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ÀK¿B«¼É¼Éým÷�²´ù�¼É®,³K²´°�®,¬�¶¤�R��ù1°�÷�¼d¶G·5²æÀ¿
öB«¼d³³Xü,«K¼ã¬)³$ÀK¿B¼¨ø�¼d«XÀ²´¯d¬Ô¶V¯É°�°)«÷B²¾®,¬ÔÀK¼ã¯É°�®,³K²´³XÀ³�°Ôú`ÀK¿B¼~úÿ°�¶´¶¾°"·5²´®B»%¬�öBöB«°^,�²´ù�¬"À¼*úÿ°�«ù�³
°Ôú
ÀK¿B¼õ¿B°�«²��É°�®�À¥¬Ô¶$¬Ô®,÷&ø�¼É«KÀK²â¯É¬�¶Iù�°�ù�¼d®)ÀüBù�¼lû)üx¬"ÀK²´°�®x³f�g»N�¼Â�ãÀK°Ì�F»N��¾��±þI¯±°)®�ÀK²´®�ü,²æÀv¸
¼dû�ü,¬ÔÀK²´°�®Q�F»U� ���\¬�®,÷/ÀK¿B¼�¼%,�¬)¯�À$ÀK¿,¼É«ù1°�÷�¸�®,¬�ù�²´¯3¼dû�ü,¬ÔÀK²´°�®�úÿ°�«�¬�ö7¼É«Kúÿ¼d¯±À$»�¬�³��g»N� 
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∂u

∂x
+
∂v

∂y
+
∂ω

∂p
,= 0

�g»N� ���

DT

Dt
− κ

ωT

p
= 0.

�g»N� 
��

½�°�ÀK¼�À¿,¬"À")\°)«K²´°�¶´²´³3À¼É«ù�³ã¬Ô«¼�²¾®,¯É¶¾üx÷�¼d÷ ²´®�ÀK¿B¼%¿,°�«²��d°�®�À¬�¶`¯É°�ù�ö7°�®B¼d®)Àã¼lû�ü,¬"À²¾°)®,³��
f
²â³1ÀK¿B¼�)\°)«K²´°�¶´²´³¨ö,¬�«¬�ù1¼ÉÀK¼d«��&ô$¿,¼õù�¬ÔÀK¼É«²â¬Ô¶$÷�¼É«²¾ø"¬ÔÀK²´ø�¼õ²´³�÷�¼%�,®B¼l÷&½�¸Y�F»U� ¥����1�O®

¼dû�ü,¬ÔÀK²´°�®,³��g»N�¼Â�3À°@�F»U� 
���¬Ô¶´¶I÷�²�&7¼d«K¼d®�ÀK²â¬"ÀK²´°�®x³�·5²æÀ¿�«K¼l³Xö7¼d¯±À�ÀK°�À²¾ù�¼/¬�®,÷-ÀK¿B¼/¿B°�«²æý
�É°)®�À¬Ô¶x¯±°�°�«¥÷�²´®,¬"À¼d³U¬�«K¼
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u
¬Ô®,÷

v
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¯±°)ù�öx°)®B¼É®�À³ã²¾®�À¿B¼
x
¬Ô®,÷

y
÷�²´«K¼l¯�ÀK²´°�®x³��

κ = R/cp
·5²¾ÀK¿
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ÀK¿B¼õ³Xö7¼d¯É²<�7¯�¿B¼d¬ÔÀ¨¬"À

¯±°)®,³XÀ¬Ô®�À�öB«¼d³³Xü,«K¼�¬Ô®x÷
φ
²´³�ÀK¿B¼%»)¼É°)öx°�ÀK¼É®�À²´¬�¶cþ
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þ
z
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φ
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T
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φ
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T
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¬Ô®,÷
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l
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′
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��²´¶¾¶´¼É«"�	��
�¾^§J�$÷�¼É«²´ø�¼d÷�À¿B¼P�R��¼dû�ü,¬"À²¾°)®,³$úÿ°)«8æ,°"· ²´®,÷�¼Éö7¼É®x÷�¼É®�À9°�úD°�®B¼ã¿,°�«²��d°�®�À¬�¶
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¯±°�°)«÷�²´®,¬ÔÀK¼�¼dû�ü,¬ÔÀK²´°�®,³�ÀK°�öB«K¼l³vý
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φ
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T
′
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dθref
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ô$¿B¼��R��ù�°�÷B¼É¶>¿,¬)³$½x¼d¼É®º¬ÔöBöB¶´²´¼d÷õ³Xü,¯d¯±¼l³K³XúÿüB¶´¶¾¸�²´®ºöB«K¼l³K³KüB«¼9¯É°�°)«÷B²¾®,¬ÔÀK¼l³\²´®õ®�ü,ù1¼d«Xý
°�üx³%³vÀü,÷�²´¼d³/°Ôú~³K¸�³XÀK¼dù�³�·5¿B¼É«¼�À¿B¼'²´®B²æÀ²´¬�¶9³XÀ¬ÔÀK¼'²â³�ú�¬�²¾«¶¾¸�üB®B²¾úÿ°�«ùM� ô$¿B¼d³K¼'·£¼É«¼
ù�°)³XÀK¶´¸-³XÀKü,÷B²¾¼l³�°Ôú�¯±ü,ù~üB¶´°�®B²´ù~½,ü,³ã¬Ô®x÷-°�ÀK¿B¼d«~¯±°)®�ø�¼d¯±ÀK²´ø�¼�³X¸�³XÀK¼dù�³��F��°)®,¯±«²¾¼%&�¬Ô®x÷
��²´¶¾¶´¼É«lþ5��
J¾>Ñ��d��²´¶¾¶´¼É«�¬Ô®,÷�¸\¼ÉÀ³dþ8��
J¾¾S�Uô$¿B°�«öx¼õ¬Ô®,÷Ó��²´¶¾¶´¼É«lþ5��
J¾>�X�\ô$¿B°�«öx¼�¼±À�¬Ô¶��¾þ
��
���¥X�$¸£«üB»�»)¼�¬�®,÷Q��°�®x¯±«²¾¼%&#þ9��
���Â�-��ô$¿B¼�¬ÔöBö7¼d¬�«K¼d®,¯±¼�°�ú\À¿B¼%«¼±úÿ¼É«¼É®x¯±¼�ÀK¼dù�öx¼d«Xý
¬"ÀüB«¼

Tref (p)
²´®-À¿B¼%÷�¼%�,®B²¾ÀK²´°�®�°Ôú

w̃
�c¬Ô®,÷�¼É¶â³K¼É·5¿B¼d«K¼1²¾®�À¿B¼�ø�¼d«XÀ²´¯d¬Ô¶`ù�°�ù�¼É®�ÀKü,ù

¼dû�ü,¬ÔÀK²´°�®¤�~·$¬�³1®B°ÔÀ%¬-¿,¬Ôù�ö7¼É«²¾®,»�úÿ¼l¬"ÀKü,«K¼º²´®&À¿B¼d³K¼õ³XÀKüx÷�²¾¼l³Éþ$³K²¾®,¯É¼�¼l¬�¯¥¿�·£¬)³1¯É°�®�ý
¯±¼d«K®,¼d÷ ·5²¾ÀK¿&³K²æÀü,¬"À²¾°)®,³ã²´®2·5¿B²â¯¥¿ ÀK¿,¼/²´®B²æÀ²´¬�¶£³XÀ¬ÔÀK¼%²â³ã¿,°�«²��d°�®�À¬�¶¾¶´¸�¿B°)ù�°�»�¼d®B¼É°)ü,³��
aU¬Ô«²â¬"ÀK²´°�®x³ã°Ôú
ÀK¿B¼�ÀK¼dù1ö7¼É«¥¬"ÀüB«¼�°)®2öB«¼d³³XüB«¼�³KüB«Kú�¬�¯É¼d³ã²â³¨ÀK¿�ü,³�÷�üB¼º³K°�¶´¼É¶´¸-À°�¯É°�®�ý
ø�¼l¯�À²¾°)®-²¾À³K¼É¶¾úvþY¬�®,÷-ÀK¿B¼l³X¼1ÀKü,«K® °�üBÀ�ÀK°º½x¼%³Kù�¬Ô¶´¶g��Z�¿B°�üB¶â÷-ÀK¿B¼`����ù�°�÷�¼d¶U½x¼�üx³X¼l÷
²´®�ù�¼l³X°�³K¯d¬Ô¶´¼1³K²¾ù¨üB¶â¬"ÀK²´°�®x³3ý
°�«lþV¬�³�³Kö7¼d¯±ü,¶´¬ÔÀK²´ø�¼É¶´¸�³KüB»�»)¼d³XÀK¼l÷�½�¸���²´¶´¶¾¼d«~¬Ô®,÷*��¿B²¾ÀK¼
�	��
�§���þV²¾® ¶â¬Ô«»�¼É«�³¯É¬�¶¾¼�ù�°�÷�¼É¶´¶¾²´®B»ºý�À¿B¼%ü,³K¼�°Ôú

Tref (p)
²¾®x³vÀ¼d¬�÷-°Ôú£ÀK¿,¼�ÀK«üB¼�¶´°�¯d¬Ô¶

ÀK¼dù�öx¼d«¬ÔÀKüB«¼�þ
T
þ"·£°�ü,¶´÷~½x¼$¶´¼d³³#³K°�ü,®,÷��V�O®¨úÿ«°�®�À¬�¶��d°�®B¼l³Éþfúÿ°)«#¼%,B¬Ôù�öB¶´¼�þ�¯É°�®,³K²´÷B¼É«¥¬Ô½B¶´¼

