =0 thenx =y =z,
(2) G(x, y,2) < s(G(x, x, y) + G(x, x, 2)),
(3) G(x, v, y) < 25G(y, x, %),
(4) G(x,y,2) <s(G(x,a,z) + G(a, y, 2)).

Definition 1.6. Let X be a Gy-metric space, we define dg(x, y) = G(x, y, y) + G(x, x, v), it is easy to see that d¢
defines a b-metric on X, which we call it b-metric associated with G.

Proposition 1.7. Let X be a Gy-metric space, then for any xp € X and r > 0, if y € Bg(xo, ) then there exists
a 6 > 0 such that Bg(y, 6) € Bg(xo, 7).
Proof. Lety € Bg(xo,7), if y = xo, then we choose 6 = r. Suppose that 0 < G(xo, y, y) < 1, we consider the set,

A={neN| < G(xo, y,v)}. By Archmedean property, A is a nonempty set, then by the well ordering

4Sn+2
principle, A has a least element m. Since m — 1 ¢ A, we have G(xo, v, y) < 451% Now if G(xo, y, y) = 45%,
r i r T
then we choose 6 = 1ot and if G(xg,y, y) < ) we choose, 6 = yprro G(xo,y,y).0

So from the above proposition the family of all G,-balls
{Be(x, 1) |x € X, r>0},

is a base of a topology 7(G) on X, which we call it Gp-metric topology.
Now we generalize proposition 5 in [12] for G,-metric space as follows:

Proposition 1.8. Let X be a Gp-metric space, then for any xy € X and r > 0, we have

r
Bg(xo, m——) C By (x0,7) € Bg(xo, 7).
600, 57) € Bac (%0, 1) € Bo(xo, 1)
Thus every Gp-metric space is topologically equivalent to a b-metric space. This allows us to readily trans-
port many concepts and results from b-metric spaces into Gp-metric space setting.

Definition 1.9. Let X be a Gp-metric space. A sequence {x,} in X is said to be:

(1) Gp-Cauchy sequence if, for each ¢ > 0, there exists a positive integer ny such that, for all m,n,l >
no, G(Xp, X, X1) < €;

(2) Gp-convergent to a point x € X if, for each ¢ > 0, there exists a positive integer 1y such that, for all
m,n > ny, G(x,, X, X) < €.

Using above definitions, we can easily prove the following two propositions.

Proposition 1.10. Let X be a Gy-metric space, Then the following are equivalent:



A. Aghajani, M. Abbas, ].R. Roshan / Filomat 28:6 (2014), 1087-1101 1090

(1) the sequence {x,} is Gp-Cauchy.
(2) for any ¢ > 0, there exists 1y € IN such that G(x,, X, x) < €, for all m, n > ny.

Proposition 1.11. Let X be a Gp-metric space, The following are equivalent:
(1) {xn} is Gp-convergent to x.
(2) G(xy, x,x) = 0 as n — +oo.
(3) G(x,, x,x) > 0asn — +oo.

Definition 1.12. A Gp-metric space X is called G,-complete if every G,-Cauchy sequence is G,-convergent
in X.

Definition 1.13 ([10]). Two self mappings f and g of a set X are said to be weakly compatible if they
commute at their coincidence points; i.e., if fx = gx for some x € X, then fgx = gfx.

We also need the following definition:

Definition 1.14. Let X be a nonempty set. Then (X, G, <) is called partially ordered Gp-metric space if G is
a Gp-metric on a partially ordered set (X, ).

A subset K of a partially ordered set X is said to be well ordered if every two elements of K are comparable.

Definition 1.15 ([2, 3]). Let (X, <) be a partially ordered set. A mapping f is called dominating if x < fx for
each x in X.

Example 1.16 ([2]). Let X = [0,1] be endowed with usual ordering and f : X — X be defined by fx = V/x.
Since x < x3 = fx for all x € X. Therefore f is a dominating map.

Definition 1.17 ([2]). Let (X, <) be a partially ordered set. A mapping f is called dominated if fx < x for
each x in X.

Example 1.18 ([2]). Let X = [0, 1] be endowed with usual ordering and f : X — X be defined by fx = x" for
some n € IN. Since fx = x" < x for all x € X. Therefore f is a dominated map.

2. Common Fixed Point Results

The following is the main result of this section.

