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A Generalized Theoretical Deterministic Particle
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Abstract

Master of Computer Science

Written by Christopher Wesley Cleghorn

Supervised by Prof. Andries Engelbrecht,

Particle swarm optimization (PSO) is a well known population-based search algorithm,

originally developed by Kennedy and Eberhart in 1995. The PSO has been utilized

in a variety of application domains, providing a wealth of empirical evidence for its

effectiveness as an optimizer. The PSO itself has undergone many alterations subsequent

to its inception, some of which are fundamental to the PSO’s core behavior, others have

been more application specific. The fundamental alterations to the PSO have to a large

extent been a result of theoretical analysis of the PSO’s particle’s long term trajectory.

The most obvious example, is the need for velocity clamping in the original PSO. While

there were empirical findings that suggested that each particle’s velocity was increasing

at a rapid rate, it was only once a solid theoretical study was performed that the reason

for the velocity explosion was understood. There has been a large amount of theoretical

research done on the PSO, both for the deterministic model, and more recently for the

stochastic model.

This thesis presents an extension to the theoretical deterministic PSO model. Under the

extended model, conditions for particle convergence to a point are derived. At present

all theoretical PSO research is done under the stagnation assumption, in some form or

another. The analysis done under the stagnation assumption is one where the personal

best and neighborhood best are assumed to be non-changing. While analysis under the

stagnation assumption is very informative, it could never provide a complete description

of a PSO’s behavior. Furthermore, the assumption implicitly removes the notion of

a social network structure from the analysis. The model used in this thesis greatly

weakens the stagnation assumption, by instead assuming that each particle’s personal

best and neighborhood best can occupy an arbitrarily large number of unique positions.

Empirical results are presented to support the theoretical findings.
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Chapter 1

Introduction

1.1 Motivation

In the world of optimization there are many important factors to consider when decid-

ing on the best approach to use. Some of the primary factors are the computational

efficiency, the accuracy and the predictability of an approach. At present there are so

many optimization approaches available, varying from classical approaches to the more

modern computational intelligence approaches, that making an informed decision can

be difficult. It is for this reason that having a complete understanding about how an op-

timization technique behaves is imperative, as it provides the user of the approach with

as much information as possible. While this fact may seem obvious, there are certain

situation were if this information is not available, the approach might never be consid-

ered, for example in a situation where human life is at risk. It is for this reason that

theoretical work on optimization techniques are of great importance, as they provide the

certainty that empirical findings will never be able to.

The particle swarm optimization (PSO) model has undergone a fair amount theoretical

analysis, however, at present all theoretical PSO research is done under the stagna-

tion assumption, in some form or another. An analysis done under the stagnation

assumption is one where the personal best and neighbourhood best are assumed to be

non-changing. While analysis under the stagnation assumption is very informative, it

could never provide a complete description of a PSO’s behaviour. It is for this reason

that a generalization of the model is required. This generalization, and its theoretical

implications, is the focus of this thesis.

1
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Chapter 1. Introduction 2

1.2 Objectives

The primary objectives of this thesis can be summarized as follows:

• To justify why a generalization of the theoretical deterministic PSO model is

needed.

• To provide a generalization of the theoretical deterministic PSO model that mit-

igates the old theoretical models’ weaknesses, in particular a generalization that

caters for the influence of the social network structure.

• To theoretically derive the conditions necessary for particle convergence to a point,

under the new generalized model.

• To empirically support the findings of the theoretical derivation.

1.3 Thesis Outline

Chapter 2 begins with a detailed discussion of the particle swarm optimizer in section

2.1. The section begins with a description of the original PSO as developed by Kennedy

and Eberhart [13], followed by explanations of the some of the most frequently used

alterations to the original PSO in sections 2.1.2, 2.1.3, 2.1.4, and 2.1.5. A thorough

discussion of the state of theoretical PSO research is made in section 2.2, split into two

main categories, i.e. the deterministic PSO research in section 2.2.1 and the stochastic

PSO research in section 2.2.2.

Chapter 3 presents a generalization of the theoretical deterministic PSO model. The

chapter begins with a justification as to why generalization of the current theoretical

model is needed in section 3.1. Conditions for particle convergence to a point are derived

in section 3.3 under the generalized model. The derived conditions are discussed in

section 3.4.

Chapter 4 presents an experiment designed to illustrate the convergence properties of

the deterministic PSO under various social network structures in relation to the derived

condition of chapter 3. The experimental set up is discussed in section 4.1, with the

experimental result presented and discussed in section 4.2.

Chapter 5 presents a summary of the findings of this thesis, with an overview given in

section 5.1. Topics for future research are also discussed in section 5.2.
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Chapter 2

Background

This chapter begins with a compressive explanation of the particle swarm optimizer

(PSO) in section 2.1. This is followed by a complete discussion of the state of theoretical

research in section 2.2, broken down into two subsections: Subsection 2.2.1 discusses the

deterministic PSO theoretical results, and subsection 2.2.2 discusses the stochastic PSO

theoretical results.

2.1 Particle Swarm Optimization

This section begins with an explanation of the original PSO in subsection 2.1.1, in

addition to a discussion in subsections 2.1.2, 2.1.3, 2.1.4, and 2.1.5 of the alterations the

PSO algorithm has undergone since its inception.

2.1.1 Original Particle Swarm Optimization Algorithm

Particle swarm optimization (PSO) is a stochastic population-based search algorithm,

which was developed by Kennedy and Eberhart [13]. The algorithm was originally

developed to simulate the complex movement of bird blocks. The algorithm has however

evolved into a simple and efficient optimization algorithm. The abstract premise of the

algorithm is to have particles move through a potentially multi-dimensional search space

in an attempt to find an optimal region. Each particle position represents a candidate

solution. Each particle’s movement is guided by its own experience in conjunction with

that of its neighbours.

More technically, let f : Rk → R be the fitness function that the PSO aims to find an

optimal solution for. For the sake of simplicity, a minimization problem is assumed from

3
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Chapter 2. Background 4

this point forward. Let Ω (t) be a set of N particles in Rk, at a discrete time step t.

Then Ω (t) is said to be the particle swarm at time t. The position xi of particle i, is

updated using the following,

xi (t+ 1) = xi (t) + vi (t+ 1) , (2.1)

where the velocity update vi (t+ 1) is defined as

vi (t+ 1) = vi (t) + c1r1(t)(yi(t)− xi (t)) + c2r2(t)(ŷi(t)− xi (t)), (2.2)

where r1(t), r2(t) ∈ U (0, 1)k for all t; these random values introduce the stochastic

aspect to PSO. The position yi(t) represents the “best” position that particle i has

visited, where “best” means the location where the particle has obtained the lowest

fitness evaluation. Specifically,

yi (t) = xi( t̂ ), (2.3)

where

f(xi( t̂ )) = min{f(xi(0)), f(xi(1)), . . . , f(xi(t))}. (2.4)

The position ŷi(t) represents the “best” position that the particles in Ni have visited,

where Ni is the neighbourhood of particle i. Specifically,

ŷi (t) = yî(t), (2.5)

where

f(yî(t)) = min{f(y1(t)), f(y2(t)), . . . , f(yN (t))}. (2.6)

A detailed discussion of neighbourhoods is given in section 2.1.5.

The velocity update consists of three components:

• Inertia component, vi (t): The inertia component serves as the memory of the

direction of travel in the particle’s immediate past. The component prevents a

particle’s trajectory from wildly changing, much like a bird would be unable to

preform a perfect ninety degree turn mid flight. The inertia often assists in pushing

a particle out of a local optimum.

• Cognitive component, c1r1(t)(yi(t) − xi (t)): The cognitive component serves as

the memory of a past position of success. Success implies the best fitness evaluation

at the position in question. The cognitive component causes particles to be drawn

back to positions of previous success, much like a human’s tendency to revisit
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Chapter 2. Background 5

places where a positive association exists. Kennedy and Eberhart referred to the

cognitive component as the “nostalgia” of the particle [13]. The coefficient c1 is

referred to as the cognitive importance.

• Social component, c2r2(t)(ŷi(t)−xi (t)): The social component serves as the mem-

ory of a past position of success visited by neighbouring particles (including itself).

The component causes the particle to be drawn to a position where the most suc-

cess was achieved within the neighbourhood. The behaviour is akin to individuals

seeking to fit the group norm of their neighbourhood, Kennedy and Eberhart refer

to the social component as particle “envy”.

The PSO algorithm using synchronous updates is summarized in algorithm 1.