ø"¬Ô«²´¬ÔÀK²´°�®,³`°�úxÀ¼Éù�ö7¼É«¥¬"ÀKü,«K¼5ù�¬f¸ã°�¯É¯ÉüB«U°)®1ö,«K¼l³K³KüB«¼$³KüB«Kú�¬�¯É¼d³dþ�¬Ô®,÷�¬�³K²¾®,»�¶´¼5«K¼Éúÿ¼É«¼É®,¯É¼

§�¥

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  EEnnggeellbbrreecchhtt,,  FF  AA    ((22000066))  



³XÀ¬"À¼Dù�²¾»)¿)ÀY®B°ÔÀV½7¼DÀv¸�öB²â¯É¬�¶�°Ôú�÷�²�&7¼d«K¼d®�ÀVö,¬Ô«KÀ³V°Ôú�ÀK¿B¼£¯±°)ù1ö,ü�À¬ÔÀK²´°�®,¬�¶�÷�°�ù�¬�²¾®�����¿,²æÀ¼�þ
��
��
����O�
°"·\¼dø�¼d«dþÔ²¾À\³K¿B°�ü,¶´÷�½7¼
®B°�ÀK¼l÷1ÀK¿,¬ÔÀ\³X²´ù�²¾¶â¬Ô«\¿B¼É²´»�¿�ÀKýq½,¬)³X¼l÷1¼dû�ü,¬"À²¾°)®�³X¼ÉÀ³|��¼� »U�X9»�ü,«¬õ¬Ô®,÷��U¿,²¾¶´¶¾²´ö,³dþ[��
Ñ�¥S�(e*¬Ô¶¾ý	)\¿B¼d®�¬Ô®,÷©Z�°)ù1¼d«Kø�²´¶¾¶´¼�þb��
J¾�Â�9¿,¬fø)¼�½x¼d¼É®�ü,³K¼d÷-ÀK°
³Kü,¯É¯É¼d³³vúÿüB¶´¶´¸1³K²¾ù¨üB¶â¬"ÀK¼
úÿ«K°)®�À³��#ô$¿B¼
ÀK«°�ö7°�ö,¬�ü,³K¼�ù�¬f¸¨½7¼9¬~ù1°)«K¼
öB«K°)½B¶´¼Éù�¬"À²´¯5«¼É»)²¾°)®
ÀK°-¬ÔöBöB¶´¸-ÀK¿B¼��R�¦ù�°�÷�¼É¶IÀK°U�'ô$¿,¼%ÀK«°�ö7°�öx¬Ôü,³K¼%³X¶´°�ö7¼d³ã²¾®�À¿B¼/¿,°�«²��d°�®�À¬�¶cþ#³X°�À¿,¬"À
ÀK¿,¼É«¼�·5²¾¶´¶V½7¼ã«¼É¶â¬"ÀK²´ø�¼d¶¾¸�¶´¬�«K»)¼É«�÷�¼dö,¬Ô«KÀKü,«K¼l³$²¾®ºÀ¼Éù�öx¼d«¬ÔÀKüB«¼�úÿ«°�ù�¬�«K¼Éúÿ¼É«¼É®,¯É¼ã³vÀ¥¬"ÀK¼
ÀK¿x¬"À
÷�¼döx¼d®,÷B³$°�®ºöB«¼d³³KüB«K¼)þ�°�®º¬¨ö,«K¼l³K³KüB«¼3³KüB«Kú�¬�¯±¼3À¿,¬"À�²´®�ÀK¼É«¥³K¼d¯�À¥³\ÀK¿B¼*À«K°)öx°)ö,¬Ôü,³K¼�
µ ù�°�÷B²<�x¯d¬"À²¾°)®-°�úIÀK¿,¼c���|ù�°�÷�¼É¶`À°º«K¼döB«K¼l³X¼d®�À3¶â¬Ô«»�¼~ÀK¼Éù�ö7¼É«¥¬"ÀüB«K¼�ø"¬Ô«²â¬"ÀK²´°�®x³
°)®
öB«¼d³³Xü,«K¼1³XüB«Kú�¬�¯É¼d³dþ>¬Ô®,÷'ÀK¿,¬ÔÀ*²â³3²¾®x÷�¼Éö7¼É®,÷B¼É®�Àã°ÔúUÀ¿B¼�ü,³K¼¨°�ú£¬/ÀK¿B¼d«Kù�°�÷�¸�®,¬Ôù�²â¯~«¼±ú ý
¼É«¼É®x¯±¼�öB«°��,¶´¼�þ#·$¬�³�³XÀ¬"À¼d÷ ½�¸���¿B²æÀ¼��	��
��
����ºô$¿B²â³�¼dû�ü,¬ÔÀK²´°�®2³K¼±À~²â³ã÷�¼l³K¯É«K²´½7¼d÷ ²´®
³K¼d¯�À²¾°)®�»N�¼¥C� §U�3µ¦®B°)«Kù�¬�¶æýmù�°�÷B¼~¬Ô®,¬�¶¾¸�³K²´³
°ÔúUÀ¿B¼c�R�|¬�®,÷R��¿B²¾ÀK¼M�	��
�
��$¼dû�ü,¬ÔÀK²´°�®,³
�ÿ²´®ãöB«¼d³³KüB«K¼\¬Ô®,÷

σ
¯É°�°�«¥÷�²¾®x¬"ÀK¼l³��±þlúÿ°�¶´¶¾°"·5²´®B»�«¼d¯É¼É®�ÀV·£°�«�#9ö7¼É«Kúÿ°�«ù�¼d÷*²´®ã¿B¼É²´»�¿�ÀKýq½,¬)³X¼l÷

¯±°�°)«÷�²´®,¬ÔÀK¼d³\��ô$¿�üB½Bü,«K®�¼±À5¬Ô¶��¾þC¥�¦�¦�¥Ô¬��)ô$¿�üB½Bü,«K®�¼±À5¬Ô¶��¾þN¥�¦�¦�¥Ô½y��H3¬fø�²¾¼l³I¼ÉÀ$¬�¶g�´þN¥�¦¦�»��±þ
ù�¬f¸¨ö,«K°"ø�²â÷�¼5ù�°�«¼
¯±¶´¼d¬�«K²¾Àv¸~°)®�ÀK¿B¼9ø"¬Ô¶´²´÷�²¾Àv¸1°Ôú>ÀK¿,¼d³K¼�¼dû�ü,¬ÔÀK²´°�®%³K¼±À³£¬�³\¬*úÿüB®,¯±ÀK²´°�®%°�ú
÷�²�&7¼d«K¼d®�À9æx°"·�«¼É»�²´ù�¼d³��
i�NedLNei ��Z�TÆÅ�HKMXMXT�@�¤lyºT�A`@,EGT¥R F5�
TVM¨HKC�J�HXS�R A¦EGF$FU@,�
HKC�A#[�TVJ
ô$¿B¼

σ
¯±°�°�«¥÷�²´®,¬"À¼5ø�¼É«¥³K²¾°)®1°�ú>ÀK¿B¼]�R�&¼lû�ü,¬"À²¾°)®,³D·$¬�³I÷B¼É«²¾ø)¼d÷�½�¸"�'²¾¶´¶¾¼d«£¬�®,÷c��¿B²¾ÀK¼

�	��
�§���½�¸�ù�¼d¬�®,³1°Ôú9¬�¯±°�°)«÷�²´®,¬ÔÀK¼%À«¬�®,³Xúÿ°�«ù�¬ÔÀK²´°�®�°�ú
ÀK¿,¼�¼lû)üx¬"ÀK²´°�®x³¨²´®&ö,«K¼l³K³KüB«¼
¯±°�°)«÷�²´®,¬ÔÀK¼d³��t��¼d«K¼3À¿B¼

σ
¯±°�°�«¥÷�²´®,¬"À¼9úÿ°)«KùR°Ôú#ÀK¿B¼~¼dû�ü,¬"À²¾°)®,³$²â³�÷�¼-�x®B¼d÷õ½�¸*��¥C� Ñ��£²´®

ÀK¼d«Kù�³D°�úxÀ¿B¼5úÿüB¶´¶7öB«K¼l³K³KüB«¼9�,¼É¶â÷��Dô$¿B¼
σ
¯±°�°�«¥÷�²´®,¬"À¼5¼dû�ü,¬ÔÀK²´°�®,³dþÔ¿B¼d«K¼�³XÀ¬ÔÀK¼d÷�²´®1ÀK¿B«¼É¼

³Kö,¬"À²´¬�¶�÷�²¾ù�¼d®,³X²´°�®x³ÉþB¬�«K¼�l

Du

DT
− fv +

(

∂φ
′

∂x

)

− σ

(

∂φ
′

∂σ

)

∂ ln psurf

∂x
= 0,

�g»N���^¾��

Dv

DT
+ fu+

(

∂φ
′

∂y

)

− σ

(

∂φ
′

∂σ

)

∂ ln psurf

∂y
= 0,

�g»N�������

R

g

D

Dt

[

Tref

(
D ln ps

Dt
+
σ̇

σ

)]

+ g
T

′

Tref
+

σg

RTref

∂φ
′

∂σ
= 0,

�g»N����
��

∂u

∂x
+
∂v

∂y
+
∂σ̇

∂σ
+
D ln psurf

Dt
= 0,

�g»N�¼¥�¦��

DT
′

Dt
−
(
D ln psurf

Dt
+
σ̇

σ

)(

psurfσsref + κT
′

)

= 0.
�g»N�¼¥C���

�O®¨ÀK¿B¼l³X¼£¼dû�ü,¬ÔÀK²´°�®,³#ö,¬�«XÀ²´¬�¶�÷B²<&G¼É«¼É®�ÀK²â¬"À²¾°)®,³Y·5²æÀ¿1«¼d³Kö7¼d¯�À#ÀK°
x
¬Ô®x÷

y
¬Ô«¼£¯d¬Ô««K²´¼d÷ã°�ü�À

¬"À£¯±°�®x³vÀ¥¬Ô®�À
σ
�T½�°ÔÀ¼�À¿,¬"À

sref
÷B¼É®B°�ÀK¼d³ − (Tref/θref ) (dθref/dp)

