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Abstract

We discuss the relationship between the recurrence coefficients of orthogonal polynomials with respect to a semi-
classical Laguerre weight and classical solutions of the fourth Painlevé equation. We show that the coefficients in
these recurrence relations can be expressed in terms of Wronskians of parabolic cylinder functions which arise in the
description of special function solutions of the fourth Painlevé equation.
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1 Introduction

In this paper we are concerned with the coefficients in the three-term recurrence relations for orthogonal polynomials
with respect to the semi-classical Laguerre weight

w(z;t) = 2 exp(—2? + tx), z € RT, (1.1)

with parameters A > —1 and ¢ € R, which has been recently studied by Boelen and van Assche [10] and Filipuk, van
Assche and Zhang [28]. It is shown that these recurrence coefficients can be expressed in terms of Wronskians that
arise in the description of special function solutions of the fourth Painlevé equation (Pry/)

2 2
% = % (j‘j) +gq3+4zq2+2(z2—A)q+§, (1.2)
where A and B are constants, which are expressed in terms of parabolic cylinder functions.

The relationship between semi-classical orthogonal polynomials and integrable equations dates back to the work
of Shohat [67] and later Freud [39], as well as Bonan and Nevai [11]. However it was not until the work of Fokas,
Its and Kitaev [31, 32] that these equations were identified as discrete Painlevé equations. The relationship between
semi-classical orthogonal polynomials and the (continuous) Painlevé equations was demonstrated by Magnus [53, 54]
who showed that the coefficients in the three-term recurrence relation for the Freud weight [11, 39, 73]

w(z;t) = exp (—iav‘L — tCEQ) , z € R,

with ¢ € R a parameter, can be expressed in terms of solutions of Pry (1.2).



A motivation for this work is the fact that recurrence coefficients of semi-classical orthogonal polynomials can
often be expressed in terms of solutions of the Painlevé equations. For example, recurrence coefficients are expressed
in terms of solutions of Pyy for semi-classical orthogonal polynomials with respect to the Airy weight

w(z;t) = exp (%x?’ +tz), z3 <0,
with ¢ € R a parameter [53]; in terms of solutions of Py for the perturbed Laguerre weight
w(z;t) = x%exp (—x — t/x), r € RT,

with @ > 0 and ¢t € R parameters [18]; in terms of solutions of Py for the weights

w(z;t) = (1 —-2)*(1+a)e =  ze[-1,1],
w(z;t) = (1 — x)Pe t/, z € [0,1],
w(z;t) = 2%z +t)Pe ™, r €RT,

with o, 3 > 0 and t € RT parameters [3, 4, 15, 19, 38]; and in terms of solutions of Py for the generalized Jacobi
weight
w(z;t) =21 —2)P(t —z)7, z € 10,1],

with o, 3,7 > 0 and t € RT parameters [5, 19, 25, 53].

Recurrence coefficients for orthogonal polynomials with respect to discontinuous weights which involve the Heav-
iside function H(x) have also been expressed in terms of solutions of Painlevé equations [2, 20, 35, 37], while recur-
rence coefficients for orthogonal polynomials with respect to discrete weights have been expressed in terms of solutions
of Painlevé equations [9, 8, 23, 26, 27].

This paper is organized as follows: in §2, we review some properties of orthogonal polynomials; in §3, we re-
view some properties of the fourth Painlevé equation (1.2), including its Hamiltonian structure §3.1, Bécklund and
Schlesinger transformations §3.2 and special function solutions §3.3; in §4 we express the coefficients which arise
in the three-term recurrence relation associated with orthogonal polynomials for the semi-classical Laguerre weight
(1.1) in terms of Wronskians that arise in the description of special function solutions of Pry (1.2); in §5 we derive
asymptotic expansions for the recurrence coefficients; in §6 we discuss orthogonal polynomials with respect to the
semi-classical Hermite weight

w(z;t) = |z exp(—a2? + tz), z,teR, A> -1,

which is an extension of the semi-classical Laguerre weight (1.1) to the whole real line, and show that the recurrence
coefficients are also expressed in terms of Wronskians that arise in the description of special function solutions of Pry
(1.2); and in §7 we discuss our results.

2 Orthogonal polynomials

Let P,(x), n € N, be the monic orthogonal polynomial of degree n in x with respect to a positive weight w(x) on
(a,b), a finite or infinite interval in R, such that

b
/ P (2)Pp(x)w(z) dz = hybum n, hyp >0,

where d,, ,, denotes the Kronekar delta. One of the most important properties of orthogonal polynomials is that they
satisfy a three-term recurrence relationship of the form

l'Pn(I) = Pn—i—l(z) +anPn(x) +ﬁnPn—1(x); (2.1)
where the coefficients «,, and [3,, are given by the integrals

1t I
oy = E~/a zP?(r) w(z) de, On = hn—l/a, 2Py 1 (2) Py () w(z) da,

with P_;(x) = 0 and Py(z) = 1. These coefficients in the three-term recurrence relationship can also be expressed in
terms of determinants whose entries are given in terms of the moments associated with the weight w(x). Specifically,
the coefficients v, and [3,, in the recurrence relation (2.1) are given by

o = An-i-l An ﬂ _ ATL+1ATL—1
n— x ) n— T A9
A A, AZ

(2.2)



where A,, is the Hankel determinant

Ho H1ooo.. Hn-—1
n—1 J25% H2 .. Hn
A, = det [#ﬁk} - T "L o>, (2.3a)
J,k=0 : : .. :
Hn—1 Hn ... H2p—2
with Ag =1, A_; =0, and En is the determinant
Ho M1 Hn—2 Hn
~ 251 M2 oo Hp—1 Hn41
Ap =1 . . ) s n>1, (2.3b)
Hn—1 HMn ... MH2p—-3 H2n—1

with ﬁo = 0 and puy, the kth moment, is given by the integral

b
uk:/ zFw(z) da. 2.4)

We remark that the Hankel determinant A,, (2.3a) also has the integral representation

/ / Hw xp) (x; — rp)?dey ... da,, n > 1. (2.5)

1<]<k<n

The monic polynomial P, (z) can be uniquely expressed as the determinant

Mo M1 229
H1 M2 oo Hntl
n A, : : - : )

Hn—1 Hn ... H2n-1

1 T ... z"
and the normalisation constants as A
1
ho =50 ho =21 = po. (2.6)
n

For further information about orthogonal polynomials see, for example [21, 47, 70].
Now suppose that the weight has the form

w(z;t) = wo(x) exp(at), x € [a,b], 2.7)

where ¢ is a parameter, with finite moments for all ¢ € R, which is the case for the semi-classical Laguerre weight
(1.1). If the weight has the form (2.7), which depends on the parameter ¢, then the orthogonal polynomials P, (x), the

recurrence coefficients a,, 3, given by (2.2), the determinants A,,, A, given by (2.3) and the moments p; given by
(2.4) are now functions of ¢. Specifically, in this case then

’ d ’ d* g
MkZ/ kao(x)exp(xt)deQ / wo(z) exp(at)de | = ¥

Further, the recurrence relation has the form
TP (x;t) = P11 () + an(t) P (x5 t) 4 Bn(t) Po—1(z;1), (2.8)
where we have explicitly indicated that the coefficients ., (t) and (,,(t) depend on ¢.