Theorem 2.1. Let (X, <) be a partially ordered set. Suppose that there exists a symmetric G,-metric G on
X such that (X, G) is a complete Gp-metric space. Also let self-mappings f,g,h,S, T and R on X satisfy the
following condition

V(25*G(fx, gy, hz)) < P(Ms(x, y,2)) = p(Ms(x, y, 2)) 1)

for all comparable elements x,y,z € X, where ¢, : [0,00) — [0, 00) are two mappings such that 1 is a
continuous nondecreasing, ¢ is a lower semi- continuous function with ¢(t) = ¢(t) = 0 if and only if ¢ = 0,
and

Ms(x,y,z) = max{G(Rx, Ty, Sz), G(Rx, Ty, gy), G(Ty, Sz, hz), G(Sz, Rx, fx),

G(fx,Rx, gy) + G(fx, Sz, hz) + G(gy, Ty, hz)}
3s '
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If f,g and h are dominated, S, T and R are dominating with fX C TX, gX € SX and hX C RX, and for a
nonincreasing sequence {x,} with y, < x, for all n and y, — u implies that u < x,, and

(a) one of fX, gX or hX is a closed subset of X,

(b) The pair (f, R), (g, T) and (h, S) are weakly compatible,
then f,g,h, S, T and R have a common fixed point in X. Moreover, the set of common fixed pointsof f,g,h,S, T
and R is well ordered if and only if f, g,h, S, T and R have one and only one common fixed point.

Proof. Let xo be an arbitrary point in X. Since fX C TX, gX € SX and hX C RX, we can define the sequences
{x,} and {y,} in X by

Yan = fx3n = Tx3pe1,
Yansl =  GX3p+1 = SX3u42,
Yan+z = hxspp = Rxzues, 1=0,1,2,---.

By the given assumptions x3,41 < Tx3p1 = fX3n < X3y and X3p10 < SXzpe2 = JX3n+1 = X3p41 and x3,43 <
Rx3y43 = hX3p42 = X3440. Thus, for all n > 1, we have x,,41 < x,,. Let Gy = G(Ym, Yim+1, Ym+2). We suppose that
Y3n # Y3n+1 OF Ysns1 # Yans2, fOr every n. If not then y3, = ysu+1 = Yan+2, for some n, so Gz, = 0 and from (1),
we obtain

V(Ganr1) < P(25*'Gana1) = P25* G(Y3ns1, Yans2, Yanss))
= lP(254(3(]\/3n+3, Yan+1, Y3ns2,)) = lP(254G( f X3n+3, 9X3n+1, hx3n42))
< P(Ms(x3n+3, X3041, Xan+2)) — P(Ms (X343, X3u+1, X3n+2)),
where
M (%3043, X341, X3n2) =  mMax{G(Rx3,43, Tx3u41, SX30+2), G(RX31+3, TX3041, 9%3n41), G(TX3011, SX3n42, hX3n42),

G(Sx3n+2, RX3n43, fX3043),
G(fx3n+3, Rx3443, 9x30+1) + G(fX3n43, SXan12, X3n12) + G(9X3041, TX3n41, BX3042) |
3s
= max{iG(Ysn+2, Yan, Y3n+1), GWan+2, Yan, Yan+1), GWan, Yant1, Yane2), G(Y3n+1, Y3nr2, Yn+3)
G343, Yan+2, Yan+1) + G(Y3n+3, Yan+1, Yan+2) + G(Yanr1, Yan, Yan+2) |

3s
G G G
= max{Gs,, Gan, Gan, Gans1, —2L i 3?;n+1 i 1)
Gs, +2G
= max{Gszu, Gan+1, %}
0+2G
= maX{Ol G3n+1/ %}

- G3n+1‘

Hence, P(G3p+1) < P(G3ns1) — @(Gzu41) implies that Gs,e1 = 0, hence yzu41 = Yan2 = Y3us+3. By a similar
argument, we obtain yzu+2 = Y3443 = Y3n+4 and so on. Thus {y,} becomes a constant sequence and by
assumption (b), {y3,} is the common fixed point of f, g,h, S, T and R. Take G, > 0 for every n. We prove that
limy, . G, = 0, for this purpose we consider three cases:

If m = 3n, then we have

V(Gsn) < P(25*Gan) = Y(25* G(Yan, Yans1, Yans2))
¢(254G(f X3n, 9X3n+1, hx3n42))
< P(Ms(x3n, X3041, X3n42)) — @M (X3, X30141, X3042)), (2)
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max{G(Rxzn, TX3n+1, SX3n+2), G(RX30, Tx3041, 9X30+1), G(TX3041, SX3n42, BX3042),