þ�À¿B¼�ù�¼d¬�®%³vÀ¥¬"ÀK²â¯
³XÀ¬Ô½,²¾¶´²æÀv¸/úÿüB®,¯±ÀK²´°�®��g��²¾¶´¶´¼É«
¬�®,÷M��¿B²¾ÀK¼�þ$��
���§J���\µ9³
³XÀ¬ÔÀK¼d÷º½7¼±úÿ°)«K¼�²´®@�F»U����¦��±þ

T
′ ¬Ô®x÷

φ
′ ÷B¼É®B°�ÀK¼d³D÷B¼Éö,¬�«XÀüB«K¼l³�úÿ«°�ù¦¬9¿�¸�÷�«K°�³vÀ¥¬"À²´¯I«K¼Éúÿ¼É«¼É®,¯É¼£³XÀ¬ÔÀK¼j�g¥C�¼¥Â��>À¿,¬"ÀD²â³`¬
úÿü,®,¯�À²¾°)®
°ÔúYöB«K¼l³K³KüB«¼9°)®B¶´¸�Dô$¿B¼*³XüB«Kú�¬�¯É¼9ö,«K¼l³K³KüB«¼
²â³5÷�¼É®B°�ÀK¼l÷/½�¸

psurf
¬�³£²´®R)\¿x¬Ôö�À¼É«8¥�þ�¬Ô®x÷

¬Ô¶´¶GÀK¿,¼�°ÔÀK¿,¼É«5ø"¬Ô«²´¬�½B¶´¼d³$¬Ô®,÷º¯É°�®,³XÀ¬�®)À¥³$¬Ô«¼*÷B¼-�,®B¼l÷º¬�³£½x¼Éúÿ°�«¼�

§�»

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  EEnnggeellbbrreecchhtt,,  FF  AA    ((22000066))  



ô$¿B¼]�R�&ù�°�÷�¼É¶G²´®
σ
¯É°�°)«÷B²¾®,¬ÔÀK¼l³U·$¬�³Uüx³X¼l÷%²´®�Àv·\°1³Xöx¬"ÀK²â¬Ô¶7÷�²´ù1¼d®,³K²¾°)®,³UÀ°1³K²´ù~üB¶â¬"À¼

ù�°�üB®�À¥¬Ô²´®�·£¬fø)¼d³��Ùl9üB¼�¬�®,÷�ô$¿B°)«Kö7¼�þ9��
�
N���*¬�®,÷�úÿ°�«1³vÀü,÷�¸�²´®B»'»�«¥¬fø�²æÀv¸�·£¬fø)¼�÷B«¬�»
¬Ô®x÷2¯±«²æÀ²´¯d¬Ô¶£¶¾¼dø�¼d¶£«¼d³K°�®x¬Ô®,¯É¼%²¾®&ÀK¿B«¼É¼õ³Xöx¬"ÀK²â¬Ô¶$÷�²´ù�¼É®,³K²¾°)®,³��F��²´«¬�®,÷B¬-¬Ô®,÷Ó£)¬�ù1¼l³Éþ
��
�
�¥X�O��²´«¬�®,÷B¬º¬Ô®x÷*aU¬�¶¾¼d®�ÀK¼�þb��
�
�¾��-�%ô$¿B¼`�R� ù�°�÷�¼É¶I²¾®

σ
¯±°�°�«¥÷�²´®,¬"À¼d³3·$¬�³�¬Ô¶â³K°

³Kü,¯É¯É¼d³³vúÿüB¶´¶´¸*¬�öBöB¶´²¾¼l÷ã²´®ãÀ¿B¼QYX¯É°�¶â÷�½BüB½B½,¶¾¼\ÀK¼l³vÀP[]��³K¼É¼5Z�ÀK«¥¬�#"¬,þ���

�»�¬Ô®,÷c)\¿,¬ÔöBÀK¼É«TÂ��ÀK°
³K²¾ù¨üB¶´¬ÔÀK¼3¬~÷�¼l³K¯É¼É®,÷�²´®B»1¯±°�¶â÷%½,üB½B½B¶´¼9²´®�¬�®%²â³X¼d®)À«K°)öB²â¯�¼É®�ø�²´«K°)®Bù�¼É®�À\�Ùl9üB¼�þ���
��
X�)³K¼É¼
¬Ô¶â³K°ce*¬�¶¾¶´ü,³5¬Ô®x÷f��¬�®,¯±²â¯Ôþ���

§����(½�°�ÀK¼3ÀK¿,¼�ü,³X¼*°�ú#¬1«K¼Éúÿ¼É«¼É®,¯É¼*öB«K°�,¶´¼
À¿,¬"À
÷�¼döx¼d®,÷B³
°�®�öB«¼d³³Xü,«K¼1²¾®-ÀK¿,¼�¼dû�ü,¬"À²¾°)®,³dþ>·5¿B²´¯¥¿ ù�¬f¸�«¼d³XÀK«²´¯±À3À¿B¼�¬ÔöBö,¶¾²â¯É¬ÔÀK²´°�®�°ÔúIÀ¿B¼�ù�°�÷�¼É¶
ÀK°�³K²æÀü,¬"À²¾°)®,³1·5¿B¼É«¼õÀK¿B¼�¬ÔÀKù�°)³KöB¿B¼d«K²â¯�³XÀ¬ÔÀK¼º²â³1ú�¬Ô²´«K¶´¸2üB®B²¾úÿ°�«ù�°)®&²â³X°)½,¬Ô«²´¯�¶´¼Éø�¼d¶´³
����¿,²æÀ¼�þ!��
�
����

��2�� Ú G(t_E:H3ÛÜK&H·½�E:HLB(Kct�?3B�?3w×E:G(HÑqrÖ ¿À?<CDHL¯{t�B0�(=@HLK]µ
KcAD=JHÝ7·?<?>=@CDt�B(5sE:HLK

i�NeiLNPM ��Z�T{R F�R TVC\[B¢gR¼Þ\EGFIC\[BHXC$¢9HO[ÔP ADC
� [BZ�T�@�R F5�5P�C
A@R HKE TVC$¤
TV@BSDPRTY¡£¢
A#[�HXFIC
J

)\¿B°�°)³K²´®B»ãÀ°�¬fø)°�²â÷1ÀK¿B¼3úÿ°)«Kù¨üB¶´¬ÔÀK²´°�®�²¾®�ÀK¼d«Kù�³£°ÔúY¬¨«¼±úÿ¼É«¼É®x¯±¼*³vÀ¥¬"ÀK¼3ü,³K¼d÷�²¾®�ÀK¿,¼]�R�
ù�°�÷�¼É¶qþC��¿B²¾ÀK¼��W��
��
��\³vÀ¥¬"À¼d÷/ÀK¿B¼*úÿ°)¶¾¶´°"·5²¾®,»�³K¼±À5°�ú#öB«¼d³³KüB«K¼*¯±°�°)«÷�²´®,¬ÔÀK¼3¼dû�ü,¬"À²¾°)®,³�l

Du

Dt
− fv +

∂φ
′

∂x
= 0,

�g»N�¼¥¥�

Dv

Dt
+ fu+

∂φ
′

∂y
= 0,

�g»N�¼¥�»��

R

g

D

Dt
(
ωT

p
) + g

T
′

T
+

gp

RT

∂φ
′

∂p
= 0,

�g»N�¼¥>§��

∂u

∂x
+
∂v

∂y
+
∂ω

∂p
= 0,

�g»N�¼¥Â�

DT

Dt
− κ

ωT

p
= 0.

�g»N�¼¥�Ñ��

��¼d«K¼��F»U� ¥�¥��¬�®,÷Y�F»U� ¥»��~¬Ô«¼�ÀK¿B¼õ¿B°)«K²��É°)®)À¥¬Ô¶Uù�°)ù1¼d®�ÀKüBù�¼lû)üx¬"ÀK²´°�®x³Éþ5�F»U� ¥�§��ã²´³~ÀK¿B¼
ø�¼d«XÀ²´¯d¬Ô¶Dù�°�ù�¼d®)ÀüBù ¼lû�ü,¬"À²¾°)®�þb�g»N�¼¥Â�3²â³*À¿B¼%¯±°)®)À²¾®�üB²¾Àv¸�¼lû�ü,¬"À²¾°)®�¬�®,÷Ì�F»N�¼¥�Ñ��9ÀK¿B¼
ÀK¿,¼É«ù1°�÷�¸�®,¬�ù�²´¯\¼É®B¼d«K»)¸�¼dû�ü,¬ÔÀK²´°�®!�`ô$¿B¼d³K¼$¼dû�ü,¬ÔÀK²´°�®,³`¬Ô«¼£²¾®,÷B¼Éö7¼É®,÷�¼d®�ÀU°Ôú,À¿B¼�¯¥¿B°)²´¯É¼
°Ôú�¿�¸�÷�«°)³XÀ¬ÔÀK²â¯5«K¼Éúÿ¼É«¼É®,¯É¼9³XÀ¬ÔÀK¼P�g»N����Ñ��5����¿B²¾ÀK¼)þ���
��
��-�#ô$¿,¼É¸�¯±°)üB¶´÷%½x¼3·5«K²¾ÀXÀ¼É®�·5²æÀ¿
φ