Theorem 2.1. If the weight has the form (2.7), then the determinants A, (t) and &n(t) given by (2.3) can be written
as

d
An(t)_w(/u’()a Fo )

dnilll,o ~ dA,
dt’ ’

v Ap(t) = ——, (2.9)



where W(p1, 2, ..., @) is the Wronskian given by

(T B
5 9 S P ) _ dFo;
W(@17§02a"'7§0n): . . . . 5 j :7]6
: : . : dt
n—1 n—1 n—1
A
. dkuo . . .
Proof. Since pj, = P the determinant A, () can be written in the form
Ho H1 oo Hn—1
M1 M2 .. U, d/JfO dnfl’uo
A,(t) = =W ey ————— |,
o= (1o S
Hn—1 HMn . H2n—2
as required, and the determinant A, (t), can be written in the form
Ho L N ) Hn
~ H1 H2 v Hn—1 Hn+1 dug dniQ,UJO d™uo
Ant: = s Ty v s T
D= o (“ Tar
Hn—-1 Hn .. H2n—3 H2n-1
_ d W d/J'O dn_lNO _ dAn
- dr Ho, dr gy dtn,1 - dt )
as required. O

The Hankel determinant A, (¢) satisfies the Toda equation, as shown in the following theorem.

Theorem 2.2. The Hankel determinant A,,(t) given by (2.9) satisfies the Toda equation

d? A1) AL (1)
—InA,(t) = ———F-—=. 2.10
Proof. See, for example, Nakamira and Zhedanov [59, Proposition 1]; also [16, 65, 69]. O

Using Theorems 2.1 and 2.2 we can express the recurrence coefficients v, (¢) and 3, (t) in terms of derivatives of
the Hankel determinant A,,(¢) and so obtain explicit expressions for these coefficients.

Theorem 2.3. The coefficients «,,(t) and [3,,(t) in the recurrence relation (2.8) associated with monic polynomials
orthogonal with respect to a weight of the form (2.7) are given by

Cd L AL (t) a2

In A, (¢),
with A,,(t) is the Hankel determinant given by (2.9).

Proof. By definition the coefficients v, (t) and (3, (¢) in the recurrence relation (2.8) are given by

_ () Au) A () Ania(®)
S i-vevic Rab-wrr ML A I B

where the determinants A,, and En are given by (2.3). Hence from (2.9)

LAt AL 1 dA,4 1 .dA,
ay(t) = Aoy A

(t) 2 Appg dt A, dt’
and so N
_ 9 n+1
an(t) = dt In Ap(t) '



as required. By definition

t —
and so from Theorem 2.2 we have )
d
L (1) = — In A, (1),
Bult) =~z At
as required. See also Chen, Ismail and van Assche [17] who also discuss applications to random matrices. O

Equivalently the recurrence coefficients v, (¢) and (3, (t) can be expressed in terms of h,,(t) given by (2.6).

Lemma 2.4. The coefficients o, (t) and (3, (t) in the recurrence relation (2.8) associated with monic polynomials
orthogonal with respect to a weight of the form (2.7) are given by

an(t) = %mhn(t)’ Bo(t) = hnt1(t)

where hy,(t) is given by (2.6).
Proof. See Chen and Ismail [16]. O
Additionally the coefficients o, (t) and (3, (t) in the recurrence relation (2.8) satisfy a Toda system.

Theorem 2.5. The coefficients o, (t) and (3, (t) in the recurrence relation (2.8) associated with a weight of the form
(2.7) satisfy the Toda system

day, dgn,
F = ﬂn-&-l - ﬂna W = ﬁn(an O‘n—l)~ (2.11)

Proof. See Chen and Ismail [16], Ismail [47, §2.8, p. 41] and Moser [57]; see also [8] for further details and a direct
proof in the case of a semi-classical weight of the form (2.7). O

Suppose P, (z), for n € N, is a sequence of classical orthogonal polynomials (such as Hermite, Laguerre and
Jacobi polynomials), then P, (z) is a solution of a second-order ordinary differential equation of the form

d?pP,
da?

P
T(:v)ddx" = \P, (2.12)

()

where o(x) is a monic polynomial with deg(c) < 2, 7(z) is a polynomial with deg(7) = 1, and A,, is a real number
which depends on the degree of the polynomial solution, see Bochner [7]. Equivalently, the weights of classical
orthogonal polynomials satisfy a first-order ordinary differential equation, the Pearson equation

d
E[U(m)w(x)] = 7(2)w(z), (2.13)
with o(z) and 7(z) the same polynomials as in (2.12), see, for example [1, 7, 21]. However for semi-classical
orthogonal polynomials, the weight function w(z) satisfies the Pearson equation (2.13) with either deg(c) > 2 or

deg(7) > 1, see, for example [45, 55]. For example, the Pearson equation (2.13) is satisfied for the weight (1.1) with
o(z) ==, () = =222 +to + A+ 1,
and so the weight (1.1) is indeed a semi-classical weight function. Filipuk, van Assche and Zhang [28] comment that

“We note that for classical orthogonal polynomials (Hermite, Laguerre, Jacobi) one knows these recur-
rence coefficients explicitly in contrast to non-classical weights”.

In §4 we show that, in the case of the semi-classical Laguerre weight (1.1), the determinants A, (£) and A, (¢) can
be explicitly written as Wronskians which arise in the description of special function solutions of Py (1.2) that are
expressed in terms of parabolic cylinder functions D, (z) when A\ ¢ Z, or error functions erf(z) when A\ = n € Z.
Consequently the recurrence coefficients v, (t) and (3,,(t) (2.2) associated with orthogonal polynomials for the semi-
classical Laguerre weight (1.1) can also be explicitly written in terms of these Wronskians.



3 Properties of the fourth Painlevé equation

The six Painlevé equations (P1—P+1) were first discovered by Painlevé, Gambier and their colleagues in an investigation
of which second order ordinary differential equations of the form

d%q dq
- F .1
dz? (dz’%Z) ’ G-

where F is rational in dg/dz and ¢ and analytic in z, have the property that their solutions have no movable branch
points. They showed that there were fifty canonical equations of the form (3.1) with this property, now known as
the Painlevé property. Further Painlevé, Gambier and their colleagues showed that of these fifty equations, forty-four
can be reduced to linear equations, solved in terms of elliptic functions, or are reducible to one of six new nonlinear
ordinary differential equations that define new transcendental functions, see Ince [46]. The Painlevé equations can be
thought of as nonlinear analogues of the classical special functions [22, 30, 43, 48, 72], and arise in a wide variety of
applications, for example random matrices, cf. [34, 64].