G(Sx3n+2, Rx3, fX30),

G(fx3n, Rxsn, gxans1) + G(f X3, SX3n42, hX3042) + G(9X3041, TX3n41, 1X3042) |
3s

max{G(Ysn-1, Y3n, Yan+1), GW3n—1, Y3n, Yan+1), GY3n, Y3n+1, Yan+2), GWYan+1, Yan-1, Yan),

GW3n, Y3n-1, Y3n+1) + G(Y3n, Yans1, Yan+2) + GW3ns1, Yan, Y3ne2) |

3s
G 11— + G n + G n
max{Gan—1, Gan-1, Gan, Gan-1, 353 !
n-1+ 2 n
max{Gszu-1, G3n, M}'

3s

We prove that Gz, < G3,-1, for each n € N. If Gz, > G3,,—1 for some n € IN, then for each s > 1 we have

1
Gan > Gap1 2 ——=G3p1 = G3y >
3s—2

G3p-1 +2G3zy,
3s '

So Ms(x31, X3n+1, X3n+2) = Gz, and from (2) we have

1P(G’Sn) < 1P(G3n) - (P(GSH)/

and so ¢(G3,) < 0 which implies that G3, = 0, a contradiction to Gz, > 0. Now, if m = 3n + 1, then

A

V(Gans1) < P(25*Gane1) = P25 G(Yans1, Yans2, Yane3))

IA

where

M (X343, X30+1, X3n+2)

V(25 G(Yans3, Yanr1, Yans2,)) = W2 G(fX3043, GX3n+1, MX3042))
Y(Ms (X343, X3n41, X3142)) — P(Ms(X3143, X3n+1, X3042)), 3)

max{G(Rxzn+3, TX3n+1, SX3n+2), G(RX3143, Tx341, 9X30+1), G(TX3041, SX3p42, X3042),
G(Sx3n42, Rx3443, fX3n43),
G(fx3n43, RX3443, 9X3n41) + G(fX3043, SX3n42, hX3n12) + G(gx3041, Tx3n+1rhx3n+2)}

3s
max{G(Yan+2, Yan, Y3n+1)r GWan+2, Yan, Yan+s1), GWan, Yans1, Yane2), G(Y3n+1, Y3ne2, Yn+3),
G(Y3n43, Yan+2, Yan+1) + G(Y3n+3, Yan+1, Yans2) + G(Y3ns1, Yan, _1/3n+2)}

3s
Gans1 + Gaps1 + Gy

3s

max{Gszu, G3n, G3n, Gan+1,

Gay + 2G3p41
3s

}

max{ G3n/ G3n+1/

}.

Similarly, if G341 > Gs,, for some n € IN, then M;(X3,43, X31+1, X3n+2) = G3u41 and from (3) we have

P(Gzns1) < P(Gaug1) — (Gznr1),

and so ¢(Gszu+1) < 0 which implies that Gz,4+1 = 0, a contradiction to Gz,41 > 0. If m = 3n + 2, then
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A

V(Ganr2) < P(25'Gansa) = P25 G(Y3ns2, Yans3, Yan+a))
= P2 *G(Y3n+3, Yansa, Yans2, ) = V(25 G(fxan43, GXan+a, hxan42))
l/’(Ms(x3n+3/ X3n+4, x3n+2)) - (P(Ms (x3n+3/ X3n+4, x3n+2))/ (4)

IN

where

max{G(Rx3u+3, TX3n+4, SX3n+2), G(RX3n13, TX3n44, 9X30n+4), G(TX3144, SX3n42, HX3042),
G(Sx3n42, Rx3443, fx3n+3)/
G(fx3n+3, RX3043, 9X3n+4) + G(fX3043, SX3n42, IX3042) + G(GX30+4, TX3044, hX3142)
3s
= max{G(y3n+z, Y343, Yanr1), G(Wsnt2, Yans3, Yan+a)r G(Y3n+3, Yan+1, Yane2),
G(Y3n+1, Yan+2, Y3n+3),
G(Y3n+3, Yau+2, Yan+a) + G(Y3n+3, Yanr1, Yan+2) + G(Yan+d, Y3n+3, Yan+2)
3s
G3n+2 + G3n+1 + G3n+2
3s

Ms (x3n+3/ X3n+4, x3n+2)

}

}

= max{Gzu+1, G3n+2, Gan+1, Gans1,

}

Gaps1 + 2G3pe2
3s

Similarly, if G342 > Gspe1 for some n € IN, then M(xX3,43, X31+4, X3n+2) = G342 and from (4) we have

= max{Gzu+1, G3ns2,

1.

