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Abstract

The product method for finding bivariate Kummer beta
distributions
by
Rianne Jacobs

This study systematically derives bivariate Kummer beta distributions for the first
time using the product method. Although the definition of the bivariate product distri-
bution is stated in general as the product of any two functions, f(.) and h(.), this study
looks at a special case where f(.) and h(.), are taken to be kernels of known distributions.
Particularly, this study considers the case where f(z1,x2) is taken to be kernels from
various bivariate beta distributions and h(xq,x2) is taken to be the product of two expo-
nential kernels, i.e. h(zy,29) = e ¥2e V2 = e~¥(@1+e2)  The bivariate beta distributions
that are considered include: the bivariate beta type I, bivariate generalized beta type I,
bivariate beta type III, bivariate beta type IV, bivariate extended beta type IV and the
bivariate beta type V distribution.

The new bivariate product distributions that are constructed in this way are referred
to as bivariate Kummer beta distributions. The word Kummer originates from the fact
that the normalizing constant, K, of the pdf’s contain the Kummer function (also re-
ferred to as the confluent hypergeometric function) or a related form of it. These new
bivariate Kummer beta distributions have the original bivariate beta distribution para-
meters as well as the parameter, 1. When v is set equal to 0, the bivariate Kummer beta
type distributions simplify to the bivariate beta distribution whose kernel was used in its
construction.

This study derives the joint, marginal and conditional pdf’s of these distributions.
The effect of the parameter, v, on the correlation between X; and X, the joint pdf and
the marginal pdf is investigated graphically. Finally, two examples of possible applications
are provided.

Keywords: beta-binomial, bivariate beta distribution, Kummer function, product
method, stress-strength
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Chapter 1

Introduction

1.1 Background and Motivation

Consider the scenario where two observers are gathering information about some variable,
X. Each observer gathers information about X independently from the other and obtains
some knowledge about the possible values that X can attain. Arguably, the two observers
together have obtained more information than each observer individually. These two inde-
pendent pieces of knowledge can both be expressed as functions of X. If these information
sources can be combined into one probability density function (pdf), a distribution can
be obtained that contains the information from both observers. This product method of

constructing a univariate distribution is defined in the following definition:

Definition 1 A continuous random variable X is said to have a univariate product dis-
tribution if its pdf is given by
9(x) = K f(z)h(z) (1.1)

where f(.) and h(.) are two integrable functions of v and K the normalizing constant

ensuring that the pdf integrates to 1. The parameters are such that g(x) is a valid pdf.

Many well-known distributions can be viewed as a product distribution even though
not originally so constructed. Consider, for example, the gamma distribution with pdf

g(z) o< 227 te7® 2 > 0. Here is an example of a pdf that can be viewed as being

a—1

constructed from the product of two integrable functions of x, namely f(z) = z*~! and

h(z) = e,

The next step is to consider a special case of this definition, whereby one or both of
the functions, f(.) and h(.), are the kernel (see Definition B.1) of some known univariate
distribution. In this way, new distributions can be constructed from other known distri-

butions. Considering again the gamma distribution example above, note that h(x) can

1
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be viewed as the kernel of an exponential distribution. The exponential distribution is,
therefore, often referred to as a special case of the gamma distribution.

As an example of using Definition 1, consider f(z) = ¢ }(1—z)*! and h(z) = ¥, i.e.
f(z) is the kernel of the beta type I distribution and h(z) is the kernel of the exponential
distribution. The product distribution is then defined by the pdf

g(la,b,) oc a7} (1 — x)" et

for 0 << 1,0 <a,band —oo < ¥ < 0o and is referred to as the Kummer beta type
I distribution. This distribution was studied by Ng and Kotz [47]. The study of this
distribution was motivated by the structure of the Kummer gamma distribution studied
by Armero and Bayarri ([2] and [3]) which forms a conjugate prior of the waiting and

inter-arrival times of a queueing system, both of which are exponentially distributed.

Nadarajah and Xu [44] and Nadarajah and Gupta [40] considered an example of the
univariate product distribution where both f(.) and h(.) are the kernels of the Pareto
distribution. They referred to the new distribution as the product Pareto distribution.
Pauw et al. [50] also considered the univariate case, calling it the kernel approach. Pauw
et al. [50] took h(x) to be the kernel of a gamma distribution and f(z) the kernel of (i)
a beta type II kernel and (ii) a Pearson type I kernel, thereby constructing generalized
gamma distributions. See also [38], [43], [39] and [42] for other examples of product

distributions.

Using similar arguments as given above, one can extend Definition 1 to the bivariate

case. Two variables then each have two independent sources of information:

Definition 2 The continuous random variables X, and Xs are said to have a bivariate

product distribution if their joint pdf is given by
g(z1,x2) = K f(21,22)h(21, 72) (1.2)

where f(.) and h(.) are two integrable functions of x1 and xo and K the normalizing

constant ensuring that the pdf integrates to 1. The parameters are such that g(xyi,xs) is
a valid pdf.

As in the case of the univariate product distribution, one can have one or both of the

functions, f(.) and A(.), in Definition 2, be a kernel of some known bivariate distribution.

2
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1.2 Objective and Scope

The emphasis of this study is deriving new bivariate product distributions using Definition
2. Both f(z1,72) and h(xy,z5) are taken to be kernels of known distributions. The
function f(z1, x2) is assumed to be the kernel of various known bivariate beta distributions
with bounded support space and h(z1, x2) is the product of the kernels of two independent

univariate exponential distributions, namely

h([L’l, .112) = h(l‘l)h($2>

_ e—wwl e—wa:g

= e Vlote), (1.3)

Note that it is possible to have an extenstion of (1.3) by letting 1y # 1y, i.e. h(x1,x2) =
e~¥171e=%2¥2 More is said about this in Chapter 9.

The new bivariate product distributions that are being constructed using this product
method are defined as bivariate Kummer beta distributions and the components that are
used to obtain these distributions are illustrated in Figure 1.1 below. Note that these
new bivariate Kummer beta distributions have the original bivariate beta distribution
parameters as well as a new parameter, ), coming from the exponential kernels (see

(1.3)). As can be seen from Figure 1.1, a systematic approach in building up this group

Kftx1.x2 Yi(x1.x2)

ﬂ:xlaxl} };{xl,x;]

! !

»  Kernel ofthe hivanate beta type [ (zee Section 1 4.1)

»  Kernel ofthe bivanate generalized beta type I (see Section 14.2)
»  Kernel ofthe hivaniate heta type [1I (zee Section 1.4 .33

»  Kernel of the bivaniate beta type [V (see Section 1.4.4)

«  Kernel ofthe hivariate extended beta type [V (see Gection 1.4.5)
»  Kemel of the bivanate beta type V (zee Section 1.4.6)

g Wi+ )

Figure 1.1: Bounded bivariate Kummer beta distributions

of bivariate Kummer beta distributions is followed where it is assumed that f(zq,x2)

3
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are kernels of bivariate beta distributions with bounded support space and h(xi,zs) =
hi(x1)hy(xy) = e ¥@1+72)  Some properties of these newly proposed distributions are

derived and the role of the additional parameter, 1, is investigated.

This study ends with examples of possible applications of the newly proposed Kummer

beta distributions; demonstrating the contribution of the proposed models.

1.3 Naming Conventions for Kummer Beta Distribu-

tions

Different authors have developed and adopted different naming conventions. It is, there-
fore, essential that the naming convention used in this study is clearly defined from the
beginning. The name Kummer beta consists of two parts, namely Kummer and beta.

Both of these parts are discussed in this section.

The use of the word Kummer is explained by Armero and Bayarri ([2] and [3]), i.e. the
Kummer gamma or Kummer beta distributions contain the word Kummer, because the
Kummer function (also known as the confluent hypergeometric function) appears in the
normalizing constant of the pdf. This is similar to the naming convention of the gamma
and the beta distributions, where the gamma function and beta function appear in the

normalizing constant of the respective pdf’s.

In order to understand why the word beta is used, one has to consider some of the
research done on the multivariate and matrix variate versions of these Kummer distribu-
tions. Gupta et al. [20] studied matrix variate Kummer Dirichlet distributions as an
extension of the multivariate Kummer Dirichlet distributions. They called the multivari-
ate case of the Kummer beta distribution, the Kummer Dirichlet type I distribution and
the multivariate case of the Kummer gamma distribution the Kummer Dirichlet type I1.
However, it is possible to call the Kummer Dirichlet type II distribution the multivariate
Kummer gamma distribution. This is exactly what Nagar and Cardeno [45] do, when
they refer to the matrix variate Kummer gamma distribution. This brings some confu-
sion about which distribution is referred to. In this study, a uniform naming method is
used by referring to the various Kummer distributions by the name of the kernel used in
f(z1,x2) (see Figure 1.1). The function, f(z1,x2), is taken to be the building block from
which the naming is obtained. Moreover, h(z,zs) contains the new parameter, 1, and
when this parameter is set equal to 0, i.e. 1) = 0, the bivariate Kummer beta distribution
reduces to the distribution described by f(z1,x2). Consequently, in this study the word

beta is used, since f(xy,z7) is assumed to be a bivariate beta kernel.

4
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1.4 Known Bivariate Beta Distributions with bounded

support space

This section provides some background to bivariate beta distributions in general and
then focusses on the group of bivariate beta distributions with bounded support space.
The bivariate beta distributions that are being used in the construction of the bivariate
Kummer beta distributions are given and a short description is provided.

The comprehensive work of Balakrishnan and Lai [5] describes many of the methods
currently used or available in the literature on the construction of bivariate distributions.
One such technique is the variables in common or trivariate reduction technique; this
method is commonly used in the construction of bivariate beta distributions. This tech-
nique creates two dependent random variables from three or more independent random

variables. A general definition is given by

Xl = Tl(Si,i:1,2,3...>
X2 = T2(5i7i:1,2,3...>

where the functions 7 and 75, connecting the random variables S;,7 = 1,2, 3... to the two

dependent variables, X; and X5, are generally elementary ones. Some examples include

X1:S1+Sg andX2:5'2+5'3,

Sy
X, = 2L X P2
1 S, and X, 537
= 51 and = 52
TS+ S, > S+ S,

For other methods of construction of bivariate distributions see Balakrishnan and Lai [5].

The bivariate Kummer beta distributions proposed in this study are constructed using
the product method with bivariate beta kernels as the function, f(z1,z3), (see 1.2). In
this study, the bivariate beta distributions are classified according to their domain. The
three basic domains on which bivariate beta distributions are defined are as follows: (i)
0 <z,29 <1, (i) 0 < 21422 < 1 and (iii) x1, 22 > 0. These three domains are displayed
in Figure 1.2. Although there are many bivariate beta type distributions, we will be
focussing on some of the bivariate beta distributions which have a bounded support space
on the domain 0 < x1,2o < 1 and 0 < x; + x5 < 1, i.e. the first two panels in Figure 1.2.

In the following sections a brief overview is given regarding the following bivariate beta

distributions that are considered as the building block kernels, f(z1,x2), of this study:

e Bivariate beta type I (1.5) - see Section 1.4.1

5
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0<x.x0 =1 0<x;+x; =1 X1,% =0
X2 X2 X2 ﬂ_ ﬂ_
=
1 1 1
=
0 X, 0 X; 0o X1
] 1 ] 1 ] 1

Figure 1.2: Domains for bivariate beta distributions

Bivariate generalized beta type I (1.7) - see Section 1.4.2

Bivariate beta type III (1.9) - see Section 1.4.3

Bivariate beta type IV (1.11) - see Section 1.4.4

Bivariate extended beta type IV (1.13) - see Section 1.4.5

Bivariate beta type V (1.15) - see Section 1.4.6

1.4.1 Bivariate Beta Type I

The bivariate beta type I distribution is probably one of the most well-known bivari-
ate beta distributions in the literature. It is often referred to as the bivariate Dirichlet
distribution ([5], p374). Its pdf is given by

(B(a,b,¢) 207 b (1 — 2y — ap)°7? (1.4)

with kernel

feBr(r1, ) = x?’lxg’1(1 — 2 — :cg)c’l (1.5)

for x1,29 > 0, 1 + 25 < 1, a, b, ¢ > 0 and where B(.,.,.) is the three-parameter beta
function as defined in (B.2) in Definition B.5.

The bivariate beta type I distribution is obtained by means of the trivariate reduction
method ([5], p375). If S; ~ Gamma(a,1) = x*(2a), Sy ~ Gamma(b,1) = x*(2b) and
Ss ~ Gammal(c,1) = x*(2¢), then X; = m and Xy = m,
S1+ 52+ S3 < 1, have a bivariate beta type I distribution. The marginal distributions of
X, and X, are Beta!(a,b+ c) and Beta!(b,a + c), respectively.

conditional on

6
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1.4.2 Bivariate Generalized Beta Type I

The generalized Dirichlet distribution originates from the concept of “neutrality”, which
arises naturally in the context of eliminating a single proportion from a set of proportions.
Applying this concept of neutrality to the Dirichlet distribution, the generalized Dirichlet
distribution [12] is obtained. The pdf of the bivariate case is given by

(B(a,d)B(b,¢)) " a9 ah (1 — 1)1 — 2y — 29)7 ! (1.6)

with kernel

foapr(r1,m0) = 2§ ah™ (1 — o) (1 — @y — 3p)7 ! (1.7)

for x1,29 > 0, 21 + 293 < land a, b, ¢, d > 0.

The bivariate generalized beta type I distribution is obtained by means of a sim-
ple transformation from univariate beta variates [12]. If S; ~ Beta!(a,d) and Sy ~
Betal(b,c), then X; = S; and X, = S3(1 — S1) have a bivariate generalized beta distrib-
ution. The bivariate generalized beta type I distribution simplifies to the bivariate beta
type I distribution in (1.4) when d = b+ c.

1.4.3 Bivariate Beta Type III

The matrix variate beta type III distribution was studied by Ehlers et al. [14]. From this
the pdf of the bivariate beta type III distribution is obtained and is given by

-1
(B~ Ba,b,)) a4 (1 =y — )" (L4 (B = D + (8 = Dan) ) (18)
with kernel

I[BBrrr(z1,x2) = 27~ Lol 1(1 — T — 29)" 1(1 +(B =1z + (B — 1)$2)_(a+b+c) (1.9)

for 1,29 > 0, 21 + 29 < 1 and a, b, ¢, B > 0. A special case ( = 2) of the matrix
variate beta type III distribution was studied by Gupta and Nagar [21] and some more
of its properties were studied by the same authors [22] more recently. Cardeno et al. [11]
studied the univariate beta type III and its multivariate generalization for the special case
(B =2).

The bivariate beta type III distribution is obtained by means of the trivariate re-
duction method [14]. If S; ~ Gammal(a,1) = x*(2a), Sy ~ Gamma(b,1) = x*(2b) and
Ss ~ Gamma(c,1) = x*(2¢), then X; = m and X = #1653 have a bivariate
beta type III distribution. When g = 2, we obtain the special case of the bivariate beta
type III distribution which was studied by Cardefio et al. [11]. For = 1, the bivariate

7
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beta type III distribution reduces to the bivariate beta type I distribution given in (1.4).

1.4.4 Bivariate Beta Type IV

The bivariate beta type IV distribution was derived independently by Jones [30] and Olkin
and Liu [48]. It is also a special case (A} = Ay = 1) of the model proposed by Libby and
Novick [33]. It is often referred to as the Jones’ model or Jones’ bivariate beta distribution
([5], p379). The matrix variate beta type IV distribution was studied by Bekker et al. [7]
(See also [18] and [23]). The pdf of the bivariate beta type IV distribution is given by

(B(a,b,¢)) " 207 b7 (1 — )P (1 — 20) TN (1 — ayay) @0 (1.10)
with kernel
fBBIV(xlwfz) _ .I"ll_lxg_l(l o xl)b+c—1(1 . $2)a+c_1(1 . x1$2)—(a+b+c) (1‘11)

for 0 < zy,20 <1anda,b, ¢c>0.

The bivariate beta type IV distribution is obtained by means of the trivariate reduction
method (see [48]). If S; ~ Gamma(a,1) = x*(2a), Sy ~ Gamma(b,1) = x*(2b) and
Ss ~ Gamma(c,1) = x*(2c¢), then X; = Slilsg and X,y = 52%53 have a bivariate beta type
IV distribution. The marginal distributions of X; and X, are Betal(a,c) and Beta! (b, c),

respectively.

1.4.5 Bivariate Extended Beta Type IV

The bivariate extended beta type IV distribution was proposed by El-Bassiouny and Jones
[16]. The matrix variate case was studied by Bekker et al. [6]. The pdf of the bivariate
extended beta type IV distribution is given by

(B(a,c)B(b,a+c+d)) " a7 ab (1 — aq)bretd=1(1 — gy)oterd!

1—
X (1 — wymy)~(@ttterd, by (a +b+ct+dda+ctd, M) (1.12)
1-— T1T2
with kernel
fBEBIV(x1>x2) _ I?_ll‘g_l(l . x1>b+c+d—1(1 o $2)a+c+d—1(1 . x1x2)—(a+b+c+d)
1—
><2F1(a+b+c—|—d,d;a—|—c+d;u> (1.13)
1-— T1T2
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for 0 < xy,29 <1, a,b ¢>0,d>0 and where o F(.) denotes the Gauss hypergeometric
function defined in (B.6) in Definition B.8.

The bivariate extended beta type IV distribution is obtained by means of the trivariate
reduction method [16]. If S; ~ Gamma(a,1) = x*(2a), So ~ Gamma(b, 1) = x2(20),
Ss ~ Gamma(c, 1) = x*(2¢) and Sy ~ Gamma(d, 1) = x*(2d) then X; = 3= and X, =

have a bivariate extended beta type IV distribution. The marginal distributions

52+53+S
of X; and X, are Beta(a,c) and Beta’(b,c+ d), respectively. When d = 0, the bivariate

extended beta type IV distribution reduces to the bivariate beta type IV distribution
given in (1.10).

1.4.6 Bivariate Beta Type V

The bivariate beta type V distribution was introduced by Ehlers et al. [15]. They stud-
ied both the central and triply non-central cases. The pdf of the bivariate beta type V

distribution is given by

<B<a’b’0) <aﬁl) (o%)_b)_lx‘fl b (1 —29)" (1+ (5 ;lal)xl N (6 ;2042> @)—

with kernel

— _ —(a+b+c)
fam (o) = ot a0 = = (1 (22 ) (2202 )
aq Qo
(1.15)

for x1,29 >0, x1+ 22 <1, a, b, ¢, B, ar, as > 0.

The bivariate beta type V distribution is obtained by means of the trivariate reduction
method [15]. If S; ~ Gamma(a,1) = x*(2a), Sy ~ Gamma(b,1) = x?(2b) and Sz ~
Gammal(c,1) = x*(2c), then X; = #‘lw% and X, = Wm have a bivariate
beta type V distribution. When a; = ay = 1, the bivariate beta type V distribution
reduces to the bivariate beta type III distribution in (1.8) and when oy = ay = = 1,
the bivariate beta type V distribution reduces to the bivariate beta type I distribution in

(1.4).

1.4.7 The Importance of the Bivariate Beta Distributions

The motivation for using bivariate beta kernels in the construction of bivariate Kummer
beta distributions, is the fact that bivariate beta distributions are used in many areas
of research. Bivariate beta distributions receive a lot of attention in the literature lately

(see for example [4], [24], [37], [41]). Some examples of applications of bivariate beta

9
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distributions are given below:

e It is a popular distribution in Bayesian statistics. The bivariate beta type I distri-

bution forms a conjugate prior for the multinomial distribution. (see [9]).

e The bivariate beta distribution is a very flexible distribution, because of its con-
struction. Many different bivariate beta distributions can be constructed by using
different chi-squared ratios (as seen in the Sections 1.4.1 through 1.4.6). In this
way, a bivariate beta distribution can be constructed that suits the situation or

application.

e In the compounding context, the beta distribution is also well-known. Consider for
example the beta-binomial distribution. Here a beta distribution is compounded
with a binomial distribution. This distribution along with an example of a possible

application is discussed in more detail in Chapter 8.

e One example of an application in which the bivariate beta distribution is frequently
used is reliability. Consider for example the work by Nadarajah [36] on the stress-
strength model in reliability. The ratio of bivariate beta variables are often used to

calculate the reliability of systems. This is discussed in more detail in Chapter 8.

e Some other applications where the bivariate beta distribution is used includes utility
assessment [33] and drought data [37]. Balakrishnan and Lai [5] also provide many

applications for the bivariate beta distribution.

1.5 Dissertation Outline

This section briefly discusses the main structure of this study.

Utilizing Definition 2, new bivariate Kummer beta distributions are proposed in Chap-
ters 2 to 7. The outline of each of the Chapters 2 to 7 is presented in Figure 1.3. The
effect of the new parameter, 1, is investigated by means of graphs.

In each of Chapters 2 to 7, one of the bivariate Kummer beta types is proposed as

follows:

e Chapter 2: Bivariate Kummer beta type I with f(xy, z5) given by (1.5).
e Chapter 3: Bivariate Kummer generalized beta type I with f(x1, z5) given by (1.7).
e Chapter 4: Bivariate Kummer beta type III with f(z1,z2) given by (1.9).

e Chapter 5: Bivariate Kummer beta type IV with f(z1,x2) given by (1.11).

10
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STx1,x2) h(x1,x2)
Bivariate beta kernels Exponential kernels
(see Section 1.4) e Vrlg V2 — o—y(x1+x2)

Product method
(Definition 2)
Kf(x1,x2)h(xy,x,)

Shape Analysis Bivariate Kummer

beta distribution

glx1,x2)

I‘\-'Iaf'gm:’«ll Product moment
distribution EOCXE
m(x!_) ( 1 2)
Conditional b 611“':‘ sl
e correlation
listribut
distribution E(X,). Var(X))
c(x i|x j)

Cov(X1.X,), Cor(X1.X3)

Figure 1.3: Structure of Chapters 2 to 7

e Chapter 6: Bivariate Kummer extended beta type IV with f(xq,z2) given by (1.13).
e Chapter 7: Bivariate Kummer beta type V with f(x1,x2) given by (1.15).

Chapter 8 concludes by showing two examples of possible applications. Firstly, the
stress-strength model in reliability is discussed and applied to the bivariate Kummer beta
type IV distribution. Secondly, the beta-binomial distribution is discussed and subse-
quently the marginal distribution of the bivariate Kummer beta type I is used to con-
struct the Kummer beta-binomial distribution. Both the beta-binomial and the Kummer
beta-binomial distributions are fitted to a real dataset and compared.