3.1 Hamiltonian structure

Each of the Painlevé equations Pi—Py7 can be written as a Hamiltonian system

dg OH; dp 757‘[3
dz  9p’ dz  9q’ (-2

for a suitable Hamiltonian function H;(q, p, z) [49, 60, 62]. The function o(z) = H;(q, p, ) satisfies a second-order,
second-degree ordinary differential equation, whose solution is expressible in terms of the solution of the associated
Painlevé equation [49, 61, 62].

The Hamiltonian associated with Py (1.2) is

Hiv (g, p, 290, Vs0) = 2qp° — (¢° + 22q + 290)p + Voot (3.3)
with ¥y and ¥, parameters [49, 60, 61, 62], and so from (3.2)

d
=4 _ dgp — ¢% — 22q — 20, (3.4a)
dz
d
£ = —2p% + 2p + 22p — Voo (3.4b)
Solving (3.4a) for p and substituting in (3.4b) yields
d?¢ 1 (dg\* 2 2 203
— = — [ — s 4 2 Yo — 2000 — 1)q — —,
7 2q<dz +5¢° +4z¢° +2(2° + Yo )q p

which is Pry (1.2) with A = 1 — g + 29, and B = —219(2). Analogously, solving (3.4b) for ¢ and substituting in
(3.4a) yields
2p 1 (dp\® . ) ) 92
— == 6p° — 8 2(z* — 209 + Voo +1)p — ==.
7 2p<dz> + 6p zp” +2(z 0+ P +1)p R

Then letting p = — 2w yields Pry (1.2) with A = —1 + 20y — Yo, and B = —292.
An important property of the Hamiltonian, which is very useful in applications, is that it satisfies a second-order,
second-degree ordinary differential equation.

Theorem 3.1. Consider the function
(2390, 900) = 2qp° — (¢° + 22q + 200)p + Vo,

where q and p satisfy the system (3.4), then o satisfies the second-order, second-degree ordinary differential equation

a2\ 2 d 2 do/d d
(dz‘g) 4 (zdz - 0> + 4£ (d;’ + 2190) (d;’ T 21900> —0. (3.5)

Conversely, if o is a solution of (3.5), then solutions of the Hamiltonian system (3.4) are given by

o —2z0" + 20 0" +2z20" — 20 , d
200’ +20) © P~

1= A(0’ +200) T &



Proof. See Jimbo and Miwa [49] and Okamoto [60, 61, 62]. O]
Remarks 3.2.

1. Equation (3.5), which is often known as Sry (or the Pry o-equation), is equivalent to equation SD-I.c in the
classification of second order, second-degree ordinary differential equations with the Painlevé property by Cos-
grove and Scoufis [24], an equation first derived and solved by Chazy [14] and subsequently by Bureau [12, 13]
by expressing the solution in terms of solutions of Pyy .

2. Theorem 3.1 shows that solutions of equation (3.5) are in a one-to-one correspondence with solutions of the
Hamiltonian system (3.4), and so are in a one-to-one correspondence with solutions of Pry (1.2).

3. Equation (3.5) also arises in various applications, for example random matrix theory [36, 37, 50, 71].

3.2 Backlund and Schlesinger transformations

The Painlevé equations Pyj—Pv possess Bécklund transformations which relate one solution to another solution either
of the same equation, with different values of the parameters, or another equation (see [22, 29, 43] and the refer-
ences therein). An important application of the Béacklund transformations is that they generate hierarchies of classical
solutions of the Painlevé equations, which are discussed in §3.3.

Bicklund transformations for Py (1.2) are given as follows.

Theorem 3.3. Let qo = w(z; Ag, Bo) and qj[ = w(z; Aj[, Bji) j =1,2,3,4 be solutions of Pry (1.2) with

AT = 1(2 240 £3V/-2By), Bf = -1(1+ 4o £ 1/ -2By)?,
Ay = —1(2+ 240 £3v/-2B,), By = —3(1— Ao+ 1\/-2By)?,
AF =3 14,53/ 2B, By = —3(1— Ao+ 1\/-2By)?,
AF = -3 14,5 3\/2B,, Bf = -1(-1- Ao+ 1V/-2By)
Then
I g2 —2 V—2B
Tli . qli _ % — 9 240 F 0’ (3.6)
2qo
P+ q? +2 vV—2B
,2_2:|: : (]3: _ Qo + 95 +22q0 F 0’ (3.6b)
2q0
e e 2(- AT VIR a
3 a3 =q+ — = (3.6¢)
4o +v—2By + 22q¢ + 45
2(1+A)+L1y/—2B
TF d=aq+ (L Ao 0) o (3.6d)

ah FV—2By —2zq0 — ¢3’

valid when the denominators are non-zero, and where the upper signs or the lower signs are taken throughout each
transformation.

Proof. See Gromak [41, 42] and Lukashevich [52]; also [6, 43, 58]. O

A class of Bicklund transformations for the Painlevé equations is generated by so-called Schlesinger transforma-
tions of the associated isomonodromy problems. Fokas, Mugan and Ablowitz [33], deduced the following Schlesinger
transformations R1—R4 for Pry.

(¢ +V=2B)” + (1A + 4 — 2/=2B) ¢* — ¢*(q + 22)?

Ri: ; A1, B1) = , 3.7
A 2q (¢ + 22 — ¢ — V—2B) -7
2
Ra:  auleiAg, By) = (¢ —vV=2B)" + (4A — 4 —2V=2B) ¢* — ¢*(q + 22)? 37b)
2 - 2\<, 412, D2 2q (q2 + qu + q/ — @) ) .
2
Rs:  ga(s: Ay, By) — (¢ —v—2B)" — (4A+4+2V=2B) ¢" — ¢°(¢ + 22)° (370
3 - 3\<, A3, D3 2q (q2 + 2Zq — q/ + @) ) .
2
'+v—2B 4A — 44 2V/=2B) ¢ — ¢*(q + 22)?
Re: a(sAn By = L5 ) £ i Ja" — g+ 22" (3.7d)

2q (¢> + 22q + ¢ + V—2B)



where ¢ = ¢(z; A, B) and

(A1, B1) = (A+1,-1(2 - V=2B)*), (42, B) = (4 =1,-1(2+V=2B)*), (3.7¢)
(43, Bs) = (A+1,-1(2+V=2B)"), (A0, By) = (4-1,-1(2 - V=2B)"). (3.70)

Fokas, Mugan and Ablowitz [33] also defined the composite transformations R5 = R1R3 and R7; = RoR4 given by

(q’ . — 2zq)2 + 2B

: : As, By) = .
Rs:  q5(2; As, Bs) % — @ —2:q+2(AT D} (3.82)
2
(¢ +¢* +22q)" + 2B
Ry : s A7, By) = — ) 3.8b
7r arlsdAn Br) 20{d' +¢* +2zq - 2(A-1)} (350
respectively, where
(A5,B5) = (A + Q,B), (A7,B7) = (A — 2,3) (38C)

We remark that R5 and R; are the transformations 7 and 7_, respectively, given by Murata [58].