′ ¬Ô®x÷
T

′ «K¼döB¶â¬�¯±¼l÷º½�¸
φ
¬Ô®x÷

T
þ,½BüBÀ\��¿B²¾ÀK¼��	��
��
��$¬Ô«»�üB¼l÷/À¿,¬"À
ÀK¿B¼1³XüB½BÀK«¥¬�¯�À²¾°)®

°Ôú�«¼±úÿ¼d«K¼d®,¯±¼9öB«°��,¶´¼d³
φref (p)

¬Ô®x÷
Tref (p)

²â³$÷�¼d³K²¾«¥¬Ô½,¶¾¼�²´®�¯É°�ù�öBü�À¥¬"À²¾°)®,¬Ô¶7öB«¥¬�¯�À²´¯É¼�
ô$¿�ü,³dþB¼dû�ü,¬ÔÀK²´°�®,³��g»N�¼¥¥��\ÀK°��F»U� ¥Ñ��$÷�²�&G¼É«¥³$úÿ«K°)ù�À¿B¼��R��ù�°�÷�¼d¶�²¾®�ö,«K¼l³K³KüB«¼*¯É°�°�«²´÷�ý
²´®,¬"À¼d³��F»U� Â��\ÀK°��g»N� 
��£°�®,¶¾¸%²´®ºÀK¿,¼�«K¼döB¶´¬)¯±¼dù1¼d®�À$°�úYÀ¿B¼ã«¼±úÿ¼d«K¼d®,¯±¼�³XÀ¬"À¼*ÀK¼dù1ö7¼É«¥¬"ÀüB«¼
Tref (p)

½�¸�À¿B¼õÀK«üB¼/À¼Éù�ö7¼É«¥¬"ÀKü,«K¼
T
�&ô$¿B²â³�¬Ôö,öx¼l¬Ô«¥³~®B°�À�ÀK°�½x¼�¬�ÀK«²¾ø�²â¬Ô¶$¼-,�ÀK¼d®�ý

³K²¾°)®!l\ô$¿B¼�ø)°�«KÀK²â¯±²¾Àv¸�¬�®,÷ºöx°�ÀK¼d®)À²´¬�¶�ø�°)«XÀ²´¯É²æÀv¸õ÷�¸�®,¬Ôù�²â¯É³5°�ú`ÀK¿B¼ã¼%,�ÀK¼É®x÷�¼d÷�³K¼±ÀP�g»N�¼¥¥��

§§

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  EEnnggeellbbrreecchhtt,,  FF  AA    ((22000066))  



ÀK°M�F»U� ¥Ñ��£¬Ô«¼9¬�¶¾»)¼É½B«¥¬Ô²â¯±¶´¸�÷�²�&7¼d«K¼d®)À$úÿ«°�ù À¿B¼��R��¼dû�ü,¬"À²¾°)®,³j�F»U� Â��UÀ°��g»N� 
��]����¿,²æÀ¼�þ
��
��
����#¹Iû�ü,¬"À²¾°)®,³��F»U� ¥�¥�IÀK°R�F»U� ¥Ñ��\²´ù1ö,¶¾¸/ÀK¿B¼�¼d®B¼É«»�¸�¼lû)üx¬"ÀK²´°�®

D

Dt
(
1

2
u2 +

1

2
v2 +

1

2
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ŵ
þU�g»N� Ñ���V½�¸

cp
¬�®,÷�¬�÷,÷�²¾®,»\À¿B¼U¼lû)üx¬"ÀK²´°�®x³>»�²´ø�¼�l
D

Dt

(
1

2
u2 +

1

2
v2 +

1

2
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�§��-�V��°"·£¼Éø)¼É«lþfÀK¿B¼$ü,³K¼$°Ôú7ÀK¿B¼$ù�°�÷�²<�x¼d÷

σ
¯É°�°�«¥÷�²¾®x¬"ÀK¼j�F»U� §J¥�V·5²æÀ¿

pT > 0«¼dû�üB²´«K¼l³¨¬-ù�°�«¼õ¯É°�ù�öB¶´²´¯d¬"ÀK¼l÷�À«K¼l¬"ÀKù�¼d®)À1ÀK¿x¬Ô®2À¿B¼�¯É¬)³X¼õ°Ôú
pT = 0

��¬)³¨üx³X¼l÷2½�¸
��²´¶¾¶´¼É«\¬Ô®,÷c��¿B²¾ÀK¼�bT��
���§��-�Yô$¿B¼�Àv·\°�ým÷�²´ù�¼É®,³K²´°�®,¬�¶

σ
¯É°�°�«¥÷�²¾®x¬"ÀK¼$¼lû)üx¬"ÀK²´°�®x³8�F»U� ��¥�YÀK°

�F»U� ��Â�
¬Ô«¼¨³XÀKü,÷�²´¼d÷�²¾®-°�«¥÷�¼É«9ÀK°�#�¼d¼Éö�À¿B¼�¬Ô®,¬�¶¾¸�³K²´³3¯±°)ù1öx¬�¯�ÀlþG½Bü�À*ÀK¿B¼1¼-,�À¼É®,³K²¾°)®�ÀK°
ÀK¿,«K¼d¼*÷B²¾ù�¼É®x³X²´°�®,³�²´³$°)½�ø�²´°�ü,³��D¹Iû�ü,¬ÔÀK²´°�®,³��g»N� ��¥�IÀ°��F»N� ��Â��£¬Ô«¼3¶´²´®B¼d¬�«K²��É¼l÷�¬�«K°)üB®,÷/¬
«¼±úÿ¼É«¼É®x¯±¼
³XÀ¬ÔÀK¼3°Ôú�®B°¨ù1°�ÀK²´°�®�þ�À¿,¬"À$²´³

uref = 0
¬�®,÷

σ̇ref = 0
�`ô$¿,¼9«¼±úÿ¼d«K¼d®,¯±¼
³XÀ¬ÔÀK¼

²â³5¯¥¿B°)³K¼É®�ÀK°�½7¼�²´³K°ÔÀ¿B¼É«ù�¬Ô¶�¬Ô®x÷/²´®º¿�¸�÷�«°)³XÀ¬ÔÀK²â¯
½x¬Ô¶â¬Ô®,¯É¼l
dφref

dp
= −RT0

p
,

�g»N� 
���

·5¿B²â¯¥¿�½�¸�À¿B¼�ü,³K¼�°ÔúYÀK«¥¬Ô®,³Xúÿ°�«ù�¬"ÀK²´°�®�«K¼d¶´¬ÔÀK²´°�®Q�F»U� ÂN���IÀK«¥¬Ô®,³K¶â¬"ÀK¼l³\ÀK°
∂φref

∂σ
=

−ps

p
RT0.

�g»N� 

��

��¼d«K¼
T0

²â³�ÀK¿B¼'ÀK¼Éù�ö7¼É«¥¬"ÀüB«K¼º°�ú9À¿B¼'«¼±úÿ¼É«¼É®x¯±¼�³vÀ¥¬"À¼'¬Ô®,÷
φref = φref (p)

�|ô$¿B¼
«¼±úÿ¼É«¼É®x¯±¼�³KüB«Xú�¬)¯±¼�ö,«K¼l³K³KüB«¼

psurf−ref
²â³\¯É°�®,³XÀ¬�®�À��(½�°ÔÀ¼5ÀK¿x¬"ÀIÀ¿B¼
«¼±úÿ¼d«K¼d®,¯±¼9³vÀ¥¬"ÀK¼
²´³

¬1úÿüB®,¯±ÀK²´°�®'°�úDöB«K¼l³K³KüB«¼�°�®B¶´¸�þx·5¿B²â¯¥¿�²¾ù�öB¶´²¾¼l³5À¿,¬"À�À¿B¼ã«¼±úÿ¼d«K¼d®,¯±¼~³XÀ¬ÔÀK¼�»)¼É°�ö7°ÔÀ¼É®�ÀK²â¬Ô¶
÷�¼döx¼d®,÷B³£°�®�À¿B¼3¿B°�«²��d°�®�À¬�¶,ö7°)³K²æÀ²¾°)®/¬"À£¶¾¼dø�¼d¶´³\°ÔúV¯É°�®,³XÀ¬�®)À

σ
�T�O®�ú�¬�¯±À£²¾À$²´³\ü,³K¼±úÿüB¶7ÀK°

®B°�ÀK¼3ÀK¿,¬ÔÀdþ�úÿ«°�ù8ÀK¿B¼*À«¬�®,³vúÿ°)«Kù�¬ÔÀK²´°�®/«¼É¶â¬"À²¾°)®��g»N�¼Â�¦���þ
(
∂φref

∂x

)

σ

=

(
∂φref

∂x

)

p

+
∂φref

∂σ

σ

ps

(
∂ps

∂x

)

σ

= σ
∂φref

∂σ

(
∂ ln ps

∂x

)

σ

= −σps

p
RT0

(
∂ ln ps

∂x

)

σ

,
�F»U����¦¦��

Â�Ñ
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³K²¾®,¯É¼
φref

²â³�¬¨úÿüB®,¯±ÀK²´°�®º°Ôú`öB«¼d³³Xü,«K¼3°�®B¶´¸�
ô$¿B¼*ö7¼É«KÀKüB«½,¬"À²¾°)®��x¼É¶â÷B³

α
′ ¬Ô«¼3÷�¼%�,®B¼l÷�½�¸

α = αref + α
′ �F»U����¦N�^�

úÿ°�«£¬ãö,¬�«XÀ²´¯ÉüB¶â¬Ô«t�x¼É¶â÷%ø"¬Ô«²´¬�½B¶´¼
α
�Dª,°�¶´¶¾°"·5²´®B»�À¿B¼9üx³Xü,¬�¶x¶´²´®B¼d¬�«K²��d¬ÔÀK²´°�®�öB«°�¯±¼d÷BüB«K¼)þ)¬�¶¾¶