Chapter 9 gives some conclusive remarks and suggestions for further research.

The following appendices are included:
e Appendix A: Definition of notation used
e Appendix B: Background mathematical results

e Appendix C: Computer programs.

11
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Chapter 2
Bivariate Kummer Beta Type I

In this chapter the product method is used to construct the bivariate Kummer beta type I
distribution, utilizing Definition 2 (see (1.2)) with f(x1, z2) the bivariate beta type I kernel
(see (1.5)). The joint distribution is considered as well as the marginal and conditional
distribution functions. An expression is derived for the product moment and expressions
for the means, variances, covariance and correlation are provided. Finally, the effect of the
parameter, 1), is investigated by means of a shape analysis; this parameter is introduced

via the function h(x1,1y) = e ¥(#1772) (see Figure 1.1).

2.1 Joint Distribution

In this section, the bivariate Kummer beta type I distribution is derived.

Theorem 2.1 The pdf of the bivariate Kummer beta type I distribution is given by
9Bk BI(T1,%2) = Kx(fflngl(l - — $2)C*16*¢($1+r2) (2.1)

where 0 < x1,x9, x1 + 13 < 1, a,b,c > 0, —00 < 1 < oo, 1Fi(.) denotes the confluent

hypergeometric function (see Definition B.8) and the normalizing constant, K, is given

by
K™ = B(a,b,eq Fi(a+bya+b+c;—y). (2.2)

This distribution is denoted as (X1, X3) ~ BKB! (a,b,c,) .

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer beta

type I distribution from the bivariate beta type I kernel (see (1.5)). The pdf of the bivariate

12
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2.1. Joint Distribution

Kummer beta type I distribution is then given by

gerBI(®1,22) = K fppr(zy, x2>€_"/)($1+$2)

= K¢ 2l (1 — 2y — xy) teVlote) (see (1.5))

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1 1—x2
// 9KBI(T1, To)dr1dry = // Kx{~ Lyb= 1(1—x1 xg)c_le_wrﬁm)dxldxg
o Jo

From this the normalizing constant is obtained as:

Kt = / / x] ! b 1 (1 =z —x9)” Le=v@1+22) g0 da

= /x2 —Ye2 / eV (1 — 2y — 29) My das. (2.3)

0 0

Since by Relation B.3
1—ao
/ 217 e T (1 — a1 — w2) = Bla, o) (1 — 22) " TH Fi(asa 4 ¢ =y (1 — 1)),
0

the expression in (2.3) becomes

1

K' = /xgleWZB(a ) (1 —x2)" " Fi(a;a 4 ¢; = (1 — x3))das

/x L1 = zy) T eV By (a0 4 ¢ — (1 — ) das.
0

Using Relation B.4, it follows that

1
K1 — /x 1 = my)rte e 2o ) B (a4 ¢ (1 — @) )day
0

1
— c)e w/x 1 = 2) N Fi(cia + ¢ (1 — ) day.
0

13
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Writing the function, ; Fi(.), out in its series representation (see (B.5)) and using (B.3)

the following is obtained:

1

K-\ = Bla,c)e / w3‘1<1—x2>”c_1§(w(lém) <a(fi>kd“

[e=]

1

_ B(a C)e—zp i w_k (C)k {Eb_l(l —z )a-&-c-l—k—ldaj
| — K (a+ o)y ? ’ ’

0

— Bla,c)e ™ Z_; % (a(i)’;kB(b, a+c+k).

Using (B.1), (B.2), (B.5) and Relation B.4, the required result (2.2) is obtained:

a)l'(c) _, i": VP T(c+ k)T (a+ c)T(a + ¢+ k)T(D)

E' () (a+c+k)I(a+b+c+k)
_ D@r®re) i V" T(c+ k)T (a+b+c)
IT(c)L(a+b+c+k)

K =

k=

N~ YT+ RD(a+b+0)
— ¢ e
= B(a,b,c)e kz:% k! F(C)F(a+b+c+k)

= B(a,b,c)e™V 1 Fi(c;a+b+ ;1))
= Bla,b,c)e Ve Fi(a+ba+b+c;—1))
= B(a7bac)1Fl(a+b;a+b+c;_w)‘

Remark 2.1 Note that the bivariate Kummer beta type I distribution may also be ob-
tained by setting p = 2 in the pdf of the multivariate Kummer dirichlet type I distribution
defined by Ng and Kotz [47].

Remark 2.2 The non-central Kummer beta type I distribution can be obtained by using
the non-central beta type I distribution, the latter which was studied by Troskie [55] with

pdf given by
(B(a,b,¢) 207t 1 — 2y — 20) te O Fi(a4+ b+ ;¢ 0(1 — oy — 22)) (2.4)

with kernel

fvespr(z1,29) = 25 2l M1 — 2y — 20) M Fi(a + b+ ¢ 6;0(1 — 21 — 29)) (2.5)

14
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for 1,20 > 0, 21 + 20 < 1, a, b, ¢ > 0 and where 6 > 0 denotes the non-centrality
parameter. The pdf of the non-central Kummer beta type I distribution is constructed

using Definition 2 with f(x1,x2) given by (2.5) and is given by

b (1 =y —a0) M Fi(a+ b+ ¢ 0 0(1 — ap — 1) )e Viorte)
(2.6)
where x1,T9 >0, x1+ x5 < 1, a,b,c >0, —o00 <Y < 00, d > 0 denotes the non-centrality

gnesrBI(T1,12) = Kyoad

parameter and the normalizing constant, Kyc, 1S given by

Kye = abcz F1a+ba+b+c+j, —1)
—o /

= (abc) sla+ba+b+ca+b+c;—,0)

where ®5(.) denotes the confluent hypergeometric series of two variables as defined in

Definition B.10. This distribution is denoted as (X1, X3) ~ NCBKB' (a,b, c,).

2.2 Marginal and Conditional Distributions

In this section the marginal, m(z;), and the conditional, c¢(z;|x;), pdf’s of the bivariate

Kummer beta type I distribution are derived.

Theorem 2.2 If (X1, X,) ~ BKB! (a,b,c,v), the marginal pdf of X, is given by

Ty 1(1 —21)" L (e b+ ¢ (1 — 3)
B(a,b+ c¢)1Fi(c;a+ b+ c; )

(2.7)

m(ry) =

where 0 < x1 <1, a,b,c >0 and —0o < 1 < 0.

Proof. Using (2.1), m(z1) given in (2.7), is obtained by using Relation B.2:

1—x1

m(:pl) — / K[L‘a 1 b 1(1_3:1 xQ)c—le—w(m1+:p2)dx2

0
1—z1

— Ka;‘ffle’ml / xg’1(1 -z — xz)c’le’w“d:vg
0
= KB(b,c)zd e V"1 (1 — z))P T Fy (b b+ ¢ —p(1 — 1)),

15
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2. BIVARIATE KUMMER BETA TYPE I
2.3. Moments and Correlation

The expression is simplified using Relation B.4, (B.1) and (B.2):

B(b,c)zy e (1 — aq)" 1 Fi(b; b+ ¢ — (1 — 1)
B(a,b,c)1Fi(a+bja+b+ c;—1)
B(b,c)zi e (1 — a1)" ™ (e b+ ¢ 9(1 — 1)
B(a,b,c)e V1 Fi(c;a+ b+ c; )
2{ 1 —2)" R b + g p(1 — x)
B(a,b+ c¢)1Fi(c;a+ b+ c; )

m(zy) =

Remark 2.3 Note that the marginal pdf of Xs is obtained by substituting xo for x1 in

(2.7) and interchanging the parameters a and b.

Theorem 2.3 If (X, X5) ~ BKB! (a,b,c,v), the conditional pdf of X5| X, = x1 is given
by
c(za|ry) = Dal™ (1 — xq — a0) T e ¥ (2.8)

where 0 < x5 < 1 — 121, a,b,c > 0, —00 < ¥ < o0 and the normalizing constant D 1s
defined as
D™ =B (bc) (1 —a1) ™ Fy (bb+ ¢ —p(1 — 1))

Proof. Using the joint pdf, gpxpr (71, x2), in (2.1) and the marginal pdf, m(x;), in
(2.7), expression (2.8) for the conditional pdf of X5|X; = z; follows directly:

9BKBI ($1,$2)
m(z1)
Kot 2l (1 — 2y — mp)e levlarta2)
Kazi te a1 B(b, ¢)(1 — 1)+ 1 Fy(by b+ ¢; — (1 — 1)
251 — 2y — ap) eV
B(b,c)(1 — 1) 1 Fy(b; b+ ¢; —(1 — 1)
= Dab 11—z — xy) eV,

c(za|my) =

Remark 2.4 Note that the conditional pdf of X1|Xs = x5 is obtained by interchanging

the variables x1 and xo and the parameters a and b in (2.8).

2.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and

variance of X; and X5 as well as the covariance and correlation of (X3, X3) are obtained.
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2. BIVARIATE KUMMER BETA TYPE I
2.3. Moments and Correlation

Furthermore, the effect of the parameter ¢ on the correlation between X; and X is

investigated.

Theorem 2.4 If (X;,X5) ~ BKB' (a,b,c,), the product moment, i.e. E(X[X35),

equals

KB(a+r,b+s,c)1Fila+b+r+s;a+b+c+r+s;—1)
= (A(a,b,¢,0,0)) " x A(a, b, c,r, s) (2.9)

where
Ala,b,c,rys) = Bla+r,b+s,chFila+b+r+s;a+b+c+r+s;—1) (2.10)

with A(a,b,c,0,0)™t = K as defined in (2.2). Note that the definition of A(.) must be

read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer beta type I distribution in (2.1), the

expected value of X{ X5 is taken:

1 1—xo

E(X{X3) = //ﬂxggBKBl(xh@)dmde

111‘2

e / / x1x2 a 1 b 1(1 -z — x2)071€7w(x1+x2)dx1d$2

1 1—x9
= K/ / g0 TN (1 — g — @) le V@Ot gy day . (2.11)
0 0

Because the integrals in (2.11) are similar to those found in the proof of Theorem 2.1, the

desired expression can be obtained as

E(X]7X5) = KB(a+rb+s,chFi(a+b+r+s;a+b+c+r+s—1)
= (A(a,b,c,0,0)) x Aa,b,c,r, )

with A(a,b,c,7,s) as defined in (2.10). =
It follows from (2.9):

a 1Fi(a+b+1a+b+c+1;—1)
a+b+c  Fi(a+ba+b+c—v)

(a+1)a 1Fila+b4+2a+b+c+2;—v)

(a+b+c+D(a+b+ec) 1Fla+batbtc—y)

B(X) =

Y

E(XY)

17
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2. BIVARIATE KUMMER BETA TYPE I
2.3. Moments and Correlation

b Fi(a+b+La+b+c+1;—9)

B(X,) =

( 2) a,+b+C 1F1(a—|—b;a_|_b_|_c;_w) )
BE(X2) = (b+1)b Fia+b+2a+btct2—y)
27 (a+b+c+)a+b+c) (Flatbat+b+c—1p)
ab 1Fila+b+2,a+b+c+2;—1)

E(X1X,) =

(X1.X2) (a+b+c+)(atb+te) Flatbatbte—y)
Var(Xz) = (b+ 1)) 1Fila+b+2a+b+c+2;,—1)

(a+b+c+1)(a+b+c) 1Fila+bya+b+c;—)
b 1Fila+b+1La+b+c+ 1;—v) 2
_(cH-b—i-c 1Fila+b,a+b4c; =) >
ab 1Fila+b+2,a+b+c+2;—)
1F1(a+b;a+b+0;—w)( (a+b+c+1)(a+b+o)
1Fila+b+1La+b+c+ 1;—)
a (a+b+c) )

and  Cov(Xp, Xs) =

Figure 2.1 shows the correlation between X; and X, as v varies where (X7, Xs) ~
BK B! (a,b,c,1). The graph shows the correlation as a function of ¢ € [—10,20] for
certain combinations of values for the parameters a, b and c. Note that positive correlation
is obtained when 0 < ¢ < 1 and some positive values of ). The value of 1) from which the
correlation becomes positive depends on the values of a, b and c¢. Note that the correlations
for ¢ = 0 are those of the bivariate beta type I distribution which are always negative
(see [31], p488). The new parameter, v, therefore, brings in positive correlation which
is a significant improvement over the bivariate beta type I distribution as the negative
correlation of the bivariate beta type I distribution is often deemed a draw-back. For
the effect of the parameters a, b and ¢ on the correlation of the bivariate beta type I
distribution the reader is referred to Ehlers ([13]).

corr(X 1, X7)

04

Figure 2.1: Correlation of the bivariate Kummer beta type I distribution as 1 varies
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2. BIVARIATE KUMMER BETA TYPE I
2.4. Shape Analysis

Remark 2.5 The definition for the bivariate Kummer beta type I distribution to be pos-
itive quadrant dependent (PQD) (see [34], p34) is

G(x1,72) > M(21)M(22) Va1, Vo, (2.12)
with
(0 for 1 < 0,29 <0
foliml gzl gBKBI(tb to)dt dt,
+ L 21 Jo " gprepi(ty, ta)dtdts for 0<x;+125<1
G(x1,19) = o 01 2 gprpr(t, ta)dtydts Jor 1—xy<x1<1,0<2, <1
fo 9k It ta)dtadt, for ©1>1,0< 25 <1
fo T 9Bk Bi(t1, ta)dt1dty for 1o >1,0< 12, <1
(1 for x1> 1,29 > 1
and

M (a0) M(a) = /0 m(t)dt, /0 ' n(ta)dts

for 0 < x; < 1,47 = 1,2, where gprpi(ti,ta), m(t;), i = 1,2 are given in (2.1), (2.7)
and Remark 2.3. For negative quadrant dependence (NQD), the inequality sign in (2.12)
reverses ([34], p34). By substituting various values of the parameters in (2.12) it can be
determined whether the bivariate Kummer beta type I distribution has positive or negative

correlation since PQD (NQD) implies positive correlation (negative correlation) ([34],
P34, 46).

2.4 Shape Analysis

The effect of the parameters a, b and ¢ was studied by Ehlers ([13]) for the bivariate beta
type I distribution. In this study, therefore, only the effect of the new parameter, 1, is
considered.

Figure 2.2 displays the joint pdf and contour plots for the bivariate Kummer beta
type I distribution whose pdf is given by (2.1). The effect of 1) is illustrated by setting
1 = —3, 0 and 3 and keeping the other parameters fixed at a = b = ¢ = 2. Note that
1) pushes the pdf towards the =1 + x5 = 1 line for negative values of 1) and towards the
origin for positive values of ¢). The middle graph (for ¢ = 0), is the graph of the bivariate
beta type I whose pdf is given by (1.4).

Figure 2.3 displays the marginal pdf (see (2.7)) for the bivariate Kummer beta type
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n i 0 1

Figure 2.2: Joint pdf of the bivariate Kummer beta type I distribution

I distribution. The four graphs represent the four basic shapes of a univariate beta
distribution, namely, symmetric, u-shaped, negatively skewed and positively skewed. For

each of the four shapes the effect of ¢ is studied. Note that in the cases where a = 3,

_.I_
3 d=3,b=c=15 — d=05+=c=025
" N
2 &

[

0.0 02 04 0.6 0.8 10 0.0 02 0.4 0.6 0.8 1.0

G0 02 04 06 08 10 00 02 04 06 08 10
X1 X1

=3

vo=-3 wo=0;

Figure 2.3: Marginal pdf of the bivariate Kummer beta type I distribution
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2. BIVARIATE KUMMER BETA TYPE I
2.5. Summary

b=c=15and a = 0.5, b = ¢ = 0.25, ¢ changes the skewness of the pdf. In the
bottom two graphs, ¢ changes the kurtosis of the graphs. For the negatively skewed
graph, a negative value of v increases the kurtosis while a positive value of ¢ decreases
the kurtosis. In the positively skewed graph, the exact opposite is seen, with a negative

1) decreasing the kurtosis and a positive v increasing the kurtosis.

2.5 Summary

A summary of the newly derived pdf’s of Chapter 2 is given in Table 2.1.
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2.5. Summary

¢ 101dey) Ul paALdD S JPd ‘1°C PIq®RL

(82) tep—2 o0 — 8T = T)oq1(*¢ — 1), _G2@ = ("z[2x)0 g >1g ou3 jo (*x|ex)o
(82) teg-? (3 =T = 1)y (" — 1) _g2@ = (%2|'x)o g3 oud Jo (%x|lr)o
(22) (e = D)o+ 00T, (fr — 1) G (a2 +q+00) L0 +0')g) = Cr)w  gxg o jo (Fr)w
(L) (T = D)P 2+ q2) g — 1) (22D +q+ 02O +q0)g) = (Te)w g 57 oy Jo (Tr)w
(92) (atta)p—2((0T = T = 1)@ 00 +q+ )Ty T (%0 — to — 1), _So, jrONy] [AMEION
Aﬂmv Ama._.ﬁavﬂlwﬂloAmH — v — ﬂVH\m&,ﬁ\w.&.v& Nm&m
Jaquinu uoryenbryy jpd odAf,
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Chapter 3

The Bivariate Kummer Generalized
Beta Type 1

In this chapter the product method is used to construct the bivariate Kummer general-
ized beta type I distribution, utilizing Definition 2 (see 1.2) with f(x1,z2) the bivariate
generalized beta type I kernel (see (1.7)). The joint distribution is considered as well
as the marginal and conditional distribution functions. An expression is derived for the
product moment and expressions for the means, variances, covariance and correlation are
provided. Finally, the effect of the parameter, v, is investigated by means of a shape
analysis; this parameter is introduced via the function h(zy,zy) = e ¥(#1%22) (see Figure
1.1).

3.1 Joint Distribution

In this section, the bivariate Kummer generalized beta type I distribution is derived.
Theorem 3.1 The pdf of the bivariate Kummer generalized beta type I distribution is
given by

9prBIG(T1,22) = Kx‘f*lacg*l(l — ml)d*b*c(l —x — xg)cflefw(xﬁ“) (3.1)

where 0 < x1,22, 1+ 22 <1, a,b,c,d >0, —00 < 1 < 0o and the normalizing constant,
K, 1s given by
K=" = B(a,d)B(b,c)e 3 Fy (¢, d; b+ ¢,a + d; ) . (3.2)

where oF5(.) denotes the hypergeometric function (see Definition B.8). This distribution
is denoted as (X1, Xy) ~ BKGB! (a,b,c,d, ).
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3. THE BIVARIATE KUMMER GENERALIZED BETA TYPE I
3.1. Joint Distribution

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer gener-
alized beta type I distribution from the bivariate generalized beta type I kernel (see (1.7)).
The pdf of the bivariate Kummer generalized beta type I distribution is then given by

gprapr(T1,12) = Kfpapr(zy,xe)e VEte)

= K0 'l 11— 2) 401 — 1y — ap)¢ Lo Vmte) (see (1.7))

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1 1—x2
/ / QBKGBI(JCl, 332)d$1d332

_ / / KCL’G’ 1 b 1(1 )d—b—c(l — 7 — I2)c—1€—¢(m1+zg)dx1dl,2

From this the normalizing constant is obtained as:

K_l = / / tl 1 b 1 1 xl)d—b—c(l —x — x2)c_16_w(rl+x2)dx1d$2

- /132 Lg—t / 27N = )1 — g — 20) eV day diry.

0 0

Use Definition B.7 to obtain

1 1—x2
00 Nk
K ' = Z ( g) /:173_16_1/”52 / :13‘1”’“_1(1 — a:l)d_b_c(l — 1 — 29) tdrydzy.  (3.3)
k=0 ) 0

Since by Relation B.5

1—x2

/ IR — )1 — 1y — ) Ny
0
= (1—2)" """ 1 Ba+k,c)yFila+k,b+c—dia+c+ k1 — ),
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3. THE BIVARIATE KUMMER GENERALIZED BETA TYPE I
3.1. Joint Distribution

the expression in (3.3) becomes

1
AV
(=) /:L'gle‘/’“(l — 29) "I Bla + k,c)oFi(a+ kbt c—dia+ e+ k1 — 3y)day
0

1
B(a+k,c) /xg_l(l — @) T eV By (0 + kb4 ¢ — dya + e+ k1 — a5)das.

0

Using Relation B.13, (B.1), Definition B.4 and Relation B.14, the required result (3.2) is

obtained:
I'(a+ c+ E)I(b)(d)
k' b+ c)T(a+d+ k)

>

(=) T(a+ k)L (OT(B)I(d)

Z Kl T(b+c)l(a+d+k)
['(a (

)T(O)L()T(d) o~ (=)
)Z k!l (a

K B(a+ k,c)

gFg(b,d,b+C,a+d+k,—w)

gFg(b,d,b—FC,a‘{‘d‘i‘k’,—w)

Dy (b, i+ €0t d 4 ki)

I(b+ol(a+d) & K +d)y,
_ HarOrrd) - N ca
= To1oMar ) Yoy (e, d;b+ c,a+ d;v)
= Bla,d)B(b,c)e VyFy (c,d;b+c,a + d; ).

Remark 3.1 Ford = b+-c, the pdf of the bivariate Kummer generalized beta type I reduces
to that of the bivariate Kummer beta type 1. This can be shown by setting d = b+ ¢ in
(3.2) and subsequently in (3.1):

K™ = B(a,b+¢)B(b,c)e ™ VoF, (¢,b+ c;b+c,a+ b+ c; 1)

)
= B(a,b+c¢)B(b,c)e ™3 F, (¢,b+ c;b+c,a+ b+ c;v)
['(a)l'(b+ c)L(b)I'(c)
F(la+b+c)'(b+c)

e Yoy (c,b+c;b+c,a+b+c;))

Using Relation B.4, (B.2) and the fact that by definition oFs (a,b;b, c;x) = 1F) (a;¢; x)

the normalizing constant in (2.2) is obtained:

K-! = % VIF (cia+ b+ )

(
= B(a,b,c)e Ve’ Fy(a+bja+b+c;—)
= B(a,b,c)h Fi(a+bia+b+c—1)

25



Thesis under embargo.
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The pdf in (3.1) then becomes

(B(a,b,¢)1Fy (a+bya+ b+ c;—) et b (1 — o)1 — 2y — y) ¢ Lo ¥ lmnte2)
= (B(a,b,c)1Fy (a+bja+b+c;—)  af a1 -z — a)" eV mte2)

which is the pdf of the bivariate Kummer beta type I in (2.1).