Algorithm 1 PSO Algorithm

Create and initialize a k-dimensional swarm, Ω (0), of N particles uniformly within a
predefined hypercube.
Let f be the fitness function.
Let yi represent the personal best position of particle i, initialized to xi(0).
Let ŷi represent the neighbourhood best of position of particle i, initialized to xi(0).
Initialize vi(0) to 0.
repeat

for all particles i = 1, · · · , N do
if f(xi) < f(yi) then
yi = xi

end if
if f(yi) < f(ŷi) then
ŷi = yi

end if
end for
for all particles i = 1, · · · , N do

update the velocity of particle i using equation (2.2)
update the position of particle i using equation (2.1)

end for
until stopping condition is met

2.1.2 Velocity Clamping Particle Swarm Algorithm

While the PSO as discussed in section 2.1.1 was able to obtain good results [13], it

exhibited a rather undesirable behaviour. The magnitude of the velocity of each particle

would quickly explode to surprisingly large values. This meant that the particle were

prone to not only leave the search space but continue to migrate away from it in some

cases.

In an attempt to prevent the velocity explosion, velocity clamping was proposed [7].

Specifically, let Vmax,j denote the maximum magnitude allowed for each component j of
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Chapter 2. Background 6

the velocity of each particle. Then,

vi,j (t+ 1) =

{
v̂i,j (t+ 1) if |v̂i,j (t+ 1)| < Vmax,j

sign(v̂i,j (t+ 1))Vmax,j if |v̂i,j (t+ 1)| ≥ Vmax,j

(2.7)

where v̂i,j is calculated using equation (2.2).

The best value for each Vmax,j is unfortunately problem dependent. An even worse

feature of velocity clamping is that the higher the dimension of the search space, the

more user defined parameters the PSO will require, as a maximum velocity magnitude

for each j will need to be set. These undesirable features of velocity clamping lead to the

development of constriction coefficients as discussed in section 2.1.3. Other variations of

the standard velocity clamping of equation (2.7) exist. The reader is referred to [8, 28]

for more detail.

2.1.3 Constriction Coefficients

In an attempt to remove the need for velocity clamping, Clerc [2] proposed the inclusion

of a constriction coefficient, the details for which were completely fleshed out later by

Clerc and Kennedy [4]. The constriction coefficient is defined as

χi,j =


2κ

|2−θ1,j−θ2,j−
√

(θ1,j+θ2,j)(θ1,j+θ2,j−4)|
if θ1,j + θ2,j > 4

κ if θ1,j + θ2,j ≤ 4
(2.8)

where κ ∈ (0, 1), θ1,j = r1,jc1, and θ2,j = r2,jc2 . Update equations (2.1) and (2.2) are

then changed to

xi,j (t+ 1) = χi,jxi,j (t) + χi,jvi (t+ 1)− (1− χi,j)
(
θ1,jyi,j(t) + θ2,j ˆyi,j

θ1,j + θ2,j

)
(2.9)

vi,j (t+ 1) = vi,j (t) + θ1,j(t)(yi,j(t)− xi,j (t)) + θ2,j(t)(ŷi,j(t)− xi,j (t)). (2.10)

However, in practice [6] the constriction coefficient is only applied to the velocity com-

ponent of the position update

xi,j (t+ 1) = xi,j (t) + χi,jvi (t+ 1) (2.11)

The constriction coefficients can be interpreted as an imposed recommendation on the

PSO to take smaller steps. Furthermore, the application of the constriction coefficients

as in equation (2.9) will insure convergence of each particle to a point in the search

space [4]. The value of κ has a direct impact on the rate of convergence of particles. If

κ >= 0 + ε, where ε > 0 is “small”, then the convergence of the particles is fast, with
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Chapter 2. Background 7

local exploitation. On the other extreme, if κ <= 1 − ε, where ε > 0 is “small”, the

convergence of the particles is slow, with a high degree of exploration.

2.1.4 Inertia weight

The introduction of the inertia weight to the PSO algorithm was proposed by Shi and

Eberhart [29]. The aim of the inclusion was two fold: Firstly, as a means of controlling

the exploration and exploitation ability of the swarm, and secondly as a simple way

of removing the need for velocity clamping. The inertia coefficient w is applied to the

previous velocity of a particle, changing velocity update equation (2.2) to

vi (t+ 1) = wvi (t) + c1r1(t)(yi(t)− xi (t)) + c2r2(t)(ŷi(t)− xi (t)). (2.12)

where w ∈ R; usually a positive value is utilized.

The inclusion of the inertia weight successfully provide a simple control mechanism for

the exploration and exploitation ability of the swarm. However, its secondary goal was

not completely met. The need for velocity clamping was unfortunately still required

in some cases [32–34]. It was only later when theoretical studies were done by Van

den Berg and Engelbrecht [33, 34] and Trelea [32] that it was ascertained that velocity

clamping was not required under specified coefficient choices. The details of this analysis

are discussed in section 2.2. There exist many variations of the concept of an inertia

coefficient, many of which alter the value of w dynamically as the time t changes [3, 19,

23, 24, 27, 30, 35, 38], the details of which are beyond the scope of this thesis. The use

of velocity update equation (2.12) has become the standard PSO.

2.1.5 Social Network Structure

The driving feature of the PSO is social interaction, specifically the way in which knowl-

edge is shared amongst the particles in the swarm. In general, the social network struc-

ture of a swarm can be viewed as a graph, where nodes represent particles, and the

edges are the allowable direct communication routes. Direct knowledge sharing is only

performed if the particles are directly connected. The group of particles that particle

i is directly connected to is called the neighbourhood Ni of particle i. For example,

consider the graph in figure 2.1 with four particles, then N1 = {1, 2}, N2 = {1, 2, 3},
N3 = {2, 3, 4}, and N4 = {3, 4}. It is also possible to have the social network set up

in such a manner that the communication link is not bi-directional. The graph then

becomes directional, for example the work of Mohais [18].
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Figure 2.1: Simple Social Network.

The social network structure chosen has a direct impact on the behaviour of the swarm

as a whole [12, 14, 22]. When a social network is highly connected, knowledge of the

best particle (its best location) is quickly propagated through the social network. From

an optimization perspective this implies a faster rate of convergence to an optimum,

as opposed to that of a less connected social network structure. This faster rate of

convergence to an optimum comes at the cost of a greater susceptibility to getting stuck

in local optima. There are many factors that play a role in the flow of information

through a social network. These factors are well explained by Watts and Strogatz [37].

Some of the most frequently used social networks structures are discussed below:

• Star: The star network structure is one where all the particles in the swarm are

interconnected as illustrated in figure 2.2. The original implementation of the PSO

algorithm utilized the star network structure. A PSO utilizing the star network

structure is commonly referred to as the Gbest PSO.

• Ring: The ring network structure is one where each particle is in a neighbourhood

with only two other particles, with the resulting structure forming a ring as illus-

trated in figure 2.3. The ring network structure can be generalized to a network

structure where larger neighbourhoods are used.

• Von Neumann: The Von Neumann network structure is one where the particles are

arranged in a grid-like structure. The 2-D variant is illustrated in figure 2.4, and

the 3-D variant is illustrated in figure 2.5.
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Chapter 2. Background 9

Figure 2.2: Star Network Structure.

Figure 2.3: Ring Network Structure.

There are many other available social network structures, such as the wheel, pyramid,

four cluster, random, amongst others [14]. Each social network structure has certain ad-

vantages and disadvantages, with no social neighbourhood structure that can be labelled

as the “best”. The optimal social network structure choice is problem dependent. That

being said, a number of empirical studies have shown that the Von Neumann network

structure outperforms other network structure on a large array of problems [14, 22].

It is worth noting that, in general, the neighbourhood structure is not constructed

considering the proximity of particles to each other, but rather based on the indices

of the particles in the swarm. There are, however, exceptions, for example the work
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Figure 2.4: 2-D Von Neumann Network Structure.

Figure 2.5: 3-D Von Neumann Network Structure.

of Suganthan [31] where the Euclidean distances between particles is utilized in the

construction of neighbourhoods. This method of neighbourhood construction has the

advantage of more accurately modeling social behaviour, as an individual is more likely

to communicate with a closer individual. The disadvantage of this approach is the

large amount of extra computation that is required to construct the neighbourhood,

particularly if the neighbourhood changes on each iteration.
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Chapter 2. Background 11

2.2 The State of Current Theoretical Research on Particle

Swarm Optimization

Theoretical research of the PSO has evolved since the original study done by Ozcan

and Mohan [20]. The evolution has been a process of modelling ever more accurate

simplifications of the actual PSO.