P(Gzns2) < P(Gangz) — (Gzns2),

and so ¢(Gszu42) < 0 which implies that Gz,42 = 0, a contradiction to Gz,42 > 0. Hence for each n € IN we
have 0 < G, < Gy-1. Thus the sequence {G,} is nonincreasing and so there exists lim,_c G, = 7 > 0. Also
we have

Gy +2G,

MS(P{xn/ Xn+1, Xn2}) = max{Gu_1, Gy, 3s

}.

Taking the limit as n — oo we get

r+2r

T}:T’.

lim M,(p{xn, Xp+1, Xns2}) = maxir, 7,
n—o00

Suppose that r > 0. Then

P(Gn) ¥(25*Gp) = Y25 G(Yo, Yns1, Yns2)) = P25 G(f2n, gXus1, hn12)

<
< lP(ZVIS(xm Xn+1, xn+2)) - (p(Ms(xn/ Xn+1, xn+2))-

So taking the upper limit as n — oo implies that

lP(T) < QD(T) - hmglf @(Ms(xnl X2n+1, xn+2))
170(1’) - (P(hmglst(xnl X2n+1, xn+2))
170(1’) - @(7’)/

a contradiction. Hence
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21_130 G(]/nr Yn+1, ]/n+2) =0. (5)

Since ¥, # Yns1 OF Ynt1 # Yus2 for every n, so by property (G,3) we obtain

G(yn/ Yn+1, yn+1) < G(yn/ Yn+1, yn+2)-

Hence

r}gl;lo G(ynl Yn+1, yn+l) =0. (6)

Also, since G is symmetric we have

,}ilﬂ, GWYn+1, Yn, Yn) = 0. (7)

Now we prove that {y,} is a Cauchy sequence. For this it is sufficient to show that a subsequence {y3,} is
Cauchy in X. Assume on contrary that {y3,} is not a Cauchy sequence. Then there exists ¢ > 0 for which we
can find subsequences {3, } and {y3,,} of {y3,} such that m; is the smallest index for which 3my > 3n; > k,

G(]/Snk/ ]/3mk/ ]/Smk) Z & (8)

and
G(y3nk/ y3mk—ar y3mk—ﬁ) < & 7 0(, ﬁ € {1/ 2}/ (9)
G(ank—ll ]/3mk—y1 y3mk—6) < & Vs o€ {0/ 1/ 2/ 3} (10)

Now, from (1), we have

W(GCWan, Yame—2, Yam-1)) < P25* G(Y3n, Yame—2, Yame-1))
= ¢(254G(fx3nkl ngmk—Zr hx3mk—1))
< P(Ms(X3m,, X3m-2, X3m—1)) — @(Ms(X30,, X3m,—2, X3m,-1)), (11)

where

M; (%30, X30—2, X3m—1) =  max{G(Rxzu,, TX3m,—2, SX3m,-1), G(RX31,, TX3,—2, GX3m—2),
G(Tx3m,—2, SX3m,—1, hx3m,-1), G(SX30,-1, RX31,, fX31,),
G(fx3n,, Rxan,, 9%3m,—2) + G(f X3, SX3m,-1, hX3m,-1)
+G(gx3m,—2, TX3m,—2, WX3,-1)
3 }
s
= max{iG(Ysn—1, Y3m—3, Y3m—2), GW3n-1, Y3m-3, Y3m=2), G(Y3m—3, Y3me—2, Y3me—1),
G(y3mk—2, Y3n-1, ysnk),
GW3ner Yane—1, Yame—2) + GW3ns Yame—2, Yam-1) + G(Y3me—2, Y3me—3, Y3me—1)
3s
= max{G(Yzu-1, Y3m-3, Y3m—2)r Game—1, G(Y3m—2, Y3m—1, Y3u,),
G(Y3m-2, Y3n—1, Y3ne) + G(Y3u,r Yame-2, Y3me—1) + Gm—3
39 ). (12)

