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Summary

Maximum likelihood estimation of parameter structures in the exponential class is considered
by using a procedure for maximum likelihood estimation under constraints. This procedure does not
require maximization of the likelihood function or derivation of the likelihood equations. Constraints
are imposed on the expected values of the canonical statistics and not specifically on the parameters
themselves. It provides a solution to maximum likelihood estimation in a restricted parameter space.

Maximum likelihood estimation under constraints provides a flexible procedure for the simultane-
ous modelling of specific structures of means and variances - in both the univariate and multivariate case.
In the univariate case, it includes linear models for means and variances, heteroskedastic linear regres-
sion, analysis of variance (the balanced and unbalanced case where the assumption of homoscedasticity
is not met), gamma regression and linear mixed models.

Heteroscedastic and/or autocorrelated disturbances in econometric applications are dealt with
by treating correlated observations as a single multivariate observation.

The same procedure is used for maximum likelihood estimation of parameter structures in the case
of multivariate normal samples. The procedure provides a new statistical methodology for the analysis
of specific structures in mean vectors and covariance matrices - including the case where the sample
size is small relative to the dimension of the observations. Special cases include different variations of
the Behrens-Fisher problem, proportional covariance matrices and proportional mean vectors.

Maximum likelihood estimation under constraints as a general approach to estimation in a variety
of problems concerning covariance matrices, is also considered. Estimation of Wishart matrices is a
special case of the general procedure.

Specific structures are illustrated with real data examples.



Maximum likelihood estimation under constraints provides a convenient method to obtain max-
imum likelihood estimates of mean and (co)variance structures directly - also in problematic situations

where the likelihood equations need to be solved numerically.
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Chapter 1

Introduction

Maximum likelihood estimation (MLE) of mean and covariance structures in the presence of
heterogeneous variances or correlated data is problematic in the sense that explicit likelihood estimates
often do not exist. In many cases the likelihood equation(s) are maximized through a numeric maxi-
mization routine. Furthermore, different parameterizations often require derivation of a new set of
likelihood equations specific to the parameterization under consideration. A procedure for MLE under
constraints by Matthews & Crowther (1995) had proved to provide a very flexible method for MLE in
the analysis of categorical data (Matthews & Crowther 1995), generalized linear models (Matthews &
Crowther, 1998) and linear models for grouped data (Crafford & Crowther, 2009).

In this thesis, this methodology is utilized for MLE of more general parameter structures in the
exponential class. The traditional approach to MLE is simplified since no derivation of likelihood equa-
tions are required. It provides a method for the direct modelling of the mean vector(s) and covariance
structure(s) of random variables belonging to the exponential class. MLE under constraints provides a
general framework within which provision is easily made for heterogeneous variances, longitudinal and
correlated data. Constraints are imposed on the expected values of the canonical statistics and not
specifically on the parameters themselves. This allows for a much wider class of statistical problems
to be addressed than only those that imply constraints on parameters. Maximum likelihood estimates
(mle's) are determined from an exact theoretical expression - it does not result from some numeric
maximization routine. The latter is current practice in statistical software such as PROC MIXED (SAS

Institute, 2004). This is generally used for modelling in the case of some applications considered in this



thesis.

The MIXED procedure in SAS is used widely to model data which exhibit correlation and
nonconstant variability. However, "experience shows that both the ideas behind the techniques and
their software implementation are not at all straightforward, and users from applied backgrounds often
encounter difficulties in using the methodology effectively" (Verbeke & Molenberghs, 2009). The

primary assumptions underlying the analyses performed by PROC MIXED (SAS, 2004) are as follows:

e The data are normally distributed.
e The means (expected values) of the data are linear in terms of a certain set of parameters.

e The variances and covariances of the data are in terms of a different set of parameters, and they

exhibit a structure matching one of those available in PROC MIXED.

PROC MIXED does not allow for structural relations between means, variances, and covariances of
different groups. Covariance structures are limited. It cannot be used when only the sufficient statistics
are available. Modelling multivariate observations becomes very cumbersome.

In this thesis, MLE under constraints is introduced as an alternative (and the recommended)

method of MLE:

1. for the linear model in the presence of heterogeneous variances (Chapter 3),
2. in the case of nonspherical disturbances in econometric applications (Chapter 4),

3. in the case of several multivariate normal populations with unknown and possibly unequal covari-

ance matrices (Chapter 5)

4. for parameter structures in the case of Wishart distributions (Chapter 6).

The likelihood function, formulated in terms of a general set of parameters, is expressed in its canonical
form and the canonical statistics used as basis for this procedure. Models are specified in terms of
constraints on the expected values of these canonical statistics. Derivation of likelihood equations is
not necessary.

Chapters 3,4, 5, and 6 (together with the basic theory given in Chapter 2) have been submitted
for publication in various journals. Chapter 5 has already been accepted for publication by the South

African Statistical Journal.



In this thesis an alternative approach is introduced - not only to MLE where the traditional is
problematic, but also in standard estimation applications. Apart from solving problematic estimation
problems, the procedure provides an attractive alternative to existing procedures. The elegance of the
procedure lies in its simplicity and flexibility. This is illustrated with a wide variety of applications.
It can easily be adapted to provide for testing and estimation where structural relationships exist
amongst mean vectors and/or covariance matrices, e.g. certain variance/covariance structures such as
proportional variances and covariances within a population, or proportional (and possibly structured)
covariance matrices of several independent populations. MLE under constraints is also proposed as a
convenient method to obtain the mle's in the multivariate case where the sample size is small relative
to the dimension of the observations. The objective of this thesis is not to make a comparison with
competing procedures (in the case where there are alternative procedures available). The examples
considered illustrate sufficiently how complicated problems can be solved.

A wide variety of applications is considered in this thesis - all with the same basic point of
departure, namely specifying the model in terms of implied constraints on the expected value of the
vector of canonical statistics. In Chapter 2 the underlying theory is outlined. An algorithm is given
which summarizes the estimation process for the parameter structures considered in this thesis. In
Chapter 3, 4, 5 and 6 specific applications are described. In each chapter it is shown how the theory,
as provided in Chapter 2, fits into the specific theoretical framework of the models considered in that
particular chapter.

In Chapter 3 the MLE of parameters of the linear model in the presence of heterogeneous
variances is considered. A very simple introductory example is given to illustrate the basic estimation
procedure as applied within the univariate context. The theory for linear models under the assumption
of normality, using the method for maximum likelihood under constraints, is given and illustrated with
applications such as heteroskedastic linear regression and two-way analysis of variance in the case of
unbalanced data. Here it is also shown how linear hypotheses on both means and variances are imposed
by specification of the constraints in a straightforward manner. Maximum likelihood estimation for linear
and non-linear models in the case of non-normal observations, e.g. exponentially and gamma distributed
observations, are discussed. The linear mixed model is considered next. To illustrate, the maximum

likelihood estimates for parameters under the constraints implied by a two-way crossed classification



interaction model with unbalanced data are obtained.

In Chapter 4 econometric applications are considered. The generalized regression model is
formulated in terms of the general approach followed in this thesis. An introductory example is again
utilized to illustrate the procedure here - specifically for correlated disturbances which are treated
as a single multivariate observation from a multivariate normal distribution. A general model for
heteroskedastic disturbances is given and illustrated in the case of groupwise heteroskedasticity and
for modelling structural change. MLE in the presence of autocorrelated disturbances is discussed and
illustrated with examples based on some important South African economic time series. Applications
illustrate the flexibility of the methodology for simultaneous modelling of the mean and specifically
complex covariance structures. Simple regression models with AR(1) or Toeplitz(2) covariance structure
respectively, with heteroskedasticity, are also considered. Mle's are compared to OLS (ordinary least
squares) in the case of a multiple regression model with heteroskedastic and autocorrelated disturbances.

Parameter structures in the case of several multivariate normal samples are considered in Chapter
5. The general procedure for MLE under constraints in the multivariate case is illustrated with a
simple numeric example. The general theory is given for independent multivariate normal samples,
contextualized in terms of the approach followed throughout this thesis. The multivariate Behrens-
Fisher problem, with several variations of assumptions, is considered. Estimation of the mean vectors
or common mean vector in the presence of homogeneous covariance matrices, proportional covariance
matrices and equal correlation coefficients are described and results compared. A model for proportional
mean vectors and proportional covariance matrices is also formulated and illustrated. A longitudinal
data set is used to illustrate the flexibility of the procedure in the case of two small multivariate normal
samples. The model and implied constraints are essentially the same as the model presented in Chapter
4 for the generalized regression model. However, in this case the model makes provision for estimation
based on a few, but more than one, independent multivariate observations. Proportional mean vectors
and/or proportional covariance matrices with and without a Toeplitz correlation structure imposed
additionally, are considered.

In Chapter 6, estimation for Wishart matrices under constraints, as a special case of the gen-
eral procedure described in Chapter 2, is considered. Covariance matrices with given structure, e.g.

patterned covariance matrices and covariance matrices with zeros, are discussed and illustrated with



numerical examples. The problem of testing for the homogeneity of covariance matrices of dependent
multivariate normal samples is considered next. The theoretical basis is given and then illustrated with
a numerical example. Finally, the test for independence, as well as a test for the homogeneity of co-
variance matrices of several dependent multivariate normals, is illustrated. It is shown how the latter
can be adjusted to make provision for patterns in the covariance matrices at the same time.

In the Appendix, programs written in PROC IML (SAS Institute, 2004) are provided for every
numeric example considered in this thesis.

To summarize, MLE of parameters and parametric functions in the case of even standard
continuous distributions, belonging to the exponential class, is in certain cases difficult to perform
or leads to intractable procedures, which often imply that the likelihood function has to be solved
numerically. In this thesis a simple and elegant procedure is described which determines the exact
mle’s directly. This is done by considering the likelihood function as a restricted case of a broader class
of likelihood functions. The procedure provides a new statistical methodology for MLE of parameter
structures in the exponential class. Complicated maximization problems can be dealt with in a unified

way.



Chapter 2

MLE under Constraints

The random vector t : k£ x 1 belongs to the canonical exponential family if its probability density function

is of the form (Barndorff-Nielsen (1982) or Brown (1986))
p(t,0) = a(0)b(t)exp(0't) = b(t)exp{0't — k(0)}, te R, 0 e (2.1)

where 0 : k x 1 the canonical (natural) parameter, ¢ : k x 1 the canonical statistic and X the natural
parameter space for the canonical parameter 8. The function x(6) = —¢n a(@) is referred to as the
cumulant generating function or the log Laplace transform. It is important to note that the statistic ¢
in (2.1) is a canonical statistic. If ¢ is a sufficient statistic in the regular exponential class, it can be
transformed to canonical form.

The mean vector and covariance matrix of ¢ are given by E(t) = %I{(e) =m and Cou(t) =

= V. In this case the maximum likelihood estimate (mle) of m without any constraints is

aoaao' x(0)

—

m = t.

The mle's of m may in general not exist, except under constraints which are implied by a
particular model. In this thesis, the mle's are not obtained from maximizing a likelihood function in
terms of parameters. The mle's T of m are obtained under constraints imposed on the expected values
of the canonical statistics according to the procedure described by Matthews & Crowther (1995,1998).
Consider the constraints g(m) = 0, where g is a vector valued function of m. Then the mle of m

under the constraints can be obtained from

*

m=t—(G,V) (GVG,) g(t) (2.2)



where G,,, = @é,r%) G; = %ﬁ%)‘m _, and (Gt VG;n)* is a generalized inverse of (GtVG;n).

In general, the iterative procedure implies a double iteration over ¢ and m. The first iteration
stems from the Taylor series linearization of g(t) and the second from the fact that V' may be a function
of m. If g(t) is a linear function, no first iteration is necessary. Similarly, if V and G,,, are not functions
of m, no second iteration over m is necessary. The procedure is initialized with the observed canonical
statistic as the starting value for both ¢ and m. Convergence is attained first over £ and then over m.
The converged value of t is used as the next approximation for m, with iteration over m starting at
the observed t. The covariance matrix V may be a function of m, in which case it is recalculated for
each new value of m in the iterative procedure. Convergence over m yields 1, the mle of m under the
constraints. Note that in some instances the notation t is used specifically to represent the canonical
statistic and in others to represent the converged value of t in the iterative process.

For the mle's to exist, the number of independent constraints, v = rank(GmVG;n), should
equal the difference between the number of elements of m and the number of unknown parameters
of the constrained model. Constraints need not be independent (Matthews & Crowther, 1998). Care
should be taken that the constraints are correctly formulated. As with any iterative procedure, the
choice of starting values may influence convergence or rate of convergence - specifically (and only) in
the multivariate case where the sample size is small relative to the dimension of the observations.

A generic algorithm for obtaining the mle's under constraints are outlined below:

Algorithm 1 Obtaining mle’s under constraints.

Step 1: Specify g, the vector of observed canonical statistics.
Step 2: Let t = .
Step3A: Letm =1t t=1t,.
Calculate G,,,, V.
Step 3B:  Let t, =t.
Calculate g(t), G:.
Calculate t =t — (G, V) (G: VG,,)*g(t).
If (t—t,)'(t—t,) < e (asmall positive number determining the accuracy)
then go to Step 3A,
else repeat Step 3B.
Step 4 If (m—t)(m—1t) <e

then convergence is attained.

The exact mle's are given by m.



The asymptotic covariance matrix of 7 is given by

Cov(m) =V - (G, V) (G VG,

m

) GV (2.3)

which is estimated by replacing m with . Estimates of parameters and parameter structures implied
by different model(s) are obtained as functions of the elements of m, say h(m). Using the multivariate

delta method, it follows that

Cov(h(m)) = <M> Cov () (M) (2.4)

om om

The standard errors of the estimators are given by o (h(m)), the square root of the vector of diagonal
elements of Cov(h(m)).
The Wald statistic

W =(g(t))(G:VG)) g(t) (2.5)

is a measure of goodness of fit under the hypothesis g(m) = 0. It is asymptotically x? distributed with
v degrees of freedom.

Different models require different canonical statistics. In general, the appropriate canonical
statistics and corresponding covariance matrix are special cases of the following theoretical result and
is utilized repeatedly throughout this thesis:

Suppose that y;, Y, - - - , y,, represent n independent observations of a random sample from a N, (p, X)

AT RN - .
distribution with y = - Zyl the sample mean vector and S = %Zyly; the matrix of mean sums
i=1

}

of squares and products. The likelihood function is
= cap {np' 75 Il yi) — ST (5 Tl yiyl) — S/ST - Sin[det (2nE)]}

= cap [0't — K(0)]

n

> (yi—w)(y; — )

L(p,X) = det(2r2) " %exp {%trEl
i=1

with vector of canonical statistics, ¢, and vector of corresponding canonical parameters, 6, given by:

1 n
P
t= 11:,”1 = ’0 =
/ n 1
UGC(E ; Y:Y;) vec(S) —Evec(E )

<
3
X
tH

where the matrix operation vec creates a column vector from the columns of its matrix argument.



Then
m my Vi
E(t)=m = = and Cov(t) =V =
vee(X + pp') mo Vo
Vi=is

Vgli%(2®ﬂ+u®2) (Lemma 1)

Vis = Vyy

where:

Voo = % I+ K)[E@E+3X®pp' + pp' ®3] (Muirhead (1982, page 518))

where the matrix K is given by K =5 (H;; ® H;J) and H;; : p x p with h;; = 1 and all other

ij=1
elements equal to zero (Muirhead (1982, page 90)).
Lemma 1 Vg :%(E®u+u®2).
Proof. Let z;, = y, — u where y, ~ N(u, X).
Va1 = Covlvec(S), V']

= =5 YL, Covlvec(y,y}), ]

= 3 Cov[(y; © ), )

= %COU[(zi + 1) ® (2 + @), (zi + p)']

[Cov(z; @ p, 2}) + Cov(pu ® 24, ;)] since Cov(z; @ z4,2,) =0

3= 3

[Cov(zi,2}) @ p+ p @ Cov(z;, 2;)|.A

Note that in specific applications the roles of n and p are interchanged.



Chapter 3

MLE for the Linear Model with Heterogeneous Variances

Standard estimation procedures in the case of simple linear regression and analysis of variance
fail when the assumption of constant variance is not met (Bowermann & O'Connell, 1990). Variance-
equalizing transformations and weighted least squares are methods proposed to overcome this problem.
Often models in the presence of non-constant variance are considered as special cases of the linear mixed
model (LitteII et. al., 2006). Within the mixed model framework, mle's of parameters are obtained
using a numeric maximization procedure such as Newton-Raphson or the EM algorithm (McLachlan &
Krishnan, 1996). Very often, calculation of likelihood-based inference is difficult (McCulloch & Searle,
2001).

In this chapter MLE under constraints is discussed as a unified approach to estimation of pa-
rameters and parametric functions in the exponential class, permitting heterogeneity of variance(s).
Heterogeneity is automatically dealt with by simultaneously modelling the means and variances. It is
important to note that the procedure presented in this chapter is based on maximum likelihood under
constraints but should not be confused with REML (Restricted MLE). The examples considered in this
chapter are chosen to illustrate the application of the procedure and its potential for generalizations in
a wide variety of problems with heterogeneous variances. In some instances these problems are known
to be solved in specific and distinctive ways, in which case its inclusion here is for illustrative purposes.
Simple computer programs for each numeric example considered, are given in the Appendix with the
objective of demonstrating the basic procedure.

Linear regression and analysis of variance (ANOVA) in the presence of non-constant variance are

10
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illustrated in the case of normally distributed observations. Unbalanced data in the case of ANOVA
are automatically dealt with. The linear mixed model features as a special case in the realm of MLE
under constraints. Examples are also included which illustrate linear regression with gamma distributed

dependent observations, using the same procedure.

3.1 Introductory Example

As an illustration of the estimation procedure, let the elements of
¥ =(2 3 5 6 9 )beanobserved sample from a univariate n(u,c?) distribution. The mle’s

are 1 =5 and 62 = 6. If it is however known that 1 = 4, then direct calculation shows that the mle

of 02 is 6> = 7. To illustrate the procedure in (2.2), the likelihood function is (Brown, 1986)

0 e (15} D (L) (e n
L(p,0%) —exp{02 (nZyl) 552 (nZ%) (202 + ndno + 2€n27r)

np _
— t =y J _ _ ,
where 0 = g and t = = = . In this case t is the canonical
n 1 2 2
727"2 to n Z Yi o
Y
statistic. (The vector ) is not a canonical statistic.)
—\2
n Z(yi -7)

mi 1%
Consequently, E(t) = m = = with
M o2 4
1 2 2, 2
=0 2o
V=cov(t)=| " " (cf. (2.6) with p = 1).
%,uaz %U4+%M202

The restriction is u =4, or g(m) =p—4 =m; — 4.

o
Then G, = %ﬂ%ﬁ = (1 0)= Gy = C. Consequently, (CV) = % and
240>

o’ —1 1
CVC' = — so that (CV)' (CVC') = . The starting value for both m and t is

n

2’1’)’11
] 5
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In the (single) iterative procedure the mean vector under the constraint p = 4 is calculated using:

m V) (G VG,,) " g(b)

)tl

Iteration is performed only over m since g(m) = — 4 is linear in m:

5 1
Iteration 1: — 1=
31 10 21

4
5 1 4
Iteration 2: - 1=
31 8 23

Since g(t) = t; — 4 = 0, convergence is obtained. The restricted mle of o2 follows as:
Gl =My —m?=23-16="1.

An equivalent way of specifying the restriction 1 = 4, would be g(m) = \/m; — 2 = 0. In this case

o2

271\/1517711

1 !
Gm:( NG 0) and G:VG,, =

and the iterative procedure is

1

2,
Vi om,

m=t—2t(1—

This would imply a double iteration over ¢ and m. The first iteration over t with starting value for

5 .
m = , results in:
31
_ 5 9 1 3.94427
Iteration 1: —2x5(1—-—x) =
31 V5 \ 10 20.44272
eration 2 3.94427 2  3.54427(1 9 ) 1 3.99980
eration Z. — X 9. _—— =
20.44272 V3.94427° \ 19 20.99805
Iteration 3 399980 2 x 3.99980(1 2 ) ! !
eration o5: — X . _—
20.99805 Vv3.99980° \ 19 21

The second iteration over ¢ with m =

4
, proceeds as follows:

21
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, 5 2 1 3.94427
Iteration 1: —2x5(1-—=) =
31 V5 24 22.55416
reration 2 3.94427 2 x 3.04477(1 2 ) 1 3.99980
eration Z: — X . e ———— =
22.55416 V394427 \ 954 22.99844
Iteration 3 399950 2 x 3.99980(1 2 ) ! !
eration J: — 2 X 9. ——————————] =
22.99844 V3.99980° \ 9 x4 23
Since g(t) = /t1 —2 = 0, convergence has been obtained. This results in m = , the same
23

result obtained with g(m) = my — 4.

|SAS program: UNIV.SAS‘

3.2 MLE for Linear Models under Normality

Consider a random sample y;, i = 1,2,--- ,n from independent normal distributions with

E(y;) = p; and var(y;) = o2. The joint density function is given by

oo =1 0?7 2027 202 ) (3.1)
=cxp [0t — r(6)]
where
5 oi Hy
y ) Y1 Y1 5
o o 1
0= a  t= v LY = Y2 = ,o% = '2 TS ?
~1/(20°) y?
Yn yr2z
o i
e 1
o o
and p/o? = : ,1/0? = : indicate elementwise division. (This notation is repeatedly
Hn =
o o
used in the sequel.)
14 my
Consequently, E(t) = m = = . (3.2)
0%+ p? mo

The covariance matrix is given by (2.6) with ¥ = diag(o?):

diag(a?/n)
2diag(po?/n)  2diag [(o* + 2p20?)/n]

2diag(po?/n)

Cov(t) =V = (3.3)
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This model also represents a generalization of the univariate case considered in Section 3.1. The

parameters 1t and o2 may be modelled simultaneously. In terms of linear models, this reduces to

p=Xp

o’ =Za«

(3.4)

where X and Z are appropriate design matrices. In order to determine the mle of m under the model

m
(3.4), the restrictions may be formulated as g(m) = g1(m) with
go(m)
g1(m) = Qxp=Qxmi , gy(m)= Q0> =Qz(m>—m3) (3.5)

where Qx and Q specify the contrast matrices or corresponding projection matrices implied by (3.4).
In many situations the columns of X and Z generate the same vector space and Qx = Q. The

corresponding derivatives with respect to m are
Glm = (QX7 0)7 sz = (_QQZdia’g(ml)a QZ) y Gm = l . (36)
The mle of m subject to the constraints g(m) = 0, is obtained iteratively from (2.2):

m=t—(G,V) (GVG,) g(b).

In order to obtain the asymptotic variances of 1i, &-, B and o, let
ymp 124

H my
h B o? B mo — m% 37
m=1 1= xoxx (37)
my
« (Z’Z)_1Z’cr2

Using the multivariate delta method, it follows that

Cov(h()) ~ <8’;’Zz)> Cou () (82%)> (3.8)
where
I 0
Oh(m) _ —2diag(m.) I (3.9)
om (X'X)' X 0 '

—2(Z'Z)1Z'diag(m,) (Z'Z)~'Z'
The asymptotic variances, &~ (h(m)), of the elements of h(m), are given by the diagonal elements of

Cov(h(m)).
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The following two examples are used to illustrate estimation in case of both the ordinary linear
model and the linear model with heterogeneous variances. It is shown how complex parameter structures
can be dealt with through a straightforward adjustment in the basic procedure. McCulloch & Searle
(2001) give a comprehensive overview of likelihood equations and their solutions for similar models

using the traditional maximum likelihood approach.

3.2.1 Heteroskedastic linear regression

Polasek, Liu & Neudecker (1999) illustrate the modelling of heteroskedasticity using a set of hy-
pothetical income and consumption data. They followed a three stage approach to obtain a generalized
least squares solution. The same data (Gujarati, 2003), given in Table 3.1, are used here to illustrate
the estimation of parameters using (2.2) which yields the results directly. Consumption, y, is assumed

to be normally distributed.

Table 3.1: Hypothetical income and consumption data.

Consumption, y | 55 70 75 65 74 80 8 79 90 98 95 108 113 110 125
Income, x 80 8 90 100 105 110 115 120 125 130 140 145 150 160 165
Consumption, y | 115 130 135 120 140 144 152 140 137 145 175 189 180 178 191
Income, x 180 185 190 200 205 210 220 225 230 240 245 250 260 265 270

Means and variances are modelled simultaneously using (3.2) to (3.6). The results for different models,
are summarized in Table 3.2. Different models only require specification of the appropriate design
matrices. Note that Model 1, assuming equal variances, yields the least squares solution. For Model
2, linearity in both the expected consumption and the variance in consumption is assumed. Model 3
gives the mle’s corresponding to the model estimates obtained by Polasek, Liu & Neudecker (1999).
A parabolic trend on the variance is allowed for Model 4 (through the origin), as well as Model 5.
Asymptotic standard deviations, &, are obtained using (3.7) to (3.9). Compared to Model 1, the other

models show a drastic increase in goodness of fit as implied by the Wald statistic, W (cf. (2.5)).

SAS program: REGRESSION.SAS
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Table 3.2: Estimated parameters for heteroskedastic linear regression model.

Model B 55| a Ga 117 v
1| X =(1,, =) 929 5.05| 7871 20.32 59.67 57
Z = (1) 0.64 0.03 (p = 0.3789)

2 | X = (1., 2) 10.09 3.89 | —19.55 37.94 47.17 56
Z =(1,, z) 063 003| 054 030 ]| (p=0.7936)
30X =(1,, 2) 1029 3.89 | 1291  20.33 45.85 56
Z = (1,, z?) 0.63 0.03| 0.002 0.8315 | (p=0.8315)
4| X =1, 2) 10.28 3.65| 0.003 0.001 45.45 57
Z = (22 0.63 0.03 (p = 0.8646)
5| X = (1., 2) 10.40 4.16 | 171.02 138.16 44.27 55
Z =1, = x?) | 063 003| —241  1.94 | (p=0.8495)

0.0l 0.1

3.2.2 Two-way analysis of variance: unbalanced data

Where the unbalanced case usually requires the derivation of its own set of likelihood equations,
it is automatically dealt with using the procedure for MLE under constraints.
Letyijk, i=1,---,1,j=1,---,J, k=1,---,ny; represent the observations in I.J independent

observed samples from n(nij,afj) distributed populations. Consider the model
E(yijr) =n;; = p+ i + B + 7,5 and var(y;jx) = U?j (3.10)

with restrictions >, via; =0, Y, w;B; =0, 3, viv,; = 0, >0 wjy;; = 0 where the {v;} and {w;}
represent different sets of weights such that }Sv; =1, > Jw; =1and >, >~ ni; = n. The restrictions
and n;; should be such that the parameters for the model considered, are estimable. More complicated
restrictions may be necessary in order to ensure estimability. The observation y; is the k-th observation
at the i-th level of factor A and j-th level of factor B.

The variance in each cell can similarly be decomposed in terms of variance effects associated

with the levels of each factor. This can be modelled as

a?j:02+5i+éj + 7ij

200 = 0,37 w;iC; = 0,37 vii; = 0,37 w;Ti; =0

(3.11)
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where, in terms of the variances, o2

represents an overall mean effect, J; represents the effect due to
the i-the level of Factor A, (; the effect due to the j-th level of Factor B and 7;; the effect due to the

interaction between the i-th level of Factor A and the j-th level of Factor B.

In this case the canonical statistic is:

Y1 M1
Yij1
Y1s . =11 Nry n
t= s Yij = : , with m = = —
y%l lev 7‘] 0%11+77%1 0-2+”72
Yijn;
vis o, I +ni,

and from (2.6) with ¥ = diag(o?) and n = 1, it follows that

diag(o?) 2diag(no?)
Cov(t)=V =
2diag(no?) 2diag [(o* + 2n%c?)]

The means and variances are modelled as:
n=XpBand 0 = X (3.12)

where X = (X9 X1 X2 X3), and each submatrix X; corresponds to an effect: X : n x 1 to the
overall mean, X1 :n x (I —1) to Factor A, X5 :nx (J—1) to Factor Band X3 :nx (I —1)(J—1)
to the interaction between Factor A and Factor B. The mle's for any model of the form (3.12) are
obtained by specifying the implied constraints using the appropriate projection matrices (cf. (3.5)). In
similar fashion, linear and non-linear hypotheses may be tested by specifying additional constraints.
The following example of a heterogeneous variance model is discussed by Littell et. al. (2006).
A study was conducted to evaluate the effect of age and gender on the amount of time the TV was
watched by 27 children in a play area of a day-care facility. The data are given in Table 3.3.
The means and variances are modelled simultaneously. The results obtained using MLE under con-
straints for four different models are given in Table 3.4. The mle’s for the saturated model are given
first (Model 1). Model 2 gives the mle’s under the null hypothesis of no interaction effect on the means,

assuming equal variances. In Model 3, the results for the same model but without the assumption of



Table 3.3: Amount of time TV watched.

Age
2 3 4
Gender | F 12897 192016 1114 | 22323912
M| 101314111115 17232216 | 24313749

18

equal variances are reported. Using PROC MIXED and REML, Littell et. al. (2006) fitted the saturated

model (for the means) with unequal variances for each age group. The corresponding mle's using the
procedure for maximum likelihood under constraints are the last reported in the table (Model 4). These

mle's agree with the mle's obtained using PROC MIXED with METHOD=ML. From the Wald statistic

(cf. (2.5)) it follows that this model fits much better than Models 1 and 2.

|SAS program: ANOVA.SAS

Table 3.4: Estimated parameters for two-way ANOVA with unbalanced data.

Parameters
Model M a1 b1 Ba Y11 V12
o? 1 G Co Ti1 T2
N =p+aoi+p;+7,; | 1972 -2.64 | -9.06 -1.97 | 097 0.89
agj =0%446;+ ¢j+7ij | 3586 | 364 |-3250 -25.83|-350 -2.86
W =56.24 v =42 (p = 0.07)
N =k + i+ B, 19.69 | -255 | -9.20 -1.85 0 0
afj = o2 34.13 | 0.00 0.00 0.00 | 0.00 0.00
W =193.40 v =50 (p =0)
Nij = P+ i+ B; 19.82 | -1.75 | -9.17  -2.07 0 0
0%, =0 +0;+(;+7i | 3842 | 422 | -35.06 -28.40 | -4.08 -3.45
W =65.47 v =45 (p = 0.02)
N =p+ao+pB;+7,; | 1972 -2.64 | -9.06 -1.97 | 097 0.89
07 = 0%+ 35.88 | -32.54 | -25.77 0 0 0
W =57.27 v =46 (p = 0.12)
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3.3 MLE for (Non)Linear Models in the case of Non-Normal

Observations

Models for the analysis of non-normal data using nonlinear models fall within the generalized
linear models framework (McCulloch & Searle, 2001). In this section it is illustrated how non-normal
observations can be accommodated in the linear model without the usual complexities associated with
the traditional maximum likelihood approach. In addition, the second example illustrates how easily a

nonlinear model may be fitted using the same approach.

3.3.1 Exponentially distributed observations

To illustrate application of the procedure to estimate a regression function in the case of non-
normal observations in the exponential class, let the elements y;, i = 1,--- ,n of y be a random sample
from an exp(p;) distribution. Suppose y ~ exp(B) where m = E(y) = Xd = 3 with covariance
matrix V = diag(3?) = D 2. The mle’s of the parameters are obtained by specifying g(m) = Qxm,
m = m; using the general notation in (3.2), and G,, = Qx where Qy projects orthogonal to the

columns of X. The (single) iterative procedure now entails

m=y—(QxDs) (QxDszQx) Qxt (3.13)

The mle’s with corresponding standard errors obtained for a hypothetical example are given in
Table 3.5. For illustrative purposes a straight line model (Model 1), as well as a parabola (Model 2),

was fitted to the data. The approximate standard errors are obtained using (2.3) and (2.4) where

h(m) =4 = ( (X'X)"'X'm ) and 8’5(1:) = ( (X'X)"1X/ )

The standard errors are the square roots of the diagonal elements of Cov(h(m)).

SAS program: EXPONENTIAL.SAS |
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Table 3.5: Exponentially distributed observations with estimated model parameters.