ø"¬Ô«²´¬�½B¶´¼d³5²´®@�F»U� ��¥�£À°��F»U� ��Ñ��5¬�«K¼�·5«²æÀKÀK¼d®�²¾®�À¼É«ù�³�°ÔúD«¼±úÿ¼d«K¼d®,¯±¼~¬�®,÷ºö7¼É«KÀKüB«½,¬"À²¾°)®
ö,¬�«XÀ¥³%�$¸\¸¨®B¼É»)¶¾¼l¯�À²¾®B»*À¿B¼�öB«°�÷�ü,¯±À³D°�ú7ö7¼É«KÀKüB«½,¬ÔÀK²´°�®,³dþ)¬�®,÷1½�¸¨ù�¬�#�²¾®,»3üx³X¼�°�ú(�g»N� 

��
¬Ô®x÷*�g»N����¦¦���þ�ÀK¿,¼�¶¾²´®B¼d¬�«K²��É¼l÷/¼lû�ü,¬"À²¾°)®,³$ù�¬f¸%½x¼ã³K¿B°"·5®/ÀK°�½7¼l

∂u

∂t
+
∂φ

′

∂x
= 0,

�F»U����¦�¥�

H0
∂

∂t

[
p0

σp0 + pT

(
σ

p0

∂ps

∂t
+ σ̇

)]

+
T

′

T0
g +

(
σp0 + pT

p0

)
1

H0

∂φ
′

∂σ
= 0,

�F»U����¦»��

∂u

∂x
+
∂σ̇

∂σ
+

1

p0

∂ps

∂t
= 0,

�F»U����¦�§��

∂T
′

∂t
− κ

[
p0

σp0 + pT

(
σ

p0

∂ps

∂t
+ σ̇

)]

T0 = 0.
�F»U����¦�Â�

��¼d«K¼
H0 = RT0/g

¬�®,÷
p0 = psurf−ref −pT

�(½
°ÔÀ¼�ÀK¿x¬"À\²´®%÷�¼d«K²´ø�²¾®B»ãÀK¿B¼9¶¾²´®B¼d¬�«K²��É¼l÷
¼dû�ü,¬ÔÀK²´°�®,³dþ�ÀK¿B¼ã¬)³K³KüBù�ö�À²¾°)®,³ ∣∣

∣T
′

∣
∣
∣� T0

¬Ô®,÷ ∣∣
∣p

′

s

∣
∣
∣� p0

¬Ô«¼9ù�¬)÷�¼*¼-,�öB¶´²´¯É²æÀ¶¾¸��
i�NeâLNÙà �1FYN�A`@,�9J�N A�0IT>¤fMXHW2UT J)F\MX¢5[BHXFIC
J�FI �[BZ�T MKHXC�TVA#@xHÜá>TV� TV¡$¢�AY¤

[BHXFIC
J
�O®&°)«÷B¼É«1ÀK°�²¾®�ø)¼d³XÀK²´»)¬"À¼%À¿B¼ºöB«K¼l³X¼d®,¯±¼º¬Ô®x÷&¯¥¿,¬�«¬)¯�ÀK¼d«K²â³XÀK²â¯É³ã°�ú3³K°�üB®x÷&¬Ô®x÷2»�«¥¬fø�²æÀv¸
·$¬fø�¼d³£À¿,¬"À
úÿ°�«ùRö,¬�«XÀ�°�ú`ÀK¿B¼~³K°�¶´ü�À²¾°)®'³X¼ÉÀ
°Ôú8�F»U� ��¥�\À°��F»U� ��Â��þ,·£¬fø)¼±ým¶¾²�#�¼�³K°�¶´ü�ÀK²´°�®,³
°ÔúYÀK¿B¼*úÿ°)«Kù

Q (x, t) = Q̂ expik(x−ct) �F»U����¦Ñ��
¬Ô«¼3öx°�³X¼l÷/úÿ°)«��F»U� ��¥�IÀK°��g»N� ��Â�±þ�úÿ°�«5¼l¬�¯¥¿f�,¼É¶â÷õøf¬�«K²â¬Ô½,¶¾¼

Q
��·5²æÀ¿õÀK¿B¼j�,¼d¶´÷õø"¬Ô«²â¬Ô½B¶´¼d³

½7¼É²´®B»
u
þ
σ̇
þ
φ

′ þ
T

′ ¬�®,÷
ps
�9�(��¼É«¼

Q̂
²â³D¬9úÿüB®,¯±ÀK²´°�®�°Ôú

σ
¬ÔÀ`ù�°�³vÀ��O�mÀU²â³D¯±°)®�ø)¼É®B²´¼É®�À#ÀK°

·5«²æÀ¼
p̂s
²´®%À¼É«ù�³I°�ú

p0
þ�¬)³

p̂s = p0π̂.
½�°�ÀK¼
ÀK¿,¬ÔÀ

kc = ν
þ�·5¿B¼É«¼

ν
²â³UÀ¿B¼9úÿ«K¼lû)ü,¼É®,¯É¸

°Ôú£°)³¯±²´¶¾¶â¬"À²¾°)®�þ
k = 2π/Lx

²â³3ÀK¿B¼�·$¬fø�¼1®�ü,ù~½7¼É«�¬Ô®,÷
Lx

²â³3ÀK¿B¼�·$¬fø�¼¨¶¾¼d®B»ÔÀ¿!��ªB°�«
öB«°�ö,¬�»)¬ÔÀK²´®B»�·$¬fø�¼l³9ÀK¿B¼%ö,¿,¬�³K¼%³Xö7¼É¼l÷�²´³ã¯É°�®,³XÀ¬�®�À�úÿ°�«ã¬Ô® °)½,³X¼d«Kø)¼É«*ù�°"ø�²¾®B»'¬ÔÀ�ÀK¿B¼
öB¿,¬)³X¼�³Xö7¼É¼l÷

c
� ô$¿B¼%úÿ°)¶¾¶´°"·5²´®B»�¼lû)üx¬"ÀK²´°�®x³ã«¼É¶â¬"ÀK²´®B»�À¿B¼º¬Ôù�öB¶´²æÀü,÷�¼d³¨°Ôú
ÀK¿B¼�öx°�³X¼l÷

³K°�¶´ü�ÀK²´°�®,³$¬�«K¼*°�½BÀ¬Ô²´®B¼l÷%úÿ«°�ù�³XüB½x³vÀ²æÀü�ÀK²´®B»��F»U����¦Ñ��U²´®�ÀK°R�F»U����¦�¥�UÀK°��g»N����¦�Â��l

−cû+ φ̂′ = 0,
�F»U����¦�¾��

Â�¾
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H0

{
p0

σp0 + pT

[

−ikcˆ̇σ + (ikc)
2
σπ̂
]}

+ g
T̂ ′

T0
+

(
σp0 + pT

p0

)
1

H0

dφ̂′

dσ
= 0,�F»U����¦���

ikû+
dˆ̇σ

dσ
− ikcπ̂ = 0,

�g»N����¦�
��

(−ikc) T̂ ′ − κ

[
p0

σp0 + pT

(

ˆ̇σ − ikcσπ̂
)]

T0 = 0.
�F»U������¦��

¹U¶´²¾ù�²´®,¬"À²¾®,»
û
¬�®,÷

T̂ ′
úÿ«K°)ùâ�F»U����¦�¾�DÀ°��F»N�����¦��I»�²´ø�¼l³

dˆ̇σ

dσ
− ikcπ̂ + i

k

c
φ̂′ = 0,

�F»U��������

icH2
0

(

k2 − N2

c2

)(

ˆ̇σ − ikcσπ̂
)

−
(
σp0 + pT

p0

)2

k
dφ̂′

dσ
= 0,

�F»U������¥�

·5¿B¼d«K¼
N2 = gκ/H0

�
ªB°)¶¾¶´°"·5²´®B»���²´¶¾¶´¼É«1¬Ô®,÷Q��¿B²¾ÀK¼��	��
��§J�
ÀK¿B¼�½x¼l³vÀ1·£¬f¸�ÀK°'öB«°�¯±¼d¼d÷�²´³ãÀK°'¼d¶¾²´ù�²¾®x¬"ÀK¼ ˆ̇σúÿ«°�ù8¼lû)üx¬"ÀK²´°�®x³]�g»N������3¬�®,÷f»U������¥��`ÀK°�°)½�À¬�²¾®º¬�³X¼l¯±°�®x÷�ýq°)«÷B¼É«$÷�²<&G¼É«¼É®�À²´¬�¶>¼dû�ü,¬"À²¾°)®
úÿ°�«

φ̂′
l

d

dσ
[(
σp0 + pT

p0
)2
dφ̂′

dσ
] +H2

0 (
N2

c2
− k2)φ̂′ = 0.