3.2 Marginal and Conditional Distributions

In this section the marginal, m(x;), and the conditional, c(x;|z;), pdf’s of the bivariate

Kummer generalized beta type I distribution are derived.
Theorem 3.2 If (X, X5) ~ BKGB! (a,b,c,d, ), the marginal pdf of
1. Xy is given by
m(z) = C287 (1 — 2) " 1 Fi(e; b+ c;p(1 — 21)) (3.4)
where 0 < x1 <1, a,b,c >0, —00 < Y < o0 and the normalizing constant, C, is given by
C~' = B(a,d)yFy (¢,d;b+ c,a+ d; ).

2. X5 is given by

0 Nk
m(xe) = Kz ( l:,f) Bla+k,c)ay  (1—xp) T o2, By (a4 k, bt c—d; ad-c+k; 1—x5)
k=0 ’
(3.5)
where 0 < x5 < 1, a,b,c >0, —0o < ¥ < 0o and K as defined in (3.2).
Proof. The marginal pdf’s of X; and X5 are obtained by integrating the pdf of the
bivariate Kummer generalized beta type I distributions over X5 and X, respectively.

1. Using (3.1), m(z1) given in (3.4) is obtained by using Relation B.3:

1—x1
m(xl) = K / Icf_lxg_l(l _ xl)d_b_c(l —x — $2)c—16_¢(11+12)daj2

0
1—z1

= Koy 11— zp) 0 e v / 2571 — 2 — 29)" te V"2 dy
0
= Kai ' (1—2)" e B(b, c)(1 — 1) Fi(bs b+ ¢ — (1 — 21)).
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The expression is simplified using Relation B.4:

B(b,c)z§ (1 — xp) e ™1 Fy (b b + ¢; —p(1 — 21))
B(a,d)B(b,c)e %o Fy (c,d; b+ ¢, a + d; )
20 (1 — z) e Fi(by b+ ¢; — (1 — 1))
B(a,d)e Vs F5 (¢,d; b+ ¢,a + d; 1)
91 — 2y) T e Ve U=m) By (e b+ c; (1 — 21))
B(a,d)e V5F; (¢,d; b+ ¢,a + d; )
21— 2) " R(g b+ (1 — 31))
Bl(a,d)2Fy (¢, d; b+ ¢, a + d; )
= Cﬂccf_l(l — l’l)d_llFl(C; b+c; (1l —x1)).

m(zy) =

2. Using (3.1), m(z2) given in (3.5) is obtained by using Definition B.7 and Relation

B.5:
1—x2
m(zy) = K 207 b1 — )T — @y — @) eVt gy
0
1—xo
= Kz le v 297N — )1 — 2y — @) eV g
0
= (_¢)k b—1_—vzx ya a+k—1 d—b—c c—1
= KZ Il Ty € 2 Xy (1 - l’l) (]. — X1 — $2) de’l
k=0 ) 0
_ S (_77Z})k b—1 atctk—1_—pao . .
= KZTB(a+k,c)x2 (1 — x9) e Y (a+kb+c—dia+c+ k1 — x9).
k=0 '
[

Theorem 3.3 If (X1, Xy) ~ BKGB! (a,b,c, 1), the conditional pdf of
1. Xo|X; = x; is given by
c(za|ry) = Dyal ™t (1 — @y — ap) T e ™2 (3.6)

where 0 < x9 < 1—x1, b,c >0, —00 < ¥ < o0 and the normalizing constant D, is defined
as
D1_1 = B (b, C) (1— xl)bJrc_llFl (b0 + ¢ —(1 — 1))

2. X1|Xs = x4 is given by
c(xq|zg) = Dgx‘f’l(l — xl)d’b’C(l — 1z — 31:2)‘3’1671‘“1 (3.7)
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where 0 < 11 <1 — 129, a,b,c,d >0, —o0 < ¥ < 00 and the normalizing constant Dy s
defined as

Z k;‘ Bla+k,c)(1 —zp) ™™ L (a+kb+c—dya+ct k(1 —a3)).
k=0

Proof. 1. Using the joint pdf, gprxasr (71, 22), in (3.1) and the marginal pdf,
m(z1), in (3.4), expression (3.6) for the conditional pdf of X5|X; = z; follows directly:

9BKGBI (Ib xz)
m(x1)
:13(11 1.%3 1(1 x1>d—b—c(1 — oz — x2)0—16—¢($1+r2)
B(a,d)B(b,c)e %o Fs (¢, d; b+ ¢, a + d; )
2 (1 = 2) TR b 4 (1 = n))
B(a,d)sFy (¢,d; b+ c,a + d; 1)
21—y — @) e bmta)
B(b,c)e=¥ (1 —x)bre L By (e b4 ¢ (1 — 2q))
2 (1 T fﬂz)c 1e—¢(ac1+:c2)
B(b,c)e=¥=1(1 — xq)ote 1 Fi(b; b+ ¢; —(1 — 1))
271 — @y — a) LoV
B(b,c)(1 — x1)bte=1 F1(b; b+ ¢; = (1 — x1))
= Digh M1 —x — a9) eV,

c(zo|my) =

2. Using the joint pdf, gprxepr (71, 22), in (3.1) and the marginal pdf, m(zs), in
(3.5), expression (3.7) for the conditional pdf of X;|Xs = x5 follows directly:

9BKGBI (1’1, $2)

o(wi]re) =

m(zz)

K$a 1 b 1( )d—b—c(l — 1 — x2)c—le—w(m1+x2)

KX E B+ k, c)ah (1 — ap)etetholemva
1

X2F1(a+k:,b+c—d;a+c+k;(1 — 13))
_ x(lz—1<1 —x )d—b—c(l —x — ZL'Q)C_l —x

Py o , B(a+k,c)(1 —:cg)a+c+k LF(a+kb+c—dia+c+k;(1— 1))
= Dyz? N1 — 2)70(1 — zy — xp) eV,

]
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3.3. Moments and Correlation

3.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and
variance of X; and X, as well as the covariance and correlation of (X7, X5) are obtained.
Furthermore, the effect of the parameter ¢ on the correlation between X; and X is

investigated.

Theorem 3.4 If (X, X3) ~ BKGB! (a,b,c,v), the product moment, i.e. E(X7X35),

equals

KB(a+7r,d+s)B(b+s,c)e VsFy (c,d+s;b+c+s,a+d+r+s;9)
= (A(a,b,¢,d,0,0)7" x A(a,b,c,d,r, s) (3.8)

where

A(a,b,c,d,r,s) = Bla+r,d+ s)B(b+s,c)e VoFy (c,d+ s;b+c+s,a+d+ 1+ 5;9)
(3.9)
with A(a,b,c,d,0,0)"! = K as defined in (3.2). Note that the definition of A(.) must be

read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer generalized beta type I distribution
in (3.1), the expected value of X7 X; is taken:

E(X{X5)
1 1—1’2
= rir59rcpI(T1, Ta)dr1dey

0 0
1 1—x2

- / / s Kot el 1 — 1) (1 — 1y — @0)  te V@) gy dary

0 0
1 1—x2

= K/ 20T (1 — )1 — 2y — ) e V@) dy day. (3.10)

0 0

Because the integrals in (3.10) are similar to those found in the proof of Theorem 3.1, the

desired expression can be obtained as

E(X7{X5) = KB(a+r,d+s)Bb+s,c)eVoFy(c,d+s;b+c+s,a+d+r+s)
= (A(a,b,c,d,0,0))" x Aa,b,c,d,r,s)

with A(a,b,c,r,s) as defined in (3.9). =
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It follows from (3.8):

a By (e dib+cat+d+ 1)

E(X,) =
(X1) a+d F(c,d;ib+c,a+dyp)
E(X2) (a+1)a 2F2(cad;b+caa+d+2;w)
! (a+d+1)(a+d) 2F(c,d;b+c,a+d;ep)
B(X,) — be oFy(c,d+1;0+c+ 1, a+d+1;9)
7 (a+d)b+c) oy (¢, d;b+ c,a+ d; ) ’
B(X2) — (b+ 1)b(d+ 1)d oFy (c,d+2;0+ c+2,a+d+ 2;9)
> (a+d+)(a+c)b+ec+1)(b+c) oy (¢, d; b+ c,a+ d; 1))
abd o5 (c,d+ 1;0+c+ 1,a+d+ 2;v)
E(X1X,) =
(X.Xz) (a+d+1)(a+d)(b+c) oFy (e, d;b+ c,a+ d;) ’
(a+Da 2P (c,dib+ca+d+2;9)
Var(X
ar(X1) (atdtD(atd) 2F(cdbtcatd)
( a 2B(edibtcatd+ 1)
a+d oFy(c,d;b+ c,a+ d;) ’
b+ 1)b(d + 1)ds F5 (¢, d + 2;b 2 d+ 2;
VCLT(XQ) ( + )( + )2 2(07 + ) +c+ ,CL+ + a¢)

(a+d+1)(a+c)b+c+1)(b+c)Fy(c,d;b+ c,a+ d;))
be JFyle,d+13b+c+1a+d+1;0)\°
_(@+@@+@ 2o Fy (e, d; b+ c,a+ d; 1)) >
abdsFy (¢,d+ 150+ c+ 1,a+ d + 2;9)
(a+d+1)(a+d)(b+c)Fs(c,d;b+c,a+ d;r)

and Cov(Xy,Xy) =

abesFy (¢, d;b+c,a+d+ 1;¢0) o Fy (e, d+ 1;0+c+ 1,a+d+ 1; )

(a+d)%(b+c) (2F5 (¢, d; b+ ¢,a + d; w))2

Figure 3.1 shows the correlation between X; and X, as v varies where (X7, Xs) ~
BKGB! (a,b,c,d, ). The graph shows the correlation as a function of ¢ € [—10,20] for
certain combinations of the parameters a, b, ¢ and d. Note that positive correlation is
obtained when 0 < ¢ < 1 and some positive values of ©. The specific value of ) for
which the correlation becomes positive depends on the values of a, b, ¢ and d. Note that
the correlations for ¢» = 0 are those of the bivariate generalized beta type I distribution
which are always negative (see [31], p520). The new parameter, v, therefore, brings in
positive correlation which is a significant improvement over the negative correlation of the
bivariate generalized beta type I distribution. For the effect of the parameters a, b, ¢ and
d on the correlation of the bivariate generalized beta distribution the reader is referred to
Bodvin [§].

Remark 3.2 Similar to Remark 2.5, the definition for PQD (see (2.12)) can be used
to determine for which parameter values the bivariate Kummer generalized beta type [

distribution has positive correlation.
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3.4. Shape Analysis
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Figure 3.1: Correlation of the bivariate Kummer generalized beta type I distribution as
Y varies

3.4 Shape Analysis

The effect of the parameters a, b, ¢ and d was studied by Bodvin ([8]) for the bivariate
generalized beta type I distribution. In this study, therefore, only the effect of the new
parameter, 1, is investigated.

0 0

1 1 1 a

Figure 3.2: Joint pdf of the bivariate Kummer generalized beta type I distribution

In Figure 3.2 the joint pdf and contour plots for the bivariate Kummer generalized

beta type I distribution whose pdf is given by (3.1) are displayed. The effect of 1 is

31



Thesis under embargo.
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illustrated by setting 1» = —3, 0 and 3 and keeping the other parameters fixed at a = 2,
b =05 ¢c=3and d = 3. Note that a negative value of ) pushes the pdf towards the
x1+ x5 = 1 line, while a positive value of ) brings the pdf closer to the origin. The middle
graph (for ¢» = 0), is the graph of the bivariate generalized beta type I whose pdf is given
by (1.4).

3.0 4
23 N
_ a=3b=15c=2d=03 3 =
1
0.0 1.0
po=-3 =0 y=3

Figure 3.3: Marginal pdf’s of the bivariate Kummer generalized beta type I distribution

Figure 3.3 displays the marginal pdf’s (see (3.4) and (3.5)) for the bivariate Kummer
generalized beta type I distribution. The left and right hand graphs are the marginal
pdf’s for X; and X, respectively. For both marginals the effect of v is illustrated. It is
interesting to note that for the marginal pdf of X; a positive value of 1 results in higher
values of the pdf and a negative value of v results in lower values of the pdf, while for the

marginal pdf of X, the exact opposite is observed, although not as pronounced.

3.5 Summary

A summary of the newly derived pdf’s of Chapter 3 is given in Table 3.1.
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Chapter 4

The Bivariate Kummer Beta Type
I11

In this chapter the product method is used to construct the bivariate Kummer beta type
IIT distribution, utilizing Definition 2 (see (1.2)) with f(x1,x2) the bivariate beta type
IIT kernel (see (1.9)). The joint distribution is considered as well as the marginal and
conditional distribution functions. An expression is derived for the product moment and
expressions for the means, variances, covariance and correlation are provided. Finally, the
effect of the parameter, 1, is investigated by means of a shape analysis; this parameter is

introduced via the function h(zy,zy) = e ¥@1+72) (see Figure 1.1).

4.1 Joint Distribution

In this section, the bivariate Kummer beta type III distribution is derived.

Theorem 4.1 The pdf of the bivariate Kummer beta type 111 distribution is given by

g, v2) = Kod™ 'l (1 — a1 — 29) N1+ (B — D)ay + (B — 1)my) ~(@FbFo)evlatea)
(4.1)
where 0 < x1,29, 0 < 27y + 29 < 1, a,b,¢,6 > 0, —00 < ¢ < 0o and the normalizing

constant, K, is given by

K = B(a,b,c)z(_k!)k (a)s kz(—w)j (b);

prd (a+b+c) J' (a+b+c+k);
XoFi(a+b+ca+b+k+ja+b+c+k+j;,—(8-1)) (4.2)

where o F(.) denotes the Gauss hypergeometric function (see Definition B.8). This distri-
bution is denoted as (X1, X>) ~ BKB™! (a,b,c,3,1).
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4.1. Joint Distribution

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer beta
type III distribution from the bivariate beta type III kernel (see (1.9)). The pdf of the

bivariate Kummer beta type III distribution is then given by

gBKBIII($1a 562)

= K fgpri(x, 332)€_w(x1+x2)

= K9 'ab (1 — 2 — 20) ' (14 (B — Dy + (B — 1)ap) " (@t vlotaz)  (ge0 (1.9))

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1 1—xo
/ / gBKBIII<5U17 $2)d$1d$2
0o Jo

1 1—x2
= / / Ko™ (1 — o — 20) Y1+ (B — Dy 4 (8 — 1)ag) @t v @t gy d,
o Jo
1.

From this the normalizing constant follows as:

K—l
1 1—xo
= / 297 2N (1 — 2y — 20) Y1+ (B — Dy 4 (B — 1)ag) @bt v@te) gy dg,
o Jo

1 1—x2
= / xg_le_wz / :17‘11_1(1 — T — xQ)C_l(l +(B—-1z1+ (8 — 1)x2)_(a+b+0)e_w1dxlde.
0 0

The exponential function is written as an infinite sum using Definition B.T7:

1 1—x2o

(. iVk
K't= Z —( g) /xg_le_wz / 9T (1— gy —20) T (A (B=1) 24+ (B—1)22) @) day das.
k=0 0 0
(4.3)
Since by Relation B.5
1—x2
/ {1 =y — 2) T (L (B — Day + (8 — D)y
0

_ (1 . $2)a+c+k_1(]_ + (6 . 1)x2>—(a+b+c)

xB(a+ k,c)2Fy <a—|—k,a+b+c;a+c+k;

—(B-1)(1 - 552))
14+ (8 —1)x,y ’
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the expression in (4.3) becomes

1

YAV
K_l _ Z ( k’:/')) /Ig—le—wmz(l _ xz)a—i-c—&-k—l(l + (6 . 1)1‘2)_(a+b+c)
k=0 ’ 0

xB(a+ k,c)2 Fy (a+k,a+b+c;a+c+k;

(5 1)(1 - o)
15+ (3 - Dz )d

Writing out the exponential function and the Gauss hypergeometric function as infinite

sums (see Definition B.7 and Definition B.8, respectively):

NE

K =

)t =, (—uY (=B 1)"

0 = om

o~
|
=)

1
a+k)pla+b+c)m . T atbiotm
X< (a)+<c+k)m ) /xgﬂ 1(1_1’2) Fetht 1(1"‘(5—1)552) (atbet )d332-

Using Relation B.5 to write the above integral in terms of the Gauss hypergeometric

function, o F1(.) leads to:

_1 = (—q)k 2 (=) = (—(B=1)" (a+ Ek)m(a+b+c)m
el ;(5) B(aJrk’C);(;!#) ZO( (m! ) (+(a)+(cjk):)

xB(b+j,a+c+k+m)Fy (b+ja+b+c+mia+b+c+k+j+m;—(—1)).

Using Definition B.4 and (B.1) the expression is simplified:

-1

=

(=)' T(a+ k)(c) i (=)

K T(a+c+k) J!

I
NE

>
Il

X
(]2~

=0
Fla+k+mI(a+b+c+m)l(a+c+k)I(b+j)(a+c+k+m)
Fla+k)a+b+c)l(a+c+k+m)l(a+b+c+k+j+m)

m=0

x(_(ﬁm;ll))mﬂﬂ(b+j,a+b+c+m;a—l—b—i—c—i—k—l—j—l—m;—(ﬂ—1))
R AR S G N G0 N~ (EB-D))"Tat+k+m)T(a+b+ctm)
B F(a+b+c); k! ; J! F<b+])ﬁ;} m! Fla+b+c+k+j+m)

XoFy (b+j,a+b+c+mia+b+c+k+j+m;—(5—1))

R i S T4 (o)
_ P(c)kZ;TF(aJrk)j_o JU Tlatbteth+j) = ml
(a+k)m(a+b+c)n

X
(a+b+c+k+j)m

oFi(b+j,a+b+c+mia+b+c+k+j+m;—(8-1)).
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4. THE BIVARIATE KUMMER BETA TYPE III
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Using Relation B.6, the required result (4.2) is obtained:

. o ) 00 Y I'b+ 4
K1 — F(C)kzzo( k!) F(a+k);(]!) F(a—|—b<+c4]—)k—|—j)

XoFi(a+b4+c,a+b+k+ja+b+c+k+j;,—(6—-1))

_ L@U@r®) o~ (=" (o <~ (9 (b);
= rm+b+w)gg k!(a+b+@k;: J' (a+b+c+k),

xoFy(a+b+catb+k+jia+rbtet+k+j;—(8-1))

_ Blabgd CY @ w0

—~ k! m+b+@kF: Jj! (a+b+c+k);
XoFy (a+b+ca+b+k+ja+b+c+k+75,—(8—-1)).

Remark 4.1 For § = 1, the pdf of the bivariate Kummer beta type III reduces to that
of the bivariate Kummer beta type I. This can be shown by setting B = 1 in (4.2) and
subsequently in (4.1):

K= BlahgS W@ Shw W)

—~ k! (a+b+c)kj:0 Jj! (a+b+c+k),
XoFi (a+b+c,a+b+k+j;a+b+c+k+j50)).

Use Relation B.12, Definition B.10 and Relation B.§ to obtain the normalizing constant

(=0)* (@ o~ () (b);
!(a+b+@kg; Jj! (a+b+c+k);

Mg I[V]s
M2 .

K = B(a,b,¢)

k=0

(=)k (=) (@)k();
k1! (a+b+c)pla+b+c+k);
(=" (=) (a)r(b);

< kil (a+b+ )y

= Bl(a,b,c)®Py(a,b;a+ b+ c;—1p, —1)

— B(a,b,c)1Fi(a+ba+b+c—).

= Bl(a,b,c)

k=0 1=0

NE
NE

= Bl(a,b,c)

b
|
|
o

For 8 =1, the pdf in (4.1) then becomes
(B(a,b,c)1Fi(a+ba+b+c;—) 287 2 (1 — xy — ) Le Vot
which is the pdf of the bivariate Kummer beta type I in (2.1).
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Remark 4.2 The non-central Kummer beta type III distribution can be obtained by using
the non-central beta type III distribution, the latter which was studied by Ehlers et al. [14]
with pdf given by

(6_(“+b)B(a, b, c)) 207N (1 — oy — 20) N1+ (B — Day + (B — 1)ay)~@tt+d)

l—2;—2x
- F b+cic;d L2 ) 4.4
Xe 11<a+ "‘C,C7 1—|—<5—1)3§1—|—<6—1)g§2 ( )

with kernel

fyeppi(enm) = ai b (L= oy — )" (1 (B — Dy + (8 — Dag)” @)

o 1—I1—I2
x1Fy <a+b+c’c’51+(ﬁ—1)x1+(ﬁ—1)9(:2) (4.5)

forxy, 29 >0, x1 + 29 < 1,a, b, ¢, B > 0 and where 6 > 0 denotes the non-centrality
parameter. The pdf of the non-central Kummer beta type III distribution is constructed

using Definition 2 with f(x1,x3) given by (4.5) and is given by

gNC’BKBHI(-Tla 332)
= Knc Z _xtll Lb (1 — 2y — 29)° (1 + (B — D)y + (8 — 1)ap)~(@+bHe) mtlmrte)

(4.6)

where 0 < xq, w9, x1+22 < 1, a,b,¢,8 >0, —00 < 1) < 00, d > 0 denotes the non-centrality

parameter and the normalizing constant, Kyc, is given by

Kye
— (=) (@) — (=) (0):
= b,
Bla, cz Z k' (a+b+c+jh ZO ' (a+b+c+k+j)
><2F1(a+b+c+g,a+b+k+l,a+b+c+k+l+j;—(ﬂ—1)). (4.7)

This distribution is denoted as (X1, X2) ~ NCBK B (a,b, ¢, 3,1).