Sample x 2 4 6 8 10 12 14 16
y 3 5 6 21 30 35 5 60
Model 1 X — ( 1y = ) B 256 860 1463 2067 2670 3273 38.77 44.80
G, 249 310 528 781 1044 1311 1580 1850
W =0.77 v = 6 (p = 0.993) 5 = ( 347, 3.02 ) & = ( 420, 1.36 )
Model 2 X :( s z a2 ) 3 297 475 007 1593 2535 37.31 5181 68.87
5, 291 350 520 692 1039 1698 26.60 39.34
W =027 v=>5 (p = 0.998) 5 = ( 3.75, —1.02, 0.32 ) & = ( 8.26, 3.85, 0.34 )

3.3.2 Gamma distributed observations and nonlinear models

Consider an observed sample ¥ = (y1,¥y2,- - , Yn) Where the y; are independently gam(53;, @)
distributed, with « the shape parameter and 3’ = (84, 85, , 3,,) the scale parameters. Under linear

regression, it is assumed that

E(y) =ap =X0. (3.14)

Note that the shape parameter « is assumed to be constant over ¢ and

cov(y) = diag(aB?) = édiag[X&]? (3.15)
The likelihood function is
L(a,B) = iy { (37T (@) yp~ e/ | = capl0/t - (6) (3.16)
with
t= = and m = E(t) = = (3.17)
Iny to P(a) —In(a) + n(my) ma
IMa) . L L . .
where (o) = Ta) is the logarithmic derivative of the gamma function (see Abramowitz & Stegun
o

(1972, page 258

~

), fny the average of the natural logarithm of the elements of y and E[¢n(y;)] and

consequently E(¢ny), are obtained from the moment-generating function of ¢nY;:
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My, (t) = E[e!)t] = BE(y!) = % gt
%Menm (t) = P(Fa(;_)t)lﬁ(oz +1)8" + %Btmﬁ

Setting t = 0 yields:

E(tny;) = ¢(a) + {nf
2

0
52 Meny, (t) =

{T(a+t)[(a+ )26 +T(a+ )y (a+ )" + 2T (a + t)h(a + t)4ns +T'(a + t)B' (InB)?}
[(a)

Setting t = 0 in the second-order derivative of My, y, () yields:
E[(tny;)?] = [b(e) + nf]? + ' ()
Elyi(tny;)] = afyp(a + 1) + np]
Couv(yi, tny;) = affy(a+1) —(a)]
and Var(fny;) = ¢/ ().

Furthermore, under the linear regression model (3.14), it is assumed that E(y;) = of; = (X4); =

f(z;), where f(x;) alinear function of the elements of 8. Consequently, E(¢ny;) = 1 (a)+¢n [f(xl)} =
e
(@) — fn(a) + ol f(xi)].
The covariance matrix of ¢ is then given by
Da 2 ,8/71
v=| " (3.18)

B'/n Y (a)/n
since a[(a+ 1) — (a)] = 1 (cf. the recurrence formula, Abramowitz & Stegun (1972, page 258)),
and where D, 5> = diag(o3?).

Since ma = Y(a) — ¢n(a) + ¢n(m;), it follows that

coplms) _ eaplvtal] _,
exp(fnm.) e! T

(3.19)

Since is a monotone increasing function (between 0 and 1), this relation can be used to

ezp[y(a)]

determine the value of & numerically. The model (3.14) implies

91 Qxm;
g(m) = (3.20)
go mo — nmy — In(k)
where Qx projects orthogonal to the columns of X. Then
1
Gim = ( Qy, 0, > and Gz, = (0, 0, ---, 1) — E(l;/m'l, 0). (3.21)
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The parameter oo may be known, e.g. in the case where an exponential distribution is fitted (a = 1).
Nonlinear models can be fitted to the data by imposing linear constraints on the logarithm of

the vector of observations. In this case

g(m) = ( Q. (n(my) ) and Gy, = ( Qydiag(1/m,), 0, ) (3.22)

Consider again the hypothetical data used in Section 3.3.1. Assuming gamma-distributed de-
pendent observations with a constant shape parameter yields the same regression estimates as those
obtained when assuming exponentially distributed observations (cf. Model 1 in Table 3.6 and Model
1 in Table 3.5). Model 2 in Table 3.6 gives the regression estimates and mle for 3 under the con-
straint that &« = 1 (cf. Model 1 in Table 3.5). Whatever the choice of «, the regression function
remains invariant. In Model 3 and Model 4 nonlinear curves were fitted to the data by specifying
constraints on the natural logarithm of the observations. Model 5 gives the mle's of the parameters
where y; ~ gam(f,«),i =1,2,---  n. These results are given in Table 3.6. Again, the standard errors

follow from (2.3) and (2.4).

SAS program: GAMMA SAS |




Table 3.6: Gamma distributed data with estimated parameters.
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Sample T; 2 4 6 8 10 12 14 16
vi 3 5 6 21 30 35 50 60
Model 1 T, | 256 860 1463 2067 2670 3273 3877 44.80
g=Qym, |Gm | 090 112 190 281 376 472 569 6.6
X=(1,2 | a | 7709
B | 0333 1115 1808 2681 3463 4246 5020 5811
W =5.948 v = 6 (p = 0.429), § = ( 347, 3.02 ) & = ( 151, 0.49 )
Model 2 T, | 256 860 1463 2067 2670 3273 3877 44.80
g =(g1.92) |m | 249 310 528 7.81 1044 1311 1580 18.50
g, = Qxmy e 1.000
X=(, 2 | B | 25 860 1463 2067 2670 3273 3877 44.80
g2 = o — T, 5 = ( —3.47, 3.02 ) & = ( 420, 1.36 )
— (1) + fn(1) W =2.761 v = 7 (p = 0.906)
Model 3 ™, | 353 555 875 1378 2171 3421 5380 84.89
g=Qyln(mi) | Gm, | 062 079 100 135 213 392  7.65 14.87
X =(1, 2 | a |13571
B | 0260 0409 0645 1016 1600 2521 3.971  6.255
W =8893 v =6 (p = 0.180), & — ( ~19.68, 5.33 ) & = ( 5.03, 0.93 )
Model 4 ™. | 265 530 979 1664 2608 37.68 50.17 61.57
g=Qyln(mi) | 6m, | 044 055 092 172 270 356 520 10.16
X = (1., 2 22 | & |26.039
B | 0102 0204 0376 0639 1002 1447 1927 2365
W =523 =5(p=0389), 8 = (044, 035, 022 )&= 449, 179, 012 )
Model 5 Ty | 2625 2625 2625 2625 2625 2625 2625  26.25
g=Qym, |Gm | 833 833 833 833 833 833 833 833
X = (1) a | 1041
B

21.155 21.155 21.155 21.155 21.155 21.155 21.155 21.155

W=58050=T(p=0563),8 = (225 ) 55= 833 )
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3.4 MLE for Linear Mixed Models

The linear mixed model provides for heterogeneous variances through a variance structure based
on random effects and their variance components. Algebraic results are much more complicated than
in the case of linear models and numerical maximization techniques such as the EM algorithm and
Newton-Raphson are used to obtain mle's. Furthermore, the general linear mixed model and the SAS
procedure MIXED are discussed at length by Verbeke & Molenberghs (1997, 2009) who emphasize that
"the techniques used and their software implementation are not at all straightforward". However, in
the case of MLE, where structure is attributed to the covariance matrix, the model can be specified
in terms of constraints on the canonical statistics and the estimation process largely simplified without
requiring derivation of the likelihood equations. It provides additional flexibility in modelling.

The linear mixed model is given by

y=XB+Zu+ ewith ¥ =Cov(y)=ZDZ + R

where y : n X 1 the vector of observations, 3 : p x 1 the fixed effects, u : ¢ X 1 the random effects, e
the random error component, Cov(u, €') = 0, X a model matrix and Z usually an incidence matrix
with rank(X) = p, rank(Z) = q. Consider the special case where u ~ N(0,D), and Zwu being

partitioned as

u
U2 where ¢ represents the number of random factors
Zu= < Z, Z, Z, )
and g = 2521 qi-
uC

Then u; ~ N(0,071,,),i = 1---¢, Cov(u;,u}) = O, i # j so that D = {40714,}5_,, a diagonal
matrix with typical main diagonal element o7I,,. Furthermore, it is assumed that R = o2I,, and
e~ N(0,R). Then E(y) = X3, ¥ = Cov(y,y') =021, + Y ;_,07Z,;Z. The likelihood function
is given by
L(B,2) = (2m) " 2det(2) " exp{—3(y — XB)S " (y - XB)}
=erp{y S 'p—trSlyy — 1B X'S7IXB — Lindet(2rX)}
= exp{0't — x(0)}

where
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Y t T ! my
vec(yy') [2) 7%060(271) vec(pp' + X) ms

and from (2.6) (the roles of p and n interchanged), it follows that

b ‘ (Eopu+peX)
V =Cou(t) =

YQu+puex ‘ I+ K)(ZX+XQuu +puu )

Consider p = my and vec(X) = my — vec(mim?). The means and variances are modelled as:

p=Xp
(3.23)
vec(X) = o2vec(I,) + ovec(Z1ZY) + - - - + o?vec(Z . Z!) = Co?
with implied constraints:
g1(m) Qxm
g(m) = - (3.24)
g>(m) Qc(my — vec(mimy))

where Q. the corresponding projection matrix and

Qx ‘0 Qx ‘0

, Gy =
Qc Qe(-I,®oti —ti®I,) | Qo

Gm =

Qe(-I,@m; —m®1I,)

The mle's under constraints, m, is obtained iteratively from m = t— (G, V)’ (GtVG:n)* g(t)
(cf. (2.2)). The estimated parameters are obtained as a function of m namely:
B=(X'X)X'm,

6% = (C'C)*C' (M5 — vec(mym})) and vec(E) = C>.

3.4.1 Two-way crossed classification interaction mixed model with unbal-

anced data

This last example illustrates a very simple solution to what Searle et. al. (1992) calls "the
embarrassment of having a negative estimate that, by definition, is positive". Consider the two-way
crossed classification interaction mixed model with unbalanced data (Hemmerle & Hartley, 1973) in

Table 3.7.
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Table 3.7: Data for a two-way crossed classification.

Fixed Random
Factor A Factor B
1 2
1 237 254 246 178 179
2 208 178 187 146 145 141
3 186 183 142 125 136

The model equation considered for the means is given by:
Yijk = B+ a; + B + i + €ijk (3.25)

for the fixed factor a;, ¢ = 1,2,3, the random factor 3;, j = 1,2 and the random interaction factor
Yijk» & =1,--+ ,ni;j. The model and constraints are given by (3.23) and (3.24) respectively, where the
design matrix is formulated according to (3.23) and the number of random factors, ¢, is equal to 2.
Results are given in Table 3.8. For this data set, both traditional maximum likelihood and
MLE under constraints yield a negative random variance estimate which is then set to zero and the
other variances re-estimated (Model 1). Negative variance estimates usually are an indication that
the specified model is not appropriate for the data. In this example, a rather large variation for the
combination of Factor A, level 2 and Factor B, level 1, is observed in the data in Table 3.7. Estimation
under constraints has the further flexibility to make provision for this by adding the constraint that the
error variance in this particular cell differs from the rest.
To make provision for different error variances for every level of the two factors, consider a
partitioning of the random error component into 6 subvectors corresponding to the combined levels of

the two factors where the subscripts denote the level of each factor:

€11 €11
ei2 , €12 )

e= =1I,e=diag(I1, I2, --- ,I32) and e;; ~ (0,07;1;5)
€32 €32

where I;; is the matrix consisting of the n;; corresponding columns of the 16 x 16 identity matrix I,,.
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Then

3 2 2
Cov(y,y) = > oflili;+ 03Z;Z;
j=1

i=1 j=1

and

3 2 2
vece(X) = Z Z orvec(I 1) + Za?vec(ZjZ;) = Co?.
i=1 j=1 =1

Manipulation of the appropriate columns of the identity matrix I¢ yields the estimates of the
fixed effects, error variances and random component variances given as Model 2 and Model 3. For Model
2, error variances for five of the six combined levels were set equal: 0%, = 03, = 03, = 03, = 035. The
variance 03, was allowed to differ from the other five. For Model 3, three sets of error variances were
allowed: ¢%, = 03, = 0%, = 0%, 03, and 03,. With this approach the problem of negative random
component variances is automatically solved.

In comparison to earlier applications considered, convergence in the case of mixed models may be slower
since a generalized inverse of the potentially large matrix G; V.G.,, needs to be obtained in the iterative

process.

SAS program: MIXED.SAS

Table 3.8: Estimated parameters for the 2-way crossed classification interaction mixed model.

Parameter | Model 1  Model 2 Model 3
n+ o 2135 212.8 212.6
I ) 167.5 169.9 170.2
H+ o3 159.7 159.8 159.0

o2, 7753 39.8 28.1
o2, 209.4 2143
o2, 65.9
o2 72367 7816  800.2
o3 0 9.1 135
W 496 496 495.99
v 151 151 149

D 0 0 0




Chapter 4

MLE for Nonspherical Disturbances

In the case of nonspherical disturbances in econometric applications, the multiple regression
model is extended to the generalized regression model which allows for non-constant variance and
correlated disturbances (Greene, 2003). In this thesis, correlated disturbances are treated as a single
multivariate observation from a multivariate normal N,,(t, ) distribution. This entails the estimation
of X based on an initial observed covariance matrix of rank one.

In the application of statistical inferential procedures based on n vector observations represented
by the columns of the random matrix Y : p X n, from a distribution with parameter vector 6 : s x 1, it
is usually assumed that n is relatively large. A fundamental problem arises when 7 is relatively small.
In such cases the mle of 8 only exists under specific constraints.

Mle's of the mean vector and covariance matrix of multivariate normal random vectors where
the dimension p is larger than the number of observations n, do not exist. The sample covariance
matrix has a singular Wishart distribution. In this chapter, maximum likelihood estimation under
constraints is proposed to obtain mle's of parameter structures in the exponential class which exist in a
restricted parameter space. While traditional procedures require derivation of the likelihood equations
for different parameter structures, the MLE procedure under constraints only requires slight adjustments
in the constraints specified. In the presence of nonspherical disturbances, the likelihood equations are
generally highly nonlinear and usually require an iterative solution (Greene, 2003).

In the context dealt with in this chapter, the basic iterative procedure can be applied in a
straightforward way. The model determines the constraints. For a specific model, only the formulation

of g(m), the vector of constraints, together with the corresponding matrix of derivatives Gy,, are
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required.

4.1 MLE for the Generalized Regression Model

The generalized regression model is given by
y=XpB+e
E()=0

E(ee') =0’Q =3
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where y : n X 1 the vector of observations, the elements of 3 are the regression parameters, X the

design matrix and € the vector of disturbances. The likelihood function for a single multivariate normal

observation is given by:

L(p, X)) = exp{,u’E_ly — %trE_lyy’ — %,u’E_lu — éﬁndet(QwE)}

— exp{u’E_ly -1 [vec(E_l)]/vec(yy’) — s - %Endet(QﬂE)}

=exp [0't — K(0)] where

y '
t= and 6 = )
vec(yy') —§Uec(2_l)

are the vectors of canonical statistics and canonical parameters respectively.

It follows that

12 my
E(t) = m = - ’
vec(X + pp') mo
with covariance matrix
Vii Vi
Cov(t)=V =
Vo Vo

given by (2.6) where the roles of p and n are interchanged:

Vi1=X
V21:2®,U'+,U:®2
Vig = Vi

V22:(In2+K)[E®E+E®,u,y/+p,u’®2],

(4.2)

(4.)

(4.5)



30

Constraints are implied by the structure modelled for the mean vector and covariance matrix in

the generalized regression model (4.1). In general, this is specified as

g(m) = 91(1) _ g1(m1) (47)

go[vec(X)] g2[ma — vec(mim))]

with corresponding first order partial derivatives

2g,(m,) 2g,(m,)
G - 99(m) _ om, om,
m T -
Iom 0g,lvecX)] |, dvec(E)] | 8g,[Ma—vec(m,m})]
Bvec(Z) om, oMo (48)
ag] (ml) ‘ O
B D1,
Q. [vec(X 14)
0,Loec (1o m, @) | 230

Models can be specified in a variety of ways. Often, constraints implied by a specific model can also
be formulated in many different ways. Consequently, for illustration purposes, different approaches are

followed in the applications considered.

4.2 Introductory Example

The essence of the procedure is described by the simplest case where only one observation is

Y1
assumed, namely vector y : 2 x 1 = distributed as multivariate normal with g = 0 and

Y2
3 : 2 x 2 a positive definite covariance matrix X, i.e. y ~ N(0,X), ¥ > 0.

The likelihood function is

L(p,X) =exp {f%trﬁl*lyy’ — $ndet(27%) }
=cxp [0t — r(0)] where

2

Ui 011 mq
, Y1y2 012 my
t =vec(yy') = ,E(t)y=m= = say, and
Y1Y2 012 m3
y% 022 my



V=(:+K)[E23 =

Suppose the variances are proportional in the sense that 011 = 2029.

2
201,

2
2074

2011012

2011012

2011012

2012022

2
011022 +O’12

2
011022 + 07

2011012
2
0110922 + 0'12
2
011022 + 07y

2012022
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2
2074

2012022

(cf.(2.6)).

2012022

2
2059

Then g(m) = 011 — 2022 = (1,0,0, —2)m = Cm, say, with derivative G,, = C = G.

Consequently,

2 2 2 2
CV = (20’11 *40’12 y 20110’12 *40’12022 , 20’11012 *4012022 , 2012 *40’22)

and

CVC' =203, + 803, — 80%,.

In the iterative procedure the covariance matrix subject to the constraint 017 = 2095 is calculated

using:

m=t—(CV) (CVC') g(t)=t—

4
To illustrate, let y =

2

ty — 2ty

2m3 + 8m3 — 8mj3

2m1 mo — 4m2 my

2m1m2 — 4m2m4

2 2
2my — 4ms

2 2
2ms — 4mj

An initial value of 3 = I is used in V since the single observed

vector yields a singular covariance matrix. Consequently, in the first iteration we have CVC' = 10,

CV = (2,0, 0, —4) with t = (42,4 x 2,4 x 2,22) and g(¢t) = 8. Since g(m) = (1,0,0,—2)m is

linear in m, iteration is performed only over m:

Iteration 1:

16

8

Sl

14.4

7.2
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16 158.72 12

. 8 8 0 8
Iteration 2: — 3174 =

8 0 8

4 —79.36 6

In Table 4.1 the results obtained under different constraints g(m) when y; = 4 and y, = 2 are given.

The mle's are all found under the constraints g(m) = 0.

SAS program: MULTIV1OBS.SAS

Table 4.1: Mle's of structured variances based on a single bivariate observation.

Mle's
g(m) 011 012 022 P
012 16 0 4 0
011 — 029 10 8 10 0.8
011 — 20’22 12 8 6 0.943
011 — 3022 14 8 42 | 0.990
012
10 0 10 0
011 — 022
p—05 10 2% 22| 05
p—0.5
8.46 299 4.23 0.5
011 — 2022

4.3 MLE for Heteroskedastic Disturbances

Heteroskedastic disturbances imply

o?Q = o? = (4.9)

0 0 T Won 0 0 - o2
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In this case, the likelihood function simplifies to:
L(pn,X) =exp {N’E_ly —1 [vec(E_l)yvec(yy’) T %Endet(%’E)}

= exp{(n/o?)'y — (1/20)y? — 5(1/0?) 1 — Sindet(2ndiag(c?))} (4.10)

=cxp [0t — K(0)]

where
o} ,
. Y nlo Y o
o? = : ,t= , 0= and p/o* indicates elementwise division.
2 v ~1/(20%)
U’IL
Consequently,
I3 my
Et)=m= = (4.11)
o’ + u2 mo

where p? = pp, the elementwise product (Hadamard product). The covariance matrix is given by (cf.

(2.6) where X = diag(o?) with p=mn and n =1): .

iag(o? 1 o?
Cov(t) =V = dogle”) Hiagluer) (4.12)

2diag(po?) 2diag [(o* +2p%0?)]
where po? indicates elementwise multiplication. The parameter vectors p and o> may be modelled

simultaneously. In terms of linear models, this reduces to

(4.13)

where X and Z are appropriate design matrices. In order to determine the mle of m under the model

. g:(m) .
. , € restrictions ma e rormulated as m) = |
(4.13), the restrict y be fi lated as g(m) th
go(m)
g1(m) = Qxp=Qxm1 , gy(m)=Qzo? = Qy(my—mi) (4.14)

where Qx and Q; specify the contrast matrices or corresponding projection matrices implied by (4.13).
In many situations the columns of X and Z generate the same vector space and Qx = Q. The

corresponding derivatives with respect to m are

Glm = (QX7 0)7 G2m = (_QQZdiag(ml)a QZ)? Gm = . (415)
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The mle of m subject to the constraints g(m) = 0, is obtained iteratively from (2.2):
m=t—(G,V) (G VG,,) g(t).

In order to obtain the asymptotic variances of [, 52, ,@ and o, let

© my
o? my — m?
h(m) = = . (4.16)
3 (X'X)"1X m,
o (Z'Z2)"'Z'0?
Using (2.4) with
I 0
—2diag(m,) I
Oh(m) _ (4.17)
om 1
(X'X)"'X 0
—2Z'Z)' Z' diag(m,) (Z'Z)"'Z'

the asymptotic variances, &> (h(m), of the elements of h(m2), are given by the diagonal elements of
Cov(h(m)).

This framework can be generalized to k independent populations. It provides a convenient point
of departure to model under different heteroskedastic specifications, systematically varying parameters,
seasonality and splines. To illustrate some of these, modelling when variances are constant within
subgroups of observations, as well as a piecewise regression model, is considered in the following two

sections.

4.3.1 Groupwise heteroskedasticity

In the case of constant variances within subgroups of observations, the n observations are grouped
into g groups, each with n; observations such that > 7 ;n; = n. The groupwise heteroskedastic

regression can be written as (Judge, et.al., 1985):

Y1 X, €1

Yo X €9
- B+ (4.18)

Yy Xy Eg



where y; :n; x 1, X; :n; X p, E(ei,€;) = 071, E(ei,€}) = 0,1 # j.
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The slope vector is the same in all groups and there is no correlation between disturbances in different

equations.

Greene (2003) considered a groupwise heteroskedastic model for modelling the natural logarithm

of the total cost of production, y, (in $1000), in the US airline industry as a function of the following

explanatory variables:

¢n(output), denoted by x; (which is measured in "revenue passenger miles"),

In(fuel price), denoted by x2, and

a load factor, denoted by x3, (which is the average capacity utilization of the fleet)

for a sample of six different airlines observed annually for 15 years.

The model is given by:

Y1

Y2

Ys

1,, x11 =12

1,, ®21 T2

1, Te1 %62

so that in accordance with (4.13):

A:<01 as

13

T23

63

O’IL1

1,,

O’IL()-

O’IL1

17L6

By
By
B3

V2

Y6

p=XB = (1,1, w2, 23, A)B, say, where

€1

€2

€6

(4.19)

as ) is the matrix of five dummy variables denoting the six airlines

and the group variances are modelled as

= Zo where Z =

0

1"6

Qg

a2

Qg

(4.20)

(4.21)

Using the procedure for MLE under constraints, the constraints (4.14), with design matrices

given in (4.20) and (4.21), together with derivatives (4.15) used in the procedure (2.2) yield the mle's
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given by Greene (2003). Results are given in Table 4.2. The least squares solution is obtained when

02 = Zyo where Zy = 1,, and o = oy. The group variances can be modelled separately in terms of

explanatory variables and are also illustrated in Table 4.2. For this purpose, let

where x5 ,,, : n; x 1 represents the ¢n(fuel price) values for group 4,7 =1, - -

0'2:Z10t:

1111 :172,111
1,, 0
1,, 0

0

T2, ny

0

0

0

T2 ng

Qo

851

o7

effect, and «; the rate at which the variance for each group i increases with x5, ¢n(fuel price).

SAS program: GWHETEROSK.SAS |

Table 4.2: Mle's of a groupwise heteroskedastic model with different variance structures.

(4.22)

,6, &g a common variance

Model | X = (1,,®1, x2, 23, A) | X = (1,, 21, T2, T3, A) X =(1,, 21, 22, 23, A)
Z =Zy,=(1,) (OLS) Z = block(1,,) (cf. (421)) | Z = Z1 = (1, block(xz,,,)) (cf.(4.22))
Estimate Std. error Estimate Std. error Estimate Std. error

1 9.706 0.183 10.056984 0.1343384 10.153864 0.1209745

B4 0.919 0.0284 0.9282934 0.0227183 0.9403975 0.0230146

Bs 0.417 0.0144 0.3999571 0.0107755 0.3899792  0.0109017

B -1.070 0.191 -1.289203  0.1637509 -1.243551  0.1617307

Yy -0.041 0.0239 -0.048675  0.0236821 -0.049952  0.0241293

Y3 -0.209 0.0406 -0.19958 0.0307597 -0.185664  0.032192

Y4 0.185 0.0576 0.1921397 0.049882 0.2096478 0.0521716

s 0.024 0.0758 0.0418611 0.0594169 0.0787153 0.0626633

Yo 0.087 0.0799 0.0963358 0.0630786 0.1371855 0.0669744

g 0.00325  0.000485 -0.004843  0.0029237

a1 0.0008349 0.0003049 0.0004368 0.0002465

123 0.0062143  0.0022691 0.0008963 0.000298

Qs 0.0017819 0.0006507 0.0005328 0.0002402

oy 0.0090712 0.0033123 0.0011199 0.0003548

as 0.0014184 0.0005179 0.0005094 0.0002395

g 0.0023931 0.0008738 0.0005719 0.0002434
W=90 (p=1), v = 170 W=90(p=1), v = 165 W=90(p=1), v = 164

R? =0.997 R? =0.989 R? =0.974

The case of groupwise heteroskedasticity may also be treated as an extension of the approach

followed in the next subsection for modelling structural change.
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4.3.2 Modelling structural change

A piecewise linear regression model allows for changes in slope, with the constraint that the
lines being estimated be continuous, i.e. it consists of two or more straight line segments which are
continuous at every point of structural break. In times series data structural change in the relationship
between the dependent variable and the explanatory variables often occurs, i.e. the values of the
parameters of the model do not remain the same through the entire time period. Usually, it is assumed
that the variance remains constant after a structural change. MLE under constraints provides a simple
framework within which structural change can be handled, simultaneously allowing for heteroskedastic
variances.

Gujarati (2003) considers data on disposable personal income and personal savings, in billions of
dollars, observed for the USA for the period 1970-1995. A structural change in savings (as a function
of disposable income) is believed to have occurred between 1981 and 1982 (cf Figure 4.1). The same
data are used here to illustrate MLE under constraints as a means to model a spline regression. The
model follows as a natural extension of (4.11), treating the time periods before and after the structural
change as independent samples linked in a particular way. The two time periods 1970-1981 (#;) and

1982-1995 (t2) are considered. The canonical statistic is

Y1 My mi
2 2 2
Y ui+o mi2
t=| 7 fwithE®)=| T | = and (4.23)
Yo Ko ma1
v3 us + o3 Mg
diag(o1?) 2diag(p,01?) 0 0
2diag(py01?)  2diag [(o1* + 2p,%01?)] 0 0
Cou(t) =
0 0 diag(o2?) 2diag(pao2?)
0 0 2diag(pqao2?) 2diag [o2* + 2u,2027)]
(4.24)
The parameter vectors p; and o2, i = 1,2, may be modelled similar to (4.13):
py =X181  pg = X283,
(4.25)

01’ =Zion 0272 =Zsaz
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where X; and Z;, i = 1,2 are appropriate design matrices. Corresponding constraints are:

g11(ma1) = Qx,ma1 , gi2(ma1) = Qx,m21 ,
(4.26)
921(0?) = QZl(mIZ —m7,) 922(0'3) = QZ2(m22 —m3;)
where Qy, and Q, specify the contrast matrices. The derivatives are:
0Qx, m1y
Gll'm = gilm = (QX17 Onl XMy 0n1 X139 Onl XN )
0Qx,may
G12m = ;;l = (Ong X119 O’IL2 XM QX27 O’IL2 XN )
0Qz, (myy — mi;) .
Goim = & om = = (_2QZ1dzag(m11)a QZ17 0ny xns s Ony xnp )
0Qz,(may — m3;) .
G22m - 2 om 2 = (Ong X171 O’IL2 XM _2Q22dlag(m21)a Q22 )
(4.27)

The flexibility of the procedure is illustrated by the variety of hypotheses that can be tested by
imposing appropriate constraints. These include tests for equality of slope parameters (cf. 4.28) and/or
variances (cf. 4.29) or specification of a trend on the separate variances (cf. 4.26). In addition, it
allows for the requirement that two regressions are linked (cf. 4.30).

Constraints and corresponding derivatives required to model equal slope parameters are given

by:
gs(m) = By — By = (X1 X1) ' X imy — (X5X5) ' Xma; with (4.28)
Gsm = (X1X1) 7' XY, Opsny, —(X5X2)71XY, Oppy)-
To fit the model (4.25) assuming homoscedastic variances, let Z; = 1,,,. The constraints (4.26)

and derivatives (4.27) are required, together with the first elements of o1 and o2 respectively, which

are set equal:

9s(m) = o1[1,] = o2[L,] = (m12 — miy)[L,] = (Mmoo — m3y)[L,]
(4.29)
G4m = (—Qdiag(mll)[l,], Inl[l,], 2diag(m21)[1,], —Inz[l,]).

Requiring that two regressions pass through a common point &, implies the following constraint

with corresponding derivative:

g5(m) = /@/151:0 - ,@/2:170 = m’HXl(X'le)_lmo — mIQIXQ(XIQXQ)_liL‘O with (4 30)
G = (2p(X1X1) 7' XY, 1y, —20(X5X0) 71 XD, 1)
where the common point xy may be chosen to be equal to the average of the vectors of observations

before and after the time period at which the change occurred, e.g. the average of the last row of X

and the first row of X5.
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In Table 4.3, the mle's for the parameters for a variety of hypotheses, are given. The matrices X; ;,,
i = 1,2 represent the explanatory variables observed at time period t;. Furthermore, R?,i = 1,2
denote the coefficient of determination for each line segment. In Figure 4.1 the data and fitted spline

(reported in the middle column of Table 4.3) are illustrated graphically.

| SAS program: SPLINES.SAS

Figure 4.1: Spline regression.
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e 5 . .
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S
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Table 4.3: Mle's of spline regression models with different variance structures.

Model X, =1,,,Xi4) X, =1,,,Xi4) X, =01,,Xi)
Z; = (1,,) Z; = (1,,) Z; = (1, t;)
Knot between 1981 and 1982 | Knot between 1981 and 1982
Parameters | Estimate Std. error Estimate Std. error Estimate Std. error
B4 1.016 3.067 0.0487 2.838 3.063 0.971
0.0803 0.002 0.0812 0.00193 0.0797 0.00134
B 153.495  8.094 148.106  4.828 147.208 5.134
0.0149 0.002 0.0161 0.00144 0.0163 0.00154
oy 148.753  17.531 148.958  17.555 -26.035  3.205
26.035 3.205
o) 714.659 72.191 716.438  72.371 218.601  331.828
25.529 17.697
W=340 (p=0), v = 46 W= 339.31 (p=0), v =47 W= 325.63 (p=0), v =45
R? =0.902, R3 = 0.207 R? =0.926, R3 = 0.0633 R? =0.979, R3 = 0.0199
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4.4 MLE for Autocorrelated Disturbances

Time series are often homoscedastic so that in the presence of autocorrelated disturbances the

covariance matrix may be

1 P1 0 Pp—1
P L
=0 . 2. (4.31)
Pn—1 Pn—2 " 1

The values that appear off the diagonal depend on the model used for the disturbance.

A variety of covariance structures such as AR(1), heterogeneous AR(1), compound symmetry,
heterogeneous compound symmetry and Toeplitz structures can be fitted. Software such as the SAS
program PROC MIXED can be used for this purpose. However, using maximum likelihood under
constraints, models can be fitted by imposing appropriate constraints on the expected value of the
canonical statistics (cf. (4.3) and (4.4)). Likelihood equations need not be derived for specific parameter

structures. A covariance matrix with AR(1) disturbances is given by:

1 ’I“l . ,rn—l
7“1 1 . ,rn—2
o’Q = o? . (4.32)
T'n—l ,rn—2 . 1

Using maximum likelihood under constraints, one can additionally provide for heteroskedasticity

in the covariance structure, e.g. a covariance structure with AR(1) disturbances with a variance trend:

0 Oyl cer Opn—1

) ) Ol cly0 cer Opn—2
Q=0 (4.33)

C()Tnfl C()Tn72 .. CnflT.O

No reparameterization of the likelihood function is required. The new structure only impacts on the
constraints implied by the model and is illustrated in the next subsection.

In fitting such a covariance structure it is important that the covariance matrix of the canonical
statistics used in the iterative procedure is initialized with values which exhibit the hypothesized struc-
ture. The initial matrix is required to be a proper covariance matrix. Since the covariance matrix is a

function of the mean vector, care should be taken that the covariance matrix remains positive definite.
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This is accomplished by expressing vec(X) = my — vec(mim}) as
vee(X) = my — [I, @ I, — Qx ® Qx| vec(mim)) = my — Qguec(mymy), say (4.34)

with Q the projection matrix given in (4.14).