�F»U������»��

¹Iû�ü,¬ÔÀK²´°�®_�F»N�����»��~ù�¬f¸&¬Ô¶¾ÀK¼d«K®,¬ÔÀK²´ø�¼d¶¾¸ ½7¼'÷�¼É«²¾ø)¼d÷2úÿ«K°)ù�ÀK¿B¼�¶´²´®B¼d¬�«K²��É¼l÷2ø�¼d«³K²´°�®&°�ú
ÀK¿,¼ã¼É¶´¶¾²´ö�À²´¯~¼dû�ü,¬"À²¾°)®©�F»N� �N�^���5ô$¿B²â³
¬�öBöB«°)¬�¯¥¿õ²â³�ü,³K¼±úÿüB¶Y²¾®'ÀK¿B¼ã¼dø�¼d®)Àü,¬Ô¶Y¬Ô®,¬�¶¾¸�³K²´³5°�ú
®�üBù�¼É«²´¯d¬Ô¶£³K¯¥¿B¼dù�¼d³ãüx³X¼l÷�ÀK°-³K°�¶´ø�¼%ÀK¿B¼õ³X¸�³XÀK¼Éù�F»U� Ñ§��3À°Ó�g»N� Ñ���`��³K¼É¼M)\¿x¬Ôö�À¼É«�§J��þ
¬Ô®x÷/²â³5öB«¼d³K¼É®�ÀK¼l÷%²´®�µ�öBö7¼É®,÷B²<,R¸]�
��®x÷�¼É«$À¿B¼*ÀK«¥¬Ô®,³Xúÿ°�«ù�¬"À²¾°)®,³

Z = −H0 ln(
σp0 + pT

p0
),

�F»U�����%§J�

F = φ̂′ exp−Z/2H0 ,
�F»U������Â��

�F»U������»��U½7¼d¯É°�ù�¼d³
D2F

DZ2
+ (

N2

c2
− k2 − 1

4H2
0

)F = 0.
�F»U������Ñ��

ô$¿B¼�¬Ô¶´»�¼d½B«¥¬~²´®�ø�°�¶´ø�¼l÷%²´®�÷�¼É«²¾ø�²´®B»R�F»U������Ñ��I²â³5÷�²´³¯±üx³K³K¼d÷õ²´®õµ
öBöx¼d®,÷�²�,�)\�

Â��
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ªB°)«�¶â¬"ÀK¼d«
¬Ôö,öB¶¾²â¯É¬ÔÀK²´°�®�þx²æÀ9²´³
ü,³X¼ÉúÿüB¶�À°��,®,÷�¬�ÀK¿B¼ã«¼É¶â¬"À²¾°)®º½x¼ÉÀv·\¼d¼É®
π̂
¬Ô®,÷

φ̂′
�$ô$¿,²´³

²â³3¬)¯¥¿B²´¼Éø�¼l÷�½�¸�²¾®�À¼É»�«¥¬"À²¾®,»*�F»U������^�5°"ø�¼d«
σ = [0, 1]

¬�®,÷'½�¸'¬Ôö,öB¶¾¸�²´®B» ˆ̇σ = 0
� À¿,¬"À

²â³Éþ
σ̇ = 0

�$¬"À
σ = 0

¬Ô®,÷
1

π̂ =
1

c2

∫ 1

0

φ̂′dσ.
�F»U�����^¾��

i�NeâLNeâ �$FIMX¢�[BHvFIC9J�FU ké i�N�MQMcã¶ê N�Hv[�Z TÁË5��FIC�TVC\[BHvADMY0#A`@,HXAY[BHXFIC HKC
Z
TVHvS\ZI[

ÖcUvñyUvñyUF² ë µ,ò"ð¯µ�Ù5B�È$?�É�µxï$E$¶ÓÛ¨ñA�?�É�µ¤ÊcïVB�DFµ�EOÉ
Z�°)¶¾ü�À²¾°)®,³$°Ôú[�F»U������Ñ��\·5²¾ÀK¿º¼-,�ö7°�®B¼d®�ÀK²â¬Ô¶>¿B¼d²¾»)¿)À5ø"¬Ô«²â¬"ÀK²´°�®��ÿ²¾ú`ÀK¿B¼d¸/¼-,�²â³vÀ��\¿,¬fø�¼

µ2 =
1

4H2
0

−
(
N2

c2
− k2

)

> 0,
�F»U���������

³K°¨À¿,¬"À
φ̂′ =

[
A exp−µZ +B expµZ

]
exp

Z
2H0

�F»U������
��
¬Ô®x÷ã°�®,¼Iù�¬f¸ã÷�¼-�x®B¼

µ > 0
�V¹Iû�ü,¬ÔÀK²´°�®��F»N���������²´³YÀK¿,¼Iúÿ«¼dû�üB¼d®,¯±¸�¼lû)üx¬"ÀK²´°�®ãúÿ°�«T�V¬�ù~½�ý

·$¬fø�¼d³D÷B¼d³¯±«²¾½7¼d÷1½�¸��g»N� ��¥��YÀK°��g»N� ��Â�[�c³X¼d¼$ÀK¿B¼3¬Ô®,¬�¶¾¸�³K²´³`½�¸c��²´¶¾¶´¼É«|�W��
J¾^§��`¬�®,÷c��²´¶¾¶´¼É«
¬Ô®x÷R��¿B²¾ÀK¼f�W��
���§��$úÿ°�«�À¿B¼c�R��¼dû�ü,¬ÔÀK²´°�®,³dþG¬Ô¶â³X°/³K¼É¼ãÀK¿B¼¨úÿ°�¶´¶¾°"·5²´®B»/³K¼d¯±ÀK²´°�®,³\»N�¼ÂC�¼ÂC�¼Â
¬Ô®x÷f»U� ÂN� ÂN� Ñ����
�mÀ$ù�¬f¸�½7¼3®B°ÔÀ¼d÷�À¿,¬"À5«¼É¶â¬"À²¾°)®,³X¿,²¾ö��g»N��������Dù�¬f¸�¯±°)®,³K²´³XÀK¼d®)À¶¾¸�½7¼3°�½�À¥¬Ô²´®B¼d÷/½�¸%¯É°�®�ý
³K²´÷�¼d«K²´®B»�À¿B¼�ü,öBöx¼d«�¬Ô®,÷�¶´°"·£¼É«%½7°�üB®x÷B¬Ô«¸�¯É°�®,÷B²æÀ²¾°)®,³%À¿,¬"Àº¬ÔöBö,¶¾¸�ÀK°

σ̇, φ̂′
þ
¬Ô®x÷

dφ̂′/dσ
�~ô$¿B¼�÷�¼±À¥¬Ô²´¶´³9°ÔúUÀ¿B²â³�÷�¼É«²¾ø"¬ÔÀK²´°�®�¬�«K¼¨»�²´ø�¼É®�²¾® µ�öBö7¼É®x÷�²<,�H ¬�®,÷'ù�¬#�¼~üx³X¼

°ÔúY«K¼l³XüB¶¾À³£°)½�À¬�²¾®B¼l÷%²´®õ³K¼d¯±ÀK²´°�®,³[»U� ÂN� ÂN� »ã¬�®,÷�»U� ÂN� ÂN� §¤�#µ ³K¼d¯É°�®,÷/¼dû�ü,¬"À²¾°)®/«¼É¶â¬"À²¾®B»
µ¬Ô®x÷

c
®B¼d¼d÷B³5ÀK°�½7¼�°�½�À¥¬Ô²´®B¼d÷>þ,²¾®º°�«¥÷�¼d«$ÀK°c�,®,÷�¬�®�¼%,�öB«K¼l³K³K²´°�®�úÿ°�«

c
²¾®õÀ¼É«ù�³�°Ôú#ÀK¿B¼

«¼±úÿ¼É«¼É®x¯±¼�³vÀ¥¬"ÀK¼1ö,¬�«¬�ù1¼ÉÀK¼d«³3¬Ô®,÷-öB¿�¸�³X²â¯É¬�¶D¯±°�®x³vÀ¥¬Ô®�À³��~ôY°�À¿B²â³*¼É®,÷>þV²æÀ�²â³*ü,³X¼ÉúÿüB¶`ÀK°
¶´²¾®B¼l¬Ô«²��d¼
À¿B¼*ÀK¼d«Kù

Dφ/Dt
¬"À
σ = 1

�t½
°ÔÀ¼9À¿,¬"À
Dφ

Dt
=
∂φ

∂t
+ u

∂φ

∂x

�F»U���^¥�¦��
¬"À
σ = 1

�V�
³K²´®B»��F»U� Â¦��7¬Ô®x÷"�g»N�¼ÂC�^��þdÀK¿B²â³>ù�¬f¸
½7¼U·5«²æÀKÀK¼É®�¬)³%l

Dφ

Dt
=
∂φ

′

∂t
+ σ

dφref

dp
(
∂ps

∂t
+ u

∂ps

∂x
) + u

∂φ
′

∂x

=
∂φ

′

∂t
+ σ(

−RT0

σps + pT
)(
∂ps

∂t
+ u

∂ps

∂x
) + u

∂φ
′

∂x
.

�F»U���^¥C�^�
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��²´®B¼l¬Ô«²��d²¾®B»��g»N����¥N���$¬Ô®x÷�«K¼lû�üB²¾«²´®B»�ÀK¿,¬ÔÀ
w = 0

¬"À
σ = 1

��·5¿B¼É«¼
σ̇ = 0

½�¸º÷�¼%�,®B²¾ý
ÀK²´°�®��£»�²´ø�¼d³j�c¬"À

σ = 1
�-l

∂φ
′

∂t
=
RT0

p0

∂ps

∂t
=
gH0

p0

∂ps

∂t
.