The idea of theoretically modelling an optimization algorithm is a relatively new phe-

nomenon, in contrast to modelling a natural system. Historically, a model of a complex

natural system is made such that the model seems to fit the data that the system pro-

duces. The model of a natural system is almost by definition an approximation of the

system, largely due to the fact that exact underlying behaviour is somewhat unknown.

However, in the case of modelling an algorithm, the exact model is already known (i.e.

the algorithm itself). The problem, however, is that the actual model is too complex to

effectively derive meaningful results from. In the case of PSO, there are two primary

complexities in the model: The inherent coupling between successive updates as a result

of the non-static nature of yi and ŷi, and the influence of the stochastic component.

There are many aspects of PSO particle behaviour that are of interest from a theoretical

and practical perspective. However, the focus of this discussion is on convergence results,

specifically, under what conditions will convergence of each particle in the swarm to a

point be guaranteed. To clarify, convergence of a particle is defined as follows:

Definition 2.2.1. Particle convergence: Let the dimension of the search space be k.

Then, particle i is said to converge if there exists a p ∈ Rk such that for every ε > 0

there exists a t̂(ε) such that if t > t̂(ε) then

‖xi(t̂(ε))− p‖ ≤ ε, (2.13)

where ‖•‖ is an arbitrary norm on Rk.

The definition of convergence in definition 2.2.1 should not be confused with the con-

vergence of a particle to an optimum, but simply that the particle has come to rest at

a point in the search space.

The current theoretical research on PSO can be split into two sub-branches: The first

is where the stochastic component is assumed to be fixed, resulting in a deterministic

PSO, as discussed in section 2.2.1. The second is where the assumption is dropped, as

discussed in section 2.2.2.
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2.2.1 Deterministic Particle Swarm Model

The first analysis of the PSO was performed by Ozcan and Mohan [20] on a very sim-

plified version of the PSO excluding inertia weights. The analysis was performed in

1-dimension on the “best” particle’s trajectory. This “best” particle i is one where the

position of the personal best yi(t) and that of the neighbourhood best position ŷi(t)

are assumed to be equal for all t. There were two additional assumptions made in the

analysis: The stochastic components of the update equations were assumed to be fixed,

specifically:

Assumption 2.2.1. Deterministic assumption: It is assumed that θ1 = θ1(t) =

c1r1(t), and θ2 = θ2(t) = c2r2(t), for all t.

The second assumption is that the personal best position remains fixed for all t, specif-

ically:

Assumption 2.2.2. Best particle stagnation assumption: It is assumed that yi(t) =

ŷi(t) = yi, for all t.

Giving these assumptions and dropping the particle index the update equations are

reformulated as

x (t+ 1) = x (t) + v (t+ 1) , (2.14)

v (t+ 1) = v (t)− θx (t) + θy, (2.15)

where θ = θ1 + θ2. This was then reformulated into the recurrence relation,

x (t+ 1) = (2− θ)x(t)− x(t− 1) + θy, (2.16)

with initial conditions x (0) = x0, v (0) = v0 and x (1) = x0(1− θ) + v0 + θy. From this

recurrence relation the closed form of x(t) is obtained, as

x(t) = α

(
2− θ + δ

2

)t
+ β

(
2− θ − δ

2

)t
+ y, (2.17)

where

δ =
√
θ2 − 4θ, (2.18)

β = (x0 − y) (δ + θ) 2δ − v0
δ
, (2.19)

α = x0 − y − β. (2.20)

The analysis of the long term trajectory of a particle under equation (2.17), was split

into two groups of cases: One where δ is real, the other where it is complex. This analysis

was the first to give an idea of the trajectories of a particle in a PSO, and provided a
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theoretical bases for intelligent parameter selection. The exact cases are discussed in

[20].

The fundamental issue with the original research was that the “best” particle is not of

practical interest, as the selection of which particle is “best” is very unlikely to remain

constant through a whole run. This results in a poor approximation of the actual PSO,

as the model effectively provides a prediction on the trajectory of a particle that is

unlikely to exist in practice. This issue was subsequently addressed again by Ozcan and

Mohan in a later paper [21], where the trajectory of a “general” particle is considered.

The assumptions remained the same as in the 1998 paper [20], however yi(t) and ŷi(t)

were not assumed equal for all t, instead the best particle stagnation assumption was

replaced with:

Assumption 2.2.3. Stagnation assumption: It is assumed that yi(t) = yi, and ŷi(t) =

ŷi, for all t.

The analysis was also done in Rk. Though it is worth noting that giving the assumption

that yi(t) and ŷi(t) are assumed fixed, an analysis in Rk and R are equivalent as the

assumption inherently removes the coupling between dimensions. The paper derives a

new recurrence relation,

x(t) = 2 (2− θ1 − θ2)x(t− 1)− x(t− 2) + θ1y + θ2ŷ, (2.21)

where y(t) = y, and ŷ(t) = ŷ for all t, with the initial conditions x (0) = x0, v (0) = v0,

and x (1) = x0 (1− θ1 − θ2) + v0 + θ1y + θ2ŷ. Then, using methods similar to that of

[20], the following closed form is derived:

x (t) = ηαt + ιβt + ζ, (2.22)

where

δ =

√
(2− θ1 − θ2)2 − 4, (2.23)

α =
(2− θ1 − θ2 + δ)

2
, (2.24)

β =
(2− θ1 − θ2 − δ)

2
, (2.25)

η =

(
1

2
− θ1 + θ2

2δ

)
x0 +

v0
δ

+
θ1y + θ2ŷ

2δ
− θ1y + θ2ŷ

2θ1 + 2θ2
, (2.26)

ι =

(
1

2
+
θ1 + θ2

2δ

)
x0 −

v0
δ
− θ1y + θ2ŷ

2δ
+
θ1y + θ2ŷ

2θ1 + 2θ2
, (2.27)

ζ =
θ1y + θ2ŷ

θ1 + θ2
. (2.28)
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The analysis of particle trajectory is once again split into two groups of cases, one for δ

real, and the other for δ complex. The exact cases are discussed in [21].

While both [20] and [21] provided a good overview of the behaviour of the PSO trajectory,

they did not provide the necessary or sufficient conditions on the PSO’s coefficients which

would ensure convergence. This is not surprising, as it was later theoretically proven

by Clerc and Kennedy [4] that the PSO using update equations (2.1) and (2.2) could

not actually be guaranteed to converge under any coefficient choice, even if velocity

clamping is used. This result lead to the development of the constriction coefficients, as

discussed in section 2.1.3, in an attempt to guarantee particle convergence. Even though

the application of constriction coefficients have become less prevalent, in favour of simply

including the inertia weight as discussed in section 2.1.4, its development marks the first

practical use of theoretical results with regards to PSO. The analysis done by Clerc and

Kennedy [4] utilized the same assumptions as the 1999 paper by Ozcan and Mohan [21].

The theoretical research focus shifted to PSO models that included the inertia weight.

There are three primary papers that address the deterministic PSO model with the

inclusion of the inertia weight [32, 34, 38]. All of this research was done utilizing the

same assumptions as the 1999 paper of Ozcan and Mohan [21]. The work done by

Zheng et al. [38] was one of first to study the convergence properties of the PSO with

inertia weights. The study looked at a multitude of possible cases where convergence

would or would not occur, however the results did not provide a general requirement on

the coefficients which would guarantee convergence. The work of Van den Bergh and

Engelbrecht [33, 34], and Trelea [32] provided a more complete analysis than the findings

of Zheng et al. [38] by ascertaining general conditions on the PSO’s coefficients under

which particle convergence would be guaranteed.