4.4.1 AR(1) covariance structure with heteroskedasticity

In the following example a variety of complex covariance structures are fitted to a time series
consisting of an investment index (Real Gross Fixed Capital Index of South Africa) from 1999 to
2008 (South African Reserve Bank, 2009). A quadratic trend in time was fitted to this index, given
a covariance matrix with heteroskedastic AR(1) structure. Typical elements of the mean vector and
covariance matrix are modelled as

p; = a+bt; + dt? (4.35)

Oij = o2ci=1pli=dl
where t; denotes time 4,i = 1,--- ,n. For the usual AR(1) structure ¢ = 1 in the expression for o;;
above.
In matrix notation the model is expressed as p = X B with X = (1 ¢t *) and t' = (1 2,--- ,n).
Let Qy be the matrix which projects orthogonal to the columns of X. Then the model (4.35) implies
the constraints:

g(m) = g1(ma) (4.36)

g2 (vec(X))

where g;(m1) = Qxm1 with corresponding matrix of derivatives G1,,, = (Qx  0,,xn2)-

The elements of the constraint g,(vec(X)) : $n(n + 1) x 1 are given by

where o;; the %n(n + 1) distinct elements of ¥. The corresponding matrix of derivatives, Ga,,, is

given by
0gy(vec(X))  0go(vec(X))  Ovec(X)

om Ovec(X) T om

where (cf.QQ in (4.34))

Ovec(X)

om_ [QQ(*1n®m1 -m®I,), Inz] )



42

The rows of %@(C(EE))) are given by:
0(oi; — o®c 177 . N RN
: = I'n In 7 (i1 (i-1)
aU@C(E) [27] & [7.]] 31}860(2) C T a
-o%(i—1 (i-2)__9C  (j—i) _ ;24-1(; _ ;\pi—i—1 T
T ey T T G

where:
0% = 011, the first element of vec(X),
do?
dvec(X)
[Civec(X)] [Cavec(R)]
[Crvec(X)])[Crvec(Z)]’

=1I,2[1,], the first row of the n? x n? identity matrix,

i.e. ¢ the coefficient of the projection of Cavec(X) onto Civec(X),
C; selects the first n — 1 diagonal elements of 33,

C, selects the last n — 1 diagonal elements of 3,

[Crvec(X)] [Csvec(X)]
[Crvec(X)])[Crvec(Z)]

i.e. r the coefficient of the projection of C3vec(X) onto Civec(X),

C3 selects from vec(X) the set of n — 1 first-order covariances.

The derivative of ¢ and r are respectively given by:
Oc
Ovec(X) B
[Crvec(D)])[Crvec(T)][vec(V)]) (C Ca + C5CY) — 2[Crvec(E))'[Cavec(X)][vec(E))'(C Cr)
[Crvec(2))[Crvec(E)]?

or
Ovec(X) B
[Crvec(D)])[Crvec(T)][vec(V)]) (C| Cs + C5C4) — 2[Crvec(X)]'[Csvec(X)][vec(E))' (C} Cl)'
[Crvec(E))[Crvec(E)]?

In Table 4.4 the data, together with estimated parameters and measure of fit under model (4.35), are
given. The observed and fitted indices are very close. The model fits quite well. In comparison to
earlier applications considered, convergence in the case of autocorrelated disturbances may be slower
since a generalized inverse of the potentially large matrix G; V.G,,, needs to be obtained in the iterative

process.

SAS program: AR1.SAS




Table 4.4: Mle's of AR(1) covariance structure with heteroskedasticity.

Real Gross Fixed Capital Index of South Africa: 1999-2008

959 100.0 1035 1073 1171 1276 140.6 159.2 185.1 203.9
Parameter values
a=100.684 b=-4.043 d=1.444  5%=2.506 ¢=1.080 r=-0.113
Estimated mean values
98.1 984 1015 107.6 116.6 1284 1431 160.8 1813 204.7
Estimated (co)variances and correlations*
251 -0.28 0.01 0 0 0 0 0 0 0
-0.11 271 -0.31 0.03 0 0 0 0 0 0
001 -0.11 292 -0.33 0.03 0 0 0 0 0
0 0.01 -0.11 3.16 -0.36 0.04 0 0 0 0
0 0 0.01 -0.11 341 -0.39  0.04 0 0 0
0 0 0 0.01 -0.11 3.68 -042 0.05 -0.01 0
0 0 0 0 0.01 -0.11 397 -045 0.05 -0.01
0 0 0 0 0 0.01 -0.11 429 -049 0.05
0 0 0 0 0 0 0.01 -0.11 4.64 -0.52
0 0 0 0 0 0 0 0.01 -0.11 5.01

W=57.16 (p=0.54), v = 59

*Variances on diagonal, covariances above diagonal, correlations below diagonal

43
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4.4.2 Toeplitz(2) covariance structure with heteroskedasticity

A covariance structure with Toeplitz(2) disturbances implies equal variances, equal first-order

covariances and is specified by:

o2 01 0o 0 O O - 0 0 O O 0 O
o 62 64 0o 0 0 --- 0 0O O 0O O O
o9 01 02 01 05 0 -« 0 O O O 0 O
(4.37)
0 0 0 0 O 0 -+ 0 09 01 02 01 09
0 0 0 0 0 0 --- 0 0 o9 01 02 04
0 0 0 0 0 0 -~ 0 0 0 o092 01 02

Let D be the matrix which selects from vec(X) the distinct elements of X: first the n variances on
the main diagonal, then the n — 1 first-order covariances, then the n — 2 second-order covariances, etc.
This enables one to model each set of covariances separately. One can allow for a trend in the variances
over time, another trend in first-order covariances over time, etc.

In Table 4.5 the results are given for a model which specifies a quadratic trend in time on
the mean structure but with a covariance structure which allows for separate trends over time in the
variances and first-order covariances. Typical elements of the mean vector and covariance matrix (cf

(4.46)) are modelled as
p; = a+bt; + dt?

oi = [ft;
(2 K] (438)
Oiit1 = gt;
0i; =0, j>i+1
or in matrix notation:
p=XB=(1t 23
g1 = Z1a1 = tOll
(4.39)
oy =2Zsas=1t1:n—1,]ay
03 = 0%7;(n+1)—2n+1><1
where ¢ = (1, 2,--- ;n). Let Py, and P, be the projection matrices corresponding to Z; and Z»

respectively.
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Table 4.5: Mle's of Toeplitz(2) covariance structure with heteroskedasticity.

Real Gross Fixed Capital Index of South Africa: 1999-2008
959 100.0 103.5 1073 117.1 1276 1406 159.2 185.1 203.9

Parameter values

a=97.401 b=-2.389 d=1.291  f=0.950 g=0.415

Estimated mean values

96.3 97.8 101.8 1085 117.7 1295 1439 1609 180.4 202.6

Estimated (co)variances and correlations*

0.95 0.42 0 0 0 0 0 0 0 0

031 190 0.83 0 0 0 0 0 0 0
0 036 285 1.25 0 0 0 0 0 0
0 0 0.38 3.80 1.66 0 0 0 0 0
0 0 0 0.39 4.75 2.08 0 0 0 0
0 0 0 0 0.40 570 249 0 0 0
0 0 0 0 0 040 665 2091 0 0
0 0 0 0 0 0 041 7.60 3.32 0
0 0 0 0 0 0 0 041 855 3.74
0 0 0 0 0 0 0 0 041 950

W=73.46 (p=0.11), v = 60

*Variances on diagonal, covariances above diagonal, correlations below diagonal

The implied constraints for this model are given by

g1(ma)
g(m) = where g;(m1) = Qxmi, Gin = (Qx 0p,x42) and
9o (vec(X))
g2(vece(X)) = QzDvec(E), Gam = QzD
(4.40)
P;,, 0 0
where Q, = I%n(n—&-l) - 0 Py O
0 0 0

SAS program: TOEPLITZ.SAS|
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4.4.3 Modelling in terms of explanatory variables

The investment index can additionally be modelled in terms of explanatory variables such as GDP
and interest (South African Reserve Bank, 2009), given the same complex AR(1) covariance structure
with variance trend considered in Section 4.4.1.

Consider the model
p; = a+bt; +dt2 + fry; + gre;

(4.41)
2 i—1p.|i—j|

Oij =0°C
Constraints are similar to (4.36) with X = (X X; X») where X = (1 t t?), X the GDP and X,

the interest for the same time periods. Results are given in Table 4.6.

The model fits very well without the restrictive (unrealistic) assumption of constant variances.

SAS program: AR1.SAS

In Table 4.7 a comparison of least squares estimates (Ise's) and mle’s is given.
The substantial influence that the estimation method has on predictions for 2009 to 2013 is illustrated

in Table 4.8.
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Table 4.6: Mle's of AR(1) covariance structure with heteroskedasticity in terms of explanatory variables.

Real Gross Fixed Capital Index of South Africa: 1999-2008

95.9 100.0 103.5 107.3 117.1 127.6  140.6 159.2 185.1 203.9
GDP South Africa: 1999-2008
96.0 100.0 102.7 106.5 109.8 1152 120.9 127.3 133.8 137.9
Interest South Africa: 1999-2008
9.70 8.39 5.71 2.30 3.81 8.13  4.67 3.24 0.88 -2.40
Parameter values
a=0.193 b=-6.860 d=1.180 [f=1.113 ¢=-0.425 02=1527 ¢=1.111 r=-0.318
Estimated mean values
97.3 99.0 102.2 109.2 116.0 126.3 142.6 161.2 182.6 204.1
Estimated (co)variances and correlations*
1.53 -0.49 0.15 -0.05 0.02 0 0 0 0 0
-0.30 1.70 -0.54 0.17 -0.05 0.02 -0.01 0 0 0
0.09 -0.30 1.88 -0.60 0.19 -0.06  0.02 -0.01 0 0
-0.03 0.09 -0.30 2.09 -0.67 0.21 -0.07 0.02 -0.01 0
0.01 -0.03 0.09 -0.30 2.33 -0.74  0.24 -0.07 0.02 -0.01
0 0.01 -0.03 0.09 -0.30 258 -0.82 0.26 -0.08 0.03
0 0 0.01 -0.03 0.09 -0.30 2.87 -0.91 0.29 -0.09
0 0 0 0.01 -0.03 0.09 -0.30 3.19 -1.01 0.32
0 0 0 0 0.01 -0.03  0.09 -0.30 3.54 -1.13
0 0 0 0 0 0.01 -0.03 0.09 -0.30 3.94

W=57.46 (p=0.46), v = 57

*Variances on diagonal, covariances above diagonal, correlations below diagonal

Table 4.7: Comparison of Ise's and mle's.

Parameter | Lse's Mle's
a -14.883 0.193
b -7.192  -6.860
d 1.151  1.180
f 1.267  1.113
g -0.366  -0.425




Table 4.8: Comparison of predictions based on least squares estimation (LSE) and MLE.

Yy Year | ¢t | p (LSE) @ (MLE)
959 | 1999 | 1 97.2 97.3
100.0 | 2000 | 2 99.0 99.0
103.5 | 2001 | 3 102.0 102.2
107.3 | 2002 | 4 108.9 109.2
117.1 1 2003 | 5 1157 116.0
127.6 | 2004 | 6 126.4 126.3
140.6 | 2005 | 7 142.7 142.6
159.2 | 2006 | 8 161.4 161.2
185.1 | 2007 | 9 182.9 182.6
203.9 | 2008 | 10 | 203.9 204.1

2009 | 11 220.9 2221
2010 | 12 240.2 2423
2011 | 13 | 261.8 265.0
2012 | 14 | 285.6 290.0
2013 | 15 311.8 317.3
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Chapter 5

MLE for Multivariate Normal Samples

Estimation and testing procedures in the case of several multivariate normal populations with
unknown and possibly unequal covariance matrices have been studied extensively in statistical literature.
MLE of parameters and parametric functions in this case is often difficult to perform or often implies
that the likelihood function has to be solved numerically. In addition to that, the likelihood equations
may have several roots. Estimation of the common mean vector of several multivariate normal popula-
tions (Rukhin, Biggerstaff &Vangel, 2000), the multivariate Behrens-Fisher problem (Buot, Hosten &
Richards,2007) and estimation of proportional covariance matrices (Jensen & Madsen, 2004) represent
such examples.

Although some problems of this nature can be solved numerically within the mixed model frame-
work, the approach proposed in this chapter provides a natural and elegant way of analyzing problems
of this kind. A solution is provided to MLE problems where normally the likelihood equations do not
exist or are hard to derive and solve. Mean and covariance structures are modelled directly. A wider
class of problems can be addressed in this way. One is not restricted to a fixed set of patterned co-
variance structures. Proportionality of variances and proportionality of covariance matrices are easily

accommodated.

5.1 Introductory Example

The essence of the procedure can be described by the simple case where we have a sample mean

2 5 4
vector y = and sample covariance matrix A = of size n = 10 from a N(u,3)

3 4 8

distribution where it is assumed that the variance of each variable is equal to its squared mean. This
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cannot be accomplished by PROC MIXED.

The vector of canonical statistics, ¢, and Cov(t) are given by (2.6):

) Lxoptpoxy

3=

t= and Cov(t) =V =
vee(S) LZopt+pes) LU +K)[ZeS+Tou +pp @3

Suppose the variances are assumed to be equal to the squared means, i.e. 011 = pu? and o22 = p3. If

the i-th element of vec(X) is indicated by vec(X)[i] and the i-th element of p by p[i], then

g(m) = g.(m) where

g2(m)

gi(m) = 11 — pif = vee(E)[1] — p1]? = {m2 — vec(mim})} [1] — ma[1]%,

g2(m) = 022 — i = vec(T)[4] — pl2]* = {ma — vec(mim)} [4] — ma 2%,

with derivative

Ovec(X)[1]  Ovec(X) Op[1]
a _ Gim) | | Tovee(m) * T om 2l ;_m G - 99(m)
i )\ B g, O

The iteration process proceeds as indicated in Table 5.1.
In each new iteration over m, the observed t (%) is used as inital value for t. The mle for 3 under

the restrictions 017 = p? and o9 = p3 are calculated as a function of the elements of 7, namely:

4.24
2.060 . , 3.67
o =m; = and vec(X) = my — vec(mimy) =
2.820 3.67
7.95

SAS program: MULTIV.SAS




Table 5.1: Double iteration process illustrated for the example in Section 5.1.

Iteration over t

Iteration Starting

over m Value 1 2 3
2 2 2.047 2.045 2.045
3 3 2.800 2.789 2.789
1 8.5 8.5 8.374 8.363 8.363
9.6 9.6 9.374 9.356 9.356
9.6 9.6 9.374 9.356 9.356
16.2 16.2 15.596 15.562 15.562
2.045 2 2.062 2.060 2.060
2.789 3 2.828 2.821 2.821
) 8.363 8.5 8.494 8.487 8.487
9.356 9.6 9.490 9.479 9.479
9.356 9.6 9.490 9.479 9.479
15.562 16.2 15.931 15.914 15.914
2.060 2 2.062 2.060 2.060
2.821 3 2.827 2.820 2.820
3 8.487 8.5 8.496 8.489 8.489
9.479 9.6 9.489 9.477 9.477
9.479 9.6 9.489 9.477 9.477
15.914 16.2 15.924 15.907 15.907
2.060 2 2.062 2.060 2.060
2.820 3 2.827 2.820 2.820
4 8.489 8.5 8.496 8.489 8.489
9.477 9.6 9.489 9.477 9.477
9.477 9.6 9.489 9.477 9.477
15.907 16.2 15.924 15.907 15.907
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5.2 Independent Multivariate Normal Samples

The theory and methodology that follow can be applied for any number, k, of samples which
may stem from any experimental design. In view of the examples that follow in the next two sections
and for the sake of simplicity, the theoretical results, an extension of the theory given in Chapter 2 (cf.

(2.6)), are given for k = 4 multivariate normal samples. The results for general k follow directly.

Suppose that y;q, Y;0," -, Y;,,, represent n; independent observations of 4 independent random
samples from N,(u;, X;) distributions (i = 1,2,--- ,4). Let g, represent the sample mean vector
_ 1 ng
Yi = n_l Zlyij (5.1)
J:

and S; the matrix of mean sums of squares and products of the i-th sample

ng

1
S; = n—zy”y;g (5.2)
’szl

Note that n; is not assumed to be larger than p 4+ 1. If any of the n; is less than p + 1, the mle's in
general do not exist unless certain restrictions on parameters are imposed. The likelihood function for

the k multivariate samples can be expressed in its canonical exponential form as follows:

L(py, po, pg, pry, 21, X2, 33, Xy)
s 1w | &
= Ili_, det(27%;) 7”/2%29 _étrzi ' Z(yu - Hz‘)(yij - )
j=1

ng ng

_ 1 n; _ 1 n; _ n;
= II}_ exp nip; %, 1(n_ Z Yij) — 7"21‘ l(n_ Z yijy;j) - ?Ngzi llh‘ - ?én[det(QWEi)]
v =1 vi=1

= exp [0't — K(0)] where
(5:3)



ni

1
_ Z Yij
ny &
j=1
ni
(-3 wiy0hy) 7
vec n1 Zyljylj
j=1
1 n2 vec(Sl)
o Z Y2j
n2 =] —
) R, Yo
!
veC(n—2 Z Y2;Y2;) vec(Ss)
— Z Y3, Y3
35
1 & vec(S3)
vec(n— Z ijyéj)
St %
1 4
e Z Yuj
N4 j=1 ’060(84)
1 ng
vec(n— Z y4jyilj)
45
Ky

vee(Eq + pypy)
25
vec(Xz + pops)
and E(t) =m = =
H3
vec(XBs + paps)

My

vee(Ey + pypy)
The covariance matrix of ¢ (cf. (2.6)) is given by
Vi 0 0 0

0 Vy, O 0

V =Cou(t) = with V;; =
0 0 Vi 0

0 0 0 Vyu

Vlil - n%zz

31:%(2i®m+lh‘®2i)

. .
_ st
V112_ 21

mE
fﬂvec(Efl)

2

n2%5"
—@Uec(Egl)

—1

n3diy g

—%U@C(Egl)

n42Z1u4

vaec(Ezl)

fori=1,2,3,4

Vi = (L + K) [ @ i + 5 @ gl + g © 5]
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In the procedure (2.2) for estimating the p; and 3; under restrictions, the vector ¢ of canonical
statistics with corresponding covariance matrix V is used as point of departure for any model considered
within this framework. The algorithm given in Chapter 2 is then used to obtain the mle’s. In each section
the specific expressions for any g(m) and G,,, are given. Constraints g(m) specified will always be func-

tions of p,; and 3;. Consequently, the corresponding matrix of derivatives G,,, = @én%z may also be

dg(m) Omx
X—

Omy,  Om

expressed as G, = where m’, = < vee(E1), wvec(X2), wvee(E3), wvec(Ey) >

Basic derivatives that will be required throughout, are the following:

Omy

om (Ip,  Opxpzs Opxp, Opxpzs Opxp, Opxpzs Opxp,  Opxp2)
%:(OW, 0, Tpy Opp2y Opupr Opipry Oprpy 0pp2)
% = (Opxps Opxp2, Opxps Opyp2, I, 0,52, Opxps Opsy2) (5.8)
%:(OW, 0,02, Opspr Opsrzs Oppy Opes I 0pp2)
g_::;, = (1l Oppe, 1Ip Opxpes 1lp Opupz, 3Ip Opyye)

where p = (py + po + 3 + py) /4.
Ovec(m;ym}y)

Since
(‘9mi1

=1I,®@mj1 +my ®I, and vec(X;) = m;g — vec(m;1m};), it follows that:

Ovec(Xq)
om

Jvec(XEs)

oms, om
om Ovec(X3)

om

Ovec(2y)
om

o o m 5 — m/
the direct sum (block diagonal structure) of the submatrices <8[m12 vec(mamy,)] dlmiz = vee(mim;,) > .

om;; ’ Oomyo

5.3 Two Large Independent Multivariate Normal Samples

Johnson & Wichern (1982) and Nel & Van der Merwe (1986) considered two measurements of
electrical usage during on-peak and off-peak hours, for homeowners with (Population 1) and without
air conditioning (Population 2) respectively. Summary statistics, namely the sample mean vectors g,,
sample covariance matrices A; = ﬁ 7:1(:’41; —¥;)(y;; —Y;)" and sample correlation coefficients

ri, © = 1,2, for samples of size ny = 45 and na = 55 respectively, are given in Table 5.2. (The

off-peak consumption is higher than the on-peak consumption because there are more off-peak hours
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in a month). The SAS procedure MIXED cannot be used in this case, since the raw data are not
available. More importantly, although PROC MIXED provides for a variety of covariance structures, it
does not allow for structural relations between covariance matrices. In Table 5.2 the results for a variety
of hypotheses on the two mean vectors and covariance matrices are also presented. These hypotheses

imply specific constraints but the procedure does not require the maximization of a likelihood function.

5.3.1 H() P = Mo, Ho . 21 = 22

The usual hypothesis of equal mean vectors with homogeneous covariance matrices implies the

constraints:

opy  Opy
g;(m) ny—p om  om
glm) = | 7| = o Wt G = ouec(Sy) _ ovect=s)
vec vec
gs(m) vee(Sh) - vee(5) m T om
(5.10)
where
op
(‘9—77?1, = Iy, Opxp2s Opxps Opxp2)
o (5.11)
(‘9_7”; - (0p><p7 0pxp2,  Ip, OPXP2)
and
dvec(E1) _ Ovec(E1)  Imy
om  Omy *om
= (Ip27 01)2><112) X (71—10 ® mi1 — M1 ®Ip7 Ip27 0112><117 OP2XP2) (512)

dvec(Bp) _ Juec(Bz)  Omy,
am N 8m2 < "om

= (0p2Xp27 Ipz) X (Op2><p, 0,2 5 p2, —I,®mo —ma ®I,, Ip2)

where m’2 = ( vec(B1), vec(Xz) ) From Table 5.2 it follows that this model does not fit well.

5.3.2 H() : 22 = 021

Proportional covariance matrices and proportional mean vectors seem to be a plausible model for
this particular data set. The difficulties and limitations traditionally encountered with MLE in the case of
proportional covariance matrices are discussed by authors such as Flury (1986), Eriksen (1987), Jensen

& Johansen (1987) and Jensen & Madsen (2004). Consider the hypothesis Hy : 3o = ¢X; where, for

2
o ~ . . . . . .
example, ¢ = % and o, denotes the variance of the first measurement in the i-th population. Using

011
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procedure (2.2), only the following slight adjustment is made to the constraint g,(m) in (5.10):

Ovec(Xs) 76(91)60(21) Oc

go(m) = vec(Bq) — cvec(X1) with derivative Ga,,, = B B fvec(El)% (5.13)
and
De _ O IMS here 0 (T g ) (5.14)
om  Omyy, = Om omy,  \(o1)2 7 oI T ) '

: 0 . .
I,2[1,] denotes the first row of I, and T"Z’nfl is obtained from (5.12).
In Table 5.2, the results for the hypothesis of proportional covariance matrices are given, with no

constraints imposed on the mean vectors. This model fits well. Note that the proportional covariances

imply equal correlation coefficients. This correlation coefficient p; is also reported.

5.3.3 Hy:p, =py

The correlation coefficient p; which is obtained as a result of covariance matrices being propor-
tional, differs from the estimated common correlation coefficient (cf. Manly & Rayner (1987)) which
is obtained when the hypothesis of equal correlation coefficients is imposed as a direct constraint. This

constraint, which is less restrictive than proportionality of complete covariance matrices, is given by:

1 2

912 912
g(m) =p; —py = -
Vohol, Vot (5.15)
vec(X1)[2] vec(X2)[2]

B Vvee(E1)[Lvec(E1)[p + 2] - Vvee(Eg)[Nvee(E2)[p + 2]

where p; and o, the correlation and covariance respectively between on-peak and off-peak electrical

usage for population i, and o%;,d%,, ob, the element in row 1, 2, and p + 2 of vec(X;) respectively,

g _99m) omw . 09(m) O —py) _
" Omwn om Omx Omy
( 1,2[2,] - I,2[1,]vec(21)[2] - I,2[p + 2, ]vec(Z1)[2] )
Vvee(Er)[Hvee(Z)[p+ 2] 2¢/{vec(Z1)[1]Pvec(T1)p+2] 2y vec(E1)[1]{vec(E1)[p + 2]}? e
o,... I2[2,] - Iz (1, Jvec(3s)[2] _ Ipp+2,Jvec(3)[2] ) _
P Svee(Z)[Mvee(Za)p + 2] 2v/{vec(Za)[1]Pvec(Za)p + 2] 2y/vec(Z2)[1]{vec(Z2)[p + 2]}°

(5.16)
The results are also given in Table 5.2. Since the hypothesis cannot be formulated in terms of the

parameters of the means or (co)variances, PROC MIXED cannot be used in this case.
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5.3.4 H() Py = \/E[,Ll, H() : 22 = 621

For the hypothesis of proportional mean vectors, Hy : py = v/cpy, the following adjustment to
g,(m) is required:

R ith derivati _Op  pOm 1 () Oc
g,(m) = py — \/cp, with derivative Gy,,, = D \/Eam NG Hig (5.17)

This model seems to be the proper solution to the problem stated by Johnson & Wichern (1982). The

results are given in Table 5.2.

SAS program: LMVNORMAL.SAS

Table 5.2: A Behrens-Fisher problem for large multivariate samples.

_ 204.4 _ 130 13825.3 23823.4 8632.0 19616.7
Y= Yo = A = Ay =
556.6 355 23823.4 73107.4 19616.7 55964.5
r1 = 0.75 ro = 0.89

H():,u,lill,z,H():El:EQ

N 163.48 . 12114.41 24787.58
n= Y=
445.72 24787.58 72447.12
W=27.43, v = 5,p-value<0.0001 p1 = py = 0.8367
H() : 22 = 021
N 204.4 N 130 . 16066.45 33169.95 . 7501.54 15487.27
By = o = 3 = Ty =
556.6 355 33169.95 96892.87 15487.27 45239.94
W=4.01, v = 2,p-value=0.1347 p1 = py = 0.8407
Ho:py = py
N 204.4 N 130 . 17118.26 33130.55 . 7230.82  15495.79
By = o = 3 = Ty =
556.6 355 33130.55 90520.39 15495.79 46880.11
W=4.08, v = 1,p-value=0.0434 p1 = po = 0.8416

H():,u,2 :\/Ep,l, H() : 22 :ch

R 199.9 R 132.44 16718.95  34657.21 ~ 7338.72  15212.65
My = Ko = 2=

545.174 361.194 34657.21 101122.67 15212.65 44387.42

M
I

W=4.19, v = 4,p-value=0.3811 ¢ =0.4389, p; = p, = 0.8429
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5.4 More Than Two Relatively Small Multivariate Normal Sam-

ples

To further illustrate the flexibility of the procedure, we consider the real data example discussed
by Grizzle & Allen (1969), Wang (1998), Zhang & Xu (2009). This longitudinal data set consists of
coronary sinus potassium concentrations measured on each of 36 dogs. The seven measurements on
each dog were taken every 2 minutes from 1 to 13 minutes after occlusion. These 36 dogs were divided
into four treatment groups with n; = 9, no = 10, ng = 8 and ny = 9 dogs respectively. The sample
mean vectors Y,;, sample covariance matrices A;, and sample correlation matrices R;, i = 1,2, 3,4 are

given in Table 5.3. Sample mean vectors are represented graphically in Figure 5.1.

Figure 5.1: Sample means.

A
v
e w=f= Group 1
r == Group 2
a Group 3
8
e === Group 4

Time - minutes after occlusion

To make provision for the dependence of observations on the same individual, Grizzle & Allen
(1969) analyzed this data set by incorporating into the linear model a set of covariates which are a
basis of the set of linear functions of the vectors which span the within individual error space. They as-
sumed a common covariance matrix across individuals. Wang (1998) presented a nested nonparametric
mixed effects smoothing spline analysis of variance of the data. Zhang & Xu (2009) transformed this

four-sample Behrens-Fisher problem into a one-sample problem by extending Scheffe's transformation
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method. The resulting sample consisted of eight observations with dimension 21, to which they then
applied an L? norm based test.

In Sections 5.4.1, 5.4.2, 5.4.3 and 5.4.4 the method of maximum likelihood under constraints
is used to estimate different parameter structures directly. For the sake of illustration only a few of

several models considered, are presented in the following sections.

Table 5.3: Sample mean vectors, covariance and correlation matrices.

7 A, R, |
4111 0.20 0.12 0.01 -0.01 0.05 0.22 0.21 1 094 006 -0.03 0.17 0.68 0.64
4.178 0.08 0.01 -0.00 0.05 0.14 0.16 1 005 -0.02 0.26 071 0.72
4.400 022 024 0.17 0.07 0.07 1 0.79 057 0.20 0.19
4.656 041 036 0.20 0.13 1 0.87 0.43 0.26
5.067 042 0.29 0.27 1 0.62 0.56
5.222 0.51 0.47 1 0.87
4.722 0.57 1
3.540 029 0.22 026 0.26 033 0.24 0.26 1 093 097 0.85 090 0.95 0.96
3.630 0.19 0.20 0.20 0.25 0.18 0.21 1 094 081 0.83 0.87 0.92
3.620 0.24 0.22 0.27 021 0.23 1 079 082 0.90 0.93
3.460 0.33 036 0.23 0.27 1 091 084 0.93
3.660 0.46 0.27 0.32 1 085 092
3.500 0.23 0.23 1 0.96
3.460 0.26 1
3.600 0.18 0.16 0.23 0.29 0.19 0.07 0.08 1 092 060 0.82 0.67 0.23 0.22
3.725 0.17 0.29 0.28 0.17 0.07 0.14 1 079 082 0.62 0.25 0.42
4.200 0.79 0.63 0.34 031 048 1 084 0.57 049 0.66
4.438 0.71 048 0.36 0.35 1 084 0.59 0.52
4.500 0.46 0.36 0.29 1 0.75 0.52
4.325 0.51 0.49 1 0.84
4.225 0.66 1
3.645 0.13 0.11 0.10 0.15 0.13 0.15 0.09 1 075 056 0.77 052 0.52 0.38
3.778 0.16 0.15 0.17 0.19 0.19 0.09 1 074 077 069 0.60 0.36
4.011 0.26 0.24 0.17 0.11 0.00 1 0.8 048 0.27 0.00
4.067 0.30 0.28 0.28 0.15 1 075 0.63 0.44
3.978 047 0.51 0.36 1093 0.82
4.056 0.65 0.48 1 094
4.044 0.41 1
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5.4.1 Proportional covariance matrices

Proportional covariance matrices, i.e. X; = ¢; X1, i = 2,3,4 where X; = m;s — p,p}, i =

1,2, 3,4 require the constraints:

U@C(Eg — 0221)

q .

g1(m) = | wpec(Bg — 33) | where ¢; = a? (5.18)

—

vec(By — cqXq)

and 0%, the variance of the first measurement in the i-th sample. Then

Ovec(Xs) Ovec(Xq) Ocy
om Y om P
_ | Ovec(Xs) Ovec(Xq) Ocs
G m - - - 5'19
1 B - vec(El)am (5.19)
Ovec(Xy) Ovec(Xq) Ocy
om T om " «(31) om
de;  O¢; _ Omy Omw dvec(E;) o
where I = ms; X T O and Oy are given in (5.9),
(902 0’2 1
8m2 ﬁ[zﬂ [1,] Cf_hIpz [1,] O1xp2 01xp2
(903 o 0’?1 1
s, = WIpz [1,] 01 p2 U_hIpz [1,] 01 p2 (5.20)
Ocy ot 1
3m2 WI;ﬂ [1,] lep2 01><p2 G—h1p2 [1,]

and I,2(1,] denotes the first row of I 2.
In Table 5.4, the results for the hypothesis of proportional covariance matrices are given, with no
constraints imposed on the mean vectors. Note that proportionality of covariance matrices implies

equal correlation matrices. One concludes that the proportional model holds for these data.

SAS program: SMVYNORMAL1.SAS

Table 5.4: Proportional covariance matrices.