3.3 Special function solutions

The Painlevé equations Py;—Pv1 possess hierarchies of solutions expressible in terms of classical special functions, for
special values of the parameters through an associated Riccati equation,

dg _
dz

where f2(z), f1(z) and fo(z) are rational functions. Hierarchies of solutions, which are often referred to as “one-
parameter solutions” (since they have one arbitrary constant), are generated from “seed solutions” derived from the
Riccati equation using the Bicklund transformations given in §3.2. Furthermore, as for the rational solutions, these
special function solutions are often expressed in the form of determinants.

Solutions of Prj—Py7 are expressed in terms of special functions as follows (see [22, 43, 56], and the references
therein): for Pyy in terms of Airy functions Ai(z) and Bi(z); for Pyyp in terms of Bessel functions J,,(2) and Y}, (2); for
Pry in terms of parabolic cylinder functions functions D, (z); for Py in terms of confluent hypergeometric functions
1F1(a; ¢; z) (equivalently Kummer functions M (a, b, z) and U (a, b, z) or Whittaker functions M, ,,(z) and W, ,,(2));
and for Py in terms of hypergeometric functions 2 F (a, b; ¢; z). Some classical orthogonal polynomials arise as par-
ticular cases of these special function solutions and thus yield rational solutions of the associated Painlevé equations:

f2(2)@ + f1(2)q + fo(2), 3.9)

for Pry1 and Py in terms of associated Laguerre polynomials L,gm) (z); for Pry in terms of Hermite polynomials H,,(z);

and for Py in terms of Jacobi polynomials pP (2).
Special function solutions of Pry (1.2) are expressed in in terms of parabolic cylinder functions.

Theorem 3.4. Pry (1.2) has solutions expressible in terms of parabolic cylinder functions if and only if either

B=-22n+1+¢A)?, (3.10)
or
B = —2n?, (3.11)
withn € Z and ¢ = 1.
Proof. See [40, 42, 43, 44, 51, 52). O

For Pry (1.2) the associated Riccati equation is

dg _

e e(q® + 22q) + 2v, g2 =1, (3.12)
. 2 . d . .
with Pry parameters A = —e(v + 1) and B = —2v°. Letting w(z) = T In ¢, (2) in (3.12) yields
z
P, dey
2 2ez e + 2evp, = 0. (3.13)

The solution of this equation depends on whether v € Z or v ¢ Z, which we now summarize.



(1) If v € Z then equation (3.13) has solutions

{CiD,(V2z) + CoD,(—V22)} exp (32?%), if e=1,
ou(z;€) = Loy (3.14)
{ClD,l,,l(\/?z)+C’2D,V,1(—\/§z)}exp (—52 ) , if e = -1,
with C and Cs arbitrary constants, where D, (() is the parabolic cylinder function which satisfies
d®D,
@ = (3¢ —v—3)Dy, (3.15)

and the boundary condition
Dy(¢) ~ (Vexp (—1¢%),  as (= +oc.

@i1) If v = 0 then equation (3.13) has the solutions

C1 + Coerfi(z), if e=1,
po(z;€) = .
Cy + Cyerfe(z), if e= -1,

with C; and C; arbitrary constants, where erfc(z) is the complementary error function and erfi(z) is the imagi-
nary error function, respectively defined by

2 > 2 z
erfe(z) = —/ exp(—t?) dt, erfi(z) = —/ exp(t?) dt. (3.16)
ﬁ z ﬁ 0
@iii) If v = m, for m > 1, then equation (3.13) has the solutions

dm
(z:0) C1Hpn(z) + Co exp(z:Q)dZ—m {erﬁ(z) exp(—z2)} , if e=1,
Pmlz;€) = dm
Cy(—1)"H,(iz) + Co exp(—zz)d—m {erfe(z) exp(2?)}, if e=-1,
z
with C and Cs arbitrary constants, where H,,(z) is the Hermite polynomial defined by
dm

H,(z)=(-1)™ exp(z2)dz—m exp(—22). (3.17)

@iv) If v = —m, for m > 1, then equation (3.13) has the solutions

m—1

{erfe(z)exp(z?)}, if =1,

m—1

Cy ()" H,,1(i2) exp(2?) + Cs d
<P—m(2§5) = m—1 d
C1Hpy1(2) exp(—2%) + CQW {erfi(2) exp(—2z%)}, if e=-1,

z

with C and C', arbitrary constants.

If ¢, (z; ) is a solution of (3.13), then the “seed solutions” of Pry (1.2) are given by

d d
q(z; —e(v+1), —21/2) =—cq lnp,(z;¢), q(z; —ev, —2(v + 1)2) =22+ e lnp,(z;¢€).

Hierarchies of special function solutions can be generated from these solutions using the Béacklund transformations
given in §3.2. However there is an alternative approach.

Determinantal representations of special function solutions for Py (1.2) and Syv (3.5) are discussed in the follow-
ing theorem.

Theorem 3.5. Let 7, ., (z;€) be given by

dn_lwy

dZn_l

de,
Top(z;6) =W (gpy(z;e), %(z;s), .

(2;6)) ., n>1, (3.18)



with 19, (z;€) = 1, where ¢, (z;€) is a solution of (3.13) and W(p1, p2, - . ., pn) is the Wronskian. Then for n > 0,
special function solutions of Pry (1.2) are given by

d  Tore(3
ah), (Z AR, B ) =atey lnulkz(zs?v b, =e@n-v), Bl =-2w+1)7? (3.192)
Tn,v\%; ’ ’
d v(2;
¢, (z A2 B ‘{L) —c—In m AB —c(2v—n), BB = -2n+1) (3.19b)
d o Thpt1(2;
o, (A0, BY,) =< hn Zfﬁiii AR, = —e(ntv), BRL=-20w-n+1)? (1%
n+1,v\~»
and special function solutions of Sty (3.5) are given by
d
[1] L (2;90,000) = T In7,,(2;¢€), 19%1] —e(v—n+1), U =_—en, (3.20a)
d
o2 (2;00,¥o0) = 3 07T (z5€) — 2enz, 9 = en, I = e +1), (3.20b)
[3] _4d . (3] _ (8] _
(23090, 000) = T In7, ,(z;e) +2e(v—n+1)z, V5 =—-e(v+1), I =—e(v—n+1), (3.20c)
Proof. See Okamoto [62]; also Forrester and Witte [36]. O]

4 Semi-classical Laguerre weight

In this section we consider monic orthogonal polynomials P, (z;t), for n € N, with respect to the semi-classical
Laguerre weight (1.1), where these polynomials satisfy the three-term recurrence relation (2.8), i.e.

2Py (z;t) = Puy1(x5t) + an(t)Po(z;t) + Bn(t) Pro1 (25 t), (4.1)
Boelen and van Assche [10, Theorem 1.1] prove the following theorem.