The approach utilized by Van den Bergh and Engelbrecht [33, 34] mirrors that of Ozcan

and Mohan [21] in a more complex setting. Utilizing update equations (2.1) and (2.12),

the second order recurrence relation,

x (t+ 1) = (1− w − θ1 − θ2)x (t)− wx (t− 1) + θ1y + θ2ŷ (2.29)

is derived, with initial conditions defined as x (0) = x0, x (1) = x1, and x (2) =

(1 + w − θ1 − θ2)x1 − wx0 + θ1y + θ2ŷ. The following closed form is then derived:

x (t) = k1 + k2τ
t
1 + k3τ

2
2 , (2.30)

where

τ1 =
1 + w − θ1 − θ2 + γ

2
, (2.31)
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τ1 =
1 + w − θ1 − θ2 − γ

2
, (2.32)

γ =

√
(1 + w − θ1 − θ2)2 − 4w, (2.33)

k1 =
θ1y + θ2ŷ

θ1 + θ2
, (2.34)

k2 =
τ2 (x0 − x1)− x1 + x2

γ (τ1 − 1)
, (2.35)

k3 =
τ1 (x1 − x0) + x1 − x2

γ (τ2 − 1)
. (2.36)

An analysis of the long term behaviour of the closed form in equation (2.30) yielded the

conditions required to guarantee convergence, specifically,

0 < w < 1, c1 > 0, c2 > 0, (2.37)

w >
c1 + c2

2
− 1. (2.38)

The approach utilized by Trelea [32] deviates from the approach used in earlier theoret-

ical PSO research, in that no closed form is derived. The analysis begins with fixing

r1 = r2 =
1

2
, (2.39)

and by defining

θ̂ =
θ1 + θ2

2
, (2.40)

p =
θ1

θ1 + θ2
y +

θ2
θ1 + θ2

ŷ. (2.41)

This results in the update equations,

v (t+ 1) = wv (t) + θ̂ (p− x (t)) , (2.42)

and

x (t+ 1) = x (t) + v (t+ 1) . (2.43)

Equations (2.43) and (2.42) can be combined into the compact form,∣∣∣∣∣x (t+ 1)

v (t+ 1)

∣∣∣∣∣ = M

∣∣∣∣∣x (t)

v (t)

∣∣∣∣∣+

∣∣∣∣∣ c1+c22
c1+c2

2

∣∣∣∣∣ p (2.44)

where

M =

∣∣∣∣∣1− θ̂ w

−θ̂ w

∣∣∣∣∣ . (2.45)
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Trelea realized that the eigenvalues of the matrix M are of fundamental importance when

considering the convergence behaviour of a particle in a PSO. Specifically, the magnitude

of the eigenvalues of M must be less than 1 in order to guarantee convergence. This

restriction lead to the following conditions for convergence:

0 < w < 1, c1 > 0, c2 > 0, (2.46)

w >
c1 + c2

4
− 1. (2.47)

At first glance there is a discrepancy between the results of Trelea [32] and that of Van

den Bergh and Engelbrecht [34]. The difference between equations (2.38) and (2.47)

results from a difference in the treatment of the stochastic component. Specifically, the

conditions of Van den Berg and Engelbrecht are more restrictive than that of Trelea’s,

this is seen in figure 2.6 where c1 + c2 is plotted against w, with the coloured region

implying convergence of particles to a point. The reason for the difference is that the

conditions of Van den Bergh and Engelbrecht cater for the fact that r1 and r2 could in

fact equal 1 despite their expected value being 0.5, where Trelea’s conditions are strictly

derived with r1 = r2 = 0.5. What this means is that the conditions in equation (2.38)

are a guarantee that every iteration will encourage convergence, where as the conditions

in equation (2.47) could potential only guarantee that there is at worst a 50 percent

chance that any given iteration will encourage convergence.

Trelea’s conditions
Van den Bergh and Engelbrecht’s conditions

-1 -0.5  0  0.5  1

w

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

c 1
+

c 2

Figure 2.6: Parameter Regions in which Each Particle Converges to a Point, Under
Van den Bergh and Engelbrecht, and Trelea’s Conditions
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2.2.2 Stochastic Particle Swarm Model

The theoretical research has at present shifted to almost exclusively analysing PSO

convergence with the re-inclusion of the stochastic component.

The first analysis that included the stochastic component was done by Kadirkamanathan

et al. [11], where the analysis is performed on a PSO model in 1-dimension on the

“best” particles with the inclusion of the inertia weight. The best particle stagnation

assumption is made. The analysis of particle trajectory is done by modelling particles

as a nonlinear feedback controlled system as formulated by Lure, discussed in [5, 36].

Utilizing the passivity theorem [36] and Lyapunov stability [15], the following conditions

were derived to guarantee asymptotic stability:

|w| < 1, w 6= 0, (2.48)

c1 + c2 <
2
(
1− 2|w|+ w2

)
1 + w

. (2.49)

While the conditions of equations (2.48) and (2.49) do guarantee convergence, the pa-

rameter restriction is unfortunately very conservative. The conservativeness is a direct

result of utilizing Lyapunov stability, which is inherently a conservative approach, im-

plying that there may in fact be a less strict parameter restriction that will guarantee

convergence.

Shortly, after the work of Kadirkamanathan et al. [11], Jiang et al. [10] independently

provided a more extensive analysis of the stochastic PSO. The analysis is done in both

1-dimension and k-dimensions on an arbitrary particle under a partial stagnation as-

sumption. The partial stagnation being that ŷ is held fixed, and y is allowed to vary in

a restricted manner. The conditions derived for convergence are as follows:

c1 ≥ 0, c2 ≥ 0, 0 ≤ w < 1, (2.50)

c1 + c2 > 0, 0 < h(1) <
c22 (1 + w)

6
, (2.51)

where

h (1) = − (c1 + c2)w
2 +

(
1

6
c21 +

1

6
c22 +

1

2
c1c2

)
w + c1 + c2 −

1

3
c21 −

1

3
c22 −

1

2
c1c2 (2.52)

It is worth noting that these conditions are not necessary for convergence but only

sufficient.

The subsequent research by Martinez et al. [16] utilized a novel approach by modelling

the particle dynamics as being analogous to that of a damped mass-spring system. The
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analysis is done in 1-dimension under the stagnation assumption. Both a continuous and

a discrete version of the mass spring system were considered, and the following condition

for convergence was derived:

|w| < 1, 0 < r1(t)c1 + r2(t)c2 < 2 (w + 1) , ∀t. (2.53)

The conditions of equation (2.53) correspond with those of Van den Bergh and Engel-

brecht [33, 34] in equations (2.37) and (2.38), as well as the condition of Trelea [32] in

equations (2.46), and (2.47). However, the range of coefficients allowed by the conditions

of equation (2.53) are wider, due to the inclusion of possible negative c1, c2, and w.

There has been further research done under alterations of the definitions of stability,

e.g. first order, and second order stability (details can be found in [26]). Most notably

is the work of Poli [25, 26]. However no change to the conditions of equation (2.53) was

needed.

The most recent contribution to the theoretical PSO research was by Gazi [9], where

an analysis in k-dimensions is made on the stochastic PSO dynamics of a best and

non-best particle under the stagnation assumption. The work extends the method of

Kadirkamanathan et al. [11] by finding conditions less conservative than those of the

standard Lyapunov stability. The following conditions were derived:

|w| < 1, 0 < r1(t)c1 + r2(t)c2 <
24
(
1− 2|w|+ w2

)
7 (1 + w)

, ∀t (2.54)

2.3 Summary

This chapter provided a detailed description of the original PSO, as well as some of the

most common PSO alterations in section 2.1. The theoretical research done on PSOs

was discussed in great detail in section 2.2, the assumptions made in the theoretical

models as well as the outcomes of the theoretical analysis were highlighted.

In the next chapter, issues with the current theoretical models’ assumptions are discussed

in detail. A new generalized theoretical deterministic PSO model is proposed, under

which condition necessary for particles to converge to a point are derived and discussed.
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Chapter 3

Theoretical Analysis

This chapter provides a detailed theoretical analysis of the PSO, with a justification for

the theoretical model generalization. Conditions for particle convergence to a point are

provided under this generalization.

This chapter begins in section 3.1 with a justification for why the theoretical model needs

an extension. This is followed by section 3.2 with a brief overview of some elementary

mathematical definitions and theorems that will be used in section 3.3. Section 3.2 may

be used as a reference and need not be read first. Section 3.3 contains a detailed proof

of the PSO particle convergence under the weak chaotic assumption, and an arbitrary

social network structure. This is followed by a discussion of the coefficient space where

particle convergence will occur in section 3.4, as derived from the results of section 3.3.

3.1 Generalization of the Current Theoretical Particle Swam

Model

The theoretical studies of PSO convergence have evolved greatly over the last decade,

and is discussed in great detail in section 2.2. Despite the great advances made, a truly

accurate analysis of the non-simplified PSO has not yet been made from a theoretical

standpoint. This is not surprising as the true PSO contains a large amount of coupling

between particles and iterations, making a true model incredibly difficult to work with.

All of the theoretical results available to date were derived under the stagnation assump-

tion, with the closest to an exception being the work of Jiang et al. [10] as discussed in

section 2.2.2, where a slightly weakened version of stagnation is considered.