4.2 Marginal and Conditional Distributions

In this section the marginal, m(z;), and the conditional, ¢(z;|x;), pdf’s of the bivariate

Kummer beta type III distribution are derived.
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Theorem 4.2 If (X, X5) ~ BKB!! (a,b,c,3,v), the marginal pdf of X, is given by

oo NRY '
m(zy) = Kzi e P (1+ (8 — 1)) *H9 Z B(b+ j, C)( ;‘ﬂ) (1 —ay)retit
=0 '
’ == — )
Fi b b+cb ; 4.8
Xo 1<+],a+ +e;b+c+ 1+ (- (4.8)
where 0 < 7 <1, a,b,¢,8 >0, —00 < 1) < 00 and K as defined in (4.2).
Proof. Using (4.1), m(z1) given in (4.8), is obtained by using Definition B.7:
m(xy)
1—x1
- / K02 Y (1 — 2y — 20) Y1+ (B — Dy 4 (8 — 1)ag) (@b v@taz) gp,
0

1—x1

= Kx‘f_le_wl / xg_l(l -z — $2)C_1(1 +(B—1Dx1+ (B — 1):62)_(“%“)6_“2(1@

0
o o 1—x1
—h)J .
= thlz—le—wtm Z ( ;‘b) / l’g—w_l(l — T — Jfg)c_1<1 + (5 - 1)5(71 + (5 — 1)5(]2)_(a+b+c)dl'2.
Jj=0 ’ 0

By Relation B.5, the required result is obtained:

m(w)) = Kxg—le—wlz—(_;f’)j

=0

(1 —21)" ™ 1+ (B — 1)ay) " “HIB(b + j, c)

—(B-1(1 - 351))
1 + (6 — 1)1‘1

X o <b+j,a+b+c;b—|—c—|—j;

_ K:C‘ffle*wl(l + (ﬁ _ 1>x1)—(a+b+c) Z B(b + 4, c) (—¢)j (1 B xl)b+c+j—1

=0 !
- = (B=1)(1 =)

Fi b+ b+c;b ; .
X 1< +1a+b0+c0+c+; 1+ (- Day

Remark 4.3 Note that the marginal pdf of Xs is obtained by substituting xo for xq in

(4.8) and interchanging the parameters a and b.

Theorem 4.3 If (X1, X5) ~ BKB! (a,b,¢,3,1), the conditional pdf of X| X, = x1 is
given by

c(za|zr) = Db (1 =y — 20) Y1+ (B — Day 4 (8 — 1)ay) ~(@FbFe)p—vaz (4.9)
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where 0 < 19 < 1—1x1, a,b,c, >0, —00 < Y < 0o and the normalizing constant D 1is

defined as

= (1+(6- l)xl)_(“+b+0) iB(bﬂLj, c)( w)j (1-z )b+c+J 1

Jj=0 ]!
: (8= —ay)
b b+ c;b : )
X2 1( +],CL+ +C7 +C+ja 1+(ﬁ—1)$1

Proof. Using the joint pdf, gpxprrr (1, 22), in (4.1) and the marginal pdf, m(z;), in
(4.8), expression (4.9) for the conditional pdf of X5|X; = z; follows directly:

c(wa|xy)

9BKBIII (1‘1, 5U2)
m(xy)
Koy oy (1 — 21— 2) (14 (B = Dy + (B — 1)az)”
Ka§~ le%(l + (8= D)an) ) 5% B(b+ ) S
1

2F1 (lH—J,CL—i-b—i-c b—i—c—i-Ja_(B(l)q) 11:1)>

1= = @) T (L4 (B = 1wy + (B = Dy) (@b emve
(14 (8= D)an) @4 2% B(b+ j,0) S (1 — q)rtets!
1
oy (0ot bt et es )
Dl (1 —ay — 22) (L4 (B — D)wy + (B — D)ag) (HHevo,

(a+b+c) p—(z1+w2)

(1 — qp)bteti-1

X

X

Remark 4.4 Note that the conditional pdf of X1|Xy = x2 is obtained by interchanging

the variables x1 and xo and the parameters a and b in (4.9).

4.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and

variance of X and X, as well as the covariance and correlation of (X7, X5) are obtained.

Furthermore, the effect of the parameter ¢ on the correlation between X; and X is

investigated.

Theorem 4.4 If (X1, Xy) ~ BKB" (a,b,c,3,%), the product moment, i.e. E(XTX35),

equals
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R -y (b+ 5),
KB(‘L*T’HS’C); il (a—l—b—i—c—i—r-l—s)kao gl (a+b+ct+k+r+s);

XoFy (a+b+c,a+b+k+j+r+s;a+bte+k+j+r+s—(6-1))

— (A(a,b,c,3,0,0) " x A(a, b, ¢, 3,7, 5) (4.10)
where
A(a,b,c, 5,1, 3)
o Nk 0 , ‘
- B(a—l—'r’,b—l—s,c)kz;( Ij')) (a+b(i—£:—r+s ; a+b+(lc)i/i)fi-r+s)j

Xofi(a+b+ca+b+k+j+r+s;a+b+c+k+j+r+s—-(6-1) (4.11)

with A(a,b,c,3,0,0)™1 = K as defined in (4.2). Note that the definition of A(.) must be

read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer beta type III distribution in (4.1), the

expected value of X7XJ is taken:

BE(X7X3)

1 1—x2

TS
- //xlx2gBKBIII(x1,$2)dl’1da]2

111:2

= / / 2T Kot el N1 — 2y — 29) Y (1 4 (B — Dag + (B — 1)a) ~@tbHev@te) go do,

11272

= K/ / xclt—&-r—lxg-l—s—l(l — oz — 332)0_1(1 + (B o 1)1,1 + (B o 1)962)_(a+b+c)e_w(w1+x2)das1dx2.
0 0
(4.12)

Because the integrals in (4.12) are similar to those found in the proof of Theorem 4.1, the

desired expression can be obtained as

BE(X7X3)

_ N9 (e S (wY (b+5);
_ KB(a+r,b+s,C)kZ:0 k! (a+b+6+7"+3)kz J! (a"‘b"‘c""kir""‘g)j

xoFi(a+b+ca+b+k+j+r+siatb+c+hk+j+r+s—(-1))
= (A(a,b, 67570’0»71 X A(aa b,c,B,, 8)
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with A(a,b,c,r,s) as defined in (4.11). =
It follows from (4.10):

E(Xy) = (A(a,b,c,fB,0,0)7" x A(a,b,c,3,1,0),
E(X3) = (A(a,b,c,(,0,0))! x A(a,b, ¢, 3,2,0),
E(X;) = (A(a,b,c B3,0,0) x Aa,b,c, 3,0,1),
E(X3) = (A(a,b,c,f3,0,0))"" x A(a,b,c,5,0,2),
E(X,X,) = (A(a,b,c,(3,0,0))"! x A(a,b,¢c,3,1,1),

Var(Xi) = B(X}) - (B(X1))*,

Var(X,) = B(X3) - (B(X,))*

and Cov(Xy,X2) = E(X1Xp)— E(X7)E(Xy).

Figure 4.1 shows the correlation between X; and X, as v varies where (X7, Xs) ~
BKB™! (a,b,c, 3,7). The graph shows the correlation as a function of 1 € [—10,10]
for certain combinations of the parameters a, b and c¢. Note that positive correlation is
obtained when 0 < ¢ < 1 and some positive values of ). The value of ¥ from which
the correlation becomes positive depends on the values of a, b, ¢ and 5. Note that the
correlations for ¢ = 0 are those of the bivariate beta type III distribution. For the effect
of the parameters a, b, ¢ and (3 for the bivariate beta type III the reader is referred to
Ehlers ([13]). More specifically, Ehlers et al. [14] and Bodvin et al. [9] discussed the role
of 3 in the bivariate beta type III model. One can observe here that 1) also has the effect

of positive correlation between the dependent components X; and X, for this model (4.1).

corm(X, X7)
0.4r
0.2t
—_—
5 10
=5,b=08¢c=5/=2
=h=1,c=01p=4
J- =07 b=c=8=12
1.0t

Figure 4.1: Correlation of the bivariate Kummer beta type III distribution as 1) varies
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4. THE BIVARIATE KUMMER BETA TYPE III
4.4. Shape Analysis

Remark 4.5 Similar to Remark 2.5, the definition for PQD (see (2.12)) can be used
to determine for which parameter values the bivariate Kummer beta type 11 has positive

correlation.

4.4 Shape Analysis

The effect of the parameters a, b, ¢ and [ on the bivariate beta type III distribution
was studied by Ehlers ([13]) in detail, therefore, in this study, only the effect of the new
parameter, 1, is considered.

In Figure 4.2 the joint pdf and contour plots for the bivariate Kummer beta type I11
distribution whose pdf is given by (4.1) are shown. The effect of ¢ is illustrated by setting
1 = —1.1, 0 and 1.1 and keeping the other parameters fixed at a = b = ¢ = = 2. Note
that a negative value of ¢ produces a slightly flatter pdf while a positive value of ¢ gives
a higher graph. It is clearly seen in the contour plots that the pdf is pushed towards
the origin as ¢ increases from being negative to becoming positive. Note that the middle

graph (for ¢ = 0), is the graph of the bivariate beta type III whose pdf is given by (1.8).

v =-11 v=0 v =11

Figure 4.2: Joint pdf of the bivariate Kummer beta type III distribution

Figure 4.3 displays the marginal pdf (see (4.8)) of the bivariate Kummer beta type III
distribution. The four graphs illustrate four different shapes of a univariate beta type 111
distribution. For each of the four shapes the effect of ¢ is illustrated. Note that in the top
two graphs, 1) changes the skewness of the pdf. In the bottom two graphs, 1) changes the
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a=3b=c=15p4=2 4
a=05b=c=0250=12

Laa

mixy)
[B=]

1.0

3.0
25 =
=20 =
o Ny
= 13¢f 2
1.0}
03

0.0 02 04 06 08 10 00 02 04 06 08 10
X1 X1

w=11

v =10

v =-11
Figure 4.3: Marginal pdf of the bivariate Kummer beta type III distribution

shape of the graphs. For the negatively skewed graph, a negative value of i gives the pdf
a concave shape and a positive value of ¢ gives the pdf a convex shape. In the positively

skewed graph, the graph remains concave, but ¢ changes the intensity of the concavity.

4.5 Summary

A summary of the newly derived pdf’s of Chapter 4 is given in Table 4.1.
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4.5. Summary

p 103dey) ut poatop s gpd 1 PI9EL

(67) tai—2 o+qin)—("U(T — ) + (1 = §) + T)o("e — 22 — 1), Grq = (") 1, g57g ous jo (Mo[w)o
(67) 12 oq0)— (PU(T = §) + 12(1 — g) + 1) (5 — 1o — 1) _g2@ = (5x|'2)> g >1g oy jo (%x|tw)
(877) A%"m+o+@o+@+a@+svﬂmx

I—C+oto(%T — 3 A A 20+ v)g ouom,w (o4q+0)—(PZ(T — &) + 1) 1ep—?; Q T3] = (2x)w 11 M Pl o (Bx)w
(87) (et 40+ g+ q 400 +) 147X

1—t4o4q(10 = D50 L+ 0T "L gm0 = ) + Dragoy_bad) = (W)w g 576 0w jo ()
Awﬂv Ama+§vSI®Ao+a+@lem.&.Aﬁ - AQV + HHAﬁ - QV + HVﬁIwANH —tr— ﬁVH Q&H Y _nm OOMMW DZV& -~m&m‘0>\<
A.Hﬁv ?&LL@SI%?.T@.TSIANRA._” - Qv + ﬂH.A._” - Qv + ﬁVH UANH —lr— ._”VH —q1— d.&VN NNNmVNm

Jaquinu uorjenbryy Jpd odAT,
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Chapter 5

The Bivariate Kummer beta Type
IV

In this chapter the product method is used to construct the bivariate Kummer beta type
IV distribution, utilizing Definition 2 (see (1.2)) with f(z1,22) the bivariate beta type
IV kernel (see (1.11)). The joint distribution is considered as well as the marginal and
conditional distribution functions. An expression is derived for the product moment and
expressions for the means, variances, covariance and correlation are provided. Finally, the
effect of the parameter, 1, is investigated by means of a shape analysis; this parameter is

introduced via the function h(zy,zy) = e ¥@1%%2) (see Figure 1.1).

5.1 Joint Distribution

In this section, the bivariate Kummer beta type IV distribution is derived.

Theorem 5.1 The pdf of the bivariate Kummer beta type IV distribution is given by

gBKBIV(xb $2) _ thlzflngl (1 . .Tl)b+c_1 (1 B $2)a+c—1 (1 N x1$2)_(a+b+6) 671/1(331+12)
(5.1)
where 0 < x1,29 < 1, a,b,c > 0, —o0 < ¥ < 00, and the normalizing constant, K, s

given by

K1_i(a+b+0)k1F1(b+k;a+b+c+k;—¢)1ﬂ(a+k;;a+b+c+lg;_¢)
H (Bla+c,b+k)B(b+c,a+ k)

= (5.2)

This distribution is denoted as (X1, Xs) ~ BKB!V (a,b,c, ).

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer beta
type IV distribution from the bivariate beta type IV kernel (see (1.11)). The pdf of the
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5. THE BIVARIATE KUMMER BETA TYPE IV
5.1. Joint Distribution

bivariate Kummer beta type IV distribution is then given by

gBKBIV(xl, $2)

= K foprv(v1,z9)e” V)

= Koo 'ab (1 — )" (1 = m) T (1 — myag) T v mtee) (see (1.11))

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1,1
//QBKBIV(I1,$2)da71dx2

— / / Kﬂ?a 11:12) 1 o xl)b-‘rc—l (1 i x2)a+c—1 (1 . $1x2)—(a+b+c) e—w(x1+x2)d$1dx2

From this the normalizing constant is obtained as:

Kfl _ / / a—1 b 1 $1)b+c_1 (1 B x2)a+c—1 (1 . I1$2)_(a+b+c) 6—1/)(m1+x2)dx1dx2
1
= /;Eg_l (1 — @y g2 /a:‘f_l (1—21)"™ 7 (1 = 2y20) ") 14 das.

0 0

By Relation B.1 it follows:

00 1 1
a+b+c
Z / xl;rk*l(l o x2)a+016¢x2/ l.tlerkfl(l . ;El)bJrcileiwmld.Tlde-
0 0

k=0
(5.3)
Since by Relation B.3

1 i .
/ FITR(L gy )Pl Ve g — 1Fia+ka+b+c +,k17 —1)
0 (B(b+c,a+k))

)

the expression in (5.3) becomes

WE

K' =

<a+b+c>k/1mb+k—1(1 )a+c1—¢$21F1(a+ka+b+C+k W
2
0

xXr

—~ Kk (B(b+c,a+k)) ?
o0 . o 1

_ Z (a+b+c) 1 Fy (a+k,a+b+c+7/? ¢)/ (1 = gy)rtelemter g,
k! (B(b+c,a+k)) 0

il
=)
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Once again, using Relation B.3 to solve the remaining integral, the required result (5.2)

is obtained:

K1_i(a+b+0)k1F1(b+k;a+b+c+k;—1/z) Fi(a+ K a—i—b—i—c—i—k; 1/))
e (B(a+c,b+k)B(b+c,a+k)™

k=0
]
Remark 5.1 The bivariate Kummer beta type IV distribution may also be obtained by

substituting p = 1 in the pdf of the bimatrix variate Kummer beta type IV distribution
defined by Bekker et al. [7]. (See Section 5.3 of their article.)

Remark 5.2 The non-central Kummer beta type IV distribution can be obtained by using
the non-central beta type IV distribution, the latter which was studied by Ehlers [13] and
Gupta et al. [24] with pdf given by

(B(a,b,c))” Loy lab (1 - 1) (1 = 29) T (1 — myay) (@)

1-— 1-—
xe ' Fy (a—l—b—l—c; 0;5< 71)( C52)) (5.4)

(1 - leg)

with kernel
fyesprv(,ae) = a2t ab N (1 — 2)"TN (1 = @) TN (1 — wyag) @)
(1 — .Il)(l — iL’Q)
F b+cicd .

X1 Fy (a +b+cc (1= 2129) (5.5)

for0<zy,290<1,a,b, ¢c>0 and where § > 0 denotes the non-centrality parameter. The
pdf of the non-central bivariate Kummer beta type IV distribution is constructed using

Definition 2 with f(xq1,x2) given by (5.5) and is given by

gNCBKBIV(xI;sz) _ Kcha 17)8 1(1 xl)b+c_1(1 - Ig)a+8_1(1 . x1x2>—(a+b+c)

1-— 1—
X117 (a + b+ ¢ 5( gablt 332)) e~ O¥(@1+a2) (5.6)
(1 — 3311’2)

where 0 < z1,29 < 1, a,b,¢,> 0, —00 < ¥ < 00, d > 0 denotes the non-centrality

parameter and the normalizing constant, Kyc, s given by

-1
KNC

T(a+0b+c+ k) (c)o" i (a+b+c+k);
“T(a+b+)l(c+k)k! J.:Oj!(1}3(a+c+/7~c,b+j)B(bJchrk,aJrj))_1

><1F1(b+j,a+b+c+k+j;—w)1F1(a+j;a+b+c+k+j;—w>)- (5.7)
This distribution is denoted as (X1, Xo) ~ NCBK B (a,b,c, ).
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5.2 Marginal and Conditional Distributions

In this section the marginal, m(z;), and the conditional, c(x;|x;), pdf’s of the bivariate

Kummer beta type IV distribution are derived.

Theorem 5.2 If (X1, Xy) ~ BKB'V (a,b,c, ), the marginal pdf of X, is given by

— (b
m(r1) = KB(a+e,baf™ (1 —ay)0*levm y 22t Ot (b+kia+b+c+k;—)

k!
k=0
(5.8)
where 0 < x7 <1, a,b,c >0, —00 <1 < 00 and K as defined in (5.2).
Proof. Using (5.1), m(z1) given in (5.8), is obtained by using Relation B.1:
m(a) = / K (1= ) (1 )70 (1 ) 1) v gy,

1
— Kq;‘ll_l (1 . le)b—i-c—l 6—7/1301 /l’g_l (1 i x2)a+c—1 (1 . x1x2)—(a+b+c) e_WdeQ

0
k!
k

= Ka:‘f_l(l — x1)b+c_16_wm1 Z (ath + QI
k=0

b+k— 1 atc—1_—yx
x5 2) e~ V72,

1
_ KZ (a+b+ C)kmzlz-‘rk—l(l . )b+c—1€—w:r:1 /$b+k—1<1 . )a+c—l€—1/)x2dx2
k=0
/ iy
0

Relation B.3 and (B.1) are used to solve the integral and the desired result (5.8) is
obtained:

m(ry)

= Kot Y1 —xp)bretevm Z MB (b+Fka+c)1Fi(b+kia+b+c+k;—1)

k!
k=0
00 k . o
— Ka (1 - )l S (a+b+c)pat 1 FL(b+k;a+b+ c—i—_f; )
=0 k! B(b+k,a+c)
I'(a+c)L'(b) G ) PP
= K— ¢ 1— +c 1 111%1 1 F b k b k
F(a+b—|—c)1( 1) € kzo ] Fi(b+Ekia+b+c+ k=)
— (b
— KB(a+c b)x‘f*l(l_g;l)bﬂflefwlz( )]j'xllFl (b4 kot btot ki —v).
k=0
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Remark 5.3 Note that the marginal pdf of X5 is obtained by substituting xo for x1 in

(5.8) and interchanging the parameters a and b.

Theorem 5.3 If (X1, X,) ~ BKBY (a,b,c,v), the conditional pdf of Xo| X, = x; is
given by
c(za]my) = Dab (1 — 25) T (1 — mymy) ~(atbHe) e —vae (5.9)

where 0 < x9 <1, a,b,c, 5 >0, —o0 < ¥ < 0o and the normalizing constant D is defined

as

D= a+cbz k$11F1b+/<:a+b+c+k ).
k=0

Proof. Using the joint pdf, ggxprv (21, 22), in (5.1) and the marginal pdf, m(z;), in
(5.8), expression (5.9) for the conditional pdf of X5|X; = z; follows directly:

9BKBIV (961, 352)

c(xg|my) =
(a2le) a2
B Kxa 1 g 1 (1 _ xl)b‘f’cfl (1 _ x2)a+0*1 (1 — T x2)*(a+b+c) —d)(xl—l-xg)
KB(a+¢,b)x{ (1 — my)brele—ve 30 )’“xl 1Fr(b+kia+b+c+k;—y)
B LS M e Ml o
Bla+¢,b)> 72, ’“wllFl (b+kia+b+c+k;—)
= Dab (1= 20)" T (1 = mymy) TP ¥z,
u

Remark 5.4 Note that the conditional pdf of X1|Xy = x5 is obtained by interchanging

the variables x1 and xo and the parameters a and b in (5.9).

5.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and
variance of X and X5 as well as the covariance and correlation of (X7, X5) are obtained.
Furthermore, the effect of the parameter @) on the correlation between X; and X, is

investigated.

Theorem 5.4 If (X{,Xy) ~ BKB (a,b,c,v), the product moment, i.e. E(X[X3),

equals

-1

Ki a+b+ JorFi(a+k+ratbtethk+r—) 1 B (b+k+sat+btctk+s —y)
k=0

(Bla+c,b+k+s)B(b+c,a+k+r1))
= (A(a,b,¢,0,0) " x Aa,b,c,r, s)

20

(5.10)
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where
A(a,b,e,r, s)
i a—i—b—i—clel(a—i-k:—i-r a+b+ct+k+r—yY) 1 Fi(b+k+s,a+b+c+k+s—1)
prd (Bla+c,b+k+s)Bb+c,a+k+r)"

(5.11)

with A(a,b,c,0,0)™" = K as defined in (5.2). Note that the definition of A(.) must be

read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer beta type IV distribution (5.1), the

expected value of X7 X3 is taken:
E (X 1 X3)

- //leQQBKBIV(!L‘hxz)dxlde

1
= //xlxz 28l (1 = 20) T (1 = )" T (1 = ) TP oY@t g
0

_ K// atr—1 b—l—s 1 1 . $1)b+c_l (1 . x2)a+c—1 (1 i xle)—(a-i-b-‘rc) @_w(z1+$2)dl‘1d$2.

(5.12)

Because the integrals in (5.12) are similar to those found in the proof of Theorem 5.1, the

desired expression is obtained as
E (X 1 X3)

B KZ a+b+ck1F1(a+k+r a+b+c+k+r; )1 Fi(b+k+s;a+b+c+k+s;—1)
B (B(b+c,a+k+r)B(a+c,b+k+s))!

= (A(a, b,c,0, 0)) x A(a,b,c,r,s)

with A(a,b,c,r,s) as defined in (5.11). m
It follows from (5.10):

E(X)) (A(a, b,c,0,0))"! x A(a,b,c,1,0),
E(X?) (A(a,b,c,0,0))"! x A(a,b,c,2,0),
E(X3) (A(a,b,c,0,0))"" x A(a,b,c,0,1),
E(X3) (A(a, b,c,0,0))"! x A(a,b,¢,0,2),
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= (A(a,b,¢,0,0))" ! x A(a,b,c,1,1),

)

) = B(X}) - (BE(X)),
Var(Xs) = E(X3)— (E(Xy))?

) = B(X1X,) — BE(X))E(Xy).