Theorem 4.1. Let o, (t) and [3,,(t) be the coefficients in the recurrence relation (4.1) associated with the semi-
classical Laguerre weight (1.1). Then the quantities

V2

_ _ 1
LTy = :_ 2anv Yn = 2571 —n-—= 5)‘u (42)
satisfy the discrete system
C YnFnt A Lt 1
Tpn—1Tn = W) Yn + Ynt1 = P E T ) (4.3)

Boelen and van Assche [10] also show that the system (4.3) can be obtained from an asymmetric discrete Pry
equation by a limiting process. However, from our point of view, it is more convenient to have the discrete system
satisfied by o, and f3,,, which is given in the following Lemma.

Lemma 4.2. The coefficients o, (t) and (3, (t) in the recurrence relation (4.1) associated with the semi-classical
Laguerre weight (1.1) satisfy the discrete system

(2571 - n)(Qﬁn —n— )‘)

2an, —t)(2ap—1 —t) = 3 ; (4.4a)
280 + 2Bn+1 + an(2ay, —t) =2n+ A+ 1. (4.4b)
Proof. Substituting (4.2) into (4.3) yields the discrete system (4.4). O

Since the semi-classical Laguerre weight (1.1) has the form wq(z) exp(xt) and the moments are finite for all ¢ € R,
with ¢ a parameter, then the coefficients «, (t) and 3, (t) in the recurrence relation (4.1) satisfy the Toda system, recall
Theorem 2.5.

We are now in a position to prove the relationship between the coefficients v, (t) and 3, (t) in the recurrence
relation (4.1) associated with the semi-classical Laguerre weight (1.1) and solutions of Py (1.2).

10



Theorem 4.3. The coefficients o, (t) and [3,,(t) in the recurrence relation (4.1) associated with the semi-classical
Laguerre weight (1.1) are given by

an(t) = %qn(z) + %t, (4.5a)
dgn
Bult) = —§ 32 = 402() — d20a(2) + fn+ 4N, (4.5b)

with z = $t, where q,,(2) satisfies

d2(]n 1 dgn 2 3 3 2 2 22
=— | — s 4 2z —2n— A —1)q, — —, 4.6
which is Pyy (1.2), with parameters
(A,B) = (2n+ A+ 1, —2)\%). (4.7)
Proof. Solving the discrete system (4.4) for a,,—1 and 3,41 yields
28, —n)(26, —n— )
= 1y ( n n
Ot = T e 0,
6n+1 = _ﬁn - %(27’1, + A + 1) - an(an - %t)7
and then substituting these into (2.11) gives
day, 1 1
T —an(on — 5t) =268, + 5(2n + A+ 1), (4.8a)
ds, 1 (26, —n)(26, —n—A)
= = (a,, — L0), — . 4.8b
dt (o = 3t)8 2(2a, — t) (4.8b)
Solving (4.8a) for (3,, yields
day,
5n:%F-k%an(an—%t)—i@n—k)\—kl), (4.9)
and then substituting this into (4.8b) yields
d®a 1 dan 1 \* 33 5,0 1/ -

2 = -z -1 S — 3t L2 —an —2 - 2)\)a, + 1t(2 A+1l)— ———
ar? 2an—t<dt 2> o~ yton (7 —dn Jon + 5t @A) = g, Ty
Making the transformation (4.5a) in this equation yields equation (4.6), which is Pty (1.2) with parameters given by
(4.7). Finally making the transformation (4.5a) in (4.9) yields (4.5b), as required. ]

Remarks 4.4.

1. Filipuk, van Assche and Zhang [28], who considered orthonormal polynomials rather than monic orthogonal
polynomials, proved the result (4.5a) for «, (¢). However Filipuk, van Assche and Zhang [28] did not give an
explicit expression for cv, (t), which we do below.

2. From Theorem 3.4 we see that the parameters (4.7) satisfy (3.10) with ¢ = —1, and therefore satisfy the
condition given in Theorem 3.4 for Pyy to have solutions expressible in terms of parabolic cylinder functions.

3. If g, is a solution of equation (4.6) then the solutions ¢, and ¢, are given by

(q:Z — qTQL — 2an>2 —4)\? B (q;l + qi + 2zqn)2 —4)\?
2q, (q;l — qi —2z2q, +4n + 2\ + 4) ’ -1 = 2q, (q; + qi + 2zq, — 4n — 2)\) ’

dn+1 =
where ' = d/dz, which are special cases of the Schlesinger transformations R (3.82) and R~ (3.8b), respec-
tively.
4. From Theorem 3.5, we see that the parabolic cylinder function solutions of equation (4.6) are given by

d Tnt1,1(2)
n E 71 777
an(2) S dz n T (2)

11



where

n—1
@) =W (0 G SR ) mat) =L

7!

and ) (z) satisfies

d*ey dipx
dZ2 z dZ ()\ + )w)\ Oa
which is equation (3.13) with v = —\ — 1 and € = 1. This equation has general solution
{C’lD_,\_l(\@z) —|—C’2D_,\_1(—\/§z)}exp (%zz), if NN,
1[1)\(2) = dm

o {erfe(z)exp(z?)}, if A=mEeEN,
2

with C and Cs arbitrary constants, where D, ({) is the parabolic cylinder function, H,,({) the Hermite poly-
nomial (3.17), and erfc(z) the complementary error function (3.16).

C1 (=)™ Hp (i2) exp(z*) + Cy

The system (4.8) satisfied by the recurrence coefficients ., () and /3, (t) is equivalent to the Hamiltonian system
(3.4) associated with Pyy;, as shown in the following Theorem.

Theorem 4.5. The system (4.8) is equivalent to the Hamiltonian system (3.4) associated with Pry.
Proof. If in the system (4.8) we make the transformation

an(t) = 3an(2) + 3t,  Ba(t) = —3au(2)pa(2) + 3(n+X), 2= 3t
then g, (z) and p,,(2) satisfy the system

dgn
S 4gupn — 2 — 22, — 2), (4.10)
dz
dpn o 2
o - —2p;, 4 2pnqn + 22pp, —n — A, (4.10b)
which is the system (3.4) with ¢y = X and ¥ = A + n. Conversely making the transformation
20,(t) —n— A
n = 2a,(t) — t, n =, t =2z,
0u(2) = 201 palz) =~ T 2
in the system (4.10) yields the system (4.8). O]

Our main objective is to obtain explicit expressions for the coefficients a, (t) and (3,,(¢) in the recurrence relation
(4.1). First we derive an explicit expression for the moment 1 (¢; A).

Theorem 4.6. For the semi-classical Laguerre weight (1.1), the moment po(t; \) is given by
DA+ 1) exp (§t%)
A
i =] 2
%\/Edt—m{exp (A1) [1+erf(30)]}., if A=mEeN,

D—k—l(_%\/it)v lf A¢N7
@.11)

with D, () the parabolic cylinder function and erf(z) the error function. Further po(t; X) satisfies the equation
d?po
dt?
Proof. The parabolic cylinder function D, (), with v & Z, has the integral representation [63, §12.5(i)]

—st—— — 1A+ 1)uo =0. 4.12)

12 oo
D,(¢) = exllz((i)g)/o s Texp(—3s® — (s)ds, R(v) < 0.