19
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Chapter 3. Theoretical Analysis 20

The stagnation assumption is the last remaining simplification still present in the current

theoretical PSO models. In many regards it is the most simplifying of all the assump-

tions. If the “neighbourhood” best ŷ of particle i is assumed fixed, it actually decouples

all particles in the swarm from each other. This decoupling actually removes the notion

of a swarm from the analysis. It has occasionally been stated that theoretical analysis

thus far were done in the setting of a star topology [10, 33, 34] (that is using a Gbest

PSO). However, the notion of a social network structure is completely meaningless if

ŷi is fixed for each particle. Furthermore, the stagnation assumption removes the true

memory that each particle has, specifically if the personal best y of particle i is assumed

to be fixed; the “memory” is then fixed. It is clear that a fixed “memory” is a very poor

approximation of an actual PSO, where the memory could potentially change after each

iteration.

The stagnation assumption in many ways is unrealistic; most fundamentally, a stagnated

PSO is no longer an optimizer. What this implies is that even if convergence of a

PSO is proved in a stagnated PSO, the convergence of the particles has little practical

implication, since if a PSO was in a true stagnant state subsequent iterations of a PSO

algorithm would not even alter the best located solution of the swarm, or even that of

an individual particle, making the iterations pointless. Now, if the PSO was guaranteed

to enter a stagnant state, the analysis would be more meaningful. However, this has

never been proved. Realistically, it might not even be possible to prove that a stagnant

state will always occur, other than the case where stagnation and convergence are the

same (each particle’s position has stagnated, not only the personal and neighbourhood

best position). It is not hard to imagine a situation where stagnation will not occur,

other than the case of convergence.

For example, consider figure 3.1 where the fitness function is simply a parabolic curve

in R. If a PSO was used to search the parabolic landscape it would not be surprising for

the particles to oscillate around the optimum. It is also very conceivable that on each

iteration a particle’s current position change causes an improvement in fitness evaluation,

but stagnation of the particle never occurs, unless the particle has completely stopped

moving (i.e. converged to a point).

It is clear that, given the implications of the stagnation assumption, a theoretical study

of the PSO without the assumption is of great importance. This is the primary issue

that this thesis addresses. Specifically, the focus is that of the deterministic PSO with

the stagnation assumption removed. The assumption is however replaced with a sub-

stantially weaker one. Instead of assuming that yi (t) and ŷi (t) are fixed, the following

assumption is rather made:
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Figure 3.1: Particle search on a parabola.

Assumption 3.1.1. Weak chaotic assumption: It is assumed that both yi (t) and ŷi (t)

will occupy an arbitrarily large finite number of unique positions, ψi and ψ̂i, respectively.

The weak chaotic assumption provides a closer approximation to an actual PSO, as it

allows yi (t) and ŷi (t) to change over time, an aspect of the PSO that the stagnation

assumption completely removes. The term “chaotic” is used to emphasizes that yi (t)

and ŷi (t) can change in a seemingling chaotic manner. The term “weak” is used to

emphasizes that while the positions of yi (t) and ŷi (t) can change in a seemingling chaotic

manner, it is not a completely chaotic, as in reality yi (t) and ŷi (t) could potentially

occupy an infinite number of unique positions.

Working under this assumption, the theoretical analysis provides a meaningful step

towards the “grand” PSO model, with “grand” meaning no assumptions. The situation

is summarized in figure 3.2. The detailed convergence analysis done under the weak

chaotic assumption is presented in section 3.3.

3.2 Preliminary Concepts

For the sake of completeness, a few elementary definitions and theorems are given in

this section.

Definition 3.2.1. Metric space.

A metric space is a pair (X, d), where X is a set and d is a metric on X. The metric is

defined on X ×X such that ∀x, y, z ∈ X the following hold:

1. d(x, y) ≥ 0, d is real valued and finite.

2. d(x, y) = 0 ⇐⇒ x = y.
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Figure 3.2: Theoretical PSO Models

3. d(x, y) = d(y, x).

4. d(x, y) ≤ d(x, z) + d(z, y).

Definition 3.2.2. Cauchy sequence.

A sequence (xn) in a metric space (X, d) is Cauchy if ∀ε > 0 ∃ a G(ε) ∈ N, such that

d(xm, xn) < ε ∀m,n > G(ε).

Definition 3.2.3. Completeness.

A metric space (X, d) is complete if every Cauchy sequence in X converges to a point

within X.

Definition 3.2.4. Normed Space.

A normed space (X, ‖•‖) is a vector space with a norm defined on it. A norm on a real

valued vector space X is a real valued function defined such that ∀x, y ∈ X and ∀α ∈ R
the following hold:

1. ‖x‖ ≥ 0

2. ‖x‖ = 0 ⇐⇒ x = 0

3. ‖αx‖ = |α|‖x‖

4. ‖x+ y‖ ≤ ‖x‖+ ‖y‖

Also, a norm on X defines the metric d on X given by d(x, y) = ‖x− y‖.

Definition 3.2.5. Banach Space.

A Banach space (X, ‖•‖) is a complete normed space, where completeness is defined in

definition 3.2.3.
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Definition 3.2.6. Spectral radius.

The spectral radius of a matrix A is defined as ρ (A) = maxi=1,··· ,dim(A)|λi|, where λi is

the ith eigenvalue of A.

Definition 3.2.7. Convergent Matrix.

An n × n matrix A is said to be convergent if limκ→∞A
κ = Θ, where Θ is the zero

matrix.

Theorem 3.2.1. Convergence Of Matrix.

A is convergent if and only if ρ(A) < 1 [1].

Definition 3.2.8. Affine Mapping.

The mapping F : Rm → Rn is affine if there is a linear function L : Rm → Rn and a

vector b ∈ Rn such that F (x) = L (x) + b ∀x ∈ Rm.

Definition 3.2.9. Contraction.

Let X = (X, d) be a metric space. A mapping T : X → X is called a contraction on X

if there is a positive real number α < 1 such that ∀x,y ∈ X, d (Tx, Ty) ≤ αd (x,y).

Theorem 3.2.2. Infinite composition of affine mapping.

Let {Gh : h = 1, · · · , U} be affine mappings on Rk, where U ∈ N. If there exists an

s ≥ 1 such that for every σ1, · · · , σs ∈ {1, · · · , U} the composition Gσ1 ◦ · · · ◦ Gσs is

a contraction, then for any infinite sequence σ1, σ2, · · · ∈ {1, · · · , U} and any z ∈ Rk,
limξ→∞Gσ1 ◦ · · · ◦Gσξ (z) is convergent [17].

3.3 Convergence of the Particle Swarm

It is assumed without loss of generality that the PSO is applied on R, instead of Rk

(this is a reasonable assumption, as the proof that follows is valid regardless of potential

dimension dependency, as will become clear during the proof). The original update

equations become:

xi (t+ 1) = xi (t) + vi (t+ 1) (3.1)

vi (t+ 1) = wvi (t) + c1r1(t)(yi(t)− xi (t)) + c2r2(t)(ŷi(t)− xi (t)) (3.2)

These update equations can be reformulated as the following second order non-homogeneous

non-autonomous recurrence relation:

xi(t+ 1) = (1 + w − (θ1(t) + θ2(t)))xt(t)− wxi(t− 1) + θ1(t)yi(t) + θ2(t)ŷi (3.3)

where θ1(t) = c1r1(t) and θ2(t) = c2r2(t). In the standard PSO model the initial position

xi(0) and velocity vi(0) are given for 1 < i < N . In the reformulation of equation (3.3)

this is equivalent to the values of xi(0) and xi(1) being given for 1 < i < N .
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To simplify the discussion, the following definition of the PSO’s state is used: The

state St of the PSO at time step t is defined as containing all particle positions xi(t),

as well as all the best personal positions yi(t), in addition to the best position so far

within each particle’s neighbourhood ŷi(t) for each 1 < i < N . More briefly, St =⋃N
i=0{(xi(t), yi(t), ŷi(t))}.

Under the assumption that xi(0) and xi(1) for 1 < i < N are given, the initial states of

the PSO, S0 and S1 are completely known.