Figure 5.1 shows the correlation between X; and X, as ¢ varies where (X, X3) ~
BK B! (a,b,c,1). The graph shows the correlation as a function of ¢» € [—10,10] for
certain combinations of the parameters a, b and c. Note that the correlations for ¢ = 0
are those of the bivariate beta type IV distribution which are always positive (see [48]).
The new parameter, 1, gives us a wide range of values giving correlations ranging from 0
to 1. It is observed that 1) can weaken and strengthen the correlation, depending on the

values of a, b and c.

corr(X,,X,)

._.
=

g
T ki
I = o
£ 0
P — T
T==al
(L
—
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—

._
(=g
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!

Bk R
o n

—_
=
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[==]

\

0.4

¥

-10 -5 0 5 10

Figure 5.1: Correlation of the bivariate Kummer beta type IV distribution as 1 varies

Remark 5.5 As illustrated in Figure 5.1, the bivariate Kummer beta type IV distribution
has positive correlation. This can be proven by showing that the bivariate Kummer beta
type IV distribution is positively likelihood ratio dependent (also denoted as totally positive
of order 2 (TPy)), since TP, implies positive quadrant dependence which implies positive
correlation (see [5], p116). In order to prove that the bivariate Kummer beta type IV
distribution is TPy, Definition B.2 is used. It is required to prove that

gBKBIV(iCb yl)gBKBIV(@, Z/2) > YBKBIII (5517 yz)gBKBIU(xQ, 3/1)
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for all x1 < x9, y1 < Yo, which is similar to:

(Kx“ L=t (1 — xl)b+c_1 (1— yl)a+c_1 (1-— xlyl)_(“+b+c) e—w(w1+y1)>
(Kl‘a 1 b 1 (1 . xQ)bJrcfl (1 N yz)aJrcfl (1 . x2y2)*(a+b+c) 6—1/)($2+y2)>
> <K$a 1 b 1 (1— CEl)bJrcq 1- y2)a+cfl (1- xlyz)f(aﬂwc) 6—1/1(921+y2)>

(K.Ta lyll) 1 (1 . x2>b+c—1 (1 . y1>a+c—1 (1 i x2y1)—(a+b+c) e—w(x2+y1)>
and simplifies to

(1 — mlyl)—(a-‘rb-&-C) (1 _ I2y2)—(a+b+c) > (1 _ x1y2>—(a+b+c) (1 _ x2y1)—(a+b+c)
(1 —z91) (1 — ays) < (1 — x192) (1 — xay1) . (5.13)

The left hand side (LHS) and right hand side (RHS) of (5.13) reduce to 1 — x1y; — xoys +

T1Y1T2y2 and 1 — 1Yo — Toy1 + T1Y2T2Y1, Tespectively.

Cancelling out similar terms on the LHS and the RHS we obtain —x1y1 —x2ys and —x1ys—

oy, respectively.
Hence, (5.13) becomes

— X1Y1 — ToY2 < —T1Y2 — Tl
= X1y + Tay2 = T1Ye + T2l
= X1y — T1Ye = TaY1 — T2Y2

= z1(y1 — y2) > xa(y1 — Y2).

Since (y1 — y2) < 0, we can divide on both sides by reversing the inequality sign to obtain

x1 < @9, which clearly holds.

Similarly,

— T1Y1 — T2Y2 < —T1Y2 — Tal
=  T1Y1 + Tay2 = T1Ye + Tayn
= T1Y1 — Tay1 = T1Y2 — Tal2

= y1(z1 — x2) > yo(x1 — 72).

Since (x1 — x2) < 0, it follows that y; < yo, which clearly holds. Therefore, the bivariate
Kummer beta type IV distribution is TPs.
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5.4 Shape Analysis

The effect of the parameters a, b and ¢ for the bivariate beta type IV distribution was stud-
ied by Olkin and Liu [48]. In this study, therefore, only the effect of the new parameter,
1, is illustrated.

In Figure 5.2 the joint pdf and contour plots for the bivariate Kummer beta type IV
distribution whose pdf is given by (5.1) are displayed. The effect of ¢ is illustrated by
setting ¢» = —1.1, 0 and 1.1 and keeping the other parameters fixed at a = b = ¢ = 2.
Note that a negative value of ¢ pushes the pdf away from the origin and a positive value
of 1 pushes the pdf towards the origin. Note that the middle graph (for ¢» = 0), is the
graph of the bivariate beta type IV whose pdf is given by (1.10).

1 Og 1 Og 1

Figure 5.2: Joint pdf of the bivariate Kummer beta type IV distribution

Figure 5.3 shows the marginal pdf (see (5.8)) for the bivariate Kummer beta type
IV distribution. The four graphs represent the four basic shapes of a univariate beta
distribution, namely, symmetric, u-shaped, negatively skewed and positively skewed. For
each of the four shapes the effect of ¢ is studied. Note that in the top two graphs,
changes the skewness of the pdf. In the two skewed graphs, 1 changes the kurtosis of the
graphs. For both the skewed graphs, a negative value of ¢ decreasing the kurtosis and a

positive value of ¢ increasing the kurtosis.
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mx )

g=h=5¢c=12

06 08 10

00 02 04 06 08 10 00 02 04
X1 n

w=11

y=-11:
Figure 5.3: Marginal pdf of the bivariate Kummer beta type IV distribution

5.5 Summary
A summary of the newly derived pdf’s of Chapter 5 is given in Table 5.1.
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5.5. Summary

G 1o3dey) Ul POALIOP S JPd T'G O19RL

(6°9) Sab@if&kgm& — 1) ;—opn(%2 — STmaQ = (Tz|ex)o Ard M oY JO (Tz|ex)o
(6°¢) teg—2 o) (T — 1) opg("0 — T) g2 = (%x[tx)o g 51 943 jo (%x|tw)o
(8°¢) (= +o+ 9+ vy +0) 71X
i K 210l — Dy g = (D)u g om o (Cayu
(8°9) | (=" +2+q+ D +q) X
o oK g1 = 1) S = (Wu g7 o jo (1w)w
Aw.mv Ama.fﬁavawlw A%m 004+ qQ+ Gv HHNHX
?itl:\mm&ﬂ& = D) pmogo (30 — 1) —oyq(17 — CH —qti— _pTON3T ATIMEAON
Aﬂmv Ama.:avﬂlm. Au+o+3\AmHﬂH B ﬂv ﬂ\o+dAm.& - HV H\u+aAH.& - Hv 1— m 1— @.&V& AT ME
Jaqunu uorjenbryy jpd odAT,
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Chapter 6

The Bivariate Kummer Extended
Beta Type IV

In this chapter the product method is used to construct the bivariate Kummer extended
beta type IV distribution, utilizing Definition 2 (see (1.2)) with f(x1,x2) the bivariate
extended beta type IV kernel (see(1.13)). The joint distribution is considered as well as the
marginal and conditional distribution functions. An expression is derived for the product
moment and expressions for the means, variances, covariance and correlation are provided.
Finally, the effect of the parameter, v, is investigated by means of a shape analysis; this

parameter is introduced via the function h(zy, z3) = e ¥(#1722) (see Figure 1.1).

6.1 Joint Distribution

In this section, the bivariate Kummer extended beta type IV distribution is derived.

Theorem 6.1 The pdf of the bivariate Kummer extended beta type IV distribution is

giwen by
gpreprv(T1, ) = Kai b (1 — 4)brerd=1(1 — gy)0tetd-leviotas)
1—
X (1 = aymy) D, By (“ Fbtetddatotd m))
1-— T1T9
(6.1)

where 0 < x1,29 <1, a,b,c>0,d >0, —0o < ¢ < oo and the normalizing constant, K,

18 given by

S7
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6.1. Joint Distribution

_ - d);(a); - (a+7)e(b)k
K = Bla,b+c+d)B(b,a+c+d . (d);(a); .
(@,b+c+d)B(b,a+c )?;ﬂ@+h+c+d%;;H@+b+c+d+ﬁk

s Fi(a+j+kiatbtc+rd+j+k—v)Fi(b+katbtc+d+j+k—i).
(6.2)

This distribution is denoted as (X1, Xs) ~ BKEB" (a,b,c,v) .

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer ex-
tended beta type IV distribution from the bivariate beta type IV kernel (see (1.13)). The
pdf of the bivariate Kummer extended beta type IV distribution is then given by

gBKEBIV(x1;x2) = KfBEBIV(x1,$2)€_¢(x1+I2)

_ Kl‘a 1 b 1 (1 :L‘l)b+c+d_1 (1 _ x2)a+c+d—1 (1 B mle)—(a+b+c+d)

1 —
X9 F1 (a +b+c+d,d;a+c+d; M) e ¥(@iter) (see (1.13)).
— T1T2

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1 1
//QBKEB]V<171,$2)dI1dx2

_ / / KﬁL’a 1 b 1 o xl)b+c+d—1 (1 _ x2)a+c+d—1 (1 _ xlxz)_(a+b+c+d)

1—
X oI (a +b+c+d,d;a+c+d; M) e V@t o day
1— T1T2

= 1.

From this, the normalizing constant is obtained as:

/ / a—1 b 1 x1>b+c+d—1 (1 . $2)a+c+d—1 (1 B $1$2)_(a+b+c+d)

1_
X ol (a +b+c+d,d;a+c+d; M) e V@1tT2) g dy.
1— T1X2

Definition B.8 is used to obtain:

> a—i—b—l—c—l—d a etd— adotdai—
Z a+c+d // +j—1 b 1 _xl)b—‘r +d 1(1 _xZ) +c+d+j—1
Jj=0 0

x (1— 561332)_(“+b+c+d+]) e’w(g“””2 dzqdz,.

o8
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Use Relation B.1.to obtain:

K—l
o 1 1
- Z “+b+c+d) (d); Z(a+b+c+d+ﬂ k//$a+3+k Lpbth=t (1 — gy )btetdt
Jia+c+d); —
J= k=0 0 0

X (1 — @) T gV @) g diry

_ d+j—1 —
berk 1 (1 . xz)a—i-c—l- +J e Pxo

i(a—i—b—i—c—i—d) ji (a+b+c+d+ i
. jllatctd); k!

o
—_
[\

v /xtlz+j+k—1 (1 o xl)b—i-c-i-d—l e_d}xldl’ldf)?z- (63)
0

Since by Relation B.3

1

/x‘{ﬂ'*’“ (1 —x)"" ey = B(atj+k, bretd) Fi(a+j+k; atbtetd+jtk; —),
0

the expression in (6.3) becomes
1

(CL + b+ i:"i‘ d+ ])k /xl;rkl (1 . $2)a+c+d+j—1 €7¢x2

M8

Ja+c+d),;

e
i

0 0

B(a+ 7+ k, b+c+d)1F1(a+j+k-a+b+c+d+j+k;—¢)dx2

o i a+b+c+d) (d);
Jj=
X
= = a—l—b+c—|—d+])

b+ c+d),
-y latbiet did) EB(at j+k,b+ctd)

j(a+c+d

M

=0 k=0

<

1
X Fila+j+kia+b+c+d+j+k —) /xg”“l (1 — ag) Tt dti=t o=tz gy
0

Definition B.4 and (B.1) is used to obtain:

_ Tb+c+d
K = Z

ifa+]+k
D(a+b+c+d) &

a+c+d] —

1
x 1 Fila+j+katbtctd+j+hk; w)/ g TRl (1 — )Pttt oz g

0

29
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Once again using Relation B.3 to solve the remaining integral, the required result (6.2) is
obtained by using (B.1) and Definition B.4:

K*l
 D(b+c+a) ii (d); 53F@+j+@
B Pla+b+c+d) = jllat+ctd); k!
B®+ha+c+d+ﬁdﬂb+&a+b+c+d+j+m—¢)
 Db+c+a) 53 (d); iiFM+J+MF@+kW®+C+d+ﬂ
B Pla+b+c+d) = jllat+ctd);s k! Lla+b+c+d+j+k)

Fila+j+ka+b+c+d+j+k—)

xﬁﬂa+g+ha+b+e+d+y+k—wyﬂ@+ku+b+c+d+j+h—w)

Lo+ c+dl(a+tc+dl(a)l (b)i (d);(a); Z (a+ 7))k
Fla+b+c+dT(a+b+c+d) Ma+b+c+d); = ka+b+c+d+j)

><1F1(a+j+k;a+b+c+d+j+l<:,—w)lFl(b+k,a+b+c+d+j+k;—w)

- (d);(a); - (@ + J)r(b)
= B(a,b d)B(b d
(a,b+c+d) ha+c+);;ﬂm+b+c+@jkOmm+b+c+d+ﬁk

xiFila+j+kiatbretrdtj+k—onFi(b+kiatbtctd+tj+k—).

Remark 6.1 For d = 0, the pdf of the bivariate Kummer extended beta type IV reduces
to that of the bivariate Kummer beta type IV. This can be shown by setting d = 0 in (6.2)
and subsequently in (6.1):

P B(a,b+c)B(b,a+c)§: (0);(a); 3 (a+ )b

—~ jlla+b+c); = kl(a+b+c+ )
x1Fila+j+kiatb+c+j+k—o)Fi(b+kia+b+c+j+k —).

Use (B.1) and Definition B.8 to obtain

1 T@IOT(a+T(b+ ) ons= o= = (0)j(a);(a+ )i®)ila+j+ k)m(b+ k),
k== F(a+b+c)F(a+b+c)ZZZZ JlEmInl(a+b+c)j(a+b+c+j)k

X .
(a+b+c+j+kmla+tb+cti+h)n

Simplify by using Definition B.4 to obtain

_ F(a—l—c (b+c) Fla+j+k+mIb+Ek+n)
Kt =
Fa+b+c) ZZ _Z_: JE!m!n!
7=0 k=0 m=0 n=
o TlatbtetitR(-9)m(-w)
Fa+b+c+j+k+ml(a+b+c+j+k+n)
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L(a+c)T(b+c) on 1 o= (=)™ o= ()"
- tie Sy X Tk

o0

XZ 0);L'(a+j+k+m)(a+b+c+j+k)
JT(a+b+c+j+k+mT(a+b+c+j+k+n)

=0

Manipulate some of the terms to get the infinite sums into a standard form and obtain:

K-
1 Bla+e,b+k)Blb+c,a+k)a+b+chpl(a+b+ct+k) o= (=)™
= > : >

k! L+ k)(a+ k) = ml
= (=)™ > (0),T(a+j+k+m)T(a+b+c+j+k)
X v+ k+ - . .
nzzo P n)jzojlf(a+b+c+j+k+m)f‘(a+b+c+]-I—k’+n)

o0

_ iiB(a—irc,b—l—k)B(b+c,a+k)(a+b+c)k Z (=)™ (@ +k)pDl(a+b+c+k+m)

k! L'+ k) —~ ml (a+b+c+k)nl(atk+m)
= (=)™ = (0),T(a+j+k+m)T(a+b+c+j+k)
D F<b+k+n)2jlf‘(a+b+c+j+k+m)F(a+b+c+j+k+n)

n=0 ’ j=0

o0

iB(a+c,b—|—k)B(b+c,a+k)(a+b+c)k Z (=)™ (@ +k)ml(a+b+c+k+m)

k!

k=0 m=0
oo

Xi":(—@b)” (b+k)L(a+b+c+k+n) T (0);T(a+j+k+m)
n! (a+b+c+k)p'(a+b+c+k)“=jT(a+b+c+j+k+m)

j=0

n=0
T(a+b+c+j+k)
I'a+b+c+j+k+n)

B iB(a+c,b+k‘)B(b+c,a+k:)(a—f—b+c)ki(—1/1)"‘ (a+Ek)m
= k! —~ ml (a+b+c+k)n

(=) b+ k) (0);(a+k+m)j(a+b+c+k);
XZ nl (a+b+c+k) Zj!(a+bj+c+k+m§j(a+b+c+k;j+n)j

n =0
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6.1. Joint Distribution

Using Definition B.8 and Relation B.10:

K—l
= Bla+c,b+k)Bb+c,at+k)(a+b+ o) e (—¢)"
o Z k! Z m)
k=0 m=0
(CL + k)m i (—1/))" (b + k)n
(a+b+cH+ k) n! (a+b+c+k),

X3 (0,a+k+m,a+b+c+kia+b+c+k+mya+b+c+k+n;l)

_ ZB<a+c,b+k)B<b+c,a+k><a+b+c>ki<—¢>m (a+ k)m
— k! — ml (a+b+c+k)n
XZ » o (b+k), T(a+b+c+k+mI(b+c+n)

o n' (a+b+c+k), T(a+20+2c+k+n)'(m)

XsFy(a+b+c+k+nb+c+n—ma+b+c+kia+20+2c+k+na+b+c+k+mn;l).

Since by definition 3F5(a, b, c;d, a;x) = oF1(b, ¢; d; x) and using Relation B.11:

K—l

Bla4+c,b+k)Bb+c,a+k)(a+b+c) e (—)™ a+k)m
-y ( )B( )( )kz( v¥) (a + k)

p k! — ml (a+b+c+k)n

XZ ) (b+k), T@+b+c+k+m)T(b+c+n)
— n' (a+b+c+k), TDla+2042c+k+n)l(m)

XoFi(b+c+n—mya+b+c+kia+2b+2c+k+n;l)

Bla+c,b+k)Bb+c,a+k)(a+b+ )k v (=)™ a+k)py
S ( )B( )( )kz( v¥) (a + k)

— k! — ml (a+b+ctk)nm

XZ ) (b+k), T@+b+c+k+m)I(b+c+n)
o n‘ (a+b+c+k), T(a+20+2c+k+n)'(m)
. F(a+2b+2c+ k+n)I'(m)
Lla+b+c+k+mI(b+c+n)

Using (B.6), the normalizing constant in (5.2) is obtained:

K—l
B iB(a—l—c,b—l—k)B(b—l—c,a—i—k a+b+ck§: —0)"™ (a+k)m
N — k! — ml (a+b+c+k)n

) (b+ k),
X; n‘ (a+b+c+k),

B Z(a+b+c)k1F1(a+k,a+b+c+k;—¢)1ﬂ(b+k,a+b+c+k;—¢)
= M (Bla+c,b+k)B(b+ca+k) '
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Using Relation B.12, the pdf in (6.1) then becomes:
K1 a 1 b 1(1 xl)b+c+d—1(1 —r )a+c+d—le—w(rl+x2)
1—
x(1— xlxg)_(“+b+c+d)2F1 (a +b+c+d, d;a+c+d; M)
1— 2129

- K- 11,(11 13315 1(1 xl)bJrcfl(l _x2)a+cflefw(x1+m2)

z1(1 —x2)>

X (1 — zyaq)~ @49, 1y (a +b+c0:a+c
1-— 1T

- K~ 11'(11 1..b— 1(1 1)b+6_1(1—$2)a+c_18_¢(z1+x2)
xl(l — 132))
1— T1T2
- K- 1 a 1 b 1(1 ZIZl)b+C_1(]_ i IQ)a+c—16—w(xl+mg)<1 i xle)—(a—l-b—s—c)

X (1 — @y2y) 09, [y (a +b+¢,0;a+¢

which is the pdf of the bivariate Kummer beta type IV in (5.1).

6.2 Marginal and Conditional Distributions

In this section the marginal, m(z;), and the conditional, ¢(xz;|x;), pdf’s of the bivariate

Kummer extended beta type IV distribution are derived.
Theorem 6.2 If (X1, X,) ~ BKEB! (a,b,c,d, ), the marginal pdf of

1. X1 is given by

a4+ c+d)I'(b) , 4 bierda1 —uar N (d);
- K a 1— c Yy A0 0
m(z1) Tlatbtctd ! (1=a) ‘ ;0 o
(0)

i (b ksa bt et d gk —y) (6.4)

X
Mg =2

i

0
where 0 <1 <1, a,b,¢c>0,d>0, —00 <) < oo and K as defined in (6.2).

2. X5 15 given by

L(a)l'(b+c+d) b1 (1 — gp)tetd=l v f: . (a);(d);

- K
m(z2) Ta+btctd

=0

o= (a+ . .
><(1—x2)JZ( k|3)kx’§1F1(a+j+l{:;a+b+c+d+]+k;—@b)
k=0 ’

(6.5)

where 0 < x5 <1, a,b,¢c>0,d >0, —c0 <9 < oo and K as defined in (6.2).
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6. THE BIVARIATE KUMMER EXTENDED BETA TYPE IV
6.2. Marginal and Conditional Distributions

Proof. The marginal pdf’s of X; and X, are obtained by integrating the pdf of the

bivariate Kummer extended beta type IV distributions over X, and X;, respectively.

1. Using (6.1), m(x1) given in (6.4), is obtained by using Definition B.8 to obtain:
m(zry) = /Kx“ Leb (1 — 2y )Pt 1(1 — )0t etd=1(] — gy ) ~(otbFerd)

1 —
Xl (a+b+c+d d;a + ¢+ d; M) e*w(wl+$2)dx2
1—1‘11’2

1
a+b+c+d) (d); atio1 b etd— atetdij—
— K§ a+c+d) /$1+j 11,12; 1(1—.’111)b+ +d 1(1—$2)++d+j 1

x (1 — xlmg)f(aer“erH) e~ V@te2) go.

Use Relation B.1 to obtain:

1
> b d);(d b d
m($1) _ KZ(Q—i_' +c+ )]() (CL—}- +C+ +.] k/xa+J+k 1 b+k 1
= Ja+c+d);

k=0 0

w (1 — x1>b+c+d71 (1 _ w2)a+c+d+jfl _w(xﬁ“)dxg
_ Ki (a+b+ctd)(d); i (atbtetdt i orinm
= jla+c+d); — k!

1
b d-1 — — d+j—1 —
% (1 . 1‘1) +c+ e Yz /$g+k 1 (1 . x2)a+c+ +J e Qf)xgda;é‘

0

Use Relation B.3 to solve the integral to obtain the required result in (6.4).