}
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Using (8) and (Gp4)-(Gp5), we obtain that

€ < G(Y3uy, Y3myer Yam,)
< SG(]/3nk/ ]/3mk—1/ ]/Smk—l) + SG(y?)mk_l’ y3mk’ y3mk)
< S GWY3me1, Yame-2, Yam-2) + G (Yam—2, Yame1, Yn) + SG(Yame—1, Yam, Yom,)-

Taking the upper limit as k — oo and using (6), (7) and (9) we obtain

e .
2 < limsupG(Y3n,, Y3m—2, Y3m—1) < €. (13)

—00

Also

€ G(Y3mer Yamyr Yamy) < SG(Y3nr Yan—1, Yan—1) + SG(Y3n,-1, Yamyr Yam,)

SG(WYan, Va1, Yan—1) + > G(Wam-1, Yame-1, Yame-1) + > GY3m1, Yamy Yam,)

SG(WY3np, Yam—1, Yam—1) + S G(Yam—1, Yam—2, Yam—2) + S G(Yame—2, Yam—1, Yame—1) + 5> G(W3m—1, Yame, Yam,)
SG(Wang, Yame—1, Yan—1) + 5*G(Yam—2, Yami—3, Yame—3) + 5 G(Yam—3, Yam—2, Yam—1)

+8°G(Y3m,—2, Yame-1, Yame—1) + 5°G(Y3me—1, Yam, Yam,)-

So from (6), (7) and (10) we get

IN AN IAN IA

& .
o < limsupG(yan,-1, Yam-3, Yom,-2) < €. (14)

k—o0

Moreover, by the symmetrically of G we have

[e]

G(Y3mer Yamer Yan) = G(Y3ner Y3 Yam,)

SG(Y3nr Yan—1, Y3n—1) + SG(Y3n,-1, Y3u,r Y3m;)

SG(Yan, Yane—1, Yame—1) + S*G(Yamy, Yame—2, Yame—2) + S*G(Yzn-1, Yy, Yam—2)
SG(Waner Yame=1, Yam—1) + S G(Y3my, Yam—1, Yam=1) + S G(Y3m,=1, Y3m,—2, Yam,—2)
+52G(Yam-1, Yane, Yam—2)-

IANIACIN A

Taking the upper limit as k — oo and using (7) we obtain
€ ..
2 = lim sup G(ysu-1, Yau, Yam-2).

On the other hand

SG(Y3m—2, Yame—1, Y3m—1) + SG(Y3m—1, Y3u-1, Y3n,)
SG(]/Smk—Z/ Y3m—1, y3mk—1) + SzG(y3nk1 Y3m—1, ]/31nk—1)
+5°G(Y3me-1, Yamy—1, Yam—1)-

G(]/S»nk—l/ Y3ms y3mk—2)

Taking the upper limit as k — oo and using (6), (9) and (10) we get

Lim sup G(y3u-1, Ym., Yam—2) < 2es”.

Consequently,

& .
) < %g{}o SUpP G(Y3n,-1, Yang, Yam—2) < 2682 (15)

Now from (12) and using (13), (14) and (15) we get
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€ €
e egtg .

mm{s—4, 2 A < ,}1_{130 sup M (X3, X3m—2, X3m-1)

= max{l}i_{g sup G(Yan—1, Y3m-3, Yam-2), klggo sup Gam,-1,

I}l—{rolo sup G(ySmk—Zr Y3n—1, Y3, )/
limy—,eo SUP G(Y3m—2, Yane—1, Yau,) + iMoo SUP G(Y3n,, Y3m—2, Y3m—1)
+ limy o sUp Gam,—3
3 }
s
= max{}}irgo sup G(Yan—1, Y3m-3, Yam-2), 0, ,}gg sup G(Yam—2, Yan-1, Yan)s
Limy o SUP G(Y3m,-2, Y3n—1, Y3n,) + limMyoo SUP G(Y31, Y3m—2, Yam—1) + 0}
3s
2es? +
< max{e, 2es?, e e} = 2es?.
3s
So
. € 2¢ ) 2
0< mln{s—4, 2 g} < 1}52: sup M (X3, , X3m,-2, X3p—1) < 2€5°. (16)
Similarly we can obtain
0< min{E £ E} < lim inf M(x3,,, x X ) < 2es? (17)
54/ SZ, 353 = e s\ABng s A3my—2, A3m—1) = .