For the semi-classical Laguerre weight (1.1), the moment o (¢; A), with A € N, is given by

po(t; \) = / * exp(—2? + xt) dz
0

(oo}
— 2_(/\+1)/2/ s)‘ exp (—%52 + %\/it 8) ds
0

B I'(A+1)exp (%tQ)
= o0+1)/2

Doy (= 3v21)

12



as required. If m € N, then the parabolic cylinder function D_,,,_1(¢) is given by

Dont(0) =[5 0 expl(- 4¢3 S {enp(de?)ente (3v2¢) }.

with erfc(z) the complementary error function [63, §12.7(ii)]. Since erfc(—z) = 1 + erf(z), then po(t; m), with
m € N, is given by

po(t; )—Hf = {oxp (462) [1 + ent(30)]},

as required. Further, the parabolic cylinder function D,,(C ) satisfies equation (3.15) and so from (4.11) it follows that
the moment p1o(¢; A) satisfies equation (4.12), as required. O

Corollary 4.7. If o (t; \) is given by (4.11) and ¢, (z;€) by (3.14), then
po(t;N) = p_x—1(3t:1),
with Cy = 0 and Cy = T'(\ +1)/23+1/2,
Proof. The result is easily shown by comparing (4.11) and (3.14). O

Having obtained an explicit expression for py we can now derive explicit expressions for the Hankel determinant
A, (t) and the coefficients a, (t) and 5, (¢) in the recurrence relation (4.1).

Theorem 4.8. The Hankel determinant A, (t) is given by

dpo A" g
A e, — 4.1
n (t) w <M0, dt ’ dtn_l ) ( 3)

with pg given by (4.11).
Proof. This is an immediate consequence of Theorem 2.1. O

Theorem 4.9. The coefficients o, (t) and [3,,(t) in the recurrence relation (4.1) associated with monic polynomials
orthogonal with respect to the semi-classical Laguerre weight (1.1) are given by

d ., Anii(t) d?
an(t) = dtl ﬁ(t)’ Bn(t) = FIHA n(t),

where A, (t) is the Hankel determinant given by (4.13), with p given by (4.11).
Proof. This is an immediate consequence of Theorems 2.1 and 2.3. O

Furthermore we can relate the Hankel determinant A,,(¢) given by (4.13) to the 7-function 7,, , (z;¢) given by
(3.18).

Theorem 4.10. If A, (t) is given by (4.13) and 7,, ,,(2; €) by (3.18), with

exp (122
w_a-1(2) = LO+Dexp (327) D_x_ (—\/52) )

9(A+1)/2
then )
An(t) = TmoasED (4.14)
on(n—1) i=t/2
Proof. The result is easily shown by comparing (4.13) and (3.18). O

Theorem 4.11. The function S,,(t) =

degree equation

d
T In A, (¢), with A, (t) given by (4.13), satisfies the second-order, second-

d2s,\? ds, 248, [.ds, ds,
(B () s (0 (68 ) e
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Proof. Setting v = —X\ — 1 and ¢ = 1 in (3.20c) gives

d
olz;\,n+A) = 5 In7, _x_1(z;1) = 2(n + Nz,
z

d
and so if S, (t) = T In A,,(t) then from (4.14) we see that

o(z; A, n+ X)) =25,(t) — (n+ M, z =

N[

Making this transformation in Sty (3.5) with 99 = A and d,, = n + A, i.e.

20\ ? do 2 do (do do
— | —4|z=— - 4— | —4+2\ ) [ —+2n+2X| =0
<dz2) <Zdz J) LT (dz+ ) (dz+ et ) ’
yields (4.15), as required. O

d
Remark 4.12. Differentiating (4.15) and letting S, (¢t) = — In A,,(¢) yields the fourth-order, bi-linear equation

dt
2 2
A, L8 (dA”) ]
dt dt

4 3 2
And An o 4d An dAn (ddﬁn

2
7 5 ai ) — (3 +4n+2))

dA,
dt

+ 1tA, + In(n+ A)A2 =0,

as is easily verified.

Theorem 4.13. Suppose U, »(z) is given by

d dnfl
Uoa(z) =W (%, dd?""’ dznwf) ; Yo r(2) =1,
where
D_)\_l( — \/iz) exp (%22), if AN,
1/1)\(2) = dm 9 )
m{[l—i—erf(z)}expz)}, if A=meN,

with D, (C) is parabolic cylinder function and erfc(z) the complementary error function (3.16). Then coefficients
ay, (t) and (3, (t) in the recurrence relation (4.1) associated with the semi-classical Laguerre weight (1.1) are given by

an(t) = %qn(z) + %t,

dan
Bu(t) = —ég —1q2(2) — 22qn(2) + 1N+ In,

with z = %t, where

- d \I/n+17)\(2)
qn(z) = 22—|—dz In Torz)

which satisfies Pry (1.2), with parameters (A, B) = (2n + X + 1, —2)2).

In Appendix 1 we give the first few recurrence coefficients for the semi-classical Laguerre weight (1.1) and the
first few monic polynomials generated using the recurrence relation (4.1).

5 Asymptotic expansions

In this section we derive asymptotic expansions for the the moment po(t; A), see Lemma 5.1 below, the Hankel
determinant A,, (t), see Lemma 5.2 below, and the recurrence coefficients v, (¢) and j3,,(¢), see Lemma 5.3 below.

Lemma 5.1. Ast — oo, the moment 1y (t; \) has the asymptotic expansion

= r'(A+1
po(t; A) ~ /7 (31)* exp (3t7) Z FO ; - 1))n, TR 5.1)
n=0 '
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Proof. Since the parabolic cylinder function D, (¢) has the asymptotic expansion

VI (1) = (v 1 1)y,
Dy (¢) ~ WQXP&CQ) ;}W, as  ( — —oo,
with (8),, = I'(8 + n)/T'() the Pochhammer symbol, then
A+1

oty = LI L) (- 4y
T(A+1)exp (:t2) V2rt*exp (3t%) = (= N)an
h 20+1)/2 [(A41)27/2 Z:% n!2n

'(A+1)

=V (3t) exp ( tQZF

A—n+1)nle2n’

as required, since
T(2n— M)
I'(=A)

T(A+1)

=AA-1...(A=2n+1)=

Lemma 5.2. Ast — oo, the Hankel determinant A, (t) has the asymptotic expansion

Ay(t) = an”/Q(%t) exp (4nt?) {1 + w +0 (t4)} ,

with ¢,, a constant, and Sy, (t) has the asymptotic expansion

nt n nA N 2nA(n — A)
2 t t3
Proof. To prove (5.2) we shall use Mathematical induction. Since A,, satisfies the Toda equation (2.10) then

1 d2A dA, )\ 2
A, = A no_ n .
n+1 An—l { n dt2 ( dt ) }

By definition Ag = 1 and from (5.1)

Salt) = +O (7).