_ a+b+c+d) (d); (a+b+c+d+j) piHiTh=1 btctd—1
m(xl) KZ a+c+d) Z k! (1 xl)

k=0
xe WlB(bJrk,a+c+d+j)1F1(b+k;a+b+c+d+j+k;—¢)

= Kl (1) e 3 (a+b+ctd)(d) ; 3 (@a+b+ctd+ )

i . 1 ]
par JWa+c+d); — k!

xthB(b+k,a+c+d+ )1 Fi(b+kia+b+c+d+j+k—)

I'la+c+d)(b) , 4 bretd—1 ey X (D)5~ (O
- K a 1— c Py N /R
Tatb+ctd ! (1-m) ¢ ]ZO ! xlg k!

xe¥ Fi(b+kia+b+c+d+j+ ks —p).
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6. THE BIVARIATE KUMMER EXTENDED BETA TYPE IV
6.2. Marginal and Conditional Distributions

. Using (6.1), m(x2) given in (6.5), is obtained by using Definition B.8 to obtain:
m(l,2) _ /KIQ 1 b 1 J]l)b+c+d_1<1 . x2)a+c+d—1(1 . x1x2)—(a+b+c+d)

1—
X o Fy (a+b+c+d d;a+ c+ d; M) e~¥(@rtea) g
1—21715(32

1
a+b+c+d) (d); atio1 b ctd— aetrdtj—
KZ jia+c+d), /xlﬂ L (1= ) T (1 )T

X (1 — xlmg)f(aer“erH) e~ V@rte) go

Use Relation B.1 to obtain:

1

m(zy) = Kz(a+b+c+d)j(d) (a—l—b+c+d+] k/

a+jt+k—1 b+k 1

T4
j'(a—i-c—l—d)] =0 ;

b d—1 d+j—-1 —
% 1) et (1-— $2)a+0+ il gmvlenta) g

1_
Ki(a+b+c+d) )]Z (a+b+c+d+ ) 2
=0

jla+c+d); — k!

1
dj—1 - k1 btetd—1
X (1 — xg) ettt =l gmvaz /x?ﬂ+ (1 — )t emvmdy,
0

Use Relation B.3 to solve the above integral to obtain the required result (6.5):

m($2)

a+b+c+d) (d); (a+b+ctd+ ) k1 tetdti-1 -
_ 1 — pyatetdti Y
KZ a+c+d), ,; ! (1=w) ‘

xB(aﬂ+k,b+c+d)1F1(a+j+k;a+b+c+d+j+k;—¢)
= Kaft (1_x2)a+c+d_1e,¢x22(a+ + e+ d)( )J(l_x2)32(a+ +e+d+ )k

= Matctd) P k!

xth Bla+j+kbtct+diFilat+j+kat+bt+ct+d+j+k—)

B F((a) (b +c+ d) :Cb 1 (1 B $2)a+c+d—1 o2 i (a)j (d)j (1 . x2>j

Ta+b+c+d) ? jzoj!(a+c+d)j

— (a+ . .
> (a ‘7’“a:’g1F1(a+j+k;a+b+c+d+y+k;—¢).
k=0
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6. THE BIVARIATE KUMMER EXTENDED BETA TYPE IV
6.2. Marginal and Conditional Distributions

Theorem 6.3 If (X, Xs) ~ BKEB! (a,b,c,d, 1), the conditional pdf of

1. Xo| Xy = x4 is given by

C(l‘gll’l) _ Dlngl(l o xZ)aJchrdfl(l . x1x2)f(a+b+c+d)€7¢x2
1 —
><2F1<a+b+c+d,d;a+c+d;u> (6.6)
1-— 1T

where 0 < x5 < 1, a,b,c > 0,d >0, —00 < 1) < o0 and the normalizing constant
D1 s defined as

Dt =

['(a+c+d)(b) i (d); o i () :

F'la+b+c+d) = L
X1 Fi(b+ksa+b+c+d+j+k —).
2. X4| Xy = x9 is given by

C(CL’1|J}2) _ DQ:ET_I(I . xl)b—i-c—i—d—l(l . $1I2)—(a+b+c+d)e—w11

1
ngl(a+b+c+d,d;a+c+d;M) (6.7)
1—$1$2

where 0 < x1 <1, a,b,c >0,d >0, —00 < 1 < o0 and the normalizing constant
D5 is defined as

4 D@Pb+c+d) = (a);(d); & (a4 )
Dy = [(a+b+c+d) ;j!(a+0+d)j<1 ) Z k

i Fi(a+j+kiat+b+c+d+j+k—).

Proof.

1. Using the joint pdf, gpxpprv (z1,22), in (6.1) and the marginal pdf, m(z;), in (6.4),
expression (6.6) for the conditional pdf of X5|X; = x; follows directly:

9BKEBIV (5171, 1‘2)
m(z;)
Km‘f_lxg_l(l _ xl)b+c+d—1(1 _ m)a+c+d—1(1 _ mlxz)*(CL‘HH’(H*d)efI/)(IEl‘HEQ)

c(alz:)

I(a+c+d)I'(b) a—1 . btetd—1 oy oo (d)j, jxoo Bk, k
K—F(a+b+c+d) 27 (1 —x1) € ijo 5T 2uk=0 Rt L1

o Fy <a—|— b+c+d,d;a+c+d; —xl(l_m2)>

7 1—x129

X
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6. THE BIVARIATE KUMMER EXTENDED BETA TYPE IV
6.3. Moments and Correlation

l‘g_l(l T )a+c+d71(1 — T )7(a+b+c+d) —pxa

T(atctd)T(b) [PV I (Y
a+b+c+d) Z] =0 51 11 2ak=0 ! R

93 <a—|—b+c—|—d d:a+ c+ d; 2= ””2)>

7 1—x122
_ Dlili'g*l(l o x2>a+c+d71(1 _ x1x2)7(a+b+c+d)67¢x2

z1(1 — l’g)) .

X

XoF (a—i—b—i—c—l—d,d;a—i—c—i—d;
— T1T2

2. Using the joint pdf, gpxeprv (21, x2), in (6.1) and the marginal pdf, m(zs), in (6.5),
expression (6.7) for the conditional pdf of (X;|Xs = x2) follows directly:

c(xq|xs)
_ 9BKEBIV (xl,fz)
m(zz)
B K(L’a 1 b 1(1 )b+c+d—1(1 _ (L’g)a+c+d_1(1 _ x1x2)—(a+b+c+d) —Y(r1+z2)
- b+c+d atct+d—1 __ o oo (a);(d) a+
Km N1 =) €02 Y o Taterdy; (L — @2) 200 o etk

7 1l—x122

X
Fila+rj+kat+btcet+d+j+k—)
58(11_1(1 o 1,1)b+c+d71(1 — xQ)f(a+b+c+d) —pxy

oI (a+b+c+d d:a + c+d; z1(1— wz))

D@L (b+etd) x~oo _(a);(d) @t
T(a+b+c+d) ZJ o](a+6+é (1 —m2) 3507 =0 Pl

)’ 1—x122
X
VFila+j+katbtctdtj+k—)
= Doz (1 — )bt — xlxg)_(“+b+c+d)e_w1

92 <a+b+c+dda+c+d z (1= “’"2))

X ol (a~|—b+c+d,d;a+c~l—d;

6.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and
variance of X and X, as well as the covariance and correlation of (X7, X5) are obtained.
Furthermore, the effect of the parameter ¢ on the correlation between X; and X is

investigated.

Theorem 6.4 If (X1, Xy) ~ BKEB! (a,b,c,d, ), the product moment, i.e. E (X7X3),

equals
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b d);(d); b d+j

a+c+d) k!
><B(b+s+/<:,a+c+d+j)1F1(a+r+j+k;a+b+c+d+r+j—l—l{:;—@/})
x1Fi(b+s+kia+b+c+d+s+j+k —)

= (A(a,b,c,d,0,0)"" x A(a,b,c,d,r, s) (6.8)
where

A(a7 b? C? d? T’ S)
- b d)i(d); ~~ b d+j

_ Z(QJ,F et dl )Jz(a+ et At g sy kb et d)
= Jia+c+d); p k!
XBb+s+ka+c+d+jhFila+r+j+ka+rb+c+d+r+j+k—)
X Filb+s+kia+b+c+d+s+j+k —1) (6.9)

with A(a,b,c,d,0,0)"! = K as defined in (6.2). Note that the definition of A(.) must be

read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer extended beta type IV distribution
(6.1), take the expected value of X7 X5:

E<X{X§) = //ﬂiﬂégBKEBIv(xl,ﬂfz)dﬂfldivg

1

_ //1’1% a 1 b 1(1 x1>b+c+d71(1_1,2)a+c+d71€7w(21+x2)
0

1—
X (1 — pyay)~(atttetd, o (a +b+c+d,d;a+c+d; %) dxydxs
— T1T9

— K//xlll+r1$g+sl(1 . xl)bJchrdfl(l . x2)a+c+d7167w(az1+x2)

1 —
X(1 = ay2) "D, By (a +b+ctdda+c+d —xll( 72)

— X172

) dl’ldIQ.
(6.10)

Because the integrals in (6.10) are similar to those found in the proof of Theorem 6.1, the

desired expression is obtained as
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s a+b+c+d) (d); (a+b+c+d+ )
BXiX3) = KZ i\a+c+d), Z k!

xB(b+s+k,a+c+d+j)1F1(a+r+j+k;a+b+c+d+r+]‘+k:;—¢)

x1Fi(b+s+kia+b+c+d+s+j+k —)
= (A(a,b,c,d,0,0))"! x A(a,b,c,d,r,5)

Bla+r+j+kb+c+d)

with A(a,b,c, 7, s) as defined in (6.9). =
It follows from (6.8) that:

E(X,) = (A(a,b,c,d, 0,0)" x A(a,b,c,d,1,0),
E(X}) = (A(a,b,¢,d,0,0))" x A(a,b,¢c,d,2,0),
E(X;) = (A(a,b,c,d,0,0)* x A(a,b,c,d,0,1),
E(X3) = (A(a,b,¢c,d,0,0))" x A(a,b,c,d,0,2),

BE(X1X,) = (A(a,b,c,d,0,0))"" x A(a,b,c,d, 1,1),

Var(X1) = E(X}) - (B(X1))",

Var(Xs) = B(X3) - (B(X,))*

and Cov(X1,X5) = E(X1X3)— E(X1)E(Xy).

Figure 6.1 shows the correlation between X; and X5 as 1) varies where (X;, X3) ~
BKEB! (a,b,c,d,). The graph shows the correlation as a function of 1 € [—10, 10] for

corr(X1,Xz2)

04
g=b=c=d=0535
g=05b=09c=01,4=12
a=3,b=4c=01d=12

03

02

-10 -5 ] 5 lﬂl’u

Figure 6.1: Correlation of the bivariate Kummer extended beta type IV distribution as 1)
varies
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6.4. Shape Analysis

certain combinations of values for the parameters a, b, ¢ and d. Note that the correlations
for ¢ = 0 are those of the bivariate extended beta type IV distribution (see [16]). The
new parameter, ¢, can weaken and strengthen the correlation, depending on the values
of a, b, c and d. Also note that the correlations for ¢y = 0 are those of the bivariate beta
type IV distribution. For the effect of the parameters a, b and ¢ for the bivariate extended
beta type IV the reader is referred to El-Bassiouny and Jones [16].

Remark 6.2 From Figure 6.1 the bivariate Kummer extended beta type IV distribution
has positive correlation. To check if this holds for all parameter values, the definition for
PQD (see (2.12)) given in Remark 2.5 can be used.

6.4 Shape Analysis

As discussed in Section 1.4.5 - Chapter 1, the bivariate extended beta type IV distribution
simplifies to the bivariate beta type IV distribution. The latter is graphically studied by
Olkin and Liu [48]. For the bivariate extended beta type IV distribution, the reader is
referred to El-Bassiouny and Jones [16] as well as Bekker et al. [6] . Therefore, in this
study, only the effect of the new parameter, 1, will be illustrated.

Op 1 O 1 Og 1

Figure 6.2: Joint pdf of the bivariate Kummer extended beta type IV distribution

In Figure 6.2 the joint pdf and contour plots for the bivariate Kummer extended
beta type IV distribution whose pdf is given by (6.1) are displayed. The effect of ¢ is
illustrated by letting v» = —1.1, 0 and 1.1 and keeping the other parameters fixed at
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6.5. Summary

a =b=c=d = 2. Note that ¢ moves the pdf around on the [0, 1] x [0, 1] plane. Note
that the middle graph (for ¢» = 0), is the graph of the bivariate extended beta type IV
whose pdf is given by (1.12).

laa
=]
]
1]
-
1]
[
1]
R
1]
by

]

(X2}
b
[T T

[
(]

00 02 04 06 08 10 00 02 04 06 08 10
X X2

=11l —y =0y =1.1

Figure 6.3: Marginal pdf’s of the bivariate Kummer extended beta type IV distribution

Figure 6.3 displays the marginal pdf’s (see (6.4) and (6.5)) for the bivariate Kummer
extended beta type I distribution. The two graphs are the marginal pdf’s for X; and
X, respectively. For both marginals the effect of ¢ is studied. In both graphs a positive
value of 1 makes the pdf more positively skewed while a negative value of 1) makes it less

positively and for the left graph more negatively skewed.

6.5 Summary

A summary of the newly derived pdf’s of Chapter 6 is given in Table 6.1.
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6. THE BIVARIATE KUMMER EXTENDED BETA TYPE IV

6.5. Summary

9 103dey) Ul POALIOP $JPd 1°9 P[9RL

(9°9) Aﬁmgﬁw@+o+s:+o+@+@vimx
zai—2 (pro+q+v)— (1T — T)poso(PT — 1) G28q = ("2[*2)o g7 >1g ous 3o (‘z|ex)o

(L9) Aﬁmiiiztiivﬂx
1o (protqrn)— (01T = 1)1 propg(0 — 1) '@ = (@|'2)o g ST oy jo (Sx[ta)o

(g'9) (=t + L+ p 42 +q+ 0y + L4+ 0) by gy I (fr — 1)

L0 o oo — 1) G B s — Gy gy g o jo (fx)w

(7°9) (=t + L+ P+o+q+ D0y +q) L rg I x
b O a9 (18— 1) S S sy = (g3 ow go (1w

(1°9) AAMMQH L PO+ DPPEotqt @v LI (proyqio)— (CT1T — T) X
Amat@ﬁ\f%tg?a — Dyprorg('T — SH -7 1= v ArddMd

Jaqunu uoryenbry jpd odAT,
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Chapter 7
The Bivariate Kummer Beta Type V

In this chapter the product method is used to construct the bivariate Kummer beta type
V distribution, utilizing Definition 2 (see (1.2)) with f(x1,x2) the bivariate beta type
V kernel (see (1.15)). The joint distribution is considered as well as the marginal and
conditional distribution functions. An expression is derived for the product moment and
expressions for the means, variances, covariance and correlation are provided. Finally, the
effect of the parameter, 1, is investigated by means of a shape analysis; this parameter is

introduced via the function h(zy,x5) = e~ ¥@1+%2) (see Figure 1.1).

7.1 Joint Distribution

In this section, the bivariate Kummer beta type V distribution is derived.

Theorem 7.1 The pdf of the bivariate Kummer beta type V distribution is given by

-« -«
QBKBV(xla 562) _ thlzflngl(l —a - .%’2)071(1 + %xl + %x2)(a+b+c)ew(ﬂc1+x2)
1 2
(7.1)
where 0 < x1,T9, 1 + 29 < 1, a,b,¢,3,aq1,9 > 0, —00 < 1 < 00 and the normalizing

constant, K, is given by

K = Blaboy (_k!)k (@) T (=Y (b);

part (a+b+c)kj:0 J' (a+b+c+k)j

x Fy (a+b+c,b+j,a+k;a+b+c+k+j;—B_O‘l,—ﬁ_az) (7.2)
o (6]

where Fi(.) denotes the hypergeometric function of two variables (see Definition B.9).
This distribution is denoted as (X1, Xo) ~ BKBY (a,b,c, 3, ay, a, 1) .
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7. THE BIVARIATE KUMMER BETA TYPE V
7.1. Joint Distribution

Proof. Definition 2 (see (1.2)) is used to construct the new bivariate Kummer beta
type V distribution from the bivariate beta type V kernel (see (1.15)). The pdf of the

bivariate Kummer beta type V distribution is then given by

= K.Z'a ! b 1(1 — T — $2)071(1 + 6 _ al,’L'l -+ 6 _ a2x2)7(a+b+c)€*¢’(11+$2)
aq 8%

(see (1.15))

with K the normalizing constant. In order to obtain K, the following well-known property

of pdf’s is used:

1 1—x2
/ / 9BV (T1, T2)dw 1 das

1—x2 _ _
= / / K]Ja 1,.b— 1(1—1’1 1:2)071(1_’_ s a1x1+ B a2x2)*(a+b+6)€*¢($1+m2)dxldm2

03] (6%}

From this, the normalizing constant is obtained as:

_ / / 2N =y — ) (1 4 B — Oélxl . B — 042mQ)—(a+b+0)e—¢(m1+w2)dx1dl»2
a1 (%)

1—x2 . i
= / wy eV / 2§71 =z —a) (1 + g alalxl + b aQazg)*(“*b“)e’mldxlda:g.
0 0

(%)

The exponential function is written as an infinite sum using Definition B.7:

o 1 1—x2
Z g / o VT2 / JZ‘{“+I€_1(1 - l,2)c—1
k=0 0 0
X(1 + 6 — alxl + m&:g)i((wrlﬂrc)d%ld%g. (73)
a1 (0]
Since by Relation B.5
1—x2
/ x¢11+k 1(1 — oz — 1‘2)671(1 + 6 — Oélx1 + ﬁ — a2x2)—(a+b+c)dx1
aq 0%
0
— (1 o l‘Q)a+c+k_1(1 + ﬁ - a2x2)—(a+b+c)B(a + k’ C)

&%)

_5;@1(1_332)
XoFi a4+ k,a+b+c;a+c+k; lﬁfa ,
].—f— a22I2
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the expression in (7.3) becomes:

1

—)F —
@f) /xg—le—wmzu _ x2)a+c+k—1<1 + B—a x2)—(a+b+c)
—0 k! / (0]

N

B—a1

41—z
XB(a+k,c)eFy |a+k,a+b+ca+c+k — ﬁ( 2) dxs.

1+—a32$2

Writing out the exponential function and the Gauss hypergeometric function as infinite
sums (see Definition B.7 and Definition B.8):

(=)

-1
K = X B(a+k,c Z;
]:

i (a+k)m(a+b+0c)n
(a+c+ k)mm!

NE

m=0

i

0

/6 m 1 6
x (_ 1> / 2y (L= ) (1 )R gy,

(@51 (&)

0

Use Relation B.5 to write the integral in terms of the Gauss hypergeometric function,
2F1(-):

K1 = io: <_w)k3(a +k,c) io: (=) io: (a+k)m(a+b+ )y

(a+c+k)mm!

(651

. ‘ —«
><2F1(b+],a+b+c+m’a—|—b+c+k+]_|_m?_ﬁa 2>.
2

Using Definition B.4 and (B.1) the expression is simplified:
_ = —)*T'(a+ k)T
K =
kz:% k! T(a+c+ k

ZF(a—l—k—i—m)F(a—i—b—l—c—l—m)F(a—i—c—i—k)F(b—i—j)F(a—i—c—i—k—i—m)
Fla+ k)l (a+b+c)l(a+c+k+m)(a+b+c+k+j+m)m!

o0

J=0

x(—ﬁ_al) o Fy (b—l—j,a—i—b—i—c—i—m;a—i—b—i—c—i—k—i—j—i—m;—ﬁ_az)

(0%} Qg
_ I'(c) i(—w)k = 'iFCH—kij Fla4+b+c+m)'(b+ )
F(a+b+c) — k! = v = Fla+b+c+k+j+m)m!

—ar\" -«
X<_Ba 1) 2F1<b+j,a+b+c+m;a+b+c+k+j+m;—5a 2)
1 2
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— (— )k = : I'(b+ j) - f—aor\"™
k)
d%; g tlat ?; Ta+b+cth—+)) E%

" (a+k)m(a+b+c)n
(a+b+c+k+j)m

'2F1 (b+]7a+b+c+m a+b+c+k+j+m; _ﬁ;az).
2

Using Relation B.7, the required result (7.2) is obtained:

. . ) 0 Y Ir'io+j
K1 = F(C);( k!) F(a+k‘)z( j!) I‘(a+b(—|—c—jk)k+j)

xﬂ(a+b+qb+@a+ma+b+c+k+ﬁ—ﬁ_aa—ﬁ_aj

(6%) (651
B — (=0)F (@) - ()Y (b);
N Babc];:% El' (a+b+c) Z gl (a+b+c+k)j

7=0
X Fy (a+b+6,b+j,a+]{;;a—|—b+c_|_]€_|_j;_ﬁ_O‘27_B_041>‘
o) aq

Remark 7.1 For a; = ay = 1, the pdf of the bivariate Kummer beta type V reduces to
that of the bivariate Kummer beta type III. This can be shown by setting a; = ay =1 in
(7.2) and subsequently in (7.1):

K—l b ) ¢) ( J
(a CEZ k' (@4 b+ o) ?2 J! (a+b+c+k);

xﬂ@uw e,b+ja+kia+b+ce+k+j5;,—(6-1),—(8—-1)).

Using Relation B.9, the normalizing constant in (4.2) is obtained

K = BlabhoY (—lz/!f) (@) Z (=y) (b);

— (a+b+c)y J' (a+b+c+k);
XoFi (a+b+ca+b+j+kia+b+c+k+j;—(8-1)).

The pdf in (7.1) then becomes

K%~ 1,.b— 1(1 T 1(1 + B - alxl 4 p— a2x2)7(a+b+0)67w(x1+x2)
ai Q2

= Kz 16— 1(1 —x - 372)6 1(1 + (6 B 1)-771 + (6 _ 1)$2)—(a+b+c)e—w(m+x2)
which is the pdf of the bivariate Kummer beta type III in (4.1).

Remark 7.2 The non-central Kummer beta type V distribution can be obtained by using
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the non-central beta type V distribution, the latter which was studied by Ehlers et al. [15]
with pdf given by

((2)7(2) s st (10 (P52

. —(a+b+c) 1— B
’ (ﬁ %) 9“"2) e 1P | at+b+ccé S
—(a+b+c)
(1 (55 ) v (552) =)

with kernel

—(a+b+c)
—a o
freppy(e,a2) = a2y (1 — @y — 22)" (1+ (ﬁ 1) 1+ (ﬁ 2) xz>

651 Qg

1—.771—332

—(a+b+c)
(1 (55) s (52) )

for x1,209 >0, x1 + 129 < 1, a, b, ¢, B, a1, as > 0 and where § > 0 denotes the non-

x1Fi |a+b+ccd (7.5)

centrality parameter. The pdf of the non-central Kummer beta type V is constructed using

Definition 2 with f(xq1,x2) given by (7.5) and is given by

gNCBKBV<5U17 1’2)

_ . —(a+b+c)
= KNcl’a ! b 1(1—1’1-1‘2) <1+(6 Of1>x1+(ﬁ a2)$2>

&3] Qg
1 — X1 — X2

—(a+b+c)
(1 (%) oot (52) )

where 0 < x1,29, 1 + 22 < 1, a,b,¢c,B,a1,a0 > 0, —00 < 1 < 00, 0 > 0 denotes the

x1Fy |a+b+ccd

non-centrality parameter and the normalizing constant, Ky¢, is given by

-1 25 SN (—)k a)g (=)l b),
KNC = B(a’bvc)z—lz( 5) () : Z( ;f) ()

(a+b+c+ik < (a+b+c+k+7)

x F) <a+b+c—|—j,b+l,a+k:;a—{—b+c+k+j+l;—ﬁ_&2,—B_a1).
(6%5) (03]

(7.7)

This distribution is denoted as (X1, Xy) ~ NCBKBY (a,b,c, 3, ay, aa, 1)) .
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7.2 Marginal and Conditional Distributions

In this section the marginal, m(x;), and the conditional, c(x;|z;), pdf’s of the bivariate
Kummer beta type V distribution are derived.