Taking the upper limit as k — oo, in (11) and using (13) and (16) we obtain
P(2es?) < P(2st Lim sup G(Yam, Yam—2, Yam-1))

P(2s? ]}1_{2 sup G(fxan,, JX3m,—2, hX3m,-1))

< 1#(}}1_)1‘2) sup Ms(x?)nk/ X3m—2, x3mk—1)) - ]}1_{1; inf (P(Ms (x3nk/ X3m—2/ x3mk—1))
S l1l)(2652) - (p(%LIIolo lnf MS (x3nk/ x3mk—2/ x3mk—1))/
which implies that

(P(%l_l;]; inst(x3nk/ X3mm—27 x3mk71)) =0,

so liminf M(x3y,, X3m,—2, X3m-1) = 0, a contradiction to (17). It follows that {y,} is a Cauchy sequence in X.
Since X is complete, there exists y € X such that

lim Yn = lim fx3n = lim JX3n+1 = lim hX3n+2
n—oo n—oo n—oo n—oo
= I TJC3n+1 = lim RX3n+3 = lim SX3n+2 =Y.
n—oo n—oo n—oo

Now, we show that y is a common fixed point of f, g,/ S, T and R.

Let hX be a closed subset X , since hX C RX, so there exist u € X such that Ru = y.
We prove that fu = y. since hx3,42 < X342 and hxsup — yasn — 00, Y < x3,42 and
u = Ru =y < X342 = X341, SO from (1) we obtain

¢(ZS4G(fM, JX3n+1, hx3n+2))
Y(Ms(, X3041, X3n42)) — P(Ms (1, X3041, X3n42)), (18)

U(G(fu, gxzns1, hxzns2))

IN A
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where

M; (u/ X3n+1, x3n+2) =

But

lim M;(u, X341, X3142)

n—oo

max{G(Ru, Txzn+1, Sx3n+2), G(Ru, Tx3441, §X%3n+1), G(TX3041, SX3n42, NX3142),

G(Sx3n+2/ Ru/ fu)/

G(fu, Ru, gxans1) + G(fu, Sx3n42, hxspio) + G(gx3n+1, TX3n41, 1X3442)

3s

max{G(Ru, y,v), GRuw,y,y), G(y, v, y), G(y, Ru, fu),

G(fu,Ru,y) + G(fu,y,y) + G(y, v, v) |
3s
2G(fu,y,y)
3s

max{G(fu,y,y), }

G(fu, y, y).

Now by taking the upper limit as 7 — oo in (18) we get

V(G(fu, v, ) < P(G(fu,y, v) — o(G(fu, v, y)),

and @(G(fu,y,y)) < 0 or equivalently G(fu, y,y) = 0 and by (1) of proposition 1.5 fu = y. Since the pair
(R, f) is weakly compatible we have fRu = Rfu. Hence fy = Ry. We prove that fy =y, if fy # y, then from

(1) we have
Y(G(fY, gxans1, hxane2))

where

My, X3p41, X3p42) =

Consequently

lim Ms (]// X3n+1, x3n+2)
n—00

Asn — oo in (19) we obtain

INIA

V(2s* G(fy, gxans1, hXani2))
Y(Ms(Y, Xan+1, X3n+2)) — @(Ms(Y, X30+1, X3u+2)),

max{G(Ry, Txzn+1, Sx3n+2), G(RY, Tx3n41, 9%3n+1), G(TX3n+1, SX3n42, hX3042),
G(Sx3n+2/ R]// fy)/
G(fvy, Ry, gx3n+1) + G(fy, Sx3442, hxzui2) + G(gx3n41, TX3p11, hX3042)

3s

max{G(Ry, v, v), GRy, v, ), G(y, v, y), G(y, Ry, fy),
G(fy, Ry, y) + G(fy, v, y) + Gy, v, y)

b
3s
G(fy, fvy, G(fy, v,
max(G(fy, v, ), G, fu, Fi), LT y)?; Yy.y.9),
2G(fy, v,
max{G(fy,y, y), W}
G(fy. v, ).