0.60
0.61
0.48
0.54
0.72
0.89

p; unrestricted
H() . 22 = 0221, 23 = 6321, 24 = 0421
0.25 0.19 0.19 0.21 0.23 0.22 0.21 1 088 0.62 0.62 0.64 0.62
0.18 0.19 0.19 021 0.19 0.18 1 072 065 067 0.62
R 037 0.34 0.27 0.20 0.20 R 1 081 062 0.46
3, = 0.46 041 0.29 0.26 P;,= 1 084 0.61
0.53 041 0.36 1 079
0.50 0.44 1
0.49
G = 0.61,65 = 1.29,6, = 0.87 i=1,23,4
W=49.965, v = 91,p-value= 0.9999
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5.4.2 Behrens-Fisher with proportional covariance matrices

To simultaneously estimate the common mean vector and test Hy : ) = g = 3 = by = U,

the constraints implied and matrix of derivatives are:

Omy on
Ko — 1 am(m gm %m
g2(m) = H3 — p Gop, = Goy = g;( ) = ﬂ - _,U, (521)
_ m 3m am
Ha /i o
om om
ou; ou . :
where D and 5y, 2T given in (5.8).
The constraints g;(m) and g,(m) can be imposed simultaneously:
gl(m) Glm
_ d Gp = . 5.22
g(m) <g2(m)) an <G2m) ( )

In Table 5.5 Behrens-Fisher is illustrated under the assumption of proportional covariance matrices. The
model does not fit well. For this example, for the sake of interest, the standard errors of the estimates,

o(f(m)) are given in Table 5.6.

| SAS program: SMVNORMALL.SAS

Table 5.5: Behrens-Fisher and proportional covariance matrices.

0.64
0.67
0.60
0.70
0.80
0.92

Ho:py=py=p3=p,=p
Hy: X9 =X, Xz =32, Xy = 420
i’ = (3.691, 3.794, 3.975, 4.02, 4.16, 4.125, 3.993)
0.32 0.26 0.27 0.33 0.38 0.40 0.33 1 090 0.65 0.65 0.69 0.67
0.25 0.27 0.31 0.35 0.35 0.30 1 0.75 0.69 0.72 0.69
0.53 0.55 049 0.45 0.40 1 0.85 0.69 0.59
fh = 0.79 0.75 0.68 0.57 13L = 1 088 0.74
0.93 0.86 0.70 1 0.87
1.05 0.86 1
0.82
¢y = 0.60,c3 = 1.10,c4 = 0.71 1=1,2,3,4
W=274.178, v = 108,p-value= 0
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Table 5.6: Asymptotic standard errors of the estimated parameters.

| a@) | 5()) |
0.084 0.626 0.581 0.672 0.758 0.818 0.844 0.763
0.074 0.566 0.665 0.743 0.802 0.826 0.745
0.108 0.872 0.935 0.952 0.954 0.875
0.131 1.078 1.108 1.098 0.995
0.143 1.218 1.21 1.092
0.152 1.289 1.163
0.134 1.092
0.084 0.622 0.578 0.668 0.753 0.812 0.837 0.757
0.074 0.563 0.661 0.738 0.797 0.82 0.74
0.108 0.863 0.926 0.943 0.945 0.868
0.131 1.063 1.094 1.084 0.983
0.143 1.2 1.192 1.078
0.152 1.267 1.145
0.134 1.076
0.084 0.628 0.583 0.674 0.76 0.82 0.846 0.765
0.074 0.567 0.666 0.744 0.804 0.828 0.747
0.108 0.875 0.939 0.955 0.957 0.878
0.131 1.084 1.114 1.103 0.999
0.143 1.226 1.217 1.097
0.152 1.298 1.17
0.134 1.099
0.084 0.623 0.579 0.669 0.754 0.813 0.839 0.759
0.074 0.563 0.662 0.739 0.798 0.822 0.742
0.108 0.866 0.928 0.945 0.947 0.869
0.131 1.067 1.097 1.088 0.986
0.143 1.204 1.197 1.081
0.152 1.272 1.15
0.134 1.08

5.4.3 Proportional mean vectors and proportional covariance matrices

In Figure 5.1, the group means are given. No general trend is observed but the mean vectors
may also be modelled as being proportional to an average mean vector, p, but differing with a constant
value, i.e. p; =dip+a;1, 71 =1,2,3,4 where a; = p;; —dipy, di = M p;; the j-th element

oy — po
of the i-th mean vector p; and p; the j-th element of p.
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— dzﬂ — a21
This is formulated as g,(m) = | p; —dsp — a3l | with matrix of derivatives
—dyp —aygl

8u2 d (‘9u (‘9d2 8&2

__2__ — _1—=

Loh O

Glm = - — 3— — (523)
o "o o
48m N@m (‘9m
where ) 5 ( ) o
dd P g1 = Haz)
g—gi (t —py) Om (H21 — Haz) — (( M)Q) 8m( t2)
1 0 1 1 0
g—g?; | o om (H31 — H32) — ﬁa—m(m — Hg) (5.24)
— —i( - M_( — 1)
om (11 = pp) OM far = e (g — p1p)* Om i
and
day 8/121 ds Oy " Ody
- —
m
gag gﬂgl g,ul gg; 5 25
am - M1 (5.25)
oay gﬂle _ 3#1 _ ggl
om U om " om
o, - ou.
with 215 — Qi1 the joth row of 2P (cf. (5.8)), 24 = I | the j-th row of a_ (cf. (5.8)).

om om om om ~ Om

Results for the hypotheses of proportional mean vectors and proportional covariance matrices (cf.
(5.18)) are given in Table 5.7. The smoothing effect of this model, which fits quite well, is illustrated
in Figure 5.2. This solution seems to provide the best analysis of the data in the sense that it follows
the trends observed in the data very well and provides the mle's which are obtained by direct modelling

of the mean vectors and covariance matrices.

SAS program: SMVYNORMAL1.SAS
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Table 5.7: Proportional mean vectors and proportional covariance matrices.

Hoy: pg = dopp + a2, pg = dapp + azl, py = dapp + agl
H() . 22 = 0221, 23 = 6321, 24 = 0421

i = (3.765, 3.829, 4.012, 4.142, 4.304, 4.333, 4.13)

dy = 0.186,d3 = 1.294,d, = 0.562,Gy = 2.875, 43 = —1.218, G4 = 1.673

0.24 0.17 0.16 0.19
0.17 0.17 0.17

0.36 0.33

3 = 0.46

¢y =0.70,¢5 = 1.35,c4 = 0.94, ¢; = 0.71

0.21
0.19
0.26
0.39
0.50

0.21
0.17
0.18
0.28
0.38
0.49

0.19
0.16
0.19
0.26
0.34
0.43
0.48

"Q)

1.00 0.87
1.00

0.56 0.56 0.62
0.68 0.59 0.66
1.00 0.80 0.60
1.00 0.82

1.00

i=1,2,3,4

0.61
0.59
0.42
0.59
0.77
1.00

0.57
0.58
0.47
0.55
0.70
0.89
1.00

W=95.961, v = 105,p-value= 0.7245

Figure 5.2: Proportional means assuming proportional covariance matrices.
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5.4.4 Proportional mean vectors and proportional covariance matrices with

Toeplitz correlation structure

As a further illustration of the flexibility of the procedure, proportionality of elements along the

diagonals of the covariance matrix within each population is imposed additionally. Let the matrices C1

and Cj select from vec(X;) the elements of X; as indicated by the upper and lower triangles (C7 and

Cj respectively) in Figure 5.3 and impose the additional constraints:

gs(m)

Csvec(X1) — e1 Crvec(Xy
Csvec
Csvec
Csvec(Xy) — eg Crvec(Xy

(%1)
(22)
(23)
(24)

— ey Crvec
— ez Crvec

)
)
)
)

11

Figure 5.3: Proportional submatrices.

S

011 T12 13 T14 T15 Fig 'Tl‘f\

T2 033 024 025

oy
aa7
a47 f';
a7
067

q,‘

The required matrix of derivatives is

Cg — €1 Cl — Clvec(El) 661
amz

Cg — €2 C1 — Clvec(Eg) 862
8m2

663

Cg — €3 Cl — Clvec(Eg)am

Cg — €4 C1 — C1U€C(E4) ?I’el

. 0'32 .
with e; = —=,i=1,2,3,4.
o

(5.26)

(5.27)



with oms, given in (5.9) and

om

Oey 1 ol

8m2 0—h1p2[p+2,]—(0_1—22)21p2[1,]

Oes 1 I [p+2] 01%12 I [1]
- 1,2 B — =5 4,2 B

oms, | _| a7 )2

Oes L 2] - 22 1.0

om 3 T 32 et

8642 0111 (001%12)
—I:p+2] - —F2=1,:]1,

omy )\ ST Gyt
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(5.28)

Note that o}, is the element in row p + 2 of vec(X;). This yields a Toeplitz correlation structure

common to all four populations, i.e.

L pt P2 p3s Ps Ps s
L pr pa p3 Py Ps
L opr p2 p3 pa

P;= L pr p2 ps
L p1 po

L m

1

(5.29)

Proportionality of these submatrices has the implication that proportionality of the elements on

the main diagonal and the first row of each population covariance matrix is now sufficient to specify

the full set of required constraints. The constraint g,(m) is adjusted by pre-multiplying each vec(X%;)

with a matrix B which selects only the main diagonal elements o;; and elements in the first row o5,

4 =1,2,...p from the respective covariance matrices.

Then
Buec(33) — caBuec(Xq)

g1(m) = | Buec(Z3) — csBuec($1) | >

Buoec(X4) — caBuvec(21)

B dvec(Ba) 2B Ovec(Xq)
om om

Gn=| B dvec(E3) 3B Ovec(Xq)
om om

B dvec(By) B Ovec(Xq)
om om

- BU@C(EQ%

- Bvec(El)%

- BU@C(EQ%

Quec(%;) Jci e y

omy,

where are given in (5.9) and (5.20) respectively.

g:(m) Gim

The constraints g(m) = go(m) with G, = | Gy, | are imposed simultaneously.

93 (m) G3m

(5.30)
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Table 5.8: Proportional mean vectors & covariance matrices with Toeplitz correlation structure.

Hoy: pg = dopp + a2, pg = dapp + azl, py = dapp + agl
H() . 22 = 0221, 23 = 6321, 24 = 0421
Hy:CY =¢,CY,i=1,2,3,4

I = (3.744, 3.813, 4.0168, 4.155, 4.291, 4.322, 4.134)

dy = 0.0237,d3 = 1.471,dy = 0.709,d5 = 3.473, a3 = —1.828, Gy = 1.039

0.28 0.24 0.20 0.19 0.22 0.25 0.23
0.32 0.27 0.23 0.22 0.25 0.28
036 031 0.26 0.25 0.28
0.41 035 0.29 0.29
0.47 040 0.33
0.53 0.45
0.61
¢y = 0.58,c3 =1.29,c4 = 0.78, ¢; = 1.14

M
I

o

1.00 0.80
1.00

0.63 0.57 0.60
0.80 0.63 0.57
1.00 0.80 0.63
1.00 0.80

1.00

i=1,2,3,4

0.64
0.60
0.57
0.63
0.80
1.00

0.57
0.64
0.60
0.57
0.63
0.80
1.00

W=148.441, v = 119,p-value= 0.0349

SAS program: SMVNORMAL2.SAS |

The model (cf. Table 5.8) does not fit very well as is to be expected on inspection of the sample

correlation matrices (cf. Table 5.3). However, it serves to illustrate how more complicated structures

can be modelled easily.




Chapter 6

MLE for Wishart Matrices

Several methods for MLE of patterned covariance matrices, which are used to model multivariate
normal data, are given in the literature. Explicit forms for mle's exist in some cases. Szatrowski (1980)
gives necessary and sufficient conditions on linear patterns such that there exists explicit solutions which
are obtained in one iteration of the scoring equations from any positive definite starting point. However,
patterns in applications often arise where explicit estimates do not exist and an iterative algorithm is
required. Such algorithms include the well-known Newton-Raphson algorithm and the method of scoring
(Anderson, 1970, 1973) which do not have guaranteed convergence for all patterns. The EM algorithm
(Rubin & Szatrowski, 1982) was proposed as an alternative method of estimation in cases where the
patterned covariance matrices which do not have explicit mle's can be viewed as submatrices of larger
patterned covariance matrices that do have explicit mle's.

To find the mle of a covariance matrix under the constraint that certain covariances are zero,
Chaudhuri, Drton & Richardson (2007) proposed an iterative conditional fitting algorithm (with guar-
anteed convergence properties) under the assumption of multivariate normality. Where the presence of
zero covariances can be formulated as a linear hypotheses on the covariance matrix, e.g. covariance
graph models (Chaudhuri, Drton & Richardson, 2007), procedures such as Newton-Raphson and the
method of scoring (Anderson, 1969,1970,1973) may be used for MLE. However, the algorithm intro-
duced by Chaudhuri, Drton & Richardson (2007) has clearer convergence properties than Anderson's
algorithm.

The problem of testing the homogeneity of the covariance matrices of dependent multivariate

68
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normal populations, is another example where no explicit analytical expression of the mle of the covari-
ance matrix (under the null hypothesis) exist. Jiang, Sarkar & Hsuan (1999) proposed a likelihood ratio
test and modifications thereof, through an iterative scheme using PROC MIXED in SAS for finding the
mle of the covariance matrix - not a straightforward process. An overview of preceding attempts and
approaches to variations of this problem is given in the introduction of the paper by Jiang, Sarkar &
Hsuan (1999).

In this chapter, the maximum likelihood procedure developed by Matthews & Crowther (1995),
is used to estimate the mean vector of the multivariate exponential distribution, subject to constraints
on this mean vector. These constraints are implied by the model under consideration and need not
be specified in terms of parameters. In particular, the expected value of a Wishart matrix can be
estimated enabling applications to patterned covariance matrices where the pattern is not necessarily
linear. This procedure lends itself naturally to imposing the constraint that certain covariances are
zero. The extension of the procedure for maximum likelihood under constraints to several populations
is straightforward. This enables inference regarding covariance matrices of dependent or independent
multivariate normals to be accomplished in a straightforward manner. The approach considered in this
thesis largely simplifies the philosophy, the modelling and computational aspects involved in the case of
MLE of covariance matrices since no derivation of likelihood equations is required. Covariance matrices

can be modelled by direct imposition of constraints on specific elements of the covariance matrix.

6.1 Estimation for Wishart Matrices under Constraints

Suppose i, -, Yy is a random sample from a multivariate normal distribution, N,(p,3).
— 1 N 1~ _ —
Let y = N > ;-1 y; denote the sample mean vector and A = —>"." (y, —Y)(y, —y) . n=N —1,
n

the sample covariance matrix. The sample covariance matrix A, which is an unbiased estimate of 3 is

Wy(n,%/n). The probability density function of A is

fA) = det(A)Fp(?%n)(§>M exp {—gtrE_lA — gfn[det(E)]]} o
. nop=1 (M) 72 6.1
_d t(A)rp(gn)(Q) exp{ g <%) vec(g—l)/vec(%A) - gén[det(z)]}
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where vec(A) denotes the stacked columns of the p x p matrix A and the canonical statistic, corre-

sponding canonical parameter and expected value are respectively given by:

t=(vecxA) ), 0= < -(3) <%> vee(= ) ),E(t) —m=(vee(®) ). (62)

The latter is chosen as the canonical statistic since the mle of m without any constraints is m = t.

The covariance matrix of the canonical statistic is given by
V = Cou(t) = Cov(vec(A)) = (I, + K) (E® %) /N (Muirhead, 1982, page 90). (6.3)

A patterned covariance matrix or a covariance matrix with zeros implies specific constraints

on the elements of 3. Consider the general constraint g(m) = glvec(X)] with G,,, = %C((EE))]
G, = %C(S;ME_A. The mle of ¥ under the constraint g(vec(X)) is obtained iteratively from

(2):

m = vec(A) — (G, V) (G VG,,)" glvec(A)]

Constraints are imposed only on elements in the upper half or the lower half of the covariance matrix.
Symmetry of the covariance matrix is preserved automatically.

Using the procedure (2.2) for estimating X under restrictions, the vector ¢ of canonical statistics
with corresponding covariance matrix V is used as point of departure for any model considered within
this framework. The algorithm given in Chapter 2 is then used to obtain the mle’s. In each section the

model specific expressions for g(m) and G, are given.

6.2 Covariance Matrices with Given Structure

6.2.1 Linearly patterned covariance matrices

Firstly, consider linearly patterned covariance matrices of the general form 3 (o) = Z;n:o 04Cy

(Szatrowski, 1980, Anderson, 1969,1970,1973) where o’ = (0¢,01, -+ ,0m) are unknown coefficients
and Cy, Cy,---, C,, are known symmetric linearly independent matrices. The linear structure of the

covariance matrix implies that

m = vec(X) = Zagvec(Cg) = (vecCy,vecChy,- - ,vecC,,)o = Co. (6.4)
g=0
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Consequently,

g(m) = Q,Co =0 where Q. =1 - C(C'C)*C’ (6.5)

projects orthogonal to the columns of C. The matrix of derivatives G,,, = % = Qc = Gt.
Structures such as the complete symmetry pattern (with special cases the intraclass correlation pattern
and sphericity test), block complete symmetry pattern, compound-, circular- and stationary symmetry

pattern can be modelled within this framework.

Consider the 3 x 3 stationary covariance pattern (Rubin & Szatrowski, 1982):

> =

o o Q2

b
a
b

2 o O

This may be expressed in linear form (6.4) with corresponding implied constraint (6.5) and matrix of

derivatives G,,, = C = G;. Alternatively, the following three simple constraints can be used to obtain

the mle's:
011 — 022 vec(X)[1] — vee(X)[5)
gm)=| o1 —033 | =| vec(T)[1] — vec(X)[9]
012 — Oa3 vec(X)[2] — vee(X)[6]
where vec(X)[i] denotes the i-th element of vec(X). The corresponding matrix of derivatives are given
by:
I:01,]-1,[5,]
Gn =G = Ipz[lv] Ipz[gv]
I,2(2,] = 1,2[6,]

Using the procedure (2.2) for MLE under constraints, it is irrelevant whether an explicit mle
exist for a specific symmetry structure. The process of estimation follows the same straightforward

method for any one of the patterns mentioned.

6.2.2 Covariance matrices with zeros

Estimation of the covariance matrix under the constraint that certain covariances are zero,
represents another direct application of the procedure (2.2). Consider a covariance matrix which exhibits

the following zero pattern:

oin1 0 o013 O
0 092 0 024

oz31 0 o033 o3

0 o042 043 oOu
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It is estimated by simply specifying the following vector of constraints with corresponding matrix of

derivatives:
012 vece(X)[2] I,:02,]
gm)=1 ou = | vec(X)4] |,Gn=Gr=| I,[4,]
023 vec(X)[7] I,:(7,]

SAS program: ZEROCOV.SAS‘

Chaudhuri, Drton & Richardson (2007) consider a data example where they focus on n = 134
measurements of p = 8 genes related to galactose used in gene expression data from microarray
experiments with yeast strands. They give the marginal correlations and standard deviations of these

variables to two decimal places. The sample covariance matrix calculated from this is given below:

0.1521 0.033696 0.014664 —0.11934 —0.0663 —0.054756 —0.050505 —0.048048
0.1296  0.038916 —0.01836 —0.0612 0.033696  —0.05328 —0.038808
0.2209 0.20774  0.22372  0.07332 0.182595  0.188188

2.89 2.5143 0.58344 2.54745 2.27766

A= 2.89 0.51714 2.7676 2.40856
0.6084 0.7215 0.552552

3.4225 2.59259

2.3716

Chaudhuri, Drton & Richardson (2007) give mle's of covariances for two different structures, here
indicated by X, and X;. The variables are presented in the same order used by Chaudhuri, Drton &

Richardson (2007). However, the original variable names/numbers have been dropped:

011 012 0 014 0 J16 0 0 011 012 0 0 0 0 0 0
0922 023 0 0 0 0 0 0922 023 0 0 0 0 0
033 034 O35 036 037 038 o33 034 035 0 0 o33
Es _ 044 045 046 047 048 Ed _ 044 045 046 047 048
055 056 057 058 055 056 057 058
066 067 068 066 067 068
077 078 077 078
088 088

Using MLE under constraints, covariances can be estimated by simply specifying

g(m) for the required elements of X, where
> has typical element 0;; = vec(E)[(i —1)p+j], t,j=1,---,p (6.6)
and derivative G;,, = Gy with typical elementI 2[(i — 1)p + 7,].
The estimated covariances, which agree with those given by Chaudhuri, Drton & Richardson

(2007), are given below:




0.155 0.038 0 —0.075 0 —0.063 0 0
0.126  0.034 0 0 0 0 0
0.218  0.214  0.233 0.070 0.192  0.193
S - 2.808 2.452 0.558 2492 2.225
2.847  0.489 2,726  2.373
0.598 0.696  0.528
3.371  2.554
2.336
0.150  0.030 0 0 0 0 0 0
0.126  0.036 0 0 0 0 0
0.218 0.061 0.086 0 0 0.051
S, - 2,763 2374 0.557 2453 2.167
2.723 0.485 2.646 2.277
0.599 0.711  0.530
3.371  2.507
2.266

The corresponding standard error of the estimates, E(Tn\) obtained using (2.3), are given below:

0.0178 0.0114 0 0.0259 0 0.0218 0 0

0.0148  0.0135 0 0 0 0 0

0.0263 0.0677 0.0690 0.0304 0.0738 0.0621

6’(23): 0.3388  0.3189 0.1187 0.3382  0.2899
0.3422 0.1171  0.3519  0.2989

0.0712  0.1335 0.1092

0.4081  0.3247

0.2828

0.0165 0.0112 0 0 0 0 0 0

0.0148  0.0132 0 0 0 0 0

0.0247  0.0383  0.0318 0 0 0.0252

E(Ed): 0.3192  0.2961 0.1098 0.3156  0.2705
0.3162  0.1083 0.3251  0.2757

0.0665 0.1264 0.1020

0.3859  0.3028

0.2641

The Wald statistic (2.5) for i]s, W, is equal to 9.2767 (p = 0.4121) with v = 9 and for f]d is given

by W, = 29.96, (p = 0.00477) with v = 13.
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6.3 Dependent Multivariate Normal Samples

Let Y : pk x 1 denote a random vector composed of k groups of p variables each and

Y ~ Npi(p, X) with unknown mean vector p and covariance matrix 3 respectively given by:

,u,1:p><1 31 Yk
m= : , X = : : : where 3;; :pxpfori,j=1,---k.
B ip X1 Yp1o o gk
The hypothesis of interest is Hy : 311 = -+ = X, against the alternative hypothesis that at

least one of the equalities does not hold. No assumptions are made regarding the off-diagonal covariance
matrices. Let y;;, 1 =1,---,¢,j =1,---, N; denote N; observations of the pk-variate random vector

Y observed for population 7. The sample covariance matrix is given by
1L & 1 ‘
A= " ZZ(%J Y)Y — %) Y= N, Zym n=N-gq N= ZNi-
i=1 j=1 j=1 i=1
The density function of A is given by (6.1) and expressed in terms of its canonical statistic and
corresponding canonical parameter (6.2).

The example considered by Jiang & Sarkar (1998) and Jiang, Sarkar & Hsuan (1999) on the bio-
equivalence of two formulations of a drug product is used in the next two subsections to illustrate how a
test for independence of groups of variables and a test for the homogeneity of covariance matrices (with
or without given structure) can be performed. A standard 2 x 2 crossover experiment was conducted
with 25 subjects to compare a new test formulation with a reference formulation. The two treatment
periods were separated by a 7-day washout period. Two variables, namely the area under the plasma
concentration-time curve (AUC) and the maximum plasma concentration (Cmax), were considered.

The natural logarithm of AUC and Cmax are believed to be marginally normally distributed, i.e. the

2 x 2 variate random vector

Y, ny Y1 Y
Y= ~ N, , . (6.7)
Y, o o1 X
The two components of y, given by Yijio 1= 1,2, 7=1,--- Ny, k= 1(test), 2(reference), represent

the log(AUC) and log(Cmax) of the k-th formulation of the j-th subject in the i-th sequence. Assuming

different effects of the period administering formulation k in sequence ¢, the sample covariance matrix
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with N7 =12, N, = 13 is given by (Jiang & Sarkar (1998)):

0.0657739 0.01602 0.0600567  —0.002653,
0.01602 0.0534908  0.0084126 0.0125034

0.0600567  0.0084126  0.0729088  —0.000625

—0.002653  0.0125034 —0.000625 0.0459961
Three structures for 3, denoted by X;, ¥5 and X3 respectively, are considered in the next two

subsections.

6.3.1 Test for independence

To test for independence of k sets of variates the off-diagonal covariance matrices are all set

equal to zero:

81)60(212)
vec(312) dvec(D)

g(m) = g(vec(E)) = with Gm =

Ovec(Bp_1%)

vec(Bp—1,1) OJvec(X)

For the example by Jiang, Sarkar & Hsuan (1999), consider Hy : 319 = 0 where X : 4 x 4,

given by (6.7). The constraints implied by the test for independence of the two sets of variates are:

013 vee(X)[3]
g(m) = M vee(B)4] = 0 with

0923 vec(X)[7]

094 vec(X)[8]
00100000OO0CO0O0OOO0OOCO
G, — 0001000000OO0OO0OO0OO0O0CO
0000001O0OO0O0OO0OO0OOO0O0CO
00000O0O0O1000OO0OOO0O0CO

SAS program: WISHART.SAS

b))
The mleof X =%, = 1 5 with corresponding standard errors under these constraints are:
0 22
0.060512 0.014738 0 0
$ 0.014738 0.049212 0 0
1 =
0 0 0.067076  —0.000575

0 0 —0.000575 0.042316
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0.0063 0.0056 0 0

$ 0.0056 0.0128 0 0
0 0 0.0069 0.0052
0 0 0.0052 0.0111

The Wald statistic, W7, is equal to 12.523 (p = 0.0139) with v = 4.

6.3.2 Homogeneity of covariance matrices

In order to test for the homogeneity of covariance matrices, the (k — 1)4p(p + 1) constraints

implied by the model are simply:

Avec(X11) — vec(Baz)

vee(Znn — 3z2) dvec(X)
g(m) = g(vec(X)) = with Gy, = . (6.9)
vec(B11 — Zir) dvec(X11) — vec(Zkk)
Ovec(X)

To fit the model of homogeneity of covariance matrices of dependent multivariate normals to the data
provided in the example by Jiang, Sarkar & Hsuan (1999), the null hypothesis, Hy : 311 = Xgg, X190 #

0, is considered. The appropriate constraints in terms of the typical elements o;; of 3 (cf. (6.7)) are

given by:
011 — 033 vec(3)[1] — vee(X)[11]
gm)=| oip—03 |=| vec(E)2] —vec(X)[12] with
022 — 044 vec(X)[6] — vee(X)[16]

b)) b))
These constraints yield the mle's of ¥ = X5 = 1 2 below. These values correspond
3o Yo

with the results of Jiang, Sarkar & Hsuan (1999) to five decimal places.

0.064155 0.007345 0.055672 0.003795 0.0159 0.0082 0.0159 0.0086
S _ 0.007345 0.045719 0.002148 0.011277 &(22): 0.0082 0.0092 0.0099 0.0094
0.0556724 0.002148 0.064155 0.007345 0.0159 0.0099 0.0159 0.0082
0.003800 0.011277 0.007345 0.045719 0.0086 0.0094 0.0082 0.0092

This model provides improved fit: Wy = 1.915, (p = 0.5901) with v = 3.
Patterns can be imposed additionally on submatrices ¥;; : p x p for i < j = 1,---k by

specifying the corresponding constraints. To illustrate, consider the sample covariance matrix in (6.8).
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It suggests that the dependence relation between the two sets of variates is contained within the
sequence. Thus the relation between the two formulations are independent of the sequence in which they
were administered. Consequently, a model for homogeneity of covariance matrices of such structurally
o . ) . a 0 )
dependent multivariate normals was fitted, i.e. Hpy : X113 = o9, X7y = where a is the
covariance between the test and reference formulations for AUC and b is the covariance between the

test and reference formulations for Cmax. The constraints required are:

vec(X)[1] — vee(X)[11]
vec(X)[2] — vee(X)[12]
g(m) = | vec(X)[6] — vec(X)[16]

vec(X)[4]
vee(X)[7]
with matrix of derivatives
1000000000 -1 O0O0O0OO0O O
0100000000 O-1000 0
G,=]10000010000 0 0000O0 -1
00010000DO0ODO0O O 000 O
000O0OO0OO0O1O0O0O0O O 000 O
SAS program: WISHART.SAS
i X
The mle of X = X5 = il 2 s
12 222
0.0634099 0.0046713 0.0548077 0 0.0156 0.0033 0.0156 0.0000
$ 0.0046713 0.0456856 0 0.0111829 A(i) 0.0033 0.0092 0.0000 0.0091
= o 3 =
0.0548077 0 0.0634099 0.0046713 0.0156 0.0000 0.0156 0.0033
0 0.0111829 0.0046713 0.0456856 0.0000 0.0091 0.0033 0.0092

The Wald statistic, W, is equal to 2.045 (p = 0.843) with v = 5. Of the three models considered,

this one fits best.

6.3.3 An equivalent approach

The likelihood function of independent multivariate normal populations can of course also be
used in a straightforward way as point of departure for this problem of testing for homogeneity of
covariance matrices of groups of dependent multivariate normal variables.

Theory is given and illustrated for two independent populations - again using the example by Jiang,
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Sarkar & Hsuan (1999). Exactly the same results as those given in the previous subsection (cf. %),
are obtained. Generalization of the process to ¢ populations follows directly.

Suppose that ¥;1,¥;2," ", Y;p,, represent n; independent observations of two independent random
samples from N, (p;, X;) distributions (¢ = 1,2). Let g, represent the sample mean vector and S; the

matrix of mean sums of squares and products of the i-th sample:
1 n; 1 g
Ti=oo > Vi Si= o> Vil
i it

The likelihood function for the two multivariate samples can be expressed in its canonical exponential

form as follows:

L(,u'h“% 21722)

ng

s 1 _
=TI, det(27%;) ™" Peap *5"21‘ ! Z(yzj = ) (Ys; — 1)

j=1
1 & n; 1 & n; n;
—1 —1 —1
=TI jeap § nipiE; (71_1 ; Yij) — jtrzi (n_l ; YijYij) — jy’(izi Hi = jﬁn[det(Qﬂ'Ei)]
= cxp [0t — 1(0)] where
1
n ; Y1,
-1
1 ni ?1 ’I’LlEl e
vee(— Y y1.Y1:) ny _
ny j; 15915 'l)eC(Sl) _7,066(21 1)
t= 1 no = _ ) 6= 1 (610)
il Z A Yo N335 o
n y2] g 1
23 vec(Sa) —7vec(22 )
1 no )
vec(n—2 Z y2jykj)
j=1
Ky mi
vee(Xq + ’ m
and E(f) = m = (FEtppy) || maz | (6.11)
Ko m21
vee(Za + o)) M2
The covariance matrix of ¢ (cf.(2.6)) is given by
Vii 0 Vi, Vi
V= CO’U(t) = 1 with V;; = }1 A12
0V Vo Vi
where for i = 1, 2:
1= %EZ
Vo :n%(Ei@)HH‘Ni@Ei)
Vig=Vy

Viy = (e + K) [ @ 5 + 3 ® pype] + ppa; @ ).
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To fit the model of homogeneity of two covariance matrices of four multivariate normal variables (cf.

(6.7)), in terms of the canonical statistics (6.10), the appropriate constraints are now given by:

g, (m) vee(3;)[1] — vec(3;)[11]
g(m) =1 gy(m) |,9:(m)=| vec(%;)[2] —vec(E)[12] |,i=1,2,
gs(m) vec(X;)[6] — vee(X;)[16]
gs(m) = vec(X1) — vec(Xs2)

The corresponding derivatives are given by

8’060(21-)[1 - 5066(21)[11 ]
5 8m2 ’ 5 8m2 ’ dvec(B1)  Ovec(X»)
G, = | QveclZi)y  dvectBa) o 0 | i1 Gy(m) = ) 2
8 ) 8 ’ (‘9m 8m
Avec Ei)[G - Ovec Ei)[16 ]
om ’ om ’
where

Ovec(Xy)  O[mig — vec(myimi,)]
om om == (—Ip @ma —my @Ip, e, Opyy, 0p25p2)

Ovec(Xy)  O[mag — vec(maoymb)]

= :(0p2Xp7 Opzxpz, 7Ip®m217m21 ®Ip, Ipz).

om om

These constraints yield the same results as those in Section 6.3.2 where 3 = 35.

SAS program: NORMAL.SAS




Chapter 7

Concluding remarks

MLE under constraints provides an alternative approach to numerical maximization routines
which are traditionally used for linear models with heterogenous variances. Although the characteristics
of the procedure have not yet been investigated per se, experience has shown that it meets the three
basic characteristics that a good iterative method should have according to Searle, Casella & McCulloch
(1992). The procedure converges to a global maximum from a wide range of starting values, compu-
tation at each iteration is relatively quick, and it converges in relatively few iterations. The biggest
advantage of the procedure lies in the fact that it does not require derivation of the likelihood equations
for each formulation of the underlying model. Problem specific parameterizations can be dealt with
directly. Generally, the procedure is very flexible without getting too complicated. It is thus evident that
this approach opens up possibilities in a very wide field of applications - especially where the traditional
maximum likelihood approach is problematic.