�F»U���^¥¥��

½�°�ÀK¼
ÀK¿,¬ÔÀ\½�¸�«K¼lû)ü,²¾«²¾®,»
w = 0

¬ÔÀ
σ = 1

�ÿÀK¿,¬ÔÀ\²â³
Z = 0

�±þ�³Kö7¼d¯±²��,¼l³
σ = 1

¬�³I¬~¶¾¼dø�¼d¶
³KüB«Xú�¬)¯±¼��#¹\û)üx¬"ÀK²´°�®Q�F»U���^¥¥��U«¼d÷�üx¯±¼d³£À°

φ̂′ = gH0π̂
�F»U���^¥�»��

¬"À
σ = 1,

°�®�ÀK¿B¼ã³KüB½,³XÀK²¾ÀKüBÀK²´°�®º°Ôú5�F»U����¦Ñ��-�Dô$¿B¼*«K¼lû)ü,²¾«¼d÷õ³X¼l¯±°)®,÷/¼lû�ü,¬"À²¾°)®�«¼É¶â¬"À²¾®B»
µ
¬Ô®x÷

c
ù�¬f¸�½7¼~°)½�À¬�²¾®B¼l÷º½�¸õ³KüB½,³XÀK²¾ÀKü�À²¾®,»õ¬�öBöB«°�öB«²´¬ÔÀK¼*¼-,�öB«¼d³³K²¾°)®,³$úÿ°�«

φ̂′
¬Ô®x÷

π̂²´®Q�g»N����¥»����
ÖcUvñyUvñyUvÅ ë DgEO¶$DFE$G-ñUEY?�ò�ËYò>?JÉ�É�DFµ�EãÙ�µxò

φ̂′
ñCB

σ = 1�5¼l¯É¬Ô¶´¶´²¾®B»1À¿B¼ã÷�¼-�x®B²æÀ²¾°)®
Z = −H0 ln[σp0+pT

p0
]
þB²¾À5úÿ°�¶´¶¾°"·�³\úÿ«°�ùâ�g»N�����
��IÀK¿,¬ÔÀ

φ̂′ = A(
σp0 + pT

p0
)H0(µ− 1

2H0
) +B(

σp0 + pT

p0
)H0(−µ− 1

2H0
).

�F»U���^¥>§J�

ªB«°�ùÄ�F»N����¥�§��I²æÀ5úÿ°)¶¾¶´°"·�³£ÀK¿x¬"À

φ̂′ (σ = 1)) = A

(
p0 + pT

p0

)H0(µ−1/2H0)

+B

(
p0 + pT

p0

)H0(−µ−1/2H0)

.
�F»U���^¥Â��

ÖcUvñyUvñyU�Ö ú�ËOË(Êÿó!DgEOG�B�È$?�ÊgDFE$?�ñBò^Dgý?J¶Ì·µ�E'B�DgE>ïODFBóã?JÚ>ïYñCB�DFµ�E
ªB«°�ù�³Xü,½,³vÀ²æÀü�ÀK²´®B»��g»N����¥>§J�7²¾®��g»N����^¾�x²æÀV²â³>°)½�À¬�²¾®B¼l÷9ÀK¿,¬ÔÀ�l

π̂ =
1

c2

{

A

[
1

H0 (µ+ 1/2H0)

] [(
p0 + pT

p0

)H0(µ+1/2H0)

−
(
pT

p0

)H0(µ+1/2H0)
]

+ B

[
1

H0 (−µ+ 1/2H0)

][(
p0 + pT

p0

)H0(−µ+1/2H0)

−
(
pT

p0

)H0(−µ+1/2H0)
]}

.

�F»U���^¥�Ñ��
¹Iû�ü,¬ÔÀK²´°�®,³j�F»U���^¥�Ñ��U¬Ô®x÷*�g»N����¥Â��Dù�¬f¸�®B°"·�½7¼�³Xü,½,³vÀ²æÀü�ÀK¼l÷/²´®�ÀK°R�F»U���^¥�»���þ�²¾®õ°�«¥÷�¼É«\ÀK°
�,®,÷�ÀK¿B¼õ«K¼lû�üB²¾«¼d÷�³K¼d¯É°�®,÷2«K¼d¶´¬ÔÀK²´°�®,³K¿B²´ö�½x¼ÉÀv·\¼d¼É®

c
¬�®,÷

µ
�Q��°"·£¼Éø)¼É«lþY²´®2°�«¥÷�¼d«ãÀK°

¼É¶´²´ù1²´®,¬ÔÀK¼9¯É°�®,³XÀ¬�®�À³
A
¬�®,÷

B
úÿ«°�ù À¿B¼9«¼d³KüB¶¾ÀK²´®B»~¼lû�ü,¬"À²¾°)®�þ)²¾À$²´³£®B¼l¯±¼d³³¬Ô«¸ãÀK°P�,®,÷

ÀK¿,¼3«¼É¶â¬"À²¾°)®,³K¿B²¾ö/½x¼ÉÀv·\¼d¼É®�ÀK¿B¼�¯±°)®,³XÀ¬Ô®�À¥³%�`ô$¿B²â³$«K¼d¶´¬ÔÀK²´°�®,³K¿B²´ö/²â³£÷B¼É«²¾ø)¼d÷%²´®�ÀK¿B¼*®B¼%,�À
³KüB½,³K¼d¯�À²¾°)®!�

Ñ¦

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  EEnnggeellbbrreecchhtt,,  FF  AA    ((22000066))  



ÖcUvñyUvñyU�ç W B�DgÊFDFý�DFE$G�B�ÈO?�ïVË$Ëd?�ò`Îdµ7ïOE$¶#ñ�òfóÓ·µ�E$¶ODFB�DFµ�EÌµ¤E
dφ̂′/dσªB«°�ù�÷�²�&7¼d«K¼d®)À²´¬ÔÀK²´®B»5¼dû�ü,¬ÔÀK²´°�®c�F»U���^¥>§��x·5²¾ÀK¿�«¼d³Köx¼l¯�À>À°

σ
²¾À�úÿ°)¶¾¶´°"·�³7ÀK¿,¬ÔÀ

dφ̂′

dσ
= AH0 (µ− 1/2H0)

(
σp0 + pT

p0

)H0(µ− 3
2H0

)

+BH0 (−µ− 1/2H0)

(
σp0 + pT

p0

)

.
H0(−µ− 3

2H0
) �F»U���^¥�¾�

¹Iû�ü,¬ÔÀK²´°�®4�g»N����^¥��¸�²´¼É¶â÷B³dþDúÿ°�«1ÀK¿,¼õ¯d¬�³K¼
pT > 0

þDÀ¿,¬"À
dφ̂′/dσ = 0

¬"À1ÀK¿,¼õü,öBöx¼d«
½7°�üB®,÷,¬Ô«¸

σ = 0
�ÿúÿ«K°)ù�®B°ÔÀ²¾®,»/À¿,¬"À

σ̇ = 0
¬"À
σ = 0

öx¼d«ã÷�¼-�,®,²æÀ²¾°)®¤����ªB«°�ù§À¿B²â³
«¼d³KüB¶æÀ�¬�®�¼lû)üx¬"ÀK²´°�®õ«¼É¶â¬"ÀK²´®B»

A
¬Ô®x÷

B
ù�¬f¸%½7¼�°�½�À¥¬Ô²´®B¼d÷�½�¸�ÀK¿B¼�üx³X¼�°�ú9�F»U���^¥�¾��l

A

[

H0

(

µ− 1

2H0

)(
pT

p0

)H0(µ− 3
2H0

)
]

+B

[

H0

(

−µ− 1

2H0

)(
pT

p0

)H0(−µ− 3
2H0

)
]

= 0,

�F»U���^¥����
·5¿B²â¯¥¿�«¼d÷Bü,¯±¼l³£ÀK°

B = A

(

µ− 1
2H0

)

(

µ+ 1
2H0

)

(
pT

p0

)2H0µ

.
�F»U���^¥�
��

ÖcUvñyUvñyUvñ úsÉ�?�·�µ¤E$¶�ò>?�ÊcñCB�Dgµ¤E$É�ÈODFËÓÎd?�B+Û�?J?JE
µ
ñNE$¶

cªB«°�ù ³KüB½,³XÀK²¾ÀKü�À²¾®,»_�g»N����¥�Â�%¬�®,÷S�g»N����¥�Ñ���²´®�ÀK°_�F»N����¥»��/¬Ô®,÷�¬�öBöB¶´¸�²¾®B»_�F»U���^¥�
���·\¼
°�½BÀ¬Ô²´®�ÀK¿,¬ÔÀ�l
(
p0 + pT

p0

)H0(µ− 1
2H0

)

+

(

µ− 1
2H0

µ+ 1
2H0

)(
pT

p0

)2H0µ(
p0 + pT

p0

)H0(−µ− 1
2H0

)

=

g

c2

{(

1

µ+ 1
2H0

)[(
p0 + pT

p0

)H0(µ+ 1
2H0

)

−
(
pT

p0

)H0(µ+ 1
2H0

)
]

+

(

µ− 1
2H0

µ+ 1
2H0

)(
pT

p0

)2H0µ
(

1

−µ+ 1
2H0

)[(
p0 + pT

p0

)H0(−µ+ 1
2H0

)

−
(
pT

p0

)H0(−µ+ 1
2H0

)
]}

,

�F»U����»¦��
·5¿B²â¯¥¿�«¼d÷Bü,¯±¼l³£ÀK°
(

µ+
1

2H0

)(
p0 + pT

p0

)H0(µ−
1

2H0
)

+

(

µ− 1

2H0

)(
pT

p0

)2H0µ (
p0 + pT

p0

)H0(−µ− 1
2H0

)

=

g

c2

[(
p0 + pT

p0

)H0(µ+ 1
2H0

)

−
(
pT

p0

)2H0µ(
p0 + pT

p0

)H0(−µ+ 1
2H0

)
]

.
�F»U����»N�^�
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�mÀ�ù�¬f¸�½x¼�®,°ÔÀK¼l÷�ÀK¿,¬ÔÀ�²¾®õÀK¿,¼�¶¾²´ù�²æÀlþB·5¿B¼É®
pT

¬�öBöB«°)¬)¯¥¿B¼d³
0
þ!�g»N����»U���I«K¼l÷�ü,¯±¼l³£ÀK°

µ+
1

2H0
=

g

c2
.