1097

(19)
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V(G(fy, v, ) <U(G(fy, y, ) — o(G(fy, v, v),

1098

a contradiction. Therefore Ry = fy = y, that is, y is a common fixed point of R, f. Since y = fy € fX C TX,
hence there exists v € X such that Tv = y. Now we show that gv = y. Since v < Tv = y < x3,42, hence from

(1) we have

IP(G(y, go, hxsus0)) = lP(G(fyr g9, hx3ni2)) < 77[)(254G(f]// go, hx3n12))
< E[}(Ms(]// U, X3442)) — @(Ms(y/ U, X3142)),

where
M;(y,0,x30+2) = max{G(Ry, Tv, Sxzu+2), G(Ry, Tv, gv), G(Tv, Sx3u+2, hxX3n+2),
G(sx3n+21 R]// fy)r
G(fy, Ry, gv) + G(fy, Sx3us2, hx3n42) + G(gv, T, hx3n+2)}
3s
= maX{G(yl Y, Sx3‘rl+2)/ G(}// Y, gv)/ G(y/ Sx3n+2/ hx3n+2)r G(Sx3n+2/ Y, y)/
G, v, 9v) + G(Y, Sx3n+2, hx3ni2) + G(g0, Y, hxzu42) |
3s !
and

lim Mq(y, v, Xsn+2) = G(y, Y, 90)-

Taking the upper limit as #n — oo in (20) we obtain

Y(G(y, v, 9v)) < P(G(y, y, 9v)) — 9(G(y, y, 9v)).

Thus gov = y. By the weakly compatibility of the pair (g, T) we have Tgv = gTv.
Hence Ty = gy. We prove that gy = y, if gy # y, then from (1) we have

V(G(fy, gy, hxsn2)) < P(25°G(fy, gy, hxzus2))
S ll)(MS (]// ]// x3n+2)) - (P(Ms(y/ y/ x31’l+2))/
where
Ms(yr Y, x3n+2) = maX{G(Ry/ Tyr Sx3n+2)/ G(R]// T]// gy)/ G(T}// Sx3n+2r hx3‘rl+2)/
G(Sx3n+2! Ry; f}/)/
G(fy, Ry, gy) + G(fy, Sxan+2, hxan+2) + G(gy, Ty, hxznso)

}
3s
= maX{G(y, qY, Sx3n+2)r G(y, qy, !]y)/ G(!]y/ Sx3n+2/ hx3n+2)l G(Sx3n+2/ Y, y)/
G, v, 9vy) + G(y, Sx3142, hx3u12) + G(gYy, gy, hx3n12) |
3s )

Taking the limit as 7 — co we obtain

(20)

(21)
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max{G(y, gv, y), G(v, 9v, 9v), G(ay, v, ), G(y, y, v),

G(v, y,9y) + G(v, v, y) + G(gy, g9y, y) |

3s

2G(y, vy, 9v)
3s

iiiﬁ‘o M;(y, v, X3u42)

= max{G(y,y, gv), }
= G,y 9y)

Taking the upper limit as n — oo in (21) we obtain

V(G(y, 9y, ) < PGy, y, 9v) — (G(v, y, 9)),

a contradiction. Therefore, gy = Ty = y, that is, y is a common fixed point of g, T.
Similarly, since y = gy € gX C SX, hence there exists w € X such that Sw = y. We prove that hw = y. Since
w < Sw =y, so from (1) we get

W(G(fy, gy, hw)) < Y(25*G(fy, gy, hw))
Y(Ms(y, y, w)) — p(Ms(y, y, w))
Y(G(y, y, hw)) — p(G(y, y, hw)).

Thus hw = y. Since the pair (4, S) is weakly compatible we have hSw = Shw, hence hy = Sy. We prove that
hy =y, if hy # y, then

WGy, y, hw))

IA

W(G(fy, gy, hy)) < P(2s*G(fy, gy, hy))
l/)(Ms(y/ ]// y)) - (P(Ms(yr y! ]/))
UGy, v, hy) — o(G(y, y, hy)).

A contradiction to hy # y. therefore, hy = Sy = y, that is, y is a common fixed point of &, S. Thus
fy =gy =hy=5Sy=Ty= Ry =y.Similarly, if fX or gX is closed then result follows.