Theorem 7.2 If (X, X5) ~ BKBY (a,b, ¢, 3, a1, a,1), the marginal pdf of X, is given
by

o —(a+b+c) oo Y .
m(xl) = }(I(ll_le_wm1 (1 + B & Jfl) ZB(b + j, c)( w) (1 o xl)b—i-c—i-j—l

!
aq =0 VE
) -2 (1-a)
XoF1 [b+j,a+b+c;b+c+ 7; o (7.8)
1—|— a—11I’1

where 0 < 7 < 1, a,b,¢, B, 01,5 > 0, —00 < 1) < 00 and K as defined in (7.2).

Proof. Using (7.1), m(z1) given in (7.8), is obtained by using Definition B.7 and
Relation B.5:

m(z;)
1—x1

—
— / K$il_lxg_l(1 — 2 — .’Ig)c_l(l + - T+ ﬁ - 2xZ)—(a-i-b-i-c)e—l/)(xl—&-xQ)dxz
1 2

—« —«
= Ka:‘f_le_ml / xg_l(l —x — 29) (1 + b - 1m1 + b - 2x2)_(“+b+c)e_m2da72
1 2

X (—h)d . - —
_ Kxclu—le—wm Z ( ¢) / ngrJfl(l - 132)6_1(1 4 5} alx1 4 B a2$2)_(a+b+c)dl’2
0

= 4! o Qo

S A A . —(a+b+c)
R L e ()

(07
j=0 !

. (1)
XoF1 | b+ ja+b+ b+ et i — 5
L+ 5rn

Q1 4!

B —(a+b+c) o© VAY .
= Kzl levm <1 + g alml) Z B(b+ j, C)( %U) (1 — zy)0reti=t
=0

Flb+ja+b+ebd a1 - m)
X +7,a+0+c0+c+7; .
21 J J 14 Barg,

a1

Remark 7.3 Note that the marginal pdf of Xs is obtained by substituting xo for xq in

(7.8), interchanging the parameters a and b and interchanging the parameters ay and .
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Theorem 7.3 If (X, X5) ~ BKBY (a,b,c,3,a1,a,1) , the conditional pdf of X5| X, =

x1 18 given by

C(ZL‘2|ZE1) _ D:Eg_l(l —r - x2)c—1(1 + 6 ; Oflm1 + 5 ; a2x2)—(a+b+c)€—¢x2 (79)
1 2

where 0 < x9 <1 — 21, a,b,¢,B3,a1,a5 >0, —00 < Y < 0o and the normalizing constant
D is defined as

. —(a+b+c) oo AY ‘
e ) I ST RPN
Jj=0 '

. (- )
XoF1 b+ j,a+b+c;b+c+ 7; . .

Proof. Using the joint pdf, gpxpy (71,22), in (7.1) and the marginal pdf, m(x;), in
(7.8), expression (7.9) for the conditional pdf of X,|X; = z; follows directly:

9gBKBV (551, 332)

C\To|T =
(aalr) e
Kx‘ll—lxg—l(l N B;lalxl + B;:zx2)—(a+b+c)€7¢(x1+m2)
- —(a+b+c) . A
Kx(ll_le_wxl <1 + 5;1041 ZL’1> Zjoio B(b +j7 C) (—;i))ﬂ (1 . xl)b+c+]_1
« 1
. -2 (1)
2F1 b+],a+b+0;b+0+];m
B mg—l(l — - 562)6_1(1 + ﬁ;ixl T+ ﬁ;zotzx2)—(a+b+c)e—wxg
o —(a+b+c) iy '
(1 n B;qul) 3%, Bb+ . 0)! ;/!J)J (1 — ay)reri—1
o 1
, -2 01-m)
2F1 b+],a+b+c;b+c+];m
a1
= ng_l(l — X — xg)c_l(l + B- Oélxl + p= a2x2)—(a+b+c)€—¢x2‘
aq &%)
|

Remark 7.4 Note that the conditional pdf of Xo|X1 = x1 is obtained by interchanging

the variables x1 and x4, the parameters a and b and the parameters ay and ag in (7.9).
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7.3 Moments and Correlation

In this section the product moment is derived from which expressions for the mean and
variance of X; and X5 as well as the covariance and correlation of (X3, X3) are obtained.
Furthermore, the effect of the parameter ¢ on the correlation between X; and X is

investigated.

Theorem 7.4 If (X1, X,) ~ BKBY (a,b,c, 3, a1, qs,v) , the product moment, i.e. £ (X7X3),

equals

o0

(—
KB(a+r’b+S’C)Z Kl (a+b+cH+r+s)

(@a+7)k f: : (b+s);
a+b+c+k‘+r~|—s)j

k=0 7=0
x <a+b+c,b—|—j—|—s,a—|—k:+r,a—|—b+c—|—k:—|—j—|—r+s;—5_az,—ﬁ_al)
(6D) aq
= (A(a,b,c,B,a1,02,0,0) " x A(a, b, ¢, B, a1, as, T, s) (7.10)
where
A(a, b, c, 3, 041,042,7“ s)
w) (a+71) = (b+s),
= b+
Blatr, Scz (a+b+c+r+s) ; J! a+b+c+k+r+s)j
x F (a+b+c,b+j+s,a+k:+r,a+b+c+k:+j+r+s;—ﬂ_a2,—ﬁ_&l)
Q2 o1
(7.11)

with A(a,b,c,3,a1,02,0,0)"! = K as defined in (7.2). Note that the definition of A(.)

must be read in context as its definition depends on the distribution used.

Proof. Using the pdf of the bivariate Kummer beta type V distribution (7.1), the

expected value of X7 X3 is taken:

E(X7X3)

1 1—xo

T_ .S
= //x1x2gBKBV<$1,I2)dJ71d$2
0 0

1 1—x2

= / / ;Kxa 1 b 1(1 — 1 — $2>c71(1 + 6 — Qg T, + 6 — Qg xz)7(a+b+c)67¢(x1+mg)dxldx2

a7 Qo
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1 1—x9
K/ / atr—1 b+s 1(1 o — 1’2)0—1(1 + B — alxl 4 B — Cl/zx2)—(a+b+0)€—¢(m1+x2)dx1dx2'
0

(03] (%)

(7.12)

Because the integrals in (7.12) are similar to those found in the proof of Theorem 7.1, the

desired expression can be obtained as

E(X{X3)
) M CR )" N ' (b+5);
- KB b
(ar, +S’C); Kl (a+b+c+r+ 8 ]Zo a+b+c+kz+r+s)j
><F1<a+b+c,b+s+j,a+k+r;a+b+c+k:+j+r+s;—6_al,—ﬁ_az)
aq (6]

= (A(CL, b7 ¢, ﬁ? Qaq, Qo, 07 0))71 X A(CL, b7 c, 67 0, 00,T, S)

with A(a,b,c, B, a1, s, 1, s) as defined in (7.11). m
It follows from (7.10):

-1

E(Xy) = (A(a,b,c,B,0q,09,0,0)) A(a, b, e, B, a,as, 1,0),
E(X}) = (A(a,b,c,B,a1,a,0,0)) ! x A(a,b, ¢, 3, a1, as,2,0),
E(X;) = (Aa,b,c, B,a1,a2,0,0) ! x Aa,b, ¢, B, a1, as,0,1),
E(X3) = (A(a,b,c,B,a1,a,0,0)) ! x A(a,b, ¢, 3, a1, a9,0,2),

B(X1X,) = (A(a,b,c,3,01,09,0,0) 7" x A(a, b, ¢, B, 01, 00,1,1),
Var(X1) = E(X}) - (B(X1))",

Var(X,) = B(X3) - (B(X,))*

and Cov(X1, X)) = E(X1Xs) — E(X1)E(Xy).

Figure 7.1 shows the correlation between X; and X» as 1 varies where (X;, X3) ~
BKBY (a,b,c,v). The graph shows the correlation as a function of ¢» € [—10,10] for
certain combinations of values for the parameters a, b and c. Note that positive correlation
is obtained when 0 < ¢ < 1 and some positive values of ). The value of 1) from which the
correlation becomes positive depends on the values of a, b, ¢, 8, a; and ay. Note that the
correlations for 1) = 0 are those of the bivariate beta type V distribution. For the effect
of the parameters a, b, ¢, 5, a; and a5 see Ehlers ([13]). More specifically, Ehlers et al.
[15] discussed the role of a; and « in the bivariate beta type V model. One can observe
here that v also has the effect of positive correlation between the dependent components
X; and X, for this model (7.1).
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corr(X 1, X7)
02

-10

. a=5b=00c=5p8=4@=a,=2
a=b=1lc=010=4a=a,=1
‘/_/ =07 b=c=f=a;=ay =1
-1.0

Figure 7.1: Correlation of the bivariate Kummer beta type V distribution as v varies

Remark 7.5 Similar to Remark 2.5, the definition for PQD (see (2.12)) can be used
to determine for which parameter values the bivariate Kummer beta type V has positive

correlation.

7.4 Shape Analysis

The effect of the parameters a, b, ¢, 3, a; and a5 on the bivariate beta type V distribution
was studied by Ehlers [13]. In this study, therefore, only the effect of the new parameter,

1, is considered.

1

Figure 7.2: Joint pdf of the bivariate Kummer beta type V distribution
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In Figure 7.2 the joint pdf and contour plots for the bivariate Kummer beta type V
distribution whose pdf is given by (7.1) are shown. The effect of ¢ is illustrated by setting
1 = —1.1, 0 and 1.1 and keeping the other parameters fixed at a = b=c= 0§ = a1 =
as = 2. Note that the value of 1) does not change the shape of the pdf. It does, however,
change the kurtosis. Note that the middle graph (for ¢» = 0), is the graph of the bivariate
beta type V whose pdf is given by (1.14).

ag=3b=c=150=a;=a; =1 4a=D.5,b=c=D.25,ﬁ=a1=a2=2

mixy)
Xy )

a=3b=c=050=a;=a,=1 g, @=lLb=c=150=a=a=1

30

23 .
— a
=20 o
=2 5
g 13 g

10

1
0.3
0.0 0.2 0.4 0.6 0.3 1.0 0.0 02 0.4 0.6 0.8 1.0
X1 X1
v =-11; w =0 w=11

Figure 7.3: Marginal pdf of the bivariate Kummer beta type V distribution

Figure 7.3 displays the marginal pdf (see (7.8)) for the bivariate Kummer beta type
V distribution. The four graphs illustrate four different shapes of a univariate beta type
V distribution. For each of the four shapes the effect of v is studied. Note that in the top
two graphs, ¢ changes the skewness of the pdf. In the bottom two graphs, 1 changes the
shape of the graphs. For the negatively skewed graph, a negative value of v gives the pdf
a concave shape and a positive value of ¢ gives the pdf a convex shape. In the positively

skewed graph, the graph remains concave, but 1 changes the intensity of the concavity.

7.5 Summary

A summary of the newly derived pdf’s of Chapter 7 is given in Table 7.1.
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(6L) todi—? (o-q+v)—( e (3t — 1o — 1) _Loq = (Ca|tw) g g o jo (3x]1z)o
. m&md Q.TH nmﬂ 4 ﬁﬁ 1.7¢C
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Chapter 8
Examples of Applications

In this chapter, two examples of possible applications are discussed. A well-known area
of application for bivariate distributions is the stress-strength model in reliability; this
is discussed using the bivariate Kummer beta type I distribution. The second example
concerns the beta-binomial distribution; in this case a univariate distribution is needed
and the marginal pdf of the Kummer beta type I is used in this application. The latter

application provides a fusion between discrete and continuous distributions.

8.1 Reliability / Stress-Strength models

8.1.1 Background on Stress-Strength Model

Reliability is a term that arises frequently in discussions on bivariate distributions, because
it provides an often used application for bivariate distributions. In this research, it is again
used as an example of an application. First, some background is provided on the stress-
strength model and then the reliability of the bivariate Kummer beta type IV distribution
is derived.

The work of Kotz et al. [32] provides a comprehensive exposition on reliability and
the stress-strength model. In order to explain what the stress-strength model is, consider
the example given by Kotz et al. ([32], p210).

Suppose we have structural components of a mechanism which are mass produced.
The strength of each individual component, X5, i.e. the stress at which this component
will fail, may be considered a random variable. The components are installed in assembly
and exposed to a stress, with maximum value X;. This maximum value of the stress, X;
is a random variable. Then P(X, < X}) is the probability that failure will occur because,
due to chance, a component with relatively low strength was subjected to a high stress.

Similarly, one could consider P(X; < X3), which is the probability that the component
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will not fail. In other words, P(X; < X3) is a measure of how reliable the component is.
The probability P(X; < X5) is then often referred to as the reliability of the component.
In the ideal case, when the distributions of the strength, X5, and the stress, Xi, are
known, one could calculate the theoretical reliability. The two random variables X; and
X5 are often taken to have a bivariate distribution. The reliability can, alternatively, be
expressed as P(X; < Xy) = P(& < 1) = P(R < 1). In this case, the distribution of the

X,
ratio of X; and Xy, R = < , is derived and the reliability can be easily calculated.
2
There are many examples where the stress-strength model is used. Examples men-

tioned by Johnson [25] include:

1. Rocket engines: Let X; represent the maximum chamber pressure generated by
ignition of a solid propellant, and X5 be the strength of the rocket chamber. Then
the reliability is the probability of a successful firing of the engine without blowing

up.

2. Comparing two treatments: Consider a design for comparing two drugs where
Drug A is assigned to one group of subjects and Drug B is assigned to another
independent group. Let X; and X5 be the remission times with Drug A and Drug
B, respectively. We can consider P(X; < X5) as an indication of the superiority of
one drug over the other. Although the name "stress-strength" is not appropriate in

this context, our target measure is the same, namely the reliability, P(R < 1).

3. Threshold response model: A unit, say a receptor in an alarm sensor, operates
only if it is stimulated by a source whose random magnitude, X5, is greater than a
random lower threshold for the unit. In this case the reliability is the probability
that the unit operates, i.e. P(X; < X3) = P|unit operates].

8.1.2 Reliability using the Bivariate Kummer Beta Type IV

X
In this section, the pdf of R = YI where (X7, X5) has the bivariate Kummer beta type

2
IV distribution is derived; followed by the calculation of spesific values of the reliability,
P(R < 1).

X
Theorem 8.1 Let R = Yl where (X1, Xy) ~ BKB (a,b,c,v), then the pdf of R is
2

given by

NN =)™
w(r)=KI'(a+¢)T(b+c¢) ZZZ (a+b+c), ~— AT G;é r
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where
—ay=b+k+ ay=a+b+c+k+1-1

Bi=a+k+1—-1 —fy=a+b+c+k+]j

1,1
and where G55 (r

Oﬁéh? ) is Meijer’s G-function (see Definition B.11) and K as de-
1) ~2
fined in (5.2).

Proof. Setting r =h—1and s =1— h in (5.10) and using (B.5) an expression for
the Mellin transform of g(z1,x2) (see Definition B.12) is obtained:

My (h)

= mﬂhU:E(C%)mj

= (A(a,b,¢,0,0)) " x A(a,b,c,h — 1,1 — h)
_ KE:a+b+ckwua+k+h—1a+b+c+k+h—1—w
(B(a+c,b+k+1—h)""
Xﬂq®+k+1—ma+b+c+k+1—M—w)
(B @+ca+k+h—DY1

Tla+btctk)e= (a+k+h—1)(—v)
= K
Z F'a+b+c) Z(a—i—b—l—c—i—k—l—h—l)ll'

Jﬂ@+k h+1la+b+c+k—h+1;—1)
(Bw+ca+k+h—1ﬂﬂa+cb+k h+1)!
l

1)
B Ta+b+c+k)e= (a+k+h—1)(-) <~ (b+k—h+1)(—)
B KE: (rHH—k'§:m+h+c+k+h—nm§:a+b+c+k h+1),5!

xB@+qa+k+h—1ﬂNa+qb+k—h+)y

l

J=

Use (B.1) and (B.4):

My(h)
§:F(a+b+c+k “)Fa+k+h—1+orm+b+c+k+h—1x—wl
c~ T(a+b+co)k! & Tla+k+h-DI(a+b+c+k+h—1+1)

53F®+k—h+1 jrm+b+c+k—h+npwy
“ Tl+k—h+1D(a+b+ctk—h+1+;));!
XF(b—I—c)F(a—I—k-I—h—l) Fla+c)I'(b+k—h+1)
Fa+b+c+k+h—1)T(a+b+c+k—h+1)
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After simplification the following expression follows:

My(h)
L(b+c)lr a+c§§§i§iFa+b+c+@@%W“ Ta+k+h—1+1)
F'(a+b+c¢) 5! IF'a+b+c+k+h—1+1)

k=0 1=0 j=
y F(b+k—h+1+j)
Fm+b+c+k—h+1+ﬁ

KF(bZibijc SOS S Tt b k)

k=0 1=0 j=0
y Pb+k—h+1+)l(a+k+h—1+1) (=)t
I‘(a+b+c+k:—h+1+j)F(a+b+c+k+h—1+l) JlEN!

F(b—I—c (a+c) — ['(1—a,—Rh)T (B +h) (="
K [(a+b k
Mlatb+o ;;; G e ) T, T Tt h) R

with
—a;=b+k+) ay=a+b+c+k+1—-1

fi=a+k+1-1 —fy=a+b+c+k+].

Using the inverse Mellin transform (see Definition B.12), the pdf of the ratio, R, of
the correlated components of the bivariate Kummer beta type IV distribution is given in

terms of the Meijer’s G-function (see Definition B.11) as follows:

1

w(r) = o E(R)" " (R) " dn
1 I'(b+c)T(a+c)
= — | K r
o | g L ST b et )

D= ay— BT (B ) (P,
T(L_fy )T (ot ) gkt 1"
g

b+c)l'(a+c) (—)i*t 1
L(a+b+c) ZZZ (@+b+ct k) —pir FIEN i

/ll[ (1—Oz]—h)
li (1=5,—1) ]

L'(b+c)I'(a+c)
K I'(a+b+c) Z

' (8;+h)

(R) " dh

— u:1~

F(O_/j +h)

<.
||
I\

ZF(CL +b+c+ k)(_w—WGéé (r

a, Qg
JIEN @Jg)'

-]

J
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8.1. Reliability / Stress-Strength models

Nagar et al. [46] studied the product and ratio of the bivariate beta type IV distribu-
tion. The effect of the parameters a, b and ¢ on the ratio, R, of the correlated components
of the bivariate beta type IV distribution was studied by Pienaar ([51] p25-31). Therefore,
only the effect of the new parameter, 1, is investigated. Figure 8.1 illustrates the shape of
the pdf of R = —; (see (8.1)) for the case a = 1,b =c=2 and a = b = ¢ = 2 for different
values of ¥. The domain for these graphs is R : [0, 00]. In the left graph we see that the
value of ¢ affects the shape of the pdf, especially in the left tail of the distribution. In the
right graph we see that the value of 1) only changes the kurtosis with a positive value of

1 decreasing kurtosis and a negative value of ¢ increasing kurtosis.

d=1bh=c=2 a=bh=c=12

0.8}

% 0.6

" 0.4f
0.2

1 1 2 3 4

» »
v =-11; v =0 w =11

Figure 8.1: The pdf of the ratio R = £

Having obtained the distribution of R, i.e. the ratio, reliability values can be calcu-
lated. Using P(R < 1) fo r)dr as the expression for the reliability, the computer
software package Mathematlca was used to obtain the values in Table 8.1 for ¢ = —1.1,
0 and 1.1 with parameters a = 1, b = ¢ = 2 and a = b = ¢ = 2. As an example, when
a=1,b=c=2and ¢ = —1.1, the reliability is P(R < 1) = 0.68471; this implies that the
probability that the component will function satisfactorily is 0.68471; or, in other words,
the component will fail with probability 0.31529.

a b c v PR<I1
1 2 2 —-11 0.68471
1 2 2 0 0.74904
1 2 2 11 0.75217
2 2 2 —1.1 042325
2 2 2 0 0.49782
2 2 2 11 0.48213

Table 8.1: Some reliability values
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8.2 Beta-Binomial Distribution

8.2.1 The Beta-Binomial Distribution

A compound distribution is a special kind of mixture distribution where distributions are
mixed by assigning a distribution to one or more parameters of another distribution [1].
Suppose, for example, one has a random variable X|f. Compounding would then be to
let the parameter, 0, itself be a random variable. The distribution of X is then obtained
by integrating over the distribution of #; this is what we refer to as compounding the
distribution of X0 with that of 0, i.e [ f(x]0)g(0)df [17]. Such is the case with the
beta-binomial distribution, which is discussed below.