�F»U����»�¥��
ô$¿B²â³I¯É°�««K¼l³Xö7°�®,÷,³D¼-,B¬�¯±ÀK¶´¸~À°�ÀK¿,¼
«¼d³KüB¶æÀ£°�½�À¥¬Ô²´®B¼d÷�½�¸c��²´¶¾¶´¼É«$¬Ô®,÷c��¿,²æÀ¼"�W��
�§��±þÔúÿ°�«
ÀK¿,¼]�R��¼dû�ü,¬ÔÀK²´°�®,³dþ�¬)³Uúÿ°)«Kù¨üB¶â¬"ÀK¼l÷�°�«²¾»)²¾®x¬Ô¶´¶¾¸1·5²æÀ¿

pT = 0
�(�mÀ$²´³\®B°�À£¯±¶´¼d¬�«\¿,°"·+ÀK¿B¼

³K²¾ù¨üB¶æÀ¥¬Ô®B¼d°�ü,³9¼dû�ü,¬ÔÀK²´°�®,³c�g»N���������¬�®,÷Ó�g»N����»U���5ù�¬f¸'³K°�¶´ø�¼l÷ºúÿ°�«3ÀK¿,¼1»)¼É®B¼d«¬�¶#¯d¬�³K¼¨°�ú
pT > 0

þ)²¾®%°)«÷B¼É«DÀ°~°�½BÀ¬Ô²´®%¬Ô®�¼%,�öB«K¼l³K³K²´°�®1úÿ°�«
c
²¾®�À¼É«ù�³U°Ôú>À¿B¼
«¼±úÿ¼d«K¼d®,¯±¼�³XÀ¬ÔÀK¼9ö,¬"ý

«¥¬Ôù�¼±À¼É«¥³9¬�®,÷'öB¿�¸�³K²´¯d¬Ô¶`¯±°�®x³vÀ¥¬Ô®�À³�����°"·£¼Éø)¼É«lþG¬�®-¬�öBöB«°^,�²´ù�¬"À¼d÷º«¼É¶â¬"ÀK²´°�®x³X¿B²´ö�ù�¬f¸
½7¼5°�½�À¥¬Ô²´®B¼d÷¨½�¸~ù�¬�#�²´®B»*ü,³X¼5°�ú7¬�ô#¬f¸�¶¾°)«`³K¼É«²´¼d³#¼-,�ö,¬�®,³X²´°�®¨úÿ°�«

c2
²¾®R�F»U����»N�^���YôY°*ÀK¿,²´³

¼É®x÷>þd®,°ÔÀK¼`À¿,¬"ÀVúÿ«K°)ù1�F»U����»N�^�,²¾À�úÿ°)¶¾¶´°"·�³7ÀK¿,¬ÔÀ

c2 = g
{

[(p0 + pT ) /p0]
H0(µ+1/2H0) − (pT /p0)

2H0µ [(p0 + pT ) /p0]
H0(−µ+1/2H0)

}

/

{

(µ+ 1/2H0) [(p0 + pT ) /p0]
H0(µ−1/2H0)

+ (µ− 1/2H0) (pT /p0)
2H0µ

[(p0 + pT ) /p0]
H0(−µ−1/2H0)

}

.
�F»U����»»��

ªB«°�ùÄ�F»N����»�»��UÀK¿B¼*úÿü,®,¯�À²¾°)®
∂c2/∂pT

ù�¬f¸%½7¼ã¯É¬�¶´¯ÉüB¶´¬ÔÀK¼l÷>þB¬Ô®,÷
c2
ù�¬f¸%½7¼ã¬ÔöBö,«K°^,�²¾ý

ù�¬"À¼d÷�·5²æÀ¿º¬�ô#¬f¸�¶¾°)«£³K¼É«²´¼d³$¼-,�ö,¬�®,³K²¾°)®�¬Ô«°�ü,®,÷
pT = 0

¬�³

c2 (µ, pT ) = c2 (µ, 0) +

(
∂c2

∂pT
(µ, 0)

)

(pT ) +O
(
p2

T

) �F»U����»�§J�

¹Uø"¬Ô¶´ü,¬ÔÀK²´®B»
c2
¬Ô®x÷

∂c2/∂pT
¬ÔÀ
pT = 0

¬Ô®,÷'³KüB½,³XÀK²¾ÀKüBÀK²´®B»º²¾®ã�F»N����»§��$¶´¼d¬)÷B³
ÀK°�ÀK¿B¼
¬Ôö,öB«K°^,�²´ù�¬"ÀK¼l÷%«¼É¶â¬"À²¾°)®,³X¿,²¾ö

c2 ≈ g

µ+ 1/2H0
+

(
gH0

p0

)(

1 − µ− 1/2H0

µ+ 1/2H0

)

pT .
�F»U����»�Â��

ÖcUvñyUvñyU�ö è È$?ãDFE:ì#ï$?JEO·�?�µ�Ù�B�ÈO?ÓÈO?JDFG�È'B�µ�Ù�B�ÈO?�ð@µ!¶$?JÊ|B�µUËíµ¤ELB�ÈO?ÓË(ÈYñNÉ�?É�Ëd?J?J¶Óµ�Ù5B�È$?�é\ñBð�ÎÌÛ~ñ�A¤?JÉ
¹Iû�ü,¬ÔÀK²´°�®,³��g»N��������£¬Ô®,÷Q�g»N����»�Â��\ù�¬f¸�½x¼~ü,³X¼l÷�ÀK°�°�½BÀ¬Ô²´®'¬Ô®�¬�öBöB«°^,�²´ù�¬"À¼d÷%¼%,�öB«K¼l³vý
³K²¾°)®�úÿ°�«

c
²´®%À¼É«ù�³\°�ú�ÀK¿,¼9«¼±úÿ¼d«K¼d®,¯±¼3³vÀ¥¬"ÀK¼3ö,¬�«¬�ù1¼ÉÀK¼d«³\¬Ô®,÷/öB¿�¸�³K²â¯É¬Ô¶G¯±°)®,³XÀ¬Ô®�À¥³%�`ôV°

ÀK¿,²´³5¼d®,÷>þB®,°ÔÀK¼*À¿,¬"À
c2
ù�¬f¸%½x¼~¼É¶´²¾ù�²´®,¬"À¼d÷�úÿ«K°)ùÄ�g»N����»�Â��U½�¸/ÀK¿B¼�ü,³K¼�°Ôú5�F»U����������þ�ÀK°

»�²´ø�¼

N2

1/4H2
0 + k2 − µ2

=
g

µ+ 1/2H0
+

(
gH0

p0

)(

1 − µ− 1/2H0

µ+ 1/2H0

)

pT .
�F»U����»Ñ��

�5¼l¬Ô««¬�®B»�²´®B»ãÀ¿B¼*ÀK¼d«Kù�³$²´®©�F»N����»�Ñ��I»�²´ø�¼l³
g (1 + pT /p0)µ

2 +N2µ−
(
1/4H2

0 + k2
)
g (1 + pT /p0) +N2/2H0,

�F»U����»�¾�

Ñ�¥
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·5¿B²â¯¥¿�¿x¬�³5³K°�¶´ü�ÀK²´°�®,³

µ =
−N2 ±

√

N4 + 4g (1 + pT /p0) [(1/4H2
0 + k2) g (1 + pT /p0) −N2/2H0]

2g (1 + pT /p0)
.�F»U����»���

¹Iû�ü,¬ÔÀK²´°�®Ì�F»N����»����9»�²´ø�¼l³9ÀK¿B¼�«¼É¶â¬"À²¾°)®,³X¿,²¾ö�½x¼ÉÀv·\¼d¼É®
µ
¬�®,÷-ÀK¿B¼�«¼±úÿ¼d«K¼d®,¯±¼�³XÀ¬"À¼�ö,¬"ý

«¥¬Ôù�¼±À¼É«¥³3¬�®,÷-öB¿�¸�³K²â¯É¬Ô¶D¯É°�®,³XÀ¬�®)À¥³%�"�mÀãù�¬f¸'½7¼1®,°ÔÀK¼l÷-ÀK¿,¬ÔÀ*°)®B¶´¸�ÀK¿B¼�ö7°)³K²¾ÀK²´ø�¼�«K°�°�À
«¼ÉöB«¼d³K¼É®�À³I¬�öB¿�¸�³X²â¯É¬�¶x³K°�¶´ü�ÀK²´°�®�þ�³K²¾®,¯É¼

µ > 0
½�¸�÷�¼-�x®B²æÀ²¾°)®!�DªB«°�ùá�F»U���������#²æÀ\úÿ°�¶´¶¾°"·�³

ÀK¿x¬"À
c = ±N/

√

(1/4H2
0 + k2 − µ2).

�F»U����»
��
¹Iû�ü,¬ÔÀK²´°�®��F»U����»���3ù�¬f¸-½x¼%üx³X¼l÷�ÀK°�¼É¶´²´ù1²´®,¬ÔÀK¼

µ
úÿ«°�ùß�g»N����»�
��9ÀK°�»)²¾ø)¼%¬º«K¼d¶´¬ÔÀK²´°�®�ý

³K¿B²¾öõ½7¼±Àv·£¼É¼É®
c
¬Ô®,÷/ÀK¿B¼�«¼±úÿ¼d«K¼d®,¯±¼*³XÀ¬"À¼*ö,¬Ô«¥¬Ôù�¼±À¼É«¥³\¬�®,÷�öB¿�¸�³K²â¯É¬Ô¶>¯É°�®,³XÀ¬�®)À¥³%�Dô$¿B¼
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(2 + 4imH0)
expi2mH0 ln(pT /p0) .
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�F»U����§�
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·5¿B²â¯¥¿�«¼d÷Bü,¯±¼l³£ÀK°

(2 + 4imH0) expimH0 ln[(p0+pT )/p0] + (−2 + 4imH0) expimH0{2 ln(pT /p0)−ln[(p0+pT )/p0]}

=
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(

expimH0 ln[(p0+pT )/p0] − expimH0{2 ln(pT /p0)−ln[(p0+pT )/p0]}
)
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