Now suppose that the set of common fixed points of f,g,h,S,T and R is well ordered. We show that
common fixed point of f,g,h,S,T and R is unique. Assume on contrary that z is another fixed point of f,
g9,h,S,Tand Ri.e., fz = gz = hz = Sz = Tz = Rz = z such that y # z. Then by our assumption, we apply (1)
to obtain

V(G(y,y,2) = P(G(fy, gy, hz))
V(25 G(fy, gy, hz)) < Y(Ms(y, y,2)) — p(Ms(y, v, 2)),

Y(G(y, y, hy))

IN

IA

where

max{G(Ry, Ty, Sz), G(Ry, Ty, gy), G(Ty, Sz, hz), G(Sz, Ry, fy),

G(fy, Ry, gy) + G(fy, Sz, hz) + G(gy, Ty, hz)}
3s

Ms(y/ y/ Z)

G(y,z,2) + Gy, y, z)}
3s

= max{G(y,y,2),G(y,z2),

2G(y, z, z)}

= max{G(y,y,z), 35

= Gy, y,2).
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Hence

Y(G(y, y,2)) < PGy, y,2) — 9(G(y, y,2)),

which implies that G(y, y, z) = 0, a contradiction to G(y, y,z) > 0. Therefore y = z. Converse is obvious.
Now we give an example to support our result.

Example 2.2. Let X = [0, o) be endowed with the usual ordering on R and Gb- metric on X be given by
,forallx,y € X,

1
Gx,y,2) = §((x - y| |y z| + |x — z|)%, where s = 2. Since G(x, y, y) = G(v, x, x)
so G is symmetric. Define self-maps f,g,h,5,T and R on X by

f(x)=In(x+1), S(x)=e*-1,
g() =In(z +1), T(x)=e*-1,
h(x) = ln(g +1), R(x)=e—1.

For each x € X, we have 1 + x < ¢*, and 1 +92—C <eé‘and 1 +;—C < €%, hence f(x) = In(x +1) < x and

g(x) = ln(;—c +1) <x and h(x) = ln(g +1) <x.So f,g,h are dominated maps.

Also for each x € X, wehavex <e¢®* —1=S(x)and x <e* -1 =T(x) and x <e® —1=R(x),s0 S, T and R
are dominating maps. Furthermore fX = TX = gX = SX = hX = RX = [0, 0) and the pair (f, R), (g, T) and
(h, S) are weakly compatible.

Define control functions as 1, ¢ : [0, 00) — [0, 00), P(t) = bt and @(t) = (b—-1)t,1 <b < g for all t € [0, 00).
Now we show that f,g,k, S5, T and R satisfy (1). Using the mean value theorem we have

YESG(fx, gy ) =

=5 (f@ =g + [f@ - h@)| +[g(v) - h)|?

- —(|ln(x +1)— 1n(E + 1)| + |1n(x +1)— 1n(5 + 1)' + |1n(% +1)— 1n(§ +1)|)?

< 32b ! |2x - y‘ |3x -zl + % |3y - 22|)2

32p (|6x - By) + |6x -2z + )Sy - ZZ|)2
9 36

< le)q 6x _ 3y| + )e6x _e2z| + |e3y _622|)2

< 5(R@ - TO)|+ R@ = 5 +[T() - 5G)?
= G(Rx,Ty,Sz) < Ms(x,y,2)
= P(Ms(x, y,2)) - p(Ms(x, y, 2)).
Thus (1) is satisfied for all x, y, z € X. Therefore all condition of Theorem 2.1 are satisfied. Moreover, 0 is a

unique common fixed point of f,g,h,S,Tand R. O

Corollary 2.3. Let (X, <) be a partially ordered set. Suppose that there exists a symmetric G,-metric G on
X such that (X, G) is a complete Gp-metric space. Also S, T and R be surjective self-maps on X satisfy the
following condition

Y(25*'G(x, y,2)) < PMs(x, ¥, 2)) — p(Ms(x, ,2)),
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for all comparable elements x, y,z € X, where ¢, : [0,00) — [0, 00) are two mappings such that ¢ is a
continuous nondecreasing, ¢ is a lower semi- continuous function with (t) = ¢(f) = 0 if and only if t = 0,
and

Ms(x,y,z) = max{G(Rx, Ty, Sz), G(Rx, Ty, y), G(Ty, Sz,z), G(5z, Rx, x),
G(x,Rx,y) + G(x,5z,2) + G(y, Ty, z)
3s )
If S, T and R are dominating and for a nonincreasing sequence {x,} with y, < x, for alln and y, — u implies
that u < x, then S, T and R have a common fixed point in X. Moreover, the set of common fixed points of

S, T and R is well ordered if and only if S, T and R have one and only one common fixed point.
Proof. Taking f, g and h as identity maps on X, the result follows from Theorem 2.1. O
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