MLE under constraints provides a relatively simple methodology for maximum likelihood estima-
tion, without the usual intricacies associated with heteroskedastic disturbances. Furthermore, the mle's
obtained are the result of an exact expression for mle's and not the result of a numerical maximization
routine. This methodology for MLE in the case of seemingly unrelated regressions may be pursued as
a topic for further research.

The proposed methodology for MLE in the case of multivariate normal samples has the potential
to provide mle's in cases where the traditional approach through likelihood equations and maximiza-

tion thereof are intractable and complicated. The potential for extension of this procedure to other

80
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multivariate structures, e.g. MANOVA, multivariate longitudinal data, dependent multivariate normal
populations and other distributions in the exponential class is obvious.

MLE under constraints is a very flexible procedure for the analysis of covariance matrices. In
addition to its flexibility for modelling a single patterned covariance matrix, it is appropriate for modelling
in the case of independent as well as dependent multivariate distributions.

The procedure for MLE under constraints provides a unified approach to solving estimation
problems in a wide variety of applications where generally, estimation and hypothesis testing can be
problematic. The potential of this methodology for maximum likelihood estimation in the presence of
missing observations represents a new field of research. A thorough investigation into the computational

properties of this estimation procedure may be worthwhile to pursue.
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Appendix A

Appendix

A.1 SAS Programs for Chapter 3

A.1.1 UNIV.SAS

*Introductory example;

proc iml worksize=50;
reset nolog;

y={2, 3, 5, 6, 9};
n=nrow(y) ;

ymean=y [+] /n;

ss=y ‘*y/n-ymean##2;
s0=(y-4) ‘*(y-4) /n;
s=y ‘*y/n;

print ymean ss sO s;

t=ymean//s;

v=J(2,2,0);

verskill=1;

i=0;

t0=t;

do while (verskil1>0.00000001);
i=i+1;

m=t;

t=t0;

VI1,11=(m[2] -m[1]##2) /n;
VI2,2]=2#V[1, 1] ##2#n+4#V 1,11 #m[1] ##2;
V[1,2]=2#V[1,1]#m([1];

Vv[2,11=V[1,2];

*Gm={1 0};
Gm1=1/(2#sqrt (m[1]));
Gm2=0;

Gm=Gm1| |Gm2;

86



A.1.2 REGRESSION.SAS 87

verskil=1;

3=0;

do while (verskil>0.00000001);
tv=t;

J=i*1;

*Gt=Gm;

Gt1=1/(2#sqrt (t[1]));
Gt2=0;

Gt=Gt1]||Gt2;

xg=t [1]-4;

g=sqrt (t[1])-2;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*(t-tv));
print i j tmVg;

end;

sig=m[2]-m[1]##2;print sig;
verskill=sqrt ((m-t) ‘*(m-t));
end;

A.1.2 REGRESSION.SAS

*Heteroskedastic linear regression;

proc iml worksize=50;

reset nolog;

y={55,70,75,65,74,80,84,79,90,98,95,108,113,110,125,115,130,
135,120,140,144,152,140,137,145,175,189,180,178,191};

x0={80,85,90,100,105,110,115,120,125,130,140,145,150,160,165,
180,185,190,200,205,210,220,225,230,240,245,250,260,265,270};

n=nrow(y) ;

t=y//(y#y) ;

verskill=1;
i=0;
t0=t;

X=J(n,1,1) | 1x0;

p=ncol(X);

QX=I(n)-X*inv(X‘*X)*X‘; PX=X*inv (X‘*X)*X°‘;
Z=J(n,1,1);

*Z=X;

*Z=J(n,1,1) | | x0##2;

*Z=x0##2;

*Z=J(n,1,1) | |x0| | (xO##2) ;
QZ=I(n)-Z*inv(Z‘*Z)*Z*;

*print QX QZ;

do while (verskil1>0.00000001);
i=i+1;

m=t;

mi=m[1:n] ;m2=m[n+1:2#n];

t=t0;

sig2=m2- (PX*m1)##2;

if i=1 then sig2=J(n,1,1);
V=(diag(sig2) | | (2#diag(ml#sig2))) //
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((2#diag(mi#sig2)) | | (2#diag(sig2##2+2#m1##2#sig2)));
Gim=QX||J(n,n,0);
*G2m=(-2#QZ*diag(m1)) | 1QZ;
G2m=(-2#QZ*diag (PX*m1)*PX) | |QZ;
Gm=G1m//G2m;

verskil=1;

j=0;

do while (verskil>0.00000001);
tv=t;

t1=t[1:n];t2=t[n+1:2#n];

J=3+;

G1t=QX|[J(n,n,0);
G2t=(-2#QZ*diag(PX*t1)*PX) | |QZ;
Gt=G1t//G2t;

g1=0QXx*t1;

g2=QZ* (t2- (PX*t1) #(PX*t1));
g=gl//g2;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm‘) *g;
verskil=sqrt ((t-tv) ‘*(t-tv));
GV=Gt*V; GVG=GV*Gm"* ;

print i j tmg;

end;
verskill=sqrt ((m-t) ‘*(m-t));
end;

beta=ginv (X *X)*X‘*ml;
alpha=ginv(Z‘*Z)*Z‘* (m2-m1#ml) ;
print beta alpha;

*R squared;
R2=(beta‘*X ‘*y-y[+,1##2/n)/ (y *y-y [+,1##2/n) ;
print R2;

*Calculation of variance of estimated parameters;

sigC=V-(Gm*V) ‘*ginv (Gm*V*Gm‘ ) *Gm*V; *print sigC;

dfm=((inv(X‘*X)*X) |1 J(p,n,0))//
((-2#inv(Z‘*Z)*Z‘*diag(m1)) | | (inv(Z‘*Z)*Z¢));

sigpar=(dfm*sigC+dfm‘); *print sigpar;

vsp=vecdiag(sigpar);

vspsqrt=sqrt (vsp) ;

print vsp vspsqrt;

* Calculate the Wald statistic;
t=t0;

ti=t[1:n];t2=t[n+1:2#n];
G1t=QX|1J(n,n,0);
G2t=(-2#QZ*diag(PX*t1)*PX) | |QZ;
Gt=G1t//G2t;

gl1=QXx*t1;

g2=QZ* (t2- (Px*t1)#(Px*t1));
g=gl//g2;

w=(g) ‘*ginv(Gt*V*Gt ‘) *g;



GVG=Gm*V*Gm"* ;
GVGe=eigval (GVG) ;
GVGe=GVGe#(GVGe>0.00000001) ;
1GVGe=1loc (GVGe) ;

rank=ncol (1GVGe) ;

prob=1-probchi (w,rank) ;
print w prob rank;

A.1.3 ANOVA.SAS

*ANOVA 2-way classification: unbalanced case;

proc iml worksize=50;
reset nolog;
aa=2; bb=3; ab=aat#tbb;

y1={12,8,9,7};
y2={19,20,16,11,14};
y3={22,32,39,12};
y4={10,13,14,11,11,15};
y5={17,23,22,16};
y6={24,31,37,49};

nij=J(ab,1,0);

nij[1,]=nrow(yl);
nij[2,]=nrow(y2);
nij[3,]=nrow(y3);
nij[4,]=nrow(y4);
nij[5,]=nrow(y5);
nij[6,]=nrow(y6);

n=nrow(nij); *print nij n;

ti=y1//y2//y3//y4//y5//y6;

t2=(y1#y1) // (y2#y2) // (y3#y3) / / (ya#y4) // (y5#yb) / / (y6#y6) ;
t=t1//t2;

n=nrow(t1);

*Matrices required to specify constraints;
X={1 1 1
1

[

-

. .

-

= = 2 O O OO
= = 2, O O0OO0OO

-

O O O OO = = B~

1
1
1
0
0
0
0
0

[
[
-

-1-1-1
-1-1-1
-1 -1-1
-1 -1-1

1 0-1

1 0-1
-1 1 0 -1

| IR I |
O R Rk R, =
. v b w

1
1
1
1
1
1
1
1
1
1
1
1
-1
-1

I T e = T e T e e e e N e S N ST =
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1-1 1 0-1 0O,
1-1 1 0-1 0O,
1-1 1 0-1 O,
1-1 0 1 0-1,
1-1 0 1 0-1,
1-1 0 1 0-1,
1-1 0 1 0-1,
1-1-1-1 1 1,
1-1-1-1 1 1,
1-1-1-1 1 1,
1-1-1-1 1 13}

Z=X[,11|1X[,3:4];
*X=X[,1:4];
Cx=I(n)-X*inv(X‘*X)*X‘;
Cz=I(n)-Z*inv(Z‘*Z)*Z‘;

verskill=1;
i=0;
t0=t;

do while (verskil1>0.00000001);

i=i+1;

m=t;

mi=m[1:n] ;m2=m[n+1:2#n];
sig2=m2-m1##2;

t=t0;

if i=1 then sig2=J(n,1,1);

V=(diag(sig2) | | (2#diag(mi#sig2))) //
((2#diag(mi#sig2)) | | (2#diag(sig2##2+2#m1##2#sig2))) ;

G1m=Cx| | J(nrow(Cx) ,n,0) ;
G2m=-2#Cz*diag(ml) | |Cz;
Gm=G1m//G2m;

verskil=1;

3=0;

do while (verskil>0.00000001);
tv=t;

ti=t[1:n];

t2=t [n+1:2#n] ;

3=3+1;

G1t=Cx| | J(nrow(Cx) ,n,0);
G2t=-2#Cz*diag(t1) | |Cz;
Gt=G1t//G2t;

g1=Cxx*t1;
g2=Czx* (t2-t1#t1);
g=gl//g2;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*x(t-tv));
print 1 j t m g;

end;
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verskill=sqrt ((m-t) ‘*(m-t));
end;

beta=inv (X ‘*X)*X ‘*m1i;
alpha=inv(Z‘*Z)*Z‘*sig2;
print ml sig2 beta alpha;

* Calculate the Wald statistic;
t1=t0[1:n]; t2=tO0[n+1:2#n];

G1t=Cx| | J(nrow(Cx) ,n,0);
G2t=-2#Cz*diag(t1) | |Cz;
Gt=G1t//G2t;

g1=Cxx*t1;
g2=Cz* (t2-t1#t1) ;
g=gl//g2;

w=(g) ‘*ginv (Gt*V*Gt ‘) *g;
rank=sum(echelon(echelon(Gt*V*Gt*‘) ¢));
prob=1-probchi (w,rank) ;

print w prob rank;

A.1.4 EXPONENTIAL.SAS

*Exponentially distributed observations;

proc iml worksize=50;
reset nolog;
y={3,5,6,21,30,35,50,60};
n=nrow(y) ;
x={2,4,6,8,10,12,14,16};
t=y;

verskill=1;

i=0;

t0=t;

x1=J(n,1,1) | |x| | x##2;
QX=I(n)-x1*inv(xl‘*x1)*x1°‘;

do while (verskil1>0.00000001);
i=i+1;

m=t;

t=t0;
par=inv(x1l‘*x1)*x1‘*m;theta=x1*par;
V=diag(theta#theta);

Gm=Qx;

verskil=1;

3=0;

do while (verskil>0.00000001);
tv=t;

3=3+1;

Gt=Qx;

g=Qx*t;

t=t-(Gm*V) ‘*ginv(Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*x(t-tv));
print 1 j t0O t m g ;
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print par;

end;
verskill=sqrt ((m-t) ‘*(m-t));
end;

*Calculation of variance of estimated parameters;
sigC=V-(Gm*V) ‘*ginv (Gm*V*Gm‘)*Gm*V; *print sigC;

dfm=inv(X1‘*X1)*X1¢;
sigpar=(dfm*sigCxdfm‘);
vsp=vecdiag(sigpar);
vspsqrt=sqrt (vsp) ;
print vsp vspsqrt;

* Calculate the Wald statistic;
t=t0;

Gt=QX;

g=QX*t;

w=(g) “*ginv (Gt*V*Gt ‘) *g;

GVG=Gt*VxGt‘;
GVGe=eigval (GVG) ;
GVGe=GVGe#(GVGe>0.00000001) ;
1GVGe=1loc (GVGe) ;

rank=ncol (1GVGe) ;

prob=1-probchi (w,rank) ;
print w prob rank;

A.1.5 GAMMA.SAS

*Linear regression in the case of gamma-distributed errors;

proc iml worksize=50;

*Routine to calculate alpha for given k: eq.

%macro alpha (dig);

k=&dig;

alpha0=0;£f=0;
diff=1;alpha0=0;ai=10;

do while (diff>1e-8);

£=0;

ai=ai/10;

do while (f < (k+0.000000001) );
alphaO=alphaO+ai;

ft=£f;

f=exp(digamma (alpha0))/alphal;
end;

alphaO=alphaO-ai;

diff=sqrt ((ft-f)##2);

end;

alpha=alphaO;
di=digamma(alpha) ;

Ymend;

reset nolog;

y={3,5,6,21,30,35,50,60}; *Vector of dependent observations;

n=nrow(y) ;
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x={2,4,6,8,10,12,14,16}; *Vector of independent observations;

t=y//(log(y) [+]1/n); *Canonical statistic;
diffi1=1;

i=0;

t0=t;

X1=J(n,1,1) | Ix;*| | x##2;
QX=I(n)-X1*inv(X1‘*X1)*X1°¢;

do while (diff1>0.00000001); *Iteration over m;
i=i+1;

m=t;

mi=m[1:n] ;m2=m[n+1];

t=t0;

*Estimate parameters;
factor=exp(m[n+1])/exp(log(ml) [+]/n);
if factor>=0.9999991 then factor=0.9;
%alpha(factor);

beta=ml/alpha;

print factor alpha beta;

*Covariance matrix;
Vil=alpha#diag(beta##2) ;
V12=beta/n;

V21=V12¢;
V22=trigamma(alpha)/n;
V=(V1111Vv12)// (V121 |V22);

*Matrix of derivatives;
Gilm=Qx|J(n,1,0);
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*G1m=(Qx*diag(1/m1))|1J(n,1,0); *Required for non-linear model;

G2m=(J(1,n,0) | [1)-((1/m1‘/n) | 10);
Gm=G1m;*//G2m;

diff=1;

3=0;

do while (diff>0.00000001); *Iteration over t;
ti=t[1:n];t2=t[n+1];

tv=t;

J=i+1;

*Matrix of derivatives;
G1t=Qx|1J(n,1,0);

*G1t=(Qx*diag(1/t1)) | 1J(n,1,0) ;*Required for non-linear model;

G2t=(J(1,n,0) [ |1)-((1/t1/n) | 10);
Gt=G1t;*//G2t;

*Constraints;

gl=Qx*t1;

xg1=Qx*log(t1l) ;*Required for non-linear model;
g2=t2-(log(t1) [+]/n)-digamma(1)+log(1); * alpha=1;
g=gl;*//g2;

*Eq. (3);
t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;
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diff=sqrt ((t-tv) ‘*(t-tv));
print i j t0O t m g;

end; *End of iteration over t;
diffi=sqrt((m-t) ‘*(m-t));
end; *End of iteration over m;

delta=inv (X1 *X1)*X1‘*ml;
print alpha beta delta tO t;

*Calculation of variance of estimated parameters;
s1gC=V- (Gm*V) ¢ *ginv (Gm*V*Gm‘)*Gm*V; *print sigC;
vsigC=sqrt(vecdiag(sigC)); *print vsigC;
dfm=inv(X1‘*X1)*X1‘| | J(nrow(delta),1,0);
sigpar=(dfm*sigC+dfm‘); *print sigpar;
vsp=vecdiag(sigpar);

vspsqrt=sqrt (vsp) ;

print vSigC vsp vspsqrt;

* Calculate the Wald statistic;
t=t0;
ti=t[1:n];t2=t[n+1];

G1t=Qx|1J(n,1,0);

G2t=(J(1,n,0) | [1)-((1/t1¢/n) | 10);
*G1t=(Qx*diag(1/t1))|1J(n,1,0) ;*Required for non-linear model;
Gt=G1t;*//G2t;

gl=Qx*t1;

xg1=Qx*log(t1l) ; *Required for non-linear model;
g2=t2-(log(t1) [+]/n)-digamma(1)+log(10); * alpha=1;
g=gl;*//g2;

w=g‘*ginv (Gt*V*Gt ‘) *g;

GVG=Gt*V*Gt ‘; *print GVG;
GVGe=eigval(GVG); *print GVGe;

GVGe=GVGe# (GVGe>0.00000001) ; *print GVGe;
1GVGe=1loc(GVGe); *print 1GVGe;

rank=ncol (1GVGe) ;

prob=1-probchi (w,rank) ;
print w prob rank;

A.1.6 MIXED.SAS
*Two-way crossed classification interaction mixed model;

proc iml worksize=50;
reset nolog;

Xx={1 100,
1 100,
1 100,
1 100,
1 100

>
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y={237, 254, 246, 178, 179, 208, 178, 187, 146, 145, 141, 186, 183, 142, 125, 136};
const=1;

n=nrow(y) ;
n2=n##2;
K=j(n2,n2,0);
do i=1 to n;
do j=1 to n;
H=j(n,n,0);
H[i,jl=1;
K=HOH‘+K;
end;

end;

QX=I(n)-X*ginv (X *X)*X‘;

Z1=7Z[,1:2];Z2=Z[,3:8];
ZZt1=721%7Z1°;

2Z7t2=72%72°;

*Model 1;
C=colvec(I(n)) || (colvec(ZZt1));
*Model 2;

*In1=I(n) [,1:5]|1I(n)[,9:16];
*In2=I(n) [,6:8];
*C=colvec(Inl1*Inl1¢) | |colvec(In2*In2¢) || (colvec(ZZt1)) | | (colvec(ZZt2));
*Model 3;

*In1=I(n) [,1:5]|1I(n)[,9:13];
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*In2=I(n) [,6:8];*In3=I(n)[,14:16];

*C=colvec (In1*Inl1‘) | |colvec(In2*In2¢) | |colvec(In3*In3‘) || (colvec(ZZt1)) || (colvec(ZZt2));
QC=I(n2)-Cxginv(C**C)*C*;

P=Xxginv (X *xX)*X;

YY=colvec((y*y‘) ‘);
t=y//YY;

verskill=2;

i=0;

t0=t;

do while (verskill>1E-4);
i=i+1;

m=t;

t=t0;

mi=m[1:n];

m2=m[n+1: (n+1)#n];
Sig=shape ((m2-colvec(ml*m1¢)),n,n);
if i=1 then Sig=I(n)+const;
Phi=Sig@m1+m1@Sig;

V= (8igl|(Phi®))//(Phil | ((I(n2)+K)*(Sig@Sig+Sig@(m1*ml‘)+(ml*ml‘)@Sig))) ;

Gm1=QX||J(,n2,0);
Gm2=QC* ((-I(n)Gm1-m1@I(n)) | I(n2));
Gm=Gm1//Gm2;

verskil=1;
3=0;

do while (verskil>1E-5);
tv=t;

ti=t[1:n];t2=t[n+1: (n+1)#n];
j=3+1s

Gt1=QX||J(n,n2,0);
Gt2=QC* ((-I(n)@t1-t1@I(n)) | |1I(n2));
Gt=Gt1//Gt2;

gl=QX*t1;
g2=QC* (t2-colvec(t1*t1¢));
g=gl//g2;

t=t-(Gm*V) ‘*ginv (Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*x(t-tv));
end;

print i j tm g ;
verskill=sqrt ((m-t) ‘*(m-t));
end;

print mi;
betah=ginv(X‘*X)*X‘*m1;
sighat=inv(C‘*C)*C‘*colvec(Sig);

print betah sighat;

* Calculate the Wald statistic;
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t1=t0[1:n]; t2=tO[n+1:(n+1)#n];

Gt1=QX||J(n,n2,0);
Gt2=QC* ((-I(n)@t1-t1@I(n)) | |1I(n2));
Gt=Gt1//Gt2;

gl=QX*t1;
g2=QC* (t2-colvec(t1*t1¢));
g=gl//g2;

w=(g) ‘*ginv(Gt*V*Gt ‘) *g;
rank=sum(echelon(echelon(Gt*V*Gt ‘) ¢));
prob=1-probchi (w,rank) ;

print w prob rank;

A.2 SAS Programs for Chapter 4
A.2.1 MULTIV10BS.SAS

*Introductory example;

proc iml worksize=50;
options pagesize=100;
reset nolog;

y={4,2};

n=nrow(y); n2=n##2; print n;
rho=0.5;

C={1 0 0 -1};

*C={1 0 0 -2};
*C={1 0 0 -3};
xprint C1[format=2.0] C3[format=2.0];
K=j(n2,n2,0);
do i=1 to n;
do j=1 to n;
H=j(n,n,0);
H[i,jl=1;
K=HOH‘+K;

end;

end;

yy=colvec((y*y‘) ‘);
Sig=J(n,n,0);

t=yy;

verskill=1;

i=0;

t0=t;

do while (verskill>1le-5);
i=i+1;

m=t;

t=t0;
Sig=shape(m,n,n);

if i=1 then Sig=I(2);
V=(I(n2)+K)*(Sig@Sig) ;
Gm1=I(4) [2,];

Gm2=C;



Gm3=(rho#sqrt (m[4,]/m[1,1)/2) || (-1)
[10] | (rho#sqrt(m(1,]/m[4,]1)/2);

Gm=Gm1 ;

verskil=1;

3=0;

do while (verskil>1le-6);

tv=t;

3=3+1;

Gt1=I(4)[2,];

Gt2=C;

Gt3=(rho#tsqrt (t[4,]1/t[1,1)/2) 11 (-1)
[10] | (rho#sqrt (t[1,1/t[4,1)/2);

Gt=Gt1;

gi=t[2,];

g2=Cx*t;

g3=rho#tsqrt (¢t [1,1#t[4,1)-t[2,];

g=gl;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm*) *g;

verskil=sqrt ((t-tv) ‘*(t-tv));

print i j tm g;

end;

print 1 j tm g;

verskill=sqrt ((m-t) ‘*(m-t));

end;

rho=m[2]/sqrt (m[11#m[4]); print rho;

A.2.2 GWHETEROSK.SAS

*Linear models on group variances;

*Additive heteroskedasticity per group;

proc iml worksize=910000000;
options pagesize=100;
reset nolog;
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*xGreene: 1nCost=bl+b21nOutput+b3LoadFactor+b4lnPriceFuel+Firm (p.237);

*firm time Cost Output PriceFuel LoadFactor;

DATA={

1 1 1140640 .952757
1 2 1215690 .986757
1 3 1309570 1.091980
1 4 1511530 1.175780
1 5 1676730 1.160170
1 6 1823740 1.173760
1 7 2022890 1.290510
1 8 2314760 1.390670
1 9 2639160 1.612730
1 10 3247620 1.825440
1 11 3787750 1.546040
1 12 3867750 1.527900
1 13 3996020 1.660200
1 14 4282880 1.822310
1 15 4748320 1.936460
2 1 569292 .520635
2 2 640614 .534627
2 3 777655 .655192
2 4 999294 .791575
2 5 1203970 .842945

106650
110307
110574
121974
196606
265609
263451
316411
384110
569251
871636
997239
938002
859572
823411
103795
111477
118664
114797
215322

.534487,
.532328,
.547736,
.540846,
.591167,
.575417,
.594495,
.597409,
.638522,
.676287,
.605735,
.614360,
.633366,
.650117,
.625603,
.490851,
.473449,
.503013,
.512501,
.566782,
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1358100
1501350
1709270
2025400
2548370
3137740
3557700
3717740
3962370
4209390
286298
309290
342056
374595
450037
510412
575347
669331
783799
913883
1041520
1125800
1096070
1198930
1170470
145167
170192
247506
309391
354338
373941
420915
474017
532590
676771
880438
1052020
1193680
1303390
1436970
91361
95428
98187
115967
138382
156228
183169
210212
274024
356915
432344
524294
530924
581447
610257
68978
74904

N e

.852892
.922843
.000000
.198450
.340670
.326240
.248520
.254320
.371770
.389740
.262424
.266433
.306043
.325586
.345706
.367517
.409937
.448023
.539595
.539382
.467967
.450544
.468793
.494397
.493317
.086393
.096740
.141500
.169715
.173805
.164272
.170906
.177840
.192248
.242469
.256505
.249657
.273923
.371131
.421411
.051028
.052646
.056348
.066953
.070308
.073961
.084946
.095474
.119814
.150046
.144014
.169300
.172761
.186670
.213279
.037682
.039784

281704
304818
348609
374579
544109
853356
1003200
941977
856533
821361
118788
123798
122882
131274
222037
278721
306564
356073
378311
555267
850322
1015610
954508
886999
844079
114987
120501
121908
127220
209405
263148
316724
363598
389436
547376
850418
1011170
951934
881323
831374
118222
116223
115853
129372
243266
277930
317273
358794
397667
566672
848393
1005740
958231
872924
844622
117112
119420
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.5568133,
.5568799,
.572070,
.624763,
.628706,
.589150,
.532612,
.526652,
.540163,
.528775,
.524334,
.537185,
.582119,
.579489,
.606592,
.607270,
.582425,
.573972,
.654256,
.631055,
.569240,
.589682,
.587953,
.565388,
.577078,
.432066,
.439669,
.488932,
.484181,
.529925,
.5632723,
.549067,
.557140,
.611377,
.645319,
.611734,
.580884,
.572047,
.594570,
.5856525,
.442875,
.462473,
.519118,
.529331,
.557797,
.5566181,
.569327,
.583465,
.631818,
.604723,
.5687921,
.616159,
.605868,
.594688,
.635545,
.448539,
.475889,
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83829
98148
118449
133161
145062
170711
199775
276797
381478
506969
633388
804388
1009500

.044331
.050245
.055046
.052462
.056977
.061490
.069027
.092749
.112640
.154154
.186461
.246847
.304013

yil=log(data[loc(datal,1]=1),3]);
y2=log(datal[loc(datal,1]1=2),3]);
y3=log(datal[loc(datal,1]1=3),3]);
y4=log(datal[loc(datal,1]=4),3]);
y5=log(datal[loc(datal,1]=5),3]);
y6=log(datal[loc(datal,1]=6),3]);

*print yl1 y2 y3 y4 yb5 y6;

zl=log(data[loc(datal,1]=1),5]);
z2=log(datal[loc(datal,1]1=2),5]);
z3=log(datal[loc(datal,1]1=3),5]);
z4=log(data[loc(datal,1]=4),5]);
zb=log(data[loc(datal,1]=5),5]);
z6=log(data[loc(datal,1]=6),5]);

*print zl1 z2 z3 z4 zb z6;

ngl=nrow(yl);
ng2=nrow(y2) ;
ng3=nrow(y3);
ngd=nrow(y4) ;
ngb=nrow (y5) ;
ngb=nrow (y6) ;

y=y1//y2//y3//y4//y5//y6;

n=nrow(y); n2=n##2; nc=ncol(y); *print n nc;

116087
122997
194309
307923
323595
363081
386422
564867
874818
1013170
930477
851676
819476
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.500562,
.500344,
.528897,
.495361,
.510342,
.518296,
.546723,
.554276,
.517766,
.580049,
.5566024,
.537791,
.525775

*xXf=block(J(ngl,1,0),J(ng2,1,1),J(ng3,1,1),J(ng4,1,1),J(ng5,1,1),J(ngb,1,1));
Xf=J(ng1,5,0)//(block(J(ng2,1,1),J(ng3,1,1),J(ng4,1,1),J(ng5,1,1),J(ngb6,1,1)));
X=J(n,1,1) | |log(datal,4]) | |1log(datal,5]) || (datal,6])||Xf; *print Xf;

p=ncol(X); *print p;
PX=X*ginv (X ‘*X)*X*;

QX=I(n)-PX;

*xZ=J(n,1,1)

;*0LS;

Z=block(J(ngl,1,1),J(ng2,1,1),J(ng3,1,1),J(ng4,1,1),J(ng5,1,1),J(ng6,1,1));

*print Z;

*Z=J(n,1,1) | Iblock(zl,z2,23,z4,25,26) ;

PZ=Z*inv(Z*
QZ=I(n)-PZ;

*Z)*Z°¢;

xprint PZ[format=4

.2] QZ[format=4.2];
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t=y// (y#y);

verskill=1;

i=0;

t0=t;

do while (verskil1>0.00000001);

i=i+1;

m=t;

ml=m[1:n] ;m2=m[n+1:2#n] ;

t=t0;

sig2=m2-m1##2;

if i=1 then sig2=J(n,1,1);

V=(diag(sig2) | | (2#diag(mi#sig2))) //
((2#diag(mi#sig2)) | | (2#diag(sig2##2+2#m1##2Hsig2))) ;

G1im=QX||J(n,n,0);

G2m=(-2#QZ*diag(m1)) | |QZ;

Gm=G1m//G2m;

verskil=1;

3=0;

do while (verskil>0.00000001);

tv=t;

ti=t[1:n];t2=t[n+1:2#n];

j=j+1;

G1t=QX||J(n,n,0);

G2t=(-2#QZxdiag(t1)) | IQZ;

Gt=G1t//G2t;

g1=0QXx*t1;

g2=QZ* (t2-t1#t1) ;

g=gl//g2;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*)*g;

verskil=sqrt ((t-tv) ‘*(t-tv));

GV=Gt*V; GVG=GV*Gm"* ;

*print 1 j tmV g;

end;

verskill=sqrt ((m-t) ‘*(m-t));

print 1 j t m g;

end;

beta=ginv (X *X)*X‘*ml;
alpha=ginv(Z‘*Z)*Z‘* (m2-m1#ml) ;
print beta alpha;
Sig=block(m2-mi#ml); print Sig;

*R squared;
R2=(beta‘*X ‘*xy-y[+,]1##2/n)/ (y ‘*y-y[+,]1##2/n) ;
print R2;

*Calculation of variance of estimated parameters;

sigC=V-(Gm*V) ‘*ginv (Gm*V*Gm‘ ) *Gm*V; *print sigC;

dfm=((ginv(X*X)*X) | 1J(p,n,0))//
((—2#inv(Z‘*Z)*Z‘*diag(ml)) | | (inv(Z*Z)*Z));

sigpar=(dfm*sigCxdfm‘);
vsp=vecdiag(sigpar);
vspsqrt=sqrt (vsp) ;
print vspsqrt;

* Calculate the Wald statistic;



t=t0;
ti=t[1:n];t2=t[n+1:2#n];
G1t=QX||J(n,n,0);
G2t=(-2#QZ*diag(t1)) | 1QZ;
Gt=G1t//G2t;

g1=QX*t1;

g2=QZ* (t2-t1#t1) ;
g=gl//g2;

w=(g1l) ‘*ginv(G1t*V*G1t‘)*gl;

GVG=Gm*V*Gm"* ;
GVGe=eigval (GVG) ;
GVGe=GVGe#(GVGe>0.00000001) ;
1GVGe=1loc (GVGe) ;

rank=ncol (1GVGe) ;

prob=1-probchi (w,rank) ;
print w prob rank;

A.2.3 SPLINES.SAS

*Gujarati, p.274 Savings=f(Income);

*Year Time Savings Income;
*Spline regression;

proc iml;

data={

1970 1 61 727.1 ,
1971 2 68.6 790.2 ,
1972 3 63.6 855.3 ,
1973 4 89.6 965 ,
1974 5 97.6 1054.2,
1975 6 104.4 1159.2,
1976 7 96.4 1273 ,
1977 8 92.5 1401.4,
1978 9 112.6 1580.1,
1979 10 130.1 1769.5,
1980 11 161.8 1973.3,
1981 12 199.1 2200.2,
1982 13 205.5 2347.3,
1983 14 167 2522.4,
1984 15 235.7 2810 ,
1985 16 206.2 3002 ,
1986 17 196.5 3187.6,
1987 18 168.4 3363.1,
1988 19 189.1 3640.8,
1989 20 187.8 3894.5,
1990 21 208.7 4166.8,
1991 22 246.4 4343.7,
1992 23 272.6 4613.7,
1993 24 214.4 4790.2,
1994 25 189.4 5021.7,
1995 26 249.3 5320.8};

yl=datal1:12,3];
y2=datal[13:26,3];
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nl=nrow(yl);
n2=nrow(y2);
*print nl n2;

X1=J(n1,1,1) | |datal1:12,4];
X2=J(n2,1,1) | |datal[13:26,4];
p=ncol(X1);
x0=((X1[12,]1+X2[1,1)/2)¢;
PX1=X1xginv (X1 *X1)*X1°¢;
QX1=I(n1)-PX1;
PX2=X2xginv (X2 ‘*xX2)*X2¢;
QX2=I(n2)-PX2;

betalls=inv (X1 *X1)*X1‘*y1l;
beta2ls=inv (X2 *X2)*X2‘*y2;
print betalls beta2ls;