Ar = o = v/ (36 exp (162) {1 20 o (t‘4)} .

as t — oo, and so (5.4) with n = 1 gives

d?A, dA;\?
Az_{Al dt? <dt> = &

as t — oo. Assuming (5.2) then

£) exp (142) {1 + L()t‘; 2) +0 (t4)} ,

N|—=

?A, dA, ? 2 2n 2\(nA —n® — 1) —4
{An i —(dt>}:§ncn7r (3t) exp(nt){1+t2+(’)(t )},
as t — oo, and so
1 d2A dA,\ 2
Ay = A SR (S5
n+1 Anl{ n dt2 (dt ) }
_ _ne 2 +1)/2( 14 (n+1)A 1 2
= % ( t) exp{4(n—|—1)t}
2A(nA —n? -1 — DA\ = 1
x{1+(n P )+0(t‘4)}{1—(n )22 nt )+(9(t_4)}
1 —-n—1
=c, (”'H)/Q( )(”H)/\exp{ n+1)t2}{1+(n+ ))\<t>\2 il )+(’)(t_4)}
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as t — oo, where ¢,,.1 = 2nc? /¢,,_1, as required. Solving the recurrence relation
+ 2 n

CngiCn—1=3nCh, =1, c1=1,
gives
1 n—1
— — |
n on(n—1)/2 H kL.
k=0
. d . . . . .
Since S, = X In A,, then the asymptotic expansion (5.3) is easily derived from (5.2). O

Lemma 5.3. Ast — oo, the recurrence coefficients o, (t) and (3,,(t) have the asymptotic expansions

ot A 2202n =2+ 1) _5
an(t)—§+z+t—3+(9(t ),
n nA  6nA(n—A) 6
Proof. By definition
An+l(t) 2 dSn
=—1 = — = InA = —
an(t) a ™ A (D) Sn+1(t) — Sn(t), Bn(t) 5 In Ay (t) ar
and so
t A 2M\2n—X+1) _5 n o nA  6nA(n—A) 6
an(t):§+;+t—3+0(t ), Bl =5 -7~ +0(t79),
as t — oo, as required. Consequently
tli:rglo o (t) = $t, tli:r& Bn(t) = in.
O
6 Semi-classical Hermite weight
In this section we are concerned with the semi-classical Hermite weight
w(z;t) = |z exp(—2? + tz), r,teR, A>-—1, (6.1)

which is an extension of the semi-classical Laguerre weight (1.1) to the whole real line, where we have ensured that
the weight is positive by using |=|* rather than z*. Monic orthogonal polynomials associated with the semi-classical
Hermite weight (6.1) satisfy the recurrence relation

x Py (z;t) = Ppy1(z;t) + an(t) Py (x5 t) + Br(t) Po—1(x;t), (6.2)

and our interest is in obtaining explicit expressions for the coefficients o, () and (3,,(¢) in (6.2).
First we evaluate the moment pio(¢; \).

Theorem 6.1. For the semi-classical Hermite weight (6.1), the moment pio(t; \) is given by

L(A+ 1) exp(£t?)

{Poaa(=3v2t) +Doaa(3VED) ), i A¢N,

2()\+1)/2
po(t; \) = { v (— 3i " Hyp (Lit) exp (3£2), if A=2m, 6.3)
2 2 4
d2m+1
VT et {erf(51) exp (36°) ) if A=2m+1,

withm € N, where D, (z) is the parabolic cylinder function, H,,(z) is the Hermite polynomial and erf(z) is the error
function.
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Proof. If A ¢ N, then the moment pio(¢; \) is given by

oo

po(t; N) = / w(z;t)de = / |z} exp(—a? + tz) dz

— 00 — 00

o0 oo
= / a exp(—z? + tz) dz + / N exp(—z? — tz) dz
0 0

IO DS (- 3B + Do (3vEY

o(A+1)/2

as required. If A = 2m, with m € N, then

po(t;2m) = / ?™ exp(—a® + tz) dz = /7 (— 1i) QWLHQm(%it) exp (1t%),

—00

as required, since the Hermite polynomial, H, (z), has the integral representation

2m o0
H,(2) = NG (z 4 iz)™ exp(—2?) dz.
Finally if A = 2m + 1, with m € N, then
po(t;2m+1) = / 2m|az:| exp(—z? + tz) dz
d_2m oo 00
= =5 (/ rexp(—z? + tz) dx + / rexp(—z? — tx) dx>
dt 0 0
d2m+1 o] o)
= Tomtl (/ exp(—2? + tz) dz */ exp(—a2? — tz) dx)
dt 0 o
d2m+ 1
dt2m+1< V{1 +erf(it)} exp (3¢2) — 3/ {1 —erf(t)} exp (4t )>
d2m+1 L L.
= \/EW {erf(§t) exp (Zt )} s

as required, since

/Ooexp( 2® +tr)de = $v/m {1 +erf(it)} exp (3¢7).
0

Next we obtain an explicit expression for the Hankel determinant A,, (¢).

Theorem 6.2. The Hankel determinant A,,(t) is given by

dpo d" o
Ay(t) = e, ,
( ) W (IMO dt dtn—l

where po(t; A) is given by (6.3).
Proof. By definition the moment p,(¢; A) is given by

pr(tA) = / a¥ |z exp(—2? + tz) dz

— 00

d* (/OO A 2 ) d* po
= — |t exp(—z* +tx)dx | = ——,
T ([ laP e pamyar) = T
and so we obtain ) 1 41
n- dpuo "7 o
A, (t) =d t[ - t} = , ,
o) =det [usn(0)] L =W (0 SR )

as required.

Finally we obtain explicit expressions for the coefficients cv, (t) and 5, (t).
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Theorem 6.3. The coefficients «,,(t) and [3,,(t) in the recurrence relation (6.2) associated with monic polynomials
orthogonal with respect to the semi-classical Hermite weight (6.1) are given by

d o Agga(t) _ &

where A, (t) is the Hankel determinant given by (6.4), with po(t; ) given by (6.3).
Proof. This is an immediate consequence of Theorem 2.3. O

Theorem 6.4. Suppose E/n A(2) is given by

. . d~ dn—1~
e (2

) 5 \IJO’,\(Z) = 1,

A
where
{D_,\_l(\/iz) —&-D_)\_l(—\/?z)}exp (%22), if AEN,
IZ/\(Z) = H2m(iz) exp(zQ), if A= 2m, mé€ N,
d2m+1
FpSTEsy {erf(z) exp(2?)}, if A=2m+1, meN,
z

with D, (C) is parabolic cylinder function, H,, () the Hermite polynomial (3.17), and erfc(z) the complementary error
function (3.16). Then coefficients o, (t) and 3, (t) in the recurrence relation (6.2) associated with the semi-classical
Hermite weight (6.1) are given by

an(t) = %qn(z) + %t,

dgn
Bult) = —1 T~ L2(2) — Leau(2) + TA+
with z = %t, where
d. U
gn(2) =—2z+ —1In M,
dz W, (2)

which satisfies Pry (1.2), with parameters given by (A, B) = (2n + X + 1, —2)?).