The beta-binomial distribution is obtained by compounding the binomial distribution
with the beta distribution. This process involves letting X |P = p have a binomial distri-
bution with parameters n and P. Also, P has a univariate beta type I distribution with
parameters o and 5. The unconditional distribution of X, known as the beta-binomial dis-
tribution, is then obtained by integrating over the distribution of P. The beta-binomial
distribution [54] is denoted B(n, P) A beta(cr, B) with probability mass function (pmf)
given by

f@) = P(X=2)
)"

where x = 0,1,2,...n. This distribution is a member of the family of Generalized Hy-
pergeometric Probability Distributions (GHPD) [27]. This group of distributions is char-
acterized by the form of the probability generating function (pgf) which consists of the
quotient of two generalized hypergeometric functions. Specifically, in the case of the

beta-binomial distribution, the pgf is given by

G(Z) _ 2F1(_nva; —f—n+1; Z)
o[ (—n, 05— —n+1;1)
(see Rodriquez et al. [54]).
In the next section the Kummer beta-binomial distribution is constructed by letting

the distribution of the binomial parameter, p, be the marginal of the Kummer beta type

I distribution.
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8.2.2 The Kummer Beta-Binomial Distribution

Consider a discrete random variable, X, which, conditional on the probability of success

P, has a binomial distribution with pmf

g(z|P =p) = <Z)px(1 -p)"" (8.2)

where x = 0,1, 2,...,n. Let the distribution of P be that of the marginal distribution of
the bivariate Kummer beta type I distribution (see (2.7)). The pdf of P is then given by:

P 1 — p)Ptet Fi(e; b+ (1 — p)
B(a,b+ c)1Fi(c;a+ b+ c; )

fp) = (8.3)

The unconditional distribution of X is obtained by compounding (8.2) with (8.3) to obtain

the Kummer beta-binomial distribution:

f@) = / o(elp) f(p)dp

N R EO na D" (=) R b+ 6 y(1 = p))
N /0 <x)p (1-p) B(a,b+ c¢)1Fi(c;a+ b+ c; ) dp

n 1
— (x) a+x—1 1— b+ct+n—x—1
B(a,b+c)1F1(c;a+b+c;1/1)/0 b (1-p)

X1Fi(c; 04 ¢;¢(1 — p))dp.

Use Definition B.8 and (B.3) to solve the integral:

_ (Z) - )kwk ! a+x— b+ct+n—x+k—
1@ = BarToRlcatirad) ]; b+c)kk' P =)
(2) -

b - k
B(a,b+c¢)1Fi(c;a+ b+ ¢;) kz_; b+c k/{:' Blatob+etn—ztk)
and simplify using (B.1):

B ") (p* Tla+2)T(b+c+n—x+k)
Jx) = B(a,b+c)1F1(c;a+b+c;1p)kzg(b—i-c)kk! F(a+b+c+n+k)

B Fa+2)L(b+c+n—x)(7) i (b+c+n—a)
B(a,b+c)l(a+b+c+n)iFi(ca+b+c) &= ( b+c kk' (a+b+c+n)

Use Definition B.8 to obtain the pmf of the Kummer beta-binomial distribution:
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Bla+z,b+c+n—z)(7)
ela(eb —x;b b ). (8.4
Blab T i Fi(cat bt ogra@btetn—mbtaatbtetny). (84

fz) =

Remark 8.1 Note that (8.4) reduces to the beta-binomial distribution with parameters a
and b+ ¢ when ¢ = 0:
Bla+z,b+c+n—x)(")
= “sakba(cb —x;b b ;0
f) B(a,b+c)1F1(c;a+b+c;0)2 2(ebtetn-abteatbtotnl)
Bla+z,b+c+n—z)(7)

B(a,b+c)
~ (n\Bla+z,b+c+n—x)
-\ B(a,b+c)

8.2.3 Numerical Example

Consider the example of the academic pass rates at the University of Jaén, Spain (see [54]).
Here the random variable, X, is the number of subjects that were passed by every student
in the University of Jaén, Spain during the 2003-2004 academic year. Rodriquez et al.
[54] fitted the beta-binomial distribution and the generalized beta-binomial distribution
to this data. In this study, the example is extended by fitting the Kummer beta-binomial
distribution to the data. Maximum likelihood estimation is used to obtain the parameter
estimates via a computer algorithm similar to that of Rodriquez et al. [54]. For this we

need the log-likelihood function.

8.2.3.1 Log-Likelihood Function and Optimization

The likelihood function of the Kummer beta-binomial distribution is given by
L(a'7 b? C7 ,gb)
N
= [[ /@)
i=1

N Bla+x,b+c+n—a) (")

T4

- g B(a,b+ ¢)1Fi(c;a+ b+ c; )

oFs(c,b+c+n—zib+c,a+b+c+n;v)

N
1
— Ba—i—xi,b—i-C—l—n—SUi
(B(a,b+c))N(lFl(c;a+b+c;w>>Ng ( |

><(n>2F2(C,b+C+n—xi;b—|—c,a—|—b+c+n;¢).

)
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Hence the log-likelihood function is given by

] N
In(L(a,b,c,v)) = In ((B(a,b+c))N (Flcatbico)” HBW +z5,b+c+n—ua)

><(n)ng(c,b+c+n—a:i;b+c,a—|—b~|—c~|—n;w))
x,

)

- (1n[B(a—l—xi,b+c+n—93i)] +1n Kg)}

N
i=1
+InpFs(c,b+c+n—xzib+c,a+b+c+n;0)))
—NIn[B(a,b+c)]— NIn[1Fi(c;a+ b+ c;0)].

Since the parameters a, b and ¢ need to be positive, constraints are added to the opti-

mization problem. These are given by

Ina = ao,
Inb = by
and Inc = ¢

The software package Matlab is used to optimize the log-likelihood function. The
two hypergeometric functions are calculated using their infinite sum representation (see
Definition B.8). The Matlab optimization function fminsearch is used to optimize the log-
likelihood function. This routine finds the minimum value of an unconstrained function.
To find the maximum of the log-likelihood function, the negative log-likelihood function

is fed into the routine. Appendix C provides the Matlab functions and programs used.

8.2.3.2 Results

This example only considers those students that registered for 19 subjects (i.e. in total
there were N = 71 students) due to computer time constraints. Both the beta-binomial
and the Kummer beta-binomial distributions were fitted to the data. The Akaike Infor-

mation Criterion (AIC) was used to compare the fit of the two models:

AIC = =2 {O;In(E;) — E; — In(0;!) + 2k}

T

where each O; is the observed frequency of the values z;, E; is its expected frequency
under the model considered and k is the number of parameters in the model [54]. Note
that, the lower the AIC, the better the fit. Table 8.2 shows the parameter estimates for
the two models as well as the AIC for both models. Since the AIC for the Kummer beta-
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binomial model is slightly smaller than the AIC for the beta-binomial model, the Kummer

beta-binomial distribution gives a slightly better fit. This is also apparent from Figure

8.2 where it is noted that the Kummer beta-binomial distribution follows the shape of

the histogram better than the beta-binomial distribution.

Model Kummer beta-binomial Beta-binomial
Parameter a = 0.4949 & = 1.4534
Estimate b= 0.0109 3 =1.3034
¢ =2.7724
= —6.9523
AIC 168.2557 169.0180

Table 8.2: Maximum Likelihood Estimation Results

flx)

0.12

0.08

0.04

Histogram of data

Beta-binomial distributi on
Kumumer beta-binomial distribution

o1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19
X

Figure 8.2: Beta-binomial and Kummer beta-binomial fitting to pass rate dataset
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Chapter 9
Conclusion

In this study, new continuous bivariate distributions were constructed using the product
method (see Definition 2). This method, although sporadically used in the literature
to construct new univariate distributions (see [38], [39], [40], [42], [43], [44] and [50]),
has not previously been used in a systematic way to construct bivariate distributions.
This study proposed bivariate Kummer beta distributions by using bivariate beta kernels
and univariate exponential kernels. In this way the following new distributions were
constructed: bivariate Kummer beta type I, bivariate Kummer generalized beta type
I, bivariate Kummer beta type III, bivariate Kummer beta type IV, bivariate Kummer
extended beta type IV and the bivariate Kummer beta type V; some of the non-central
distributions were also considered. Figure 9.1 shows how these newly derived bivariate

Kummer beta distributions are interrelated by setting the parameters equal to specific

values.
Bivariate Kummer Bivariate Kummer ——— :
generalized beta typeI beta type V Bivarate I(‘“"“___“el
(Chapter 3) (Chapter 7) beta type IV
T (Chapter 5)
[
| ) 1
31 ;4
! 1
\l' Bivariate Kummer Bivariate Kummer
Bivariate Kummer beta type III extended beta type IV
beta type I 1 (Chapter 4) (Chapter 6)
(Chapter 2)
1. p=1 3. d=b+c
2. ap=ay =1 4. d=0

Figure 9.1: Bivariate Kummer beta interrelations
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9. CONCLUSION

For all the new distributions the joint, marginal and conditional pdf’s were derived.
The effect of the new parameter, 1, was investigated and it was found that the overall
tendency of 1 was to bring a greater sense of skewness into the pdf’s. The correlation
between X; and X, for the different distributions was also investigated with respect to
Y. Specifically, it was found that in the case of the bivariate Kummer beta type I and
the bivariate Kummer generalized beta type I distributions, the parameter, v, introduced
positive correlation. This is an improvement since it is a well-known fact that both the
bivariate beta type I and the bivariate generalized beta type I distributions exhibit only
negative correlation.

The study was concluded by two examples of possible applications. The first example
considered the stress-strength model context where the reliability values were calculated
for the case where (X, X3) has the bivariate Kummer beta type IV distribution. Secondly,
the beta-binomial and Kummer beta-binomial distributions were fitted to a dataset and
the models compared. It was found that the Kummer beta-binomial distribution fits the
data better than the beta-binomial distribution.

Areas for further research include, but are not limited to:

Constructing other bivariate product distributions using Definition 2 by assuming

variations of the functions, f(z1,z9) and h(xy, z3) as follows:

e Using different ¢ values, i.e. h(xy,x,) = e~ (V171+¥272)

Allowing for dependence in the function, h(z1, zs), e.g.

h(l’l,l‘g) = €7w1x17¢2x27¢3x112 # h(l’l)h(l’g),

Not limiting the function, h(z1,xs2) to the exponential function but allowing any

bivariate kernel structure,

Letting f(z1,x2) be a kernel from other bivariate beta distributions not limited to

a bounded support space and

e Assuming any bivariate kernel for the function, f(z1,z2).

In final conclusion, this study developed new bivariate Kummer beta distributions
using a product method approach, that contributed to the field of flexible bivariate dis-

tributions.

96



Thesis under embargo.

APPENDICES

A. NOTATION

- Distributed like

Is the same as

pdf Probability Density Function
pef Probability Generating Function
pmf Probability Mass Function

Gamma(a,b) Gamma distribution with parameters a and b

Beta'(a,b)  Beta type I distribution with parameters a and b

2(a) x? distribution with paramter a
X Random variable
x Observed value of the random variable X
fxy, o) Kernel of the joint pdf of X; and X,
h(z1, xs) Product of exponential kernels
g(xy, xa) Joint bivariate Kummer beta distribution of X; and X,
m(z;) Marginal distribution of X;
c(xilx;) Distribution of X;, conditional on X
e’ Exponential function
In(x) Natural logarithmic function
L(.) Likelihood function

B. MATHEMATICAL BACKGROUND

Definition B.1

The kernel, f(z), of a distribution is defined as the part of the corresponding pdf
without the normalizing constant. For example, the kernel of the univariate beta type I
distribution is given by

freta(x) = 22711 — 2)°7 1,
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Definition B.2 (Balakrishnan and Lai, 2009, p115)

A distribution is positively likelihood ratio dependent (also referred to as totally
positive of order 2 (TPs), see [5], p115) if

9(x1,y1)9(22,y2) = g(@1,92)9(x2,91)
for all z1 < x9, y1 < ¥o.
Definition B.3 (Gradshteyn and Ryzhik, 2007, p892,897)
The gamma function is defined as
['(n)=(n—1)!

for n a natural number and with integral representation
[e.e]
I(z) = / e Lt
0

Definition B.4 (Prudnikov, Brychkov and Marichev, 1986, Vol.1, p772)

The Pochhammer symbol is defined as

(@), = ala+1)...(a+n—1)
I'(a+mn)
[(a)

with n =1,2,... and (a)y = 1.
Definition B.5 (Gradshteyn and Ryzhik, 2007, p909)

The beta function is defined as

_:ﬁlna»
F(Z?:l ai)

from which we obtain the two-parameter beta function

B(ay,as,...a,) =

B(x,y) = = B(y,z) (B.1)

and the three-parameter beta function

L(2)C(y)I'(2)

B = )
(z,9,72) Dz +y+2)
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Definition B.6 (Gradshteyn and Ryzhik, 2007, p908)

The integral representations of the beta function are

1
B(m,y)—/ N1 — )Yt (B.3)
0
and -
Blz,y) - / (1 4 )~ gt (BA)
0
Definition B.7 (Gradshteyn and Ryzhik, 2007, p26)

The series representation of the exponential function is given by

Definition B.8 (Gradshteyn and Ryzhik, 2007, p1010)

The generalized hypergeometric series is defined as

o0

(al)k(a2)k-“(ap)k z
F,(ay,ag,...;ap;b1,b9,...,04;2) = —.
. q(al as py U1, U2 q ) ; (bl)k(b2>k(bQ)k k!

From this we obtain the confluent hypergeometric function (Kummer function)

k

1Fi(an; bi; 2) (B.5)
=0
and the Gauss hypergeometric function
. o (a1)(a2)g 2*
ol (ay, az; bi; 2) :;Wﬁ (B.6)

Definition B.9 (Gradshteyn and Ryzhik, 2007, p1018)

The hypergeometric function of two variables is defined as

k |
F(aB.8 ey =3 3 *J Ghigiy 2l <1, |yl < 1.

k=0 j—0 k+ k']
Definition B.10 (Gradshteyn and Ryzhik, 2007, p1031)

The confluent hypergeometric series of two variables is defined as

OB, 8, v, m,y) =YY Mw’“?ﬂ-

= = (Nerskly!
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Definition B.11 (Mathai, 1993, p60)

Meijer’s G-function with parameters ay, ...,a, and by, ..., b, is defined as

Gman (5 |91 :(QWi)_l/g(S)Z_st
pa bl,...,bq L

where ¢ = v/—1, L is a suitable contour, z # 0 and

n

ﬁlr(b +9 [0~ — 9

g(s) = — - :
H: I'l—b;—s) [ T'(a;+s)

1 j=n+1

Definition B.12 (Mathai, 1993, p23)

The Mellin transform of f with respect to the parameter s is given by

My(s) = /O T ) da

where s is a complex number. The inverse Mellin transform is given by the inverse integral

f(z) = L /CHOO My (s)x™%ds

210 Jolino
where ¢ = v/—1 and c is a real number in the strip of analyticity of M (s).

Relation B.1 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p453)

Z@ F= 1 Fy(a;2) =(1—2)"

k=0

Relation B.2 (Gradshteyn and Ryzhik, 2007, p1023)

The integral representation of the Kummer function, 1 F;(.), is given by

zl—b z
F « e - - ttafl _ t b*@*ldt.
1Fi(a;b; 2) B(a,b—a)/o e (z—1)

Relation B.3 (Gradshteyn and Ryzhik, 2007, p347)
/ " Nu — )" e dr = B(p, v)ut TN F (v p+ v fu) [Re 11 >0, Re v > 0]
0
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Relation B.4 (Gradshteyn and Ryzhik, 2007, p1023)
1F1(a;b;2) = €1 F1(b — a; b; —2)

Relation B.5 (Prudnikov, Brychkov and Marichev, 1986, Vol.1, p301)

/ (. —a)* Y (b — ) ex + d)'dx = (b — a)*PHac+ d)'B(a, B)

—b
X o F} (a, -+ B szier))

[Re a, Re > 0; |arg[(d+ ¢b)/(d + ca)]| < 7]

Relation B.6 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p413)

o) b’
> —(a)k(( )kxkzFl(a + kbt kyx) =2k (a, b+ V55 2)
k=0

Relation B.7 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p413)

00 b/
> (a)k(( _)ktk2F1<a +k bict kix) = Fia, b, b cx,t) [l fal <1]
k=0

Relation B.8 (Burchnall, Chaundy, 1941)
Oy (a,a’;c;x,x) = 1Fi(a+ad;cx)
Relation B.9 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p452)
Fi(a,b,b;¢;2,2) = oF1(a,b+b';¢; 2)
Relation B.10 (Prudnikov, Brychkov and Marichev, 1986, Vol.8, p533)

FdT(d+e—a—b—c)

3Fh(a, b, c;d, e;1) Id+e—a—bI(d—c)

sFy(e —a,e —b,c;d+e—a—b,e; 1)

[Re (d+e—a—b—c), Re (d—c)>0]
Relation B.11 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p489)

L(e)'(c—a—0)

2P0, bie; 1) = I'(c—a)l'(c—Db)

[Re (¢ —a —b) > 0]

Relation B.12 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p431)

2F1(0,b;¢;2) = o F1(a,0;¢; 2) = o F1(a, b;¢;0) =1
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Relation B.13 (Prudnikov, Brychkov and Marichev, 1986, Vol.3, p320)

o o LT () (c—a—b+ )
a—=1/ _ \c—1 2 o) b 1_{ dr = ct+a—1
/ox (y — ) e 1(@, G y =Y I'(c—a+a)l(c—b+a)
X oFy (a,c—a—b+a;c—a+a,c— b+ a; —py)
[y, Re ¢, Re a, Re (—a—b+ «) > 0]

Relation B.14 (Paris, 2005)

C — d)k
—0 ]C'(C)k
[Re b > Re a > 0]

(—2)*3yFy (b — a,d; b, ¢ + k; —x)

7

oIy (a,d;b,c;w) = €”

C. COMPUTER PROGRAMS

In this appendix, the Matlab computer programs used in this dissertation are given,
together with some explanation. Text in italics following the % sign are comments and
do not form part of the Matlab code.

Program: HypergeometriclF1 sum.m

function [y] = HypergeometriclF1_sum(a,b,z)
% This function calculates the 1F1 function using an infinite sum
s =0; m=20; old_z = 0; TOL = 0.0000000001;
while (s == 0)
if m == 0,
term = 1;
else
term = term * z * (a+(m-1)) / (b+(m-1)) / m ;

end

new_z = old_z + term;

if abs(new_z - old_z) <= TOL,
s =1;

else
old_z = new_z;

end

end

end
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Program: Hypergeometric2F2 sum.m

function [y] = Hypergeometric2F2_sum(a,b,c,d,z)
% This function calculates the 2F2 function using an infinite sum
s =0; m=0; old_z = 0; TOL = 0.0000000001;
while (s == 0)
if m == 0,
term = 1;
else
term = term * z * (a+(m-1)) * (b+(m-1)) / m / (c+(m-1)) / (d+(m-1));
end
new_z = old_z + term;
if abs(new_z - old_z) <= TOL,
s = 1;
else
old_z = new_z;
end

end
y = new_z;
end

Program: Kummer loglik.m

function y = Kummer_loglik(pO)

% This function calculates the log-likelihood function
load SubjectPassed

n = 19; %number of subjects taken by students

%For Beta-binomial fitting use only a0,b0,a,b

a0 = p0(1); b0 = p0(2); cO = p0(3); psi = p0(4);

a = exp(a0);
b = exp(b0);
c = exp(c0);

dimen = size(SubjectPassed);
samplesize = dimen(1); %obtain sample size from data
x = SubjectPassed;
s = 0;
% Calculating logliklihood function, use either 1 or 2.
% 1.FOR BETA-BINOMIAL FITTING
for i = l:samplesize
ct_n = factorial(n);
fact_x = factorial(x(i));
fact_n_x = factorial(n-x(i));
logn_x = log(fact_n)-(log(fact_x)+log(fact_n_x));
s = s+logn_x+betaln(a+x(i),n+b-x(i))-betaln(a,b);
end
%END Beta-binomial log-likelihood

103



(0:;&

Thesis under embargo.

APPENDICES
C. COMPUTER PROGRAMS

% 2.FOR KUMMER BETA-BINOMIAL FITTING

for i = l:samplesize
logn_x = log(nchoosek(n,x(i)));
log2F2 = log(Hypergeometric2F2_sum(c,b+c+n-x(i),b+c,at+b+c+n,psi));
s = s+logn_x+betaln(a+x(i),b+c+tn-x(i))+1log2F2;

end

loglFl = log(HypergeometriclF1_sum(c,a+b+c,psi));

s = s - samplesize*(loglF1l + betaln(a,b+c));

%END Kummer beta-binomial log-likelihood

y = -s; %function returns negative of log-likelihood function

Program: Kummer maximize.m

function [parm] = Kummer_maximize(SubjectPassed)

%This function does the optimization of the log-likelihood function
%save dataset to be used in call of Kummer loglik function

save SubjectPassed

%Initial values are obtained by user input

pO = input(’Initial values for the parameters = ’);
% Mazimum number of iterations is obtained by user input
niter = input(’Maximum number of iterations = ’);

options = optimset(’MaxFunEvals’,10000,’MaxIter’,niter);
%fminsearch returns optimum parameter values

[parm] = fminsearch(@Kummer_loglik,pO,options);

end

Program: BBpdf.m

function prob = BBpdf(a,b,n,x)

% This function calculates the pmf of the Beta-binomial distribution
prob = Beta(a+x,b+n-x)*nchoosek(n,x)/Beta(a,b);

end

Program: KBBpdf.m

function prob = KBBpdf(a,b,c,psi,n,x)

% This function calculates the pmf of the Kummer Beta-binomial distribution
hyper1F1 = HypergeometriclF1_sum(c,a+b+c,psi);

hyper2F2 = Hypergeometric2F2_sum(c,b+c+n-x,b+c,atb+c+n,psi);

prob = Beta(a+x,b+c+n-x)*nchoosek(n,x)/(Beta(a,b+c)*hyperlF1)*hyper2F2;
end
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Program: Fitting data.m

%This program calculates the Akaike Information Criterion (AIC)

n = 19;

% Create empty vector for expected frequencies of Kummer beta-binomial

Exp_freq_KBB = zeros(n+1,1);

% Create empty vector for expected frequencies of beta-binomial

Exp_freq_BB = zeros(n+1,1);

% Vector of observed frequencies

Obs_freq = hist(SubjectPassed,n+1);

sum_KBB = 0;

sum_BB = 0;

for i = 0:n

% Calculate expected frequencies of Kummer beta-binomial
Exp_freq_KBB(i+1) = n * KBBpdf (0.4949,0.0109,2.7724,-6.9523,n,1i) ;

% Calculate expected frequencies of beta-binomial
Exp_freq_BB(i+1) = n * BBpdf(1.4534,1.3034,n,1i);
sum_KBB = sum_KBB + Obs_freq(i+1)*log(Exp_freq_KBB(i+1)

-Exp_freq_KBB(i+1)-log(factorial (Obs_freq(i+1)));
sum_BB = sum_BB + Obs_freq(i+1)*log(Exp_freq_BB(i+1))
-Exp_freq_BB(i+1)-log(factorial (Obs_freq(i+1)));

end

ATC_BB = -2%sum + 2%2

AIC_KBB = -2%sumK + 2x%4
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