Z1=J(n1,1,1) | ldatal1:12,2];
Z2=J(n2,1,1) | |data[13:26,2];
pZ=ncol(Z1);
PZ1=Z1*inv(Z1‘*Z1)*Z1°¢;
QZ1=I(nl1)-PZ1;

PZ2=Z2*inv (Z2‘*Z2) *Z2°¢;
QZ2=I(n2)-PZ2;

t=y1//(y1#y1)//y2// (y2#y2);

verskill=1;

i=0;

t0=t;

do while (verskil1>0.00000001);
i=i+1;

m=t;

ml=m[1:2#n1]; m2=m[2#nl1+1:2#nl1+2#n2];
mii=mi[1:n1]; mi12=ml[ni1+1:2#n1];
m21=m2[1:n2]; m22=m2[n2+1:2#n2];

siglm=ml12-m11##2;

sig2m=m22-m21##2;

if i=1 then do; sigim=J(n1,1,1); sig2m=J(n2,1,1); end;

Viil=(diag(sigim/n1) | | (2#diag(mli#sigim/n1))) //
((2#diag(mli#tsigim/nl1)) | | (2#diag(siglm##2+2#m11##2#sigim) /n1)) ;

V22=(diag(sig2m/n2) | | (2#diag(m21#sig2m/n2))) //
((2#diag(m21#sig2m/n2)) | | (Hdiag(siglm##2+2#m21##2#sig2m) /n2)) ;

V=block(V11,V22);

G11m=QX1|1J(n1,n1,0)|1J(n1,n2,0) | |J(n1,n2,0);
G12m=J(n2,n1,0)|1J(n2,n1,0) | IQX2||J(n2,n2,0);
G21m=(-2#QZ1*diag(m11)) | 1QZ1||J(n1,n2,0) | [J(n1,n2,0);
G22m=J(n2,n1,0) | | J(n2,n1,0) | | (-2#QZ2*diag(m21)) | |QZ2;
G3m=(inv(X1‘*X1)*X1) | | J(p,n1,0) | | (-inv(X2*X2)*X2) | | J(p,n2,0);
G4m=(-2#(diag(m11)) [1,D | [ (T(m1) [1,1) || ((2#diag(m21)) [1,1) || (-I(n2) [1,]1);
G5m=(x0‘*inv (X1 *X1)*X1)|]1J(1,n1,0) | | (-x0“*inv(X2‘*X2)*X2) | |J(1,n2,0);
Gm=G11m//G12m//G21m//G22m//G5m;

t=t0;
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verskil=1;

3=0;

do while (verskil>0.00000001);

tv=t;

J=i*1;

t1=t[1:2#n1]; t2=t[2#n1+1:2#n1+2#n2];
t11=t1[1:n1]; t12=t1[nl1+1:2#n1];
t21=t2[1:n2]; t22=t2[n2+1:2#n2];
siglt=t12-t11##2;

sig2t=t22-t21##2;

G11t=G11m;
G12t=G12m;

G21t=(-2#QZ1*diag(t11)) | 1QZ1]1J(n1,n2,0) | |J(n1,n2,0);
G22t=J(n2,n1,0) | 1J(n2,n1,0) | | (-2#QZ2*diag(t21)) | |QZ2;

G3t=G3m;
G4t=(-2#(diag(t11) [1,D 1T @D [1,D 11 (2#(diag(t21)) [1,1) 1 (-I(n2) [1,]1);
G5t=Gbm;

Gt=G11t//G12t//G21t//G22t//G5t;

g11=QX1¥t11;
g12=0QX2%t21;

g21=QZ1* (t12-t11#t11);

g22=Q0Z2* (t22-t21#t21) ;

g3=1inv (X1 *X1)*X1‘*t11-inv(X2‘*X2) *X2‘*t21;
g4=siglt[1,]-sig2t[1,];
gb=t11‘*X1*inv(X1‘*X1)*x0-t21‘*X2*inv (X2 *X2)*x0;

g=gl1//g12//g21//g22//g5;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*(t-tv));
*print 1 J tmV g;

end;
verskill=sqrt ((m-t) ‘*(m-t));
print i j tmg;

end;

betal=inv(X1‘*X1)*X1‘*ml1;
alphal=inv(Z1°‘*Z1)*Z1‘*siglim;
beta2=inv (X2 ‘*X2)*X2 ‘*m21 ;
alpha2=inv(Z2‘*Z2)*Z2‘*sig2m;

print betal alphal beta2 alpha2;

print siglm sig2m;

*Sig=block(diag(sigim) ,diag(sig2m)); *print Sig;

*R squared;

R21=(betal ‘*X1‘*y1-y1[+,1##2/n1)/(y1 *y1-y1[+,1##2/n1);
R22=(beta2‘*X2‘*y2-y2[+,]##2/n2) / (y2 *y2-y2[+,]##2/n2) ;
print R21 R22;

m01=m11‘*X1*inv (X1 *X1)*x0;
m02=m21  *X2*inv (X2 ‘*X2) *x0;
print m01 m02;

*Calculation of variance of estimated parameters;
sigC=V-(Gm*V) ‘*ginv (Gm*V*Gm‘ ) *Gm*V; *print sigC;
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dfm=

((ginv(X1*X1)*X1) | 1J(p,n1,0) | |I(p,n2,0) | 1I(p,n2,0) )//
((-2#inv(Z1°*Z1)*Z1‘*diag(m11)) | | (inv(Z1‘*Z1)*Z1¢) | | J(pZ,n2,0) | | I(pZ,n2,0) )//
(J(p,n1,0) | 1J(p,n1,0) || (ginv(X2*X2)*X2) | 1I(p,n2,0) )//

(J(pZ,n1,0) | 1I(pZ,n1,0) | | (-2#inv(Z2¢*Z2)*Z2 *diag(m21)) | | (inv(Z2*Z2)*Z2));

sigpar=(dfm*sigC+dfm‘); *print sigpar;
vsp=vecdiag(sigpar);
vspsqrt=sqrt (vsp) ;

print vspsqrt;

* Calculate the Wald statistic;

t=t0;

t1=t[1:2#n1]; t2=t[2#n1+1:2#n1+2#n2];
t11=t1[1:n1]; t12=t1[ni1+1:2#n1];
t21=t2[1:n2]; t22=t2[n2+1:2#n2];
siglt=t12-t11##2;

Sig2t=t22-t21##2;

G11t=G11m;

G12t=G12m;

G21t=(-2#QZ1*diag(t11))11QZ1]1J(n1,n2,0)|1J(nl,n2,0);

G22t=J(n2,n1,0) | |J(n2,n1,0) | | (-2#QZ2*diag(t21)) | |QZ2;

G3t=G3m;
G4t=(-2#(diag(t11)) [1,D | (T @) [1,1) || (2#(diag(t21)) [1,1) || (-I(n2) [1,]1);
G5t=Gbm;

Gt=G11t//G12t//G21t//G22t//G5t;

g11=0X1%t11;

gl12=QX2xt21;

g21=QZ1*(t12-t11#t11);

g22=QZ2* (t22-t21#t21) ;

g3=inv (X1 *X1)*X1‘*t11-inv (X2 *X2)*X2 ‘*xt21;
g4=siglt[1,]-sig2t[1,];
gb=t11‘*X1*inv(X1‘*X1)*x0-t21‘*X2xinv (X2‘*X2)*x0;

g=gl1//g12//g21//g22//gb;

gl=g11//g12; G1t=G11t//G12t;
w=(gl) “*ginv(Glt*V*G1lt‘)*gl;

GVG=Gm*V*Gm°* ;
GVGe=eigval (GVG) ;
GVGe=GVGe#(GVGe>0.00000001) ;
1GVGe=1loc (GVGe) ;

rank=ncol (1GVGe) ;

prob=1-probchi (w,rank) ;
print w prob rank;

A.2.4 AR1.SAS

*Real Gross Capital Index of South Africa: 1999-2008;
*AR(1) with heteroskedastic variances;
*AR(1) with heteroskedastic variances+explanatory variables;

proc iml worksize=50;



options pagesize=100;
reset nolog;

DATA={

0.
.00000
.03510
.07339
.17118
.27555
.40594
.59163
.85095
.03939

S N e = I e

95901

[ = S S e e T =)

.96011
.00000
.02735
.06504
.09827
.15169
.20887
.27320
.33810
.37908

y=DATA[,1]1#100;
xprint y[format=6.2] (datal,1]) [format=6
n=nrow(y); n2=n##2;

const=0.2;

O W 0 wN U1

N

.70167
.38620
.70660
.30092
.81404
.12716
.66702
.23816
.88436
.39917

1999,
2000,
2001,
2002,
2003,
2004,
2005,
2006,
2007,

20087 ;
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.2] (datal,2]) [format=6.2] (datal[,3]) [format=6.2];

X=J(n,1,1) | lcusum(J(n,1,1)) | | (cusum(J(n,1,1))##2); *AR(1) with heteroscedasticity;
*Modelling in terms of explanatory variables;

X=J(n,1,1) | lcusum(J(n,1,1)) | | (cusum(J(n,1,1) ) ##2) | | (data[,2]1#100) | |[datal,3];
PX=X*inv (X *X)*X*;

QX=I(n)-PX;

QQ=I(n2)-(I(n)-PX)Q(I(n)-PX);

free C1 C2 C3;
do i=1 to n-1;

C1=C1//I(n2) [1+(n+1)#(i-1),];

C€2=C2//I(n2) [n+1+1+(n+1)#(i-1),];

C3=C3//I(n2) [2+(n+1)#(i-1),];
print (1+(+D)#(i-1)) (a+1+1+(+D#(E-1)) Q+@+D#(i-1));
end;
Cd=C1//I(n2) [n#n,];

xprint C1[format=2.0] C3[format=2.0];
K=j(n2,n2,0);

do i=1 to n;
do j=1 to n;
H=j(n,n,0);
H[i,jl=1;
K=HOH‘+K;

end;
end;

ym=y [,+];

yy=colvec((y*y‘) ‘);
Sig=J(n,n,0);

t=ym//yy;

verskill=1;

i=0;

t0=

t;

do while (verskill>1le-5);
i=i+1;
m=t;
t=t0;
mum=m[1:n]; m2=m[n+1:(n+1)#n]; *nu=PX*mu;

covm=m2-QQ*colvec (mum*mum‘) ; *print "covm" (shape(covm,n,n));
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if i=1 then covm=colvec(I(n)+const);
sigm=shape(covm,n,n); *print sigm;

cm=(covm‘*C1‘*C2*xcovm)/ (covm‘*C1‘*Cl*covm) ;
dem=( (covm‘*C1‘*Clxcovm)#covm‘* (C1‘*C2+C2‘*C1)
-2# (covm‘*C1 ‘*C2*covm) #covm‘* (C1°*C1) )/(covm‘*C1‘*Cl*covm)##2;
rm=(covm‘*C1‘*C3*covm) / (covm‘*C1 ‘*Cl*xcovm) ;
drm=( (covm‘*C1°‘*Clxcovm)#covm**(C1‘*C3+C3‘*C1)
-2#(covm‘*C1‘*C3*xcovm)#covm‘*(C1‘*C1) )/(covm‘*C1‘*Clkxcovm)##2;
rcm=rm/cm;
drcm=(cm#drm-rm#dcm) / cm##2 ;
sig2m=covm[1] ;dsig2m=I(n2)[1,];

print sig2m cm rm;

do ii=1 to n;

do jj=ii to n;

Siglii,jjl=Sig2m#cm## (ii-1)#rm##(jj-1ii);
Sigljj,iil=Siglii,jjl;

end;end;

print Sig;

Phi=(Sig@mum+mum@Sig) ;

V= ( (Sigl|Phi‘)//(Phi]| | ((I(n2)+K)*(Sig@Sig+Sig@(mum*mum*)+(mum*mum‘)@Sig))) );
Gm1=QX||J(n,n2,0);

sigm=shape(covm,n,n);

free Gm2;

do ii=1 to n;

do jj=ii to n;

Gm2=6m2//( I(n)[ii,]J@I(n) [jj,]-dsig2m#cm##(ii-1)#rm##(jj-ii)
—(ii-1D)#sig2m#tcm## (11-2) #rm## (jj-ii) #dcem
—(jj-ii) #siglm#tcm#t# (ii-1)#rm## (jj-1i-1)#drm );

end;end;

Gm2=Gm2* (QQ* (-I (n) Cmum-mum@I (n)) | | I(n2));

Gm=Gm1//Gm2;
verskil=1;

3=0;

do while (verskil>1e-6);

tv=t;

mut=t[1:n]; t2=t[n+1:(n+1)#n];
j=j+1;

covt=t2-QQ*colvec (mut*mut ‘) ;
Gt1=QX|1J(n,n2,0);

sigt=shape(covt,n,n); *print sigt;
ct=(covt ‘*C1‘*C2*covt)/(covt ‘*C1‘*Cl*covt) ;
dct=( (covt ‘*C1‘*Clxcovt)#covt ‘*(C1‘*C2+C2¢*C1)

-2# (covt ‘*C1*C2*covt)#covt ‘*x(C1*C1) )/(covt *C1‘*xCl*covt)##2;
rt=(covt ‘*C1‘*C3*covt)/(covt ‘*C1‘*Clxcovt) ;
drt=( (covt‘*C1‘*Cl*covt)#covt‘*(C1‘*C3+C3‘*C1)

-2# (covt ‘*C1‘*C3*covt)#covt ‘*x(C1°*C1) )/(covt*C1‘*Cl*covt)##2;
rct=rt/ct;
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drct=(ct#drt-rt#dct) /ct##2;
sig2t=covt[1];dsig2t=I(n2)[1,];

print sig2m cm rm sig2t ct rt;

g1=0QX*mut;

free g2 Gt2;

do ii=1 to n;

do jj=ii to n;

g2=g2//( sigt[ii,jjl-sig2t#ct##(ii-1)#re##(jj-1ii) );

Gt2=Gt2//( I(n)[ii,]J@I(n) [jj,]-dsig2t#ct##(ii-1)#rt##(jj-ii)
—(1i-D#sig2t#ct## (ii-2) #rt##(jj-ii)#dct
-(jj-ii)#sig2t#ct## (1i-1)#rt## (jj-1i-1)#drt );

end;end;

Gt2=Gt2* (QQ* (I (n)Cmut-mut@I(n)) | |I(n2));

Gt=Gt1//Gt2;
g=gl//g2;

if i=1 & j=1 then do; gb=gl//g2; Gtb=Gt1//Gt2; end;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm‘) *g;
verskil=sqrt ((t-tv) ‘*x(t-tv));
*print i j tm g;

end;

print 1 j tm g;
verskill=sqrt ((m-t) ‘*(m-t));
end;

Gm=Gm1//Gm2 ; Gmm=Gm1 ; GmV=Gm2 ;

nrg=nrow(g) ;

eigv=eigval (Gm*V*Gm*) ;

Wald= gb‘*ginv(Gtb*V*Gtb®)*gb;
vg=sum(echelon(echelon (Gm*V*Gm‘) ¢)) ;
prob=1-probchi(Wald,vg); print nrg vg Wald prob;
GV=Gm*V;

covt=t2-QQ*colvec (mut*mut ‘) ;

siglt=Cd*covt;
rho=((1/sqrt(siglt))@(1/sqrt(siglt)))#covt;
rhom=shape (rho,n,n);

par=mut//colvec(Sig);

print t[format=6.2] m[format=6.2];

print rhom[format=6.2] sigl[format=6.2];

X=J(n,1,1) | lcusum(J(n,1,1)) | | (cusum(J(n,1,1))##2) | | (data[,2]#100) | | (data[,3]);
mupar=ginv (X ‘*X)*X ‘*mut ;
print mupar;

A.2.5 TOEPLITZ.SAS
*Toeplitz(2) with heteroskedasticity;
proc iml worksize=50;

options pagesize=100;
reset nolog;
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DATA={
0.95901 0.96011 9.70167 1999,
1.00000 1.00000 8.38620 2000,
1.03510 1.02735 5.70660 2001,
1.07339 1.06504 2.30092 2002,
1.17118 1.09827 3.81404 2003,
1.27555 1.15169 8.12716 2004,
1.40594 1.20887 4.66702 2005,
1.59163 1.27320 3.23816 2006,
1.85095 1.33810 0.88436 2007,
2.03939 1.37908 -2.39917 2008};

y=DATA[, 1]#100;

*print DATA;

xprint y[format=6.2] (datal,1]) [format=6.2] (datal,2])[format=6.2] (datal,3]) [format=6.2];
n=nrow(y); n2=n##2; nc=ncol(y);print n nc;

const=0.2;

x=J(n,1,1) | lcusum(J(n,1,1)) || (cusum(J(n,1,1))##2) ;*| | (data[25:34,2]#100) | |data[25:34,3];
PX=X*inv (X *X)*X‘;

QX=I(n)-PX;

QQ=I(n2)-(I(n)-PX)@(I(n)-PX);

do i=1 to n;

do j=1 to n-i+l;

D=D//I(n2) [i+(n+1)#(j-1),];
end;end;

*print D;

z=cusum(J(n,1,1));

zl=z[1:n];

z2=z[1:n-1];

PZ1=z1*inv(zl‘*z1)*z1°¢;

PZ2=22%inv(z2‘*z2) *z2°¢;

PZ=block(PZ1,PZ2,J (n#(n+1)/2-2#n+1,n#(n+1) /2-2#n+1,0));
QZ=I(n#(n+1)/2)-PZ;

xprint PZ[format=4.2] QZ[format=4.2];

K=j(n2,n2,0);
do i=1 to n;
do j=1 to n;
H=j(n,n,0);
H[i,jl=1;
K=HOH‘+K;
end;

end;

ym=y [,+]/nc;
yy=colvec((y*y‘) ‘) /nc;
Sig=J(n,n,0);
t=ym//yy;

verskill=1;

i=0;

t0=t;

do while (verskill>le-2);
i=i+1;

m=t;

t=t0;
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mu=m[1:n]; m2=m[n+1:(n+1)#n]; * nu=PX*mu;

*if i=1 then covm=colvec(I(n)+const);
covm=m2-QQ*colvec (mu*mu‘) ;

dsig=PZ*D*covm; print dsig;
sigln,n]l=dsig[n];

do ii=1 to n-1;
siglii,iil=dsig[iil;
sigl[ii,ii+1]=dsig[n+ii];
siglii+l,ii]l=dsig[n+ii];
end;

print sig;
print "covm" (shape(covm,n,n));

Phi=(SigOmu+mu@Sig) ;

V= ( (Sigl|Phi‘)//(Phi| | ((I(n2)+K)*(Sig@Sig+Sig@(mu*mu‘)+(mu*mu‘)@Sig))) )/nc;
Gm1=QX|1J(n,n2,0);

sigm=shape(covm,n,n);

Gm2=QZ*D;
Gm2=Gm2* (QQ* (-I(n) @mu-mu@I(n))||I(n2));

Gm=Gm1//Gm2;

verskil=1;

j=0;

do while (verskil>le-2);

tv=t;

mut=t[1:n]; t2=t[n+1:(n+1)#n];
J=i*1;

covt=t2-QQ*colvec (mut*mut ‘) ;
Gt1=QX||J(n,n2,0);

xsigt=shape(covt,n,n) ;*print sigt;

g1=0QX*mut;

g2=QZ*D*covt;

Gt2=QZ*D;

Gt2=Gt2* (QQ* (-I(n)Cmut-mut@I(n)) | |I(n2));

Gt=Gt1//Gt2;
g=gl//g2;
if i=1 & j=1 then do; gb=gl//g2; Gtb=Gt1//Gt2; end;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;
verskil=sqrt ((t-tv) ‘*(t-tv));
*print 1 jJ tm g;

end;
verskill=sqrt ((m-t) ‘*(m-t));
print i j tm g;

end;

*Wald;
Gm=Gm1//Gm2;
nrg=nrow(g) ;



eigv=eigval (Gm*V*Gm*) ;

Wald= gb‘*ginv(Gtb*V*Gtb*)*gb;
vg=sum(echelon(echelon (Gm*V*Gm‘) ¢)) ;
prob=1-probchi(Wald,vg) ;

print eigv nrg Wald vg prob;

*Parameters;

covt=t2-QQ*colvec (mut*mut ‘) ;
siglt=(D*covt) [1:n,];

sig2t=(D*covt) [n+1:2#n-1,];
rho=((1/sqrt(siglt))@(1/sqrt(siglt)))#covt;
rhom=shape (rho,n,n);

vecsig=vecdiag(Sig);

par=mu//colvec(Sig);

print rhom[format=6.2];

print vecsig[format=6.2] sigl[format=6.2];
print t[format=6.2] m[format=6.2] par;

x=J(n,1,1) | lcusum(J(n,1,1)) | | (cusum(J(n,1,1) ) ##2);

mupar=ginv (X ‘*X)*X ‘*mut ;

print mupar;
z=cusum(J(n,1,1));

zl=z[1:n];
alphal=ginv(zl‘*z1)*z1‘*siglt;
print siglt alphal;
z2=z[1:n-1];
alpha2=ginv(z2‘*z2)*z2 *sig2t;
print sig2t alpha2;

A.3 SAS Programs for Chapter 5
A.3.1 MULTIV.SAS

*Introductory example;

proc iml worksize=50;
options pagesize=100 linesize=80;
reset nolog;

n1=10; p=2; p2=p#p;
ym1={2, 3};
A1={5 4,
4 8}#(n1-1)/ni;
yyl=colvec((Al+ymi*xyml¢) ) ;

*xD selects from vec(Sigma) the elements on the
Ymacro mat(D,p);

D=J(p,p##2,0) ;

kr=0;

do i=1 to 1;

do j=1 to p-i+l;

kr=kr+1;

D[kr, (p+D)#(j-1)+i]=1;

end;end;

Ymend mat;

fmat (D,p);*print D[format=2.0];

diagonals of

A.3.1 MULTIV.SAS

Sigma;
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K=j(p2,p2,0);

do i=1 to p;
do j=1 to p;
H=j(p,p,0);
H[i,jl=1;
K=HQH‘+K;
end;

end;
t=ym1//yy1;
diffi=1;
i=0;

t0=t;

do while (diff1>0.0001);
i=i+1;

m=t;

t=t0;

mulm=m[1:p]; M21=m[p+1:p#(p+1)];
dmulm=I(p) | |J(p,p2,0);

covim=m21-colvec (mulm*muim®) ;
dcovim=(-I(p)@mulm-muim@I (p)) | |I(p2);

Sigl=shape(covim,p,p);

Phil=(SiglOmuim+muim@Sigl) ;

V= ( (8igll||Phi1€)//
(Phill | ((T(p2)+K)*(Sigl@Sigl+Sigl@ (mulm*mulm®)+
(muim*muim‘)@Sig1)))  )/ni;

Glm=(dcovim([1,])-2#muim[1]#dmuim[1,];
G2m=(dcovim([4,])-2#muim[2]#dmuim([2,];

Gm=G1m//G2m;

diff=1;

j=0;

do while (diff>0.0001);
tv=t;

Jj=j+1;

mult=t[1:p]; t21=t[p+1:p#(p+1)];
dmult=I(p)||J(p,p2,0);

covit=t21-colvec (mult*mult ‘) ;
dcovit=(-I(p)Cmult-mult@I(p))||I(p2);

gl=covit[1,]-mult[1]#mult[1];
g2=covit[4,]-mult[2]#mult [2];

Glt=(dcovit[1,])-2#mult [1]#dmult([1,];
G2t=(dcovit[4,])-2#mult [2]#dmult[2,];

Gt=G1t//G2t;
g=gl//g2;
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t=t- (Gm*V) ‘*ginv (Gt*V*Gm‘) *g;
diff=sqrt ((t-tv) ‘*(t-tv));
print i j tm g ;

end;

diffi=sqrt((m-t) ‘*(m-t));
end;

sigim=sqrt (D*covim) ;

covim=m21-colvec (mulm*mulm®) ;
rho1=((1/sigim)@(1/siglm))#covim;
rhoml=shape (rhol,p,p);
covim=shape (covim,p,p);

print mulm covim rhomi;

A.3.2 LMVNORMAL.SAS

*Two large independent multivariate normal samples;

proc iml worksize=50;
options pagesize=100 linesize=80;
reset nolog;

n1=45; n2=55; p=2; p2=p#p;
ym1={204.4, 556.6};
A1={13825.3 23823.4,

23823.4 73107.4}#(nl1-1)/n1;
ym2={130.0, 355.0};
A2={8632.0 19616.7,

19616.7 55964 .5}#(n2-1)/n2;
yyl=colvec((Al+ymi*xyml ) ‘);
yy2=colvec ((A2+ym2*ym2°) ) ;

*D selects from vec(Sigma) the elements on the diagonals of Sigma;
%macro mat(D,p);

D=J(p,p##2,0) ;

kr=0;

do i=1 to 1;

do j=1 to p-i+l;

kr=kr+1;

Dlkr, (p+1)#(j-1)+il=1;

end;end;

Ymend mat;

fmat (D,p);*print D[format=2.0];

K=j(p2,p2,0);
do i=1 to p;
do j=1 to p;
H=j(p,p,0);
H[i,jl=1;
K=HOH‘+K;
end;

end;

t=ym1//yy1//ym2//yy2;
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diffi1=1;

i=0;

t0=t;

do while (diff1>0.00000001);
i=i+1;

m=t;

t=t0;

mulm=m[1:p]; M21=m[p+1:p#(p+1)];
mu2m=m [p# (p+1)+1:p#(p+1)+p]; M22=m[p# (p+1) +p+1: 2#p#(p+1)];

dmulm=I(p) | |I(p,p2,0) | 13(p,p,0) | 1J(p,p2,0);
dmu2m=J(p,p,0) | | I(p,p2,0) 1 |I(p) I 1I(p,p2,0);

covim=m21-colvec (mulm*muim®) ;
cov2m=m22-colvec (mu2m*mu2m*) ;

dcovim=(-I(p)@muim-muim@I(p))||I(p2)|[J(p2,p,0)|IJI(p2,p2,0);
dcov2m=J(p2,p,0) | | J(p2,p2,0) | | (-I(p)Cmu2m-mu2m@I(p)) | |I(p2);

cm=cov2m[1] /covim[1];
dem=( -cov2m[1]/covim[1]##2#T (p2) [1,] ) I ( 1/covim[11#I(p2) [1,] );
dcm=dcm* (dcovim//dcov2m) ;

Sigil=shape(covim,p,p);
Sig2=shape(cov2m,p,p);

Phil=(SiglOmuim+muim@Sigl) ;
Phi2=(Sig20mu2m+mu2m@Sig?2) ;

Vi= ( (Sigll|Phi1“)//
(Phill | ((I(p2)+K)*(Sigl@Sigl+Sigl@(mulm*mulim*)+
(mulm*muim‘)@Sigl))) )/n1;

V2= ( (Sig2||Phi2“)//
(Phi2| | ((I(p2)+K)*(Sig2@Sig2+Sig20 (mu2m*mu2m*)+
(mu2m*mu2m‘)@Sig2)))  )/n2;

V=block(V1,V2);

Glm=dmulm-dmu2m;
G2m=dcovim-dcov2m;

Glcm=dmu2m-sqrt (cm) #dmulm- (muim*dcm) / (2#sqrt (cm)) ;
G2cm=dcov2m-cm#dcovim-covim*dcm;

dm=mu2m[1] /muim[1] ;
ddm=(dmu2m[1,]#muim[1]-dmuim[1,]#mu2m[1])/ (muim[1] ##2) ;
Gldm=dmu2m-mulm*ddm-dmulm*dm;

drm=(I(p2) [2,]/sqrt(covim[1]#covim[p+2])-I(p2) [1,]#covim[2]/
(2#sqrt (covim[1]##3#covim[p+2]))-I(p2) [p+2,l#covim[2]/
(2#tsqrt (covim[1]#covim[p+2]##3)) | 1 I(1,p2,0) )
-( J(1,p2,0) || (I(p2)[2,]1/sqrt(cov2m[1]#cov2m[p+2])-
I(p2) [1,]#cov2m[2]/(2#sqrt (cov2m[1] ##3#cov2m[p+2])) -
I(p2) [p+2,1#cov2m[2]/ (2#sqrt (cov2m[1]#cov2om [p+2]##3) )) );
Grm=drm* (dcovim//dcov2m) ;
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Gm=Grm;
*Gm=G1dm//G2cm;
*Gm=G1lcm//G2cm;
*Gm=G1m//G2m;

diff=1;

j=0;

do while (diff>0.00000001);

tv=t;

J=j+1;

tl=t [1:2#p]; t2=t[2#p+1:2#p#(p+1)];

mult=t[1:p]; t21=t [p+1:p#(p+1)];
mu2t=t [p# (p+1)+1:p#(p+1)+p]; £22=t [p# (p+1) +p+1: 2#p# (p+1)];

dmult=I(p) | 1J(p,p2,0) | 1J(p,p,0) | 1J(p,p2,0);
dmu2t=J(p,p,0) | 1 I(p,p2,0) [ [I(p) | 1I(p,p2,0);

covit=t21-colvec (mult*mult ‘) ;
cov2t=t22-colvec (mu2t*mu2t ‘) ;

dcovit=(-I(p)Cmult-mult@I(p))||I(p2)|1I(p2,p,0)|1J(p2,p2,0);
dcov2t=J(p2,p,0) | | J(p2,p2,0) | | (-I(p)Cmu2t-mu2t@I(p)) | I(p2);

ct=cov2t[1]/covit[1];

dct=( -cov2t[1]/covit [1]##2#T(p2) [1,] ) I ( 1/covit[11#I(p2) [1,] );
dct=dct*(dcovit//dcov2t) ;

glc=mu2t-sqrt(ct)#mult;

g2c=cov2t-ct#covlt;
Glct=dmu2t-sqrt(ct)#dmult-(mult*dct)/ (2#sqrt(ct));
G2ct=dcov2t-ct#dcovit-covit*dct;

dt=mu2t[1]/mult[1];

ddt=(dmu2t [1,]#mult[1]-dmult [1,]#mu2t [1])/(mult [1]##2) ;
gld=mu2t-dt#mult;

Gldt=dmu2t-mult*ddt-dmult*dt;

gr=covit[2]/sqrt(covit[1]#covit[p+2])-
cov2t [2] /sqrt (cov2t [1]#cov2t [p+2]) ;
drt=(I(p2)[2,]/sqrt(covit[1]#covit [p+2])-
I(p2) [1,]#covit[2]/(2#tsqrt(covit [1]##3#covit [p+2]))-
I1(p2) [p+2,]#covit[2]/ (2#sqrt (covit [1]#covit [p+2] ##3))
[13(1,p2,0) )
- J(1,p2,0) || (I(p2)[2,]1/sqrt(cov2t[1]#cov2t[p+2])-
I(p2) [1,]#cov2t[2]/(2#sqrt (cov2t [1] ##3#cov2t [p+2])) -
I1(p2) [p+2,]#cov2t [2]/ (2#sqrt (cov2t [1]#cov2t [p+2]##3) )) );
Grt=drt*(dcovlt//dcov2t);

gl=mult-mu2t;
g2=covlt-cov2t;

Glt=dmult-dmu2t;
G2t=dcovlit-dcov2t;

*Gt=G1dt//G2ct;
*Gt=Glct//G2ct;
*Gt=G1t//G2t;
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Gt=Grt;
*xg=gld//g2c;
xg=glc//g2c;
*xg=g1//g2;
g=gr;

if i=1 & j=1 then do;

g0=g; GtO=Gt;

Sigl0=shape(covlit,p,p);

Sig20=shape (cov2t,p,p);

Phi10=(Sigl0@mult+mu1t@Sigl0);

Phi20=(Sig200mu2t+mu2teSig20) ;

V10= ( (SiglO||Phil0¢)//
(Phi10] | ((I(p2)+K)*(Sigl00Sigl0+Sigl0@(mult*mult )+
(mult*mult‘)@Sigl0)))  )/ni;

V20= ( (Sig20||Phi20¢)//
(Phi20]| | ((I(p2)+K)*(Sig200Sig20+Sig200 (mu2t+mu2t )+
(mu2t*mu2t‘)©0Sig20))) ) /n2;

VO=block(V10,V20);

end;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm‘) *g;
diff=sqrt ((t-tv) ‘*(t-tv));
print 1 j tm g ;

end;

diffi=sqrt((m-t) ‘*(m-t));
end;