Update equation (3.3) can then be reformulated as∣∣∣∣∣xi(t+ 1)

xi(t)

∣∣∣∣∣ =

∣∣∣∣∣1 + w − (θ1(t) + θ2(t)) −w
1 0

∣∣∣∣∣
∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣+

∣∣∣∣∣θ1(t)yi(t) + θ2(t)ŷi

0

∣∣∣∣∣ . (3.4)

It is at this point that the stochastic component is removed by assuming that θ1(t) = θ1,

and θ2(t) = θ2 (in effect r1 and r2 are fixed), producing the following deterministic form

of equation (3.4):∣∣∣∣∣xi(t+ 1)

xi(t)

∣∣∣∣∣ =

∣∣∣∣∣1 + w − (θ1 + θ2) −w
1 0

∣∣∣∣∣
∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣+

∣∣∣∣∣θ1yi(t) + θ2ŷi

0

∣∣∣∣∣ . (3.5)

This reformulation allows the calculation of the elements of S(t+ 1) from those of S(t)

and S(t−1). Specifically, the state can be calculated by first calculating particle positions

using equation (3.5), and then the remaining information is readily calculated. At this

point it is worth noting that the mapping is defined only for a specific particle i, and for

a specific S(t) and S(t − 1). To make this more clear, equation (3.5) is rather defined

as an operator (it is customary not to use parentheses when working with operators) of

the following form:∣∣∣∣∣xi(t+ 1)

xi(t)

∣∣∣∣∣ = T i(t+1)

∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣ =

∣∣∣∣∣1 + w − (θ1 + θ2) −w
1 0

∣∣∣∣∣
∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣+

∣∣∣∣∣θ1yi(t) + θ2ŷi

0

∣∣∣∣∣ ,
(3.6)

where T i(t+1) is an operator applied to [xi(t), xi(t− 1)]T .

Equation (3.6) is shortened to

T i(t+1)

∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣ = A

∣∣∣∣∣ xi(t)

xi(t− 1)

∣∣∣∣∣+ bit, (3.7)

where

A =

∣∣∣∣∣1 + w − (θ1 + θ2) −w
1 0

∣∣∣∣∣ (3.8)
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and

bit =

∣∣∣∣∣θ1yi(t) + θ2ŷi

0

∣∣∣∣∣ . (3.9)

This means that, in order to calculate the position of xi(t), the operator T i(t) ◦ T
i
(t−1) ◦

. . . ◦ T i(3) ◦ T
i
(2) must be applied to |xi(1), xi(0)|T . Let ‖•‖∞ be the max norm on R2

and let d be the induced metric. Focusing on the actual operators, it is noted, that for

arbitrary y, z ∈ R2,

d(T i(t+1)y, T
i
(t+1)z) = ‖T i(t+1)y − T

i
(t+1)z‖∞ = ‖A(y − z)‖∞ ≤ ‖A‖∞‖y − z‖∞ (3.10)

If ‖A‖∞ < 1, T i(t+1) is a contractive mapping, then theorem 3.2.2 could be utilized with

s = 1 (how this fact could have been used will become apparent towards the end of this

proof). Unfortunately A cannot be a contractive mapping given its form, as

‖A‖∞ = max{|1 + w − (θ1 + θ2)|+ |−w|, |1|+ |0|} (3.11)

which clearly cannot be less than 1.

However, since the operator T i(t+1) is a mapping from R2 to R2, there is still a way to

utilize theorem 3.2.2 if the spectral radius ρ(A) is less than 1. In order for ρ(A) < 1,

max{|λ1|, |λ2|}must be less than 1, where |λ1| and |λ2| are the modulus of the eigenvalues

values of A. Simple calculation, as given in appendix B, yields the following characteristic

polynomial of A,

θ1λ+ θ2λ− wλ+ w + λ2 − λ (3.12)

from which the following, possibly complex valued eigenvalues are obtained:

λ1 =
1

2
(−
√

(θ1 + θ2 − w − 1)2 − 4w − θ1 − θ2 + w + 1), (3.13)

λ2 =
1

2
(
√

(θ1 + θ2 − w − 1)2 − 4w − θ1 − θ2 + w + 1). (3.14)

If PSO parameters are chosen such that max{|λ1|, |λ2|} < 1, applying theorem 3.2.1,

the following is known:

lim
κ→∞

Aκ =

∣∣∣∣∣0 0

0 0

∣∣∣∣∣ , (3.15)

which implies the existence of a K such if AK =

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ then

max{|a11|+ |a12|, |a21|+ |a22|} < 1. (3.16)
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Let {ξ1, ξ2 . . . , ξK} be an arbitrary set, where ξj ∈ {1, 2, . . . , Ui} and Ui = ψiψ̂i is the

number of unique vectors, bit. Then, given an arbitrary y, z ∈ R2,

d(T i(ξ1) ◦ T
i
(ξ2)
◦ . . . ◦ T i(ξK−1)

◦ T i(ξK)y, T
i
(ξ1)
◦ T i(ξ2) ◦ . . . ◦ T

i
(ξK−1)

◦ T i(ξK)z)

= ‖AKy +AK−1biξK−1 + . . .+ biξ1−1 −
(
AKz +AK−1biξK−1 + . . .+ biξ1−1

)
‖∞

= ‖AK(y − z)‖∞
= max{|a11(y1 − z1) + a12(y2 − z2)|, |a21(y1 − z1) + a22(y2 − z2)|}
≤ max{|y1 − z1|, |y2 − z2|}max{|a11 + a12|, |a21 + a22|}
= ‖y − z‖∞max{|a11 + a12|, |a21 + a22|}
= d(y, z) max{|a11 + a12|, |a21 + a22|}.

(3.17)

From equation (3.16) and (3.17) it follows that the operator

T i(ξ1) ◦ T
i
(ξ2)
◦ . . . ◦ T i(ξK−1)

◦ T i(ξK), (3.18)

is a contractive mapping based on definition 3.2.9, where α = max{|a11+a12|, |a21+a22|}.
Using theorem 3.2.2, there exists an operator T̂i such that

lim
t→∞

T i(t) ◦ T
i
(t−1) ◦ . . . T

i
(3) ◦ T

i
(2)y = T̂iy. (3.19)

Given equation (3.19) it follows that ∀ε > 0 there exists an M(ε) ∈ N such that

‖T i(m)◦T
i
(m−1)◦. . .◦T

i
(3)◦T

i
(2)y−T

i
(n)◦T

i
(n−1)◦. . .◦T

i
(3)◦T

i
(2)y‖ ≤ ε∀n,m > M(ε). (3.20)

Shifting focus back to the PSO model and observing that for each i the following sequence

of particle i’s positions are defined,

x̂i(1) =

∣∣∣∣∣xi(1)

xi(0)

∣∣∣∣∣ , x̂i(2) =

∣∣∣∣∣xi(2)

xi(1)

∣∣∣∣∣ = T i(2)

∣∣∣∣∣xi(1)

xi(0)

∣∣∣∣∣ , x̂i(3) =

∣∣∣∣∣xi(3)

xi(2)

∣∣∣∣∣ = T i(3)

∣∣∣∣∣xi(2)

xi(1)

∣∣∣∣∣
. . . x̂i(n) =

∣∣∣∣∣ xi(n)

xi(n− 1)

∣∣∣∣∣ = T i(n)

∣∣∣∣∣xi(n− 1)

xi(n− 2)

∣∣∣∣∣
,

(3.21)

using equation (3.20), the sequence {x̂i(n)} is Cauchy, since

‖x̂i(m)−x̂i(n)‖ = ‖T i(m)◦T
i
(m−1)◦. . .◦T

i
(3)◦T

i
(2)x̂i(0)−T i(n)◦T

i
(n−1)◦. . .◦T

i
(3)◦T

i
(2)x̂i(0)‖ < ε

(3.22)

for all m,n > M (ε). Since {x̂i(n)} is Cauchy and R2 is a Banach space, {x̂i(n)}
converges to a point in R2, say x̂i ∈ R2. Therefore, the sequence {xi(n)} converges to a

point say xi ∈ R (as xi is the first component of x̂i). Since i was arbitrary in 1 ≤ i ≤ N ,

each particle’s position converges to a point in R.
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3.4 Coefficient Region Guaranteeing Convergence

The results of section 3.3 can be significantly simplified for practical application. As

was proved in section 3.3, if max{|λ1|, |λ2|} < 1, with λ1 and λ2 as defined in equations

(3.13) and (3.14), convergence of each particle to a point is guaranteed. If the conditions

are violated, the deterministic PSO will not converge. This condition can be simplified

by overlaying the inequality plots of |λ1| < 1 and |λ2| < 1 to the following conditions:

|w| < 1, 0 < θ1 + θ2 < 4, w >
(θ1 + θ2)

2
− 1. (3.23)

The region of parameters that would ensure particle convergence to a point is illustrated

in figure 3.3, where θ = θ1 + θ2.