In Appendix 2 we give the first few recurrence coefficients for the semi-classical Hermite weight (6.1), in the case
when A = 2 (so the recurrence coefficients are rational functions of ¢), and the first few monic polynomials generated
using the recurrence relation (6.2).

7 Discussion

In this paper we have studied semi-classical Laguerre polynomials which are orthogonal polynomials that satisfy
three-term recurrence relations whose coefficients depend on a parameter. We have shown that the coefficients in
these recurrence relations can be expressed in terms of Wronskians of parabolic cylinder functions. These Wronskians
also arise in the description of special function solutions of the fourth Painlevé equation and the second-order, second-
degree equation satisfied by the associated Hamiltonian function. Further we have shown similar results hold for semi-
classical Hermite polynomials. The link between the semi-classical orthogonal polynomials and the special function
solutions of the Painlevé equations is the moment for the associated weight which enables the Hankel determinant to
be written as a Wronskian. In our opinion, this illustrates the increasing significance of the Painlevé equations in the
field of orthogonal polynomials and special functions.
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Appendix 1. Recurrence coefficients and polynomials for the semi-classical Laguerre weight

For the semi-classical Laguerre weight the first few recurrence coefficients are given by

D_y (- 1v21)

ap(t) = 5t — D_y_1( - 1v21) =10,
. W, (t)
alt) =3t =Vlt) = S g, oA T
2\ +4 L0

¢ TR — () A1
2[(A 4+ D)2 + 4N+ 2)(2X + 3)]W2(t) — (A + D)t[t2 + 24N + 9], (1) — (A + 1)?[t2 + 8(A + 2)]
2t[20W3 (1) — (82 — 4N — 6)W2(t) — 3(A + 1)t W, (t) — 2(A + 1)?]

)

Bi(t) = —T5(t) + 510, (1) + 3(A + 1),
Bo(t) = 20T (1) — (£ = 4N = 6) U (t) = 3\ + DY, (1) — 2(A 4 1)?
’ 2[W2(t) — LW, (1) — (A + 1))

3

and the first few monic orthogonal polynomials are given by

Py(z;t) =2 -7,
2007 — (P 4+2)0, — A+t 20 +2)¥) - A+ DT, — (A +1)?

Py(z;t) = 22 —
) = e T, I 1] © 2[R —Tiw, — LA 1)
Pyl t) = 42+ 20+ 4) U2 —26(12 = XN = 1)V2 — A+ 1)(5t2 + 4N+ 6) ¥, —3(A+ 1%t | ,
xT: =z — x
R 2[20W3 — (12 — 4X — 6)¥2 — 3(A+ 1)t 0, — 2(A + 1)?]
20(t + 22 + )3 — [t1 + 42X+ 5) (A +2)] V2 —2(A + 1)t(t> = A= 5)¥, — (A + 1)2(t? — 41 — 12)
4[2t3 — (82 — 4N — 6)W2 — 3(A + 1)t¥, — 2(A + 1)?]

N 2[A + D2+ 4N +2)%] 03 — A+ D)t(t> + 20+ 8)U2 — 2(A + 1)2(2 + 2X + 5)¥, — (A + 1)3¢
4[2003 — (82 — AN — 6)¥2 — 3(A + 1)t0, — 2(X + 1)?]
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Appendix 2. Recurrence coefficients and polynomials for the semi-classical Hermite weight

For the semi-classical Hermite weight 2% exp(—? + tx) the first few recurrence coefficients are given by

= 14 + i
N
-1 4 ﬂ _ i
12 242
PN Gt(t* — 41> +12) 4
206 6t + 3612+ 72 44127
1 8tP(t* — 12t +60)  6t(t" —4t° +12)
20 48 — 1610 + 1201 + 720 6 — 6¢% + 3612 + 72’
T 106(t% — 24° 4+ 216¢* — 480> +720)  8t°(t* — 12¢° 4 60)
~ 27 10— 30¢8 4 360t6 — 1200t + 36002 + 7200 8 — 165 + 120t4 + 720’
ST 12¢3(8 — 40t5 + 600t* — 3360t + 8400) _ 10#(#® — 24¢° + 2161* — 480> 4 720)
27 12 — 48410 + 900¢8 — 6720t + 25200t4 + 100800  #10 — 30t8 + 360t6 — 12004 + 3600¢2 + 7200’
1 22 -2)
2 (t2 + 2)2 ’
A2 —-6)(t2+6)
T (#4122

6(t* — 12t% 4 12)(¢% + 6t* + 36t% — 72)
(6 — 6t* 4 3612 + 72)2
8t2(t* — 202 + 60) (8 + 72t* — 2160)
B (t8 — 165 4 120t + 720)2 ’
10(t5 — 30t* + 180¢2 — 120)(+'2 — 12¢10 4 180¢% — 480t° — 3600t* — 43200¢2 + 43200)
(t10 — 30¢8 + 3606 — 1200¢4 + 3600t + 7200)2 ’

(][]

(\l[e

and the first few monic orthogonal polynomials are given by

2
Piast) = o - ;((’;i?)
Pyt = 2 t(th + 412 + 12)x t6 + 6t* + 36t% — 72’
t4+12 4t 4+ 12)
Py(at) = 2 — 3t(t6 — 2t* + 202 + 120)x2 N 3(¢% + 40t* — 240) . t(t® + 72t* — 2160)
’ 2(t6 — 6t + 36t% + 72) 4(t6 — 6t4 + 3612+ 72)"  8(t6 — 6t + 3612 + 72)’
Pyait) = ot 2t(t% — 1210 + 72t* 4 2402 + 720) 3 3(t10 — 108 + 805 + 1200t? — 2400) ,
' 8 — 16¢6 + 120t* + 720 2(8 — 16t6 + 120¢* + 720)
t(t19 — 108 + 120t° — 240t* — 1200t — 7200)
B 2(t8 — 1615 + 120t* 4 720)
12 — 1210 4+ 180¢% — 4805 — 3600t* — 43200¢2 + 43200
16(t8 — 16t° + 120t* + 720) ’
Plwt) = 25— 5t(t10 — 26t° + 264t% — 336t* 4 1680¢2 + 10080) A

2(t10 — 308 + 360t6 — 1200¢* + 3600¢2 + 7200)

5(t12 — 24#10 + 2528 — 672t% + 5040t* — 20160) ,

2(£19 — 30¢° + 3606 — 1200¢* + 36002 + 7200)

5t(t12 — 24¢19 + 300¢% — 1440t5 + 5040t* — 100800) ,
© 4110 — 308 + 3606 — 12004 + 3600£2 + 7200)
5(tt4 — 2612 + 396t10 — 2520t% + 5040t% — 50400¢* — 1008002 4 201600)
16(¢19 — 30¢8 + 360t6 — 12004 + 3600¢2 + 7200) v

(14 — 30t12 + 540t19 — 42008 + 108005 — 151200t* — 504000¢% + 3024000)

32(#10 — 30¢8 + 360t6 — 1200t4 + 36002 + 7200) '
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