Wald=(g0) ‘*ginv(GtO*VO*Gt0*)*g0;
vg=sum(echelon(echelon (Gm*V*Gm‘) ¢)) ;
prob=1-probchi(Wald,vg) ;

print Wald vg prob;

siglm=sqrt (D*covim) ;
sig2m=sqrt (D*cov2m) ;

covim=m21-colvec (mulm*muim®) ;
rho1=((1/sigim)@(1/siglm) )#covim;
rhoml=shape (rhol,p,p);
covim=shape(covim,p,p);

cov2m=m22-colvec (mu2m*mu2m*) ;
rho2=((1/sig2m)@(1/sig2m) )#cov2m;
rhom2=shape (rho2,p,p) ;
cov2m=shape (cov2m,p,p);

print cm dm;

print mulm mu2m;
print covlim cov2m;
print rhoml rhom2;

*Calculation of variance of par’s;

Acov=V-(Gm*V) ‘*ginv (Gm*V*Gm*) *Gm*V ;
var=vecdiag(Acov); *print var;

semul=sqrt(var[1:pl);
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sqrt (var [p#(p+1)+1:p#(p+1)+pl);
sqrt (shape(var [p+1: p#(p+1)1,p,p));

semu2=
secovl
secov2

2#p# (p+1)]1,p,p));

sqrt (shape (var [p# (p+1) +p+1:

A.3.3 SMVNORMAL1.SAS

print semul semu2;
print secovl secov2;

=50;
100;

Y1={4.0 4.2 4.3 4.2 4.6 3.1

proc iml worksize
options pagesize
reset nolog;

3.7 4.3 4.6,

4.1 3.7 4.3 4.6 5.3 4.9 3.9 4.4 4.4,

3.6 3.7 4.3 4.9 5.6 5.2 4.8 5.2 4.6,
3.6 4.8 4.5 5.3 5.9 5.3 5.2 5.6 5.4,

4.0 4.3 4.2 4.4 4.4 3.6 3.9 4.2 4.6,
3.8 5.0 5.8 5.6 5.9 4.2 5.4 5.4 5.9,

4.2 4.7 5.6%};

3.1 5.2 5.4 4.9 5.3 4.1

3.4 3.2 3.1 3.2 3.9 3.6 3.3 4.0 4.2 4.4,
3.5 3.0 3.2 3.2 4.0 3.2 3.3 4.2 4.3 4.3,

Y2={3.4 3.0 3.0 3.1 3.8 3.0 3.3 4.2 4.1 4.5,

4.3 4.5,

3.4 4.1

3.1 3.1 3.3 3.3 3.5 3.0 3.6 4.2 4.2 5.3,
3.7 3.2 3.0 3.1 3.5 3.0 3.1 4.0 4.0 4.4,
3.3 3.1 3.0 3.1 3.4 3.0 3.1 4.0 4.2 4.4},

3.1 3.0 3.0 3.2 2.9 3.1

3.8 3.4 3.2 3.5 5.4 4.4 5.8 4.1,
3.8 3.7 3.1 4.6 5.7 4.2 5.4 5.0,
4.4 3.7 3.2 4.9 4.9 4.6 4.9 5.4,
4.2 3.6 3.1 5.2 4.0 4.8 5.3 4.4,
3.7 3.7 3.1 4.4 4.0 5.4 5.6 3.9},

y3={3.2 3.3 3.1 3.6 4.5 3.7 3.5 3.9,
3.3 3.4 3.3 3.4 4.5 4.0 3.9 4.0,

3.5,
3.6,

Y4={3.1 3.3 3.5 3.4 3.7 4.0 4.2 4.1

3.6 3.2 3.9 3.4 3.8 4.6 3.9 4.1

ncol (Y4) ;

3.5 3.6 4.7 3.5 4.2 4.8 4.5 3.7 3.6,
0.5;

3.2 3.7 4.3 3.3 4.3 4.9 4.7 4.0 4.2,
3.0 3.7 3.9 3.4 3.6 5.4 3.9 4.1 4.8,
3.0 4.2 3.4 3.2 3.8 5.6 3.8 4.6 4.9,
3.2 4.4 3.5 3.4 3.7 4.8 3.7 4.7 5.0}

nrow(Y1); p2=p##2; nl=ncol(Y1l) ;n2=ncol(Y¥2) ;n3=ncol(Y3) ;nd

*Ci selects from vec(Sigma) submatrices from Sigma;

P
const

I(p2)[1:p-1,];

C1=

2 to p-1;
C1//1(p2) [p#(i-1)+i:p#i-1,];

end;

do i
C1

C3=I(p2) [1+p+1:p-1+p+1,];

2 to p-1;
C3//1(p2) [p#(i-1)+i+p+1:p#i-1+p+1,];

do i
C3
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end;
*print C1[format=2.0] C2[format=2.0] C3[format=2.0];

%macro mat(D,p); *D selects from vec(Sigma) the elements on the diagonals of Sigma;
D=J(p,p##2,0) ;

kr=0;

do i=1 to 1;

do j=1 to p-i+l;

kr=kr+1;

D[kr, (p+D)#(j-1)+il=1;

end;end;

Y%mend mat;

fmat (D,p);*print D[format=2.0];

*K is used in the expression for the cov(Vec(Sigma)) ;*¥kkxx*;
K=j(p2,p2,0);

do i=1 to p;

do j=1 to p;

H=j(p,p,0);

H[i,jl=1;

K=HQH‘+K;

end;

end;

*Canonical statistics;
ym1=Y1[,+]/n1;
yyl=colvec((Y1*Y1¢) ‘) /nl;
ym2=Y2[,+]/n2;
yy2=colvec((Y2%Y2‘) ‘) /n2;
ym3=Y3[,+]/n3;
yy3=colvec((Y3%Y3‘) ‘) /n3;
ym4=Y4[,+]/n4;

yy4=colvec ((Y4*Y4¢) ‘) /n4;

t=ym1//yy1//ym2//yy2//ym3//yy3//ymd//yy4;
diffi1=1;

i=0;

t0=t;

do while (diffi>1e-8);

i=i+1;

m=t;

t=t0;

mulm=m[1:p]; M21=m[p+1:p#(p+1)];

mu2m=m [p# (p+1) +1:p#(p+1)+p] ; M22=m[p# (p+1) +p+1: 2#p#(p+1)];
mu3m=m [2#p# (p+1) +1: 2#p# (p+1) +p] ; M23=m[2#p# (p+1)+p+1:3#tp#(p+1)];
mudm=m [3#p# (p+1) +1: 3#p# (p+1) +p] ; M24=m[3#p# (p+1)+p+1:4itp#(p+1)];
mum= (mu 1m+mu2m+mu3m+mudm) /4 ;

dmuln=I(p) | 1J(p,p2,0) | 1I(p,p,0) | 1J3(p,p2,0)1I(p,p,0) | 1J3(p,p2,0)|1J(p,p,0)I1J(p,p2,0);
dmu2m=J(p,p,0) | | I(p,p2,0) | | I(p) | 1I(p,p2,0) [ 1I(p,p,0) | 1I(p,p2,0) | 1I(p,p,0)|1I(p,p2,0);
dmu3m=J(p,p,0) | 1I(p,p2,0) | 1 I(p,p,0) I 1I(p,p2,0) | II(P) | 1I(p,p2,0) |1 13(p,p,0) | 1I(p,p2,0);
dmudm=J(p,p,0) | | I(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0) [ IT(p)|1I(p,p2,0);
dmum=( I(P)|1Ip,p2,0)1IM)I1I(p,p2,0) IIE)I1I(p,p2,0)1I(p)|1I(p,p2,0) )/4;

d2m=(mu2m[1]-mu2m[2] )/ (mum[1] -mum[2]) ;
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d3m=(mu3m[1]-mu3m[2] )/ (mum[1]-mum[2]) ;
d4m=(mu4m[1]-mu4m[2] )/ (mum[1] -mum[2]) ;

a2m=mu2m[1] -d2m#mum[1] ;
a3m=mu3m[1] -d3m#mum[1] ;
adm=muém[1] -d4m#mum([1] ;

covim=m21-colvec (mulm*mulm®) ;
cov2m=m22-colvec (mu2m*mu2m*) ;
cov3m=m23-colvec (mu3m*mu3m®) ;
covdm=m24-colvec (mudm*mudm*) ;

dcovim=(-I(p)Cmuim-muim@I(p)) | II(p2)|1J(p2,p,0)[1J(p2,p2,0)
[13(p2,p,0) | 1I(p2,p2,0) | 13(p2,p,0)|13(p2,p2,0);
dcov2m=J(p2,p,0) | 1 J(p2,p2,0) | | (-I(p)e@mu2m-mu2m@I(p)) | |I(p2)
[13(p2,p,0) | 1I(p2,p2,0) | 13(p2,p,0)|13(p2,p2,0);
dcov3m=J(p2,p,0) | | J(p2,p2,0) | | J(p2,p,0) | | I(p2,p2,0)
[1(~I(p)Omudm-mu3m@I(p))|[I(p2)|1J(p2,p,0)1J(p2,p2,0);
dcovam=J (p2,p,0) | | J(p2,p2,0) | | T(p2,p,0) | 1I(p2,p2,0)
[1I(Pp2,p,0) | 13(p2,p2,0) | | (-I(p)Cmudm-mudm@I (p))|[I(p2);

if i=1 then covim=colvec(I(p)+const);
if i=1 then cov2m=colvec(I(p)+const);
if i=1 then cov3m=colvec(I(p)+const);
if i=1 then cové4m=colvec(I(p)+const);

c2m=cov2m[1]/covim[1];
c3m=cov3m[1]/covim[1];
cdm=cov4m[1]/covim[1];
dc2m=( -cov2m[1]/covim[1]##2#I(p2) [1,] ) || ( 1/covim[1]#I(p2) [1,] );
dc3m=( -cov3m[1]/covim[1]##2#I(p2) [1,] ) || ( 1/covim[1]#I(p2)[1,] );
dcdm=( -cov4m[1]/covim[1]##2#I (p2) [1,] ) I1( 1/covim[1]#I(p2)[1,] )

>

Sigl=shape(covim,p,p);
Sig2=shape(cov2m,p,p);
Sig3=shape(cov3m,p,p);
Sigd4=shape(covém,p,p);

Phil=(SiglOmuim+muim@Sigl) ;
Phi2=(Sig20mu2m+mu2m@Sig?2) ;
Phi3=(Sig30mu3m+mu3m@Sig3) ;
Phi4=(Sig4@muidm+mudm@Sigs) ;

*mulm=mum;
*mu2m=mum;
*mu3m=mum;
*mudm=mum;

Vi= ( (Sigll|Phi1¢)//(Phil|| ((I(p2)+K)*(Sigl@Sigl+Sigl@(mulm*mulm*)
+(mulm*muim‘)@Sigl)))  )/ni;

( (8ig2||Phi2¢)//(Phi2]| | ((I(p2)+K)*(Sig2@Sig2+Sig2@ (mu2m*mu2m*)
+(mu2mkmu2m)@Sig2))) ) /n2;

V3= ( (8ig3||Phi3¢)//(Phi3| | ((I(p2)+K)*(Sig3@Sig3+Sig3@(mu3m*mu3m*)
+(mu3m*mu3m)@Sig3))) ) /n3;

V4= ( (Sig4l||Phi4¢)//(Phi4|| ((I(p2)+K)*(Sigd@Sigd+Sig4@(mudm*mudm*)
+(mudm*smudm)@Sig4))) ) /n4;

V2

119
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V=block(V1,V2,V3,V4);

Ge2m=(J(p2,p2,0) | |I(p2))-c2m#( I(p2)|1J(p2,p2,0))-I(p2)*covim*dc2m;
Gec2m=Gc2m* (dcovim//dcov2m) ;
Ge3m=(J(p2,p2,0) | |I(p2))-c3m#( I(p2)|1J(p2,p2,0))-I(p2)*covim*dc3m;
Gc3m=Ge3m* (dcovim//dcov3m) ;
Gedm=(J(p2,p2,0) | |II(p2))-c4m#( I(p2)|1J(p2,p2,0))-I(p2)*covim*dcdm;
Gcdm=Gcdm* (dcovim//dcovédm) ;

dd2m=( (mum[1]-mum[2])#(dmu2m([1,]-dmu2m[2,])-(mu2m[1]-mu2m[2])#(dmum[1,]-dmum([2,]))
/ (mum [1] -mum [2] ) ##2;

dd3m=( (mum[1]-mum[2])#(dmu3dm[1,]-dmu3dm[2,])-(mu3m[1]-mu3m[2])#(dmum[1,]-dmum([2,]))
/ (mum [1]-mum [2] ) ##2;

dd4m=( (mum[1]-mum[2])#(dmudm([1,]-dmudm([2,]) - (mudm[1]-mudm[2])#(dmum[1,]-dmum[2,]))
/ (mum [1]-mum [2] ) ##2;

da2m=dmu2m[1,]-d2m#dmum[1,]-mum[1]#dd2m;
da3m=dmu3m[1,]-d3m#dmum[1,] -mum[1]#dd3m;
dadm=dmu4m[1,]-d4m#dmum[1,] -mum[1]#dd4m;

*Gd2m=dmu2m-dmum;
*Gd3m=dmu3m-dmum;
*Gd4m=dmu4m-dmum;
Gd2m=dmu2m-d2m#dmum-mum*dd2m-J (p,1, 1) *da2m;
Gd3m=dmu3m-d3m#dmum-mum*dd3m-J (p,1, 1) *da3m;
Gd4m=dmudm-d4m#dmum-mum*dd4m-J (p, 1, 1) *dadm;

Gm=Gc2m//Ge3m//Gedm/ /Gd2m//Gd3m/ /Gd4m;

diff=1;

3=0;

do while (diff>1e-8);
tv=t;

33413

mult=t[1:p]; t21=t [p+1:p#(p+1)];

mu2t=t [p# (p+1)+1:p#(p+1)+p]l; £22=t [p# (p+1) +p+1: 2#p# (p+1)];
mu3t=t [2#p# (p+1)+1: 2#p# (p+1)+p]; t23=t [2#p# (p+1)+p+1:3#p#(p+1)];
mudt=t [3#p# (p+1)+1:3#p# (p+1)+pl; t24=t [3#p#(p+1)+p+1:4#p#(p+1)];
mut=(mult+mu2t+muldt+mudt) /4;

dmult=I(p) | 1J(p,p2,0) | 1I(p,p,0)|1J3(p,p2,0)1I(p,p,0)|1I(p,p2,0)|1J3(p,p,0)I1I(p,p2,0);
dmu2t=J(p,p,0) | | I(p,p2,0) | | I(p) | 1I(p,p2,0) | 1I(p,p,0) | 1JI(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0);
dmu3t=J(p,p,0) | 1 I(p,p2,0) | 1T (p,p,0) | 1I(p,p2,0) | I I(P)I1I(p,p2,0)|1I(p,p,0)|1J(p,p2,0);
dmudt=J(p,p,0) | 1I(p,p2,0) | 1I(p,p,0) [ 1I(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0) | II(p)|1I(p,p2,0);
dmut=C I(p)I1J3p,p2,0)1I()I1I(p,p2,0) I1I(P)I1I(p,p2,0)I1I(p)|I1I(p,p2,0) )/4;

covit=t21-colvec(mult*mult®);
cov2t=t22-colvec (mu2t*mu2t ) ;
cov3t=t23-colvec (mu3t*mu3t‘) ;
covdt=t24-colvec (mudt*mudt ) ;

dcovit=(-I(p)@mult-mult@I(p))||I(p2)|1J(p2,p,0)|1J(p2,p2,0)
[13(p2,p,0) 1I(p2,p2,0) | 1I(p2,p,0) | 1I(p2,p2,0);

dcov2t=J(p2,p,0) | 1 J(p2,p2,0) | | (-I(p)emu2t-mu2t@I(p))||I(p2)
[13(p2,p,0) | 1I(p2,p2,0) | 13(p2,p,0)|13(p2,p2,0);
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dcov3t=J(p2,p,0) | 1J(p2,p2,0) | | I(p2,p,0) | | J(p2,p2,0)
[1(-I(p)@mudt-mu3dt@I(p)) |II(p2)|1J(p2,p,0)!1J(p2,p2,0);
dcov4t=J(p2,p,0) | 1 J(p2,p2,0) | | T(p2,p,0) | 1JI(p2,p2,0)
[13(p2,p,0) 1 1J(p2,p2,0) | | (-I(p)@mudt-mudt@I(p))||I(p2);

c2t=cov2t[1]/covit[1];
c3t=cov3dt[1]/covit[1];
cdt=covdt[1]/covit[1];
dc2t=( -cov2t[1]/covit [1]##2#I(p2) [1,] ) || ( 1/covit[11#I(p2)[1,] );
dec3t=( -cov3t[1]/covit [1]##2#I (p2) [1,] ) |1 ( 1/covit[11#I(p2) [1,] );
dcdt=( -cov4t[1]/covit [1]##2#I(p2) [1,] ) |1 ( 1/covit [11#I(p2) [1,] )

>

gc2=cov2t-c2t#covlt;
gc3=cov3t-c3t#covlt;
gcd=cové4t-c4t#covlt;

Ge2t=(J(p2,p2,0) | IT(p2))-c2t#( I(p2)|1J(p2,p2,0))-I(p2)*covit*dc2t;
Gec2t=Gc2t*(dcovlt//dcov2t) ;
Ge3t=(J(p2,p2,0) | |I(p2))-c3t#( I(p2)|1J(p2,p2,0))-I(p2)*covit*dc3t;
Gec3t=Gc3t*(dcovlit//dcov3t);
Gedt=(J(p2,p2,0) | |II(p2))-c4t#( I(p2)|1J(p2,p2,0))-I(p2)*covit*dclt;
Gcdt=Gcdt*(dcovlit//dcovdt) ;

d2t=(mu2t [1]-mu2t [2])/ (mut [1]-mut [2]);
d3t=(mu3t [1]-mu3t[2])/(mut[1]-mut [2]);
d4t=(mudt [1]-mudt [2])/ (mut [1]-mut [2]);

dd2t=( (mut[1]-mut[2])#(dmu2t[1,]-dmu2t[2,])-(mu2t [1]-mu2t [2])#(dmut[1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

dd3t=( (mut[1]-mut[2])#(dmu3t[1,]-dmu3t[2,])-(mu3dt[1]-mu3t [2])#(dmut[1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

dd4t=( (mut[1]-mut[2])#(dmudt[1,]-dmudt[2,])-(mudt[1]-mudt [2])#(dmut[1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

a2t=mu2t [1]-d2t#mut[1];
a3t=mu3t [1]-d3t#mut [1];
adt=mudt [1]-d4t#mut[1];

da2t=dmu2t[1,]-d2t#dmut [1,]-mut [1]#dd2t;
da3t=dmu3t[1,]-d3t#dmut[1,]-mut [1]#dd3t;
dadt=dmu4dt[1,]-d4t#dmut[1,]-mut [1]#dd4t;

*gd2=mu2t-mut;
*gd3=mu3t-mut;
*gd4=mudt-mut;
gd2=mu2t-d2t#mut-a2t#J(p,1,1);
gd3=mu3t-d3t#mut-a3t#J(p,1,1);
gd4=mudt-d4t#mut-adt#J(p,1,1);

*Gd2t=dmu2t-dmut;
*Gd3t=dmu3t-dmut;
*Gd4t=dmudt-dmut;
Gd2t=dmu2t-d2t#dmut-mut*dd2t-J(p,1, 1) *da2t;
Gd3t=dmu3t-d3t#dmut-mut*dd3t-J(p,1,1)*da3t;
Gd4t=dmudt-d4t#dmut-mut*dd4t-J(p,1,1) *dadt;
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Gt=Gc2t//Ge3t//Gec4t//GAd2t//Gd3t//Gd4t;
g=gc2//gc3//gc4//gd2//gd3//gd4;

if i=1 & j=1 then do;

g0=g; GtO=Gt;

SiglO=shape(covlt,p,p);

Sig20=shape(cov2t,p,p);

Sig30=shape(cov3t,p,p);

SigdO=shape (covdt,p,p);

Phi10=(Sigl0@mult+mu1t@Sigl0);

Phi20=(Sig200mu2t+mu2teSig20) ;

Phi30=(Sig300mu3t+mu3t@Sig30) ;

Phi40=(Sig40@mudt+mudt@Sig40) ;

V10= ( (Sigl0||Phi10¢)//(Phil0|| ((I(p2)+K)*(Sigl0@Sigl0+Sigl0@(mult*muit ‘)
+(mult*mult‘)@Sigl0)))  )/ni;

V20= ( (Sig20]| |Phi20¢)//(Phi20| | ((I(p2)+K)*(Sig200@Sig20+Sig20@(mu2t*mu2t )
+(mu2t*mu2t ‘) 05ig20))) ) /n2;

V30= ( (Sig30||Phi30¢)//(Phi30| | ((I(p2)+K)*(Sig30@Sig30+3ig30@ (mu3t*mu3t ‘)
+(mu3t*mu3dt‘)@Sig30))) ) /n3;

V40= ( (Sig40||Phi40¢)//(Phi40| | ((I(p2)+K)*(Sig400@Sigd0+3igd0@ (mudt*mudt ‘)
+(mudt*mudt ) 0Sigd0))) )/né4;

V0=block(V10,V20,V30,V40) ;

end;

t=t-(Gm*V) ‘*ginv (Gt*V*Gm*) *g;
diff=sqrt ((t-tv) ‘*(t-tv));

*print i j elm e2m e3m edm t m g;
end;

diffi=sqrt((m-t) ‘*(m-t));

end;

Wald=(g0) ‘“*ginv (GLO*VO*Gt0)*g0;
vg=sum(echelon(echelon (Gm*V*Gm‘) ¢)) ;
prob=1-probchi(Wald,vg) ;

print Wald vg prob;

siglm=sqrt(D*covim) ;
sig2m=sqrt (D*cov2m) ;
sig3m=sqrt(D*cov3m) ;
sigdm=sqrt (D*covém) ;

covim=m21-colvec (mulm*muim®) ;
rhol1=((1/sigim)@(1/siglm) )#covim;
rhoml=shape (rhol,p,p);
covim=shape (covim,p,p);

cov2m=m22-colvec (mu2m*mu2m*) ;
rho2=((1/sig2m)@(1/sig2m) )#cov2m;
rhom2=shape (rho2,p,p) ;
cov2m=shape (cov2m,p,p);

cov3m=m23-colvec (mu3m*mu3m*) ;
rho3=((1/sig3m)@(1/sig3m) )#cov3m;
rhom3=shape (rho3,p,p) ;
cov3m=shape (cov3m,p,p);



covdm=m24-colvec (mudm*mudm*) ;
rho4=((1/sigdm)@(1/sigdm) )#covém;
rhom4=shape (rho4,p,p);
covdm=shape (covédm,p,p);

print a2m a3m a4m;

print d2m d3m d4m;

print c2m c3m c4m elm;

print mulm mu2m mu3m mu4m mum;
print covim cov2m cov3m covém;
print rhoml rhom2 rhom3 rhom4;

*Calculation of variance of par’s;

Acov=V-(Gm*V) ‘*ginv (Gm*xV*Gm* ) *Gm*V ;
var=vecdiag(Acov); *print var;

semul=sqrt(var[1:p]);
semu2=sqrt (var [p#(p+1)+1:p# (p+1)+p]);
semu3=sqrt (var [2#p# (p+1)+1: 2#p# (p+1)+p]) ;
semud=sqrt (var [3#p# (p+1)+1:3#p#(p+1)+p]l);

secovl=sqrt (shape(var[p+1: p#(p+1)]1,p,p));
secov2=sqrt (shape (var [p#(p+1)+p+1: 2#p#(p+1)],p,p));
secov3=sqrt (shape (var [2#p# (p+1)+p+1: 3#p#(p+1)],p,p));
secov4=sqrt (shape (var [3#p#(p+1)+p+1: 4#p#(p+1)],p,p));

print semul semu2 semu3 semu4;
print secovl secov2 secov3 secovd;

A.3.4 SMVNORMAL2.SAS

proc iml worksize=50;
options pagesize=100;
reset nolog;

Y1={4.0 4.2 4.3 4.2 4.6 3.1 3.7 4.3 4.6,
4.0 4.3 4.2 4.4 4.4 3.6 3.9 4.2 4.6,
4.1 3.7 4.3 4.6 5.3 4.9 3.9 4.4 4.4,
3.6 3.7 4.3 4.9 5.6 5.2 4.8 5.2 4.6,
3.6 4.8 4.5 5.3 5.9 5.3 5.2 5.6 5.4,
3.8 5.0 5.8 5.6 5.9 4.2 5.4 5.4 5.9,
3.1 5.2 5.4 4.9 5.3 4.1 4.2 4.7 5.6},
Y2={3.4 3.0 3.0 3.1 3.8 3.0 3.3 4.2 4.1 4.5,
3.4 3.2 3.1 3.2 3.9 3.6 3.3 4.0 4.2 4.4,
3.5 3.0 3.2 3.2 4.0 3.2 3.3 4.2 4.3 4.3,
3.1 3.0 3.0 3.2 2.9 3.1 3.4 4.1 4.3 4.5,
3.1 3.1 3.3 3.3 3.5 3.0 3.6 4.2 4.2 5.3,
3.7 3.2 3.0 3.1 3.5 3.0 3.1 4.0 4.0 4.4,
3.3 3.1 3.0 3.1 3.4 3.0 3.1 4.0 4.2 4.4};
Y3={3.2 3.3 3.1 3.6 4.5 3.7 3.5 3.9,
3.3 3.4 3.3 3.4 4.5 4.0 3.9 4.0,
3.8 3.4 3.2 3.5 5.4 4.4 5.8 4.1,
3.8 3.7 3.1 4.6 5.7 4.2 5.4 5.0,
4.4 3.7 3.2 4.9 4.9 4.6 4.9 5.4

-
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4.2 3.6 3.1 5.2 4.0 4.8 5.3 4.4,
3.7 3.7 3.1 4.4 4.0 5.4 5.6 3.9};
Y4={3.1 3.3 3.5 3.4 3.7 4.0 4.2 4.1 3.5,
3.6 3.2 3.9 3.4 3.8 4.6 3.9 4.1 3.6,
3.6 3.6 4.7 3.5 4.2 4.8 4.5 3.7 3.6,
3.2 3.7 4.3 3.3 4.3 4.9 4.7 4.0 4.2,
3.0 3.7 3.9 3.4 3.6 5.4 3.9 4.1 4.8,
3.0 4.2 3.4 3.2 3.8 5.6 3.8 4.6 4.9,
3.2 4.4 3.5 3.4 3.7 4.8 3.7 4.7 5.0},

p=nrow(Y1); p2=p##2; nl=ncol(Y1) ;n2=ncol(Y2) ;n3=ncol(Y3) ;n4=ncol(Y¥4);
const=0.5;

*Ci selects from vec(Sigma) submatrices from Sigma;
C1=I(p2) [1:p-1,];

do i=2 to p-1;

C1=C1//I(p2) [p#(i-1)+i:p#i-1,];

end;

C3=I(p2) [1+p+1:p-1+p+1,];

do i=2 to p-1;

C3=C3//I(p2) [p#(i-1)+i+p+1:p#i-1+p+1,];

end;

*print C1[format=2.0] C2[format=2.0] C3[format=2.0];

%macro mat(D,p); *D selects from vec(Sigma) the elements on the diagonals of Sigma;
D=J(p,p##2,0);

kr=0;

do i=1 to 1;

do j=1 to p-i+l;

kr=kr+1;

D[kr, (p+D)#(j-1)+il=1;

end;end;

/mend mat;

fmat (D,p);*print D[format=2.0];

*B selects from vec(Sigma) the main diagonal and first row of Sigma;
B=D[1:p,1//1(p2)[2:p,];

*K is used in the expression for the cov(Vec(Sigma)) ;**x*xx*;
K=j(p2,p2,0);

do i=1 to p;

do j=1 to p;

H=j(p,p,0);

H[i’j]=1;

K=HQH‘+K;

end;

end;

*Canonical statistics;
ym1=Y1[,+]/n1;
yyl=colvec((Y1xY1¢) ‘) /n1;
ym2=Y2[,+]/n2;

yy2=colvec ((Y2*Y2¢) ‘) /n2;
ym3=Y3[,+]/n3;
yy3=colvec((Y3*Y3) ‘) /n3;
ymd=Y4[,+]/n4;
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yy4=colvec ((Y4*Y4¢) ‘) /n4;

t=ym1//yy1//ym2//yy2//ym3//yy3//ymd//yy4;
diffi1=1;

i=0;

t0=t;

do while (diffi>1e-8);

i=i+1;

m=t;

t=t0;

mulm=m[1:p]; M21=m[p+1:p#(p+1)];

mu2m=m [p# (p+1)+1:p#(p+1)+p]; M22=m[p# (p+1) +p+1: 2#p#(p+1)];
mu3m=m [2#p# (p+1) +1: 2#p# (p+1) +p] ; M23=m[2#p# (p+1)+p+1:3#tp#(p+1)];
mudm=m [3#p# (p+1) +1: 3#p# (p+1) +p] ; M24=m[3#p# (p+1)+p+1:4itp#(p+1)];
mum= (mulm+mu2m+mu3m+muédm) /4 ;

dmulm=I(p) | 1J(p,p2,0) | 1I(p,p,0) | 1J3(p,p2,0)1I(p,p,0) | 1J3(p,p2,0)|1J(p,p,0)|[I(p,p2,0);
dmu2m=J(p,p,0) | | I(p,p2,0) | |I(P) I 1I(p,p2,0) | 1I(p,p,0) | |I(p,p2,0) | |I(p,p,0)|1J(p,p2,0);
dmu3m=J(p,p,0) | 1I(p,p2,0) | 1 I(p,p,0) | 1I(p,p2,0) I [I(P) | 1I(p,p2,0)113(p,p,0) | 1I(p,p2,0);
dmudm=J (p,p,0) | 1I(p,p2,0) 1 1 I(p,p,0) | 1I(p,p2,0) | [T (p,p,0) [ 1I(p,p2,0) | II(p)|1I(p,p2,0);
dmum=( I(p)|1J(p,p2,0) 1T I1I(p,p2,011I(E)I1I(p,p2,0)II(p)II1I(p,p2,0) )/4;

d2m=(mu2m[1]-mu2m[2] )/ (mum[1]-mum[2]) ;
d3m=(mu3m[1]-mu3m[2])/ (mum[1] -mum[2]) ;
d4m=(mu4m[1]-mu4m[2]) / (mum[1] -mum[2]) ;

a2m=mu2m[1] -d2m#mum([1] ;
a3m=mu3m[1] -d3m#mum[1];
adm=mudm[1] -d4m#mum[1] ;

covim=m21-colvec (mulm*muim®) ;
cov2m=m22-colvec (mu2m*mu2m*) ;
cov3m=m23-colvec (mu3m*mu3m®) ;
covdm=m24-colvec (mudm*mudm*) ;

dcovim=(-I(p)Cmulm-muim@I(p)) | II(p2)||J(p2,p,0)|1J(p2,p2,0)
[13(p2,p,0) | 1J(p2,p2,0) | 1J(p2,p,0)|1J(p2,p2,0);
dcov2m=J(p2,p,0) | | J(p2,p2,0) | | (-I(p)Cmu2m-mu2m@I(p)) | |I(p2)
[1I(p2,p,0) | 1J(p2,p2,0) | 13(p2,p,0) | 1I(p2,p2,0);
dcov3m=J(p2,p,0) | | J(p2,p2,0) | | T(p2,p,0) | 1I(p2,p2,0)
[ (~I(p)0@mudm-mu3dm@I(p))||I(p2)|I1J(p2,p,0)1J(p2,p2,0);
dcovam=J (p2,p,0) | | J(p2,p2,0) | | T (p2,p,0) | 1I(p2,p2,0)
[13(Pp2,p,0) | 1I(p2,p2,0) | | (-I(p)Cmuidm-muidm@I (p))||I(p2);

if i=1 then covim=colvec(I(p)+const);
if i=1 then cov2m=colvec(I(p)+const);
if i=1 then cov3m=colvec(I(p)+const);
if i=1 then cové4m=colvec(I(p)+const);

c2m=cov2m[1]/covim[1];
c3m=cov3m[1]/covim[1];
c4m=cov4m[1]/covim[1];

dc2m=( -cov2m[1]/covim[1]##2#I (p2) [1,] )1 ( 1/covim[11#I(p2)[1,] );
de3m=( -cov3m[1]/covim[1]##2#I (p2) [1,] )1 ( 1/covim[11#I(p2)[1,] );
dcd4m=( -cov4m[1]/covim[1]##2#I(p2) [1,] )| ( 1/covim[11#I(p2) [1,] )

)
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Sigl=shape(covim,p,p);
Sig2=shape(cov2m,p,p);
Sig3=shape(cov3m,p,p);
Sigd=shape(covém,p,p);