Convergent region

-1.5 -1 -0.5  0  0.5  1  1.5

w

 0

 1

 2

 3

 4

 5

θ

Figure 3.3: Parameter Region in which Each Particle Converges to a Point

The conditions presented in equation (3.23) are very positive as they match the con-

ditions of the theoretical research on deterministic PSO done by Van den Bergh and

Engelbrecht [33, 34], as well as the work of Trelea [32], just with the inclusion of a

possible negative inertia weight. In both of the theoretical studies, r1 and r2 are fixed

to a specific value in the derivation of the conditions needed for particles to converge

to a point. However, a slightly different approach to handling the stochastic component

is used in this thesis, namely the stochastic component is left unfixed throughout the

analysis. The relation between the research can be seen by replacing θ1 and θ2 with
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1
2c1 and 1

2c2 in equation (3.23) to match Trelea’s conditions in equation (2.47). Simi-

larly, by replacing θ1 and θ2 with 1c1 and 1c2 in equation (3.23), Van den Bergh and

Engelbrechts’ conditions in equation (2.38) are matched.

The conditions of equation (3.23) are left in their most general form, as it provides the

most clarity with regards to the influence of the stochastic component. Specifically, it

is clear how likely it is for an iteration to encourage convergence (follow the condition

of equation (3.23)), for example if r1 = r2 = 0.2, then an iteration that encourages

convergence would at worst only have a 20 percent chance of occurring (if the coefficients

used are on the edge of the allowable convergent parameter region). This is obviously not

a comment on the long term convergence of particles to a point in the stochastic PSO.

It is, however, useful when choosing parameters to have knowledge about the impact

that the choice has on the individual iterations.

The similarity between the derived conditions of equation (3.23) and the condition of

Van den Bergh and Engelbrecht [33, 34], as well as Trelea [32], is not very surprising.

This is because, if the assumption is made that each particle’s personal best and neigh-

bourhood’s best position are in fact fixed (the stagnation assumption), then in section

3.3 Ui is 1 for all particles, and the same conditions as in equation (3.23) can be derived.

This is a clear indication that the proof utilized in section 3.3 is in fact a generalization

of a proof needed to prove convergence of particles to a point in the deterministic PSO

under the stagnation assumption.

One aspect of the proof utilized in section 3.3, which is also a generalization, is that at no

point is a specific fitness function assumed, nor is it assumed that the fitness function is

static. What this implies is that even if the fitness function is time dependent (effectively

a dynamic environment), the conditions for particle convergence to a point in equation

(3.23) remain valid.

3.5 Summary

This chapter provided a detailed justification for the generalization of the theoretical

deterministic PSO model in section 3.1. Under the deterministic PSO model general-

ization, conditions necessary for each particle in the swarm to converge to a point were

derived in section 3.3. The derived conditions necessary for convergence to a point were

contrasted to the conditions obtained in previous theoretical deterministic PSO research,

and were shown to be a generalization of previous findings in section 3.4.

The conditions of equation (3.23) are very useful as they provide guarantees about

particle convergence derived under a more complete model. The more complete the
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model, the more accurate the conclusions derived from the model will be. The next

chapter provides empirical results, to support the theoretical conclusion of this chapter.
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Chapter 4

Empirical Analysis

This chapter contains the details of an experiment designed to illustrate the conver-

gence/divergent properties of the PSO under certain parameter choices in relation to

the theoretical findings of the previous chapter. The chapter begins with the experi-

mental setup in section 4.1, followed by the obtained results in section 4.2. The chapter

ends with a discussion of the results and how they relate to the conditions derived in

section 3.4.

4.1 Experimental Set Up

In theoretical research on deterministic PSOs, if any experimental results are presented,

they are often generated from the theoretical model itself. The model is however based

on a situation where the stagnation assumption is forced. While the results obtained in

section 3.3 were derived under the weak chaotic assumption, the experiment performed

in this chapter are on an actual PSO with the only simplification being the deterministic

assumption, where θ1 = 1c1, and θ1 = 1c2. This approach provides a better real world

approximation, as it includes the impact of the more complicated interactions between

particles in the analysis.

There is an inherent difficulty in empirically analysing the convergent behaviour of PSO

particles, specifically with regards to understanding the influence of the underlying fit-

ness landscape on the PSO. In an attempt to try and mitigate this issue, a specific fitness

function that will make it “hard” for the PSO to become stagnant is used. This type of

function is ideal, as it makes analysis of the PSO’s convergent properties more difficult,

as a non-stagnant PSO is by definition more chaotic. The function used is

f(x) = f(x, t) ∈ U (−1000, 1000) , (4.1)

30
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where t is the iterative time stamp, and U (−1000, 1000) are uniformly sampled real

values between −1000 and 1000. What the fitness function in equation (4.1) provides is

an environment that constantly changing in inherently unpredictable manner, as well as

being rife with discontinuities (actually, it is discontinuous almost everywhere), resulting

in a search space where finding the global optimum is very difficult.

The experiment utilizes the following static parameters:

• Population Size: 64.

• Iterations: 2000.

• Search Space: Dimension k = 100.

• Population initialisation: Particle’s positions are instantiated within the hyper-

cube (−1000, 1000)k. Particle’s velocities are instantiated to 0.

• Fitness function: Equation (4.1) is utilized as the fitness function.

The measure of convergence is as follows:

∆ (t+ 1) =
1

k

i=k∑
i=1

‖xi (t+ 1)− xi (t)‖2. (4.2)

Convergence of each particle to 0 will occur if and only if ∆ approaches zero.

Four social network structures were utilized in the experiment: star, ring, 2-D Von Neu-

mann, and 3-D Von Neumann social network structures. The choice of a population of

size 64 was made to ensure that both the 2-D Von Neumann and the 3-D Von Neumann

social network structures are completely formed, i.e. a complete grid and cube respec-

tively. The convergence of the PSO is tested under each of the parameter sets in table

4.1.

Table 4.1: Parameter Sets

No w c1 c2
1 1 2 2

2 0.7298 1.49618 1.49618

3 0.9 1.85 1.85

4 -0.5 0.4 0.4

5 1 0.5 0.5

6 0.9 -0.1 -0.1

7 0.9 2.01 2.01

8 0.5 1.5 1.5
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Each of the parameter sets were chosen in such a way as to illustrate the impact that

certain parameter choices have on the convergent (to a point) or divergent long term

behaviour of the PSO, or to utilize common or historically chosen parameters. The

justification for each parameter set is given in section 4.2, along with the detailed results

of this experimentation. Each reported experiment is the result of averaging over 50

independent runs (50 random swarm initializations).

4.2 Experimental Results and Discussion

This section presents the results of the experiment as described in section 4.1. For

each parameter set in table 4.1, a figure illustrating the variation of ∆ as t increases

is provided. To ensure that the figures are as informative as possible, two aspects of

the figures vary. Firstly, the number of iterations displayed has been chosen to best

illustrate the more volatile parts of the convergence behaviour. Secondly, in the cases

where radical divergence occurred, ∆ has been log scaled in order to avoid later iterations

obscuring the results of earlier ones. If a figure contains a log scaled ∆ it has been made

explicit in the figure’s legend.

Parameter set 1 in table 4.1 are the parameters used in the original PSO [13]. This

parameter set has known issues as mentioned in section 2.2.1. The parameter set clearly

does not satisfy the conditions of equation (3.23); specifically, it fails to satisfy all three

of the conditions. The results of running the PSO under this parameter set are illus-

trated in figure 4.1. The PSO was clearly divergent, with ∆ rapidly increasing to the

extent where log scaling was needed to even analyse the divergence. While there was

a slight difference in the rate of divergence between different social network structures,

the divergent property was apparent throughout.

Parameter set 2 was originally proposed by Eberhart and Shi [6]. Checking the conditions

of equation (3.23), it is seen that |0.7298| < 1, 0 < 2.99236 < 0, and 0.7298 > 1.49618−
1 = 0.49618, so all the conditions for convergence are satisfied. Figure 4.2 shows that

convergence did in fact occur, with the PSO using the star social network structure

converging the fastest. The long term convergent property of the PSO under parameter

set 2 was, however, not effected by the social network structure as is clear from figure

4.2, once again only the rate of convergence seems to be affected.

Parameter set 3 was chosen as it comes very close to violating every condition in equation

(3.23), but does not actually violate any. The parameter set results in the evaluation

|0.9| < 1, 0 < 3.6 < 4, and 0.9 > 1.8 − 1 = 0.8, which should ensure convergence. In

figure 4.3 convergence of ∆ to 0 occurred under all social network structures with the
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Figure 4.1: Parameter set w = 1, c1 = 2, and c2 = 2
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Figure 4.2: Parameter set w = 0.7298, c1 = 1.49618, and c2 = 1.49618
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star social network structure providing the quickest and most stable (smallest variations

between iterations) convergence to 0, and the 3-D Von Neumann social network structure

being the slowest to converge in addition to being the least stable.