Phil=(SiglOmuim+muim@Sigl) ;
Phi2=(Sig20mu2m+mu2m@Sig?2) ;
Phi3=(Sig30mu3m+mu3m@Sig3) ;
Phi4=(Sig4Omuidm+mudm@Sigs) ;

Vi= ( (Sigll|Phi1¢)//(Phil| | ((I(p2)+K)*(Sigl@Sigl+Sigl@(mulm*mulm*)
+(mulm*muim‘)@Sigl)))  )/ni;

( (8ig2|IPhi2¢)//(Phi2]| | ((I(p2)+K)*(Sig2@Sig2+Sig2@ (mu2m*mu2m*)
+(mu2mkmu2m)@Sig2))) ) /n2;

( (8ig3|IPhi3¢)//(Phi3| | ((I(p2)+K)*(Sigl3@Sig3+Sig3@(mudm*mu3m*)
+(mu3m*mu3m)@Sig3))) ) /n3;

V4= ( (Sigd||Phid‘¢)//(Phi4d| | ((I(p2)+K)*(Sigd@Sigd+Sig4@ (mudm*mudm*)
+(mudm*smudm)@Sig4))) ) /n4;

V2

V3

V=block(V1,V2,V3,V4);

elm=covim[p+2]/covim[1];
delm=(covim[1]#I(p2) [p+2,]-covim[p+2]#I(p2) [1,]1) /covim[1]##2;
e2m=cov2m [p+2] /cov2m[1];
de2m=(cov2m[1]1#I (p2) [p+2,]-cov2m [p+2]#I(p2) [1,])/covom[1] ##2;
e3m=cov3m[p+2] /cov3m[1];
de3m=(cov3m[1]#I (p2) [p+2,]-cov3m[p+2]#I(p2) [1,]1)/cov3m[1]##2;
edm=covém [p+2] /covdm[1];
dedm=(cov4m [1]1#I (p2) [p+2,]-covim [p+2] #I(p2) [1,]) /covam[1]##2;

Gelm=C3-elm#C1-Cl*xcovim*delm;
Gelm=Gelm*dcovim;
Ge2m=C3-e2m#C1-Cl*cov2m*de2m;
Ge2m=Ge2m*dcov2m;
Ge3m=C3-e3m#C1-Cl*cov3m*de3m;
Ge3m=Ge3m*dcov3m;
Gedm=C3-edm#C1-Cl*xcovi4m*dedm;
Ge4m=Gedm*dcov4m;

Ge2m=(B*J (p2,p2,0) | IB)-c2m#( Bl | (B*J(p2,p2,0)))-B*covimkdc2m;
Gec2m=Gc2m* (dcovim//dcov2m) ;
Ge3m=(B*xJ(p2,p2,0) | IB)-c3m#( B| | (B*J(p2,p2,0)))-B*covim*dc3m;
Gc3m=Gc3m* (dcovim//dcov3m) ;
Gcdm=(B*J(p2,p2,0) | IB)-c4m#( B| | (B*xJ(p2,p2,0)))-B*covim*dcém;
Gcdm=Gcdm* (dcovim//dcovédm) ;

dd2m=( (mum[1]-mum[2])#(dmu2m([1,]-dmu2m[2,])-(mu2m[1]-mu2m[2])#(dmum[1,]-dmum[2,]))
/ (mum [1]-mum [2] ) ##2;

dd3m=( (mum[1]-mum[2])#(dmu3dm[1,]-dmu3dm[2,])-(mu3m[1]-mu3m[2])#(dmum[1,]-dmum([2,]))
/ (mum [1] -mum [2] ) ##2;

dd4m=( (mum[1]-mum[2])#(dmudm([1,]-dmudm([2,]) - (mudm[1]-mudm[2])#(dmum[1,]-dmum([2,]))
/ (mum [1]-mum [2] ) ##2;

da2m=dmu2m[1,]-d2m#dmum[1,]-mum[1]#dd2m;
da3m=dmu3m[1,]-d3m#dmum[1,]-mum[1] #dd3m;
dadm=dmudm[1,]-d4m#dmum[1,] -mum[1]#dd4m;
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Gd2m=dmu2m-d2m#dmum-mum*dd2m-J (p, 1, 1) *da2m;
Gd3m=dmu3m-d3m#dmum-mum*dd3m-J (p, 1, 1) *da3m;
Gd4m=dmudm-d4m#dmum-mum*dd4m-J (p,1,1) *dadm;

Gm=Gd2m//Gd3m//Gd4m//Gelm//Ge2m//Ge3m//Gedm//Gc2m//Gec3m//Gcdm;

diff=1;

j=0;

do while (diff>1e-8);
tv=t;

3=+

mult=t[1:p]; t21=t [p+1:p#(p+1)];

mu2t=t [p# (p+1)+1:p#(p+1)+p]l; £22=t [p# (p+1) +p+1: 2#p# (p+1)];
mu3t=t [2#p# (p+1)+1: 2#p# (p+1)+pl; t23=t [2#p# (p+1)+p+1:3ttp#(p+1)];
mudt=t [3#pi# (p+1)+1:3#p# (p+1)+pl; t24=t [3#p# (p+1)+p+1:4itp#(p+1)];
mut=(mult+mu2t+mu3dt+mudt) /4;

dmult=I(p) | 1J(p,p2,0) | 1I(p,p,0)|1J3(p,p2,0)1I(p,p,0)|1J3(p,p2,0)|1J3(p,p,0)I1I(p,p2,0);
dmu2t=J(p,p,0) | | I(p,p2,0) | |I(p) | 1I(p,p2,0) [ 1I(p,p,0) | 1I(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0);
dmu3t=J(p,p,0) | 1I(p,p2,0) | 1 I(p,p,0) | 1I(p,p2,0) I II(P) | 1I(p,p2,0)11I(p,p,0) | 1I(p,p2,0);
dmudt=J(p,p,0) | 1I(p,p2,0) | 1I(p,p,0) | 1I(p,p2,0) | 1I(p,p,0) I 1I(p,p2,0) [ IT(p)|1I(p,p2,0);
dmut=C I(P)I1IGp,p2,0)1IM)I1I(p,p2,0) 1IE)I1I(p,p2,0)1I(p)|1I(p,p2,0) )/4;

covit=t21-colvec(mult*mult®);
cov2t=t22-colvec (mu2t*mu2t ‘) ;
cov3t=t23-colvec (mu3t*mu3t‘) ;
covdt=t24-colvec (mudt*mudt ‘) ;

dcovit=(-I(p)@mult-mult@I(p))||I(p2)||J(p2,p,0)||J(p2,p2,0)
[13(p2,p,0) | 1I(p2,p2,0) | 13(p2,p,0)|13(p2,p2,0);
dcov2t=J(p2,p,0) | 1J(p2,p2,0) | | (-I(p)e@mu2t-mu2t@I(p)) | |I(p2)
[13(p2,p,0) | 1J(p2,p2,0) | 13(p2,p,0) | 1I(p2,p2,0);
dcov3t=J(p2,p,0) | 1 J(p2,p2,0) | | I(p2,p,0) | I (p2,p2,0)
|1 (-I(p)@mu3t-mu3dt@I(p))|I1I(p2)|1J(p2,p,0)I1J(p2,p2,0);
dcov4t=J(p2,p,0) | 1 J(p2,p2,0) | | T(p2,p,0) | 1I(p2,p2,0)
[13(p2,p,0) 1 1J(p2,p2,0) | | (-I(p)@mudt-mudt@I(p))||I(p2);

c2t=cov2t[1]/covit[1];
c3t=cov3t[1]/covit[1];
c4t=covat[1]/covit[1];

dc2t=( -cov2t[1]/covit [1]##2#I(p2) [1,] ) || ( 1/covit [11#I(p2)[1,] );
dc3t=( -cov3t[1]/covit [1]1##2#I (p2) [1,] )1 ( 1/covit [11#I(p2)[1,] );
dcat=( -covat[1]/covit [1]1##2#I (p2) [1,] )| 1 ( 1/covit[11#I(p2) [1,] );
gc2=B*cov2t-c2t#B*covlt;
gc3=B*cov3t-c3t#B*covlt;
gcd=B*cov4t-c4t#B*xcovlt;

elt=covit [p+2]/covit[1];
delt=(covit [11#I(p2) [p+2,]-covit [p+2]#I(p2) [1,]1)/covit [1]##2;
e2t=cov2t [p+2] /cov2t[1];
de2t=(cov2t [1]#I(p2) [p+2,]-cov2t [p+2]1#I(p2) [1,])/cov2t [1]##2;
e3t=cov3t [p+2] /cov3t[1];
de3t=(cov3t [11#I(p2) [p+2,]-cov3t [p+2]#I(p2) [1,])/cov3t [1]##2;
edt=covat [p+2] /cov4t [1];
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dedt=(covat [1]1#I (p2) [p+2,]-covat [p+2] #I (p2) [1,])/covdt [1]##2;

gel=C3*covlit-elt#Cl*covlt;
ge2=C3*cov2t-e2t#Cl*cov2t;
ge3=C3*cov3t-e3t#Cl*xcov3t;
ge4=C3*covat-edt#Cl*covit;

Gelt=C3-elt#C1-Cl*covit*delt;
Gelt=Gelt*dcovit;
Ge2t=C3-e2t#C1-Clxcov2t*de2t;
Ge2t=Ge2t*dcov2t;
Ge3t=C3-e3t#C1-Cl*cov3t*del3t;
Ge3t=Ge3t*dcov3t;
Gedt=C3-edt#C1-Clxcovi4t*dedt;
Gedt=Gedt*dcovit;

Ge2t=(B*J(p2,p2,0) | IB)-c2t#( B|| (B*J(p2,p2,0)))-Bxcovlit*dc2t;
Ge2t=Gc2t*(dcovlit//dcov2t) ;
Ge3t=(B*J (p2,p2,0) | IB)-c3t#( Bl | (BxJ(p2,p2,0)))-Bxcovit*dc3t;
Gec3t=Gc3t*(dcovlit//dcov3t);
Geat=(B*J (p2,p2,0) | IB)-c4t#( B|| (BxJ(p2,p2,0)))-Brcovit*dcat;
Gcdt=Gcdt*(dcovit//dcovdt) ;

d2t=(mu2t [1]-mu2t [2] )/ (mut [1]-mut [2]) ;
d3t=(mu3t [1]-mu3t[2])/ (mut [1]-mut[2]);
d4t=(mudt [1]-mudt[2])/(mut [1]-mut[2]);

dd2t=( (mut[1]-mut [2])#(dmu2t[1,]-dmu2t[2,])-(mu2t [1]-mu2t [2])#(dmut [1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

dd3t=( (mut[1]-mut[2])#(dmu3t[1,]-dmu3t[2,])-(mu3dt[1]-mu3t [2])#(dmut[1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

dd4t=( (mut[1]-mut[2])#(dmudt[1,]-dmudt[2,])-(mudt[1]-mudt [2])#(dmut[1,]-dmut[2,]))
/ (mut [1] -mut [2] ) ##2;

a2t=mu2t [1]-d2t#mut [1];
a3t=mu3t [1] -d3t#mut[1];
adt=mu4dt [1] -d4t#mut[1];

da2t=dmu2t[1,]-d2t#dmut [1,]-mut [1]#dd2t;
da3t=dmu3t[1,]-d3t#dmut [1,]-mut [1] #dd3t;
dadt=dmu4dt[1,]-d4t#dmut[1,]-mut [1]#dd4t;

gd2=mu2t-d2t#mut-a2t#J(p,1,1);
gd3=mu3t-d3t#mut-a3t#J(p,1,1);
gd4=mudt-d4t#mut-adt#J(p,1,1);

Gd2t=dmu2t-d2t#dmut-mut*dd2t-J(p,1,1) *da2t;
Gd3t=dmu3t-d3t#dmut-mut*dd3t-J(p,1,1) *da3t;
Gd4t=dmudt-d4t#dmut-mut*dd4t-J(p,1,1)*dadt;

Gt=Gd2t//Gd3t//Gd4t//Gelt//Ge2t//Ge3t//Gedt//Gec2t//Gec3t//Gcat;
g=gd2//gd3//gd4//gel//ge2//ge3//ged//gc2//gc3/ /gch;

if i=1 & j=1 then do;
g0=g; GtO=Gt;
SiglO=shape(covlt,p,p);
Sig20=shape (cov2t,p,p);
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Sig30=shape(cov3t,p,p);

SigdO=shape (cov4t,p,p);

Phi10=(Sigl0@muit+mult@Sigl0);

Phi20=(Sig20@mu2t+mu2t@Sig20) ;

Phi30=(Sig30@mu3t+mu3t@Sig30) ;

Phi40=(Sigd00mudt+mu4t0Sigd0) ;

V10= ( (8igl0||Phi10¢)//(Phil0| | ((I(p2)+K)*(Sigl0@Sigl0+Sigl0@(mult*mult ‘)
+(mult*mult‘)@Sigl0))) )/ni1;

V20= ( (Sig20||Phi20¢)//(Phi20| | ((I(p2)+K)*(Sig20@Sig20+3ig20@ (mu2t*mut ‘)
+(mu2t*mu2t ‘)@Sig20))) ) /n2;

V30= ( (Sig30||Phi30¢)//(Phi30| | ((I(p2)+K)*(Sig300Sig30+3ig30@(mu3t*mu3t ‘)
+(mu3t*mu3t‘)©@Sig30))) ) /n3;

V40= ( (Sig40| |Phi40¢)//(Phi40| | ((I(p2)+K)*(Sigd00@Sig40+Sigd0Q@ (mudt*mudt ‘)
+(mudt*mudt‘)@Sig40))) ) /n4;

VO=block(V10,V20,V30,V40) ;

end;

t=t- (Gm*V) ‘*ginv (Gt*V*Gm*) *g;
diff=sqrt ((t-tv) ‘*(t-tv));

print i j elm e2m e3m edm t m g;
end;

diff1=sqrt((m-t) ‘*(m-t));

end;

Wald=(g0) ‘*ginv(GtO*VO*Gt0 ‘) *g0;
vg=sum(echelon(echelon(Gm*V*Gm‘) ‘)) ;
prob=1-probchi(Wald,vg) ;

print Wald vg prob;

siglm=sqrt (D*covim) ;
sig2m=sqrt (D*cov2m) ;
sig3m=sqrt (D*cov3m) ;
sigdm=sqrt (D*cov4m) ;

covim=m21-colvec (mulm*muim®) ;
rhol=((1/sigim)@(1/siglm))#covim;
rhoml=shape (rhol,p,p);
covim=shape(covim,p,p);

cov2m=m22-colvec (mu2m*mu2m*) ;
rho2=((1/sig2m)@(1/sig2m) ) #cov2m;
rhom2=shape (rho2,p,p);
cov2m=shape (cov2m,p,p);

cov3m=m23-colvec (mu3m*mu3m®) ;
rho3=((1/sig3m)@(1/sig3m) )#cov3m;
rhom3=shape (rho3,p,p) ;
cov3m=shape (cov3m,p,p);

covdm=m24-colvec (mudm*mudm*) ;
rho4=((1/sigdm)@(1/sigdm) )#covém;
rhom4=shape (rho4,p,p);
covdm=shape (covédm,p,p);

print a2m a3m a4m;
print d2m d3m d4m;
print c2m c3m c4m elm;



print mulm mu2m mu3m mu4m mum;
print covim cov2m cov3m covém;
print rhoml rhom2 rhom3 rhom4;

*Calculation of variance of par’s;

Acov=V-(Gm*V) ‘*ginv (Gm*V*Gm ‘) *Gm*V ;
var=vecdiag(Acov); *print var;

semul=sqrt(var[1:pl);
semu2=sqrt (var [p#(p+1)+1:p#(p+1)+pl);
semu3=sqrt (var [2#p# (p+1)+1: 2#p# (p+1)+pl);
semud=sqrt (var [3#p# (p+1)+1:3#p#(p+1)+pl);

secovl=sqrt (shape(var[p+1: p#(p+1)]1,p,p));
secov2=sqrt (shape (var [p#(p+1)+p+1: 2#p#(p+1)],p,p));
secov3=sqrt (shape (var [2#p# (p+1)+p+1: 3#p#(p+1)],p,p));
secové4=sqrt (shape (var [3#p# (p+1)+p+1: 4#p#(p+1)],p,p));

print semul semu2 semu3 semu4;
print secovl secov2 secov3 secové;

A.4 SAS Programs for Chapter 6
A.4.1 ZEROCOV.SAS

*Estimation of covariance matrices with zeros;
xExample in Chaudhuri, Drton & Richardson (2007);

proc iml worksize=50;

reset nolog;

n=134;p=8;p2=p#p;

R={ 1 0.24 0.08 -0.18 -0.10 -0.18 -0.07 -0.08,
0.24 1 0.23 -0.03 -0.10 0.12 -0.08 -0.07,
0.08 0.23 1 0.26 0.28 0.20 0.21 0.26,

-0.18 -0.03 0.26 1 0.87 0.44 0.81 0.87,
-0.10 -0.10 0.28 0.87 1 0.39 0.88 0.92,
-0.18 0.12 0.20 0.44 0.39 1 0.50 0.46,
-0.07 -0.08 0.21 0.81 0.88 0.50 1 0.91,
-0.08 -0.07 0.26 0.87 0.92 0.46 0.91 1};
sigma={0.39,0.36, 0.47, 1.7, 1.7, 0.78, 1.85, 1.54};
S=J(p,p,0);
do i=1 to p;
do j=1 to i;

Sli,jl=sigmali,]#sigmalj,]#R[i,j];
S[j,i]=s[i,jl;

end;

end;

print S;

t=((n-2) /n) #shape(S,p2,1);

K=j(p2,p2,0);
do i=1 to p;
do j=1 to p;
H=j(p,p,0);
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H[i,jl=1;

K=HOH‘+K;

end;

end;

verskill=1;

i=0;

t0=t;

do while (verskil1>0.00000001);

i=i+1;

m=t;

t=t0;

Sig=shape(m,p,p); print sig;
V=(I(p2)+K)*(Sig@Sig) ;

V=V/n;
Gm1=I(p2)[3,1//I(p2)[5,1//I(p2)[7,1//1(p2)[8,]
//1(p2)[12,1//1(p2) [13,1//1(p2) [14,1//1(p2) [15,]
//1(p2)[16,];

Gm2=I(p2) [3,1//1(p2)[4,1//1(p2)[5,1//I1(p2)[6,]
//1(p2) [7,1//1(p2) [8,1//1(p2) [12,]1//1(p2) [13,]
//1(p2)[14,1//1(p2) [15,1//1(p2) [16,]1//1(p2) [22,]
//1(p2)[23,];

Gm=Gm1 ; *Gm2;

verskil=1;

j=0;

do while (verskil>0.00000001);

tv=t;

5=3+1;

Gt1=Gm1;

Gt2=Gm2;

Gt=Gt1l;*Gt2;

gl=t[31//t[61//t[71//t[8]1//t[12]
//t[131//t[14]1//t[16]//t[16];
g2=t[31//t[4]1//t[51//t(61//t[7]1//t[8]//t[12]
//t[131//t[14]1//t[151//t[16]1//t[22]//t[23];
g=gl;*g2;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;

nt=t [+];

verskil=sqrt ((t-tv) ‘*x(t-tv));

print i j nt t m g;

end;

verskill=sqrt ((m-t) ‘*(m-t));

end;

Sighat=shape(t,p,p);
sig=sqrt(vecdiag(Sighat));
Corhat=sqrt(inv(diag(Sighat)))*Sighat*sqrt(inv(diag(Sighat)));
print sig[format=6.2] Sighat[format=6.2] Corhat[format=6.2];

* Wald;

t=t0;

Gt=Gt1;*Gt2;
gl=t[31//t[8]//t[7]1//t[8]//t[12]
//t[131//t[14]1//t[15]//t[16];
g2=t[31//t[41//t[51//t[61//t[71//t[8]//t[12]
//t[131//t[14]1//t[151//t[16]1//t[22]//t[23];
g=gl;*g2;

Sig=shape(t,p,p); *print sig;
V=(I(p2)+K)*(siglsig) /n;
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wald=(g) ‘*ginv (Gt*V*Gt ‘) *g;
ng=nrow(g) ;
prob=1-probchi(wald,ng) ;
print wald prob ng;

* Asymptotic covariance matrix;

SigmaC=V- (Gm*V) ‘*ginv (Gm*V*Gm* ) *Gm*V;
vsp=vecdiag(SigmaC) ;

vecvsp=round (vsp,0.000000001) ;
vspsqrt=sqrt(vecvsp); vspmatrix=shape(vspsqrt,p,p);
print vspmatrix[format=6.4];

A.4.2 WISHART.SAS

*Estimation of Wishart matrices;

*Test for independence of 2 sets of variates;

*Homogeneity of covariance matrices;

*Homogeneity of covariance matrices with dependence structure;
*Example in Jiang&Sarkar (1998), Jiang et al (1999);

proc iml worksize=50;

reset nolog;

S={0.0657739 0.01602 0.0600567 -0.002653,
0.01602 0.0534908 0.0084126 0.0125034,
0.0600567 0.0084126 0.0729088 -0.000625,

-0.002653 0.0125034 -0.000625 0.0459961};

print S;

n=25;p=4;p2=p#p;

t=((n-2) /n) #shape(S,16,1) ;

V=J(4,4,0);

K=j(p2,p2,0);

do i=1 to p;

do j=1 to p;

H=j(p,p,0);

H[i,jl=1;

K=HQH‘+K;

end;

end;

verskill=1;

i=0;

t0=t;

do while (verskil1>0.00000001);

i=i+1;

m=t;

t=t0;

Sig=shape(m,p,p); print sig;

V=(I(p2)+K)*(Sig@Sig) ;

V=V/n;

Gm1={0
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Gm=Gm1 ;

verskil=1;

j=0;

do while (verskil>0.00000001);

tv=t;

J=j+1;

Gt=Gm;

gl=(t[31)//t4])//t[71)//(£[81);
g2=(t[1]1-t[111)//(c[2]1-t[12])//(t[61-t[16]1);
g3=(t[1]1-t[111)//(t[2]1-t[12]) //(c[6]-t[16])// (£t [41)// (£ [71);
g=gl;

t=t- (Gm*V) ‘*ginv(Gt*V*Gm*) *g;

nt=t[+];

verskil=sqrt ((t-tv) ‘*x(t-tv));

print i j nt t m g;

end;

verskill=sqrt ((m-t) ‘*(m-t));

end;

Sighat=shape(t,4,4);
Corhat=sqrt(inv(diag(Sighat)))*Sighat*sqrt(inv(diag(Sighat)));
print Sighat[format=6.4] Corhat[format=6.4];

* Wald;

t=t0;

gl=(t[31)//(c[41)//(c[71)// (£ [81);
g2=(t[1]1-t[111)//(t[2]-t[12])//(t[6]-t [16]);
g3=(t[11-t[111)// (e [2]-t[12])//(tc[6]-t[161)// (£ [41)// (£ [7]1);
g=gl;

Sig=shape(t,p,p); *print sig;
V=(I(p2)+K)*(siglsig) /n;
wald=(g) ‘*ginv (Gt*V*Gt ‘) *g;

ng=nrow(g) ;

prob=1-probchi(wald,ng) ;

print wald prob ng;

* Asymptotic covariance matrix;
SigmaC=V-(Gm*V) ‘ *ginv (Gm*V*Gm ‘) *Gm*V;
vsp=vecdiag(SigmaC) ;

vecvsp=round (vsp,0.000000001) ;
vspsqrt=sqrt(vecvsp); vspmatrix=shape(vspsqrt,p,p);
print vspmatrix[format=6.4];

A.4.3 NORMAL.SAS

*Equivalent approach;

*Test for independence of 2 sets of variates;

*Homogeneity of covariance matrices;

*Homogeneity of covariance matrices with dependence structure;
xExample in Jiang&Sarkar (1998), Jiang et al (1999);

proc iml worksize=50;
options pagesize=100 linesize=80;
reset nolog;

133



data={

155.
132.
135.
134.
194.
117.
118.
105.
149.
105.

93.
150.
227.
140.
146.
103.
100.
128.
105.
196.

86.
198.
111
148.
104.

67
28
28
96
10
7
82
34
31
96
78
00
44
80
38
56
54
13
38
40
50
73

.31

17
30

21

.83
28.
19.
29.
31.
24.
31.
36.
34.
29.
31.
22.
33.
41.
47.
35.
28.
27.
22.
38.
25.
29.
36.
40.
19.

92
73
25
16
71
25
36
96
59
28
64
41
05
79
73
48
30
82
62
99
38
27
59
38

122.
119.
.81
.75
216.
132.
.74

121
131

151

105.
142.
103.
106.
202.
226.

99.
137.

83.

91.
126.
117.
.75

81.
175.
102.
118.
106.

191

Yi=log(data[1:13,]);
Y2=log(datal[14:25,]);
nl=nrow(Y1); n2=nrow(Y2);

n=nrow(data); p=ncol(data); p2=p#p; Y=log(data);

yml=(Y1‘*J(n1,1,1)/n1);
ym2=(Y2‘*J(n2,1,1)/n2);

yyl=colvec(Y1‘*Y1/n1);
yy2=colvec(Y2‘*Y2/n2);

80
12

52
56

88
17
41
26
19
22
24
09
43
08
09
01

53
79
12
01
24

18.
37.
24.
36.
24.
29.
28.
32.
25.
32.
32.
19.
31.

21

25,
929,
09,
47,
60,
25,
27,
7,
79,
50,
41,
52,
13,

.21,
28.
37.
21.
36.
28.
33.
29.
40.
33.
27.
27.

32,
66,
22,
33,
20,
54,
34,
00,
26,
82,
64}
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*D selects from vec(Sigma) the elements on the diagonals of Sigma;

Ymacro mat(D,p);

D=J(p,p##2,0);
kr=0;
do i=1 to 1;

do j=1 to p-i+l;
kr=kr+1;

D[kr, (p+D)#(j-1)+i]=1;

end;end;
Ymend mat;
fmat (D,p);*print D[format=2.0];

K=j(p2,p2,0);

do i=1 to p;
do j=1 to p;
H=j(p,p,0);

HIi,j]1=1;
K=HOH‘ +K;

end;
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end;
t=yml//yyl//ym2//yy2; print t;

diffi=1;

i=0;

t0=t;

do while (diff1>1E-9);
i=i+1;

m=t;

t=t0;

mulm=m[1:p]; M21=m[p+1:p#(p+1)];
mu2m=m [p# (p+1) +1 :p#(p+1)+p] ; M22=m[p# (p+1) +p+1: 2#p#(p+1)];

dmulm=I(p) | J(p,p2,0) | 1I(p,p,0) I 1J(p,p2,0);
dmu2m=J (p,p,0) | | I(p,p2,0) | |I(P) | |I(p,p2,0);

covim=m21-colvec (mulm*muim®) ;
cov2m=m22-colvec (mu2m*mu2m®) ;

dcovim=(-I(p)Cmulm-mulm@I(p)) | |I(p2)|1I(p2,p,0)|1J(p2,p2,0);
dcov2m=J (p2,p,0) | 1 J(p2,p2,0) | | (-I(p)@mu2m-mu2m@I(p))||I(p2);

Sigl=shape(covim,p,p);
Sig2=shape(cov2m,p,p);

Phil=(SiglOmuim+muim@Sigl) ;
Phi2=(Sig20mu2m+mu2m@Sig?2) ;

Vi= ( (Sigll|Phi1“)//
(Phill | ((T(p2)+K)*(Sigl@Sigl+Sigl@(mulm*muim®)+
(mulm*muim‘)@Sigl))) )/n1;

V2= ( (Sig2||Phi2“)//
(Phi2]| | ((I(p2)+K)*(Sig20Sig2+Sig20 (mu2m*mu2m*)+
(mu2m*mu2m‘)@Sig2))) ) /n2;

V=block(V1,V2);

Gmlil=dcovim[3,]//dcovim([4,]//dcovim([7,]//dcovim[8,];
Gm12=dcov2m[3,]//dcov2m([4,]//dcov2m([7,]//dcov2m[8,];
Gm21=(dcovim[1,]-dcovim[11,])//(dcovim[2,]-dcovim[12,])
//(dcovim[6,]-dcovim[16,]);
Gm22=(dcov2m[1,]-dcov2m[11,])//(dcov2m[2,]-dcov2m[12,])
//(dcov2m[6,]-dcov2m[16,]);
Gm31=(dcovim[1,]-dcovim([11,])//(dcovim[2,]-dcovim[12,])
//(dcovim[6,]-dcovim[16,])//dcovim[4,]//dcovim[7,];
Gm32=(dcov2m[1,]-dcov2m[11,])//(dcov2m[2,]-dcov2m[12,])
//(dcov2m[6,]-dcov2m[16,])//dcov2m[4,]//dcovom([7,];
Gm4=dcovim-dcov2m;

Gm=Gm21//Gm22//Gm4 ;
*Gm=Gm31//Gm32//Gm4 ;

diff=1;

j=0;

do while (diff>1E-9);
tv=t;
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J=i+L
t1=t [1:2#p]; t2=t [2#p+1:2#p#(p+1)];

mult=t[1:p]; t21=t [p+1:p#(p+1)];
mu2t=t [p# (p+1)+1:p#(p+1)+p]l; £22=t [p# (p+1) +p+1: 2#p# (p+1)];

dmu1t=I(p) | 13(p,p2,0) 1 13(p,p,0) I 1I(p,p2,0);
dmu2t=J(p,p,0) | 13(p,p2,0) | 1T(p) [ 1I(p,p2,0);

covit=t21-colvec(mult*mult);
cov2t=t22-colvec (mu2t*mu2t ) ;

dcovit=(-I(p)@mult-mult@I(p))||I(p2)|1J(p2,p,0)|1JI(p2,p2,0);
dcov2t=J(p2,p,0) | | J(p2,p2,0) | | (-I(p)Cmu2t-mu2t@I(p)) | |I(p2);

gl1=(cov1t[3])//(covit[4])//(covit[7])//(covit[8]);
g12=(cov2t [3])//(cov2t[4])//(cov2t [7])//(cov2t [8]);
g21=(covit[1]-covit[11])//(covit[2] -covit[12])

//(covit[6]-covit[16]);
g22=(cov2t[1]-cov2t[11])//(cov2t [2] -cov2t [12])

// (cov2t[6]-cov2t[16]);
g31=(covit[1]-covit[11])//(covit [2]-covit [12])

//(covit[6]-covit[16])//(covit[4])//(covit[7]);
g32=(cov2t[1]-cov2t[11])//(cov2t [2] -cov2t [12])

// (cov2t[6]-cov2t[16])//(cov2t[4]1)//(cov2t [7]);
gd=covlt-cov2t;

Gtll=dcovit[3,]//dcovit[4,]//dcovit[7,]1//dcovit[8,];
Gt12=dcov2t[3,]//dcov2t[4,]//dcov2t[7,]//dcov2t([8,];
Gt21=(dcovit[1,]-dcovit[11,])//(dcovit[2,]-dcovit[12,])
//(dcovit[6,]-dcovit[16,]);
Gt22=(dcov2t[1,]-dcov2t[11,])//(dcov2t[2,]-dcov2t[12,])
//(dcov2t[6,]-dcov2t [16,]);
Gt31=(dcovit[1,]-dcovit[11,]1)//(dcovit[2,]-dcovit[12,])
//(dcovit[6,]-dcovit[16,])//dcovit[4,]//dcovit[7,];
Gt32=(dcov2t[1,]-dcov2t[11,])//(dcov2t[2,]-dcov2t[12,])
//(dcov2t[6,]-dcov2t [16,]1)//dcov2t [4,]//dcov2t[7,];
Gt4=dcovlit-dcov2t;

g=g21//g22//g4;
Gt=Gt21//Gt22//Gt4;
*xg=g31//g32//g4;
*Gt=Gt31//Gt32//Gt4;

t=t-(Gm*V) ‘*ginv(Gt*V*Gm*) *g;
diff=sqrt ((t-tv) ‘*(t-tv));
print i j tm g ;

end;

diffi=sqrt((m-t) ‘*(m-t));
end;

siglm=sqrt (D*covim) ;

sig2m=sqrt (D*cov2m) ;
covim=m21-colvec (mulm*muim®) ;
rho1=((1/sigim)@(1/siglm) )#covim;
rhoml=shape(rhol,p,p);

136



A.4.3 NORMAL.SAS 137

covim=shape(covim,p,p);
cov2m=m22-colvec (mu2m*mu2m*) ;
rho2=((1/sig2m)@(1/sig2m) ) #cov2m;
rhom2=shape (rho2,p,p);
cov2m=shape (cov2m,p,p);

print mulm[format=8.7] mu2m[format=8.7];
print covim[format=8.7] cov2m[format=8.7];
print rhomi [format=8.7] rhom2[format=8.7];