 0

 10000

 0  200  400  600  800  1000  1200  1400  1600  1800  2000

∆(
t)

t

Average Change in Position 

Star
Ring

2-D Von Neumann
3-D Von Neumann

Figure 4.3: Parameter set w = 0.9, c1 = 1.85, and c2 = 1.85

Parameter set 4 was chosen as it utilizes a negative inertia weight, a case not often

considered. The parameter set results in the evaluation |−0.5| < 1, 0 < 0.8 < 4, and

−0.5 > 0.4 − 1 = −0.6, which should ensure convergence. Once again, convergence

of ∆ to 0 occurred under all social network structures as can be seen in figure 4.4.

Parameter set 4 was the first set under which the star social network structure does not

converge in the quickest and most stable manner, in fact the opposite was true. The

convergent behaviour of the remaining social network structures were virtually identical

under parameter set 4.

Parameter set 5 was chosen as it violates only the first condition of equation (3.23), and

is on the boundary of the convergent region of figure 3.4. The parameter set results

in the evaluation |1| ≮ 1, 0 < 1 < 4, and 1 > 0, so the theory does not guarantee

convergence. In figure 4.5 the value of ∆ is clearly not converging to 0 under any social

network choice. However, ∆ was not necessarily diverging to ∞, as was the case with

parameter set 1. The long term behaviour of ∆ more closely resembles convergence of

∆ to a non-zero constant. While this is a more stable behaviour, it is not necessarily a
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Figure 4.4: Parameter set w = −0.5, c1 = 0.4, and c2 = 0.4

desirable one, as a constant ∆ could still result in a particle travelling infinitely far from

the desired search space.

Parameter set 6 was chosen as it violates only condition two. The parameter set results

in the evaluations |0.9| < 1, 0 ≮ −0.2 < 4, and 0.9 > −1.1, so the theory does not

guarantee convergence. Also, parameter set 7 was chosen as it violates condition two

from above, and by implication condition three. The parameter set results in the eval-

uation |0.9| < 1, 0 < 4.02 ≮ 4, and 0.9 ≯ 2.1 − 1 = 1.1, so once again the theory does

not guarantee convergence. Under the utilization of both parameter sets 6 and 7, rapid

divergence occurred, with ∆ causing overflow before even 500 iterations have occurred.

This divergent behaviour of ∆ occurred regardless of social network choice. The choice

of social network structure only appears to slightly affect the rate at which ∆ diverges,

as is seen in figure 4.6 and figure 4.7.

Parameter set 8 was chosen as it violates only condition three. The parameter set results

in the evaluations |0.5| < 1, 0 < 3 < 4, and 0.5 ≯ 1.5 − 1 = 0.5, so the theory does

not guarantee convergence. The long term behaviour of ∆ can be seen in figure 4.8.

Parameter set 8 resulted in one of the more interesting behaviours. All social network

structures except the star network structure clearly exhibited near linear divergence.

The star social network structure was in fact diverging. The divergence was however,

exceptionally slow in contrast to the other social network structures. Parameter set 8
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Figure 4.5: Parameter set w = 1, c1 = 0.5,and c2 = 0.5
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Figure 4.6: Parameter set w = 0.9, c1 = −0.1,and c2 = −0.1
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Figure 4.7: Parameter set w = 0.9, c1 = 2.01, and c2 = 2.01

provided the best indications that the social network choice does in fact have an effect on

the rate on divergence. However, the social network choice did not have a large enough

effect to cause a convergent ∆.

4.3 Summary

In this chapter the details of an experiment designed to illustrate the convergent/diver-

gent properties of the PSO under certain parameter choices in relation to the theoretical

findings of the previous chapter was given. It was found that the PSO behaved in the

theoretically expected manner with regards to long term behaviour under all the param-

eter sets. The results also illustrated that the choice of social network structure does

in fact affect the particles’ convergence. However the effect is limited to the rate at

which convergence or divergence occurred. This conclusion matches the results of the

theoretical analysis done in chapter 3, namely that long term convergence will occur

if the parameters used satisfy the conditions of equation (3.23) regardless of the social

network structure used. This empirical study on the PSO, differs from other studies

done, as it directly analyses the effect that the social network structure choice has on

the swarms ability to have each particle converge to a point.
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Figure 4.8: Parameter set w = 0.5, c1 = 1.5, and c2 = 1.5

The next chapter presents an overview of the findings of this thesis, in addition to a

discussion of potential future work.
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Chapter 5

Conclusion

This chapter begins with a summary of the findings and contributions of this thesis in

section 5.1, followed by a discussion of potential future work in section 5.2.

5.1 Overview

This thesis analysed the current theoretical research on PSO, in both the stochastic and

deterministic context. The primary focus was on the derivation of conditions necessary

for each particle in a swarm to converge to a point. It was found that all theoretical

models used in the research had one common shortcoming: all of the models derived

their conditions under the stagnation assumption as discussed in chapter 2. While the

theoretical PSO models utilized in the research have provided a wealth of insight into

the PSO’s underlying behaviour, the presence of the stagnation assumption has removed

many aspects of the PSO’s behaviour.

Chapter 3 begun with a detailed explanation of the aspects of the PSO that the presence

of the stagnation assumption had inherently removed from the previous theoretical mod-

els. A new theoretical model for the deterministic PSO was proposed, under the weak

chaotic assumption, a substantially weaker assumption than the stagnation assumption.

Under the proposed model, the conditions necessary for each particle in a swarm to

converge to a point were derived. The conditions were derived under an arbitrary social

network structure, and an arbitrary swarm size, and under an arbitrary fitness fitness

function.

Chapter 4 provided an experiment designed to test the theoretically derived condition

for particle convergence to a point. The experiment was run on an actual PSO under

multiple social network structures, with only the stochastic component of the update

39
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equations fixed. The empirical findings of the experiment fully supported the theoretical

results. Convergence of all particles to a point occurred when the convergence conditions

were met, and a failure to converge to a point occurred when the conditions were violated.

In summation, a generalization of the theoretical deterministic PSO was made which

better reflected the actual PSO algorithm. Under the new model, conditions to guarantee

particle convergence to a point were derived and the influence of parameter choices were

illustrated by empirical findings on an array of parameter values.

5.2 Future Work

There are two very clear directions for future work which are directly related to the work

of this thesis. The first would be to derive the conditions necessary for each particle in a

swarm to converge to a point under the theoretical stochastic PSO model with the weak

chaotic assumption, instead of the usual stagnation assumption. The second would be

to derive the conditions necessary for each particle in a swarm to converge to a point,

without any assumptions on the nature of the personal best and neighbourhood best

particles at all. This might not actually be an achievable result, never the less it should

be investigated.

One of the more interesting, but less direct areas of further research, is the potential

utilization of the more general deterministic PSO model of this thesis to extend the

guaranteed convergence PSO (GCPSO)[33], and prove that the GCPSO (or a slight

variant of the GCPSO) will converge to local optima under an arbitrary social network

structure (at maximum, one unique local optimum for each neighbourhood) instead of

the just the one local optimum under the star social network structures.
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Appendix A

Symbols

Ω Particle swarm population.

i Index of the particle in its population.

xi Position vector of particle i.

vi Velocity vector of particle i.

j Component index of a particle.

N Population size.

k Particle dimension.

c1 Cognitive importance coefficient.

c2 Social importance coefficient.

w Inertia weight.

yi Best position found by particle i.

ŷi Best position found in particle i’s neighbourhood.

r1, r2 Stochastic variables from the uniformly disturbed hyper cube U (0, 1)k.

θ1 Shorthand for r1c1.

θ2 Shorthand for r2c2.

Ni Neighbourhood of particle i.

χi,j Constriction coefficient of component j of particle i.

κ A real valued coefficient within the open interval (0, 1).
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Appendix B

Extra Calculations

In section 3.3, the characteristic polynomial of the matrix,

A =

∣∣∣∣∣1 + w − (θ1 + θ2) −w
1 0

∣∣∣∣∣ (B.1)

was needed. The calculation to obtain the characteristic polynomial of matrix A are as

follows:

0 = det(A− λI) (B.2)

= det

∣∣∣∣∣1 + w − (θ1 + θ2)− λ −w
1 λ

∣∣∣∣∣ (B.3)

= (1 + w − (θ1 + θ2)− λ) (−λ)− (−w) (1) (B.4)

= θ1λ+ θ2λ− wλ+ w + λ2 − λ (B.5)
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